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Abstract: Given a graptG = (V,E), theclosed interval of a pair of verticess,v € V, denoted by [u,V], is the set
of vertices that belongs to some short@s)-path. For a giveisC V, letl[S = U, yes! [u,V]. We say thaBC V
is aconvex setif 1[5 =S, '

Theconvex hull I,[9 of a subseSC V is the smallest convex set that contatdVe say thaBis ahull set if
Ih[§ = V. The cardinality of a minimum hull set & is thehull number of G, denoted byhn(G).

We show that deciding tin(G) < kis a NP-complete problem, everGfis bipartite and we prove thah(G)
can be computed in polynomial time for cactus &aesparse graphs.
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Le nombre enveloppe de quelques classes de graphes

Résune : Etant dong un graphes = (V,E), l'intervalle fermé d’une paire de sommetsv € V, noi I[u, V], est
I'ensemble des sommets qui appartienregetdus les plus courts chemins entretv. Pour un ensembl8C V, on
notel[§ I'ensemblelJ es![u,V]. De plus,SCV est ditconvexesil[§ = S

L' enveloppe convexe Ih[§ d’'un sous-ensembi8 C V de G est céfini comme le plus petit ensemble convexe
qui contientS. SC V est uneenveloppe si In[§ = V. Le nombre enveloppe de G, not hn(G), est la cardinali
minimum d’une enveloppe de grapBe

Nous montrons queatider shn(G) < k est un prome NP-complet, Bme siG est biparti et nous prouvons
quehn(G) peutétre calcud en temps polynomial pour les cactus et pour les graphépars.

Mots-clés : convexite des graphes, nombre enveloppe, graphes bjpaeEhes$,-€pars, graphes cactus
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1 Introduction

In this paper, we adopt the graph terminology definedlin [2]tl#e graphs studied in this work are considered to
be simple and undirected.

Given a graphG = (V,E), theclosed interval of a pair of verticeau,v € V, denoted by [u,V], is the set of
vertices that belong to some shortéstv)-path. IfSCV, letl[§ = Uy yes![u,V]. We say thaBC V is aconvex
setif I[§ =S Given a subsebC V, theconvex hull I[S of Sis the smallest convex set that contaiidVe say
thatSis ahull set if I,]§ =V. The cardinality of a minimum hull set @ is the hull number of G, denoted by
hn(G). Determining the hull number of an arbitrary graph is a NRdi@oblem [[7].

These definitions bring concepts from Euclidian space toptrBheory. There are several works in the
literature about these notioris [3=9] 11].

In Sectior 8, we answer an open question of Dourado €flaly{ghowing that it is NP-hard to compute the
hull number of a given bipartite graph. We then present pmtyial time algorithms to compute the hull number
of cacti, in Sectiofil 4, and fd?s-sparse graphs in Sectibh 5. This last result extends tiviopieknown result for
cographsl]li7]. Finally, we present some concluding remarks.

2 Preliminaries

In order to present our main results, it is necessary to fosttsome observations.
Lemma 1 ([7]). Every smplicial vertex of a graph G belongs to any hull set of G.

Lemma 2 ([7]). If agraph G isnot complete, then every universal vertex u of G does not belong to any minimum
hull set of G.

Lemma 3 ([[7]). Let G be a graph and H be an isometric subgraph of G. Then for every hull set Sof H it holds
thatV(H) C In(S)G.

Lemma 4 ([7]). Let G bea graph and Sa proper and non-empty subset of V(G). If V(G)\Sis convex, then every
hull set of G contains at least one vertex of S

Lemma 5. Let G = (V,E) be an arbitrary graph such that V' can be partitioned into three sets K, a clique, R, a
non-empty set which is not a clique, and S=V\(KUR). Moreover, for every vertexve R, (N(v)N (V\R)) = K.
Then, any minimum hull set of G contains a minimum hull set of H = GIKUR].

Proof. First, observe that either i@ or in H if there is shortestu, v)-path containing an internal vertex &) then
bothu andv are, necessarily, iR because every vertex Bfis neighbor of every vertex ik and of no vertex irs.
By the above remark, all vertices Bfcan only be generated by two verticesiiand every vertex oK is also
generated by two non adjacent verticesofConsequently, to generate all the verticeRah G, a subsef§r C R
must be chosen which is also a hull sethf Therefore, any minimum hull set & contains a minimum hull set
of H. O

3 Bipartite graphs

In this section, we study the complexity of decidindnif(G) < k, for a bipartite grapl and an integek given as
input. However, we first show some approximability results.

Let 1(G) be theincidence graph of G, obtained fronG by adding one verteg,,, for each edgev € E(G),
and replacing the edges by the edgesis,y, SwV.

Proposition 6. hn(1(G)) < hn(G) < 2hn(1(G)).

RR n° 7567
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Figure 1: Subgraph of the bipartite instar@€F ) containing the gadget of a variabtethat appears positively in
clause<C; andC; and negatively ifCg. White vertices belong to the ddtin caseC; is not satisfied.

Proof. Letl(G) be the incidence graph &. Observe that any hull set & is a hull set ofl (G), since any shortest
path inG is a shortest path iHG) (the edges were subdivided). Consequehtiy| (G)) < hn(G). However, given

a hull set§, of 1 (G), one may find a hull set d& by simply replacing each vertex & that represents an edge of
G by its neighbors (vertices @). Thus,hn(G) < 2hn(I(G)). O

Corollary 7. If there exists a k-approximation algorithm B to bipartite graphs, then B is a 2k-approximation
algorithm for any graph.

Due to the next result, one may not expect to find an exact patjal time algorithm to calculate a hull
number of a bipartite graph, unleBs= NP.

Theorem 8. Given a bipartite graph G and an integer k, deciding if hn(G) < k isa NP-complete problem.

Proof. This proof for bipartite graphs is just a slight modificatimithe proof for general graphs|[7]. Further, it is
no longer necessary to show that this problem is in NP, sineas already done for any graph.

We reduce the SATisfiability Problem to Hull Number in bipierigraphs . In this problem the input is a set
of clausesF ={Cy,Cy,...,Cn} in the conjunctive normal form over a set of boolean varigifle={x1, %2, ..., %n}.
The goal is to decide if there is an assigment of the variahleh that each clause is satisfied.

We assume thahis a power of 2, since one can trivially add dummy variables @auses without changing
the satisfiability of . Moreover, we also assume that each variapknd its negation appear at least oncefin
otherwise the clauses thgtappears could always be satisfied.

Given an instancg’ to the SAT problem, we construct a bipartite grapfyF ) as follows. First, we build a
full binary treeT rooted inr with m leaves, and we denote hy={ci,c;,...,cn} the set of leaves df. We then
construct a graphl by adding a vertexi that is adjacent to every vertex inand replace every edge joining a
vertexv € V(T) to its parent irll by a path with 2¥) edges, wher#(v) is the distance of to any of its decendent
leaves.

The following claims are proved in|[7].

Claim I. Letv,w € V(T)\{r}. The closed interval of,w in H contains the parents &fin T if and only if v
andw are siblings inT .

Claim II. The set is aminimal hull set ofH.

RR n° 7567
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Finally, we build a grapi®(#) by adding toH the vertexu’ whose only neighbor is and by adding, for each
variablex;, a variable subgraph i6( F) with vertex setJ§_y{a/,b/ } U{U{_1W/} U{U(j | xec;3 ¥/} @nd edges as
depicted in Figurgll.

Furthermore, we complete the constructiorgfF ) by adding, for every variabbg, one edge joining to vi*
and creating two paths witH'® — 3 edges, one joining® to r and the other joining® to r. Denote byD the set
of all internal vertices of these paths.

Claim Ill. G(¥F) is a bipartite graph.

Let us present a proper 2-colorie®f G(¥). Letc(r) = 1, and for each vertew in V(H), definec(w) as 1,
if wis in an even distance from and 2 otherwise. Clearly,is a partialproper coloring of G(¥) and moreover
we havec(u) = 1 andc(cj) = 2, for anyj €{1,...,m}. Letc(U) = 2. For each €{1,...,n}, letc(y!) = 1, for
everyj such that € Cj, andc(bf) = c(af) = c(v{") = 2. Again, this partial coloring o&( ¥ ) is proper. One can
easily verify that this coloring can be extended to eachaldei subgraph. Moreover, sincg) = 1 andc(a?) =2
(c(b®) = 2), for everyi €{1,...,n}, and since the path that we add@i¥ ) betweerr andal (b®) is of odd size,
one can completely exterain order to get a proper 2-coloring &( 7).

Setk = n+ 1. We show thatf is satisfiable if and only if thén(G(#)) < n+ 1.

First, consider thaff is satisfiable. Given an assignmethat turns¥ true, define a se$ as follows. For
1<i<n,if x is true inA addal to S, otherwise add! to S. Finally, addu’ to S. Note that|S = n+ 1. We show
thatSis a hull set ofG(). First note thas®, c; € I [at, '], for every claus€;j containing the positive literal of.
Similarly, observe thalbiﬁ,cj € I[bl,u'], for every claus€; containing the negative literal of. SinceA satisfies
F, it follows L C Iy[§. ThereforeH being an isometric subgraph &f(¥), Lemmal3 and Claim Il imply that
V(H) C Ip[S. Furthermore, the shortest paths betwe@mdu have length 2", which implies that all vertices
a6 andby g are included inh[S. It remains to observe th#t[al, b® w], wherew € [al, bl], contains the variable
subgraph ok;. Therefore we have th&is a hull set ofG(F).

To prove the sufficiency, we need the following claim:

Claim IV. The seV (G(F))\{a},a?, v}, bt, b?} is convex, for any €{1,...,n}.

DenoteW ={a}, a2, v, bl, b?}, for somei, andW’ = {a? b3 v?}. It is easy to verify that for any pair
X,y € W/, 1]x,y] contains no vertex oiV.

We prove the sufficiency by contradiction. Suppose @@t ) contains a hull séswith at mostn+ 1 vertices
and that¥ is not satisfiable.

Clearlyu’ € S because/ is a simplicial vertex of5(F ). Furthermore, Claim IV and Lemnfid 4 imply that
must contain at least one vertex of the set{a',a?, vi,bl,b?}, for everyi €{1,...,n}. Hence|S = n+ 1. Since
viel[u,al], vt € I[u,bl], a2 € I[U,al] andb? € I [U, b}], we can assume, without loss of generality, that either
wi = al orw; = bl, for everyi €{1,...,n}. ThereforeSdefines the following truth assignmehto 7. If w; = al
setx; true, else set; as false.

Using the hypothesis that is not satisfiable, we complete the proof by showing thatethela set) such
thatV (G(¥))\U is a convex setand NS= 0.

As 7 is not satisfiable, there exists at least one claliseot satisfied byA. Let U’ be the set of vertices
belonging to the path frorg; tor in G(F); andU” formed by the vertices d&(¥ ) which are inner vertices of a
path between a vertex frobd’ N T and its child inT that is not inU’. DefineU c V(G(¥)) as the union of the
following sets (we suggest the reader to see Figlre 1):

* the setD;
° U/Uu//.

« the union of the set§a®, 1 < p < 6} (resp. {bP,1 < p < 6}) for eachi such thatx occurs positively
(resp. negatively) ilC;;

RR n° 7567
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« the union of the set§yX | x, appears positively i} (resp.{y* | x appears negatively i@ }) for eachi
such that; occurs positively (resp. negatively) @).

Observe thatt) NS= 0. It remains to prove that(G(¥))\U is a convex set. In order to do this, we show that
Ilw,w]NU = 0 for every paim,w €V (G(¥))\U. Consider the following partitiody UA2 UAz of V(G(F))\U:

* Av=V(H)\(Uu{u});
» A, contains the vertices of the variable subgraphs which arenrid;
o Az ={u,u’}

Case 1w,w € A;. We can assume thatw' € V(T). Suppose by contradiction that there existsl [w,w'] N
U. Itis easy to see that¢ D, and, by using Claim Ix ¢ U NV (H). The only possibility is that = a8 or x = b,
for somei. But in this case, there would be a strictly shorter path betwv andw’ passing through.

Case 2w € A; andw € A,. If w does not belong to the gadget of a variakléhat appears i€, then it is
trivial to check that the shortesf®, w')-paths contain only vertices ¥f(G(F )\U. Otherwise, without loss of gen-
erality, we may assume that= c, for somek € {1,...,m}\{j} and thaw’ € {v}, v} v} U{y! | for everyl st.yl ¢
U}. In any case, it is easy to check that, w'| does not contain any vertex of.

Moreover, all the other cases can be trivially verified.

4 Cacti graphs

It is easy to observe that the hull number a tree is size ofehefsts leaves. In this section, we generalize this
simple result to the class of cacti. dactusis a graph in which every pair of cycles have at most one common
vertex. In order, to compute the hull number of a cactus, vesegmt which vertices must be chosen.

Lemma 9. Let C be an induced cyclein G. If C has at most one vertex v such that d(v) > 2, then any minimum
hull set of G contains either one or two vertices of V(C).

Proof. The proof follows from the simple observation tifgt(G)\V (C)) U{v} is a convex set. Thus, € is odd,
it is necessary to choose two verticeshbtherwise, one suffices. O

Lemma 10. Let C beaninduced cyclein G. Let vy, ..., v bethe vertices of C having degree greater than two, for
k> 2. If thereisa set of vertices S of C such that they are not in any minimum (vi, vj)-path, 1 <i, j <k, inC, then
any minimum hull set of G contains either one or two vertices of S.

Proof. Again, observe thaf (G)\Sis a convex set and th&induces a path onk vertices. Ifk is odd, then one
vertex of Ssuffices to generate the others, otherwise, it is necessasldct two of them. O

Theorem 11. Given a cactus G, hn(G) can be found in linear time.

Proof. By a simple breadth-first search all the cycles of a cactubeatetected. For each one, it is necessary to
detect if it has at most one vertex of degree greater than ltwoase it has at least two vertices of degree greater
than two, it is necessary to also verify if there is aSeatisfying Lemm&_10. Finally, every vertex of degree one
must be chosen. These tests be done in linear time and tHefodews by Lemmag 19 and 10.

O

RR n° 7567
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5 P4-sparse graphs

A graph is said to be eograph if it is P4-free. Computing the hull number of cographs can be donelympmial
time [7]. In this section, we extend this result to the cldsR,esparse graphs which properly contains the cographs.

A graph isPs-sparse if, for evens C V such thatS§ = 5, G[S contains at most one induc&j . Clearly, a
cograph is &4-sparse graph. We caB a strict P4-sparse graph i6 is Ps-sparse and contains at least dheas
induced subgraph.

The algorithm we present to compute the hull number of Bpgparse graplé uses its modular decom-
position treeT (G). The idea is to perform a post-order traversali{G) calculatinghn(G). The definition and
classical results about the modular decomposition of gragh be found ir [12].

It is well-known that the neighborhood nodes of the modulacainposition ofP;-sparse graphs are spi-
ders [10].

A spider is a graph whose vertex set can be partitioned into disjeitsS K, andR such that]|S = |K| > 2,
Sis a stable sei is a clique; every vertex iR is adjacent to all the vertices K and to no vertex irg; there
exists a bijectiorf : S— K such that eitheNg(s) "K = K — {f(s)}, for all verticess € S, in this case the spider
is calledthick spider; ofNg(s) N"K = {f(s)}, for all verticess € S, and it is calledhin spider.

Note thatR may be empty, it is the only possible non-trivial strong sobie of a spider, and that j§ =
|K| = 2, the spider is, by definition, thin and thick. However, inl@rto simplify the notation in the proofae
consider that a spider is called thick if, and only if, |§ = |K| > 3. Moreover, we remark that it is possible to find
a modular decomposition tree in such a way that the serieparailel nodes of the tree have only two children
each.

Finally, we present how to compute the hull number of eachrimode of the modular decomposition tree of
aPs-sparse graph.

Lemma 12([7]). If G = G UGy, for any two graphs G; and Gy, then hn(G) = hn(G3) + hn(Gy).

Lemma 13. Let G; and G, be two Ps-sparse graphs and G = G; & Gp.  Thus, hn(G) can be computed in
polynomial-time.

Proof. If G; andG; are both cographs, thdm(G) can be found in polynomial time according to Dourado et
al. [7]. Let G be a graph which is not complete a@d be a strictP4-sparse. We claim that two non adjacent
vertices ofG; form a minimum hull set of5 because they generate all the vertice&pandG, also have two non
adjacent vertices that generate all vertice&of

It remains to consider the case in whi@j is a complete graph an@; is a strictP4-sparse graph. First,
observe that no vertex &; belongs to any minimum hull set &. Letr be the root of the modular decomposition
tree of G,. Let us consider all the possible casesrfor

Case 1:r is a series node. We claim that in this chséG) = hn(Gy).

As a matter of fact, sinc&, is composed by the join of graphs, the distance between amydvtices is at
most 2. Consequently, any shortéstv)-path between vertices 8; is also a shortegt, v)-path inG. Moreover,
a minimum hull set fronG, generates all vertices ¥(Gy) in G. Finally, sinceG, has two verticesl andv that
are non-adjacent they generate every verte@of

Case 2:r is a parallel node. LeBy = UleGiz. In this case, we claim thain(G) = TX_; f(i) such that

i) = hn(G;©G,), if G, is not complete;
VG, otherwise.

~ We prove the claim by showing that any minimum hull seGdh this case is composed by all the vertices of
Gy, for everyi such thaG, is a complete graph, union all the minimum hull set$gfp G), for everyj such that
G) is not complete.

RR n° 7567
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Recall that, by Lemm@l 2, no vertex 6f belongs to a minimum hull set &@. By Lemmd1, every vertex of
Gi2 such thaGi2 is complete must belong to every minimum hull seGof

It remains to show that it is necessary and sufficient to alslude a minimum hull set of evetyn(G; @ G%)
such tha’Gé is not complete, in every minimum hull set Gf

The necessity can be easily proved by just applying LemmaeﬁetcyGi2 that is not a complete graph.

The sufficiency follows again from the fact th@t is generate by two non adjacent vertices®fand for
eachG) eitherV (G),) is chosen oW (G,) is generated by a minimum hull set@f & G),.

Case 3:r is a neighborhood node. Thus; = (SUKUR, Ep) is a spider. We claim thdin(G) = hn(Gz) + 1
if Gy is a thin spider an® = 0, otherwisehn(G) = hn(Gy).

First, no matter iiG; is a thin or a thick spider, by Lemni 1, every vertexSafiust belong to any minimum
hull set ofG, and also ofs and, again, no vertex @, belong to any minimum hull set @. Moreover, all vertices
in Sare simplicial inG, and by the same argument they must belong to any minimum éiLtf&,.

Observe that, if3; is thin andR = 0, Sis a hull set ofGy, but it is not a hull set o5 since the vertices df
are not generated by them @ Consequently, it is necessary and sufficient to add onejushdne, vertex oK
to have a minimum hull set d@&.

In the case thab; is thick andR = 0, the vertices oS are sufficient to generatg, and alsds, because every
vertex ofK is adjacent to at least two vertices®that are necessarily non adjacent.

On the other hand, iR # 0, then by Lemma&ll any minimum hull set &, containsS and, by Lemmal5 a
minimum hull set oK UR which is composed by vertices Bf

By the same Lemmas, a minimum hull set@f is a minimum hull set oG since, by Lemmf]2, no vertex of
G belongs to any minimum hull set & andG; is generated by non adjacent vertice Gof O

Lemma 14. Let G = (SUKUR E) be a spider. Then,
n(G) = |S|+hn(G[K] @ G[R]), if R#0and Risnotaclique;
~Us+IR, otherwise.

Proof. Since all the vertices iBare simplicial vertices, we apply Lemrh 1 to conclude they thre all contained
in any hull set ofG.

By the structure of a spider, every vertexkfelongs to a shortest path between two verticeS &md are
therefore generated by them in any minimum hull seGofConsequently, iR= 0, Sis a minimum hull set o6.
If Ris a cligue,SURis the set of simplicial vertices @ and also a minimum hull set @.

Finally, if R+ 0 andRis not a clique, then Lemnid 5 completes the proof. O

Theorem 15. Given a P4-sparse graph G, the hull humber of G can be found in polynomial time.

Proof. The modular decomposition tree of any gradplsan be found in linear timé [13].

The complexity of the post-order traversal@$n). For each inner node, the algorithm may speh@?)
operations in case 2 of Lemrhal 13 or whHeet 0 in Lemma1#. Consequently, the complexity of the algoritlkm i
o(n%). O

6 Conclusions

In this paper, we simplified the reduction of Dourado et [a].tfr answer two questions they asked about the
complexity of computing the hull number of triangle-fre@ghs and, in particular, of bipartite graphs. However,
the complexity of this problem for interval graphs and clabigraphs remains open.

Finally, we used the modular decomposition treePpfparse graphs to compute the hull number of these
graphs. Thé,-sparse graphs are contained in the clags|j@f— 4)-graphs for which every set gfvertices induce
at mostq— 4 disjointP4’s [1]. It would be nice to extend our results to this class @jhs.
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