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Une nouvelle famille de conditions aux limites
absorbantes pour I’équation des ondes
acoustiques -Partie I : Construction et analyse
mathématique

Résumé : Ce travail porte sur la construction et I’analyse d’une famille de
conditions aux limites absorbantes dépendant d’un paramétre pour I’équation
des ondes acoustiques. On étudie le caractére bie posé du probléme aux limites
correspondant et le comportement en temps long de la solution.

Mots-clés : Conditions aux limites absorbantes, équation des ondes acous-
tiques, probléme bien posé, comportement en temps long
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1 Introduction

The numerical simulation of acoustic waves is often carried out after truncating
the propagation domain. The size of the computational domain is then reduced
and the spatial approximation can be done with finite element spaces. The cor-
responding boundary value problem is then defined by the coupling of the initial
system of equations with a boundary condition set on the external boundary
limiting the computational domain. This boundary condition is used to close
the problem and it represents the behavior of any wave impinging the external
boundary. A “good” condition should be the one for which the numerical waves
are not reflected by the external boundary. The computed field would thus be
exactly the restriction of the wave that propagates inside the larger domain for
which the exteranl boundary has been pushed away. The construction of “good”
conditions, that are generally called Absorbing Boundary Conditions (ABCs)
has been consideed in a lot of works. Regarding time-dependent problems, En-
gquist and Majda [7] have shown that the micro-diagonalization of the wave
equation, and more generally of hyperbolic systems, is an interesting way to
construct ABCs on arbitrarily-shaped surfaces. Their work has been followed
by a series of papers in which the issue was to construct high-order ABCs which
can be used to improve the accuracy of the numerical waves by diminishing
the strength of the reflected waves. For instance, Higdon [11I] has constructed
high-order ABCs which are given as the combination of low-order ABCs. Grote
and Keller [§] have proposed non reflecting ABCs which are obtained from the
approximation of the DtN operator of the sphere. There are many other in-
teresting papers on the subject and we refer to the review article [I5] for an
exhaustive list of references.

In this paper, we tackle the question of constructing and analyzing a one-
parameter family of ABCs for the acoustic wave equation. The results that
are presented in this report are part of a work devoted to the construction of
enriched ABCs that are able to attenuate the reflections generated by the com-
plete wave field. The resulting ABCs are then deduced from the approximation
of the full DtN operator which is defined both in the hyperbolic and the elliptic
regions and that can reproduced also the behavior of glancing waves.

Herein, we aim at selecting the “best” ABC for propagating waves. Our criteria
are the following:

1. the ABC can be applied on arbitrarily shaped boundaries;
2. the ABC must be local and it involves low-order differential operators;
3. the corresponding boundary value problem (BVP) is well-posed;

4. the BVP is associated with a Lyapunov functional (an energy) which de-
creases to zero, except possibly for a given set of data.

The first criterion allows us to consider computational domains which size can
be optimized by using well-adapted external boundaries. For instance, in case
of a scattering problem, the external boundary can be chosen in keeping with
the boundary of the scatterer or at least of its convex hull. This property
is particulary interesting when the scatterer is elongated, as a submarine for
instance.

The second criterion ensures that the sparsity of the finite element matrices is
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kept and that the ABC is easy to include inside the numerical scheme.

The third criterion gives a stability result with respect to the data, which is
essential for numerical simulations.

The last criterion implies that the solution of the BVP is long-time stable, which
is not obvious for each existing ABC.

Our work is motivated by the question of constructing an enriched ABC which
is able to attenuate the full acoustic reflected wave. The condition must then
be active for propagating, evanescent and creepy waves. We therefore believe
to derive a full condition by combining terms representing each of the waves,
as it was formerly suggested by [10]. Hence in this report, we show that it is
possible to derive a family of low-order ABCs for acoustic propagating waves
which satisfies all the criteria 1-4.

2 A new family of second-order ABCs for the
acoustic wave equation

In this section, we are interested in constructing a new absorbing boundary con-
dition using the micro-diagonalization method developed by M.E. Taylor [14].
We want this condition to be written for all regular convex domains and to take
into account propagating waves. First, we present the main steps of the micro-
diagonalization method. For the sake of simplicity, the velocity ¢ is supposed to
be equal to 1.

2.1 The micro-diagonalization method applied to the wave
equation

In this section, we tackle the construction of ABCs by applying the factorization
theorem initially established by M.E. Taylor [14] to study the propagation of
singularities of strictly hyperbolic systems. Because we want to build low-order
conditions, we limit our work to the application of the first step of factorization.
We are thus only dealing with the diagonalization of the principal symbol of
the wave equation. Indeed, the mathematical analysis in [2] shows that the
following steps necessarily involve differential operators with order higher than
two.

The ABCs that we consider are derived from the micro-local approximation of
the Dirichlet-to-Neumann operator related to the artificial surface 3. We thus
begin with rewriting the acoustic wave equation in a local coordinate system
(r,s). The couple (r,s) describes a point in the neighborhood of ¥ in such a
way that ¥ = {r = 0}. We use the same coordinate system as in [3] and the
acoustic wave equation reads then as

Ofu— 92u — k. 0,u— h 10, (R 05u) =0, (2.1)

where & is the curvature of X, h = 1+ rx(s) and k, = h™ k.

Next, to apply Taylor’s method, we rewrite as a first-order system. We thus
introduce an auxiliary unknown v which satisfies 9;v+9d,u = 0 in a neighborhood
of ¥ and if U denotes the field U = (v,u), U is solution to the first-order system

9,U = LU.
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The entries of L are first-order pseudodifferential operators and o(L) = £ =
L1+ Ly is given by

_ hT2e2 07 _ __ hTP0s(h)¢
‘Cl = 0 iw € Sl and ,Co = For w c SO7
—w 0 0 0

where ¢ and w are the dual variables associated respectively to s and t. We use
standard notations such as o(L) for the symbol of L. Thereafter, as in [14], we
more concisely note by S™ the symbol class ST, introduced by [12]. We also
denote by 7_,,(c(L)) the truncation of the asymtpotic expansion at the order
m of the symbol o(L).

Let A; denote the symbol A\ = (h72¢% — w?) Then, when \; # 0, the
principal symbol of £ admits two single eigenvalues A\; and —\;. When h=2£2 —
w? > 0, A\ is real and when h=2¢% — w? < 0, \; is imaginary. Following [2] [7],

we introduce ]
1 w 1
Y= V2 < All — ) 22

_ MO
VoL Vit = ( 01 Y ) (2.3)

Now, a first-order ABC can be derived from the approximation and the local-
ization of the global boundary condition

1/2

and then we have

(I+K_1)VU),=00n X%, (2.4)
where K _1 is a regularizing operator which principal symbol K_; is given by

.3
0 iKW
K:—l = ( _ iKW 6A411 ) ' (25)

42

Remark When h=2¢2 —w? > 0, the frequencies (w, £) cover the elliptic region.
If not, (w, &) lie in the hyperbolic region.

Remark The matrix K£_; is actually not unique because its diagonal coeffi-
cients are not fixed by the diagonalization process. Here we have chosen zero
but we could have used any functions in S~1.

This approach has been used by several authors, following Engquist and Majda
[7]. Each of them only considers the case where the diagonal coefficients of _;
are zero and \; is imaginary corresponding to frequencies in the hyperbolic
region. In this configuration, can be rewritten, after using a truncated
Taylor expansion on A\; for w? >> h™2¢2) as:

atu+8nu+gu:00n2.

The resulting condition involves differential operators but it should be called
micro-differential since it is justified in the propagating cone w? >> h~2£2.This
condition is widely used in case of curved surfaces. We will refer to this condition
as the C-ABC for curvature ABC.

In the following, we show how to modify this ABC by using again.
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2.2 Improving the C-ABC in the hyperbolic region

A family of ABCs can be derived when K_; is modified by introducing a non-zero
diagonal term. This idea has been formerly applied in [4] for the 2D Maxwell
system but only from a theoretical point of view. To the best of our knowledge,
the numerical impact of using these conditions has never been investigated.
Herein, we propose to modify K_; as follows

3

TRW
_ 4
’C—l - _miw "/(8) ’ (26)
FSVEDW

where v is a parameter depending only on the curvilinear abscissa s. Let us
note that we do not change the first diagonal entry since it is not involved in
condition (2.4). We then get

Theorem 2.1. A family of first-order condition depending on a parameter is

K K
Ot (Opu + Ogu) = (Z - 7) Ot — (Z + 7) Ou on X. (2.7)
Proof. We recall that the first-order boundary condition is given by
(I+K-1)V%U),=0o0n X. (2.8)
The symbol of the corresponding operator reads as
o((I+K-1)Vo) = (Zz + K-1) Vo) + R—2,

where R_5 € S~2. Therefore, the truncation of o (I + K_1) Vp) in S~ is given
by

T ((U+K-1) Vo) =((Z2+K-1)W)

iw  ikw? Kw?
~ = T 1+ -~
_ 1 A 4N 4N
o ) i M ()
423 A1 4N dw dw
(2.9)
Using a first-order Taylor expansion for w >> h~1¢, we then obtain
X 1— iﬁ 1+ i—“
w w
(o1 (Za + Ko) Vo), = —= _ _ . (2.10)
V2 ik YR 5y
I+—+— ——1-—
dw  w  Aw w
Then, we get
K K
O (Opu + Opu) = (Z - ’y) Onu — (Z + 'y) Opu on X,
recalling that U = (v, u) with 9;v + 9, u = 0 on 3. O
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When v = %, we have
. 1—1—“ 1+i—'€
w w
T 1 (e +K_1) W), = —=
(721 (Z2 1) Vo), NG 1 i
2w

and the boundary condition simplyfies to :
K
8nu+5tu+§u:00n .

We then obtain the C-ABC when v = %.

Hence, except for the case v = %, we have constructed a family of second-order
conditions.

In the next section, we show that the corresponding BVP is well-posed. It reads
as:

OPu— Au=0in Q x (0,400);
’U,(O,JT) = uO(x)a atu(ovx) = ul(m) in Q7

2.11
u=0or d,u=0o0nT x (0,400); (2.11)

Ot (Opu + Opu) = (g — 7) Optt — (g + 'y) Oru on X x (0, +00) .

3 Mathematical study

Regarding the well-posedness of the BVP (2.11]), we consider the more general
mixed problem: find u solution to

O2u— Au=0in Q x (0,+00);

u(0,2) = up(x), Ou(0,z) = ui(x) in Q; 5.1)
3.1
u=0or dyu=0o0nT x (0,+00);

O (Opu + Opu) = a(x)0pu — B(x)d0yu on 3 x (0,4+00) .

Let © be a bounded domain whose boundary 992 = I' U X is regular, with
I'NY¥ = @. The parameters  and § are regular functions defined on ¥. We
recall that in the case of the ABC constructed in Section , we have

where £ is the curvature on ¥ and ~y is a regular parameter on X.

We propose to study the problem by using the Hille-Yosida theory without
coercing the sign of o and § for the moment. We thus consider an equivalent
problem in which is transformed into a first order system in time. We
introduce an auxiliary unknown v defined by v = dyu. The pair U = (u,v) is
thus solution in Q x (0, +00) to

0 Id
W gy, 4= (3.2)
dt A 0
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with the following boundary conditions
u=0or d,u=0onT x (0,400)

and
Ot (Onu +v) = a(x)0pu — B(z)v on ¥ x (0,400).

Next, to control the variations of the functions « and (3, we introduce another

auxiliary unknown U* defined by U* = ¢~ U and we suppose in the following
that & checks

0 > max(0, I;leag:(a(x), —Imnelgﬁ(x)) (3.3)
We can see that U = (u#, v*) is solution to
dUt
d—U; = A;U% in Q x (0, 400)
uf =0 or d,uf =0on T x (0,400) (34)

Oy (8”uﬁ + vu) = (a(z) — 6) dpuf — (B(x) + 0) v* on ¥ x (0, 400).

with
As = —01d+ A. (3.5)

Under hypothesis (3.3)), we always have on X
afx) —d <0 and B(z)+ 6 > 0. (3.6)

In the following, we will focus on the problem and we will interest ourselves
on the solution of in suitable Hilbert spaces.

Since the cases of a Dirichlet boundary condition on I' and a Neumann boundary
condition on I' are quite different, we present the two cases in two different
subsections.

3.1 A Dirichlet boundary condition on I
Let us first introduce H the product space defined by

H = H1 X H2
with
Hy={h e H' (Q), Ahy € L*(Q), hy =0o0on T, d,h; € L? (2)}

and
Hy = {hy € H' (Q),hy =0 on T}.

We equip H with the Hilbertian graph norm

1/2
[ (h1,h2) [la = (Ilhll\%z +VhillZe + | & e + 18nha[72(s) + 1h2]172 + HthHiz)
Let Vs be the product space defined by

Vs = {(v1,v2) € H, As(v1,v2) € H,0pv2 + Avy = ax)0pv1 — B(x)v2 on L}
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The space Vs corresponds to the domain of the operator As. By enforcing
As(vy,v3) € H, we have v; and ve regular enough such that the condition
on Y is well-defined. Indeed, As(vi,v2) € H implies, since As = —§ Id + A,
vy € H'(Q) and Avy € L*(Q) and Avy € H'(2). We can give a sense to 9,0,
in H=/2(%) and to Avyp, in H/2(X). As for the two other traces, they are
well-defined since (vy,v2) € H.

First of all we recall the Green formula we will use: for all (u,v) € H(Q)xH(Q)
such that Au € L*(Q), we have

/ Auvdx = —/ Vu - Vodz+ < 0pu, v >g-1/2(90),11/2(09) - (3.7)
Q Q
Lemma 3.1. For all h € H, the quantity

Ihlls = (/ (IV (ko — 6h1) | + | & hy — dvo|?) dz
Q

1 ) 1/2
+/2 % —a() 3 5| (@ 7O = (B+0) bl da)

is a norm on H equivalent to the norm ||h| g.

Proof. First of all, we remark that ||h||s > 0 for all » in H since we have chosen
d such that 20 — a(x) + B(x) > 0 for all z on X.
To prove that || - |5 is a norm on H, we just have to show that

|hlls =0 = h=0.
Let h = (h1, h2) € H such that ||h]|s = 0. Then h is solution to
V (hy — 6hy) = 0 in Q
Ahy — vy =01in Q
(hy =0and hy =0) on T
(¢ —8)Ophy — (B+0)hg=00n X

From the fact that Ahy — dvs = 0 in 2, we deduce that
/Q (Ahy = bvg) hadx = 0.
Using the Green formula and that he = 0 on I, we obtain
—/ Vhy - Vhy dx +/ Onhihs do — 5/ |ho|? dz = 0.
Q by Q

We know that V (hy — dhq) = 0in Q and that (o — ) 9,h1 — (84 6) he =0 on
¥, we then get

6
—5/ (|Vh1|2+|h2|2) d$+/ ﬂi|h2|2d020.
0 20[—5

Since 4+ 6 > 0and a— 6 > 0, we get Vh; = 0in Q and ho = 0 in Q. From
Vhy = 0in Q we deduce that hy is constant in 2. Since h; = 0 on I', we finally
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get hy =0 in X.
Consequently h = 0 in Q which proves that | - ||s is a norm on H.
Now, we prove that || - |5 equivalent to the norm || - ||z on H.

Since the function o and (3 are regular, we easily obtain that there exists a
positive constant C7 such that

Vh e H, [|hlls < Cy[h||a.
Reciprocally, we have to prove that there exists a positive constant C5 such that
Vh e H, ||hl|la < Ca|[h]]s.
Since h; = 0 on I" and mes(I") # 0, we have
3C > 0,||h ]2 + [[Vhal|p2 < Cl[Vha]| L2
and we finally get the existence of a positive constant Cs such that
Vh € H, |[h||z < Ca|[h]]s.
which ends the proof of the equivalence of || - ||s and || - ||z on H. O

In the following, we denote by (, )s the scalar product derived to the norm
[ 1ls-

Lemma 3.2. For all v € Vs, we have

(Asv,v); < 0.

Proof. By definition of As, Asv = (—dvy + va, —0va + Avy). We set

wy = vy — OV
wo = A’Ul — (SUQ.

We then get

(Asv,v)5 = / V (wg — dw1+) - Vw; dx +/ we (Awy — dwsy) dx+
Q Q

1
/E W—ath ((a = 8) Opwi — (B +0) ws) ((a = &) D1 — (B + ) v2) do.

We develop and we use the Green formula ([3.7))
(Asv,v)5 = —5/ (\Vw1|2 + |w2|2) dx +/ Vwi - Vws dx
Q Q
—/ Vwi - Vws dx + Opw1 wa do
Q a0

1
+/Em((a—6) Bpwy — (B + 8) wa) ((a — 8) Dpvy — (B4 6) v2) do.
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Moreover, in Vs, we have V1|p = V2|p = Wi = w2 =0 and on X
(= 8)Opv1 — (B+ ) va = adyvy — Pog — 60,01 — Ova;
= Opv + Avy — 60,v1 — dvg;
= Opwi + wo.

Then,
(Asv,v)5 = —(5/ (|[Vw: | + |wa?) dx—i—/ Opwy we do
Q b

/Eﬁ (@ = 8) Bpws = (B + 8) ws) (Bnwr + w2) do.

Now, we develop the integral on X
a—9
(14.5’1),1})(S = _6/9 (‘V’u}1|2 + |w2|2) dx —&—/E[“)nwl w2 do + /Z m‘anwﬂQ do
B+46 9 / 1
- —— d T E——— —0) Oy — ) On, do.
[ gl o+ | s o= ) duwrs = (3-+8) dyws] do
Finally, we get that for all v in Vj,

a—906
(A(;’U,U)é = 76/9 (|V’LU1|2 + |U/2|2) dl’+/2 m|8n'lU1|2dO'7

B+46

2
PO 2 do.
L —axpel

Finally, by definition of 4, d > 0,20 —a+8>0,a—d <0and 8+ 6 > 0.
(Asv,v)s is then the sum of negative terms, which ends the proof of the result.
O

We continue by proving the following lemma
Lemma 3.3. The operator As is mazximal on its domain V.

Proof. Given f = (f1, f2) in H, we study the following mixed problem: find
v € Vs such that (As —I)v = f.
By defintion of As, we seek v = (v1,v2) € Vi such that

—0v; + vy —wvp = f1 in
7(5’[]2 + A’Ul — Vg = f2 in Q,

(3.8)
V1 = Vg = 0 on F;

Opve + Avy = adpv1 — P on X,

First of all, we assume that the problem (3.8) has a solution in Vz. Then, by
removing v thanks to the equation

ve = fi+ (54 1)vrin @,
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we obtain that vy is solution to the problem

—Av+ (6 +1)%v = finQ;

vi =0o0nT; (3.9)
Onv1 :g—%(é—i—l)vl on Y.
with ~
fi==(fat+(6+1) f1) in H(Q)
and 1
g:= Ty —atl (Onf1+ f24+ (6 +B+1) fi) in L*(%).

Reciprocally, let us prove that the problem db admits a solution vy, for all f
given in H*(Q) and § given in L?(3). To prove this result, we use a variational

approach.
Let H; (€2) be the space defined by

M1 () = Hp(Q) = {v e H'(Q), v, = 0}

We equip H; () with the norm || || defined by

s 1 /2
iM? da) ,

o 2 2 2
VvEHl(Q),||v|—</Q(|VU| +(6+1) |v|)dm+(5+1) L —atl

equivalent to the usual norm on H' (Q) because (§+1), (§+3+1) and (§—a+1)
are positive quantities by definition of 4.
Let 7 (Q) be the space of test functions defined by

T(Q) ={reD (), ¢p =0}

T (ﬁ) is dense in H; (ﬁ) and if we assume that the problem 1} has a solution,

we have

Vo eT(Q), 7/ Avipdr + (0 + 1)2/ nedr = / fodz.
Q Q Q
By using the Green formula (3.7), we get

Vo eT (), QV'U1V<pdx— 8nv1<pda+((5+1)2/

vipdr = fgoda:.
Q Q

o0

Moreover, ¢|., = 0. Therefore,

VgoET(ﬁ),/QVv;lVgodx—/Eanvlgoda—i—(5+1)2/§zvlcpda::/ﬂf<pdx.

Then we use that 0,v1 = §— g—’_’% (0+1)vy on ¥ and we get Vo € T (ﬁ) ,
-«
1 -
/Vngpdz—F((S—!—l) Mvupdc—&—(é—kl)z/ vpdr = / fgoda:—i—/ ge do.
Q sd—a+l Q Q =

(3.10)
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Let a(-,-) the bilinear form defined by

§+08+1

a(vl,<p):/QVv1Vg0dx+(6+1) "

viedo + (0 + 1)2/ vipde.
Q

a(-,-) is continuous on H () x H1 (), H1(Q)-coercive, since we have equipped
H1(92) with the norm || ||.
Let I(-) be the linear form defined by

l(w):/gfsodw+/2§<pd0-

Since the pair (f,§) belongs to H'(Q) x L*(%), I(-) is continuous in Hy(£).
T (Q) is dense in H;(f2), therefore the formulation (3.10) can be extended to
H1(Q). Every solution v; of (3.9) checks Vo € H; (),

o+p+1

1 -
/QVle@dx-i-(é—i- ) L —atl

m@d&H6+D2/

vlapda::/fcpda:—i-/ gy do.
Q Q b

Reciprocally, according to Lax-Milgram theorem, the problem

Vo € H1(Q),a(vi, ) = l(p)

has a unique solution vy in H; (2). In particular,

Yo € D(Q) C H1(Q), /QVngod:c +(6+ I)Q/qulgod:c = /Qfgadx.
We then deduce that
Vo € D(N), < (6+1)°v1 — Avy — f,p >=0,
which means that
(6 +1)°v; — Avy = f in D'(Q).
This identity allows us to give a sense to Av; in H'(Q). Therefore, 8"””09 S

H~1/2(9Q) and we also have Vyp € 7 (Q),

o+pB+1

1 - -
/QVmVapdaH—((H— ) T —atl

Ul(pda+(6+1)2/vlcpdx:/fgoda:—i—/ gedo.
Q Q b

Using the Green formula , we get Vo € T (ﬁ) ,

0+p/+1
/Arylgpdx+(5+1)/ Lvlwda+(§+1)2/v1<pd:r+<8nv1,g0 >_1)2,1/2=
Q 25_06+1 ’

Q
/fgoder/f]gada
Q )

e
§+08+1

VoeT (Q), (6+1) a1

vipdo+ < Opv1, 0 >_1/2,1/2= / gedo.
by
Now, we have ¢, = 0 and we get on ¥

S+ 68+1

< an'Ul +(6+ l)m

v =g, >_1/2,1/2= 0,
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which means that

0+8+1

8nv1+(6+1)6_a+1

v = g on X.

v; is then solution of li since the condition vy, = 0 is given in H; (Q).
Since vy and f; are in H'(£2), we deduce the existence of vy in H!(Q).

Now, we have to check that the pair (v1,v2) is in V5. To show this result, we
have to prove that (v1,v9) is in H then As(v1,v2) is in H too and finally that
Onv2 + Avy = az)0,v1 — B(x)ve on 3.

First we see that the condition which links v; to vo on X is checked.

To prove that (v1,v2) € H, we just have to check that d,v; € L*(3) and that
vz = 0. To prove this result, we use that

0+p/+1

8n1}1+((5+1)5_a+1

v1 =g on X.

Since v; is in H(Q), vy € H'Y2(Q) C L*(X). Moreover, since (fi, f2) € H,
g € L*(%). Then, we get that 9,v1|, € L*(¥). Finally, f1;, =0 and v, =0
which gives that v, = 0. We have shown that (v1,v2) € H.

To prove that As(vi,vs) is also in H, we have to check that Avy € L*(Q),
Onva)y, € L?(%) and Av; = 0 on I'. Using that

Onva + Avy = a(z)0,v1 — B(x)vg sur X.

and Onvi|y, € L*(X), v2 € HY(Q) and Av; € HY(Q), we get d,va)y, in L*(X).
Moreover, we know that vo = f1; + (6 + 1) v; in © and that Av; as Afy are in
L?(Q)). We can conclude that Avs is in L?(Q). Finally, we know that Av; =
fo+ ((S-i- 1)’1}2 in Q and Va|p = V2| = 0 so Avl‘l“ =0.

Consequently, we have shown that the pair (vq,vs) is in Vs which ends the
proof. [

So we have the following theorem on the well-posedness of the problem.

Theorem 3.4. Let (ug,uy) in Vy. The problem admits a unique solution
u such that
(u, Byu) € CH([0, +o00[; Vo) N C([0, +oc[; H). (3.11)

Proof. The proof of this theorem lies on the Hille-Yosida theory.

The two previous lemmas show that the operator As is a maximal dissipative
operator on its domain V5. We conclude that the problem has one and
only one solution U* = (uf, v*#) such that

(u?, v*) € C*([0, +o0[; V5) N CO([0, +o0[; H). (3.12)

Ay is the infinitesimal generator of a semi-group of contraction Zs(t). Thus, we
can define the finite energy solution of (3.4) with initial data (ug,u1) in V5 and

(wf, v¥) = Z5(t)(uo, ur) € C*([0, +00[; V5) N C°([0, +ool; H).

For § = 0 we recover the operator A, associated to the reference problem (3.1)).
Thus, A is the infinitesimal generator of the continuous semi-group Z(t) =
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eétZ(g (t)

Moreover, we recall that the problems with (ug,u1) € Vp and with
(up,u1) in Vy are equivalent. Indeed, (u,d;u) is solution of if and only if
(uf, v?) is solution of . Therefore, we have shown the existence of a unique
solution (u,dyu) of problem . More, the application ¢ — e~% being in
C*([0, +oc[), we have

(u, Q) € C* ([0, +00[; Vo) N CY((0, +00f; H) &
(uf, %) € CH([0, +00[; V5) N C°([0, +oof; H),

which ends the proof of the theorem. O

3.2 A Neumann boundary condition on I

In this case, we have to assume that
a(z) #0, Ve € 3
O(z) #0,Vz € 3
«a and # are continuous and bounded on ¥

Regarding the continuity of o and [, it implies that o and 3 are necessarily
positive or negative since we have supposed that they nerver vanish.

To ensure the uniqueness of a solution to the problem (3.1), we first establish
an invariance property for the solution to (3.I). We first remark that for any
regular u solution to

/ (3t2u—Au)1dx:O
Q

/ QPudr = / Onpudo
Q b
because 0,u =0 on I.

Moreover, on ¥, ad,u = 0 (Oyu + Opu) + BOu. Since a(x) # 0 for all z on X,
we thus obtain

which implies that

OPudr = / a1 (0; (Opu + Onu) + BOyu) do,
Q b
which is equivalent to

Oy {/ Orudx — / at (Oru + Opu + Pu) da} =0.
Q b

Therefore, for any ¢,

/ Owu dm—/ o™t (Oyu + Opu + Bu) do = / Uy dm—/ ™ (uy 4 Onuo + Bug) do.
Q b Q s

(3.13)
Let X be the Hilbert space defined by:

X = {(hl,h2) € (HY())?, Ahy € L3(Q), 0hy =0 on T, d,hy € L?(z)}
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Then, X is equipped with the Hilbertian graph norm:

1/2
| (h1,h2) [ x = (Ilthiz +[Vhll7 + | & hall7z + [0nhall72cs) + lIh2ll7z + HV’wH%z) ~

Next, let H C X defined by

H:{(hl,hg)EX,/hgdZ‘—/Oz1(h2+8nh1+ﬂh1)d0'20}.
Q >

Proposition 3.5. H is a closed subspace of X and the semi-norm on X defined
by

1/2
[ (k) L = (VAL + | A b3 + 10 320 + IR2le + [ 9ha]32)

defines a norm in H equivalent to the norm || - || x.

Proof. Let U : (hy,hg) € X — fQ hodx — fE a~t (hg + Op,hy + Bhy) do. Then
U is a continuous function on X and H = ¥~'{0}. Hence H'"¥ = H.
Now, let (hy,h2) € H such that |(h1,h2)|x = 0. Then we have

Vh1:0, Ahlz()inQ, anhlzoonaQ;
Vhy =0in Q, hs =0 on X

which implies that hs = 0 in  and h; is constant in the connex open set 2.
Moreover, W(hy, he) = 0 implies that

/ a 'phido =0 = hl/ a " Bdo
b b

since h; is constant. Now, o~ '3 never vanishes on ¥ and o~ '3 keeps the same
sign on Y. We thus have hy = 0 on ¥ which implies that h; = 0 in Q2. Hence
the semi-norm |- |x defines a norm on H. To prove that | |x is equivalent to the
norm || ||x in H, we just have to show that there exists a constant C' > 0 such
that for any (hq, hs) € H,

h1llL2) < Cl(h1, ho)|x (3.14)
since it is straightforward that
|(h1, ho)|x < [(h1, ho)l|x-

Suppose that (3.14) is false. Then there exists a sequence (h1 k, ko) in H such
that
1h1,kllL2(0) > El(ha gk how)|x -

Then (3.2) implies that ||h1 x]|z2(q) # 0 and thus, we can suppose that
[(h1ks hok)llx =1

only to divide by ||h1 x| r2(0)-
We can thus extract a subsequence that we denote by (hy , he i) too and which

converges to (h1, ho) in X weakly. Moreover, 1b implies that |(h1 k, ho k)| x i —4>_
— 400
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0.

Hence we have
Vhip—0 in L2(Q);

Ahl’k — 0 in LQ(Q), (315)

anhl,klz — 0 in L3(X);

and
Vhay — 0 in L?(Q);

ha g, — 0 in L2(%).
We can thus deduce that
Vhi =0in Q, Ahy =0 in Q and anhl’klz =0
Vhe =01in §, hg’klz =0.

We thus have (hi, he) = (cste, 0).

Moreover, H is closed. Hence (hi,he) € H which implies that necessarily
hl = h2 =0in Q.

To conclude, (hy i, ha 1) weakly converges to (0,0) in X and since X C H3/2(Q)x
H'(€2), X is compactly embedded in L?(Q)x L?(£2). We thus have hy ;, converges
strongly to 0 in L?(Q), which contradicts since it implies that (hi x, ho k)
strongly converges to (0,0) in X. O

In the following, we adopt the notation |||z = |h|x.
Now, let Vs be the product space defined by

Vs = {(v1,v2) € H, As(v1,v2) € H, Opv2 + Av1 = a(x)0pv1 — B(z)v2 0n B}

The space Vj corresponds to the domain of the operator As. As in the case of a
Dirichlet boundary condition on I', v; and vy are regular enough such that the
condition on X is well-defined.

Lemma 3.6. For all h € H, the quantity

||h||5 - (/ (|V(h2 - (5h1) |2 + | A hl - 5'UQ|2) dl’
Q

1 ) 1/2
+/2 % —a() 3 5| (@ 7O = (B0 bl do)

is a norm on H equivalent to the norm ||h| g and thus to ||h| x.

Proof. First of all, we remark that ||h||s > 0 for all » in H since we have chosen
d such that 26 — a(z) + B(z) > 0 for all z on X.
To prove that || - |5 is @ norm on H, we just have to show that

|hlls =0 = h=0.
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Indeed, ||k||s is defined as a linear combination of norms in L?(Q2) and L?(X).
Let h = (hy,ha) € H such that ||h||s = 0. Then h is solution to

V (hg —0h1) =0in Q

Ahy —dvg =01in Q)
Oph1=0onT

(¢ =08)0ph1 — (B+d)he=00n X

From the fact that Ahy — dvs = 0 in €2, we deduce that
/Q (Ahy — dvg) hadx = 0.
Using the Green formula and d,h; = 0 on I', we obtain
—/ Vhy - Vhy dx +/ Onhihs do — 5/ |ho|? dz = 0.
Q by Q

Given that V (hy — 6h1) = 0in Q and that (o« — 6) d,h1 — (B+ ) ha =0 on X,
we then get

5
—5/ (IVha]? + [hal?) dac—i—/ BH0 2 do = 0,
Q EOZ—6

Since f+6 >0 and o — § < 0, we get Vh; = 0in Q and he = 0 in Q. From
Vhy =01in Q, we conclude that hy is constant in €. Next (3.13) implies that

/ a"1Bhido = 0.
)

Since hq is constant in 2 and the sign of a~!f is constant according to on
%, h1 =0 on X. Consequently hy = 0 in 2 which prove that || - ||5 is a norm on
H.

Now, we have to prove that || - ||s is equivalent to || - ||z on H. This is a
straightforward consequence of the boundedness of « and . O

In the following, we denote by ( , )5 the scalar product derived to the norm
[ 1ls-

Lemma 3.7. For all v € Vs, we have

(Asv,v)5 < 0.

Proof. The proof of this lemma is exactly the same as for Lemma[3.2] The only
difference comes from the fact that

/ Opwy wado
r

disappears since (wy,ws2) € H and so 9,w; = 0 on I'. Consequently we get that
for all v in Vj, (Asv,v)s is the sum of negative terms, which ends the proof of
the result. O

RR n°® 7553



A new family of second-order ABCs for the acoustic wave equation - Part I 19

We continue by proving the following lemma
Lemma 3.8. The operator As is mazimal on its domain V.

Proof. Given f = (f1, f2) in H, we study the following mixed problem: find
v € Vs such that (4s — I)v = f.
By defintion of As, we seek v = (vq,v3) € Vs such that

7(51}1 + V9 — v = f1 in Q,
—0vs + Avy —vg = fo in

(3.16)
Opv1 =0 on T

Onvo + Avy = adpvy — vy on X,

First of all, we assume that the problem (3.16]) has a solution in V5. Then, by
removing ve thanks to the equation

vg=f1+(6+1)vs in Q,
we obtain that v; is solution to the problem
—Avi+ (@ +1)% 0 =—(fat+(@+1) f1) inQ
Opv1 =0 on T

(—a+1)0v==0hfi—fo—0+B+1)(fi+(d+1)v) on X
(3.17)
Reciprocally, let us prove that the problem (3.17) admits a solution vy, for all
fi=—=(fa+ (6 +1) f1)givenin H'(Q) and g := *ﬁiﬂ (Onfi+ fot+(0+B+1) f1)
given in L?(X). To prove this result, we use a variational approach.
We equip H' (Q) with the norm || || defined by

1/2
voe @) ol = [ (19574 0+ 02 14P) dos 040 [ SR ar)
Q

equivalent to the usual norm on H*! () because (6+1), (6+3+1) and (§—a+1)
are positive quantities by definition of 4.

D (Q) is dense in H' (Q) and if we assume that the problem 1} has a solution,
we have

VSOGD /Avlapdx—f—@—i—l) /vlapdac:/fgodx,
Q

as in the proof of Lemma We finally obtain V¢ € D (ﬁ) ,

S+B+1 )

Q

vlwdx::t/mfwdw4i/“§wd0,
Q P

(3.18)
using the Green formula 1} and that &LUUF = 0. Let a(+,) the same bilinear
form as in the proof of Lemma 3.3 which is also is continuous on H' () x H'(%),
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H(Q)-coercive, since we have equipped H'(Q) with the norm || ||.
Let I(-) be the linear form defined by

o) = [ Fodo+ [ apio

Since the pair (f, ) belongs to H'(Q) x L2(X), I(-) is continuous in H' ().
D (Q) is dense in H'(12), therefore the formulation 1} can be extended to
H(Q). Every solution v; of (3.17) checks

Vo € H' (Q), a(v1,0) = I(p).
Reciprocally, according to Lax-Milgram theorem, the problem
Vo € H' (Q),a(v1, ) = U(p)

has a unique solution v; in H! (). In particular, since D(Q) C H'(Q), we
deduce that R
VSD € D(Q)a < (5+ 1)21]1 — Avy _f750 >=0,

which means that ~

(6 +1)°v; — Avy = f in D'(Q).
Thanks to this result, we can give a sense to Av; in H'(Q) and therefore,
Onv1|,yg € H~12(9Q). We also have Vo € D (Q),

5 1 )
[ Tuvedit@+y) [ S v oG+ 1 [ opds = [ fodot [ godo
Q nd—a+l Q Q D

Using the Green formula , we get Vo € D (ﬁ) ,

/Avlcpder(éJrl)/ lewda+(6+l)2/v1<pdz
Q 2(5—0("'1 Q

+ < Opvi, >71/2,1/2=/f§0d$+/§¢d0
Q =
e

§+8+1

VoeT (), (6+1) 5ol

vipdo+ < Opv1, >_1/2,1/2= / gpdo.
b))

Now, by chosing the functions ¢ in D (ﬁ) such that ¢ =0, we get

SEB+1
n l) ————v; = 3.
Onv1 + (0 + )5—a+1vl g on
and, taking ¢ in D (Q), we obtain
Opv1 =0on .

Therefore v, is solution of the problem .

Since v, and f; are in H'(Q), we deduce the existence of vy in H'(1).

Now, we have to check that the pair (vq,vs) is in V. Actually, we just have
to prove that (vy,vs) checks the condition on I' and the invariance property
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because all the other properties have been shown in the proof of Lemma
Since d,v; = 0 on I', we just have to prove that d,vo = 0 on I'. We know
that 9,v1 = 0, f1 = 0 on I' and by using that vo = f; + (6 + 1)vy in Q, we get
Onv2 = 0 on I". As for the invariance property, we have assume that (f1, f2) is
in H. Hence we have

/fzdx—/@_1 (fo+0Onf1 + Bf1)do = 0.
Q 5

Therefore,

/szdx . Ll/ﬂ(ml—h) do

o+
_ 1 -1
— sy | [ oo [a7 (farousi v 1) ao]
Hence, we get
1
/ vodr = —— / a1 (0pv 4+ Avy 4 Buy — (Avy — (6 + Dvy +
Q §+1 | /s

O — (5 10,01+ G = (5-+ Do) ]
Finally, we have

/vgda:—/ofl (vg + Opvy + Bv1) do = 0.
Q b

Consequently, we have shown that the pair (vy,v2) is in H. Now, we have to
check that

/ (Avy — dvg) dx — / a" ' (Avy — Svy + Opve — 00,01 + Bug — Bévy) do = 0.
Q b
To prove this result, we just use that (f1, f2) and (v1,v2) check the invariance
property.

Finally, we have proved that As(vy,v2) is in H and since the condition on ¥ is
satisfied, we have shown that (v1,v2) is in Vs which ends the proof. O

So we have the following theorem on the well-posedness of the problem.

Theorem 3.9. Let (ug,uy) in Vy. The problem admits a unique solution
u such that
(u, Opu) € CH([0, +o00[; Vo) N C([0, +oc[; H). (3.19)

The proof is the same as in Subsection [3.4]

4 Long time behavior

We can enrich the results of Section [3| by considering the energy functional
defined on H by

1

1 1
g(hl,hQ)Z5/Q(|Ah1|2+|Vh2|2) d$+§/2

5 o ‘Oéanhl — 6h2|2d0'
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which is well defined if

B(x) —afx) #0 for all z € 3. (4.1)
Moreover, E(hy, he) > 0 if

B(z) —a(zx) >0 for all x € X. (4.2)
Then, £(u,d;u) defines an energy on H under the condition which takes

into account the condition (4.1J).
We recall that in the case of the ABC we have constructed in Section we have

oe) = D ), pa) = D o).

and that the boundary ¥ has been chosen so that x(z) > 0 for any z € X.
In the following, we assume that « and 3 check the condition

a(z) < 0and B(z) > 0 for all z € X,
4.3
{ B(z) — a(x) # 0 for all z € 3. (43)

This condition implies that the function v has to be positive on ¥ and that for

al z € &, y(z) > #.

Lemma 4.1. For all (ug,u1) € Vo, t — E(u,0pu) is differentiable and is
decreasing under the condition

Proof. In the previous section, we have seen that if the initial conditions (ug,u1)
are in Vp, &(u, dyu) € C ([0, +o00]) and we get

d

—&(u, Ou) = / A(Opu) Audr + / Ot (Vu)02Vu dx

dt Q Q (4.4)

. /E ﬁ—% (a0 dnu — BO}u) (adyu — BOyu) do.

We use the Green formula (3.7) and that 0?u = Au

ié’(u, Ou) = / A (Oyu) O2u dx — / A (Oyu) 02w da + OnOyu 0P u do+
dt % Q o9

/E 5 1 a (a@tﬁnu — ﬂ@fu) (a{)nu _ ﬂatu) do.

Moreover, diuj. = 0 in the case of a Dirichlet boundary condition on I' and
Onu|, = 0 in the case of a Neumann boundary condition on I'.
Then, using that 9; (O,u + Oru) = a(x)0pu — B(x)0wu on X, we have

d

—E(uﬁtu):/anatu@fuda
dt -

+/ ! {a@fu OnOpu — 3 (afu)z + a (8;0,u)° — BO?u 8n8tu} do.
»0—a
Consequently we get

d 1
%5(% Ohu) = _/2 T [ﬁ (8t2u)2 -« (atanuﬂ do.
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Under the condition (4.3 ,

d
ﬁé‘(u, Owu) <0,

which ends the proof of the result. O

Theorem 4.2. If the functions o and B check the condition , then for all
(u07u1) € VO}
lim &(u,0u) = 0.

t——+oo

Proof. We have already seen that A is the generator of the continuous semi-
group Z(t), of contraction if o and 8 check the condition (4.3)). As it is sufficient
to prove the theorem on a dense subspace of Vy = D(A), we consider the initial
data (ug,u1) in D(A?%), where

D(A?) = {(v1,v2) € Vp, A(v1,v9) € Vp}
is equipped with the norm graph
(w1, v2) [ peaz) = l(v1,v2)llvy + | A1, v2) v + ([ A% (01, 02) [l vs-
For all solution of (3.1), we have
[ (u, Opu)Ip(azy = [1Z(¢)(uo, ur)||p(az)
= 1Z(t)(uo, w1) vy + [ A(Z () (uo, 1)) vy + [ A*(Z(t) (w0, u1))llvs.-
As we can switch A4, A% and Z(t) on D(A?), we have
[(u, Oeu)l[pazy = [1Z(t)(uo, u1)l| paz)
= [1Z(t) (w0, wr)|Iv, + (| Z(#) Auo, ur) vy + 1 Z() A (o, ur) vz, -

Since Z(t) is continuous in Vp, we deduce that there exists a positive constant
C such that

1(w, )|l p(azy < Cll(uo, ur)llpeaz)-
But, since the injection i : D(A?) — V} is compact, we can extract a subsequence
Z (tx)(ug,u1) such that

, liT Z(tr)(up, u1) = (Uoo, Voo ) in Vp strongly .
k—+00

Since &(u, Opu) is continuous, we have

lim E(u,0u) = lim E(Z(t)(uo,u1)) = lim E(Z(tg)(uo,u1)) = E(Uoo, Voo)-

t——+o0 t——+oo t—-+o00
We also have, for all s positive;

lim E(Z(t+ s)(ug,u1)) = lim E(u,Owu)

t——+oo t——+oo

= lim E(Z(s)Z(ty)(ug,u1))

tr— 400
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The solution (w, dyw) = Z(t)(tso, Voo ) Of problem (3.1)), for initial data (teo, Voo )
in D(A), is thus such that

E(w, dyw) = E(Uoo, Vo) POUT tout ¢ positif,
and according to the proof of Lemma

d 1
£5(75tw) == /z: 3-a [ﬁ (agw)Q - ((')t(')nw)ﬂ do,

we necessarily have 92w = 0 on ¥ and 9;0,,w = 0 on . w is then solution to
the following problem

02w — Aw =0 in Q x [0, +00]
w(x,0) = Uso, Oyw(x,0) = Vs in Q

w=0o0r d,w=0o0nT x [0,400]

a(x)0pw = B(x)0yw on X x (0, +00)
and z := Oyw is solution to

02z — Az =0in Q x [0, +00]
w(z,0) = Voo, Or2(2,0) = At in §2

z=0or d,z=0o0nT x [0,+00]

Opz=2z=0o0nX x (0,400).

Since 0,z = z = 0 on X, we deduce that z = 0 in Q X [0, +0c0], as a consequence
of the Holmgren theorem (see Lions [13]). Therefore, w is solution to

Aw =0in Q x (0,+00)
w=0o0r dyaw=0o0nT x[0,+00]
a(x)0,w =0 on X x [0, +o0]

Since « never vanishes on ¥, we thus have w = 0 in X [0, +oo[. We then
conclude that &(w, d;w) = 0 which implies that £(ux,vs) = 0 and completes

the proof of {.2] O
Lemma 4.3. £Y/2(hy, hy) is a norm on H.

Proof. The proof of this lemma is divided in two parts. First we consider the
case of a Dirichlet boundary condition on I" and in the second part the case of
a Neumann boundary condition on I'.

(a) A Dirichlet boundary condition on T

We consider (hi, ha) such that E(hy, he) = 0. We have

Ahy =0in Q;

VhQZOiIl Q;

hl :h2:00n F;

aanhl —ﬁhg =0on X.
RR n° 7553



A new family of second-order ABCs for the acoustic wave equation - Part I 25

Since Q is connexe, Vhy = 0 in 2 implies that hs is constant in €. But we
already know that ho =0 on I'" so ho =0 in .
Therefore, hq is solution to

Ah1=OinQ;
hi=0onT;
adph; =0 on X.

Since a # 0 for all point in X, we have that d,h; = 0 on 3. Consequently,
(h1,ho) = 0 in Q which proves that £'/2(hy, hy) is a norm on H.

(b) A Neumann boundary condition on T
Here again, we consider (hi, he) such that E(hi, he) = 0. We have

Ah1:0in Q,
Vhy =01in Q;
Oph1=0o0nT;

Oéan}h — ﬁhg =0on X.

and since (hy,hs) € H

/ hy dx — / a™t (hy 4 Ophy + Bhy) do = 0.
Q b

Vhe = 0in Q implies that ho is constant in 2 because 2 is connexe. Since
Ahy =0in Q and Vhy =0 in 2, we get using the Green formula (3.7)) that

/ 8nh1h2 do = 0.
o0
But we have 0,h; =0 on I' and 9,,h1 = a~!Bhs on X. Hence,
/ Q™ Blhy|*do =0
o0
which implies that ho = 0 in Q because o and (8 check (4.3). We then get that
hy is solution of

Ah; =0in Q;
6nh1:00n89;

which implies that A, is constant in €.
Moreover, we have

/ ho dx — / a~t (hz + 0, h1 +6h1) do = 0.
Q b
e
/ a tBhido =0
b))

Since hy is constant in ©Q and « and 8 check the condition (4.3) on X, we get
hi = 0 in Q which proves that £/2(hy, ho) is a norm on H. O

We are now willing to state

RR n°® 7553



A new family of second-order ABCs for the acoustic wave equation - Part I 26

Theorem 4.4. Let (ug,u1) in H. Then the solution u of is such that

lim (u,0pu) = (0,0) in H.

t—+o00

Proof. If the pair (ug,u;) is in H, we know that (cf. Theorem 4.2

lim E(u,0u) =0

t——+o0

and that £ is a norm on H (cf. Lemma [4.3)).
Therefore,
tliT (u, Opu) = (0,0) in H.

O

Now, in case of a Neumann boundary condition, general data are in V{; and
not in H N V4. In that case, we have:

Theorem 4.5. Let (ug,u1) in Vo. Then if v > 4§ on X,

lim (u,0u) = (U0, 0) in X

t——+oo

/uldzf/ofl(ul + Bug)do
_ JQ >
Uoo = .
/oflﬂdo
b

Proof. Let (u,0;u) be the solution to (3.1)) with initial data (i, u;) defined by

where

Ug = Uy — Uso, U] = U7T.

Then (uy, 1) € Vo N H and we can apply Theorem [d.4] to (4, d,a) which com-
pletes the proof of Theorem O

5 Conclusion

We have constructed a new family of ABCs depending on the parameter v # 0
and which can be applied on arbitrarily-shaped regular boundaries. We have
performed a mathematical analysis which shows that the corresponding bound-
ary value problem is well-posed in Hilbert spaces of Sobolev class. Moreover, if
7 is greater than %, where s denotes the curvature of the absorbing boundary
Y, there exists an energy defined as a combination of volume and surface terms.
It is non conventional in the sense that it is given as the sum of the kinematic
energy of d;u and the L2-norm on ¥ of a linear combination of d,u and d;u. We
have been able to prove that if v > %, the energy is decreasing and is converg-
ing to zero. We have also proved that in the case of a sound-soft scatterer, the
solution converges to zero. In case of a sound-hard scatterer, the solution can
converge to a constant and we have established a necessary condition for the

constant to be zero. Now it would be interesting to analyse if there is a value of
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~ that can improve the numerical results. For that purpose, we have considered
different approaches and we now believe that the best way to implement the
ABC into a finite element formulation consists in defining an auxiliary
unknown to obtain an ABC easier to introduce in the formulation. The ABC
is then rewritten as follows :

1
Opu = —0su — g (8,5 — g +’Y) Oyuon X

and we define v as the surface field satisfying
K
(at—z—l—'y)zb:@tuon 3.

Then the solution u satisfies

Opu = —0su — gz/) on Y,

which can be easily included into the variational formulation after introducing
1) which is only defined on the boundary ¥. Then, the boundary value problem
reads as: find (u, d;u, ) solution to

O2u— Au=0in Q x (0,+00);

u(0,z) = uo(z), Ou(0,z) = ui(z) in ;
(0, 2) = to(x) on 3

u=0onT x (0,+00);

anu+8tu+gw:00n2x(0,+oo);

(8t—g+7)w=5tu on ¥ x (0,+00).

and we suppose that ¥(0,z) = 0 on X. By this way, (5.1) is equivalent to
(2.11). The mathematical and the numerical studies of ({5.1)) will be developed
in another research report that will follow this work.
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