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Summary. In this article a class of multifractional processes is introduced, called
Generalized Multifractional Gaussian Process (GPMP). For such multifractional
models, the Hurst exponent of the celebrated Fractional Brownian Motion is re-
placed by a function, called the multifractional function, which may be irregular.
The main aim of this paper is to show how to identify irregular multifractional func-
tions in the setting of GMGP. Examples of discontinuous multifractional functions
are also given.
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1 Introduction

Fractional Brownian Motion, that was introduced in [16] and studied in [19],
is the continuous mean-zero Gaussian process { By (t)}, jp, depending on a
parameter H € (0,1), called the Hurst index, with covariance kernel

E(Br (s)Br () = c(|s*" + [t — |s = t*), (1)

where s, t are arbitrary reals and ¢ > 0 is a constant. This process has
important applications in modeling [6]. One of its main interests is that its
pointwise Holder regularity can be prescribed via its Hurst parameter. Indeed,



2 Ayache Antoine, Benassi Albert, Cohen Serge, and Lévy Véhel Jacques

the Holder exponent of FBM, at any point, is equal to H, almost surely. Recall
that, for a stochastic process X, the Holder exponent at a point #g, is defined

as
X - X
ax (tg) = sup {a,lim sup [X(to + 1) (fo)| = 0} )
h—0 |h|a

(2)

However, the Holder exponent of FBM remains the same all along its tra-
jectory and this can be restrictive in some situations. For this reason, vari-
ous models have been proposed to replace the Hurst index H € (0,1) by a
function h(t). These so-called multifractional models' are useful in various
domains of applications, see for instance [1, 15, 18, 11, 17]. The starting point
of these generalizations is very often the harmonizable representation of the

FBM : ,
e ¢ 1

B (t) :/RWW(df) (3)

where W (d§) is a Wiener measure such that X is a real valued process (cf. [12]
or page 1138 in [1] for a discussion on the Wiener measure). For example we
may recall the Multifractional Brownian Motion (MBM), whose harmonizable
representation is given by :

e~ _ 1
Bilt) = | e

W (dg) (4)
where h is a Holder function ranging in [a, b] C (0, 1). The function h is called
the multifractional function. This process has been introduced independently
in [22] (where the denomination MBM was introduced) and in [10]. Similarly
to FBM, MBM is continuous and its Holder exponent at any point tg is
equal to h(tp), almost surely. However, one of the main problems with these
models is that their Hélder exponents cannot be irregular, because h must
be Holderian. Recall that when the function h is discontinuous then the
trajectories of the MBM are themselves, with probability 1, discontinuous
(see Proposition 1 of [1]).

The continuity of h is a real drawback for some applications, for instance
image classification and segmentation: The Holder regularity is expected to
vary abruptly on textured zones and around edges. On the other hand, the
identification of h has been performed under the assumption that h is con-
tinuously differentiable [8].

Recently, two continuous Gaussian processes with irregular Holder expo-
nents have been introduced. These processes are the Generalized Multifrac-
tional Brownian Motion (in short GMBM) [5, 4] and the Step Fractional

! One should not confuse multifractional and multifractal. A multifractal process
has a multifractal spectrum that takes non trivial values on a set of positive
measure. A multifractional process is a process with non constant pointwise
Holder exponent. Multifractality implies multifractionality, while the converse is
false.
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Brownian Motion (in short SFBM) [7]. The GMBM is an extension of the
MBM while the SFBM is an extension of the FBM. In this article we will
study a Gaussian process that is slightly more general than the GMBM, so
let us first recall the definition of the GMBM. Let A > 1 be an arbitrary
fixed real, and (h) = (hy)nen be a sequence of Holder functions with values
in [a,b] C (0,1). The GMBM with parameters A and (h) is the continuous
Gaussian process {Y(;)(t)}tcr defined for every real ¢ as,

Yo (1) / Rt P
t) = S
(h) 0cect E5Tho()

+oo
+Z/
n=1"2

One of the main properties of the GMBM is that its Holder exponent at any
point ¢y is almost surely equal to liminf h,(ty), under the assumption that
n— 00

[||hnlll = 0(27%), where |||h,||| denotes the Holder norm of h,, (see [2, 5, 4]).
Therefore, the Holder exponent of the GMBM is of the most general form :
any liminf of positive continuous functions (see [14, 3, 2]). In contrast, the
one of SFBM is a step function (see subsection 1.3.1in [7]). As a consequence,
the Holder exponent of the GMBM may be discontinuous everywhere while
that of the SFBM can only be discontinuous on a finite set. Likewise, the
Holder exponent of the GMBM may be constant except on a finite set (see
Proposition 1 of [5]), while this is impossible with the SFBM. On the other
hand, the parameters of the SFBM have been identified in [7], and we present
in this article an identifiable model which has many desirable properties of
the GMBM.

Let us define a Generalized Multifractional Gaussian Process (in short
GMGP) by its harmonizable representation :

“ Ly,

’n71§£<An §%+h"(t)

+oo e—it{ -1
X(t) :/0 mw(dﬁ) : (5)
where W (d€) is a Wiener measure such that X is real valued process and H :
Rx (0,4+00) = [a,b] C (0,1) is called the Hurst function. Clearly the MBM is
a GMGP for which H(t, &) does not depend on the frequency variable £ and is
always equal to the multifractional function A(t). Actually the GMGP model
is very close to the GMBM: On the one hand, every GMBM with parameters
A and (h,)nen is @ GMGP with Hurst function H(t,€) = 1p,1)(§)ho(t) +

—+oo
Z 1pan-1an)(§)hn(t). On the other hand, if H : R x (0,4+00) — [a,b] C
n=1

(0,1) is continuous in almost all £, then it is not hard to see that the high
frequencies part of the GMBM of parameter A and (H (., \")),en converges,
in distribution to that of the GMGP with Hurst function H(.,.), when A — 1.
As for the SFBM, it is also, in some sense, similar to the GMGP, although,
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contrarily to the SFBM, no wavelet expansion is needed to introduce the
GMGP. We refer to [13] for a comparison between SFBM and GMBM with
parameter \ = 2.

The remaining of this paper is organized as follows. In section 2, we first
obtain the pointwise Holder exponent of the GMGP. We then define our
estimator and we give the precise assumptions ensuring its almost sure con-
vergence. Section 3 is devoted to three examples where the Hurst functions
H{(t, &) converge to multifractional functions of particular interest. The proof
of the results are performed in section 4.

2 Statement of the results

Following the correspondence between the GMBM and the GMGP, the mul-
tifractional function of a GMGP is defined to be :

h(t) = lim H(t,¢), (6)
§—+o0

when the limit exists. This definition is coherent with the fact that the lo-
cal properties of the sample paths are given by the high frequencies of the
harmonizable representation. In this paper we will show that, similarly to
the GMBM, at any point %y, the Holder exponent of the GMGP is almost
surely equal to h(tp). To identify the multifractional function that governs
the regularity of the sample paths, we will then use the generalized quadratic
variation

N—-2 2
=3 (XD xR e xB)) @

p=0

Actually first the infimum of the multifractional function inf¢o,1) h(t) = ha
will be identified. Before stating the main results and making precise the
technical assumptions we need to explain why h, is naturally identified in
this framework. As a rule of the thumb one may assume for multifractional
models that

1
EVy ~ ) NI (8)
p=0
and then it is classical to have
In(E
fim BEN) g (9)

In this article we will prove a Law of the Large Numbers for Vy and the
preceding heuristic suggests to take as an estimator :

Iy =1/2 (1 - l&%";) .

(10)
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Let us now state more precisely the technical assumptions needed to de-
termine the Holder regularity of GMGP and to show that hy is a consistent
estimator of h,. First of all we state a weak assumption on the multifractional
function h that will entail (9) :

A13C>0, YN>1

1 = 1
1—-2h, 1—-2h.,
el <Y o SON'TH (11)
p=0

Note that C' is a generic constant that may change in this article and that
the last inequality of (11) is always satisfied. The lower bound in (11) means
that there is a sufficiently large number of points p/N such that h(p/N) is
close to h..

The asymptotic behavior (11) is clearly true under mild assumptions of
smoothness for ¢ — h(t) and we will see in the examples that it is fulfilled
for non trivial functions h(t).

One needs then to strengthen the existence of the limit (6) to ensure
that (8) is satisfied. The following technical assumption states that the speed
of convergence of H (t,£) to h(t) is compatible with (8).

A2Y0<t<1, YE>0, H(tE) > h(t).
da < 1 such that

N-2 1o —
Z/ [W(p/N) = HW/N Oy oyge = o(N1-200y, (12)

£2h(p/N)+1

p=0 "N
Let us make some comments to explain (12). In our setting, it will yield that
EVy is sufficiently close to N* =2 to have (9). Now why is (12) a reasonable
assumption 7 Let us suppose that |[H(p/N) — H(p/N,§)| < Cn. Then:

N—-2

N-2 410 .
Z/ |h(p/IN) H(P/Naf) e)de| < Z

E2h(p/N)+1

CN In N
N2ah N2ah(p/N)*

a

p=0

If we assume that lim Oy ln NN2%® = 0, then (12) is satisfied because of

N —+o00
A 1. Hence A 2 can be interpreted as a way of expressing that H(t,§) is
converging uniformly fast enough to h(t) when & — +oc.

The last assumption is concerned with the behaviour of the functions
H(.,£) when ¢ is finite. It expresses the fact that these functions must be
smooth enough so that the Holder regularity of the GMGP is indeed governed
by the multifractional function.

A3 - Foro<é<in
H(t, &) =b.
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— for & < & 3g such that 0 < g < min(a/2,1/4) (where H(t,€) € [a,b]) and
38 such that b< g <1

okH okH _
‘8—5’“(t’£)_8—§“’“(l’£)‘ < Clepr*e -t (13)
fort, t' €10,1] and k = 0,1,2. Moreover
okH _
e (| < cer (1)

fort€0,1] and k =0,1,2.

Of course, in these assumptions, %’r is arbitrary and can be replaced by any

non-negative constant. The inequality 0 < ¢ < min(a/2,1/4) has a deeper
meaning : it expresses the fact that the Holder constant of H(t,¢) cannot
grow too fast when £ — +o0. Finally, the inequality b < § is similar to the
condition r > sup(a(z)) in the Definition 1.4 p 41 of [10] or to the condition
sup, H(t) < B in Definition 3.1 p 11 of [4] ; we refer to [13] section 4.2 or
to [1] section 2.2 for a more complete discussion.

At this point, we can state the three main results of this paper.

Theorem 1. Under assumption A 3, the Holder exponent of the GMGP at
each point ty satisfies almost surely,

ax(to) = h(to) (15)
Theorem 2. Under assumptions A 1, A 2, A 3,

lim hy =h, almost surely. (16)
N—+oco
Actually, the identification of the infimum A, of the multifractional function A
is the result needed to obtain the identification of h itself. The classical tech-
nique to have full identification is the localization of the generalized quadratic
variations. Basically if one wants to estimate h(t) for a given ¢t € (0, 1), one
has first to localize Viy on an (g, N)-neighborhood of ¢ defined by

%—t‘ga}.

Then the localized generalized variation is defined by

V. n(t) = {p €z,

v = ¥ (xdph ey exEh) L an
PEV: N (t)

We define the localized estimator

hen =1/2 <1 - %) , (18)
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and we get R
lim h.ny= inf h(s) almost surely

as in Remark 1 in [8].

The next step to identify h at point ¢ is to let ¢ — 0F. For instance,
taking e = N~ for v > 0, one obtains the following result as a corollary of
Theorem 2:

Corollary 1. Fiz 0 < v < 1/2. Under assumptions A 1, A 2 and A 3,

. In(Vy-+ n(1))
yhm 172 (1 ST 1Z(N;V )

The statement of this corollary is an example of localization of Theorem 2.
Remark that if h is lower semi-continuous and satisfies A 1, A 2, and A 3,
then it is identifiable.

=liminf h(s) a.s. (19)

s—t

3 Examples

In this section we present three examples of application of Theorem 2, that
illustrate the way this theorem can be used. In each of these examples, one as-
sumes given a precise multifractional function. Then, one constructs a GMGP
by exhibiting a Hurst function H(¢,&) such that the assumptions A 1, A 2
and A 3 are fulfilled. Techniques similar to the ones used in this section were
put to work in the proofs of Propositions 1 and 2 of [5].

3.1 Holder continuous multifractional functions

Remark first that if the multifractional function A is S-Holder continuous
with 8 > b and satisfies A 1, one may choose a Hurst function H(t,¢) that
interpolates a constant for 0 < ¢ < 47“ and the multifractional function h(t)
when & > %’r. One can take for instance

Ho=b i 0<e<t
and 3 3 4 8
H(6) = (2- 2+ (G- Dh) i o <e<,

and H(t,§) = h(t) if £ > 5. In this case the GMGP exhibits the same
properties as a Multifractional Brownian Motion and the Theorem 2 is the
analogue of the Remark 1 in [8] where the identification of a multifractional
function is performed by localizing the generalized quadratic variations as
in [8]. Please note that an alternate method to corollary 1 has recently been
proposed in [21] to identify the multifractional function of a MBM in the
Holderian case.
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3.2 Multifractional functions with one jump

In this example we consider a multifractional function that has only one dis-
continuity and that is piecewise constant. This very simple example can be
easily extended to the case of piecewise constant functions with a finite num-
ber of jumps. The GMGP associated to this kind of multifractional function
are comparable to SFBM for the applications. Let us suppose that

h(t) = bl[O,to] + al(tml] (20)

where tp € (0,1) and 0 < a < b < 1. A 1 is clearly satisfied with h. = a.
Then one can construct a Hurst function that admits such a multifractional
function through the following procedure :
~Foro<e<a

H(t,§)=b Vte]0,1].

— for 4% < ¢ let us choose 0 < f < min(a/6,1/12)

H(t,f):b if <t
= b in* ft t ! £ telty,t 1
= (—a)sm(T(—o—f—f)) 1 6[0;0+£—f)
_ f t>t !
=a 1 —0+€_f'

An elementary computation shows that A 3 is fulfilled with ¢ = 3f and
B = 1. To check A 2, let us remark that, if § denotes the cardinality of a
set,

a

=2 oo (p N B Nt
[ e N e <

p=0

+o00 1
(b — a)t{p such that ty < p/N <t + } / ul

§2a+1
Hence
S [N —HEINOL o]  ONILN
¢ JNe £2h(p/N)+1 Nof  N2h.a!
p:

Then « is chosen such that a(f + 2h.) > 2h. to have (12).

3.3 Multifractional functions with accumulation of jumps

Let us address the more interesting case of piecewise constant multifractional
functions which have an infinite number of jumps. In this example let us
suppose the multifractional function is defined by
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h(t) = 1/2 it r<1/2
11 11 11
SN TS NP S 21
TS SR T S X (21)
11
_1.t 1<t
573 B

where k > 2. This multifractional function fulfills A 1 with h, = 1/2, and
t = 1/2 is the time where the jumps accumulate. Let us now exhibit a Hurst
function corresponding to (21) by using the construction of the previous
example which is valid when the multifractional function has only a finite
number of jumps. Let us define the function (21) where only k¢ jumps are
considered :

b () = 1/2 if t<1/2
1 1 1 1 11
-4 - <t< -4, fork<k 22
RES o tgrr<tsotyp forkshk (22
L1 1 il Loy
T2 ky+1 2 kg~

Then one can construct, with the same technique as in the example of sec-
tion 3.2, a Hurst function corresponding to hy, which is denoted by Hy, (¢, &)
and is defined for (ko (ko +1))*// < €. If we fix f < min(a/6,1/12) in the pre-
vious example, then this last condition simply means that [% + %, % + % + Elf]
is included in the intervals where hy, is constant. Hence this condition allows
us to manage the jumps of hy, separately. Let us now introduce a Hurst
function corresponding to (21) by taking more and more jumps into account
when & — +00. Define

K (€) = sup{k € N* such that (k(k+ 1))}/ < ¢} (23)

and define the Hurst function with the Hy,’s

It is not difficult to check that this Hurst function satisfies A 3 since
0™H 0™ Hy,
—(t = t

when (ko (ko + 1))/ < € < ((ko + 1) (ko 4+ 2))*/7. To check A 2 let us write

E2h(p/N)+1

a

p=0

where
N N
>t e 1

[
“+00 - s
— K(9)+1
I—/a D, g O,
N =0
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and where [z] stands for the integral part of z. |h(p/N)—H(p/N, )| has been
replaced by its constant value for the considered p’s. The second part is

o 2 bk @/N) = Ho 0/, )
/ :/ 2 e £2h(p/N)Ij-(1£) z In(§)d¢.

a

=15+ gyl

Let us upper-bound I by remarking that if N* < £ then

Hence
T2 ()

o &

|I|§N><CN%”/ dg

and « is chosen such that

N In(N)

1 < Cxatrrm = o)

which is the required estimate since h, =1/2.
To upper-bound J let us remark that for a fixed &, hg(¢) has K (§) jumps
at time § + 717 of magnitude § — 7i7. Hence

=2 KO
S bk ®/N) - Hie () (p/N,€)| < CN'=°7 ,; (z _ m)

=[5+ gyl !

< Cleozf

where the factor CN*~*/ comes from #{p such that to < p/N < to + 57}
for each jump ty as in the previous example. Then

_orIn(N)
< ONl-af222/
7] < owioor 2

which yields (12) for a convenient a.

4 Proof of the results

In this section, Theorems 1, 2 and Corollary 1 are proved. First let us describe
the main steps of the proofs. In the definition (5) of the GMGP we remark
that the integrand

e~ _ 1

| §|§+H (t,€)

depends of the variable ¢ twice. To study the generalized variation Vi a new
process is considered
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+oo efis-f _
Y(s,1) = / 7 Ly ag) (25)

|§|é+H(t,£)

where this dependence is split into two variables (s, t). Then a variation Wy
associated to this process Y is introduced

N2 p+2 p p+1 p p p 2
W:E Y(——, =) -2V (——, — Y(=—=, = 26
p:0< (N ’N) (N’N)+ (N’N)> ’ (26)
W is simpler to study than Vx because its variation does not involve the

variable ¢ that appears in the Hurst function. Moreover one can see easily
that

N-2 2
p+2 p+2 p+1 p+1 p p
:E YV (——, —) -2V (———, ——— Y(=, — . 2
Vi p:0< ( N’ N) (N " N )+ (N’N)> (27)

A result very similar to Lemma 3.6 in [2] (namely Proposition 1 below) shows
that the process Y is Holder continuous in the second variable uniformly with
respect to the first variable. This fact yields the regularity result of Theorem 1
and that Vi can be replaced by Wy. This is the first step in the proof of
Theorem 2. Then it is shown that

lim ln(EWN )

=1-—2h,
N—=+oo In(N)

in the second step. The third step consists in a study of the asymptotic of
the variance of W that allows to replace EWy by Wy in the previous limit.
Finally Corollary 1 is proved.

4.1 Study of Y.

In this part we prove the Holder continuity of Y. Although the main lines
of the proof of the following Proposition are similar to those of Lemma 3.6
in [2], we will give this proof for completeness.

Proposition 1. Under assumption A 3, there exists an almost surely positive
random variable C(w) such that :

sup |V (s,t) = Y (s,t')| < C(w)|t —#'|° (28)
s€[0,1]

for t,t' € [0,1] where 8 is defined in (13).

Proof : To get (28) we will apply a series expansion of ¥ in the orthonormal
basis of L? given by the Lemarié Meyer wavelets (cf. [20]). This technique is
classical to study the smoothness of multifractional process. As in [2] for the
GMBM (see Relation (3.7)) or in [10] for the MBM we get
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+o00  +oo

Y(s,) =2 D siw(s,t)njn (29)

J=0 k=—o0

where 7; 1, are identically distributed standard Gaussian variables and where
the coefficients are :

e [T 1=
sjk(s,t) =2 /0 m%,k(f)df- (30)

Please note that equation (29) is only true up to an additive smooth process.
In (30) (¥j,k)jkea+ is the Lemarié Meyer basis indexed by AT = {j,k, j >
0, and k € Z} as explained in [20] or in page 29 of [10]. Then the Holder
continuity of ¥ derives from estimates on the coefficients s;; [2]

de, VE € Z

. 1 1
(s, 1) < 027 : 31
spatsiol s cri s o (31)
forj>1
. 1 1
k(s t) —sin(s, t) < Cj2 g — )8 : . (32
sjk(s,t) —sjr(s,t')] < Cj277¢ | {(1+|2Js—k|2)+1+k2} (32)

Note that the estimates (31) and (32) are quite similar to those in Lemma
3.3in [2]. This Lemma is, to a certain extent, inspired from Proposition 4.1,
page 79 in [10]. The estimate (31) and classical almost sure bounds for the
supremum of Gaussian variables yield that the series in (29) converges almost
surely. Then (32) yields the the Holder continuity of Y. Please remark that

+oo +oo

Y(s,t) - Y(Sat’) = Z Z (Sjyk(sat) - Sj7k(87t’))nj7k

j=lk=—o0

where the terms for ;7 = 0 are dropped since the Hurst function is constant on
{€< 4?”} The main ingredient to get these estimates are integrations by parts
in the integral of (30). In the framework of GMGP, to carry these integrations
by parts, the only new point compared to [2] is the dependence of the Hurst
function H(t,&) on a continuous parameter ¢ instead of a discrete parameter
n. In the following argument we only stress how the assumption A 3 allows
us to control the additional terms caused by this dependence.

Let us study the Holder continuity of the coeflicients s; 1’s. One can write

e too . o—7
8j.k(5,1) = sjk(s,t') = 27]/2/ (e "¢ —1)e™ "k
0

(§—<%+H(t,s>> _ §—<%+H<t',s>>) D279 de
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where we have only used the translation-dilatation structure of the Lemarié
Meyer basis

Pik(s) =272p(20s — k),

for j > 1. The factor e~**¢ — 1 in the previous integral can be split since the
o 2 8w

support of 1 is contained in [37, '] and the first part leads to

—+o0 . . —
9—i/2 / pilk—275)277¢ (5—(%+H(t,£)) _ 57(%+H(t’,s))) D29 €)de.
0

The second part is of the same form but e(*=2'$)277¢€ is replaced by 1. Hence
this second part yields the second terms in the brackets in the right hand

side of (31) and of (32). Let us define
g(t,t',€) = (5—(%+H<t,s>> _ f-(%-ﬁ-H(t’,g))) D26,

After performing two integrations by parts on the last integral one gets for
s#£ 2k

) +00 i(k—29s5)277¢ 2 !
2_3/2/ 7:26 a g(t7t 76) dé—
0

(k—2i5)22-% 9

Then the Leibniz rule is applied to the preceding partial derivative

62g(t,tl,€) 2 2 ap — l+Ht§ _ l+H trE
S :Z<p>8_§1’(£ )

p=0

9—(2-p)j ‘Z?szf (279¢). (33)

Because of the support of 12 the partial derivatives of 12 can be bounded
independently of j, p, hence we have only to bound integrals that comes from

the factors (5*(%+H(t75)) - ff(%JrH(t”E))) . For instance for p = 0

8r2d

3 1 1 '
I; = / (5—(§+H(t75)) _ f—(g-l-H(t 75))) d¢

2m2J
: .
- In(©)
!
= /_ |H(t,§) - H(t ,f)lfaﬂ/2 d¢. (34)
Then applying (13) for k = 0 yields
;< Cjaietize D) (35)

which is exactly the estimate we need for (32) if we take 0 < e < a — g.
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Let us now consider the contribution of the term p = 1 in the sum (33).
First

a 1 ]. 3 3
e (GHHEE) — _ e~ (5+H(EE) _ (¢ —(5+H(t,€))
5 € (t,)¢
~n(©) 2 (1, )G+, (36)
9¢
And the first term of (36) leads to
gn2d
-1 3 4 cni(—e—
Jjo = - [ (5—(%+H(t76))) — ¢~ (GH+H( ,E))) de < CjI =12 ¢)5.
3

This bound gives the same contribution as I; to (32). To conclude the case
p = 1 we have to bound

8r2d

Jia = / (H@, g IO _ (1, 06~ BHICO)) In(e)dg

27r32
and
82
3 (OH (1 : 0H (L
Ba= [ (Geoe e - Sl ge o ) g

The first term is split into
C(H(,6) — H(t,6) €30

2m27
3

which is of negligible compared to J;, because of (13) for k¥ = 1 and into

82t
—(3+H(t' ¢ —(34+-H(t,¢

- H(t,€) (5 (GHH{E6) _ ¢~ (G+H( ))) d¢
which is also negligible compared to J; o, because of (14) for £k = 1. With
similar techniques it is shown that J; o is of the same order as j.Jj .

The contribution of the term p = 2 in the sum (33) is estimated with sim-
ilar arguments. Let us stress only one technical point. The partial derivative
53—;25’(%+H(t’5)) leads to consider a term :

87r32j 2
/27r (‘%_?(t”f)‘ (57(%+H(t75)) — 5(%+H(t’75)))> In(€)de.

27

3

Because of (14) for k£ = 1 we have

‘8}[ 2

! 29—2
:527(t 76) f; (76 g

and we have seen that the preceding integral is conveniently bounded if 2¢g <
a. d
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4.2 Study of the Hoélder regularity of the GMGP

The Holder regularity of the GMGP X, can be studied quite similarly to
that of the GMBM [2] [4] and [5]. The proof of Theorem 1 follows exactly the
same lines as that of Theorem 1.1 in [2], so we will only sketch it. Let ¢, be
a fixed real, and let Y;, be the Gaussian process defined for every real ¢ by

too it _ g
Yio (8) = /0 /2 H{to ©) W (d§)

(this is nothing but Y (s, t) where the second variable is fixed).
First step: Using (28), we show that almost surely,

ax (to) = ay,, (to)-

Second step: using (6), we show that for arbitrarily small € > 0, some constant
¢ >0 and every ¢, t'

E(|Y, (8) = Yeo (1)) < et — ¢[00 =),

Then a strong version of Kolmogorov criterion (see for instance Lemma 3.2
of [2]) implies that, almost surely, ay, (to) > h(to).

Third step: using (6) again, we show that for every ¢y and arbitrarily small
€ >0,

BV (fo +277) — Vi, (00) )

m 2—2n(h(to))+)

= +o00,

and then Lemma 2.2 of [2] implies that almost surely, ay, (to) < h(to).

4.3 Comparison of Wy and V.

In this section it is explained how estimates concerning W can be transferred
to Viy. We postpone the proof of

éNl—Qb S %Nl—Qh* S WN S CNl_Qh* (37)

to section 4.6. Let us now prove that if (37) is true we have

lim 1/2 <1 - ln(vN)) = h.

N —+o00 ln(N)

which is the result we aim at. Let us rewrite (26) as

N—2T 2 vk p 2
Wy = dyy (22 2 38
N I;L()k ( N N)] (38)

where dyg = 1, d; = —2, and ds = 1; then Vi can also be written:
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2

+k
=3 [Sar e ek
p=0 =
Hence we have
iy p+k Eop+k\] v
1/2 1/2 p p+k p+
W < Z[de( BT )
p=0 Lk=0
N—2T] 2 2\ /2
k
571 sup [V(s, 2) - v(s, 220
p=0 L k=0 s€[0,1] N N

and the following estimates are consequences of (28) and of (37):

|Wzir/2 _ V;,/2| < CONY/2-8
W2 = ViAWt < oNPE,

Since # > b it is clear by writing
In(Va/?) = In(1 + (Vi/* = W/ YWi'?) + In(Wp/?)

that

IH(VN) . 1H(VVN)
= — = h*.
Nim 172 < In(N) > im 172 (1 ()
4.4 Asymptotic of EW

In order to obtain the asymptotic of Wy, our next step is to study the
asymptotic of EWy . Theorem 2 will then be a consequence of the asymptotic
for the variance of W and the Borel-Cantelli lemma. Let us rewrite W as
n (38) with definition (25):

N=2 too 2 2
—jetk W (d§)
=3 ([ S e 0 s
p=0 0 k=0

Because of the isometry given by the Wiener measure we have

d§
By = 2/ 16sin’ <2N> CHE O+ (39)
Let us also remark that

e 3 3 F(h(%))
16/0 sin’ <ﬁ> 2h(F)+T h(]%) (40)
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where

too sint(£/2)
0
is a continuous function on the interval (0,1) and hence is bounded on [a, b].

Let us consider N
F(h(%))
TN2h(E)

z’|§ lej

Wy =

M

N?h

p=0
assumption A 1 yields

1 —~
6N1—2h* S WN S CN1_2h*.

Let us show that under assumption A 2 we have
IEWy — Wi | = o(N'~2k+), (41)
Because of (39) and (40)

EWy — Wy < 2/ 16 sin* <ﬁ> ‘5*21‘1’(%’5)*1 — 2R ge,

(42)
Then the integrals in (42) are split into three parts :

[EWxN — WN| < J]lv + JJZV + Jl?if.

The first term is

N-—-2 1 5
1 _ 16 si 4 2H(N7£ —Qh( )—1
s p§:0j/0 6 sin <2N> ‘5 —¢ ‘df

N-2 .1
. 3 H(Z ¢ —h(E)
S c Z A Sln4 <W> | é.\gg(%7£)+1N | ln(f)df
p=0

where 0( %, €) € [a, b]. Hence

N-1 [
1
Th <0 [ em©a
< C/N?
and J% = o(N!~2h~). Let us now consider

N-—2

e
T = /1 16 sin’ <2§v> g2 (K01 — g-2h1 e

p=0

2 N® H(Z &) — (&
<ox [ () (geffi,,oéN"ln(f)df
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where 0'(%,&) > h(

C N® 31 L&) —h(&
TR SE gL L

and since a < 1, J% = o(N'~2h~). For the third part we have

T = Z/ 16 sin* (ﬁ) ‘5*2H(%,§)+1 _ e 2hEHL ge

|2 (% _h(zl\)r)|

< cz / orig o mOd

where 0" (£, &) > h(%).

+o0 H _h£
JN<CZ/ [ gm )+1(N)|ln(§)d§

and J3, = o(N'=2"+) because of A 2. Hence
|[EWN — Wy | = o(IN'~2+)
and 1
6N1_2h* <EWx < ON'72 (43)

is obtained.

4.5 Asymptotic of var(Wy)

Let us now show that almost surely

. Wy 1
im ——— =1
N—+o00 EWN
Since the process X is Gaussian, classical formulas for the variance of Gaus-
sian variables leads to :

N—-2 400 2
_ ingkey W(E)
var(Wy) =2 ) E </0 (2 due ez o172
p,p'=0 k=0

2

2
Hoo o' 4k W (d€)
1B
| e >§H(MH/2> (4)

k=0
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oyt (£
N 6 sin <2N>

2
€ _ge) . 4s)
¢H (% &)+H (5 ) +1

At this point one needs similar estimates for the integrals in the previous
formula than the one we had when we considered EWy . However to apply
the Borel-Cantelli Lemma we aim at

var(Wy) = O(N1+29-1h 1n? (N))

N—-2

var(Wy) =2 Z </0+OO ei(”

p,p'=0

and we prove

+00 "
/ ei(*F2)E16 5in <i> € el < o NV 0Y) L

Nh(E)+h(%) [p—p'| +1

which yields the needed estimates. Once more the factor that allows

1
lp—p'|+1
us to have a better estimate for g < 1/2 than var(Wy) = O(N?>~*/= In*(N))
is obtained by integrations by parts in the integrals of (45). Let us compute

) sin®(55%) B
06 \ (% o+aK. O+ |

2sin (iN>cos<2§v) sin' (G H (.9 + H(%, 0 +1)
NEH (& &)+ H (5 £)+1 5H(%£)+H(%’75>+2

sin (LN)(a—E( ,€) + 35( ,€)) In(€)

- . (46)
¢H( £.O)+H (5 ,6)+1
Then the contribution of the first term of (46) to (45) is given by
/+oo i ERRE) sin®(5%) cos (5% ) d¢ (47)
0 i(p—p)EH(FOTHF O+

when p — p’ # 0. This integral is then easily bounded by :

+00 sm 50| dé
L= /
Ip — pl H(E6)+H(E £)+1

which we split into three terms to get the required estimates. The first one
is :

4 1 ‘sm ( )| d€
|p_pl| 0 fH(ﬁ:E)'i‘H(ﬁv )+1
<<
~ NEp—p’

L,=
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the second one is

sm ‘ d€
L= /
Ip — P| ¢H(F &) +H (R 6)+1

<2 fZ*h(%)*h(%’)df
- N3|p—p’| /1

C
T NREHRE)|p — p|

and the third one

+00 sm ) d¢
Lz = /
lp — pl H(% )+H(& £)+1

1

(N”( ) (|p - p'])

Cy Cs > ( 1 )
IL| < + - 48
- <N3 NiE)+h%) ) \Ip—p'| +1 1)

where the easier case p = p' is also considered. With similar arguments we
get for the second term of (46)

Q

Hence

v+ yoceri) ()
LI <=+ - 49
L] < <N3 NrE)I+h(E) ) \|p =P/ +1 49
and the last term of (46) yields
Cs Cy > ( N9 In(N) )
L <|—+ - 50
] < <N3 NrEI+h(E) ) \p =P/ +1 (%0

where (14) has been used for k = 1. Hence we deduce that

var(Wy) = O(N'T29=4h 12 (N)).

4.6 Almost sure convergence

In order to show that

w
NliTm ﬁ =1 almost surely

we apply Markov inequality for A > 0 :

WN ”N
- > < - .
P(‘ 1 A) K ~ 1 /A
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Moreover the same arguments as in the proof of Proposition 2 p. 43 of [9]
yield that
E|Wx — EWyn |* < Cvar(Wy)?

then
W * CV&I"(WN)2
Pll——-1 >A _—
(‘ IEVVN > (EWN)4
For g < 1/4 the sequence
var(Wn)? 4g—27 2

is summable and the Borel-Cantelli lemma yields the required almost sure
convergence. With (43) and the results of section 4.3, this fact concludes the
proof of Theorem 2.

4.7 Proof of Corollary 1

To prove the corollary, let us fix ¢ € (0,1) and set

h«(e) = inf h(s)

{|s—t|<e}
Let also
p+2 p+1l p r .\
W.n = Y(——, =) - 2Y(——, =)+ Y (=, = .
x= ¥ (vER B - BevidE )
pEVE,N(t)
With the same arguments as in the proof of Theorem 2
%Nl—Qh*(E) S ]E’Ws,N S CEN1_2h*(8)
and, if we take e = N77,
In(EW y-+ n) .
Nim 172 < N ) = lminfhls).
Moreover
var(W. ) = O(e N1 H2974h-(2) 1n2 ()
and if we take 0 < v < 1/2,
Wy
lim =1 (51)

N —+4o00 EWN*’Y,N
almost surely. Next
WR —WIRIWIY? < oNvP

is still true and the corollary is proved.
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