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Abstract: The control of a wheeled vehicle with front and rear steering wheels
is addressed. With respect to more classical car-like vehicles, an advantage of
this type of mechanism is its enhanced maneuverability. The Transverse Func-
tion approach is used to derive feedback laws which ensure practical stabilization
of arbitrary reference trajectories in the cartesian space, and asymptotic stabi-
lization when the trajectory is feasible by the nonholonomic vehicle. Concerning
this latter issue, previous results are extended to the case of transverse functions
defined on the Special Orthogonal Group SO(3).
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Résumé : Ce rapport concerne la commande de véhicules dont les deux trains,
avant et arriére, sont directeurs. L’avantage de ce type de mécanisme par rap-
port a des systémes plus classiques, de type voiture par exemple, réside dans
sa meilleure maneuvrabilité. L’approche de commande par fonctions trans-
verses est ici utilisée pour synthétiser des commandes par retour d’état qui
assurent d’une part la stabilité pratique de trajectoires de référence arbitraires
dans I’espace cartésien, et d’autre part la stabilité asymptotique lorsque ces tra-
jectoires sont réalisables par le véhicule non-holonome. En ce qui concerne ce
dernier aspect, des résultats antérieurs sont ici étendus a une classe de comman-
des définies sur le groupe spécial orthogonal SO(3).

Mots-clés : véhicule a deux trains directeurs, véhicule non-holonome, fonction
transverse, stabilisation



Control of two-steering-wheels vehicles 3

1 Introduction

This study is about the control of ground vehicles with front and rear indepen-
dent steering wheels. At the kinematic level, this system has three independent
control inputs, namely the translational velocity along the direction joining the
steering wheels’ axles, and the steering-wheels’ angular velocities. With respect
to classical car-like vehicles with a single steering train, this type of vehicle
provides superior maneuvering capabilities and the possibility of orienting the
main vehicle’s body independently of its translational motion (see, e.g., [14]
and references therein). This can be used, for instance, to transport large pay-
loads without changing the payload’s orientation, thus minimizing energy con-
sumption. From the control viewpoint, assuming that classical rolling-without-
slipping nonholonomic constraints are satisfied at the wheel/ground contact
level, the kinematic equations of this type of vehicle yield a locally control-
lable five-dimensional nonholonomic driftless system with SE(2) x S* x St as its
configuration space. A complementary constraint is that singular kinematic con-
figurations, when either the front steering wheel angle or the rear steering wheel
angle is equal to £7/2, must be avoided whatever the desired gross displace-
ment of the vehicle in the plane. This implies that some reference trajectories in
SE(2), corresponding to the motion of a reference frame in the plane, can only
be stabilized “practically” via maneuvers, alike the case of a car accomplishing
sideways lateral displacements. The Transverse Function approach [7] applies
to this nonholonomic system the structure of which (unsurprisingly) presents
similarities with the one of a car with two control inputs. In particular, it is
also locally equivalent to a homogeneous (nilpotent) system which is invariant
on a Lie group [8] [9]. However, its Lie Algebra is generated differently due to
the third control input. In particular, only first-order Lie brackets of the con-
trol vector fields are needed to satisfy the Lie Algebra Rank Condition (LARC)
—the local controllability condition— at any point, whereas a second-order Lie
bracket is needed in the car case. This property, which reflects the symmetric
steering action of the front and rear wheels, is of practical importance. In or-
der to respect this symmetry at the control design level, one is led to consider
transverse functions defined on the three-dimensional special orthogonal group
SO(3), rather than on the two-dimensional torus —a solution used in the car
case, for instance. Therefore, after the trident snake studied in [2], and the
serial snake studied in [11], this is another example of a mechanical system for
which the use of transverse functions defined on SO(3) is natural. Moreover,
this example presents the complementary interest, and complication, of involv-
ing transverse functions defined on a manifold whose dimension (equal to three)
is not minimal. The corresponding extra degree of freedom thus has to be taken
into account at the control design level and, if possible, used effectively. For
instance, a desirable feature is to ensure the asymptotic stabilization of admis-
sible (or feasible) trajectories for which more classical control solutions, such
as the Lyapunov-based nonlinear feedbacks proposed in [5], or linear feedbacks
derived from linearized tracking error equations, apply. In the end one obtains
a unique feedback control law which ensures the avoidance of kinematic singu-
larities, the practical global stabilization of any (i.e. feasible or non-feasible)
reference trajectory in SE(2), including fixed points, and the asymptotic stabi-
lization of feasible reference trajectories for which this objective is achievable by
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using classical feedback control techniques —typically when adequate conditions
of persistent excitation upon the reference translational velocity are satisfied.

The paper is organized as follows. The robot’s kinematic model and associ-
ated controllability properties are presented in Section 2] Transverse functions
defined either on S! x S, or on SO(3), are derived in Section [3. The control
design is carried out in Section 4, and simulation results are given in Section
[5. Finally, the concluding Section [6 points out a few research directions which
could prolong the present study.

2 Modeling and control problem statement

Figure [Tl shows a schematized view from above of the system under considera-
tion.

Figure 1: Two-steering-wheels vehicle. View from above

The point P on the vehicle is located at mid-distance of the steering wheels’
axles, and at the distance [ of each axle. Consider an arbitrary fixed frame
in the plane on which the vehicle moves. A mobile frame with origin P and
orientation # with respect to (w.r.t.) this fixed frame is attached to the vehicle’s
main body. By denoting the coordinates of P in the fixed frame as x and y, the
vector g := (z,y,0)’, with the prime sign used for transpose, can be seen as an
element of SE(2). Therefore any motion of this vehicle can be associated with a
trajectory in SE(2). The desired motion of this mobile frame is specified by the
motion of the reference frame with origin P, whose position and orientation is
given by g, := (z,, yr,0,)". The control objective is to stabilize any trajectory of
the reference frame, either practically (i.e. by ensuring small ultimate tracking
errors) or asymptotically when this is possible, while avoiding the singular values
+m/2 for the steering wheel angles ¢ 2.

Denote the velocity components of the point P, expressed in the mobile
frame, as u, and uy, i.e. such that:

() 2
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with R(#) denoting the rotation matrix in the plane of angle §. Define now
)= my) _ tan(¢1);tan(¢2)
M2 . tan(qbl);»ltan((;bg)

Uy = MUg
{9 ~ e @

One easily verifies that:

With u,, the angular velocities (;'51 and ¢, are the other two kinematic control
inputs. Away from the steering wheels singular values £7/2, one can define the
following change of control inputs:

1 1 :
v = (U1> — cos?(¢p1) cos?(¢p2) (d)l)
v . 1 1 d)
2 lcos?(p1) lcos?(¢p2) 2

so that
n=v (3)
Let )
= R O2x1
R(0) :=
(6) <01><2 1 >

V\_/ith 0, xn denoting the m X n zero matrix, and note that the column vectors of

R(.) form a basis of the Lie algebra of SE(2). By regrouping the equations (1)-
(3) one obtains the following five-dimensional control system with three inputs:

{ngmam% W
with

One can remark that this system may also be written as:

{ g=X(9)Cy(nw
1= Chw

with:
X(g) = R(0), w:= (f}”) Cy(n) = (C(n) O3x2), Cp:= (8 é (1)>

This is a particular case of the class of systems described by the relation (13)
in [8]. The control design proposed in this paper (cf. Propositions 3 and 4)
thus applies to the present system, once a suitable transverse function has been
determined. Concerning this latter issue, [§] focuses on the case of a motorized
vehicle with trailers, each trailer having its hitch-point located on the axle of
the preceding vehicle, and the proposed transverse function is derived from the
one calculated for a locally equivalent chained systems with two control inputs.
The existence of a third control input modifies this situation, since the system
can no longer be equivalent to a chained system. In fact, it would be possible
(and simple) to recover the car case by just maintaining one of the steering
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Control of two-steering-wheels vehicles 6

angles equal to a constant value, zero for instance. However, in doing so one
looses the specific interest of the double steering train, namely the possibility of
controlling the vehicle’s orientation independently of the vehicle’s translational
motion. Moreover, the third input allows for the satisfaction of the Lie Algebra
Rank Condition (LARC) at every regular point —this implies that the system
is locally controllable at these points— by calculating first-order Lie brackets of
the system’s vector fields (v.f.) only. Indeed, in view of (4) the system’s control
v.f. are:

cos(f) — sin(0)m 0 0

sin(6) + cos(0)m 0 0

Xi(g,m) = 2 , Xo=[0], Xz=|[0
0 1 0

0 0 1

and, by forming the first-order Lie brackets

sin(6) 0

—cos(0) 0
Xa(g) = [X1, X2](9) = 0 , Xp =X, X = | -1
0 0

0 0

one easily verifies that, for every point (g,7), the matrix
C=(X1|Xo| X3 | Xy | X5)(g,m)

is invertible. This property is to be compared with the car case for which
one has to go to the order two to satisfy this controllability condition. It is also
related to the physical intuition that an extra actuated degree of freedom should
facilitate the control of the system, just as in the case of controllable linear
systems. It turns out that this difference in the generation of the corresponding
Lie algebras has also consequences at the transverse function design level. This
issue is addressed in the next section.

3 Design of transverse functions

Let f : (a,t) — f(a,t) denote a smooth function from K xR to SE(2) x S! xS,
with K a compact manifold of dimension m (> 2). Along any smooth curve

of.) ,
flayt) = dofla, t)a+ 0" f(a,t)

with d, (resp. 0') the operator of differentiation w.r.t. « (resp. t). The
time-derivative & can itself be decomposed as

a= i Yi(a)wa,i
=1

with {Yi=1._n} aset of v.f. spanning the tangent space of K at o and wq i=1..m
the coefficients associated with this decomposition. From now on, we will assume
that the set of v.f. Y; has been chosen once for all and we will use the notation

0% f(a,t) :=dof(a, )Y ()

RR n°® 7528



Control of two-steering-wheels vehicles 7

to simplify the writing of the derivative of f which, with this notation, is given
by
fla,t) = 0% f(a,t)wy + 0" fa,t)

with w, the m-dimensional vector of components we i=1,....m-

We recall that the function f is said to be transverse to the control v.f. X7,
X5, and X3 of System [4 if the matrix

H(a’t) = (Xl(fgvfn) | Xo | X3 ‘ _8af) (O"t)

with f, and f,, denoting the components of f in SE(2) and S* x S! respectively,
has full rank (equal to five) V(«,t) € K x R. The local controllability of the sys-
tem (4) ensures —and is in fact equivalent to— the existence of such a function [7].
In previous papers, the authors showed that there are multiple systematic ways
of synthesizing transverse functions. The approach here retained for this task
borrows the method from [8] which consists in working with a locally feedback-
equivalent homogeneous system invariant on a Lie group for which the explicit
calculation of transverse functions is simple.

3.1 Locally feedback-equivalent homogeneous system

Consider the control system

5:1 = U

§2 = Gauy

£3 =&sun (6)
5_4 = U2

&5 = ug

One easily verifies that, in the neighborhood of (g,7) = (0,0), this system is
feedback-equivalent to via the changes of coordinates and inputs defined by

X
Y
® : (g,m)—E=(g,n) = coS(a)n?+Sin(9) ©
d(%m)

2
d(0,m)
and

d(av nl)uw
V1 1+77?
Vs (9,1 Uy v) = A7+ o, R (8)
V2 n3 (cos(0)n1+sin())us+n2 sin(0)vy
d(0,m1) d(6,m )2

with u = (u1,ua,us) and d(0,m1) := cos(f) — sin(f)n;. In view of (6), the
control v.f. of this system are

1 0 0
&4 0 0
Z1(f) =& |, 22=10], Z3=10
0 1 0
0 0 1

RR n°® 7528
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and the only non-zero Lie brackets generated by these v.f. are

0 0
-1 0
Z4 = [Zl,ZQ] = 0 5 Z5 = [Zl, Z3] = -1
0 0
0 0

This system is thus nilpotent and, since the Lie algebra generated by its control
v.f. is five-dimensional, i.e. of the same dimension as the system itself, it is
left-invariant on R® w.r.t. some group product which, as one can easily verify,
is defined by
1+
T + Y2 + Y174
ry = | T3+ Y3+ Y125 (9)
T4+ Ya
5 +Ys

The next step consists in determining transverse functions for this system. A
possibility, pointed out in early papers on the transverse function approach [6],
[7], consists in forming the ordered group product of elementary exponential
functions, each defined on S' and involving a v.f. derived from the way the
system’s Lie Algebra is generated. This possibility yields transverse functions
depending on a minimal number of variables. In the present case, the elementary
exponential functions are defined by

g(B1) = exp(errcos(fr1)Z1 + e128in(61)Z2)

€11 cos(f1)
e11€12 cos(f1) sin(f1)/2
= 0
€128in B
0

and
h(B2) = exp(ea1cos(fB2)Z1 + 22 5in(H2)Z3)

€91 cos(f2)
0
= €91€22 cos(f2) sin(fs)/2
0
€92 sin 32

with exp(X) the solution at time ¢ = 1 of the system & = X (z), starting from
the neutral element e of the group product (here equal to the five-dimensional
null vector). In the above expressions of g and h, the ¢;;’s are non-zero real
parameters the choice of which allows one to modify the “size” of the associated
transverse function. Now, since Z; and Z3 play a similar role in the generation
of the system’s Lie Algebra, there is a priori no preferred order in the way
of forming the product of g and h. This means that two possible transverse
functions are given by

f(B) = g(B1)h(B=) (10)

RR n°® 7528
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and

f(B) = h(B2)g(B1) (11)

Since the group product is not abelian these two functions are “slightly” different
from each other. It is not difficult to verify that the function (10) is transverse
to the system’s v.f. Z;, Z5, and Z3, provided that |eo;| < 0.5|e11|, whereas the
function (11) is transverse to these v.f. provided that |e11| < 0.5]e21].

The difference between the products of g by h, and of h by g, points out
the fact that this way of designing a transverse function does not respect the
symmetric role played by the generating v.f. Z; and Z3. It is then legitimate
to wonder whether one function is better than the other in practice. However,
the issue is not only practical. Is is also conceptual because it involves the ge-
ometrical properties of the method used to design transverse functions. When
addressing the control of the trident snake in [2], a similar situation was encoun-
tered where the product of elementary exponential functions defined on S! could
not respect the structural symmetry associated with the system’s Lie Algebra
generation. This led to propose another family of transverse functions defined
on SO(3), rather than on S* x S* x S, which did not present the same theoret-
ical shortcoming. Moreover, the superior performance, observed in simulation,
of the feedback control laws derived with this new family was a complementary
practical asset which strengthened our preference. Since the system’s Lie Alge-
bra can be generated by first-order Lie brackets only, it is known from [10] that
tranverse functions defined on SO(m) —with m the number of control inputs—
exist. In the present case m = 3 and, using the fact that the Lie bracket of Z5
and Z3 is null, a possible transverse function is given by

3 2
F(R) = exp <g 3 ai(R)Zi + %(b3(R)Z4 - bg(R)Z5)>
=1
gay (R)
2 (a1(R)as(R) — bs(R)) 12
= | S(a1(R)as(R) + ba(R)) | » R € S0(3)
Eag(R)
eas(R)

with { }
a = DRex, DZdiag dy,ds,ds3
b= DRes, D = diag{dyds, dydy, dydy}) * 23 € R0}

e; (i = 1,2,3) the canonical basis of R?, and aj 23 (resp. by 23) the compo-
nents of the vector a (resp. b). The design parameters ¢ and d; 23 play the
same role as the parameters ¢;; for the previous functions, i.e. they allow one
to modify the size of the transverse function. By contrast with the functions
defined on S! x S!, the property of transversality is ensured as soon as none
of these parameters is equal to zero. The absence of other constraints on the
choice of these parameters is one of the assets of (12), when comparing this
function to (10) or (1I). However, a complication arises from the fact that this
function is defined on a manifold, namely SO(3), whose dimension (equal to
three) is larger than the dimension two of S' x S! on which the other transverse
functions are defined. This difference in the dimensions of the sets on which
symmetric and non-symmetric transverse functions are defined does not occur

RR n°® 7528
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in the trident-snake case because the minimal dimension of the sets on which
transverse functions are defined is equal to three in this case. We will see further
how this extra dimension gives rise to an extra control variable which has to be
dealt with at the control design level.

At this point, let us recall that if f(.) is transverse to a set of v.f. which are
left-invariant on a Lie group, then the left-translation of this function by any
constant element, or by any smooth time-dependent function, is also transverse
to this set. In particular, given §* a “reference” value for the variable 8, and R*
a reference rotation matrix, then the functions defined by

FB) = F(B)F(B) (13)

and
F(R) == f(R") ' f(R) (14)

are transverse to the v.f. Z; 5 3 provided that the corresponding functions f0),
as given by (10411) and (12) for instance, are themselves transverse functions.
The reason for such modified transverse functions is to allow for the asymptotic
tracking of feasible reference trajectories. More precisely, define the tracking
error & := &-(t) 1€ with &,.(t) a predefined reference trajectory, then it suffices
to have 3(t) (resp. R(t)) converge to 3* (resp. R*) while the “error” £f(.)!
converges to the group’s neutral element e = 0 to ensure that £(¢) converges to
&-(t). The second condition, i.e. the convergence of £f(.)~! to e is satisfied by
a proper design of the control law. This is the core of the transverse function
control approach and of the associated objective of practical stabilization of any
reference trajectory. As for the convergence of §(t) (resp. R(t)) to 5* (resp.
R*), it depends on the i) “admissibility” of the reference trajectory, ii) a proper
choice of 5* (resp. R*, and iii) classical “persistent excitation” properties of the
reference trajectory that ensures the controllability of the linear approximation
of the tracking error system.

3.2 Conditions for asymptotic stabilization of admissible
reference trajectories

Let us comment some more on the points ii) and iii) by considering the two
cases when the transverse function is defined either on S' x S or on SO(3).
Case 1: When f is defined on S! x S! the results of |9] can be used to show
that a proper choice for 8* and the signs of the parameters €;; entering the
expression of f(f3) is as follows:

{ p* = (070)/ (15)

sign(e11) = sign(ea1) = —sign(u,1)

with sign(.) denoting the classical sign function and wu, the reference input
associated with the admissible reference trajectory &.. Note that the above
specifications apply only when the reference trajectory is admissible and the
first component of the reference input is different from zero, this latter condi-
tion being also necessary to the controllability of the linear approximation of
the tracking error system. When these conditions are not met, the choice of
(* and of the signs of €17 and 47 become essentially irrelevant, and of lesser
importance for the practical stabilization of the reference trajectory.

RR n°® 7528
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Case 2: The issue is more complex when f is defined on SO(3) because the
choice of the reference matrix R* has to be made in combination with the mon-
itoring of an extra control variable. Define the modified error vector z := £f~1

and the extended control vector u = <Zj> , with w denoting the angular velocity

vector associated with the variation of R, i.e. the 3-dimensional vector such
that R = RS(w) with S(.) denoting the skew-symmetric matrix-valued function
associated with the cross-product operation in R?, i.e. such that S(a)b=a x b.
Define also

I _

G (0 : ) . G(R) = (G] - A(R))

2x3
with I,, denoting the n x n identity matrix and A(.) the 5 x 3 matrix-valued
function such that . -

f(R) = Z(f(R))A(R)w
with Z = (Z1,...,Zs). Let Ad? denote the expression of the Ad operator in the
basis Z, i.e. the matrix-valued function defined by Ad(£)Z(e)v := Z(e)Ad? (¢)v.
By using classical differential calculus on Lie groups, the time-derivative of z is
given by (see also [9])

= Z(z)Ad”(F(R))(G(R)u — Ad”(§")v,) (16)

with v, the 5-dimensional vector such that & = Z(&,)v,. Let A;(R) and Ay(R)
denote the sub-matrices of A(R), of respective dimensions 3 x 3 and 2 x 3, such

that A = (Al

A ) The transversality property of f implies that the 5 x 6 matrix
2

=~ (1 —A1(R)
G(R) = (02i3 —A;(R)>

is of full rank VR € SO(3). Therefore the rank of As(R) is equal to two.
Let p(R,t) denote a smooth 3-dimensional vector-valued function such that
w(R,t) € Ker(A2(R)), Y(R,t). Take, for instance,

(R, 1) = (I — As(R)T A2(R))p(R. 1) (17)

with A5(R)T a right inverse of A3(R), and p denoting a “free” vector-valued
function which will be specified further in order to obtain the desired stability

result. Define N
ar0 = (M) uro) e Kerm) 9

Then, in view of (16), any feedback control in the form

=GR AAZ (€Y, + (Z(2)AdZ (f)) " Kz) + (R, t) (19)

with
= (I —A;(R)A (R)T
GR)! = (03i3 iAz(Rz)T >

a right inverse of G(R), yields the closed-loop equation z = Kz. It thus suffices
to choose K equal to a constant Hurwitz matrix to obtain the exponential
stabilization of z = 0. Note that the last term f in the control expression

(20)

RR n°® 7528
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only arises when the dimension of the extended control vector is larger than
the system’s dimension. A contribution of the present study is to show how to
combine this term with an adequately chosen rotation matrix R* in order to
ensure the local asymptotic stability of this matrix on the zero dynamics z = 0,
when the reference trajectory &, is admissible, i.e. when v, = Gu,..

Proposition 1 Let ¢ denote a quaternion associated with the rotation matrix
R, and Im(q) denote its imaginary part. Apply the control law to the
system (6) with Ao(R)T chosen as the Moore-Penrose pseudo-inverse of Aa(R),
ie. Ag(R)T = Az(R) (A2(R)A2(R)")~Y. Then, on the exponentially stabilized
zero dynamics z = 0 the following choices for R*, p, and the sign of €:

R* = Ig
p(R,t) = —kylur1(t)|[Im(q) , k, >0 (21)
sign(2) = —sign(u)sign(dy)

make f(R) = 0, and subsequently fN = 0, locally exponentially stable provided
that i) u, is bounded and i) there exist constants T, > 0 such that

t+T
VtER,, / s (s)] ds > 6 (22)
t

The proof of this proposition is given in the Appendix.

Relation (22) is a persistent excitation condition whose satisfaction ensures
the controllability of the linear approximation of the error system associated
with the tracking error é . It is a classical condition when addressing the asymp-
totic stabilization of feasible reference trajectories for nonholonomic systems

|4, 13].

3.3 Transverse functions for the original system

The general control problem addressed in the present paper may be formulated
as the practical stabilization of any reference trajectory g,(t) = (2, yr, 0r) (t)
for the system (4). Let w, € R3 denote the associated reference velocity, i.e.
the vector such that g, = R(6,)w,. The reference trajectory is admissible (or
feasible) if there exist functions 7, and wu, , such that w,(t) = C(n,(t))us (1),
Vt. These functions are given by vy, = wy1 and 0, = (Z:f, Z;f ) respectively.
They are well defined and unique as long as w, 1 # 0. A fixed point, for which
w, = 0, is also an admissible trajectory, but the function 7, is not unique in
this case. When the first component of w, is equal to zero at some time instant,
with one of the other two components different from zero, the trajectory is
not admissible (feasible). For the control design we propose to use a smooth
function 7, with the properties of being i) always well defined, ii) a “good”
approximation of 7, when w, 1 is not small, iii) equal to the null vector when
wry = 0, and iv) bounded by predefined arbitrary values. The idea for the
first three properties is to make 7,.(t) a “reasonable” reference trajectory for
the “shape” vector 7, independently of the admissibility of g,(¢). As for the
fourth property, i.e. the uniform boundedness of the components of |7,.| by pre-
specified valued, its usefulness will be explained shortly thereafter in relation to
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the property of transversality. An example of such a function is

_ _ Wy, 1 Wr 144 .
;= i mag tanh | — 0L =19 23
MNri Mi,max <ﬁi,mar(w%’1 + I/)> ( )

with 7; max > 0 the upperbound of |7, ;| and v a small positive number. Define

o 03><1
&(t) = (m(t)) (24)
and note that, in view of (7)), ®(&,(¢)) = &.(¢). Define also

flayt) =& (1) f(o) (25)

with either a = 8 € S' x S or &« = R € SO(3). Setting 8 = (0,0)’, and
using either (10) or (11) for the function f involved in the definition (13) of the
function f, one obtains respectively
e11(cfy — 1) + ear(cfz — 1)
R SF2cfispr + ervensPicBa + fillra
f(B,1) = 21222039562 + fiir,2 (26)
€12801 + Mr1
€22502 + Nr.2

and
e11(cfr — 1) +ea1(cfz — 1)
R H2efisf + [y
f(8:1) = 21222 035535 + e11€22¢015082 + f17)r2 (27)
€12801 + Mr 1
€22502 + M2

Setting R* = I3, and using (12) for the function f involved in the definition
(14) of the function f, gives

) 6d1(7’11 — 1) .
X Sdida(1 — 733 +r117ro1) + fiiien
f(Rt) = §d1d3(r117“31 +123) + flﬁr,Q (28)
edarar + 1r1
edzray + 7,2

In the above relations, s (resp. ¢3) stand for sin(3) (resp. cos(5)), and 745 is
the element of R at the crossing of the ¢ —th row and j—th column.

By application of Proposition 2 in [10], if f is a transverse function for the
homogeneous system (6), then

f(Oé,t) = (I>_1(f(a,t)) (29)

is a transverse function for the (feedback-equivalent) original system (4), pro-
vided that f (o, t) remains inside the domain where ®~! is a diffeomorphism, i.e.
provided that d(a,t) := (cos(fs) + sin(f3)f1)(a, ) never crosses zero. It thus
suffices that |fs(a, t)| < 5 and |tan(fs)(a,t)||fa(a,t)| < 1, V(e t). Clearly, the

RR n°® 7528



Control of two-steering-wheels vehicles 14

satisfaction of these conditions set bounds upon i) the parameters ¢;; of the
functions (26)) and (27), ii) the parameters € and d; 2 3 of the function (28), and
iii) the components of 7,.. For instance, in the case of the function (26), the in-
equality | f3||fa] < 1 is basically satisfied when |eo1| < 1 and 2|eq;||7r.2|(|e12] +

[7-1]) < 1. In the case of the function (27), it is satisfied when |e11]| = ‘Efl—ll
—which ensures the property of transversality for the homogeneous system— and

%1'(‘622| +57r.2])(Jer2| + |r,1]) < 1. As for the function (28), this inequality is

satisfied when |5d1|[@(w +3|7r,2]) + (% + 2|7 2])|7r1]] < 1. Given
arbitrary bounds on the components of 7,., all above inequalities can be satisfied
by reducing the sizes of the parameters ¢;; and € as much as needed. However,
in practice, it may be interesting to use parameters which are not too small,
in order to limit the control amplitude and the frequency of maneuvers when
tracking non-admissible trajectories. Beside these general remarks, developing a
methodology for the choice of the transverse functions’ parameters in relation to
the determination of the bounds on the components of 7, would be of interest.
This difficult issue is beyond the scope of the present paper.

4 Control design

Consider a transverse function f(«,t) for the system (4), with « equal to either
B € St xSt or R € SO(3), depending on the user’s choice and as defined by
. The issue now is to synthesize control inputs u, and v which practically
stabilize any reference trajectory g, (t) = (z,,yr, ;) (t). As pointed out before,
a possibility consists in applying the control design proposed in |8] which exploits
the specific structure of the system and the possibility of controlling the shape
vector 7 directly.

Let f, and f;, denote the components of f such that f = (%)7 with dim(fy) =
n

dim(g) and dim(f,) = dim(n). Set z, :=n — f,, then

2y =0 — 0% fpla,t)wa — 0" fr(a,t)
with 9 f,, (o, t) = g—gz(a,t)ﬁr(t), and w, equal to 3 (resp. w) when a is equal
to B (resp. R). In order to exponentially stabilize z, = 0 one can consider the
control defined by

v =0%f,(c,t)wa + 0" fr(a,t) — kpzy , ky >0 (30)

which yields the closed-loop equation z, = —k;z,. This control can be computed
once w, has been determined. Define the tracking error § := g ! e g, with e
denoting the usual group product in SE(2), i.e.

(G rmen ()
gr®g2 = Y1 Y2
01 + 6,

and g~! the inverse of g, i.e. the element of SE(2) such that g~ e g = 0. One
easily verifies that

9= R(O)C(n)us +p(g.t)
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with
_ 92\ .
p(f],t) = _R(_gr)g.r + | -0 0,
0

and 6 = 0 — 6,. Define also Zgi=ge fg_l(a,t), which may be viewed as the
tracking error in SE(2) “modified” by the transverse function. One shows that

2y = Dizg f)RO) (Ca — R(—fy8)fy + R(=0)p)

= D(z,, f,)R(0) (H(a,t) <zz) + Auy, +]3)

[}

with
Dizyfy) = | T2 B (ffiQ)
O1x2 1
H(oyt) = (Clfplast) —EB(a,t))
Ela,t) = R(~fo3(c,£))0° fy(ar, )
Blzgront) = R(=0)p(3,t) — R(—fy3(, £)) 52 (a, )7,

Ay =cw-cty=(7)
wa:ﬁifazﬁ, we =w if a = R.

It is simple to verify that the property of transversality of f implies that the
matrix H(«,t) —the dimension of which is (3 x 3) (resp. (3 x 4)) when « is
equal to § (resp. R)- is of full rank V(«,t). Therefore, using the fact that A
exponentially converges to zero when v is given by (30), any control in the form

<“$> = Hi(a,t) (—p+ R(—0)D7 (2, fg)ngg) + il t) (31)

Wa
with

e HT aright inverse of H,

o K, a3 x 3 Hurwitz matrix

e /i a vector-valued function belonging to the kernel of H, i.e. such that
H(a,t)i(a,t) =0, V(o t),

yields the exponential convergence of z, to zero. It follows that the feedback
control law defined by (30) and (31) globally exponentially stabilizes (zg4, 2,,) =
(0,0). Since f; is a bounded function the size of which can be rendered arbitrar-
ily small via the choice of its parameters, |g| is itself ultimately bounded by an
arbitrarily small value. It is in this sense that the tracking error is “practically”
stabilized.

Let us now focus on the complementary control term . This term arises
only when the matrix H is rectangular, i.e. when a = R, since in the case where
« = [ this matrix is square invertible so that i is necessarily the null function.
As pointed out in Section [3.2, the role of this term is to ensure the asymptotic
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stabilization of admissible trajectories, given an adequate value of the matrix
R* involved in the transverse function. In view of the expression of H, i.e.

1 —E(R)
H(R. 1) = <fn<R, ) —ER t))

one easily verifies that

1 E 1 0
HY .= ! — —
(o 5) (s, )

with Ey := E> — f, By and E‘g = E4(EyE4)~! —the Moore-Penrose right pseudo-
inverse of Fo—, is a right pseudo-inverse of H, and that any function defined by

p= (il) (Is — EJE2)p (32)
with p any 3-dimensional vector-valued function, belongs to the kernel of H. By
analogy with the problem treated in Section suitable choices for R*, p, and
the sign of the parameter ¢ involved in the transverse function expression, are
provided by Proposition[T with w,.; —the first component of R(—6,.)¢,— playing
the role of u,. ;.

5 Simulation results

Apart the argument of respecting the symmetry of the system at the Lie al-
gebra generation level, we do not know, at this time other “objective” criteria
for the comparison of the respective qualities and shortcomings of the trans-
verse functions proposed in Section [3. Nevertheless, other factual properties,
supported by simulations that we have carried out so far, in the trident-snake
case —as reported in [2]- and also in the case of two-steering wheels vehicles
addressed here, tend to indicate that functions which respect the above men-
tioned symmetry also offer practical advantages. For instance, the conditions
upon the set of parameters for which the property of transversality is granted
are less constraining. This fact was illustrated in Section[3 when determining
transverse functions for the feedback-equivalent system. Indeed, the conditions
le11| < 0.5|e12| and |e12] < 0.5|e11| came up for the functions defined on S! x S,
whereas no condition upon the parameters of the function defined on SO(3)
(except from being different from zero) was necessary. In the trident-snake
case, more stringent conditions contributed to further establish the superiority
of symmetrical functions defined on SO(3). In practice, these conditions also
tend to significantly complexify the determination of “good” parameter values
for which, beyond the property of transversality, the controlled system maneu-
vers in a “natural” manner when tracking non-admissible reference trajectories.
Due to the lack of complementary tangible results, this difficult issue will not
be pursued further here. Nevertheless, the reader will have understood that,
despite complications at the control level which may arise from extra degrees of
freedom associated with symmetrical transverse functions, our preference goes
so far towards such functions.

The simulation results reported next have been obtained with a transverse
function (29) defined on SO(3) and the feedback control (30), (31), (32), with
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gains Ky = —kglI3 (kg = 1), k;, = 2, and k, = 3. The sign of ¢, R*, and p are
specified in Proposition [1I The following transverse function parameters have
been used: |e| = 0.2, dy = 0.5, dy = d3 = 10, with 7, as specified in (23),
M maz = 1, M2,mae = 1.5, and v = 0.01.

The following table indicates the time history of the reference frame velocity
vector ¢,(t) during the 60-seconds simulation period. Discontinuities at sev-
eral time instants have been introduced purposefully in order to periodically
re-initialize the tracking errors in the shape variables n and test the control
performance during transient convergence phases.

te(s) | gr = (m/s, m/s, rad/s)
0,10) | (0,0,0)

[10,15) | (1,0,0)

[15,20) | (0,0,— 2

[20,30) | (0,0.5,0.57 cos(w(t — 20)))’
[30,35) | (0,0, %)

[35,40) | (—cos(E(t —35),sin(Z(t —35)),0)
[40,45) | (2,0, —2sin(Z (¢ — 40)))’
45.50) | (0,~1,— 75

[50,55) | (1.3, 1,sin(3(t — 50)))’
[55,60) | (0,0,0)

The tracking of the reference frame starts after the first five seconds during
which all velocities are kept equal to zero. The reference trajectory has been
chosen so as to illustrate various control modes:

e fixed-point stabilization, when ¢ € [5,10) U [55, 60),

e asymptotic tracking of admissible trajectories, when ¢ € [10, 15)U[20, 30)U
[35,37.5 — &) U [37.5 + ,40) U [40,45), with a singularity avoidance at
t = 37.5 when perfect tracking requires both steering wheel angles to be
equal to £7,

e practical stabilization of non-admissible trajectories, when ¢t € [15,20) U
(30, 35) U [45, 50).

Fig. [2]shows the (x,y) trajectories of the origin of the reference frame (dotted
line) and of the origin of the frame attached to the vehicle (dashed line). It
also shows superposed snapshots, taken at various time instants, of the wheeled
vehicle and of the reference frame that it is tracking. The principle of practical
tracking is well illustrated by this figure. However, only a video of the simulation
can qualitatively report of the “natural” character of the maneuvers performed
by the controlled vehicle.

Fig. [3] shows the exponential stabilization of 2| = (|z4|* + |2,|*)?® with
respect to time, with re-initialization time instants corresponding to reference
velocity discontinuities.

Finally, Fig. [4 shows the time evolution of the three components of the
imaginary part of the quarternion associated with the matrix R on which the
task function depends. Perfect tracking occurs when all components are equal
to zero. Imperfect tracking during phases when the reference trajectory is ad-
missible is a consequence of the non-equality between the vector 7,-(t) defined by
(23), which is used in the transverse function, and the reference steering angle
vector 7, (t).
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Figure 2: Tracking of a reference frame
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Figure 3: (27 + 27)%° vs. time (s)
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6 Research directions

Extensions to the present work are multiple. For instance, several issues re-
lated to the choice and properties of adequate transverse functions have been
pointed out in the core of the paper. Studying these issues will participate in the
development of a methodology for the generation of transverse functions best
adapted to control purposes. An extension, related to the use of “symmetrical”
transverse functions defined on SO(n) and to our recent work [11] on snake-
like wheeled mechanism, concerns the control of snake-like wheeled mechanisms
with orientable wheels which facilitate the maneuvering of the system. Another
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\
i

Figure 4: I'm(q) vs. time (s)

extension of particular interest from both theoretical and practical standpoints
concerns the control of the snakeboard [12], which may be viewed as an under-
actuated dynamical version of a two-steering-wheels vehicle.

References

1]

2]

3]
[4]

5]

16]

7]

18]

S. Helgason. Differential geometry, Lie groups, and symmetric spaces. Aca-
demic Press, 1978.

M. Ishikawa, P. Morin, and C. Samson. Tracking control of the trident snake
robot with the transverse function approach. In IEEE Conf. on Decision
and Control, pages 4137-4143, 2009.

H.K. Khalil. Nonlinear systems. Prentice Hall, third edition, 2002.

E. Lefeber, A. Robertson, and H. Nijmeijer. Output feedback tracking of
nonholonomic systems in chained form. In FEuropean Control Conference,

1999. Paper 772.

A. Micaelli and C. Samson. Trajectory tracking for two-steering-wheels
mobile robots. In Proc. Symp. Robot Control’94, Capri, Italy, 1994.

P. Morin and C. Samson. A characterization of the Lie algebra rank con-
dition by transverse periodic functions. SIAM Journal on Control and
Optimization, 40(4):1227-1249, 2001.

P. Morin and C. Samson. Practical stabilization of driftless systems on
Lie groups: the transverse function approach. IEEE Trans. on Automatic
Control, 48:1496-1508, 2003.

P. Morin and C. Samson. Transverse function control of a class of non-
invariant driftless systems. Application to vehicles with trailers. In IEEE
Conf. on Decision and Control, pages 4312—4319, 2008.

RR n°® 7528



Control of two-steering-wheels vehicles 20

[9] P. Morin and C. Samson. Control of nonholonomic mobile robots based on
the transverse function approach. IEEE Trans. on Robotics, 25:1058-1073,
2009.

[10] P. Morin and C. Samson. Transverse function on special orthogonal groups
for vector fields satisfying the LARC at the order one. In IEEE Conf. on
Decision and Control, pages 7472-7477, 2009.

[11] P. Morin and C. Samson. Feedback control of a wheeled snake mechanism
with the transverse function control approach. In IEEE Conf. on Decision
and Control, pages 1991-1998, 2010.

[12] J. Ostrowski, A. Lewis, R. Murray, and J. Burdick. Nonholonomic mechan-
ics and locomotion: the snakeboard example. In IEEE Conf. on Robotics
and Automation, pages 2391-2397, 1994.

[13] E. Panteley, A. Loria, and A. Teel. Relaxed persistency of excitation
for uniform asymptotic stability. IEEE Trans. on Automatic Control,
46(12):1874-1886, 2001.

[14] X. Yun and N. Sarkar. Dynamic feedback control of vehicles with two
steerable wheels. In IEEE Conf. on Robotics and Automation, pages 3105—
3110, 1996.

Appendix: proof of Proposition [1
When z = 0, the relation becomes
i =G(R)TAAZ(F(R) Vv, + (R, 1)

so that, in view of (20,

w = —Ax(R) AT (F(R) ™ )ur + p(R. 1) (33)
with AdZ(f(R)™!) denoting the sub-matrix of Ad?(f(R)~!) composed of its
last two lines. Let us now further specify the terms involved in the previous
relation. Let v denote a system of coordinates such that, near R*,

B =5
f(R) =exp <Z Zi%‘) (= exp(Z7))

Since ad®(Z;)Z; = 0 for k > 1, V(4,) € {1,...,5}, one has
ZAA(F(R) Mo = Ad(F(R)™)Zv,
= Ad(exp(—Z7))Zv,
— explad(—27))Zv,
Zvy + [Zvy, Z7)
= Zvy + Zs(y20r1 — M10r2) + Z5(Y30r1 — N1013)

Therefore, since v, ; = u,; for i =1,2,3, and v, 456 = 0,

AR 0= (p, 20

Up X 71,2,3)
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with
0 0 1
P= <0 -1 0)
AdZ (F(R) ™ yor = P(uy x 712,3)
From the definitions of f and f

oo (G0 o (2 (50)

and, by application of the Campbell-Baker-Hausdorff formula (see, e.g., [1]),
according to which exp(X)exp(Y) = exp(X + Y + 1[X,Y] +...), one shows

so that

that
(. ealR)—a(Rr)
F=ow(2 <3P<b<R> ) + ol x o))
Therefore
1,23 =¢e(a(R) —a(R*)) =eD(R — R")e;
and

AdY (f(R)™Yv, = ePS(u,)D(R — R*)e; (34)

Now, using the definition of f(R), the fact that ad®(Z;)Z; = 0 for k > 1,
V(i,7) € {1,...,5}, and the expression for the derivative of the exp function
(see, e.g., [1} Pg. 105]), one obtains

fR) = fexp (Z (P(zfl)%)))

B B ea(R)
= Z(f(R)) <€;p(b(R) — a(R) x d(R))>

From the definition of a(R) and b(R)

a(R) = —DRS(e1)w
b(R) = —DRS(es)w

so that, using the fact that DRe; x DRS(e1) = DRS(e1)?,

Lo —eDRS(e1)
F(R) = Z(f(R)) <€;pDR(S(61)2 - 5(63))) ’

The left-invariance of the Z;’s also implies that the matrix A(R) involved in the
time-derivative of f(R) is the same as the one involved in the time-derivative of

f(R), i.e. A )
f(R) = Z(f(R))A(R)w

Therefore, by identifying the right members of the previous two equalities

—eDRS(ey) ) (35)

A0 = (2 porsten - sten)
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Using (17) and (34) in (33) yields
w = —cAy(R) PS(u,)D(R — R*)ey + (Is — A3(R)TA2(R))p(R, 1) (36)
Let § = 2Im(q) and note that @ is a parametrization of R near R* = I3 such

that -
R~ I3+ 5(0)

Therefore, 0 ~ w in the neighborhood of § = 0. From (21), p(R*,.) = 0 so that
the linearized dynamics of 6 in the neighborhood of 8 = 0 is given, in view of

(21) and (36), by
0 = cAy(R*) PS(u,)DS(e1)0 — %k,,|ur,1|(13 — Ay(R*)T A3 (R*))0 (37)

Choosing A5(R)' equal to the Moore-Penrose pseudo-inverse of A,(R), and
using the expressions of € in (21I) and A2(R) in (35), it comes after simple
calculations that is the same as

0 = |u,.|BO (38)
with .
(TR R i 0
B=g|* kgm0
0 0 ~ Tl

a Hurwitz matrix. With the condition (22) imposed on u, 1, this clearly implies
that = 0 is a (uniformly) exponentially stable equilibrium of the linearized
system (38). Local exponential stability of # = 0 for the original nonlinear
dynamics then follows from the assumption that |u,.| is bounded and the appli-
cation of classical stability theorems [3, Th. 4.13]. |
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