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Joseph Fourier University, Laboratoire Jean Kuntzmann, MOISE team,
BP 53, 38041 Grenoble Cedex, France

May 29, 2012

Abstract: Global sensitivity analysis is often impracticable for
complex and resource intensive numerical models, as it requires
a large number of runs. The metamodel approach replaces the
original model by an approximated code that is much faster to
run. This paper deals with the information loss in the estimation
of sensitivity indices due to the metamodel approximation. A
method for providing a robust error assessment is presented, hence
enabling significant time savings without sacrificing on precision
and rigor. The methodology is illustrated on two different types of
metamodels: one based on reduced basis, the other one on RKHS
interpolation.
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1 Introduction

Many mathematical models use a large number of poorly-known parame-
ters as inputs. The impact of parameter uncertainty on the model output
is important for the user of these models. This problem can be tackled
by considering the uncertain input parameters as random variables, whose
probability distribution reflects the practitioner’s belief in the precision of
the parameter values. Model output, as function of the model inputs, is
then a random variable. Its probability distribution, uniquely determined
by the model and the distribution of the inputs, can give detailed and valu-
able information about the behavior of the output when input parameters
vary: range of attained values, mean value and dispersion about the mean,
most probable values (modes), etc.

Sensitivity analysis aims to identify the sensitive parameters, that is, pa-
rameters for which a small variation implies a large variation of the model
output. In global sensitivity analysis, one makes use of the probability
distribution of the outputs to define (amongst other sensitivity measures)
sensitivity indices (also known as Sobol indices). The sensitivity index of an
output with respect to an input variable is the fraction of output variance
which can be “explained” by the variation of the input variable, either alone
(one then speaks about main effect), or in conjunction with other input vari-
ables (total effect). This way, input variables can be sorted by the order of
importance they have on the output. One can also consider the proportion
of variance due to the variation of groups of two or more inputs, although
main effects and total effects are generally sufficient to produce a satisfying
sensitivity analysis; see, e.g., [11, 18] for more information about uncertainty
and sensitivity analysis.

Once these indices have been defined, the question of their effective calcula-
tion remains open. For most models, an exact, analytic computation is not
attainable (even expressing an output as an analytic function of the inputs
is infeasible) and one has to use numerical approximations.

A robust, popular way to obtain such approximations is Monte Carlo esti-
mation. This method simulates randomness in inputs by sampling a large
number of parameter values (from the selected input distribution). The
model output is then computed for each sampled value of the parameters.



This way, one obtains a sample of outputs, under the conjugate action of the
model and the input distribution. A suitable statistical estimator can then
be applied to form a numerical estimate of the sensitivity index based on the
sample of outputs. The Monte Carlo approach to Sobol indices computation
is described in [22], together with improvements in [12, 17].

A major drawback of the Monte Carlo estimation is that a large number of
model outputs have to be evaluated for the resulting approximation of the
sensitivity index to be accurate enough to be useful. In complex models, in
which a simulation for one single value of the parameters may take several
minutes, using these methods “as-is” is impracticable. In those cases, one
generally makes use of a surrogate model (also known as reduced model,
emulator, metamodel or response surface). The surrogate model has to
approximate the original model (called the full model) well, while being
many times faster to evaluate. The sensitivity index is then calculated wvia
a sample of outputs, each generated by a call to the surrogate model, thus
accelerating the overall computation. The aim of this paper is to quantify
accuracy loss due to the use of a metamodel combined to a Monte-Carlo
method to compute sensitivity indices.

The sensitivity index produced by Monte Carlo estimation with a surrogate
model is tainted by a twofold error. Firstly, our Monte-Carlo sampling
procedure assimilates the whole (generally infinite) population of possible
inputs with the finite, randomly chosen, sample; this produces sampling, or
Monte-Carlo error. Secondly, using a surrogate model biases the estimation
of the Sobol index, as what is actually estimated is sensitivity of surrogate
output, and not the full one; we call this bias the metamodel error.

A variation on the bootstrap, which addresses sampling error as well as
metamodel error, has been proposed in [23]; in this work, the authors pro-
pose to use a bootstrap strategy on the metamodel residuals to estimate
metamodel error and Monte-Carlo error simultaneously. In [14], confidence
intervals for the Sobol index are estimated using the conditional distribu-
tion of the Kriging predictor given the learning sample. This approach is
limited to Kriging metamodels. Finally, the paper by [2] makes use of the
reduced-basis output error bound to certify computation of the expectation
and the variance of a model output (and not, as in this paper, the Sobol
indices) with neglected sampling error.

In this paper, we want to make a rigorous sensitivity analysis, so it is impor-
tant to assess the magnitude of these two combined errors on the estimated
sensitivity indices. We will also use such assessment to help with the choice
of correct approximation parameters (Monte-Carlo sample size and meta-
model fidelity) to achieve a desired precision in estimated indices.

We estimate sampling error by using a classical method, which comes at a
moderate numerical cost: bootstrap resampling ([3, 1]). Based on statistical
estimation theory, the bootstrap technique involves the generation of a sam-
ple of sensitivity index estimator replications, whose empirical distribution



serves as approximation of the true (unknown) estimator distribution, in
order to produce asymptotic confidence intervals that give good results in
many practical cases.

To estimate metamodel error, we will use the surrogate models coming with
error bounds, that is, computable (or at least estimable) upper bounds on
the error between the original and the surrogate outputs. The reduced basis
(RB) method ([15, 10, 25, 9]) is a method leading to such rigorously certified
metamodels; it is applicable when the original model is a discretization of
a partial differential equation (PDE) depending on the input parameters.
Kriging ([19]) — also known as Gaussian process metamodelling, which is
equivalent to RKHS (reproducing kernel Hilbert space) interpolation ([20]) —
also provides error indicators. In contrast to the RB method, Kriging/RKHS
interpolation only requires “blackbox” training data, i.e. a (finite) set of
input-output pairs from the original model. This makes it more versatile
and easier to use, at the expense of rigor in the error bounds and quality in
the approximation.

Our new approach is based on the separation of the estimation of the meta-
model and the sampling error. The advantages brought by our approach
are: its rigorousness (the impact of the use of a surrogate model is prov-
ably bounded); its efficiency (our bounds are rather sharp, and go to zero
when metamodel errors decrease); its moderate computational requirements
(time is better spent on making a precise computation than at measuring
precision) and its versatility with respect to metamodel choice (the user can
choose any metamodel that comes with computable error bound or error in-
dicator). In other words, our method allows us to estimate sensitivity indices
by using a metamodel which greatly speeds up computation times, while rig-
orously keeping track of the precision of the estimation. The model has to
exhibit some regularity which can be captured by a metamodel. Moreover,
the metamodel error bound should not be too pessimistic.

This paper is organized as follows: in the first part, we describe the pre-
requisites for our approach: we give the definition of the standard Monte
Carlo estimator of the sensitivity indices of interest; in the second part, we
present our confidence interval estimation technique for the sensitivity in-
dex, which accounts for the two sources of error described earlier (sampling
and metamodel). In the third part, we present applications of our method
for reduced-basis and RKHS/Kriging interpolation metamodels, and com-
pare our method with the method described in [23]. Notations are gathered
in B.



2 Review of sensitivity indices

2.1 Definition

In order to define sensitivity indices, we choose a probability distribution for
the input variables, considering each input variable X; (i = 1,...,p) asaran-
dom variable with known distribution; the model output Y = f(Xy,...,X,)
(assumed to be square-integrable, non a.s. constant and scalar: multiple
outputs can be treated separately) is thus for X = (Xy,...,X,) a o(X)-
measurable random variable (assuming that f is a o(X)-measurable func-
tion). We further assume that the X;’s are mutually independent. We also
fix throughout all this paper an input variable of interest 1 < ¢ < p. We
define the first-order main effect of X; on Y by:

_ VarE(Y|X;)

Si VarY

(1)
S; is the sensitivity index in which we are interested in this paper but other
indices (total effect, high-order effects) exist and our methodology can read-
ily be extended to these indices.

2.2 Monte-Carlo estimator

We are interested in the following Monte-Carlo estimator for S; ([12, 17]):

a sample size N € N being given, let {Xk}k, and {X/k}k:1 N be

two random i.i.d. samples of size N each, drawn from the distribution of

ey

the input vector X.
For k=1,..., N, we note:

i = f(XF) (2)

and:
v = fOXT, XX XX (3)

The Monte-Carlo estimator of S; is then given by:

yl_yx /
y -y
7UN)7

)
<

where, for any vector v = (vq,. ..

_ 1
v =

=|

N
S
k=1

It can be shown that S; is a strongly consistent estimator of S;.
Remark: our methodology can be extended to higher order Sobol indices by
choosing primed output sample {y.} appropriately. More specifically, for a



subset of variables I C {1,...,p}, the closed index with respect to I, defined
by:

_ VarE(Y|(Xi)ier)

S
! VarY
is estimated by using:
XFifiel
yh = f(X/Ik)’ where X}lfz — { Xz{k s

and standard high-order indices can be treated by subtracting the effects of
the proper subsets of I.

3 Quantification of the two types of error in index
estimation

We now present our method for estimating the two types of error that occur
in Monte-Carlo sensitivity index estimation on a reduced-basis metamodel.
In Sections 3.1 and 3.2, we show two approaches for taking metamodel error
in account. In Section 3.3, we review the bootstrap, which we will use for the
treatment of sampling error. Section 3.4 shows how to combine metamodel
error and Monte-Carlo estimation in order to provide the final index interval
estimation.

3.1 Metamodel error in index estimation

We now denote by f: P C R?” - R the metamodel output approximating
f P — R, and by ¢ the pointwise error bound that certifies the metamodel
approximation, i.e. we have:

‘f(x) - f(X)‘ <e(x) VxeP

For a pair of samples ({Xk}k:17...,N, {X'k}k:Lm,N) of inputs, we can use

our metamodel output f and our metamodel error bound ¢ to compute, for
k=1,...,N:

Uk = J?(Xk)a ﬂ;c = f(X{k’ s ’Xz{]ilaXik’Xz{ﬁ—l’ e ’XI,Jk) (5)
and:
en=e(XF), ep=e(X{, . XELXE X LX) (6)

In this section, we find accurate, explicitly and efficiently computable bounds
S™ and SM | depending only on 7, 7}, €x and €}, so that:

S <8 <SM (7)



In other words, we want lower and upper bounds on the full model based
sensitivity index estimator S, computable from surrogate model calls.

We now define, for any z = (21,...,2n,2],...,2y) € R* and any a,t,t' €
R the R function by:

R(a;z,t,t") Z 2, — ( zk—t)—i—t))

Lety = (Y1,-- -, YN, Y1, - -+, Yn)- By setting first derivative of R with respect
to a to zero, making use of the convexity of R(-;y,%,%’) and using the
definition (4) of \S;, one easily shows that:

S; = argmin R(a; y,7,7). (8)
acR

In other words, S; is the slope of the linear least squares regression of the
{y;.}x on the {yr}r. The key of our approach is to bound R(a;y,7,7)
between two quantities which are computable without knowing y, nor 3 and
7' and by using (8) to deduce bounds for any realization (ie., evaluation on
a sample) of S; which depend only on metamodel outputs and error bounds,
that is Yk, €k, Vg, € k= 1,..., N.
Recall that:

g = FXP), gp = FOXE, X XE XX

and:
en=c(XF), ep=e(X{ . XL XE XD LX),

Define:

M=

Rznf(a7 ya g, ta t,) -

{ - inf (2 — (a(z — ) + t’))z}

=1 z€lyp—erynterl 2y, €ly) —er sy e

and:

N
Rsup(a§ 577 €, t7 tl) = Z { sup (Zl/e - (a(z - t) + t/))Q}

k=1 | zEWn—erivnterl, 2 €W, —e) 1 +e) ]

where ¥ = (U1, -+, UN, Ul -+ UN)s € = (E1y - ENLELs oo EN)-
It is clear that:

Rinf(a;y,e,t,t') < R(a;y, t,t') < Reyp(a; y,€,t,t') Va,t,t' e R (11)

Note that R, R,y and Rg,, are quadratic polynomials in a. We name
o, B, Qingy Bingfs Yinf» Csups Bsup and vYsyp their respective coefficients. In
other words, we have:

R(a;y,t,t") = aa® + fa+~



Rinf(a;g’7€7t7t/) = CV@'nfa2 +/8infa+7inf (12)
Rsup(a§ g’, g, t, t/) = O‘supa2 + 5supa + Vsup (13)
These coefficients are computable by evaluating R, r(a;y, €,t,t') and Reup(a; ¥, €,t,t)
for three different values of a and solve for the interpolating quadratic func-
tions. These coefficients depend on ¢ and #', as well on y (for a, 3,7) and y
and e (for the other coefficients). We do not explicitly write this dependence

until the last part of our discussion.
Using (11) we see that the quadratic function of a:

(ainf - a)a2 + (/Bmf - /B)a + Yinf —

is negative or zero; hence it takes a non-positive value for a = 0, and has a
non-positive discriminant:

(Bing — B8)* < 4aing — @) (Ying —7) (15)
As (Bing — 3)? > 0, Equations (14) and (15) above imply that Qinp —a <0,

and that:

for 8inf = 21/ (tins — @)(Yins — 7).
We now suppose that aj,s > 0. As ay,y is computable from Uk Uk» € and
g), one can practically check if this condition is met. If it is not the case,
our bound can not be used. We expect that if the metamodel error is not
too large, we will have a;,r ~ a and, as a > 0, the hypothesis a;,y > 0 is
realistic.
So, under this supplementary assumption, we have:

argmin R(a;y,t,t') = _B > _Bing & Oing

a 2a 20t f

Now using the second part of (11) and the same reasoning on the non-
positive quadratic function of a: R(a;y,t,t') — Rsup(a;y,€,t,t"), we find
that: o < agyp, and: Beup — sup < B < Boup + Osup- Hence,

_ ﬁsup - 6sup

argmin R(a;y,t,t') <
a 2asup

where 04y = 2\/ (ov = agup) (7 — Ysup)- This comes without supplementary
assumptions, because gy, > @ and a > 0, or else R(+;y,t,t') would have
no minimum (even if the case @ = 0 can seldom occur due to sampling
fluctuations, the hypothesis Y not constant a.s. ensures that increasing N
and/or changing the sample will lead to a case where a > 0).



As we clearly have d;,, 5 and 0, smaller than (or equal to) 5= 2\/(amf — oup) (Vinf — Vsup)
we deduce that:

Bing (t,1') +6(t, 1)
2ainf (t, tl)

/Bsup(ta t,) - g(t’ t/)
205 (t, 1)

< argmin R(a;y,t,t") <
a

where we have made explicit the dependencies in ¢ and ¢'.
To finish, it is easy to see that we have:

P=[-5y+e >y (16)

and:
/

P=-gy+e]>7 (17)
(where 7, 7, and &’ denote, respectively, the empirical means of (), , (¥, w0 (ER)g
and (e},),) so that:

() +0(t, 1 . ) —8(t,t
min —Bmf( )+ /( ) < S; = argmin R(a;y,t,t') < max —BSUP( ) /( 1)
teP.eP’ 20inf(t, 1) a teP P 205p(t, 1)

Hence, (7) is verified with:

G (_ Bing (8. t) +0(t, t’)) G _ (_5sup(t, t') — d(t, t’))

S™ = min

- max
" PP 200 f (L, 1) ' tePHEP 205up(t, t')
(18)

It is clear that S™ and SM are computable without knowing the s and

/
yk:S' R R
In practice, we compute approximate values of S;" and SiM by replacing
the min and max over P x P’ by the min and max over a finite sample

ECPxP.

3.2 Metamodel error in index estimation: a smoothed alter-
native

The bounds we presented in the last section are sometimes uninteresting,
as, when ¢ is large enough with respect to f, the bounds @ and SM are not
tight enough to be useful: it happens for example that [0;1] C [gﬁ, SM.
Such a case is the RKHS interpolation metamodel example we present in
Section 4.2.

In this section, we present an alternative to the bound described in the
previous section. This alternative is interesting when ¢ is only moderately
small with respect to f.

We begin by defining 1;(z) as the Monte-Carlo sensitivity index estimator for

variable i using z = (z1,...,2n,2],...,2y) as function evaluations sample:
i(2) 2z —Z2!
i 7Z) = —_ 5 -
22 _ 52

9



It is clear that:
¢i(y1,--‘ayN’y£"">y§V) :Si’

where {yx} and {y},} are defined in (2) and (3).
Also let:

N N
Z= H [Uk — k5 Uk + €k X H [T — €k T + €5) -
k=1 k=1

Now, since:

Vk=1,....,N yi € [ — k; U + €] and y}, € [Jf — €4 Tp + €%)5

we certainly have (y1,...,yn, %1, --,Yn) € Z and hence:
ini;(z) < S; < (2). 1
min Pi(z) < S; < max ;(z) (19)

Minimizers and maximizers of optimization problems in (19) often display
a very irregular (nonsmooth) behavior (as a function of the sampled inputs
{x1,...,%XN,X],...,Xy}), even for a smooth output f. This leads to overly
pessimistic bounds in (19). To overcome this difficulty, we propose to ensure
smoothness of the solution by introducing a penalty factor A > 0 and to take:
Sm,)\ _ T,Z)i(zm7)\) SMJ\ _ ¢i(ZM’)\)

(2 (2

where:

2™ = argmin (¢;(z) + Ml(z))  2M* = argmax(¢;(z) — A\(z))  (20)
z€EZ zEZ
for TI(z) a (non-negative) indicator of the smoothness of the function which
take z as values when evaluated on the input sample {x1,...,xy,x],..., Xy }.
For instance, one may take:

1 2N s 9
II(z) = IN 2 (zk — zk) (21)

with {z7} a kernel-smoothed version of {z}:

2N l1%¢5r =k ||
s Zk/:1K(kf 2
Zp =
2N Il =%k |l
SV K (e

for K an appropriate kernel (preferably with compact support, for reasons
of efficiency of the implementation), h a suitable bandwidth (in the sum we
have set xn = x}, for k=1,...,N), and |-|| the Euclidean norm on R?.
The main difficulty is that these optimization problems are in potentially
large dimension 2IN. However, the gradient of the objective functions are

(22)

10



analytically available — under (21) and (22) — and can be cheaply evaluated,
so we choose to use a L-BFGS quasi-Newton algorithm, as implemented in
L-BFGS-B ([26]), to solve problems (20).

Concerning the choice of A and h, we opt for the following: h should be cho-
sen so as to have a reasonable proportion (say, 1 to 5 percent) of “neighbor”
points (that is to say, couples of points in {xj }x—1,. n having a significantly
nonzero value on the kernel K'). For the choice of A: we plot, for a chosen h
held fixed, the length ‘SZM’)‘ — Slm’)“ as function of A, and then choose A to

be the abscissa of the bottom-left corner of the “L-shaped” curve obtained.

3.3 Sampling error : bootstrap confidence intervals

Sampling error, due to the Monte-Carlo evaluation of the variances in (1),
can be quantified through an approximate confidence interval calculated
using bootstrap ([1]).

We use the bias-corrected (BC) percentile method presented in [6, 7]. The
principle of this method can be summed up the following way: let 6( X1, ..., X,,)
be an estimator for an unknown parameter 6 in a reference population P. We
generate a random i.i.d. n-sample {z1,...,x,} from P, then we repeatedly,
for b = 1,..., B, randomly draw {z1[b],...,z,[b]} with replacement from
this sample and get a replication of 6 by computmg 0[b] = (x1[b], . .., xn[b]).
This way we obtain a set R = {0[1],...,0[B]} of replications of 9

We now show how this sample can be used to estimate a confidence interval
for 8. We denote by ® the standard normal cdf:

D(2) \/ﬂ/ exp( 2>dt

and by 1 its inverse.
Using R and the point estimate § = 6(z1,...,x,), a “bias correction con-
stant” zy can be estimated:

S #{0[b] € R s.t. O]b] < 6}
20 — B

where #A denotes the number of elements in the set A.
Then, for 5 €]0;1[, we define the “corrected quantile estimate” g(f):

q(B) = (220 + 25)

where zg satisfies ®(23) = f.

The central BC bootstrap confidence interval of level 1 — « is then estimated
by the interval whose endpoints are the g(a/2) and g(1 — a/2) quantiles of
R.

The BC bootstrap procedure is known to be robust to non-normality of 0.
The key advantage of bootstrapping our sensitivity estimators is that we

11



do not require supplementary model evaluations to estimate a confidence
interval; hence the computational overhead for getting a confidence interval
(versus pointwise estimation only) remains quite modest.

3.4 Combined confidence intervals

From Section 3.1 to 3.3, we have seen how to separately assess sampling error
and metamodel error. To take both sources of error into account simultane-
ously, we propose using bootstrap confidence intervals (see Section 3.3) by
calculating B bootstrap replications of 5;” and §ZM , where, forb=1,...,B
each bootstrap pair (Slm b]; SM [b]) is computed using (Y ) e, » (Tk) e 1, @S
surrogate output samples, and associated error bounds (gk)keLb , (aﬂ)keLb’
where Ly is a list of N integers sampled with replacement from {1,..., N}.
Here the bounds §Zm and §ZM can be computed using either the method
described in Section 3.1, or the one described in Section 3.2.

The BC bootstrap confidence interval procedure (see Section 3.3) can then
be used to produce (1 — «)-level confidence intervals [SZ /25 SZ 1—a2] for Si,

and [SZ )2 S% a/2] for SM. We then take as combined confidence interval
of level 1 — a for S; the range [§i,a/2’ S%—a/Z]‘ This interval accounts for
sampling and metamodels error simultaneously: let, for b = 1,..., B, S;[b]
be the b bootstrap replication, computed using the true outputs (yk)keLb.
As, for each b, we have:

S[b] < Sifb] < SM[p),
it follows that

q q q oM
Smoz/Q < Si7oz/27 and Si,l—oz/Z < Si,l—oz/Q’

2y

where SZ /2 and SZ 1-a/2 ar€ the endpoints of the (1 —«) BC-confidence in-
terval computed using (S [b])p as replications. It follows that [SZ )2 Sm_a /2]
is contained in [52”0{ /25 §ZN1[7 o /2] and, hence, the level of the latter interval is

greater than the level of the former. As the level of the [§Z )2 §Z 1—a/2] 18
(asymptotically) equal to 1 — «a, the asymptotic level of the combined con-
fidence interval [SZ o /Q,S% o /2] should theoretically be, by design, greater
than 1 — a.

4 Applications

4.1 Application to a reduced basis metamodel

The reduced basis method ([15, 16]) can be applied when the output is a
functional of the discretized solution of a partial differential equation (PDE).

12



In particular cases (for instance [15] for elliptic equations, [13] for viscous
Burgers equation, [24] for parabolic equations), it has been shown that the
reduced basis output error bounds are accurate and useful. Due to the in-
trusive nature of the reduced basis approach and “problem-dependent” con-
siderations made during the construction of the metamodel, one can expect
fastly-convergent, tight and fully justified error bounds for the sensitivity
indices.

In this section, we test our combined confidence interval procedure described
in Sections 3.1 and 3.4, and compare it with Monte-Carlo estimation on the
full model (with bias-corrected bootstrap to assess sampling error). Our
criteria for comparison are the CPU times needed to compute the intervals
and the lengths of these intervals (the smaller the better). Note that the
error bounds given by the reduced basis method are sufficiently small so
that the “smoothness” bounds described in Section 3.2 give similar results
to the method of Section 3.1.

In all our tests we take o = .05 and B = 2000 bootstrap replications. We
checked that this value of B is large enough by increasing B (ie., setting
B = 4000), and notice that our results remain significantly unchanged.

4.1.1 Model set-up

Let u, a function of space x € [0; 1] (note that space variable z is unrelated
to input parameter vector x) and time t € [0,7] (T > 0 is a fixed (i.e.,
known) parameter) satisfying the viscous Burgers’ equation:

ou 10 9%

5t T35, %) - Vo =¥ (23)

where v € R is the viscosity, and ¢ € C° ([O,T],L2 (Jo, 1[)) is the source
term.

For u to be well-defined, we also prescribe initial value ug € H'(]0,1[) (ie. ug
is in the Sobolev space of square-integrable functions whose first derivative
is square-integrable), and continuous boundary values bg, b; € C°([0, 7).
The initial ug and boundary values by and b; are parametrized the following
way:

n(bo n(bl
bo(t) = (uom)® + Z Al sin wl bi(t) )+ Z Al sin wl
nT(¢) ns(¢ n(uo)

Y(t2) = tm + Z Z AL sin(w ) sin(@¥Sz) uo(x) = (uom)® + . AW sin(wfVx)

The values of the angular frequencies wf’ , wf’l, w;b , w;f S and w;', as well as

their cardinalities n(by), n(b1), nr(¥), ns(¥) and n(ug) are fixed (known),
while our uncertain parameters, namely: viscosity v, coefficients v, and
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Uom, and amplitudes (A?O)

and (A}"°)
by:

I=1,....n(u0) live in some Cartesian product of intervals P defined

b b b b
P={x= (v, A, A, AN A, AL AL LAY, s

A e A e A sy toms AT, A L (24)
The solution v = u(x) depends on the parameter vector x above.

The “full” model is obtained by discretizing the initial-boundary value prob-
lem, using a discrete time grid {t; = kAt}—o . 7/a¢, Where At > 0 is the
time step, and, space-wise, using P! Lagrange finite elements built upon an
uniform subdivision of [0;1]: {z; = i/N}, for i =0,...,N. Our full output
is:

1 N
Jx) = fux) = 37 >_ult =T,z = ;)
i=0

The reduced basis method is then applied to yield a surrogate solution u of
(23), as well as an error bound ¢, on u. The reader can refer to [13] for full
details on discretization, reduction and derivation of the RB error bound for
this model. The main idea of the reduced basis method is to project u onto
a well-chosen subspace of X whose dimension n (the reduced basis size) is
smaller than the dimension of the finite element space that can be used to
solve (23) numerically.

In our numerical experiments, we take N' = 60, At = .01, T' = .05, ng(¢)) =
nr(¢) =n(bo) =n(b1) =0, n(up) = 1, wy® = 0.5, AY° =5 and ¢, = 1.
The two input parameters are independent and uniformly sampled. The
table below contains the ranges for them, and also the “true” values of the
sensitivity indices, which have been calculated (in more than 14h CPU time)
using a Monte-Carlo simulation with large sample size N = 4 x 10° (so as
to BC bootstrap confidence intervals of length < 1072) on the full model:

Parameter | Range | Confidence interval for sensitivity index
v [1; 20] [0.0815;0.0832]
Uom [0;0.3] [0.9175;0.9182]

For benchmarking purposes, as they were computed using the true model
with a large Monte-Carlo sample size, we can take the following values:

S, = 0.082 and S,,, = 0.918 (25)

as “true” sensitivity indices.
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4.1.2 Empirical coverage of combined confidence intervals

We test the performance of our combined confidence intervals by assessing
their empirical coverage. This empirical coverage is measured by computing,
for each input variable, 100 combined confidence intervals (each time with
different input sample), and counting the proportion of intervals containing
the true values in (25). The reduced basis size is n = 9; Monte-Carlo sample
size is N = 300. Results are gathered in the table below:

Parameter | Mean confidence interval | Empirical coverage
v [ 0.0139;0.2083 ] 0.91
Uom 0.8421;0.9491] 0.87

4.1.3 Convergence benchmark

Figure 1 shows the lower Sm and upper SM bounds (defined in Section 3.1)
for different reduced basis sizes (hence different metamodel precisions) but
fixed sample of size N = 2000, as well as the bootstrap confidence intervals
computed using the procedure presented in Section 3.4. This figure exhibits
the fast convergence of our bounds to the true value of the sensitivity index
as the reduced basis size increases. We also see that the part of the error
due to sampling remains constant, as sample size stays the same. We also
notice that the true values lie between SZ "0o5 and SZ 1— 025, and not always

between Slm and SZ ; this is due to the Monte-Carlo part of the error, which
is not taken into account by the [S; SM] bounds.

4.1.4 Choice of n and N

In practice, one wants to estimate sensitivity indices with a given precision
(7e. to produce (1—a)-level confidence intervals with prescribed length), and
has no a priori indication on how to choose N and n to do so. Moreover, for
one given precision, there may be multiple choices of suitable couples (N, n),
balancing between sampling and metamodel error. Increasing N and/or n
will increase the overall time for computation and improve the precision of
the calculation (thanks to reduction in sampling error for increased N, or
reduction in metamodel error for increased n).
We wish to choose the best compromise, that is, the one that gives the small-
est computation time; for the reduced basis method, this time is roughly
proportional to N x n? (as a number proportional to N of linear systems of
size m have to be solved). On the other hand, the length of the combined
confidence interval can be modelled as the sum of two terms:
Za + < (26)
VN a”
where Z,, C are positive constants and a > 1 is a constant. The first term
accounts for sampling error; its form is heuristically deduced from central

15



lower bound

upper bou
lower bound, 95% CI
upper bound, 95% CI SM ™"

0.18

0.16 ™
0.14

0.12

sensi 0

0.1

7 8 9 10 11 12 13
reduced basis size

lower bound S
per bou 1

up|
lower bound, 95% CI

S
upper bound, 95% CI SM ™" 77

sensi 2

0.88

0.86

0.84

0.82 p

0.8

10 11 12 13

reduced basis size

-
. 3

Figure 1: Convergence benchmark for sensitivity indices estimation in the
Burgers’ model, left: variable v, right: variable ug,,. We plotted, for a fixed
sample size N = 2000, estimator bounds S™ and SM defined in (3.1), and
endpoints ‘SA”Z?O% and §%__025 of the 95% confidence interval, for different
reduced basis sizes.
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N 5210 8600 23000
n 13 11 8
N xn’ 11446370 | 11446600 | 11776000
Mean CI length | 0.0416 0.0389 0.165

Table 1: Mean confidence interval lengths for different choices of n and .

limit theorem. The second accounts for metamodel error; its exponential
decay is backed up by numerical experiments as well as theoretical works
(e.g. [3]). The parameters Z,, C' and a can be found by doing “calibration
runs” with a fixed small sample size N and different reduced basis sizes
ni,...,NgK, and by regressing the obtained confidence interval lengths using
(26).

Minimizing the computation time under the constraint that error is equal to
a given “target precision” leads to a straightforward constrained optimiza-
tion problem (P), which can be solved, after estimation of Z,, C' and n, to
find (after rounding to the closest integer) the optimal n and N for a desired
precision.

The results of the optimization procedure, for two different target precisions,
can be found in the table below. We also present the mean confidence

interval length:
1& .
]_3 ; (S%—Q/Q - Si,a/Z) )

to check that the obtained confidence intervals (CI) have the desired length.

Target precision= 0.04 | Target precision= 0.02
N 8600 22000
n 11 11
CI for S, [0.0691614 ; 0.119096] | [ 0.0659997 ; 0.0937285 |
CI for Sy,,, [0.890985 ; 0.919504] [ 0.914266 ; 0.926452 |
Mean CI length 0.0389 0.0199

To check for the optimality of the choices of n and N, we ran the estimation
procedure for different n and N but (approximately) fixed time budget N x
n3. Results are in Table 1. Only the choice in the middle column, in italics,
is the result of the optimization procedure described in this paragraph. We
show that it leads to better (smaller) confidence intervals than the other
choices.

4.1.5 Full-scale example

We now present an example with more parameters. We take N = 300,
At = .01, T = .05, n(¢) = 0, n(ug) = 5, n(by) = n(b1) = 2, Y, = 1,
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wzo =5, wy’ =1, ws® = 1.5, wy® = 2, wg® = 2.5, wi’o = wll’l = .3 and
0

Wy’ = wgl = .6. Input parameters are assumed independent and uniformly

distributed in the ranges below:

Parameter(s) Range

v [1;20]

Uom, A7 (i=1,...,5) | [0;0.2]
Abo [1;1.3]

Abo [0;0.2]

AP (i =1,2) [0;0.2]

fm [0;0.2]

We used a reduced basis of size n = 13. The combined confidence intervals
obtained, for N = 7000, have mean length ~ 0.08. Their computation
required N x (p + 1) = 91000 calls to the metamodel; these calls took 85
s of CPU time. By extrapolating the time necessary to generate the 200
(full) model evaluations for the choice of the reduced basis, we found that
creating bootstrap confidence intervals of length 0.08 using the full model
would require approximately 514 s. The use of a metamodel hence enabled
a 6x speedup.

4.2 Application to a RKHS interpolation metamodel

We test our method using a RKHS interpolation metamodel based on the
Ishigami function:

(X1, X2, X3) = sin X7 + 7sin? Xy + 0.1X3 sin X;

for (X;);=1,2,3 i.i.d. uniform in [—7;7].
The analytical values of sensitivities are known:

S1=0.3139, S; =0.4424, S3=0.

We refer to A for details on the RKHS methodology and on the method of
error estimation.

The experimental design D, of size denoted by n, have been generated us-
ing maximin latin hypercube samples (using maximinLHS of R 1hs package
([1]). The R package mlegp ([5]) is used as our RKHS interpolation/Kriging
toolbox.

Smoothing parameters are set to: A = .6, h = .2. We computed, for different
learning sample sizes n, the empirical coverages and mean lengths of the
combined confidence intervals (with the “smoothed” alternative described in
Section 3.2). Monte-Carlo sample size is N = 1000, and B = 300 bootstrap
replicates are computed. Finally, as Sobol indices are always bounded by 0
and 1, the reported confidence interval is the intersection of the computed
interval with [0; 1] (note that one can instead shift the interval to be a subset
of [0;1] while maintaining its original length as done in [23]). Results are
given in Table 2.
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Learning sample size n | Variable (true index) | Mean 95% combined conf. int. | Mean length | Coverage

110 X1 (0.3139) [0.207;0.759] 0.552 0.94
110 X2 (0.4424) [0.0169;0.561] 0.545 0.98
110 X3 (0) [0;0.356] 0.357 1

130 X1 (0.3139) [0.262;0.626] 0.364 0.83
130 X2 (0.4424) [0.083;0.491] 0.408 0.93
130 X3 (0) [0;0.256] 0.257 1

160 X1 (0.3139) [0.274;0.509] 0.235 0.92
160 X (0.4424) [0.216;0.486] 0.27 0.92
160 X3 (0) [0;0.180] 0.18 1

Table 2: Obtained confidence intervals for the RKHS interpolation meta-
model.

Variable (true index) | Mean 95% Combined conf. int. | Mean length | Coverage
X, (0.3139) [0.0164222;0.218084] 0.202 0.02
X2 (0.4424) [0.0877679;0.351651] 0.264 0.11
X3 (0) [0.00750793;0.173349] 0.166 0.82

Table 3: Confidence intervals for the RKHS interpolation metamodel ob-
tained with CompModSA.

The bound described in Section 3.1 has been tested on this example but did

not give interesting results (ie. the produced intervals satisfied [S"; SM][0;1]).

The reason is that the RKHS error estimator remains large, even for the
larger n values for which the metamodel construction is practicable.

We compared these results with the ones obtained with CompModSA, a soft-
ware package implementing the methodology described in [23]. We used
as parameters: surface="mlegp’ (Kriging metamodel), n.mc.T=0 (we do not
want any total index computation), n.mc.8=1000 (sample size), n.samples=1
(one run), and n.CI=300 (generate confidence intervals using 300 bootstrap
replications). We contributed a patch for CompModSA, available at

http://1jk.imag.fr/membres/Alexandre. Janon/compmodsa.php, which adds

to sensitivity the option CI.S, set to TRUE to compute bootstrap confi-
dence intervals for the main effect index. The results, for a learning sample
of size n = 160, are shown in Table 3.

This comparison clearly shows that our method is able to account for meta-
model error, so as to keep the actual coverage of the produced confidence
interval close to the expected one. We have been unable to fully compare
our approach with the one of [14], as the lengths of the confidence interval
obtained with this approach were not available; however we can state that,
in this example, our method produces intervals of correct coverages for every
variable and every training set size we have tested.
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Conclusion and perspectives

We presented a methodology to quantify the impact of the sampling er-
ror and the metamodel error on the sensitivity indices computation, when
the metamodel provides a pointwise error bound (or, at least, an error in-
dicator) on the output of interest. Sampling error is handled by a classic
bootstrap procedure, while metamodel error is managed using bounds on
the sensitivity index estimator. Quantification of those two types of errors
permits a certification on the performed estimation We applied our method
on two types of metamodels: intrusive (reduced basis) and non-intrusive
(RKHS interpolation). On the applications we see that our approach per-
forms well both for reduced-basis and RKHS interpolation. Our method
can also be applied with other metamodels, as soon as an assessment for
pointwise metamodel error exists.

A RKHS interpolation and error bound

We now briefly recall the RKHS (reproducing kernel Hilbert space) interpo-
lation method, and refer to [20] for the details. RKHS interpolation is known
to be (see [21]) equivalent to interpolation by Kriging, also known as Gaus-
sian process metamodelling. Using n evaluations of f, one can build a train-
ing sample consisting of n input-output pairs D = {(x1,y1),.--, (Xn,¥n)},
where {x1,...,%,} is the ezperimental design and y; = f(x;) fori =1,...,n.
Let R(-,-) be a positive definite kernel; the RKHS interpolator of D with
respect to R is:

fx) =kx)"S5'ys

where:
R(x1,x1) R(x1,%x2) ... R(x1,%y)
R(x2,x1) R(x2,%2) ... R(x2,%xy,)
Y5 = . . , .
R(xp,%x1) R(xn,x2) ... R(xp,Xy)

k(X) = (R(Xlax)a cee aR(Xm X))T ) Ys = (yla e ayn)T

In practice, R is assumed to belong to a parametrized family; for instance,
R is a gaussian kernel:

P
2
R(x,y) =exp | =D 0;(z; —y)) (27)
j=1
whose parameters 01, ... ,0, are estimated from D by minimizing some con-

trast function.
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If f belongs to the RKHS associated with the R kernel, there exist a constant
C, depending only on f and R, so that:

F(x) = f(x)| < C\Jo2(x) (28)

where:
o3 (x) = R(x,x) — k(x)7 S5 k(x)

We propose to estimate the constant C, which is, up to a multiplicative
constant, the norm of f in the RKHS associated with R, by:

C = max
i=1,...,n7 2

where {x] }i=1,. n7 is a “test sample” that does not contain any point of the
experimental design (50 as to ensure that o%(x7) # 0 for all i = 1,...,n").
For a continuous f, one easily sees that C converges, as {x; } fills the pa-
rameter set P, to the smallest C' so that (28) holds.

B Nomenclature

R set of all real numbers

z foranyzeRN,E:%Zévzlzk

X=(Xy,...,X,), Xk, X¥ (k=1,...,N) | i.i.d. input parameter samples

f model output

f metamodel output

€ metamodel error bound

N Monte-Carlo sample size

Uk, Y, (k=1,...,N) output samples (defined at (2) and (3))

Uk, U, (k=1,...,N) metamodel output samples (defined at (5))

ek, e, (k=1,...,N) metamodel error bound samples (defined at (6))

S; (i=1,...,p) true Sobol index with respect to X; (defined at (1))

S; Monte-Carlo estimator of S; (defined at (4))

@, SZM Bounds for S,

Si/20 S%_a 9 Bounds for (1 — «)-level confidence interval for .S;
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