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❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❛❜s♦r❜❛♥t❡s ❞é♣❡♥❞❛♥t ❞✬✉♥ ♣❛r❛♠ètr❡ ♣♦✉r ❧✬éq✉❛t✐♦♥
❞❡s ♦♥❞❡s ❛❝♦✉st✐q✉❡s✳ ❖♥ ét✉❞✐❡ ❧❡ ❝❛r❛❝tèr❡ ❜✐❡ ♣♦sé ❞✉ ♣r♦❜❧è♠❡ ❛✉① ❧✐♠✐t❡s
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❚❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❛❝♦✉st✐❝ ✇❛✈❡s ✐s ♦❢t❡♥ ❝❛rr✐❡❞ ♦✉t ❛❢t❡r tr✉♥❝❛t✐♥❣
t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❞♦♠❛✐♥✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s t❤❡♥ r❡❞✉❝❡❞
❛♥❞ t❤❡ s♣❛t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡s✳ ❚❤❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✐s t❤❡♥ ❞❡✜♥❡❞ ❜② t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ✐♥✐t✐❛❧
s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ s❡t ♦♥ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r②
❧✐♠✐t✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❚❤✐s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ✉s❡❞ t♦ ❝❧♦s❡
t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ✐t r❡♣r❡s❡♥ts t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛♥② ✇❛✈❡ ✐♠♣✐♥❣✐♥❣ t❤❡ ❡①t❡r♥❛❧
❜♦✉♥❞❛r②✳ ❆ ✏❣♦♦❞✑ ❝♦♥❞✐t✐♦♥ s❤♦✉❧❞ ❜❡ t❤❡ ♦♥❡ ❢♦r ✇❤✐❝❤ t❤❡ ♥✉♠❡r✐❝❛❧ ✇❛✈❡s
❛r❡ ♥♦t r❡✢❡❝t❡❞ ❜② t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r②✳ ❚❤❡ ❝♦♠♣✉t❡❞ ✜❡❧❞ ✇♦✉❧❞ t❤✉s ❜❡
❡①❛❝t❧② t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ t❤❛t ♣r♦♣❛❣❛t❡s ✐♥s✐❞❡ t❤❡ ❧❛r❣❡r ❞♦♠❛✐♥ ❢♦r
✇❤✐❝❤ t❤❡ ❡①t❡r❛♥❧ ❜♦✉♥❞❛r② ❤❛s ❜❡❡♥ ♣✉s❤❡❞ ❛✇❛②✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✏❣♦♦❞✑
❝♦♥❞✐t✐♦♥s✱ t❤❛t ❛r❡ ❣❡♥❡r❛❧❧② ❝❛❧❧❡❞ ❆❜s♦r❜✐♥❣ ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s ✭❆❇❈s✮
❤❛s ❜❡❡♥ ❝♦♥s✐❞❡❡❞ ✐♥ ❛ ❧♦t ♦❢ ✇♦r❦s✳ ❘❡❣❛r❞✐♥❣ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠s✱ ❊♥✲
❣q✉✐st ❛♥❞ ▼❛❥❞❛ ❬✼❪ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♠✐❝r♦✲❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡
❡q✉❛t✐♦♥✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② ♦❢ ❤②♣❡r❜♦❧✐❝ s②st❡♠s✱ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ✇❛② t♦
❝♦♥str✉❝t ❆❇❈s ♦♥ ❛r❜✐tr❛r✐❧②✲s❤❛♣❡❞ s✉r❢❛❝❡s✳ ❚❤❡✐r ✇♦r❦ ❤❛s ❜❡❡♥ ❢♦❧❧♦✇❡❞
❜② ❛ s❡r✐❡s ♦❢ ♣❛♣❡rs ✐♥ ✇❤✐❝❤ t❤❡ ✐ss✉❡ ✇❛s t♦ ❝♦♥str✉❝t ❤✐❣❤✲♦r❞❡r ❆❇❈s ✇❤✐❝❤
❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✇❛✈❡s ❜② ❞✐♠✐♥✐s❤✐♥❣
t❤❡ str❡♥❣t❤ ♦❢ t❤❡ r❡✢❡❝t❡❞ ✇❛✈❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❍✐❣❞♦♥ ❬✶✶❪ ❤❛s ❝♦♥str✉❝t❡❞
❤✐❣❤✲♦r❞❡r ❆❇❈s ✇❤✐❝❤ ❛r❡ ❣✐✈❡♥ ❛s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❧♦✇✲♦r❞❡r ❆❇❈s✳ ●r♦t❡
❛♥❞ ❑❡❧❧❡r ❬✽❪ ❤❛✈❡ ♣r♦♣♦s❡❞ ♥♦♥ r❡✢❡❝t✐♥❣ ❆❇❈s ✇❤✐❝❤ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❉t◆ ♦♣❡r❛t♦r ♦❢ t❤❡ s♣❤❡r❡✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ♦t❤❡r ✐♥✲
t❡r❡st✐♥❣ ♣❛♣❡rs ♦♥ t❤❡ s✉❜❥❡❝t ❛♥❞ ✇❡ r❡❢❡r t♦ t❤❡ r❡✈✐❡✇ ❛rt✐❝❧❡ ❬✶✺❪ ❢♦r ❛♥
❡①❤❛✉st✐✈❡ ❧✐st ♦❢ r❡❢❡r❡♥❝❡s✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ t❛❝❦❧❡ t❤❡ q✉❡st✐♦♥ ♦❢ ❝♦♥str✉❝t✐♥❣ ❛♥❞ ❛♥❛❧②③✐♥❣ ❛ ♦♥❡✲
♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❚❤❡ r❡s✉❧ts t❤❛t
❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s r❡♣♦rt ❛r❡ ♣❛rt ♦❢ ❛ ✇♦r❦ ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
❡♥r✐❝❤❡❞ ❆❇❈s t❤❛t ❛r❡ ❛❜❧❡ t♦ ❛tt❡♥✉❛t❡ t❤❡ r❡✢❡❝t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝♦♠✲
♣❧❡t❡ ✇❛✈❡ ✜❡❧❞✳ ❚❤❡ r❡s✉❧t✐♥❣ ❆❇❈s ❛r❡ t❤❡♥ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡ ❢✉❧❧ ❉t◆ ♦♣❡r❛t♦r ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜♦t❤ ✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝ ❛♥❞ t❤❡ ❡❧❧✐♣t✐❝
r❡❣✐♦♥s ❛♥❞ t❤❛t ❝❛♥ r❡♣r♦❞✉❝❡❞ ❛❧s♦ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❣❧❛♥❝✐♥❣ ✇❛✈❡s✳
❍❡r❡✐♥✱ ✇❡ ❛✐♠ ❛t s❡❧❡❝t✐♥❣ t❤❡ ✏❜❡st✑ ❆❇❈ ❢♦r ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✳ ❖✉r ❝r✐t❡r✐❛
❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✳ t❤❡ ❆❇❈ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♦♥ ❛r❜✐tr❛r✐❧② s❤❛♣❡❞ ❜♦✉♥❞❛r✐❡s❀

✷✳ t❤❡ ❆❇❈ ♠✉st ❜❡ ❧♦❝❛❧ ❛♥❞ ✐t ✐♥✈♦❧✈❡s ❧♦✇✲♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs❀

✸✳ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭❇❱P✮ ✐s ✇❡❧❧✲♣♦s❡❞❀

✹✳ t❤❡ ❇❱P ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ✭❛♥ ❡♥❡r❣②✮ ✇❤✐❝❤ ❞❡✲
❝r❡❛s❡s t♦ ③❡r♦✱ ❡①❝❡♣t ♣♦ss✐❜❧② ❢♦r ❛ ❣✐✈❡♥ s❡t ♦❢ ❞❛t❛✳

❚❤❡ ✜rst ❝r✐t❡r✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s ✇❤✐❝❤ s✐③❡ ❝❛♥
❜❡ ♦♣t✐♠✐③❡❞ ❜② ✉s✐♥❣ ✇❡❧❧✲❛❞❛♣t❡❞ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r✐❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❝❛s❡
♦❢ ❛ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠✱ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r② ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥ ❦❡❡♣✐♥❣ ✇✐t❤
t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❝❛tt❡r❡r ♦r ❛t ❧❡❛st ♦❢ ✐ts ❝♦♥✈❡① ❤✉❧❧✳ ❚❤✐s ♣r♦♣❡rt②
✐s ♣❛rt✐❝✉❧❛r② ✐♥t❡r❡st✐♥❣ ✇❤❡♥ t❤❡ s❝❛tt❡r❡r ✐s ❡❧♦♥❣❛t❡❞✱ ❛s ❛ s✉❜♠❛r✐♥❡ ❢♦r
✐♥st❛♥❝❡✳
❚❤❡ s❡❝♦♥❞ ❝r✐t❡r✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ s♣❛rs✐t② ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❛tr✐❝❡s ✐s
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❦❡♣t ❛♥❞ t❤❛t t❤❡ ❆❇❈ ✐s ❡❛s② t♦ ✐♥❝❧✉❞❡ ✐♥s✐❞❡ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳
❚❤❡ t❤✐r❞ ❝r✐t❡r✐♦♥ ❣✐✈❡s ❛ st❛❜✐❧✐t② r❡s✉❧t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❛t❛✱ ✇❤✐❝❤ ✐s
❡ss❡♥t✐❛❧ ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳
❚❤❡ ❧❛st ❝r✐t❡r✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❇❱P ✐s ❧♦♥❣✲t✐♠❡ st❛❜❧❡✱ ✇❤✐❝❤
✐s ♥♦t ♦❜✈✐♦✉s ❢♦r ❡❛❝❤ ❡①✐st✐♥❣ ❆❇❈✳
❖✉r ✇♦r❦ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ q✉❡st✐♦♥ ♦❢ ❝♦♥str✉❝t✐♥❣ ❛♥ ❡♥r✐❝❤❡❞ ❆❇❈ ✇❤✐❝❤
✐s ❛❜❧❡ t♦ ❛tt❡♥✉❛t❡ t❤❡ ❢✉❧❧ ❛❝♦✉st✐❝ r❡✢❡❝t❡❞ ✇❛✈❡✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♠✉st t❤❡♥
❜❡ ❛❝t✐✈❡ ❢♦r ♣r♦♣❛❣❛t✐♥❣✱ ❡✈❛♥❡s❝❡♥t ❛♥❞ ❝r❡❡♣② ✇❛✈❡s✳ ❲❡ t❤❡r❡❢♦r❡ ❜❡❧✐❡✈❡
t♦ ❞❡r✐✈❡ ❛ ❢✉❧❧ ❝♦♥❞✐t✐♦♥ ❜② ❝♦♠❜✐♥✐♥❣ t❡r♠s r❡♣r❡s❡♥t✐♥❣ ❡❛❝❤ ♦❢ t❤❡ ✇❛✈❡s✱
❛s ✐t ✇❛s ❢♦r♠❡r❧② s✉❣❣❡st❡❞ ❜② ❬✶✵❪✳ ❍❡♥❝❡ ✐♥ t❤✐s r❡♣♦rt✱ ✇❡ s❤♦✇ t❤❛t ✐t ✐s
♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❛ ❢❛♠✐❧② ♦❢ ❧♦✇✲♦r❞❡r ❆❇❈s ❢♦r ❛❝♦✉st✐❝ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s
✇❤✐❝❤ s❛t✐s✜❡s ❛❧❧ t❤❡ ❝r✐t❡r✐❛ ✶✲✹✳

✷ ❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡

❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦♥str✉❝t✐♥❣ ❛ ♥❡✇ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ❝♦♥✲
❞✐t✐♦♥ ✉s✐♥❣ t❤❡ ♠✐❝r♦✲❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❜② ▼✳❊✳ ❚❛②❧♦r ❬✶✹❪✳
❲❡ ✇❛♥t t❤✐s ❝♦♥❞✐t✐♦♥ t♦ ❜❡ ✇r✐tt❡♥ ❢♦r ❛❧❧ r❡❣✉❧❛r ❝♦♥✈❡① ❞♦♠❛✐♥s ❛♥❞ t♦ t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s✳ ❋✐rst✱ ✇❡ ♣r❡s❡♥t t❤❡ ♠❛✐♥ st❡♣s ♦❢ t❤❡ ♠✐❝r♦✲
❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♠❡t❤♦❞✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ t❤❡ ✈❡❧♦❝✐t② c ✐s s✉♣♣♦s❡❞ t♦
❜❡ ❡q✉❛❧ t♦ 1✳

✷✳✶ ❚❤❡ ♠✐❝r♦✲❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ✇❛✈❡

❡q✉❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ t❛❝❦❧❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❆❇❈s ❜② ❛♣♣❧②✐♥❣ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥
t❤❡♦r❡♠ ✐♥✐t✐❛❧❧② ❡st❛❜❧✐s❤❡❞ ❜② ▼✳❊✳ ❚❛②❧♦r ❬✶✹❪ t♦ st✉❞② t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢
s✐♥❣✉❧❛r✐t✐❡s ♦❢ str✐❝t❧② ❤②♣❡r❜♦❧✐❝ s②st❡♠s✳ ❇❡❝❛✉s❡ ✇❡ ✇❛♥t t♦ ❜✉✐❧❞ ❧♦✇✲♦r❞❡r
❝♦♥❞✐t✐♦♥s✱ ✇❡ ❧✐♠✐t ♦✉r ✇♦r❦ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✜rst st❡♣ ♦❢ ❢❛❝t♦r✐③❛t✐♦♥✳
❲❡ ❛r❡ t❤✉s ♦♥❧② ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ s②♠❜♦❧ ♦❢
t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ✐♥ ❬✷❪ s❤♦✇s t❤❛t t❤❡
❢♦❧❧♦✇✐♥❣ st❡♣s ♥❡❝❡ss❛r✐❧② ✐♥✈♦❧✈❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✇✐t❤ ♦r❞❡r ❤✐❣❤❡r t❤❛♥
t✇♦✳
❚❤❡ ❆❇❈s t❤❛t ✇❡ ❝♦♥s✐❞❡r ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♠✐❝r♦✲❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ ❉✐r✐❝❤❧❡t✲t♦✲◆❡✉♠❛♥♥ ♦♣❡r❛t♦r r❡❧❛t❡❞ t♦ t❤❡ ❛rt✐✜❝✐❛❧ s✉r❢❛❝❡ Σ✳ ❲❡ t❤✉s
❜❡❣✐♥ ✇✐t❤ r❡✇r✐t✐♥❣ t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❛ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠
(r, s)✳ ❚❤❡ ❝♦✉♣❧❡ (r, s) ❞❡s❝r✐❜❡s ❛ ♣♦✐♥t ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Σ ✐♥ s✉❝❤ ❛
✇❛② t❤❛t Σ = {r = 0}✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛s ✐♥ ❬✸❪ ❛♥❞ t❤❡
❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ r❡❛❞s t❤❡♥ ❛s

∂2
t u− ∂2

ru− κr∂ru− h−1∂s

(

h−1∂su
)

= 0, ✭✷✳✶✮

✇❤❡r❡ κ ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ Σ✱ h = 1 + rκ(s) ❛♥❞ κr = h−1κ✳
◆❡①t✱ t♦ ❛♣♣❧② ❚❛②❧♦r✬s ♠❡t❤♦❞✱ ✇❡ r❡✇r✐t❡ ✭✷✳✶✮ ❛s ❛ ✜rst✲♦r❞❡r s②st❡♠✳ ❲❡ t❤✉s
✐♥tr♦❞✉❝❡ ❛♥ ❛✉①✐❧✐❛r② ✉♥❦♥♦✇♥ v ✇❤✐❝❤ s❛t✐s✜❡s ∂tv+∂ru = 0 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞
♦❢ Σ ❛♥❞ ✐❢❯ ❞❡♥♦t❡s t❤❡ ✜❡❧❞❯ = (v, u)✱ ❯ ✐s s♦❧✉t✐♦♥ t♦ t❤❡ ✜rst✲♦r❞❡r s②st❡♠

∂r❯ = L❯.
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❚❤❡ ❡♥tr✐❡s ♦❢ L ❛r❡ ✜rst✲♦r❞❡r ♣s❡✉❞♦❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❛♥❞ σ(L) = L =
L1 + L0 ✐s ❣✐✈❡♥ ❜②

L1 =

(

0 −h−2ξ2−ω2

iω
−iω 0

)

∈ S1 ❛♥❞ L0 =

(

−κr −h−3∂s(h)ξ
ω

0 0

)

∈ S0,

✇❤❡r❡ ξ ❛♥❞ ω ❛r❡ t❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡s ❛ss♦❝✐❛t❡❞ r❡s♣❡❝t✐✈❡❧② t♦ s ❛♥❞ t✳ ❲❡ ✉s❡
st❛♥❞❛r❞ ♥♦t❛t✐♦♥s s✉❝❤ ❛s σ(L) ❢♦r t❤❡ s②♠❜♦❧ ♦❢ L✳ ❚❤❡r❡❛❢t❡r✱ ❛s ✐♥ ❬✶✹❪✱ ✇❡
♠♦r❡ ❝♦♥❝✐s❡❧② ♥♦t❡ ❜② Sm t❤❡ s②♠❜♦❧ ❝❧❛ss Sm

1,0 ✐♥tr♦❞✉❝❡❞ ❜② ❬✶✷❪✳ ❲❡ ❛❧s♦
❞❡♥♦t❡ ❜② τ−m(σ(L)) t❤❡ tr✉♥❝❛t✐♦♥ ♦❢ t❤❡ ❛s②♠t♣♦t✐❝ ❡①♣❛♥s✐♦♥ ❛t t❤❡ ♦r❞❡r
m ♦❢ t❤❡ s②♠❜♦❧ σ(L)✳

▲❡t λ1 ❞❡♥♦t❡ t❤❡ s②♠❜♦❧ λ1 =
(

h−2ξ2 − ω2
)1/2

✳ ❚❤❡♥✱ ✇❤❡♥ λ1 6= 0✱ t❤❡
♣r✐♥❝✐♣❛❧ s②♠❜♦❧ ♦❢ L ❛❞♠✐ts t✇♦ s✐♥❣❧❡ ❡✐❣❡♥✈❛❧✉❡s λ1 ❛♥❞ −λ1✳ ❲❤❡♥ h−2ξ2−
ω2 > 0✱ λ1 ✐s r❡❛❧ ❛♥❞ ✇❤❡♥ h−2ξ2 − ω2 < 0✱ λ1 ✐s ✐♠❛❣✐♥❛r②✳ ❋♦❧❧♦✇✐♥❣ ❬✷✱ ✼❪✱
✇❡ ✐♥tr♦❞✉❝❡

V0 =
1√
2

( iω
λ1

1

1 −λ1

iω

)

✭✷✳✷✮

❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡

V0L1V−1
0 =

(

λ1 0
0 −λ1

)

. ✭✷✳✸✮

◆♦✇✱ ❛ ✜rst✲♦r❞❡r ❆❇❈ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡ ❧♦❝❛❧✲
✐③❛t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

((I +K−1)V0❯)2 = 0 ♦♥ Σ, ✭✷✳✹✮

✇❤❡r❡ K−1 ✐s ❛ r❡❣✉❧❛r✐③✐♥❣ ♦♣❡r❛t♦r ✇❤✐❝❤ ♣r✐♥❝✐♣❛❧ s②♠❜♦❧ K−1 ✐s ❣✐✈❡♥ ❜②

K−1 =

(

0 − iκω3

4λ4

1

− iκω
4λ2

1

0

)

. ✭✷✳✺✮

❘❡♠❛r❦ ❲❤❡♥ h−2ξ2−ω2 > 0 ✱ t❤❡ ❢r❡q✉❡♥❝✐❡s (ω, ξ) ❝♦✈❡r t❤❡ ❡❧❧✐♣t✐❝ r❡❣✐♦♥✳
■❢ ♥♦t✱ (ω, ξ) ❧✐❡ ✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝ r❡❣✐♦♥✳

❘❡♠❛r❦ ❚❤❡ ♠❛tr✐① K−1 ✐s ❛❝t✉❛❧❧② ♥♦t ✉♥✐q✉❡ ❜❡❝❛✉s❡ ✐ts ❞✐❛❣♦♥❛❧ ❝♦❡✣✲
❝✐❡♥ts ❛r❡ ♥♦t ✜①❡❞ ❜② t❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♣r♦❝❡ss✳ ❍❡r❡ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ③❡r♦
❜✉t ✇❡ ❝♦✉❧❞ ❤❛✈❡ ✉s❡❞ ❛♥② ❢✉♥❝t✐♦♥s ✐♥ S−1✳

❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ ❜② s❡✈❡r❛❧ ❛✉t❤♦rs✱ ❢♦❧❧♦✇✐♥❣ ❊♥❣q✉✐st ❛♥❞ ▼❛❥❞❛
❬✼❪✳ ❊❛❝❤ ♦❢ t❤❡♠ ♦♥❧② ❝♦♥s✐❞❡rs t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞✐❛❣♦♥❛❧ ❝♦❡✣❝✐❡♥ts ♦❢ K−1

❛r❡ ③❡r♦ ❛♥❞ λ1 ✐s ✐♠❛❣✐♥❛r② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝
r❡❣✐♦♥✳ ■♥ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱ ✭✷✳✹✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥✱ ❛❢t❡r ✉s✐♥❣ ❛ tr✉♥❝❛t❡❞
❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦♥ λ1 ❢♦r ω2 >> h−2ξ2✱ ❛s✿

∂tu+ ∂nu+
κ

2
u = 0 ♦♥ Σ.

❚❤❡ r❡s✉❧t✐♥❣ ❝♦♥❞✐t✐♦♥ ✐♥✈♦❧✈❡s ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❜✉t ✐t s❤♦✉❧❞ ❜❡ ❝❛❧❧❡❞
♠✐❝r♦✲❞✐✛❡r❡♥t✐❛❧ s✐♥❝❡ ✐t ✐s ❥✉st✐✜❡❞ ✐♥ t❤❡ ♣r♦♣❛❣❛t✐♥❣ ❝♦♥❡ ω2 >> h−2ξ2✳❚❤✐s
❝♦♥❞✐t✐♦♥ ✐s ✇✐❞❡❧② ✉s❡❞ ✐♥ ❝❛s❡ ♦❢ ❝✉r✈❡❞ s✉r❢❛❝❡s✳ ❲❡ ✇✐❧❧ r❡❢❡r t♦ t❤✐s ❝♦♥❞✐t✐♦♥
❛s t❤❡ ❈✲❆❇❈ ❢♦r ❝✉r✈❛t✉r❡ ❆❇❈✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ♠♦❞✐❢② t❤✐s ❆❇❈ ❜② ✉s✐♥❣ ✭✷✳✹✮ ❛❣❛✐♥✳

❘❘ ♥➦ ✼✺✺✸



❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■ ✻

✷✳✷ ■♠♣r♦✈✐♥❣ t❤❡ ❈✲❆❇❈ ✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝ r❡❣✐♦♥

❆ ❢❛♠✐❧② ♦❢ ❆❇❈s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✇❤❡♥K−1 ✐s ♠♦❞✐✜❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♥♦♥✲③❡r♦
❞✐❛❣♦♥❛❧ t❡r♠✳ ❚❤✐s ✐❞❡❛ ❤❛s ❜❡❡♥ ❢♦r♠❡r❧② ❛♣♣❧✐❡❞ ✐♥ ❬✹❪ ❢♦r t❤❡ ✷❉ ▼❛①✇❡❧❧
s②st❡♠ ❜✉t ♦♥❧② ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱
t❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❛❝t ♦❢ ✉s✐♥❣ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❤❛s ♥❡✈❡r ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞✳
❍❡r❡✐♥✱ ✇❡ ♣r♦♣♦s❡ t♦ ♠♦❞✐❢② K−1 ❛s ❢♦❧❧♦✇s

K−1 =









0 − iκω
3

4λ4
1

− iκω
4λ2

1

γ(s)

λ1









, ✭✷✳✻✮

✇❤❡r❡ γ ✐s ❛ ♣❛r❛♠❡t❡r ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❝✉r✈✐❧✐♥❡❛r ❛❜s❝✐ss❛ s✳ ▲❡t ✉s
♥♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ ✜rst ❞✐❛❣♦♥❛❧ ❡♥tr② s✐♥❝❡ ✐t ✐s ♥♦t ✐♥✈♦❧✈❡❞ ✐♥
❝♦♥❞✐t✐♦♥ ✭✷✳✹✮✳ ❲❡ t❤❡♥ ❣❡t

❚❤❡♦r❡♠ ✷✳✶✳ ❆ ❢❛♠✐❧② ♦❢ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ ❛ ♣❛r❛♠❡t❡r ✐s

∂t (∂nu+ ∂tu) =
(κ

4
− γ
)

∂nu−
(κ

4
+ γ
)

∂tu ♦♥ Σ. ✭✷✳✼✮

Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ✜rst✲♦r❞❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ❣✐✈❡♥ ❜②

((I +K−1)V0❯)2 = 0 ♦♥ Σ. ✭✷✳✽✮

❚❤❡ s②♠❜♦❧ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡r❛t♦r r❡❛❞s ❛s

σ ((I +K−1)V0) = ((I2 + K−1)V0) + R−2,

✇❤❡r❡ R−2 ∈ S−2✳ ❚❤❡r❡❢♦r❡✱ t❤❡ tr✉♥❝❛t✐♦♥ ♦❢ σ ((I +K−1)V0) ✐♥ S−1 ✐s ❣✐✈❡♥
❜②

τ−1 ((I +K−1)V0) = ((I2 + K−1)V0)

= 1√
2









iω

λ1
− iκω3

4λ4
1

1 +
κω2

4λ3
1

κω2

4λ3
1

+ 1 +
γ(s)

λ1
− iκω

4λ2
1

− λ1

iω
− γ(s)

iω









.

✭✷✳✾✮
❯s✐♥❣ ❛ ✜rst✲♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❢♦r ω >> h−1ξ✱ ✇❡ t❤❡♥ ♦❜t❛✐♥

(τ−1 (I2 + K−1)V0)1 =
1√
2









1 − iκ

4ω
1 +

iκ

4ω

1 +
iκ

4ω
+

γ

iω

iκ

4ω
− 1 − γ

iω









. ✭✷✳✶✵✮

❚❤❡♥✱ ✇❡ ❣❡t

∂t (∂nu+ ∂tu) =
(κ

4
− γ
)

∂nu−
(κ

4
+ γ
)

∂tu ♦♥ Σ,

r❡❝❛❧❧✐♥❣ t❤❛t U = (v, u) ✇✐t❤ ∂tv + ∂nu = 0 ♦♥ Σ✳

❘❘ ♥➦ ✼✺✺✸



❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■ ✼

❲❤❡♥ γ = κ
4 ✱ ✇❡ ❤❛✈❡

(τ−1 (I2 + K−1)V0)1 =
1√
2









1 − iκ

4ω
1 +

iκ

4ω

1
iκ

2ω
− 1









❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ s✐♠♣❧②✜❡s t♦ ✿

∂nu+ ∂tu+
κ

2
u = 0 ♦♥ Σ.

❲❡ t❤❡♥ ♦❜t❛✐♥ t❤❡ ❈✲❆❇❈ ✇❤❡♥ γ = κ
4 ✳

❍❡♥❝❡✱ ❡①❝❡♣t ❢♦r t❤❡ ❝❛s❡ γ = κ
4 ✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r

❝♦♥❞✐t✐♦♥s✳
■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❇❱P ✐s ✇❡❧❧✲♣♦s❡❞✳ ■t r❡❛❞s
❛s✿


































∂2
t u−△u = 0 ✐♥ Ω × (0,+∞) ;

u(0, x) = u0(x), ∂tu(0, x) = u1(x) ✐♥ Ω;

u = 0 ♦r ∂nu = 0 ♦♥ Γ × (0,+∞) ;

∂t (∂nu+ ∂tu) =
(κ

4
− γ
)

∂nu−
(κ

4
+ γ
)

∂tu ♦♥ Σ × (0,+∞) .

✭✷✳✶✶✮

✸ ▼❛t❤❡♠❛t✐❝❛❧ st✉❞②

❘❡❣❛r❞✐♥❣ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❇❱P ✭✷✳✶✶✮✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧
♠✐①❡❞ ♣r♦❜❧❡♠✿ ✜♥❞ u s♦❧✉t✐♦♥ t♦































∂2
t u−△u = 0 ✐♥ Ω × (0,+∞) ;

u(0, x) = u0(x), ∂tu(0, x) = u1(x) ✐♥ Ω;

u = 0 ♦r ∂nu = 0 ♦♥ Γ × (0,+∞) ;

∂t (∂nu+ ∂tu) = α(x)∂nu− β(x)∂tu ♦♥ Σ × (0,+∞) .

✭✸✳✶✮

▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇❤♦s❡ ❜♦✉♥❞❛r② ∂Ω = Γ ∪ Σ ✐s r❡❣✉❧❛r✱ ✇✐t❤
Γ ∩ Σ = ∅✳ ❚❤❡ ♣❛r❛♠❡t❡rs α ❛♥❞ β ❛r❡ r❡❣✉❧❛r ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ Σ✳ ❲❡
r❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❆❇❈ ❝♦♥str✉❝t❡❞ ✐♥ ❙❡❝t✐♦♥ ✭✷✮✱ ✇❡ ❤❛✈❡

α(x) =
κ(x)

4
− γ(x), β(x) =

κ(x)

4
+ γ(x)

✇❤❡r❡ κ ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦♥ Σ ❛♥❞ γ ✐s ❛ r❡❣✉❧❛r ♣❛r❛♠❡t❡r ♦♥ Σ✳
❲❡ ♣r♦♣♦s❡ t♦ st✉❞② t❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✮ ❜② ✉s✐♥❣ t❤❡ ❍✐❧❧❡✲❨♦s✐❞❛ t❤❡♦r② ✇✐t❤♦✉t
❝♦❡r❝✐♥❣ t❤❡ s✐❣♥ ♦❢ α ❛♥❞ β ❢♦r t❤❡ ♠♦♠❡♥t✳ ❲❡ t❤✉s ❝♦♥s✐❞❡r ❛♥ ❡q✉✐✈❛❧❡♥t
♣r♦❜❧❡♠ ✐♥ ✇❤✐❝❤ ✭✸✳✶✮ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ✜rst ♦r❞❡r s②st❡♠ ✐♥ t✐♠❡✳ ❲❡
✐♥tr♦❞✉❝❡ ❛♥ ❛✉①✐❧✐❛r② ✉♥❦♥♦✇♥ v ❞❡✜♥❡❞ ❜② v = ∂tu✳ ❚❤❡ ♣❛✐r U = (u, v) ✐s
t❤✉s s♦❧✉t✐♦♥ ✐♥ Ω × (0,+∞) t♦

dU

dt
= AU, A =

(

0 Id

△ 0

)

✭✸✳✷✮

❘❘ ♥➦ ✼✺✺✸
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✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

u = 0 ♦r ∂nu = 0 ♦♥ Γ × (0,+∞)

❛♥❞
∂t (∂nu+ v) = α(x)∂nu− β(x)v ♦♥ Σ × (0,+∞) .

◆❡①t✱ t♦ ❝♦♥tr♦❧ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s α ❛♥❞ β✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r
❛✉①✐❧✐❛r② ✉♥❦♥♦✇♥ U ♯ ❞❡✜♥❡❞ ❜② U ♯ = e−δtU ❛♥❞ ✇❡ s✉♣♣♦s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❛t δ ❝❤❡❝❦s

δ > ♠❛①(0, ♠❛①
x∈Σ

α(x), −♠✐♥
x∈Σ

β(x)). ✭✸✳✸✮

❲❡ ❝❛♥ s❡❡ t❤❛t U ♯ = (u♯, v♯) ✐s s♦❧✉t✐♦♥ t♦























dU ♯

dt
= AδU

♯ ✐♥ Ω × (0,+∞)

u♯ = 0 ♦r ∂nu
♯ = 0 ♦♥ Γ × (0,+∞)

∂t

(

∂nu
♯ + v♯

)

= (α(x) − δ) ∂nu
♯ − (β(x) + δ) v♯ ♦♥ Σ × (0,+∞) .

✭✸✳✹✮

✇✐t❤
Aδ = −δ Id+A. ✭✸✳✺✮

❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✸✮✱ ✇❡ ❛❧✇❛②s ❤❛✈❡ ♦♥ Σ

α(x) − δ < 0 ❛♥❞ β(x) + δ > 0. ✭✸✳✻✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ♣r♦❜❧❡♠ ✭✸✳✺✮ ❛♥❞ ✇❡ ✇✐❧❧ ✐♥t❡r❡st ♦✉rs❡❧✈❡s
♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✺✮ ✐♥ s✉✐t❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s✳
❙✐♥❝❡ t❤❡ ❝❛s❡s ♦❢ ❛ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ ❛♥❞ ❛ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ♦♥ Γ ❛r❡ q✉✐t❡ ❞✐✛❡r❡♥t✱ ✇❡ ♣r❡s❡♥t t❤❡ t✇♦ ❝❛s❡s ✐♥ t✇♦ ❞✐✛❡r❡♥t
s✉❜s❡❝t✐♦♥s✳

✸✳✶ ❆ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ

▲❡t ✉s ✜rst ✐♥tr♦❞✉❝❡ H t❤❡ ♣r♦❞✉❝t s♣❛❝❡ ❞❡✜♥❡❞ ❜②

H = H1 ×H2

✇✐t❤

H1 = {h1 ∈ H1 (Ω) , △h1 ∈ L2 (Ω) , h1 = 0 ♦♥ Γ, ∂nh1 ∈ L2 (Σ)}

❛♥❞
H2 = {h2 ∈ H1 (Ω) , h2 = 0 ♦♥ Γ}.

❲❡ ❡q✉✐♣ H ✇✐t❤ t❤❡ ❍✐❧❜❡rt✐❛♥ ❣r❛♣❤ ♥♦r♠

‖ (h1, h2) ‖H =
(

‖h1‖2
L2 + ‖∇h1‖2

L2 + ‖ △ h1‖2
L2 + ‖∂nh1‖2

L2(Σ) + ‖h2‖2
L2 + ‖∇h2‖2

L2

)1/2

.

▲❡t Vδ ❜❡ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ ❞❡✜♥❡❞ ❜②

Vδ = {(v1, v2) ∈ H,Aδ(v1, v2) ∈ H, ∂nv2 + △v1 = α(x)∂nv1 − β(x)v2 ♦♥ Σ}.

❘❘ ♥➦ ✼✺✺✸
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❚❤❡ s♣❛❝❡ Vδ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r Aδ✳ ❇② ❡♥❢♦r❝✐♥❣
Aδ(v1, v2) ∈ H✱ ✇❡ ❤❛✈❡ v1 ❛♥❞ v2 r❡❣✉❧❛r ❡♥♦✉❣❤ s✉❝❤ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥
♦♥ Σ ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ Aδ(v1, v2) ∈ H ✐♠♣❧✐❡s✱ s✐♥❝❡ Aδ = −δ Id + A✱
v2 ∈ H1(Ω) ❛♥❞ △v2 ∈ L2(Ω) ❛♥❞ △v1 ∈ H1(Ω)✳ ❲❡ ❝❛♥ ❣✐✈❡ ❛ s❡♥s❡ t♦ ∂nv2|Σ
✐♥ H−1/2(Σ) ❛♥❞ t♦ △v1|Σ ✐♥ H1/2(Σ)✳ ❆s ❢♦r t❤❡ t✇♦ ♦t❤❡r tr❛❝❡s✱ t❤❡② ❛r❡
✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ (v1, v2) ∈ H✳
❋✐rst ♦❢ ❛❧❧ ✇❡ r❡❝❛❧❧ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✇❡ ✇✐❧❧ ✉s❡✿ ❢♦r ❛❧❧ (u, v) ∈ H1(Ω)×H1(Ω)
s✉❝❤ t❤❛t △u ∈ L2(Ω)✱ ✇❡ ❤❛✈❡

∫

Ω

△uv dx = −
∫

Ω

∇u · ∇v dx+ < ∂nu, v >H−1/2(∂Ω),H1/2(∂Ω) . ✭✸✳✼✮

▲❡♠♠❛ ✸✳✶✳ ❋♦r ❛❧❧ h ∈ H✱ t❤❡ q✉❛♥t✐t②

‖h‖δ =

(∫

Ω

(

|∇ (h2 − δh1) |2 + | △ h1 − δv2|2
)

dx

+

∫

Σ

1

2δ − α(x) + β(x)
| (α− δ) ∂nh1 − (β + δ)h2|2 dσ

)1/2

✐s ❛ ♥♦r♠ ♦♥ H ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ‖h‖H ✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ r❡♠❛r❦ t❤❛t ‖h‖δ ≥ 0 ❢♦r ❛❧❧ h ✐♥ H s✐♥❝❡ ✇❡ ❤❛✈❡ ❝❤♦s❡♥
δ s✉❝❤ t❤❛t 2δ − α(x) + β(x) > 0 ❢♦r ❛❧❧ x ♦♥ Σ✳
❚♦ ♣r♦✈❡ t❤❛t ‖ · ‖δ ✐s ❛ ♥♦r♠ ♦♥ H✱ ✇❡ ❥✉st ❤❛✈❡ t♦ s❤♦✇ t❤❛t

‖h‖δ = 0 ⇒ h = 0.

▲❡t h = (h1, h2) ∈ H s✉❝❤ t❤❛t ‖h‖δ = 0✳ ❚❤❡♥ h ✐s s♦❧✉t✐♦♥ t♦






























∇ (h2 − δh1) = 0 ✐♥ Ω

△h1 − δv2 = 0 ✐♥ Ω

(h1 = 0 ❛♥❞ h2 = 0) ♦♥ Γ

(α− δ) ∂nh1 − (β + δ)h2 = 0 ♦♥ Σ

❋r♦♠ t❤❡ ❢❛❝t t❤❛t △h1 − δv2 = 0 ✐♥ Ω✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
∫

Ω

(△h1 − δv2)h2 dx = 0.

❯s✐♥❣ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮ ❛♥❞ t❤❛t h2 = 0 ♦♥ Γ✱ ✇❡ ♦❜t❛✐♥

−
∫

Ω

∇h1 · ∇h2 dx+

∫

Σ

∂nh1h2 dσ − δ

∫

Ω

|h2|2 dx = 0.

❲❡ ❦♥♦✇ t❤❛t ∇ (h2 − δh1) = 0 ✐♥ Ω ❛♥❞ t❤❛t (α− δ) ∂nh1 − (β + δ)h2 = 0 ♦♥
Σ✱ ✇❡ t❤❡♥ ❣❡t

−δ
∫

Ω

(

|∇h1|2 + |h2|2
)

dx+

∫

Σ

β + δ

α− δ
|h2|2 dσ = 0.

❙✐♥❝❡ β + δ > 0 ❛♥❞ α − δ > 0✱ ✇❡ ❣❡t ∇h1 = 0 ✐♥ Ω ❛♥❞ h2 = 0 ✐♥ Ω✳ ❋r♦♠
∇h1 = 0 ✐♥ Ω ✇❡ ❞❡❞✉❝❡ t❤❛t h1 ✐s ❝♦♥st❛♥t ✐♥ Ω✳ ❙✐♥❝❡ h1 = 0 ♦♥ Γ✱ ✇❡ ✜♥❛❧❧②

❘❘ ♥➦ ✼✺✺✸
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❣❡t h1 = 0 ✐♥ Σ✳
❈♦♥s❡q✉❡♥t❧② h = 0 ✐♥ Ω ✇❤✐❝❤ ♣r♦✈❡s t❤❛t ‖ · ‖δ ✐s ❛ ♥♦r♠ ♦♥ H✳
◆♦✇✱ ✇❡ ♣r♦✈❡ t❤❛t ‖ · ‖δ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ‖ · ‖H ♦♥ H✳
❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ α ❛♥❞ β ❛r❡ r❡❣✉❧❛r✱ ✇❡ ❡❛s✐❧② ♦❜t❛✐♥ t❤❛t t❤❡r❡ ❡①✐sts ❛
♣♦s✐t✐✈❡ ❝♦♥st❛♥t C1 s✉❝❤ t❤❛t

∀h ∈ H, ||h||δ ≤ C1 ||h||H .

❘❡❝✐♣r♦❝❛❧❧②✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C2 s✉❝❤ t❤❛t

∀h ∈ H, ||h||H ≤ C2 ||h||δ.

❙✐♥❝❡ h1 = 0 ♦♥ Γ ❛♥❞ mes(Γ) 6= 0✱ ✇❡ ❤❛✈❡

∃C > 0, ||h1||L2 + ||∇h1||L2 ≤ C||∇h1||L2

❛♥❞ ✇❡ ✜♥❛❧❧② ❣❡t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C2 s✉❝❤ t❤❛t

∀h ∈ H, ||h||H ≤ C2 ||h||δ.

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ‖ · ‖δ ❛♥❞ ‖ · ‖H ♦♥ H✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜② ( , )δ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❞❡r✐✈❡❞ t♦ t❤❡ ♥♦r♠
‖ ‖δ✳

▲❡♠♠❛ ✸✳✷✳ ❋♦r ❛❧❧ v ∈ Vδ✱ ✇❡ ❤❛✈❡

(Aδv, v)δ ≤ 0.

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Aδ✱ Aδv = (−δv1 + v2,−δv2 + △v1)✳ ❲❡ s❡t
{

w1 = v2 − δv1;
w2 = △v1 − δv2.

❲❡ t❤❡♥ ❣❡t

(Aδv, v)δ =

∫

Ω

∇ (w2 − δw1+) · ∇w1 dx+

∫

Ω

w2 (△w1 − δw2) dx+

∫

Σ

1

2δ − α+ β
((α− δ) ∂nw1 − (β + δ)w2) ((α− δ) ∂nv1 − (β + δ) v2) dσ.

❲❡ ❞❡✈❡❧♦♣ ❛♥❞ ✇❡ ✉s❡ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮

(Aδv, v)δ = −δ
∫

Ω

(

|∇w1|2 + |w2|2
)

dx+

∫

Ω

∇w1 · ∇w2 dx

−
∫

Ω

∇w1 · ∇w2 dx+

∫

∂Ω

∂nw1 w2 dσ

+

∫

Σ

1

2δ − α+ β
((α− δ) ∂nw1 − (β + δ)w2) ((α− δ) ∂nv1 − (β + δ) v2) dσ.

❘❘ ♥➦ ✼✺✺✸
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▼♦r❡♦✈❡r✱ ✐♥ Vδ✱ ✇❡ ❤❛✈❡ v1|Γ = v2|Γ = w1|Γ = w2|Γ = 0 ❛♥❞ ♦♥ Σ

(α− δ) ∂nv1 − (β + δ) v2 = α∂nv1 − βv2 − δ∂nv1 − δv2;

= ∂nv2 + △v1 − δ∂nv1 − δv2;

= ∂nw1 + w2.

❚❤❡♥✱

(Aδv, v)δ = −δ
∫

Ω

(

|∇w1|2 + |w2|2
)

dx+

∫

Σ

∂nw1 w2 dσ

∫

Σ

1

2δ − α+ β
((α− δ) ∂nw1 − (β + δ)w2) (∂nw1 + w2) dσ.

◆♦✇✱ ✇❡ ❞❡✈❡❧♦♣ t❤❡ ✐♥t❡❣r❛❧ ♦♥ Σ

(Aδv, v)δ = −δ
∫

Ω

(

|∇w1|2 + |w2|2
)

dx+

∫

Σ

∂nw1 w2 dσ +

∫

Σ

α− δ

2δ − α+ β
|∂nw1|2 dσ

−
∫

Σ

β + δ

2δ − α+ β
|w2|2 dσ +

∫

Σ

1

2δ − α+ β
[(α− δ) ∂nw1w2 − (β + δ) ∂nw1w2] dσ.

❋✐♥❛❧❧②✱ ✇❡ ❣❡t t❤❛t ❢♦r ❛❧❧ v ✐♥ Vδ✱

(Aδv, v)δ = −δ
∫

Ω

(

|∇w1|2 + |w2|2
)

dx+

∫

Σ

α− δ

2δ − α+ β
|∂nw1|2 dσ−

∫

Σ

β + δ

2δ − α+ β
|w2|2 dσ.

❋✐♥❛❧❧②✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ δ✱ δ > 0✱ 2δ − α+ β > 0✱ α− δ < 0 ❛♥❞ β + δ > 0✳
(Aδv, v)δ ✐s t❤❡♥ t❤❡ s✉♠ ♦❢ ♥❡❣❛t✐✈❡ t❡r♠s✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧t✳

❲❡ ❝♦♥t✐♥✉❡ ❜② ♣r♦✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛

▲❡♠♠❛ ✸✳✸✳ ❚❤❡ ♦♣❡r❛t♦r Aδ ✐s ♠❛①✐♠❛❧ ♦♥ ✐ts ❞♦♠❛✐♥ Vδ✳

Pr♦♦❢✳ ●✐✈❡♥ f = (f1, f2) ✐♥ H✱ ✇❡ st✉❞② t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐①❡❞ ♣r♦❜❧❡♠✿ ✜♥❞
v ∈ Vδ s✉❝❤ t❤❛t (Aδ − I) v = f ✳
❇② ❞❡✜♥t✐♦♥ ♦❢ Aδ✱ ✇❡ s❡❡❦ v = (v1, v2) ∈ Vδ s✉❝❤ t❤❛t



































−δv1 + v2 − v1 = f1 ✐♥ Ω;

−δv2 + △v1 − v2 = f2 ✐♥ Ω;

v1 = v2 = 0 ♦♥ Γ;

∂nv2 + △v1 = α∂nv1 − βv2 ♦♥ Σ.

✭✸✳✽✮

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✸✳✽✮ ❤❛s ❛ s♦❧✉t✐♦♥ ✐♥ Vδ✳ ❚❤❡♥✱ ❜②
r❡♠♦✈✐♥❣ v2 t❤❛♥❦s t♦ t❤❡ ❡q✉❛t✐♦♥

v2 = f1 + (δ + 1) v1 ✐♥ Ω,

❘❘ ♥➦ ✼✺✺✸
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✇❡ ♦❜t❛✐♥ t❤❛t v1 ✐s s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠


























−△ v1 + (δ + 1)
2
v1 = f̃ ✐♥ Ω;

v1 = 0 ♦♥ Γ;

∂nv1 = g̃ − β + δ + 1

δ − α+ 1
(δ + 1) v1 ♦♥ Σ.

✭✸✳✾✮

✇✐t❤
f̃ := − (f2 + (δ + 1) f1) ✐♥ H1(Ω)

❛♥❞

g̃ := − 1

δ − α+ 1
(∂nf1 + f2 + (δ + β + 1) f1) ✐♥ L2(Σ).

❘❡❝✐♣r♦❝❛❧❧②✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✸✳✾✮ ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ v1✱ ❢♦r ❛❧❧ f̃
❣✐✈❡♥ ✐♥ H1(Ω) ❛♥❞ g̃ ❣✐✈❡♥ ✐♥ L2(Σ)✳ ❚♦ ♣r♦✈❡ t❤✐s r❡s✉❧t✱ ✇❡ ✉s❡ ❛ ✈❛r✐❛t✐♦♥❛❧
❛♣♣r♦❛❝❤✳
▲❡t H1 (Ω) ❜❡ t❤❡ s♣❛❝❡ ❞❡✜♥❡❞ ❜②

H1 (Ω) = H1
Γ(Ω) = {v ∈ H1(Ω), v|Γ = 0}

❲❡ ❡q✉✐♣ H1 (Ω) ✇✐t❤ t❤❡ ♥♦r♠ ‖ ‖ ❞❡✜♥❡❞ ❜②

∀v ∈ H1 (Ω) , ‖v‖ =

(∫

Ω

(

|∇v|2 + (δ + 1)
2 |v|2

)

dx+ (δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
|v|2 dσ

)1/2

,

❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✉s✉❛❧ ♥♦r♠ ♦♥ H1 (Ω) ❜❡❝❛✉s❡ (δ+1)✱ (δ+β+1) ❛♥❞ (δ−α+1)
❛r❡ ♣♦s✐t✐✈❡ q✉❛♥t✐t✐❡s ❜② ❞❡✜♥✐t✐♦♥ ♦❢ δ✳
▲❡t T

(

Ω
)

❜❡ t❤❡ s♣❛❝❡ ♦❢ t❡st ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❜②

T
(

Ω
)

= {ϕ ∈ D
(

Ω
)

, ϕ|Γ = 0}

T
(

Ω
)

✐s ❞❡♥s❡ ✐♥ H1

(

Ω
)

❛♥❞ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✸✳✾✮ ❤❛s ❛ s♦❧✉t✐♦♥✱
✇❡ ❤❛✈❡

∀ϕ ∈ T
(

Ω
)

, −
∫

Ω

△v1ϕdx+ (δ + 1)
2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx.

❇② ✉s✐♥❣ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮✱ ✇❡ ❣❡t

∀ϕ ∈ T
(

Ω
)

,

∫

Ω

∇v1∇ϕdx−
∫

∂Ω

∂nv1ϕdσ + (δ + 1)
2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx.

▼♦r❡♦✈❡r✱ ϕ|Γ = 0✳ ❚❤❡r❡❢♦r❡✱

∀ϕ ∈ T
(

Ω
)

,

∫

Ω

∇v1∇ϕdx−
∫

Σ

∂nv1ϕdσ + (δ + 1)
2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx.

❚❤❡♥ ✇❡ ✉s❡ t❤❛t ∂nv1 = g̃− δ + β + 1

δ − α+ 1
(δ + 1) v1 ♦♥ Σ ❛♥❞ ✇❡ ❣❡t ∀ϕ ∈ T

(

Ω
)

,

∫

Ω

∇v1∇ϕdx+(δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ+(δ + 1)

2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx+

∫

Σ

g̃ϕ dσ.

✭✸✳✶✵✮

❘❘ ♥➦ ✼✺✺✸
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▲❡t a(·, ·) t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ❞❡✜♥❡❞ ❜②

a(v1, ϕ) =

∫

Ω

∇v1∇ϕdx+ (δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ + (δ + 1)

2
∫

Ω

v1ϕdx.

a(·, ·) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ H1(Ω)×H1(Ω)✱ H1(Ω)✲❝♦❡r❝✐✈❡✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ❡q✉✐♣♣❡❞
H1(Ω) ✇✐t❤ t❤❡ ♥♦r♠ || ||✳
▲❡t l(·) ❜❡ t❤❡ ❧✐♥❡❛r ❢♦r♠ ❞❡✜♥❡❞ ❜②

l(ϕ) =

∫

Ω

f̃ϕ dx+

∫

Σ

g̃ϕ dσ.

❙✐♥❝❡ t❤❡ ♣❛✐r (f̃ , g̃) ❜❡❧♦♥❣s t♦ H1(Ω) × L2(Σ)✱ l(·) ✐s ❝♦♥t✐♥✉♦✉s ✐♥ H1(Ω)✳
T
(

Ω
)

✐s ❞❡♥s❡ ✐♥ H1(Ω)✱ t❤❡r❡❢♦r❡ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✵✮ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦
H1(Ω)✳ ❊✈❡r② s♦❧✉t✐♦♥ v1 ♦❢ ✭✸✳✾✮ ❝❤❡❝❦s ∀ϕ ∈ H1 (Ω) ,
∫

Ω

∇v1∇ϕdx+(δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ+(δ + 1)

2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx+

∫

Σ

g̃ϕ dσ.

❘❡❝✐♣r♦❝❛❧❧②✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠✱ t❤❡ ♣r♦❜❧❡♠

∀ϕ ∈ H1 (Ω) , a(v1, ϕ) = l(ϕ)

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ v1 ✐♥ H1 (Ω)✳ ■♥ ♣❛rt✐❝✉❧❛r✱

∀ϕ ∈ D(Ω) ⊂ H1(Ω),

∫

Ω

∇v1∇ϕdx+ (δ + 1)
2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx.

❲❡ t❤❡♥ ❞❡❞✉❝❡ t❤❛t

∀ϕ ∈ D(Ω), < (δ + 1)
2
v1 −△v1 − f̃ , ϕ >= 0,

✇❤✐❝❤ ♠❡❛♥s t❤❛t
(δ + 1)

2
v1 −△v1 = f̃ ✐♥ D′(Ω).

❚❤✐s ✐❞❡♥t✐t② ❛❧❧♦✇s ✉s t♦ ❣✐✈❡ ❛ s❡♥s❡ t♦ △v1 ✐♥ H1(Ω)✳ ❚❤❡r❡❢♦r❡✱ ∂nv1|∂Ω
∈

H−1/2(∂Ω) ❛♥❞ ✇❡ ❛❧s♦ ❤❛✈❡ ∀ϕ ∈ T
(

Ω
)

,

∫

Ω

∇v1∇ϕdx+(δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ+(δ + 1)

2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx+

∫

Σ

g̃ϕ dσ.

❯s✐♥❣ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮✱ ✇❡ ❣❡t ∀ϕ ∈ T
(

Ω
)

,

∫

Ω

△v1ϕdx+ (δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ + (δ + 1)

2
∫

Ω

v1ϕdx+ < ∂nv1, ϕ >−1/2, 1/2=

∫

Ω

f̃ϕ dx+

∫

Σ

g̃ϕ dσ

✐❡

∀ϕ ∈ T
(

Ω
)

, (δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ+ < ∂nv1, ϕ >−1/2, 1/2=

∫

Σ

g̃ϕ dσ.

◆♦✇✱ ✇❡ ❤❛✈❡ ϕ|Γ = 0 ❛♥❞ ✇❡ ❣❡t ♦♥ Σ

< ∂nv1 + (δ + 1)
δ + β + 1

δ − α+ 1
v1 − g̃, ϕ >−1/2, 1/2= 0,

❘❘ ♥➦ ✼✺✺✸
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✇❤✐❝❤ ♠❡❛♥s t❤❛t

∂nv1 + (δ + 1)
δ + β + 1

δ − α+ 1
v1 = g̃ ♦♥ Σ.

v1 ✐s t❤❡♥ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✾✮ s✐♥❝❡ t❤❡ ❝♦♥❞✐t✐♦♥ v1|Γ = 0 ✐s ❣✐✈❡♥ ✐♥ H1 (Ω)✳
❙✐♥❝❡ v1 ❛♥❞ f1 ❛r❡ ✐♥ H1(Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ v2 ✐♥ H1(Ω)✳
◆♦✇✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♣❛✐r (v1, v2) ✐s ✐♥ Vδ✳ ❚♦ s❤♦✇ t❤✐s r❡s✉❧t✱ ✇❡
❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t (v1, v2) ✐s ✐♥ H t❤❡♥ Aδ(v1, v2) ✐s ✐♥ H t♦♦ ❛♥❞ ✜♥❛❧❧② t❤❛t
∂nv2 + △v1 = α(x)∂nv1 − β(x)v2 ♦♥ Σ✳
❋✐rst ✇❡ s❡❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ❧✐♥❦s v1 t♦ v2 ♦♥ Σ ✐s ❝❤❡❝❦❡❞✳
❚♦ ♣r♦✈❡ t❤❛t (v1, v2) ∈ H✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t ∂nv1 ∈ L2(Σ) ❛♥❞ t❤❛t
v2|Γ = 0✳ ❚♦ ♣r♦✈❡ t❤✐s r❡s✉❧t✱ ✇❡ ✉s❡ t❤❛t

∂nv1 + (δ + 1)
δ + β + 1

δ − α+ 1
v1 = g̃ ♦♥ Σ.

❙✐♥❝❡ v1 ✐s ✐♥ H1(Ω)✱ v1|Σ ∈ H1/2(Ω) ⊂ L2(Σ)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ (f1, f2) ∈ H✱
g̃ ∈ L2(Σ)✳ ❚❤❡♥✱ ✇❡ ❣❡t t❤❛t ∂nv1|Σ ∈ L2(Σ)✳ ❋✐♥❛❧❧②✱ f1|Γ = 0 ❛♥❞ v1|Γ = 0

✇❤✐❝❤ ❣✐✈❡s t❤❛t v2|Γ = 0✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t (v1, v2) ∈ H✳
❚♦ ♣r♦✈❡ t❤❛t Aδ(v1, v2) ✐s ❛❧s♦ ✐♥ H✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t △v2 ∈ L2(Ω)✱
∂nv2|Σ ∈ L2(Σ) ❛♥❞ △v1 = 0 ♦♥ Γ✳ ❯s✐♥❣ t❤❛t

∂nv2 + △v1 = α(x)∂nv1 − β(x)v2 s✉r Σ.

❛♥❞ ∂nv1|Σ ∈ L2(Σ)✱ v2 ∈ H1(Ω) ❛♥❞ △v1 ∈ H1(Ω)✱ ✇❡ ❣❡t ∂nv2|Σ ✐♥ L2(Σ)✳
▼♦r❡♦✈❡r✱ ✇❡ ❦♥♦✇ t❤❛t v2 = f1 + (δ + 1) v1 ✐♥ Ω ❛♥❞ t❤❛t △v1 ❛s △f1 ❛r❡ ✐♥
L2(Ω)✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t △v2 ✐s ✐♥ L2(Ω)✳ ❋✐♥❛❧❧②✱ ✇❡ ❦♥♦✇ t❤❛t △v1 =
f2 + (δ + 1)v2 ✐♥ Ω ❛♥❞ v2|Γ = v2|Γ = 0 s♦ △v1|Γ = 0✳
❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♣❛✐r (v1, v2) ✐s ✐♥ Vδ ✇❤✐❝❤ ❡♥❞s t❤❡
♣r♦♦❢✳

❙♦ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♦♥ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠✳

❚❤❡♦r❡♠ ✸✳✹✳ ▲❡t (u0, u1) ✐♥ V0✳ ❚❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥
u s✉❝❤ t❤❛t

(u, ∂tu) ∈ C1([0,+∞[;V0) ∩ C0([0,+∞[;H). ✭✸✳✶✶✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ❧✐❡s ♦♥ t❤❡ ❍✐❧❧❡✲❨♦s✐❞❛ t❤❡♦r②✳
❚❤❡ t✇♦ ♣r❡✈✐♦✉s ❧❡♠♠❛s s❤♦✇ t❤❛t t❤❡ ♦♣❡r❛t♦r Aδ ✐s ❛ ♠❛①✐♠❛❧ ❞✐ss✐♣❛t✐✈❡
♦♣❡r❛t♦r ♦♥ ✐ts ❞♦♠❛✐♥ Vδ✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✸✳✹✮ ❤❛s ♦♥❡ ❛♥❞
♦♥❧② ♦♥❡ s♦❧✉t✐♦♥ U ♯ = (u♯, v♯) s✉❝❤ t❤❛t

(u♯, v♯) ∈ C1([0,+∞[;Vδ) ∩ C0([0,+∞[;H). ✭✸✳✶✷✮

Aδ ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ s❡♠✐✲❣r♦✉♣ ♦❢ ❝♦♥tr❛❝t✐♦♥ Zδ(t)✳ ❚❤✉s✱ ✇❡
❝❛♥ ❞❡✜♥❡ t❤❡ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥ ♦❢ ✭✸✳✹✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ (u0, u1) ✐♥ Vδ ❛♥❞

(u♯, v♯) = Zδ(t)(u0, u1) ∈ C1([0,+∞[;Vδ) ∩ C0([0,+∞[;H).

❋♦r δ = 0 ✇❡ r❡❝♦✈❡r t❤❡ ♦♣❡r❛t♦r A✱ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ ♣r♦❜❧❡♠ ✭✸✳✶✮✳
❚❤✉s✱ A ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s s❡♠✐✲❣r♦✉♣ Z(t) =

❘❘ ♥➦ ✼✺✺✸
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eδtZδ(t)✳
▼♦r❡♦✈❡r✱ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ ♣r♦❜❧❡♠s ✭✸✳✶✮ ✇✐t❤ (u0, u1) ∈ V0 ❛♥❞ ✭✸✳✹✮ ✇✐t❤
(u0, u1) ✐♥ Vδ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ■♥❞❡❡❞✱ (u, ∂tu) ✐s s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢
(u♯, v♯) ✐s s♦❧✉t✐♦♥ ♦❢ ✭✸✳✹✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡
s♦❧✉t✐♦♥ (u, ∂tu) ♦❢ ♣r♦❜❧❡♠ ✭✸✳✶✮✳ ▼♦r❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t 7−→ e−δt ❜❡✐♥❣ ✐♥
C∞([0,+∞[)✱ ✇❡ ❤❛✈❡

(u, ∂tu) ∈ C1([0,+∞[;V0) ∩ C0([0,+∞[;H) ⇔
(u♯, v♯) ∈ C1([0,+∞[;Vδ) ∩ C0([0,+∞[;H),

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

✸✳✷ ❆ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ

■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ t♦ ❛ss✉♠❡ t❤❛t


















α(x) 6= 0, ∀x ∈ Σ;

β(x) 6= 0, ∀x ∈ Σ;

α ❛♥❞ β ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ Σ

❘❡❣❛r❞✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ α ❛♥❞ β✱ ✐t ✐♠♣❧✐❡s t❤❛t α ❛♥❞ β ❛r❡ ♥❡❝❡ss❛r✐❧②
♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ s✐♥❝❡ ✇❡ ❤❛✈❡ s✉♣♣♦s❡❞ t❤❛t t❤❡② ♥❡r✈❡r ✈❛♥✐s❤✳
❚♦ ❡♥s✉r❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✮✱ ✇❡ ✜rst ❡st❛❜❧✐s❤
❛♥ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② ❢♦r t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮✳ ❲❡ ✜rst r❡♠❛r❦ t❤❛t ❢♦r ❛♥②
r❡❣✉❧❛r u s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮

∫

Ω

(

∂2
t u−△u

)

1 dx = 0

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
∫

Ω

∂2
t u dx =

∫

Σ

∂nu dσ

❜❡❝❛✉s❡ ∂nu = 0 ♦♥ Γ✳
▼♦r❡♦✈❡r✱ ♦♥ Σ✱ α∂nu = ∂t (∂tu+ ∂nu) + β∂tu✳ ❙✐♥❝❡ α(x) 6= 0 ❢♦r ❛❧❧ x ♦♥ Σ✱
✇❡ t❤✉s ♦❜t❛✐♥

∫

Ω

∂2
t u dx =

∫

Σ

α−1 (∂t (∂tu+ ∂nu) + β∂tu) dσ,

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

∂t

[∫

Ω

∂tu dx−
∫

Σ

α−1 (∂tu+ ∂nu+ βu) dσ

]

= 0.

❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② t✱
∫

Ω

∂tu dx−
∫

Σ

α−1 (∂tu+ ∂nu+ βu) dσ =

∫

Ω

u1 dx−
∫

Σ

α−1 (u1 + ∂nu0 + βu0) dσ.

✭✸✳✶✸✮
▲❡t X ❜❡ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ❞❡✜♥❡❞ ❜②✿

X =
{

(h1, h2) ∈
(

H1(Ω)
)2
, △h1 ∈ L2(Ω), ∂nh1 = 0 ♦♥ Γ, ∂nh1 ∈ L2(Σ)

}

❘❘ ♥➦ ✼✺✺✸
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❚❤❡♥✱ X ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❍✐❧❜❡rt✐❛♥ ❣r❛♣❤ ♥♦r♠✿

‖ (h1, h2) ‖X =
(

‖h1‖2
L2 + ‖∇h1‖2

L2 + ‖ △ h1‖2
L2 + ‖∂nh1‖2

L2(Σ) + ‖h2‖2
L2 + ‖∇h2‖2

L2

)1/2

.

◆❡①t✱ ❧❡t H ⊂ X ❞❡✜♥❡❞ ❜②

H =

{

(h1, h2) ∈ X,

∫

Ω

h2dx−
∫

Σ

α−1 (h2 + ∂nh1 + βh1) dσ = 0

}

.

Pr♦♣♦s✐t✐♦♥ ✸✳✺✳ H ✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ X ❛♥❞ t❤❡ s❡♠✐✲♥♦r♠ ♦♥ X ❞❡✜♥❡❞
❜②

| (h1, h2) |X =
(

‖∇h1‖2
L2 + ‖ △ h1‖2

L2 + ‖∂nh1‖2
L2(Σ) + ‖h2‖2

L2 + ‖∇h2‖2
L2

)1/2

.

❞❡✜♥❡s ❛ ♥♦r♠ ✐♥ H ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ‖ · ‖X ✳

Pr♦♦❢✳ ▲❡t Ψ : (h1, h2) ∈ X 7−→
∫

Ω
h2dx−

∫

Σ
α−1 (h2 + ∂nh1 + βh1) dσ✳ ❚❤❡♥

Ψ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ X ❛♥❞ H = Ψ−1{0}✳ ❍❡♥❝❡ H‖ ‖X = H✳
◆♦✇✱ ❧❡t (h1, h2) ∈ H s✉❝❤ t❤❛t |(h1, h2)|X = 0✳ ❚❤❡♥ ✇❡ ❤❛✈❡







∇h1 = 0, △h1 = 0 ✐♥ Ω, ∂nh1 = 0 ♦♥ ∂Ω ;

∇h2 = 0 ✐♥ Ω, h2 = 0 ♦♥ Σ

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t h2 = 0 ✐♥ Ω ❛♥❞ h1 ✐s ❝♦♥st❛♥t ✐♥ t❤❡ ❝♦♥♥❡① ♦♣❡♥ s❡t Ω✳
▼♦r❡♦✈❡r✱ Ψ(h1, h2) = 0 ✐♠♣❧✐❡s t❤❛t

∫

Σ

α−1βh1dσ = 0 = h1

∫

Σ

α−1βdσ

s✐♥❝❡ h1 ✐s ❝♦♥st❛♥t✳ ◆♦✇✱ α−1β ♥❡✈❡r ✈❛♥✐s❤❡s ♦♥ Σ ❛♥❞ α−1β ❦❡❡♣s t❤❡ s❛♠❡
s✐❣♥ ♦♥ Σ✳ ❲❡ t❤✉s ❤❛✈❡ h1 = 0 ♦♥ Σ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t h1 = 0 ✐♥ Ω✳ ❍❡♥❝❡
t❤❡ s❡♠✐✲♥♦r♠ | · |X ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥ H✳ ❚♦ ♣r♦✈❡ t❤❛t | |X ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
♥♦r♠ ‖ ‖X ✐♥ H✱ ✇❡ ❥✉st ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤
t❤❛t ❢♦r ❛♥② (h1, h2) ∈ H✱

‖h1‖L2(Ω) ≤ C|(h1, h2)|X ✭✸✳✶✹✮

s✐♥❝❡ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t

|(h1, h2)|X ≤ ‖(h1, h2)‖X .

❙✉♣♣♦s❡ t❤❛t ✭✸✳✶✹✮ ✐s ❢❛❧s❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (h1,k, h2,k) ✐♥ H s✉❝❤
t❤❛t

‖h1,k‖L2(Ω) > k|(h1,k, h2,k)|X .
❚❤❡♥ ✭✸✳✷✮ ✐♠♣❧✐❡s t❤❛t ‖h1,k‖L2(Ω) 6= 0 ❛♥❞ t❤✉s✱ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t

‖(h1,k, h2,k)‖X = 1

♦♥❧② t♦ ❞✐✈✐❞❡ ❜② ‖h1,k‖L2(Ω)✳
❲❡ ❝❛♥ t❤✉s ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② (h1,k, h2,k) t♦♦ ❛♥❞ ✇❤✐❝❤
❝♦♥✈❡r❣❡s t♦ (h1, h2) ✐♥X ✇❡❛❦❧②✳ ▼♦r❡♦✈❡r✱ ✭✸✳✶✹✮ ✐♠♣❧✐❡s t❤❛t |(h1,k, h2,k)|X →

k→+∞

❘❘ ♥➦ ✼✺✺✸
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0✳
❍❡♥❝❡ ✇❡ ❤❛✈❡



















∇h1,k → 0 ✐♥ L2(Ω);

△h1,k → 0 ✐♥ L2(Ω);

∂nh1,k|Σ → 0 ✐♥ L2(Σ);

✭✸✳✶✺✮

❛♥❞






∇h2,k → 0 ✐♥ L2(Ω);

h2,k|Σ → 0 ✐♥ L2(Σ).

❲❡ ❝❛♥ t❤✉s ❞❡❞✉❝❡ t❤❛t






∇h1 = 0 ✐♥ Ω, △h1 = 0 ✐♥ Ω ❛♥❞ ∂nh1,k|Σ = 0

∇h2 = 0 ✐♥ Ω, h2,k|Σ = 0.

❲❡ t❤✉s ❤❛✈❡ (h1, h2) = (cste, 0)✳
▼♦r❡♦✈❡r✱ H ✐s ❝❧♦s❡❞✳ ❍❡♥❝❡ (h1, h2) ∈ H ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ♥❡❝❡ss❛r✐❧②
h1 = h2 = 0 ✐♥ Ω✳
❚♦ ❝♦♥❝❧✉❞❡✱ (h1,k, h2,k) ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ (0, 0) ✐♥X ❛♥❞ s✐♥❝❡X ⊂ H3/2(Ω)×
H1(Ω)✱X ✐s ❝♦♠♣❛❝t❧② ❡♠❜❡❞❞❡❞ ✐♥ L2(Ω)×L2(Ω)✳ ❲❡ t❤✉s ❤❛✈❡ h1,k ❝♦♥✈❡r❣❡s
str♦♥❣❧② t♦ 0 ✐♥ L2(Ω)✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ✭✸✳✷✮ s✐♥❝❡ ✐t ✐♠♣❧✐❡s t❤❛t (h1,k, h2,k)
str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ (0, 0) ✐♥ X✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛❞♦♣t t❤❡ ♥♦t❛t✐♦♥ ‖h‖H = |h|X ✳
◆♦✇✱ ❧❡t Vδ ❜❡ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ ❞❡✜♥❡❞ ❜②

Vδ = {(v1, v2) ∈ H, Aδ(v1, v2) ∈ H, ∂nv2 + △v1 = α(x)∂nv1 − β(x)v2 ♦♥ Σ} .

❚❤❡ s♣❛❝❡ Vδ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r Aδ✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛
❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ✱ v1 ❛♥❞ v2 ❛r❡ r❡❣✉❧❛r ❡♥♦✉❣❤ s✉❝❤ t❤❛t t❤❡
❝♦♥❞✐t✐♦♥ ♦♥ Σ ✐s ✇❡❧❧✲❞❡✜♥❡❞✳

▲❡♠♠❛ ✸✳✻✳ ❋♦r ❛❧❧ h ∈ H✱ t❤❡ q✉❛♥t✐t②

‖h‖δ =

(∫

Ω

(

|∇ (h2 − δh1) |2 + | △ h1 − δv2|2
)

dx

+

∫

Σ

1

2δ − α(x) + β(x)
| (α− δ) ∂nh1 − (β + δ)h2|2 dσ

)1/2

✐s ❛ ♥♦r♠ ♦♥ H ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ‖h‖H ❛♥❞ t❤✉s t♦ ‖h‖X ✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ r❡♠❛r❦ t❤❛t ‖h‖δ ≥ 0 ❢♦r ❛❧❧ h ✐♥ H s✐♥❝❡ ✇❡ ❤❛✈❡ ❝❤♦s❡♥
δ s✉❝❤ t❤❛t 2δ − α(x) + β(x) > 0 ❢♦r ❛❧❧ x ♦♥ Σ✳
❚♦ ♣r♦✈❡ t❤❛t ‖ · ‖δ ✐s ❛ ♥♦r♠ ♦♥ H✱ ✇❡ ❥✉st ❤❛✈❡ t♦ s❤♦✇ t❤❛t

‖h‖δ = 0 ⇒ h = 0.

❘❘ ♥➦ ✼✺✺✸
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■♥❞❡❡❞✱ ‖h‖δ ✐s ❞❡✜♥❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♥♦r♠s ✐♥ L2(Ω) ❛♥❞ L2(Σ)✳
▲❡t h = (h1, h2) ∈ H s✉❝❤ t❤❛t ‖h‖δ = 0✳ ❚❤❡♥ h ✐s s♦❧✉t✐♦♥ t♦































∇ (h2 − δh1) = 0 ✐♥ Ω

△h1 − δv2 = 0 ✐♥ Ω

∂nh1 = 0 ♦♥ Γ

(α− δ) ∂nh1 − (β + δ)h2 = 0 ♦♥ Σ

❋r♦♠ t❤❡ ❢❛❝t t❤❛t △h1 − δv2 = 0 ✐♥ Ω✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
∫

Ω

(△h1 − δv2)h2 dx = 0.

❯s✐♥❣ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮ ❛♥❞ ∂nh1 = 0 ♦♥ Γ✱ ✇❡ ♦❜t❛✐♥

−
∫

Ω

∇h1 · ∇h2 dx+

∫

Σ

∂nh1h2 dσ − δ

∫

Ω

|h2|2 dx = 0.

●✐✈❡♥ t❤❛t ∇ (h2 − δh1) = 0 ✐♥ Ω ❛♥❞ t❤❛t (α− δ) ∂nh1 − (β + δ)h2 = 0 ♦♥ Σ✱
✇❡ t❤❡♥ ❣❡t

−δ
∫

Ω

(

|∇h1|2 + |h2|2
)

dx+

∫

Σ

β + δ

α− δ
|h2|2 dσ = 0.

❙✐♥❝❡ β + δ > 0 ❛♥❞ α − δ < 0✱ ✇❡ ❣❡t ∇h1 = 0 ✐♥ Ω ❛♥❞ h2 = 0 ✐♥ Ω✳ ❋r♦♠
∇h1 = 0 ✐♥ Ω✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t h1 ✐s ❝♦♥st❛♥t ✐♥ Ω✳ ◆❡①t ✭✸✳✶✸✮ ✐♠♣❧✐❡s t❤❛t

∫

Σ

α−1βh1dσ = 0.

❙✐♥❝❡ h1 ✐s ❝♦♥st❛♥t ✐♥ Ω ❛♥❞ t❤❡ s✐❣♥ ♦❢ α−1β ✐s ❝♦♥st❛♥t ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✷✮ ♦♥
Σ✱ h1 = 0 ♦♥ Σ✳ ❈♦♥s❡q✉❡♥t❧② h1 = 0 ✐♥ Ω ✇❤✐❝❤ ♣r♦✈❡ t❤❛t ‖ · ‖δ ✐s ❛ ♥♦r♠ ♦♥
H✳
◆♦✇✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ‖ · ‖δ ✐s ❡q✉✐✈❛❧❡♥t t♦ ‖ · ‖H ♦♥ H✳ ❚❤✐s ✐s ❛
str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ α ❛♥❞ β✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜② ( , )δ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❞❡r✐✈❡❞ t♦ t❤❡ ♥♦r♠
‖ ‖δ✳

▲❡♠♠❛ ✸✳✼✳ ❋♦r ❛❧❧ v ∈ Vδ✱ ✇❡ ❤❛✈❡

(Aδv, v)δ ≤ 0.

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ❢♦r ▲❡♠♠❛ ✸✳✷✳ ❚❤❡ ♦♥❧②
❞✐✛❡r❡♥❝❡ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t

∫

Γ

∂nw1 w2dσ

❞✐s❛♣♣❡❛rs s✐♥❝❡ (w1, w2) ∈ H ❛♥❞ s♦ ∂nw1 = 0 ♦♥ Γ✳ ❈♦♥s❡q✉❡♥t❧② ✇❡ ❣❡t t❤❛t
❢♦r ❛❧❧ v ✐♥ Vδ✱ (Aδv, v)δ ✐s t❤❡ s✉♠ ♦❢ ♥❡❣❛t✐✈❡ t❡r♠s✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢
t❤❡ r❡s✉❧t✳

❘❘ ♥➦ ✼✺✺✸
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❲❡ ❝♦♥t✐♥✉❡ ❜② ♣r♦✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛

▲❡♠♠❛ ✸✳✽✳ ❚❤❡ ♦♣❡r❛t♦r Aδ ✐s ♠❛①✐♠❛❧ ♦♥ ✐ts ❞♦♠❛✐♥ Vδ✳

Pr♦♦❢✳ ●✐✈❡♥ f = (f1, f2) ✐♥ H✱ ✇❡ st✉❞② t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐①❡❞ ♣r♦❜❧❡♠✿ ✜♥❞
v ∈ Vδ s✉❝❤ t❤❛t (Aδ − I) v = f ✳
❇② ❞❡✜♥t✐♦♥ ♦❢ Aδ✱ ✇❡ s❡❡❦ v = (v1, v2) ∈ Vδ s✉❝❤ t❤❛t



































−δv1 + v2 − v1 = f1 ✐♥ Ω;

−δv2 + △v1 − v2 = f2 ✐♥ Ω;

∂nv1 = 0 ♦♥ Γ;

∂nv2 + △v1 = α∂nv1 − βv2 ♦♥ Σ.

✭✸✳✶✻✮

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✻✮ ❤❛s ❛ s♦❧✉t✐♦♥ ✐♥ Vδ✳ ❚❤❡♥✱ ❜②
r❡♠♦✈✐♥❣ v2 t❤❛♥❦s t♦ t❤❡ ❡q✉❛t✐♦♥

v2 = f1 + (δ + 1) v1 ✐♥ Ω,

✇❡ ♦❜t❛✐♥ t❤❛t v1 ✐s s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠



















−△ v1 + (δ + 1)
2
v1 = − (f2 + (δ + 1) f1) ✐♥ Ω;

∂nv1 = 0 ♦♥ Γ;

(δ − α+ 1) ∂nv1 = −∂nf1 − f2 − (δ + β + 1) (f1 + (δ + 1) v1) ♦♥ Σ.
✭✸✳✶✼✮

❘❡❝✐♣r♦❝❛❧❧②✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✼✮ ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ v1✱ ❢♦r ❛❧❧
f̃ := − (f2 + (δ + 1) f1) ❣✐✈❡♥ ✐♥H1(Ω) ❛♥❞ g̃ := − 1

δ−α+1 (∂nf1 + f2 + (δ + β + 1) f1)

❣✐✈❡♥ ✐♥ L2(Σ)✳ ❚♦ ♣r♦✈❡ t❤✐s r❡s✉❧t✱ ✇❡ ✉s❡ ❛ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤✳
❲❡ ❡q✉✐♣ H1 (Ω) ✇✐t❤ t❤❡ ♥♦r♠ ‖ ‖ ❞❡✜♥❡❞ ❜②

∀v ∈ H1 (Ω) , ‖v‖ =

(∫

Ω

(

|∇f |2 + (δ + 1)
2 |f |2

)

dx+ (δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
|f |2 dσ

)1/2

,

❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✉s✉❛❧ ♥♦r♠ ♦♥ H1 (Ω) ❜❡❝❛✉s❡ (δ+1)✱ (δ+β+1) ❛♥❞ (δ−α+1)
❛r❡ ♣♦s✐t✐✈❡ q✉❛♥t✐t✐❡s ❜② ❞❡✜♥✐t✐♦♥ ♦❢ δ✳
D
(

Ω
)

✐s ❞❡♥s❡ ✐♥H1
(

Ω
)

❛♥❞ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✼✮ ❤❛s ❛ s♦❧✉t✐♦♥✱
✇❡ ❤❛✈❡

∀ϕ ∈ D
(

Ω
)

, −
∫

Ω

△v1ϕdx+ (δ + 1)
2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx,

❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳ ❲❡ ✜♥❛❧❧② ♦❜t❛✐♥ ∀ϕ ∈ D
(

Ω
)

,

∫

Ω

∇v1∇ϕdx+(δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ+(δ + 1)

2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx+

∫

Σ

g̃ϕ dσ,

✭✸✳✶✽✮
✉s✐♥❣ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮ ❛♥❞ t❤❛t ∂nv1|Γ = 0✳ ▲❡t a(·, ·) t❤❡ s❛♠❡ ❜✐❧✐♥❡❛r
❢♦r♠ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸ ✇❤✐❝❤ ✐s ❛❧s♦ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ H1(Ω)×H1(Ω)✱

❘❘ ♥➦ ✼✺✺✸
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H1(Ω)✲❝♦❡r❝✐✈❡✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ❡q✉✐♣♣❡❞ H1(Ω) ✇✐t❤ t❤❡ ♥♦r♠ || ||✳
▲❡t l(·) ❜❡ t❤❡ ❧✐♥❡❛r ❢♦r♠ ❞❡✜♥❡❞ ❜②

l(ϕ) =

∫

Ω

f̃ϕ dx+

∫

Σ

g̃ϕ dσ.

❙✐♥❝❡ t❤❡ ♣❛✐r (f̃ , g̃) ❜❡❧♦♥❣s t♦ H1(Ω) × L2(Σ)✱ l(·) ✐s ❝♦♥t✐♥✉♦✉s ✐♥ H1(Ω)✳
D
(

Ω
)

✐s ❞❡♥s❡ ✐♥ H1(Ω)✱ t❤❡r❡❢♦r❡ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✽✮ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦
H1(Ω)✳ ❊✈❡r② s♦❧✉t✐♦♥ v1 ♦❢ ✭✸✳✶✼✮ ❝❤❡❝❦s

∀ϕ ∈ H1 (Ω) , a(v1, ϕ) = l(ϕ).

❘❡❝✐♣r♦❝❛❧❧②✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠✱ t❤❡ ♣r♦❜❧❡♠

∀ϕ ∈ H1 (Ω) , a(v1, ϕ) = l(ϕ)

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ v1 ✐♥ H1 (Ω)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ D(Ω) ⊂ H1(Ω)✱ ✇❡
❞❡❞✉❝❡ t❤❛t

∀ϕ ∈ D(Ω), < (δ + 1)
2
v1 −△v1 − f̃ , ϕ >= 0,

✇❤✐❝❤ ♠❡❛♥s t❤❛t
(δ + 1)

2
v1 −△v1 = f̃ ✐♥ D′(Ω).

❚❤❛♥❦s t♦ t❤✐s r❡s✉❧t✱ ✇❡ ❝❛♥ ❣✐✈❡ ❛ s❡♥s❡ t♦ △v1 ✐♥ H1(Ω) ❛♥❞ t❤❡r❡❢♦r❡✱
∂nv1|∂Ω

∈ H−1/2(∂Ω)✳ ❲❡ ❛❧s♦ ❤❛✈❡ ∀ϕ ∈ D
(

Ω
)

,

∫

Ω

∇v1∇ϕdx+(δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ+(δ + 1)

2
∫

Ω

v1ϕdx =

∫

Ω

f̃ϕ dx+

∫

Σ

g̃ϕ dσ.

❯s✐♥❣ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮✱ ✇❡ ❣❡t ∀ϕ ∈ D
(

Ω
)

,

∫

Ω

△v1ϕdx+ (δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ + (δ + 1)

2
∫

Ω

v1ϕdx

+ < ∂nv1, ϕ >−1/2, 1/2=

∫

Ω

f̃ϕ dx+

∫

Σ

g̃ϕ dσ

✐❡

∀ϕ ∈ T
(

Ω
)

, (δ + 1)

∫

Σ

δ + β + 1

δ − α+ 1
v1ϕdσ+ < ∂nv1, ϕ >−1/2, 1/2=

∫

Σ

g̃ϕ dσ.

◆♦✇✱ ❜② ❝❤♦s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥s ϕ ✐♥ D
(

Ω
)

s✉❝❤ t❤❛t ϕ|Γ = 0✱ ✇❡ ❣❡t

∂nv1 + (δ + 1)
δ + β + 1

δ − α+ 1
v1 = g̃ ♦♥ Σ.

❛♥❞✱ t❛❦✐♥❣ ϕ ✐♥ D
(

Ω
)

✱ ✇❡ ♦❜t❛✐♥

∂nv1 = 0 ♦♥ Γ.

❚❤❡r❡❢♦r❡ v1 ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✼✮✳
❙✐♥❝❡ v1 ❛♥❞ f1 ❛r❡ ✐♥ H1(Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ v2 ✐♥ H1(Ω)✳
◆♦✇✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♣❛✐r (v1, v2) ✐s ✐♥ Vδ✳ ❆❝t✉❛❧❧②✱ ✇❡ ❥✉st ❤❛✈❡
t♦ ♣r♦✈❡ t❤❛t (v1, v2) ❝❤❡❝❦s t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ Γ ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt②
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❜❡❝❛✉s❡ ❛❧❧ t❤❡ ♦t❤❡r ♣r♦♣❡rt✐❡s ❤❛✈❡ ❜❡❡♥ s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳
❙✐♥❝❡ ∂nv1 = 0 ♦♥ Γ✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ∂nv2 = 0 ♦♥ Γ✳ ❲❡ ❦♥♦✇
t❤❛t ∂nv1 = ∂nf1 = 0 ♦♥ Γ ❛♥❞ ❜② ✉s✐♥❣ t❤❛t v2 = f1 + (δ + 1)v1 ✐♥ Ω✱ ✇❡ ❣❡t
∂nv2 = 0 ♦♥ Γ✳ ❆s ❢♦r t❤❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt②✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡ t❤❛t (f1, f2) ✐s
✐♥ H✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡

∫

Ω

f2 dx−
∫

Σ

α−1 (f2 + ∂nf1 + βf1) dσ = 0.

❚❤❡r❡❢♦r❡✱
∫

Ω

v2 dx =
1

δ + 1

∫

Ω

(△v1 − f2) dx

=
1

δ + 1

[∫

∂Ω

∂nv1 dσ −
∫

Σ

α−1 (f2 + ∂nf1 + βf1) dσ

]

❍❡♥❝❡✱ ✇❡ ❣❡t
∫

Ω

v2 dx =
1

δ + 1

[∫

Σ

α−1 (∂nv2 + △v1 + βv2 − (△v1 − (δ + 1)v2 +

∂nv2 − (δ + 1)∂nv1 + βv2 − (δ + 1)βv1)) dσ

∫

Ω

]

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡
∫

Ω

v2 dx−
∫

Σ

α−1 (v2 + ∂nv1 + βv1) dσ = 0.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♣❛✐r (v1, v2) ✐s ✐♥ H✳ ◆♦✇✱ ✇❡ ❤❛✈❡ t♦
❝❤❡❝❦ t❤❛t
∫

Ω

(△v1 − δv2) dx−
∫

Σ

α−1 (△v1 − δv2 + ∂nv2 − δ∂nv1 + βv2 − βδv1) dσ = 0.

❚♦ ♣r♦✈❡ t❤✐s r❡s✉❧t✱ ✇❡ ❥✉st ✉s❡ t❤❛t (f1, f2) ❛♥❞ (v1, v2) ❝❤❡❝❦ t❤❡ ✐♥✈❛r✐❛♥❝❡
♣r♦♣❡rt②✳
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t Aδ(v1, v2) ✐s ✐♥ H ❛♥❞ s✐♥❝❡ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ Σ ✐s
s❛t✐s✜❡❞✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t (v1, v2) ✐s ✐♥ Vδ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

❙♦ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♦♥ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠✳

❚❤❡♦r❡♠ ✸✳✾✳ ▲❡t (u0, u1) ✐♥ V0✳ ❚❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥
u s✉❝❤ t❤❛t

(u, ∂tu) ∈ C1([0,+∞[;V0) ∩ C0([0,+∞[;H). ✭✸✳✶✾✮

❚❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✹✳

✹ ▲♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r

❲❡ ❝❛♥ ❡♥r✐❝❤ t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧
❞❡✜♥❡❞ ♦♥ H ❜②

E(h1, h2) =
1

2

∫

Ω

(

| △ h1|2 + |∇h2|2
)

dx+
1

2

∫

Σ

1

β − α
|α∂nh1 − βh2|2dσ
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✇❤✐❝❤ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐❢

β(x) − α(x) 6= 0 ❢♦r ❛❧❧ x ∈ Σ. ✭✹✳✶✮

▼♦r❡♦✈❡r✱ E(h1, h2) ≥ 0 ✐❢

β(x) − α(x) > 0 ❢♦r ❛❧❧ x ∈ Σ. ✭✹✳✷✮

❚❤❡♥✱ E(u, ∂tu) ❞❡✜♥❡s ❛♥ ❡♥❡r❣② ♦♥ H ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✷✮ ✇❤✐❝❤ t❛❦❡s
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✮✳
❲❡ r❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❆❇❈ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❤❛✈❡

α(x) =
κ(x)

4
− γ(x), β(x) =

κ(x)

4
+ γ(x).

❛♥❞ t❤❛t t❤❡ ❜♦✉♥❞❛r② Σ ❤❛s ❜❡❡♥ ❝❤♦s❡♥ s♦ t❤❛t κ(x) > 0 ❢♦r ❛♥② x ∈ Σ✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t α ❛♥❞ β ❝❤❡❝❦ t❤❡ ❝♦♥❞✐t✐♦♥

{

α(x) < 0 ❛♥❞ β(x) > 0 ❢♦r ❛❧❧ x ∈ Σ,

β(x) − α(x) 6= 0 ❢♦r ❛❧❧ x ∈ Σ.
✭✹✳✸✮

❚❤✐s ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ γ ❤❛s t♦ ❜❡ ♣♦s✐t✐✈❡ ♦♥ Σ ❛♥❞ t❤❛t ❢♦r
❛❧❧ x ∈ Σ✱ γ(x) > κ(x)

4 ✳

▲❡♠♠❛ ✹✳✶✳ ❋♦r ❛❧❧ (u0, u1) ∈ V0, t 7−→ E(u, ∂tu) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ✐s
❞❡❝r❡❛s✐♥❣ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✸✮

Pr♦♦❢✳ ■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ✐❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s (u0, u1)
❛r❡ ✐♥ V0✱ E(u, ∂tu) ∈ C1([0,+∞[) ❛♥❞ ✇❡ ❣❡t

d

dt
E(u, ∂tu) =

∫

Ω

△(∂tu) △ u dx+

∫

Ω

∂t(∇u)∂2
t ∇u dx

+

∫

Σ

1

β − α

(

α∂t∂nu− β∂2
t u
)

(α∂nu− β∂tu) dσ.

✭✹✳✹✮

❲❡ ✉s❡ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮ ❛♥❞ t❤❛t ∂2
t u = △u

d

dt
E(u, ∂tu) =

∫

Ω

△ (∂tu) ∂
2
t u dx−

∫

Ω

△ (∂tu) ∂
2
t u dx+

∫

∂Ω

∂n∂tu ∂
2
t u dσ+

∫

Σ

1

β − α

(

α∂t∂nu− β∂2
t u
)

(α∂nu− β∂tu) dσ.

▼♦r❡♦✈❡r✱ ∂tu|Γ = 0 ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ ❛♥❞
∂nu|Γ = 0 ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ✳
❚❤❡♥✱ ✉s✐♥❣ t❤❛t ∂t (∂nu+ ∂tu) = α(x)∂nu− β(x)∂tu ♦♥ Σ✱ ✇❡ ❤❛✈❡

d

dt
E(u, ∂tu) =

∫

Σ

∂n∂tu ∂
2
t u dσ

+

∫

Σ

1

β − α

[

α∂2
t u ∂n∂tu− β

(

∂2
t u
)2

+ α (∂t∂nu)
2 − β∂2

t u ∂n∂tu
]

dσ.

❈♦♥s❡q✉❡♥t❧② ✇❡ ❣❡t

d

dt
E(u, ∂tu) = −

∫

Σ

1

β − α

[

β
(

∂2
t u
)2 − α (∂t∂nu)

2
]

dσ.
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❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✸✮ ✱

d

dt
E(u, ∂tu) ≤ 0,

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✷✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥s α ❛♥❞ β ❝❤❡❝❦ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✸✮✱ t❤❡♥ ❢♦r ❛❧❧
(u0, u1) ∈ V0✱

lim
t→+∞

E(u, ∂tu) = 0.

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❛t A ✐s t❤❡ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s s❡♠✐✲
❣r♦✉♣ Z(t)✱ ♦❢ ❝♦♥tr❛❝t✐♦♥ ✐❢ α ❛♥❞ β ❝❤❡❝❦ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✸✮✳ ❆s ✐t ✐s s✉✣❝✐❡♥t
t♦ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ♦♥ ❛ ❞❡♥s❡ s✉❜s♣❛❝❡ ♦❢ V0 = D(A)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧
❞❛t❛ (u0, u1) ✐♥ D(A2)✱ ✇❤❡r❡

D(A2) = {(v1, v2) ∈ V0, A(v1, v2) ∈ V0}

✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ❣r❛♣❤

‖(v1, v2)‖D(A2) = ‖(v1, v2)‖V0
+ ‖A(v1, v2)‖V0

+ ‖A2(v1, v2)‖V0
.

❋♦r ❛❧❧ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮✱ ✇❡ ❤❛✈❡

‖(u, ∂tu)‖D(A2) = ‖Z(t)(u0, u1)‖D(A2)

= ‖Z(t)(u0, u1)‖V0
+ ‖A(Z(t)(u0, u1))‖V0

+ ‖A2(Z(t)(u0, u1))‖V0
.

❆s ✇❡ ❝❛♥ s✇✐t❝❤ A✱ A2 ❛♥❞ Z(t) ♦♥ D(A2)✱ ✇❡ ❤❛✈❡

‖(u, ∂tu)‖D(A2) = ‖Z(t)(u0, u1)‖D(A2)

= ‖Z(t)(u0, u1)‖V0
+ ‖Z(t)A(u0, u1)‖V0

+ ‖Z(t)A2(u0, u1)‖V0
.

❙✐♥❝❡ Z(t) ✐s ❝♦♥t✐♥✉♦✉s ✐♥ V0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t
C s✉❝❤ t❤❛t

‖(u, ∂tu)‖D(A2) ≤ C‖(u0, u1)‖D(A2).

❇✉t✱ s✐♥❝❡ t❤❡ ✐♥❥❡❝t✐♦♥ i : D(A2) → V0 ✐s ❝♦♠♣❛❝t✱ ✇❡ ❝❛♥ ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡
Z(tk)(u0, u1) s✉❝❤ t❤❛t

lim
tk→+∞

Z(tk)(u0, u1) = (u∞, v∞) ✐♥ V0 str♦♥❣❧② .

❙✐♥❝❡ E(u, ∂tu) ✐s ❝♦♥t✐♥✉♦✉s✱ ✇❡ ❤❛✈❡

lim
t→+∞

E(u, ∂tu) = lim
t→+∞

E(Z(t)(u0, u1)) = lim
tk→+∞

E(Z(tk)(u0, u1)) = E(u∞, v∞).

❲❡ ❛❧s♦ ❤❛✈❡✱ ❢♦r ❛❧❧ s ♣♦s✐t✐✈❡❀

lim
t→+∞

E(Z(t+ s)(u0, u1)) = lim
t→+∞

E(u, ∂tu)

= lim
tk→+∞

E(Z(s)Z(tk)(u0, u1))

= E(Z(s)(u∞, v∞)).
❘❘ ♥➦ ✼✺✺✸
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❚❤❡ s♦❧✉t✐♦♥ (w, ∂tw) = Z(t)(u∞, v∞) ♦❢ ♣r♦❜❧❡♠ ✭✸✳✶✮✱ ❢♦r ✐♥✐t✐❛❧ ❞❛t❛ (u∞, v∞)
✐♥ D(A)✱ ✐s t❤✉s s✉❝❤ t❤❛t

E(w, ∂tw) = E(u∞, v∞) ♣♦✉r t♦✉t t ♣♦s✐t✐❢,

❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✶✱

d

dt
E(, ∂tw) = −

∫

Σ

1

β − α

[

β
(

∂2
tw
)2 − α (∂t∂nw)

2
]

dσ,

✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ∂2
tw = 0 ♦♥ Σ ❛♥❞ ∂t∂nw = 0 ♦♥ Σ✳ w ✐s t❤❡♥ s♦❧✉t✐♦♥ t♦

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠


































∂2
tw −△w = 0 ✐♥ Ω × [0,+∞[

w(x, 0) = u∞, ∂tw(x, 0) = v∞ ✐♥ Ω

w = 0 ♦r ∂nw = 0 ♦♥ Γ × [0,+∞[

α(x)∂nw = β(x)∂tw ♦♥ Σ × (0,+∞)

❛♥❞ z := ∂tw ✐s s♦❧✉t✐♦♥ t♦


































∂2
t z −△z = 0 ✐♥ Ω × [0,+∞[

w(x, 0) = v∞, ∂tz(x, 0) = △u∞ ✐♥ Ω

z = 0 ♦r ∂nz = 0 ♦♥ Γ × [0,+∞[

∂nz = z = 0 ♦♥ Σ × (0,+∞) .

❙✐♥❝❡ ∂nz = z = 0 ♦♥ Σ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t z = 0 ✐♥ Ω× [0,+∞[✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ t❤❡ ❍♦❧♠❣r❡♥ t❤❡♦r❡♠ ✭s❡❡ ▲✐♦♥s ❬✶✸❪✮✳ ❚❤❡r❡❢♦r❡✱ w ✐s s♦❧✉t✐♦♥ t♦



















△w = 0 ✐♥ Ω × (0,+∞)

w = 0 ♦r ∂nw = 0 ♦♥ Γ × [0,+∞[

α(x)∂nw = 0 ♦♥ Σ × [0,+∞[

❙✐♥❝❡ α ♥❡✈❡r ✈❛♥✐s❤❡s ♦♥ Σ✱ ✇❡ t❤✉s ❤❛✈❡ w = 0 ✐♥ Ω × [0,+∞[✳ ❲❡ t❤❡♥
❝♦♥❝❧✉❞❡ t❤❛t E(w, ∂tw) = 0 ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t E(u∞, v∞) = 0 ❛♥❞ ❝♦♠♣❧❡t❡s
t❤❡ ♣r♦♦❢ ♦❢ ✹✳✷✳

▲❡♠♠❛ ✹✳✸✳ E1/2(h1, h2) ✐s ❛ ♥♦r♠ ♦♥ H✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛ ✐s ❞✐✈✐❞❡❞ ✐♥ t✇♦ ♣❛rts✳ ❋✐rst ✇❡ ❝♦♥s✐❞❡r t❤❡
❝❛s❡ ♦❢ ❛ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt t❤❡ ❝❛s❡ ♦❢
❛ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ✳
✭❛✮ ❆ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ
❲❡ ❝♦♥s✐❞❡r (h1, h2) s✉❝❤ t❤❛t E(h1, h2) = 0✳ ❲❡ ❤❛✈❡















△h1 = 0 ✐♥ Ω ;
∇h2 = 0 ✐♥ Ω ;
h1 = h2 = 0 ♦♥ Γ ;
α∂nh1 − βh2 = 0 ♦♥ Σ.
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❙✐♥❝❡ Ω ✐s ❝♦♥♥❡①❡✱ ∇h2 = 0 ✐♥ Ω ✐♠♣❧✐❡s t❤❛t h2 ✐s ❝♦♥st❛♥t ✐♥ Ω✳ ❇✉t ✇❡
❛❧r❡❛❞② ❦♥♦✇ t❤❛t h2 = 0 ♦♥ Γ s♦ h2 = 0 ✐♥ Ω✳
❚❤❡r❡❢♦r❡✱ h1 ✐s s♦❧✉t✐♦♥ t♦







△h1 = 0 ✐♥ Ω ;
h1 = 0 ♦♥ Γ ;
α∂nh1 = 0 ♦♥ Σ.

❙✐♥❝❡ α 6= 0 ❢♦r ❛❧❧ ♣♦✐♥t ✐♥ Σ✱ ✇❡ ❤❛✈❡ t❤❛t ∂nh1 = 0 ♦♥ Σ✳ ❈♦♥s❡q✉❡♥t❧②✱
(h1, h2) = 0 ✐♥ Ω ✇❤✐❝❤ ♣r♦✈❡s t❤❛t E1/2(h1, h2) ✐s ❛ ♥♦r♠ ♦♥ H✳

✭❜✮ ❆ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ
❍❡r❡ ❛❣❛✐♥✱ ✇❡ ❝♦♥s✐❞❡r (h1, h2) s✉❝❤ t❤❛t E(h1, h2) = 0✳ ❲❡ ❤❛✈❡















△h1 = 0 ✐♥ Ω ;
∇h2 = 0 ✐♥ Ω ;
∂nh1 = 0 ♦♥ Γ ;
α∂nh1 − βh2 = 0 ♦♥ Σ.

❛♥❞ s✐♥❝❡ (h1, h2) ∈ H

∫

Ω

h2 dx−
∫

Σ

α−1 (h2 + ∂nh1 + βh1) dσ = 0.

∇h2 = 0 ✐♥ Ω ✐♠♣❧✐❡s t❤❛t h2 ✐s ❝♦♥st❛♥t ✐♥ Ω ❜❡❝❛✉s❡ Ω ✐s ❝♦♥♥❡①❡✳ ❙✐♥❝❡
△h1 = 0 ✐♥ Ω ❛♥❞ ∇h2 = 0 ✐♥ Ω✱ ✇❡ ❣❡t ✉s✐♥❣ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮ t❤❛t

∫

∂Ω

∂nh1h2 dσ = 0.

❇✉t ✇❡ ❤❛✈❡ ∂nh1 = 0 ♦♥ Γ ❛♥❞ ∂nh1 = α−1βh2 ♦♥ Σ. ❍❡♥❝❡✱
∫

∂Ω

α−1β|h2|2 dσ = 0

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t h2 = 0 ✐♥ Ω ❜❡❝❛✉s❡ α ❛♥❞ β ❝❤❡❝❦ ✭✹✳✸✮✳ ❲❡ t❤❡♥ ❣❡t t❤❛t
h1 ✐s s♦❧✉t✐♦♥ ♦❢

{

△h1 = 0 ✐♥ Ω ;
∂nh1 = 0 ♦♥ ∂Ω ;

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t h1 ✐s ❝♦♥st❛♥t ✐♥ Ω✳
▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

∫

Ω

h2 dx−
∫

Σ

α−1 (h2 + ∂nh1 + βh1) dσ = 0.

✐❡
∫

Σ

α−1βh1 dσ = 0

❙✐♥❝❡ h1 ✐s ❝♦♥st❛♥t ✐♥ Ω ❛♥❞ α ❛♥❞ β ❝❤❡❝❦ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✸✮ ♦♥ Σ✱ ✇❡ ❣❡t
h1 = 0 ✐♥ Ω ✇❤✐❝❤ ♣r♦✈❡s t❤❛t E1/2(h1, h2) ✐s ❛ ♥♦r♠ ♦♥ H✳

❲❡ ❛r❡ ♥♦✇ ✇✐❧❧✐♥❣ t♦ st❛t❡

❘❘ ♥➦ ✼✺✺✸
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❚❤❡♦r❡♠ ✹✳✹✳ ▲❡t (u0, u1) ✐♥ H✳ ❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ u ♦❢ ✭✸✳✶✮ ✐s s✉❝❤ t❤❛t

lim
t→+∞

(u, ∂tu) = (0, 0) ✐♥ H.

Pr♦♦❢✳ ■❢ t❤❡ ♣❛✐r (u0, u1) ✐s ✐♥ H✱ ✇❡ ❦♥♦✇ t❤❛t ✭❝❢✳ ❚❤❡♦r❡♠ ✹✳✷✮

lim
t→+∞

E(u, ∂tu) = 0

❛♥❞ t❤❛t E ✐s ❛ ♥♦r♠ ♦♥ H ✭❝❢✳ ▲❡♠♠❛ ✹✳✸✮✳
❚❤❡r❡❢♦r❡✱

lim
t→+∞

(u, ∂tu) = (0, 0) ✐♥ H.

◆♦✇✱ ✐♥ ❝❛s❡ ♦❢ ❛ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ❣❡♥❡r❛❧ ❞❛t❛ ❛r❡ ✐♥ V0 ❛♥❞
♥♦t ✐♥ H ∩ V0✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡ ❤❛✈❡✿

❚❤❡♦r❡♠ ✹✳✺✳ ▲❡t (u0, u1) ✐♥ V0✳ ❚❤❡♥ ✐❢ γ > κ
4 ♦♥ Σ✱

lim
t→+∞

(u, ∂tu) = (u∞, 0) ✐♥ X

✇❤❡r❡

u∞ =

∫

Ω

u1dx−
∫

Σ

α−1(u1 + βu0)dσ
∫

Σ

α−1βdσ

.

Pr♦♦❢✳ ▲❡t (ũ, ∂tũ) ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ (ũ0, ũ1) ❞❡✜♥❡❞ ❜②

ũ0 = u0 − u∞, ũ1 = u1.

❚❤❡♥ (ũ0, ũ1) ∈ V0 ∩H ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✹✳✹ t♦ (ũ, ∂tũ) ✇❤✐❝❤ ❝♦♠✲
♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺✳

✺ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ ♥❡✇ ❢❛♠✐❧② ♦❢ ❆❇❈s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛r❛♠❡t❡r γ 6= 0
❛♥❞ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♦♥ ❛r❜✐tr❛r✐❧②✲s❤❛♣❡❞ r❡❣✉❧❛r ❜♦✉♥❞❛r✐❡s✳ ❲❡ ❤❛✈❡
♣❡r❢♦r♠❡❞ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞✲
❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✐s ✇❡❧❧✲♣♦s❡❞ ✐♥ ❍✐❧❜❡rt s♣❛❝❡s ♦❢ ❙♦❜♦❧❡✈ ❝❧❛ss✳ ▼♦r❡♦✈❡r✱ ✐❢
γ ✐s ❣r❡❛t❡r t❤❛♥ κ

4 ✱ ✇❤❡r❡ κ ❞❡♥♦t❡s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r②
Σ✱ t❤❡r❡ ❡①✐sts ❛♥ ❡♥❡r❣② ❞❡✜♥❡❞ ❛s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✈♦❧✉♠❡ ❛♥❞ s✉r❢❛❝❡ t❡r♠s✳
■t ✐s ♥♦♥ ❝♦♥✈❡♥t✐♦♥❛❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s ❣✐✈❡♥ ❛s t❤❡ s✉♠ ♦❢ t❤❡ ❦✐♥❡♠❛t✐❝
❡♥❡r❣② ♦❢ ∂tu ❛♥❞ t❤❡ L2✲♥♦r♠ ♦♥ Σ ♦❢ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ∂nu ❛♥❞ ∂tu✳ ❲❡
❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t ✐❢ γ ≥ κ

4 ✱ t❤❡ ❡♥❡r❣② ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ ✐s ❝♦♥✈❡r❣✲
✐♥❣ t♦ ③❡r♦✳ ❲❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈❡❞ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s♦✉♥❞✲s♦❢t s❝❛tt❡r❡r✱ t❤❡
s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s t♦ ③❡r♦✳ ■♥ ❝❛s❡ ♦❢ ❛ s♦✉♥❞✲❤❛r❞ s❝❛tt❡r❡r✱ t❤❡ s♦❧✉t✐♦♥ ❝❛♥
❝♦♥✈❡r❣❡ t♦ ❛ ❝♦♥st❛♥t ❛♥❞ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡
❝♦♥st❛♥t t♦ ❜❡ ③❡r♦✳ ◆♦✇ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❛♥❛❧②s❡ ✐❢ t❤❡r❡ ✐s ❛ ✈❛❧✉❡ ♦❢
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γ t❤❛t ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞
❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ❛♥❞ ✇❡ ♥♦✇ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❜❡st ✇❛② t♦ ✐♠♣❧❡♠❡♥t t❤❡
❆❇❈ ✭✷✳✼✮ ✐♥t♦ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ❝♦♥s✐sts ✐♥ ❞❡✜♥✐♥❣ ❛♥ ❛✉①✐❧✐❛r②
✉♥❦♥♦✇♥ t♦ ♦❜t❛✐♥ ❛♥ ❆❇❈ ❡❛s✐❡r t♦ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ❆❇❈
✭✷✳✼✮ ✐s t❤❡♥ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s ✿

∂nu = −∂tu− κ

2

(

∂t −
κ

4
+ γ
)−1

∂tu ♦♥ Σ

❛♥❞ ✇❡ ❞❡✜♥❡ ψ ❛s t❤❡ s✉r❢❛❝❡ ✜❡❧❞ s❛t✐s❢②✐♥❣
(

∂t −
κ

4
+ γ
)

ψ = ∂tu ♦♥ Σ.

❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ u s❛t✐s✜❡s

∂nu = −∂tu− κ

2
ψ ♦♥ Σ,

✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ✐♥❝❧✉❞❡❞ ✐♥t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣
ψ ✇❤✐❝❤ ✐s ♦♥❧② ❞❡✜♥❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② Σ✳ ❚❤❡♥✱ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠
r❡❛❞s ❛s✿ ✜♥❞ (u, ∂tu, ψ) s♦❧✉t✐♦♥ t♦































































∂2
t u−△u = 0 ✐♥ Ω × (0,+∞) ;

u(0, x) = u0(x), ∂tu(0, x) = u1(x) ✐♥ Ω;

ψ(0, x) = ψ0(x) ♦♥ Σ;

u = 0 ♦♥ Γ × (0,+∞) ;

∂nu+ ∂tu+
κ

2
ψ = 0 ♦♥ Σ × (0,+∞) ;

(

∂t −
κ

4
+ γ
)

ψ = ∂tu ♦♥ Σ × (0,+∞) .

✭✺✳✶✮

❛♥❞ ✇❡ s✉♣♣♦s❡ t❤❛t ψ(0, x) = 0 ♦♥ Σ✳ ❇② t❤✐s ✇❛②✱ ✭✺✳✶✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
✭✷✳✶✶✮✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ♦❢ ✭✺✳✶✮ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞
✐♥ ❛♥♦t❤❡r r❡s❡❛r❝❤ r❡♣♦rt t❤❛t ✇✐❧❧ ❢♦❧❧♦✇ t❤✐s ✇♦r❦✳

❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✸

✷ ❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛✲

t✐♦♥ ✹

✷✳✶ ❚❤❡ ♠✐❝r♦✲❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✳ ✹
✷✳✷ ■♠♣r♦✈✐♥❣ t❤❡ ❈✲❆❇❈ ✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝ r❡❣✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✸ ▼❛t❤❡♠❛t✐❝❛❧ st✉❞② ✼

✸✳✶ ❆ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✸✳✷ ❆ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✹ ▲♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ✷✶
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✺ ❈♦♥❝❧✉s✐♦♥ ✷✻

❘❡❢❡r❡♥❝❡s
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