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Abstra
t: We present a method to 
apture the evolution of a 
onta
t dis
onti-nuity separating two di�erent materials. This method builds on the ghost-�uididea: a lo
ally non-
onservative s
heme allows an a

urate and stable simula-tion of problems involving non-mis
ible media that have signi�
antly di�erentphysi
al properties. Compared to the ghost-�uid approa
h, the main di�eren
eis that with the present method the 
onta
t dis
ontinuity stays sharp. Numer-i
al illustrations ranging from air-water intera
tions to non-linear elasti
ity arepresented.Key-words: Multimaterial s
heme, sharp interfa
e, ghost-�uid
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Un s
héma "sharp interfa
e" pour des modèlesmultimatériauxRésumé : Nous présentons une méthode pour 
apturer l'évolution d'une dis-
ontinuité de 
onta
t séparant deux matériaux di�érents. Cette méthode reposesur l'idée "ghost-�uid": un s
héma lo
alement non-
onservatif permet une sim-ulation pré
ise et stable de problèmes impliquant des milieux non-mis
ibles quiont des propriétés physiques di�érentes. La prin
ipale di�éren
e ave
 l'appro
he"ghost-�uid" est que 
ette méthode traite de manière "sharp" la dis
ontinuité de
onta
t. Des illustrations numériques allant des intera
tions air-eau à l'élasti
iténon-linéaire sont présentées.Mots-
lés : s
hémas multimatériaux, interfa
e raide, "ghost-�uid"



Multimaterial models 31 Introdu
tionPhysi
al and engineering problems that involve several materials are ubiquitousin nature and in appli
ations: multiphase �ows, �uid-stru
ture intera
tion inaeronauti
al, bio-medi
al and o
ean engineering, to 
ite just a few examples.Many di�erent strategies were proposed to atta
k this problem in the litera-ture: lagrangian s
hemes (see for example [11℄), arbitrary-lagrangian-eulerian(ALE) s
hemes ([7℄ for a re
ent appli
ation), and eulerian s
hemes (as in [14℄).The literature in this domain is vast and ea
h of the approa
hes 
ited in
lude avariety of spe
i�
 methods. Broadly speaking lagrangian methods are interest-ing be
ause the interfa
e between the material is �xed in the referen
e domainand the interfa
e 
onditions 
an be taken into a

ount in a simple and a

u-rate way. However these methods su�ers from the fa
t that if one 
onsiders�uid �ows, then the mapping from the physi
al to the referen
e domain 
anbe
ome very irregular sin
e the distan
e between material points that are 
losein the referen
e domain may be
ome large after a �nite time. ALE methodstake into a

ount this pe
uliarity of �uid �ows by using a dis
retization in thephysi
al domain over an unsteady mesh that 
opes with the moving interfa
es,thus allowing an a

urate dis
retization of both the �uid �ow and the interfa
e
onditions. The 
ounterpart is the 
omplexity of the s
heme formulation and ofthe numeri
al implementation. Finally, eulerian s
hemes dis
retize the model inthe physi
al plane on a �xed mesh, but additional 
are is required to a

uratelyand 
onsistently des
ribe interfa
e 
onditions. In this paper we are interested ineulerian models des
ribing phenomena su
h as the intera
tion of a sho
k waveat a gas/water interfa
e, or the propagation of non-linear elasti
 waves from asolid to a �uid, by using a single set of equations.The main 
ontributions in the dire
tion of simulating these phenomena goba
k to [9℄ and [12℄ for the model and to [2℄ for a 
onsistent and stable dis
retiza-tion. The idea is to model the eulerian stress tensor through a 
onstitutivelaw reprodu
ing the me
hani
al 
hara
teristi
s of the medium under 
onsider-ation. Hen
e, for example, an elasti
 material or a gas will be modeled by thesame set of equations ex
ept for the 
onstitutive law relating the deformationand the stress tensor. The system of 
onservation laws thus obtained 
an be
ast in the framework of quasi-linear hyperboli
 partial di�erential equations(PDEs). From the numeri
al view point this is 
onvenient sin
e 
lassi
al inte-gration s
hemes 
an be employed in ea
h material. However, it turns out thatthe evolution of the interfa
e, whi
h is represented in this model by a 
onta
tdis
ontinuity, is parti
ularly deli
ate be
ause standard Godunov s
hemes fail.In [1℄ it was shown that a simple and e�e
tive remedy to this problem is thede�nition of a ghost �uid a
ross the interfa
e. A remarkable appli
ation basedon this approa
h is presented in [8℄. This method, however, has the disadvan-tage that the interfa
e is di�used over a 
ertain number of grid points. Froma pra
ti
al view point this 
an be a serious disadvantage if one is interested inthe geometri
 properties of the evolving interfa
e, as, for example, in the 
aseof surfa
e tension or when the interfa
e itself is elasti
. One way to approa
hthis problem is through immersed boundary methods where using appropriatelyde�ned 
ut 
ells (see for example [10℄) it is possible to keep the interfa
e sharp.This is done at the 
ost of a rather sophisti
ated lo
al analysis of the spa
e-timeevolution of the interfa
e interse
tion with the grid.RR n° 7534



Multimaterial models 4In this paper we propose a simple method to re
over a sharp interfa
e de-s
ription keeping the solution stable and non-os
illating. The point of departureis a �nite-volume dis
retization and a dimensional splitting. Then, the interfa
eis treated like a 
onta
t dis
ontinuity relative to the solution of an appropriateRiemann problem. In the following we detail the eulerian model used, the nu-meri
al method, and present a set of standard test-
ases in one spa
e dimension.2 The modelThe following model was des
ribed before in [9℄, [12℄, [5℄ and [8℄. We reporthere the prin
ipal elements of the formulation and some further developmentsfor the 
hara
teristi
 speeds.The starting point is 
lassi
al 
ontinuum me
hani
s. Let Ω0 be the referen
eor initial 
on�guration of a single material and Ωt the deformed 
on�guration attime t. We de�ne X(ξ, t) as the image at time t of a material point ξ belongingto the initial 
on�guration, in the deformed 
on�guration:
X : Ω0 × [0, T ] −→ Ωt

(ξ, t) 7→ X(ξ, t)and the 
orresponding velo
ity �eld u as
u : Ωt × [0, T ] −→ R

3

(x, t) 7→ u(x, t)where
Xt(ξ, t) = u(X(ξ, t), t) (1)
ompleted by the initial 
ondition X(ξ, 0) = ξ. Also we introdu
e the ba
k-ward 
hara
teristi
s Y (x, t) that for a time t and a point x in the deformed
on�guration, gives the 
orresponding initial point ξ in the initial 
on�guration,i.e.,
Y : Ωt × [0, T ] −→ Ω0

(x, t) 7→ Y (x, t)with the initial 
ondition Y (x, 0) = x. Of 
ourse, we have
X(Y (x, t), t) = x Y (X(ξ, t), t) = ξ. (2)Di�erentiating with respe
t to time and spa
e in turn, we obtain

Yt + (u · ∇)Y = 0 (3)and
[∇ξX(ξ, t)] = [∇xY (x, t)]−1. (4)We are now in the position of writing the mass, momentum and energy
onservation with respe
t to both the referen
e and the deformed 
on�guration.RR n° 7534



Multimaterial models 52.1 Lagrangian formulationIn the referen
e domain Ω0 the governing equations 
an be written as a se
ondorder system of PDEs for X(ξ, t) and W (ξ, t), the internal energy per unitvolume. In the referen
e domain, Newton's law and energy 
onservation are:
{

ρ0Xtt = divξ T

Wt = T : ∇ξXt

(5)where T (ξ, t) is the �rst Piola-Kir
hho� stress tensor relative to the 
onsti-tutive model of the material under 
onsideration.Given initial 
onditions for position, velo
ity, energy and the initial densitydistribution ρ0(ξ), these equations 
an be integrated in time to determine thedeformed 
on�guration. The traje
tory X(Γ, t) of an interfa
e Γ ⊂ R
3 betweentwo di�erent materials is des
ribed by this formulation. At this interfa
eXt(Γ, t)is 
ontinuous, as well as the normal 
omponent of the stress tensor to grantequilibrium.In elasti
ity, the internal energy is a fun
tion of the strain tensor ∇ξX andthe entropy s, W = W (∇ξX, s). The Piola-Kir
hho� stress tensor 
an bewritten as the derivative of a potential W that has to be Galilean invariant and,eventually, isotropi
. It 
an be proved that (Rivlin-Eriksen theorem [4℄) this isthe 
ase if, and only if, E , the energy, is expressed as

E(t) =

∫

Ω0

W̃ (Tr(C(ξ, t)),Tr(Cof(C(ξ, t))), J(ξ, t), s(ξ, t)) dξ (6)where
C(ξ, t) = [∇ξX ]T [∇ξX ]is the right Cau
hy-Green tensor and

J(ξ, t) = det([∇ξX ]) = det(C)
1

2 .We assume that the internal energy per unit volume is the sum of a termdepending on volume variation and entropy, and a term a

ounting for iso
hori
deformation:
E(t) =

∫

Ω0

(

Wvol(J, s) +Wiso(Tr(C),Tr(Cof(C)))
)

dξ (7)where
C(ξ, t) =

C

det(C)
1

3

.In general the term relative to an iso
hori
 transformation will also dependon entropy. Here, we will limit the dis
ussion to materials where shear for
esare 
onservative.For an isoentropi
 transformation we have that Wt = W ′(∇ξX, s) : ∇ξXt,with the prime denoting di�erentiation with respe
t to the �rst argument.
RR n° 7534



Multimaterial models 6Hen
e, from the energy equation (5) we have that W ′(∇ξX, s) = T (∇ξX, s) =
∇ξX Σ, where

Σ(ξ, t) = J W ′

volC
−1 + 2J−

2

3

(

Σiso −
1

3
C−1(C : Σiso)

) (8)is the se
ond Piola-Kir
hho� stress tensor with
Σiso =

(

∂Wiso

∂a
+Tr(C)

∂Wiso

∂b

)

I −
∂Wiso

∂b
Cand where ∂Wiso

∂a
and ∂Wiso

∂b
are the partial derivatives ofWiso(Tr(C),Tr(Cof(C)))with respe
t to its �rst and se
ond argument, in turn.2.2 Eulerian formulationThe 
ounterpart of the above equations in the deformed 
on�guration is:



















ρt + divx(ρu) = 0

ρ(ut + (u · ∇x)u)− divx σ = 0

ρ(εt + (u · ∇x)ε)− σ : ∇xu = 0

Yt + (u · ∇x)Y = 0

(9)where σ(x, t) is the Cau
hy stress tensor in the physi
al domain. The un-knowns are the ba
kward 
hara
teristi
s of the problem Y (x, t), the velo
ity
u(x, t), the internal energy per unit mass ε(x, t) = W/ρ0 and the density ρ(x, t).The initial velo
ity u(x, 0), the initial internal energy ε(x, 0) and Y (x, 0) = x aregiven. If the initial density ρ0(ξ) is known, the equation of mass 
onservation isa
tually redundant be
ause ρ(x, t) = det(∇xY (x, t))ρ0(Y (x, t)).To 
lose the system, a 
onstitutive law whi
h 
onne
ts σ to Y is ne
es-sary.The 
hange of variables ξ = Y (x, t) in the energy (7) gives with (4) (theinvariants of B and C are the same)

E =

∫

Ωt

(

Wvol(J, s) +Wiso(Tr(B),Tr(Cof(B))
)

J−1dxwhere
B(x, t) =

B(x, t)

det(B(x, t))
1

3

B(x, t) = [∇xY (x, t)]−1[∇xY (x, t)]−Twith B(x, t) the left Cau
hy-Green tensor and
J(x, t) = det([∇xY (x, t)])−1 = det(B(x, t))

1

2 .The se
ond Piola-Kir
hho� stress tensor Σ and the Cau
hy stress tensor σare related by
σ(x, t) = det([∇xY (x, t)])[∇xY (x, t)]−1Σ(Y (x, t), t)[∇xY (x, t)]−T .Following (8) we getRR n° 7534



Multimaterial models 7
σ(x, t) = W ′

vol(J, s)I + 2J−1

(

σiso −
1

3
I(σiso : I)

)with
σiso =

∂Wiso

∂a
B −

∂Wiso

∂b
B

−1
.By de�nition pressure is given by p = −

1

3
Tr (σ) = −W ′

vol(J, s). This de�ni-tion is 
oherent with the thermodynami
 de�nition of pressure. Indeed, re
allingthat ρ J = ρ0, we have −W ′

vol(J(ρ), s) =
ρ2

ρ0

∂W (ρ, s)

∂ρ
= ρ2

∂ε(ρ, s)

∂ρ
.We 
an put (9) in 
onservative form obtaining:



















ρt + divx(ρu) = 0

(ρu)t + divx(ρu⊗ u− σ(∇xY )) = 0

(ρe)t + divx(ρeu− σu) = 0

(∇xY )t +∇x((u · ∇x)Y ) = 0

(10)where e(x, t) = ε+ |u|2/2 is the total energy per unit mass. It is this formthat will be used in subsequent 
hapters.3 Chara
teristi
 speedsThe models above en
ompass a large 
lass of materials, thermodynami
 trans-formations and 
inemati
 patterns. We fo
us in the following on isoentropi
deformations and we 
ompute the 
hara
teristi
 speeds for models resultingfrom this hypothesis. The 
onstitutive laws that we 
onsider are 
onservativeand hen
e entropy is always 
onstant unless the solution be
omes dis
ontinu-ous. Under the 
ondition ∂W

∂s
= 0, we 
an dis
ard the energy equation sin
ethe stress tensor will depend ex
lusively on the lo
al deformation and hen
e in(10) energy equation is de
oupled from the others.For the obje
tives of this paper, we further restri
t our investigation to aone-dimensional 
ase with non-zero transverse velo
ity. Let xi, i = 1 . . . 2 bethe 
oordinates in the 
anoni
al basis of R2, ui the velo
ity 
omponents, Y i the
omponents of Y and σij the 
omponents of the stress tensor. Also, let us denoteby ·,i di�erentiation with respe
t to xi. We 
onsider the governing equations intwo spa
e dimensions and we assume that ∇Y is a fun
tion only of one dire
tion(x1), as well as u1 and u2. In this 
ase we have that (Y 1

,2)t = (Y 2
,2)t = 0. Sin
e

Y (x, 0) = x, we have also that Y 1
,2 = 0, Y 2

,2 = 1 and hen
e
[∇Y ] =

(

Y 1
,1 0

Y 2
,1 1

)

. (11)The governing equations 
an then be written as
Ψt + (F (Ψ)),1 = 0withRR n° 7534



Multimaterial models 8
Ψ =













ρ
φ1

φ2

Y 1
,1

Y 2
,1













F (Ψ) =

















φ1
(φ1)

2

ρ − σ11

φ1φ2

ρ − σ21

φ1Y
1

,1

ρ
φ1Y

2

,1+φ2

ρ















and φi = ρui. The stress tensor σ has only two non-zero 
omponents, hen
ewe 
an simplify the notation by taking
σ =

(

σ11(Y 1
,1, Y

2
,1)

σ21(Y 1
,1, Y

2
,1)

)

[∇σ] =

(

σ11
,1 σ11

,2

σ21
,1 σ21

,2

) (12)where in this 
ase σ11
,1 denotes di�erentiation with respe
t to Y 1

,1 and σ11
,2with respe
t to Y 2

,1. With these notations, we have
F ′(Ψ) =

















0 1 0 0 0

− (φ1)
2

ρ2

2φ1

ρ 0 −σ11
,1 −σ11

,2

−φ1φ2

ρ2

φ2

ρ
φ1

ρ −σ21
,1 −σ21

,2

−
φ1Y

1

,1

ρ2

Y 1

,1

ρ 0 φ1

ρ 0

−
φ1Y

2

,1+φ2

ρ2

Y 2

,1

ρ
1
ρ 0 φ1

ρ















Taking into a

ount (11) and (12), we have
[∇σ][∇Y ] =

(

σ11
,1 Y

1
,1 + σ11

,2 Y
2
,1 σ11

,2

σ21
,1 Y

1
,1 + σ21

,2 Y
2
,1 σ21

,2

)and hen
e
Tr([∇σ][∇Y ]) = σ21

,2 + σ11
,1 Y

1
,1 + σ11

,2 Y
2
,1 det([∇σ][∇Y ]) = Y 1

,1(σ
11
,1 σ

21
,2 − σ11

,2 σ
21
,1 ).Denoting (α1, α2) the eigenvalues of −[∇σ][∇Y ], the 
hara
teristi
 polyno-mial of this matrix is

P (λ) = (λ− α1)(λ− α2) = λ2 +Tr([∇σ][∇Y ])λ+ det([∇σ][∇Y ])and therefore
α1 =

−Tr([∇σ][∇Y ]) +
√

(Tr([∇σ][∇Y ]))2 − 4 det([∇σ][∇Y ])

2

α2 =
−Tr([∇σ][∇Y ])−

√

(Tr([∇σ][∇Y ]))2 − 4 det([∇σ][∇Y ])

2Finally, the eigenvalues of F ′(Ψ) 
an be written under the form
ΛE =

{

u1, u1 +

√

α1

ρ
, u1 −

√

α1

ρ
, u1 +

√

α2

ρ
, u1 −

√

α2

ρ

} (13)and the 
onditions for the system to be hyperboli
 are α1 > 0 and α2 > 0.Similar relationships 
an be determined for the lagrangian formulation. Withan appropriate 
hoi
e of W well known models are obtained.RR n° 7534



Multimaterial models 93.1 Examples of genuinely one-dimensional modelsIn the following examples u2 = 0 and Wiso = 0.3.1.1 Compressible isotherm Euler equationsLet Wvol(J) = −(c0)
2ln(J) and c0 ∈ R. We have

σ(Y 1
,1) = −(c0)

2Y 1
,1 σ′(Y 1

,1) = −(c0)
2and the eulerian model redu
es to

(ρu)t + (ρu2
1 + (c0)

2Y 1
,1),1 = 0and ρ = ρ0Y

1
,1. Taking ρ0 = 1, the 
hara
teristi
 speeds are

ΛE = {u, u+ c0, u− c0}3.1.2 Shallow water equationsIn this 
ase Wvol(J) =
β
J and β ∈ R

+. We have
σ(Y 1

,1) = −
β

2
(Y 1

,1)
2 σ′(Y 1

,1) = −βY 1
,1and the eulerian model redu
es to

(ρu)t +

(

ρu2 +
β

2
(Y 1

,1)
2

)

,1

= 0and as before the 
ontinuity ρ = ρ0Y
1
,1. The 
hara
teristi
 speeds are

ΛE =
{

u, u+
√

βY 1
,1, u−

√

βY 1
,1

}with ρ0 = 1.3.1.3 Compressible sti�ened gasA model for sti� �uids is obtained by taking an energy fun
tion that in
ludestwo di�erent e�e
ts (see for example [10℄, [8℄, [6℄). As for a gas, the energyfun
tion a

ounts for the phenomenon that an isoentropi
 
ompression indu
esan in
rease of internal energy. In 
ontrast, an isoentropi
 expansion leads to ade
rease of internal energy. This is of 
ourse �ne for a gas, but if we 
onsidera �uid or solid material where intermole
ular for
es are present, 
ontrary to agas, energy must in
rease when the density is redu
ed. The following energyfun
tions a

ounts for these e�e
ts
ε =

Wvol

ρ0
=

exp

(

s− s0
cv

)

ργ−1

γ − 1
+

p∞
ρ

(14)where s0 is the referen
e entropy and cv, γ,p∞ ∈ R
+ are 
onstants that
hara
terize a given material. Other energy fun
tions 
an be envisaged toRR n° 7534



Multimaterial models 10mitigate or a

entuate 
ertain aspe
ts of the resulting non-linear relation be-tween stress and deformation. Using the above de�ned internal energy we �nd
p+ p∞ = exp

(

s− s0
cv

)

ργ . The 
hara
teristi
 speeds are
ΛE =

{

u, u+

√

γ
p+ p∞

ρ
, u−

√

γ
p+ p∞

ρ

}

;if p∞ = 0 we re
over the usual expressions for the 
ompressible Euler equa-tions.3.2 One-dimensional 
ase with shearIn two dimensions we de�ne B =
B

det(B)
1

2

, so that det(B) = 1. Let now
ε =

Wvol +Wiso

ρ0
=

exp

(

s− s0
cv

)

ργ−1

γ − 1
+

p∞
ρ

+
χ

ρ0

(

Tr (B)− 2
) (15)where χ ∈ R

+. The elasti
 part of the model (Neo-Hookean solid) a

ountsfor elasti
 deformations in the transverse dire
tion, i.e., σ21 6= 0. We have inthis 
ase
σ11 = p∞ − χ

(

(Y 1
,1)

2 + (Y 2
,1)

2 − 1
)

− κ(Y 1
,1ρ0)

γ

σ12 = −2χY 2
,1and

α1 = +
1

2

√

(

2χ
(

(Y 1
,1)

2 + (Y 2
,1)

2 + 1
)

+ γκ(Y 1
,1ρ0)

γ
)2

− 8χ
(

2(Y 1
,1)

2χ+ γκ(Y 1
,1ρ0)

γ
)

+ χ
(

(Y 1
,1)

2 + (Y 2
,1)

2 + 1
)

+
γκ

2
(Y 1

,1ρ0)
γ

α2 = −
1

2

√

(

2χ
(

(Y 1
,1)

2 + (Y 2
,1)

2 + 1
)

+ γκ(Y 1
,1ρ0)

γ
)2

− 8χ
(

2(Y 1
,1)

2χ+ γκ(Y 1
,1ρ0)

γ
)

+ χ
(

(Y 1
,1)

2 + (Y 2
,1)

2 + 1
)

+
γκ

2
(Y 1

,1ρ0)
γwhere κ = exp

(

s− s0
cv

). Thanks to these expressions, the 
hara
teristi
speeds are obtained from (13).4 Multimaterial solverIn this se
tion we summarize the steps of a 
lassi
al �nite-volume integrations
heme for 
onservation laws and detail the sharp interfa
e solver that we pro-pose. We 
onsider a one-dimensional problem sin
e multidimensional s
hemesare often based on a dimensional splitting. Also, we fo
us on a �rst order expli
its
heme in spa
e and time.RR n° 7534



Multimaterial models 11We assume that the initial 
ondition at time tn, the n-th time step, is known.Let Ψn
k = Ψ(xk, tn), with xk the spatial 
oordinate x of grid point k. Thedis
retization points are N + 1 and let I = {1, · · · , N}. Consider two non-mis
ible materials separated by a physi
al interfa
e lo
ated, at time tn, in xn

fand let ι = i su
h that xi ≤ xf < xi+1, i ∈ I. The spa
e and time dis
retization
∀k ∈ I and k 6= ι, ι+ 1 is as follows

Ψn+1
k −Ψn

k

∆t
= −

Fn
k+1/2(Ψ

n
k ,Ψ

n
k+1)−Fn

k−1/2(Ψ
n
k−1,Ψ

n
k )

∆x
(16)where ∆t = tn+1 − tn, ∆x = xk+1/2 − xk−1/2 and Fn

k±1/2 are the numeri
al�uxes evaluated at the 
ell interfa
e lo
ated at xk±1/2. For 
onsisten
y F is aregular enough fun
tion of both arguments and F(Ψ,Ψ) = F (Ψ). Numeri
al
onservation requires that F(Ψ′,Ψ) = F(Ψ,Ψ′).The numeri
al �ux fun
tion Fk+1/2(Ψ
n
k ,Ψ

n
k+1) is 
omputed either by anexa
t or by an approximate Riemann solver. In the following we use eitherOsher [13℄ or HLLC [15℄ approximate solvers. In any 
ase, we assume that theRiemann solver employed de�nes at least two intermediate states Ψn

− and Ψn
+,in addition to Ψn

k and Ψn+1
k+1 and a 
onta
t dis
ontinuity of speed (u∗

1)
n. The�uid speed is always 
ontinuous a
ross the states Ψn

− and Ψn
+. These states arede�ned so that me
hani
al equilibrium is ensured at the 
onta
t dis
ontinuity.Let us assume that Ψn

− is the state to the left of the 
onta
t dis
ontinuity and
Ψn

+ to the right.The main idea is to use a standard numeri
al �ux fun
tion F(Ψk,Ψk+1),
∀k ∈ I, k 6= ι and (16) to dedu
e Ψn+1

k . In 
ontrast, for Ψn+1
ι and Ψn+1

ι+1 wehave














Ψn+1
ι −Ψn

ι

∆t
= −

Fn
−(Ψ

n
−)−Fn

ι−1/2(Ψ
n
ι−1,Ψ

n
ι )

∆x

Ψn+1
ι+1 −Ψn

ι+1

∆t
= −

Fn
ι+3/2(Ψ

n
ι+1,Ψ

n
ι+2)−Fn

+(Ψ
n
+)

∆x

(17)where Fn
± = F (Ψn

±). The s
heme is lo
ally non 
onservative sin
e Fn
+ 6= Fn

−.However, the error in 
onservation is negligible as the sho
k speeds are predi
ted
orre
tly in the numeri
al tests shown in Se
. 5.The interfa
e position is updated in time using (u∗
1)

n, i.e., xn+1
f = xn

f +
(u∗

1)
n ∆t. For numeri
al stability, the integration step is limited by the fastestof the 
hara
teristi
s over the grid points. Hen
e, the interfa
e position willbelong to the same interval between two grid points for more than one timestep. When the physi
al interfa
e over
omes a grid point, i.e., xn+1

f ≥ xi+1 or
xn+1
f < xi then ι = i ± 1 a

ordingly. In other words, the above integrations
heme is simply shifted of one point to the right or to the left. When theinterfa
e 
rosses a grid point, however, the 
orresponding 
onservative variables

Ψn+1
ι do not 
orrespond anymore to the material present at that grid pointbefore the integration step. When ι = i+1, i.e., the physi
al interfa
e moves tothe right of i + 1, then we take Ψn+1

ι = Ψn
−, whereas if ι = i − 1, Ψn+1

ι = Ψn
+.It is noteworthy that the s
heme presented here is reminis
ent of that proposedin [3℄ for multi�uids, starting from di�erent 
onsiderations.
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Multimaterial models 125 Numeri
al examples5.1 Fluid - �uid interfa
eWe initially fo
us on test 
ases where the energy does not depend on iso
hori
deformations. The model redu
es to the 
anoni
al 
ompressible Euler equationwith state equation given by (14). The numeri
al �ux fun
tion F is that ofOsher [13℄. The velo
ity u∗
1, the states Ψ− and Ψ−, are found by an exa
tRiemann problem solution at the interfa
e. All the 
lassi
al test 
ases of Tab. 1have been 
onsidered. The values of the relevant variables and parameters tothe left and to the right of the interfa
e are denoted by l and r, respe
tively.The same resolution was kept for all test 
ases, as well as the highest CFLbefore numeri
al instability o

ur. Not all the 
ases of Tab. 1 are presented thefollowing �gures. However, for the 
ases not presented, results similar to thoseshown are found. Here we present the 
ases 3, 7, and 9. The numeri
al solutionis 
ontrasted the exa
t one for most of these 
ases. The predominant pattern ofthe error at the interfa
e is known as the overheating problem, and it is typi
alof many 
lassi
al s
hemes. It 
an be observed for example in the test 
ase 3.The interfa
e between the left and right states is sharp in all 
ases.
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ase ρl ul pl γl p∞l ρr ur pr γr p∞r xf CFL N Tend1 1.0 0.75 1.0 1.4 0.0 0.125 0 0.1 1.4 0.0 0.3 0.9 200 0.22 1.0 -2.0 4.0 1.4 0.0 1.0 2.0 4.0 1.4 0.0 0.5 0.9 200 0.153 1.0 0.0 1000.0 1.4 0.0 1.0 0.0 0.01 1.4 0.0 0.3 0.5 200 0.0124 5.99924 19.5975 460.894 1.4 0.0 5.99924 -6.19633 46.095 1.4 0.0 0.4 0.8 200 0.0355 0.1 1.0 1.0 1.4 0.0 1.0 1.0.0 1.0 1.6 0.0 0.5 0.9 200 0.16 1.0 0.0 1.0 1.4 0.0 0.125 0.0 0.1 1.6 0.0 0.5 0.9 200 0.17 1.0 0.0 500.0 1.4 0.0 1.0 0.0 0.2 1.6 0.0 0.5 0.9 200 0.18 3.984 27.355 1000.0 1.667 0.0 0.1 0.0 1.0 1.667 0.0 0.2 0.9 200 0.019 1000.0 0.0 1.0e9 4.4 6.0e8 50.0 0.0 1.0e5 1.4 0.0 0.7 0.3 200 0.00024Table 1: Test 
ases.
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Multimaterial models 155.2 Solid - solid and solid - �uid interfa
eThe subsequent test 
ases are relevant to elasti
 materials with di�erent physi
alproperties separated by an interfa
e. The 
on�gurations studied are similar tothose in [6℄, but the 
onstitutive law for the elasti
 model is di�erent. Here we
onsider a Neo-Hookean material with energy expressed by (15). The densityof the elasti
 material before deformation is 
onstant, hen
e ρ and Y 1
,1 are pro-portional. The 
on�gurations under s
rutiny are one-dimensional with non-zerotransverse velo
ity. This velo
ity is 
onstant in the transverse dire
tion but maybe variable in the longitudinal dire
tion. Based on this hypothesis, the modelused for the numeri
al simulations is

Ψ =









ρ
φ1

φ2

Y 2
,1









F (Ψ) =













φ1
(φ1)

2

ρ − σ11

φ1φ2

ρ − σ21

φ1Y
2

,1+φ2

ρ .











The numeri
al �ux fun
tions are determined based on the solution of theHLLC [15℄ approximate Riemann problem, similarly to what is done in [6℄. Eventhough the exa
t wave pattern involves �ve waves (the �fth wave for the abovemodel is brought ba
k by the 
onta
t dis
ontinuity), the approximate solver ap-proa
hes the solution using three waves and thus de�ning only two intermediatestates Ψ− and Ψ+. These states are the ones that de�ne the numeri
al �uxat the grid interfa
e 
losest to the physi
al interfa
e. More in details let l and
r denote as before the states to the left and right and to the right of the 
ellinterfa
e 
on
erned. Let sr and sl be the fastest rightward and leftward wavesamong those in (13). We have sr =

(

u1 +

√

α1

ρ

)

r

and sl =

(

u1 −

√

α1

ρ

)

l

.We de�ne also Qr = F (Ψr)− srΨr, Ql = F (Ψl)− slΨl, Q− = F (Ψ−)− u∗

1Ψ−and Q+ = F (Ψ+)− u∗

1Ψ+. The HLLC s
heme is based on the assumption that
Ql = Q−, Qr = Q+ and Q− = Q+. From these equations, and relaxing thefun
tional relation between σ and Y for the intermediate states Ψ− and Ψ+, weobtain

u∗

1 =
Q2

l −Q2
r

Q1
l −Q1

r

u∗

2 =
Q3

l −Q3
r

Q1
l −Q1

r

(σ11)∗ =
Q2

lQ
1
r −Q2

rQ
1
l

Q1
l −Q1

r

(σ12)∗ =
Q3

lQ
1
r −Q3

rQ
1
l

Q1
l −Q1

r

ρ− =
Q1

l

u∗
1 − sl

ρ+ =
Q1

r

u∗
1 − sr

(Y 2
,1)− =

Q4
l − u∗

2

u∗
1 − sl

(Y 2
,1)+ =

Q4
r − u∗

2

u∗
1 − srwhere both velo
ity 
omponents and the the stress tensor are 
ontinuous a
rossthe 
onta
t dis
ontinuity.Parti
ular 
are is needed when the interfa
e separates an elasti
 materialfrom a �uid. In that 
ase σ21 vanishes at the interfa
e and therefore the trans-verse velo
ity is dis
ontinuous. In this 
ase the intermediate states Ψ− and Ψ+RR n° 7534



Multimaterial models 16are de�ned by
u∗

1 =
Q2

l −Q2
r

Q1
l −Q1

r

(σ11)∗ =
Q2

lQ
1
r −Q2

rQ
1
l

Q1
l −Q1

r

(σ21)∗ = 0

ρ− =
Q1

l

u∗
1 − sl

ρ+ =
Q1

r

u∗
1 − sr

(u2)− =
Q3

l

ρ−(u∗
1 − sl)

(u2)+ =
Q3

r

ρ+(u∗
1 − sr)

(Y 2
,1)− =

Q4
l − (u2)−
u∗
1 − sl

(Y 2
,1)+ =

Q4
r − (u2)−
u∗
1 − srwhere now (u2)− and (u2)+ are the transverse 
omponents of the velo
ity rela-tive to the intermediate states Ψ− and Ψ+.As an �rst example we 
onsider a sho
k tube with solid 
opper initially atrest in the high pressure 
hamber (1010Pa) to the left of the interfa
e initiallylo
ated in xf = 0.7m. The physi
al 
hara
teristi
s of 
opper, identi
al for allthe test 
ases hereafter, are p∞ = 342 · 108Pa, γ = 4.22, χ = 9.2 · 1010Pa andinitial density ρ0 = 8.9 · 103kg/m3. In the low pressure 
hamber to the right ofthe interfa
e there is air with initial ρ0 = 1kg/m3 and pressure 105Pa. The gridis of 2000 points and the CFL is 0.8. Sin
e the transverse velo
ity is uniform,only three waves are present in the �eld (Fig. 4(a)): an expansion fan travellingin 
opper to the left, a sho
k wave propagating in air to the right, and the
onta
t dis
ontinuity. The density and the pressure are dis
ontinuous at theinterfa
e and the interfa
e is sharp (Fig. 4(a) and (d)).The normal stress andthe horizontal speed are 
ontinuous at the interfa
e (Fig. 4(b) and (
)). Thelogarithmi
 s
ale for p and σ11 is ne
essary to put in eviden
e the sho
k wave.
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(d) ρFigure 4: Solid - air sho
k tube with high pressure and density ratios; t =
8.42× 10−5s. x1 on the horizontal axis.The next 
ase (see Fig. 5) is a solid � solid interfa
e with shear. We 
onsidera sho
k tube �lled with 
opper whose density is initially ρ0 = 8.9 · 103kg/m3.An interfa
e separates the high pressure 
hamber on the left where the 
opper isat rest with pressure 108Pa and the same material on the right at low pressure(105Pa). This time a tangential velo
ity dis
ontinuity is imposed: u2 = 0m/son the left and u2 = 100m/s on the right. The interfa
e is initially lo
atedat xf = 0.5m. The grid is of 2000 points and the CFL is 0.8. Five waves
orresponding to a 
ouple of shear stress waves, two normal stress waves andthe 
onta
t dis
ontinuity are present in the �eld. The fastest waves are thoserelative to normal stress. The shear and the normal stress, the horizontal andthe verti
al speeds are 
ontinuous at the interfa
e (Fig. 5(
), (d), (e), (f)). Thedensity and the pressure are dis
ontinuous at the interfa
e and the interfa
e issharp (Fig. 5(a) and (b)). Although the material 
onstitutive law is di�erent,the results are in good qualitative a

ordan
e to those presented in [6℄.
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(f) u2Figure 5: Solid solid interfa
e with shear; t = 5.13×10−5s. x1 on the horizontalaxis.The �nal test 
ase 
on
erns a 
opper-air interfa
e with dis
ontinuous initial
onditions in the 
opper. The 
opper-air interfa
e is at x1 = 0.4m. To the left ofthe interfa
e there is 
opper with initially ρ0 = 8.9 ·103. To the right there is airwith initially ρ0 = 1kg/m3. The initial 
onditions are uniform stati
 pressure(105Pa) and uniform horizontal velo
ity (0) a
ross the materials. Inside 
opperthe verti
al velo
ity is 103m/s between x1 = 0 and x1 = 0.15m and 0 elsewhere.The verti
al velo
ity in air is 0. The left boundary 
onditions are su
h that thesolution is symmetri
. The results are presented in Fig 6 and Fig 7. The initialdis
ontinuity in verti
al velo
ity in 
opper at time 0 breaks down in two wavesRR n° 7534



Multimaterial models 19travelling in opposite dire
tions. These waves are re�e
ted on the left borderand on the 
opper-air interfa
e, giving rise to subsequent wave intera
tions.Although the material 
onstitutive laws are di�erent, the results are in goodqualitative a

ordan
e to those presented in [6℄.
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ity u2.6 Con
lusionsWe presented a simple method to deal with multimaterial interfa
es. Thismethod is based on a lo
ally non-
onservative s
heme. The results show thatthe 
onta
t dis
ontinuity is sharp and that the numeri
al solution is generally ingood agreement with the exa
t one or with numeri
al solutions presented in theliterature, even when large velo
ity, pressure and density di�eren
es 
hara
terizethe �ow. Extensions to multidimensional 
on�gurations and to higher a

ura
yseem attainable by 
lassi
al means and are under 
urrent investigation.Referen
es[1℄ R. Abgrall. How to prevent pressure os
illations in multi
omponent �ow
al
ulations: a quasi-
onservative approa
h. J Comput Phys, 125:150�160,1996.[2℄ R. Abgrall and S. Karni. Computations of 
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k, S. Karni, and A. Kurganov. Interfa
e tra
king method for
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