Modélisation de fractures comme des interfaces avec des maillages non-conformes

Résumé : Nous étudions un modèle d'écoulement dans milieu poreux contenant une fracture. Dans ce modèle, la fracture est représentée comme une interface entre sous-domaines, au sein de laquelle des équations spécifiques doivent être résolues. Dans le présent article, nous analysons le problème discret, en faisant l'hypothèse que le maillage de la fracture et les maillages des sous-domaines sont complètement indépendants, mais respectent toutefois la géométrie de la fracture. Nous montrons que malgré cette non-conformité, le premier ordre de convergence est conservé pour les éléments finis mixtes de Raviart-Thomas(-Nedelec) de plus bas degré. Des simulations numériques confiment ce résultat.
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Introduction

In [START_REF] Alboin | Domain decomposition for flow in porous fractured media[END_REF][START_REF] Alboin | Modeling fractures as interfaces for flow and transport in porous media[END_REF] and in [START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF] models for flow in fractured porous media were introduced. These were models in which the fractures were treated individually and they were identified as (n -1)-dimensional interfaces in the n-dimensional domain. These models were analyzed and numerical results obtained with mixed finite element discretization were given. The models were presented as domain decomposition techniques with nonlocal interface conditions on the interface between the subdomains; however, it was assumed that a finite element grid for the entire domain was used and that the fracture coincided with a union of faces of elements of the discretization grid. In [START_REF] Frih | Un modèle Darcy-Forchheimer pour un écoulement dans un milieu poreux fracturé[END_REF][START_REF] Frih | Modeling fractures as interfaces: a model for Forchheimer fractures[END_REF][START_REF] Knabner | Coupling Forchheimer flow in fractures with Darcy flow in the rock matrix[END_REF] this model was extended to a model in which the flow in the fracture was governed by Forchheimer's law while that in the rest of the domain was governed by Darcy's law, and in [START_REF] Frih | Modeling fractures as interfaces: a model for Forchheimer fractures[END_REF] it was observed that the results were still correct if completely independent grids were used for the subdomains on either side of a fracture and for the fracture itself. The object of this short article is to give a demonstration of the existence and uniqueness of the solution when nonmatching grids are used for the model of [START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF], which generalizes the model of [START_REF] Alboin | Domain decomposition for flow in porous fractured media[END_REF][START_REF] Alboin | Modeling fractures as interfaces for flow and transport in porous media[END_REF] to include the case of fractures of low permeability, and to show that optimal order convergence is maintained when the Raviart-Thomas-Nedelec elements of lowest order are used. It is interesting to point out that, contrary to what is obtained for the mortar method [START_REF] Arbogast | Mixed finite element methods on non-matching multiblock grids[END_REF][START_REF] Bernardi | A new nonconforming approach to domain decomposition: the mortar element method[END_REF], no restrictions on the mesh size of the interface are necessary to obtain optimal convergence: in particular, one can use a mesh that is very fine in the fracture. We also carry out a numerical study to corroborate these theoretical results. We remark that in this article we have restricted our attention to the simplest model in which a domain is divided into two disjoint subdomains by a simple fracture and Darcy flow is considered throughout the domain and fracture. However similar fracture models for more complex situations have been studied; e.g. a simple network of fractures cf. [START_REF] Amir | Décomposition de domaine pour un milieu poreux fracturé : un modèle en 3d avec fractures qui s'intersectent[END_REF], Forchheimer flow in the fractures [START_REF] Frih | Modeling fractures as interfaces: a model for Forchheimer fractures[END_REF][START_REF] Knabner | Coupling Forchheimer flow in fractures with Darcy flow in the rock matrix[END_REF], embedded fractures [4,[START_REF] Moreles | The narrow fracture approximation by channeled flow[END_REF], multiphase flow [START_REF] Reichenberger | A mixeddimensional finite volume method for multiphase flow in fractured porous media[END_REF], and for the models of [START_REF] Amir | Décomposition de domaine pour un milieu poreux fracturé : un modèle en 3d avec fractures qui s'intersectent[END_REF] and [START_REF] Frih | Un modèle Darcy-Forchheimer pour un écoulement dans un milieu poreux fracturé[END_REF][START_REF] Frih | Modeling fractures as interfaces: a model for Forchheimer fractures[END_REF][START_REF] Knabner | Coupling Forchheimer flow in fractures with Darcy flow in the rock matrix[END_REF], good numerical results have been obtained with nonmatching grids.

We also remark that although we use nonmatching meshes in the subdomains and in the fracture, we do require that the geometry of the fracture is respected by the meshes. In [START_REF] Angelo | A mixed finit element method for Darcy flow in fractured porous media with non-matching grids[END_REF], a formulation based on enriched finite elements allows the meshing of the entire domain independently of the fracture, for a case in which there is no flow along the fracture.

Description of the problem

Suppose that Ω is a convex domain in R n , n = 2 or 3, and denote by Γ = ∂Ω the boundary of Ω. We consider single phase, incompressible flow int Ω and for simplicity we neglect gravitational effects. We suppose that the flow in Ω is governed by the conservation equation together with Darcy's law relating the gradient of the pressure p to the Darcy velocity u:

div u = g in Ω u = -K∇ p in Ω p = p on Γ, (1) 
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where p is the pressure, u the Darcy velocity, K the hydraulic conductivity (or permeability) tensor, f a source term and p the given pressure on the boundary Γ. We suppose that K is symmetric, bounded, and uniformly positive definite.

For simplicity, for the model problem considered here, it is supposed that the fracture, Ω f , is a sub-domain of Ω, that there is a hyperplane γ and a unit vector n = n 1 = -n 2 normal to γ such that

Ω f = x = s + σn ∈ Ω : s ∈ γ,
and σ ∈ (- d(s) 2 , d (s) 2 ) 
, where d(s) denotes the thickness of the fracture at s ∈ γ. It is supposed also that the width function d on γ is bounded above and below by positive constants.

It is further assumed that Ω f separates Ω into two connected subdomains:

Ω\Ω f = Ω 1 ∪ Ω 2 , Ω 1 ∩ Ω 2 = ∅.
Let Γ i = ∂Ω i ∩Γ be the part of the boundary of Ω i in common with the boundary of Ω, i = 1, 2, f, and let γ i = ∂Ω i ∩ ∂Ω f ∩ Ω be the part of the boundary of Ω i in common with the boundary of the fracture Ω f , i = 1, 2. Let n i be the outward unit normal vector field on Ω i , i = 1, 2, f . If we denote by p i , u i , K i , and q i the restrictions of p, u, K, and q respectively to Ω i , i = 1, 2, f , and by p i the restriction of p to Γ i , i = 1, 2, f, then problem (1) is clearly equivalent to the following transmission problem:

div u i = g i in Ω i , i = 1, 2, f, u i = -K i ∇ p i in Ω i , i = 1, 2, f, p i = p i on Γ i , i = 1, 2, f, p i = p f on γ i , i = 1, 2, u i • n = u f • n on γ i , i = 1, 2.
(

) 2 
The model problem with the fracture reduced to the interface γ is obtained by averaging across the fracture the first three equations of (2) for the index f . Using the notation ∇ τ (respectively div τ ) for the tangential gradient (respectively the tangential divergence) operator along the fracture γ and denoting by p γ and u γ the pressure and the (tangential) velocity on the fracture interface γ, we obtain the following interface problem:

u i = -K i ∇ p i in Ω i div u i = g i in Ω i u γ = -K γ ∇ τ p γ in γ div τ u γ = g γ + (u 1 • n 1 | γ + u 2 • n 2 | γ ) in γ κ γ (p i -p γ ) = ξ u i • n i -ξ u i+1 • n i+1 in γ p i = p i on Γ i p γ = p γ on ∂γ, (3) 
where we have supposed that the index i = 1, 2 belongs to Z 2 = Z/ [START_REF] Alboin | Domain decomposition for flow in porous fractured media[END_REF] so that 2+1=1, and we have assumed that K f is composed of a tangential part K f,τ and a normal part K f,ν and where K γ = K f,τ d is the tangential permeability K f,τ times the width d, κ γ = 2K f,ν /d is the the normal permeability K f,ν divided by half the fracture width, p γ is the average across the fracture of p f , and g γ is the integral across the fracture of the source term g f , ξ is a parameter

RR n°7517
with ξ > 1 2 and ξ = 1ξ. The new unknown functions p γ and u γ represent the average pressure across the fracture and the total flux of u f across a cross section of the fracture Ω f . The fifth equation of ( 3) is derived by averaging the normal component in Darcy's law across the fracture and using a quadrature rule with weights ξ and ξ in the quadrature rule for integrating u f • n across the fracture: see [START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF].

Weak formulation of the model problem

The weak formulation of (3) is defined with the Hilbert spaces M and W:

M = L 2 (Ω 1 ) × L 2 (Ω 2 ) × L 2 (γ) W = {v = (v 1 , v 2 , v γ ) ∈ H(div, Ω 1 )× H(div, Ω 2 ) × H(div τ , γ), with v i • n ∈ L 2 (γ), i = 1, 2},
which are equipped with the norms, for an r = (r

1 , r 2 , r γ ) ∈ M and a v = (v 1 , v 2 , v γ ) ∈ W, r 2 M = 2 i=1 r i 2 0, Ωi + r γ 2 0, γ , v 2 W = 2 i=1 ( v i 2 0, Ωi + div v i 2 0, Ωi ) + v γ 2 0, γ + div τ v γ 2 0, γ + 2 i=1 v i • n 2 0, γ .
Let the bilinear forms a : W × W → R and b : W × M → R be defined by

a(u, v) = 2 i=1 K -1 i u i , v i Ωi + K -1 γ u γ , v γ γ + 2 i=1 κ -1 γ (ξu i • n + ξu i+1 • n), v i • n γ b(u, r) = 2 i=1 (div u i , r i ) Ωi + (div τ u γ , r γ ) γ -([u • n], r γ ) γ ,
where we have used the notation

[u • n] = u 1 • n -u 2 • n = u 1 • n 1 + u 2 • n 2 on γ,
and let the linear forms L q : M → R and L d : W → R be those associated with the source term and with the Dirichlet data, respectively:

L q (r) = 2 i=1 (q i , r i ) Ωi + ( q γ , r γ ) γ , L d (v) = - 2 i=1 (v i • n i , p i ) Γi -v γ • n γ , p γ ∂γ .
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With these spaces and forms the weak form of (3) may be written as

(P) u ∈ W, p ∈ M a(u, v) -b(v, p) = L d (v) ∀v ∈ W b (u, r) = L q (r) ∀ r ∈ M. (4) 
That (4) has a unique solution is shown in [START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF].

For convenience of notation we also define the spaces H, H and M as follows:

H = H 1 (Ω 1 ) × H 1 (Ω 2 ) × H 1 (γ) ⊂ M H = (H 1 (Ω 1 ) n × (H 1 (Ω 2 )) n × (H 1 (γ)) n-1 ⊂ W M = (L 2 (Ω 1 ) n × (L 2 (Ω 2 )) n × (L 2 (γ)) n-1 ⊃ W
with their product norms. We clearly have that the inclusions H ֒→ M and H ֒→ W ֒→ M are continuous and dense (since

v i • n 0,γ ≤ C v i 1,Ωi ; i = 1, 2 for v ∈ H).
Also to shorten notation we shall write for v ∈ W,

divv = (divv 1 , divv 2 , div τ v γ ) and Divv = (divv 1 , divv 2 , div τ v γ -[v • n]).

Discretization

Let T h,i be a finite element partition of Ω i , i = 1, 2, made up of n-dimensional simplicial and/or rectangular elements and T h,γ a finite element partition of γ made up of (n -1)-dimensional simplicial and/or rectangular elements with no matching requirements between any of these partitions. The associated approximation spaces are for the scalar variable

M h = M h,1 × M h,2 × M h,γ ,
where M h,i , i = 1, 2, respectively M h,γ , is the space of piecewise constant functions associated with T h,i , i = 1, 2, respectively T h,γ ; and for the vector variable

W h = W h,1 × W h,2 × W h,γ ,
where W h,i , i = 1, 2, respectively W h,γ , is the lowest order Raviart-Thomas(-Nedelec) space associated with

T h,i , i = 1, 2, respectively T h,γ . Recall that W h,i , i = 1, 2, respectively W h,γ , is the set of functions in H(div, Ω i ), i = 1, 2
respectively H(div τ , γ), whose restrictions to n-simplicial elements are of the form (a

1 + bx 1 , • • • , a n + bx n ) t
, and whose restrictions to n-rectangular elements are of the form (a

1 + b 1 x 1 , • • • , a n + b n x n ) t .
Thus W h ⊂ W and M h ⊂ M , and the discrete mixed problem may be written as

(P h ) u h ∈ W h , p h ∈ M h a(u h , v h ) -b(v h , p h ) = L d (v h ) ∀v h ∈ W h b(u h , r h ) = L q (r h ) ∀r h ∈ M h . (5) 
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Interpolation estimates

The following projection operators will be needed for the analysis: for i=1,2, let Π h,i be the Raviart-Thomas projection onto W h,i satisfying that for any

v i ∈ (H 1 (Ω i )) n ∩ W i , (div(Π h,i v i -v i ) , r h,i ) Ωi = 0 ∀r h,i ∈ M h,i , < (v i -Π h,i v i ) • n i , w h,i • n i > ∂Ωi = 0 ∀w h,i ∈ W h,i , (6) 
and let π h,i be the L 2 projection onto M h,i satisfying for any

q i ∈ L 2 (Ω i ) (π h,i q i -q i , r h,i ) Ωi = 0 ∀r h,i ∈ M h,i . (7) 
Similarly, let Π h,γ be the Raviart-Thomas projection onto W h,γ satisfying that for any

v γ ∈ (H 1 (γ)) n-1 ∩ W γ , (div τ (Π h,γ v γ -v γ ) , r h,γ ) γ = 0 ∀r h,γ ∈ M h,γ , < (v γ -Π h,γ v γ ) • n γ , w h,γ • n γ > ∂γ = 0 ∀w h,γ ∈ W h,γ , (8) 
and let π h,γ be the L 2 projection onto M h,γ satisfying for any

q γ ∈ L 2 (γ) (π h,γ q γ -q γ , r h,γ ) γ = 0 ∀r h,γ ∈ M h,γ . (9) 
These projection operators are known to have the following approximation properties: for q = (q 1 , q 2 , q γ ) ∈ M and v = (v 1 , v 2 , v γ ) ∈ H and for ρ ∈ R; 0 ≤ ρ ≤ 1, and for i = 1, 2,

q i -π h,i q i 0,Ωi ≤ C h ρ q i ρ,Ωi , (10) 
q γ -π h,γ q γ 0,γ ≤ C h ρ q γ ρ,γ , (11) 
v i -Π h,i v i 0,Ωi ≤ C h v i 1,Ωi , (12) 
v γ -Π h,γ v γ 0,γ ≤ C h v γ 1,γ , (13) div 
(v i -Π h,i v i ) 0,Ωi ≤ C h ρ divv i ρ,Ωi . ( 14 
) div τ (v γ -Π h,γ v γ ) 0,γ ≤ C h ρ div τ v γ ρ,γ , (15) 
(v i -Π h,i v i ) • n i 0,γ ≤ C h ρ v i • n i ρ,γ , (16) 
whenever v and q are regular enough for the right hand side to be defined.

(See [START_REF] Roberts | Mixed and hybrid methods[END_REF]Theorem 6.3] or [START_REF] Brezzi | Mixed and Hybrid Finite Element Methods[END_REF] for [START_REF] Knabner | Coupling Forchheimer flow in fractures with Darcy flow in the rock matrix[END_REF] and [START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF]. The other estimates, ( 10), ( 11), ( 14), [START_REF] Reichenberger | A mixeddimensional finite volume method for multiphase flow in fractured porous media[END_REF], and ( 16), are standard estimates for L 2 -projections.) Then defining
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π h : M -→ M h , respectively Π h : H -→ W h to be the product of π h,1 with π h,2 and π h,γ , respectively Π h,1 with Π h,2 and Π h,γ , we clearly have the following estimates: for q ∈ H and v ∈ H

q -π h q M ≤ C h q H , (17) 
v -Π h v M ≤ C h v H , ( 18 
) div(v -Π h v) M ≤ C h div v H , (19) 
so that v -Π h v W ≤ C h v H + divv H + 2 i=1 v i • n 1,γ , (20) 
whenever div v ∈ H and v i • n ∈ H 1 (γ), i = 1, 2.
It is also clear that both of these maps are continuous:

π h q M ≤ q M , ∀q ∈ M Π h v W ≤ C v H , ∀v ∈ H, (21) 
where the first inequality is well known for L 2 -projections, and the second follows from ( 12) and ( 13) and from ( 14), [START_REF] Reichenberger | A mixeddimensional finite volume method for multiphase flow in fractured porous media[END_REF], and ( 16) with ρ = 0. Recalling the definition of Div : W -→ M and defining Div h :

W h -→ M h as Div(v) = (divv 1 , divv 2 , div τ v γ -[v • n]) Div h (v h ) = (divv h,1 , divv h,2 , div τ v h,γ -π h,γ [v h • n]),
except for the case of matching grids, we do not have commutativity of the diagram

H Div ----→ M   Π h   π h W h Div h ----→ M h i.e. in general Div h Π h v = π h Divv,
for nonmatching grids, even though we do have

divΠ h,i v i = π h,i divv i , ∀v i ∈ (H 1 (Ω i )) n , i = 1, 2, div τ Π h,γ v γ = π h,γ div τ v γ , ∀v γ ∈ (H 1 (γ)) n-1 .
This is due to the fact that in general for nonmatching grids

π h,γ (v i • n) = π h,γ (Π h,i v i • n) i = 1, 2. ( 22 
)
This can be seen in particular when the space M h,γ is much richer than the space of normal traces on γ of elements of W h,i •.

Approximation estimates

The proof of the existence and uniqueness of the solution of the discrete problem (5) as well as the error estimates will follow from lemmas 1 and 2 given below. All of the demonstrations follow closely those in [START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF].

Lemma 1 With the hypotheses made concerning the permeabilities and the fracture width and with the assumption that ξ > 1 2 the bilinear form a(•, •) is elliptic on the space W h ,

W h = {v h ∈ W h : b(v h , r h ) = 0, ∀r h ∈ M h },
with a constant independent of h: i.e. there exists a constant C a > 0 such that

a(v h , v h ) ≥ C a v h 2 W , ∀v h ∈ W h .
Proof: Suppose v h ∈ W h , and consider the test function

r h ∈ M h in (5) defined by r h = (div v h,1 , div v h,2 , div τ v h,γ -π h,γ [v h • n]). Then 0 = b(v h , r h ) = 2 i=1 div v h,i 2 0,Ωi + div τ v h,γ -π h,γ [v h • n] 2 0,γ and we have div v h,i = 0, i = 1, 2 div τ v h,γ = π h,γ [v h • n],
Thus, using (21) it follows that

v h 2 W ≤ 2 i=1 v h,i 2 0,Ωi + v h,γ 2 0,γ +3 2 i=1 v h,i • n 2 0,γ .
Also a can be written as

a(v h , v h ) = 2 i=1 K -1 i v h,i , v h,i Ωi + K -1 γ v h,γ , v h,γ γ + ξ 2 i=1 v h,i • n κ 1/2 γ , v h,i • n κ 1/2 γ γ +2 ξ v h,1 •n κ 1/2 γ , v h,2 •n κ 1/2 γ γ . ( 23 
) So, for v h ∈ W h , a(v h , v h ) ≥ C 2 i=1 v h,i 2 0,Ωi + v h,γ 2 0,γ + min{1, ξ -ξ} 2 i=1 v h,i •n κ 1/2 γ 2 0, γ ≥ C(K 1 , K 2 , K γ , κ γ , ξ) v h 2 W , RR n°7517
where the constant C a = C(K 1 , K 2 , K γ , κ γ , ξ) > 0 depends on the permeability tensor K, the width function d on the fracture and the quadrature parameter ξ > 1 2 but not on the mesh parameter h.

Lemma 2

The bilinear form b : W h × M h satisfies the inf-sup condition with a constant independent of h: i.e. there exists a constant C b > 0 such that

∀r h ∈ M h , sup v h ∈W h b(v h , r h ) v h W ≥ C b r h M .
Proof: Given r h ∈ M h , using auxillary problems we construct an element

v h ∈ W h such that b(v h , r h ) = r h 2 M and v h W ≤ C r h M
, where C depends on the constants of elliptic regularity for the auxillary problems.

For

r h = (r h,1 , r h,2 , r h,γ ) ∈ M h , let ζ ∈ H 2 (Ω) be the solution of -∆ζ = rh in Ω, ζ = 0 on ∂Ω, (24) 
where

rh ∈ L 2 (Ω) is given by rh,|Ωi = r h,i , i = 1, 2. Pose v i = -∇ζ |Ωi , i = 1, 2, and let v h,i = Π h,i v i . Then div v h,i = div Π h,i v i = π h,i div v i = π h,i r h,i = r h,i .
Next let ζ γ ∈ H 2 (γ) be the solution of

-∆ τ ζ γ = r h,γ + π h,γ [v h • n] in γ, ζ γ = 0 on ∂γ, (25) 
where we note that even though

[v • n] = 0, in general with non matching grids, [v h • n] = 0 and π h,γ [v h • n] = 0, cf. (22). Pose v γ = -∇ τ ζ γ , and let v h,γ = Π h,γ v γ . Then we have div τ v h,γ = div τ Π h,γ v γ = π h,γ div τ v γ = r h,γ + π h,γ [v h • n]. Thus v h = (v h,1 , v h,2 , v h,γ ) ∈ W h and b(v h , r h ) = 2 i=1 (r h,i , r h,i ) Ωi + (r h,γ + π h,γ [v h • n], r h,γ ) γ -(π h,γ [v h • n], r h,γ ) γ , = r h 2 M . To bound v h 2 W in terms of r h M , we recall that v h 2 W = 2 i=1 ( v h,i 2 0,Ωi + div v h,i 2 0,Ωi ) + v h,γ 2 0, γ + div τ v h,γ 2 0, γ + 2 i=1 v h,i • n 2 0, γ RR n°7517
and treat the terms separately. For the first term we have

2 i=1 v h,i 2 0, Ωi = 2 i=1 Π h,i v i 2 0, Ωi ≤ C 2 i=1 v i 2 1, Ωi = C 2 i=1 ∇ ζ 2 1, Ωi = C ∇ ζ 2 1, Ω ≤ C ζ 2 2, Ω ≤ C(Ω) rh 2 0, Ω ,
and for the second term we have immediately

2 i=1 div v h,i 2 0, Ωi = 2 i=1 r h,i 2 0, Ωi .
The third term is estimated quite similarly to the first term:

v h,γ 2 0, γ = Π h,γ v γ 2 0, γ ≤ C v γ 2 1, γ = C ∇ τ ζ γ 2 1, γ ≤ C ζ γ 2 2, γ ≤ C(γ) r h,γ + π h,γ [v h • n] 2 0, γ ≤ C r h,γ 2 0, γ + [v h • n] 2 0, γ ≤ C r h,γ 2 0, γ + 2 i=1 (v i -v h,i ) • n 2 0, γ ≤ C r h,γ 2 0, γ + 2 i=1 v i 2 1, Ωi ≤ C r h,γ 2 0, γ + 2 i=1 r h,i 2 0,Ωi ,
where we have used the fact [v • n] = 0, the estimate [START_REF] Roberts | Mixed and hybrid methods[END_REF] and the continuity of the trace operator. For the fourth term we have

div τ v h,γ 2 0, γ = r h,γ + π h,γ [v h • n] 2 0, γ ≤ C r h,γ 2 0, γ + 2 i=1 r h,i 2 0,Ωi .
Finally for the last term we obtain

2 i=1 v h,i • n 2 0,γ = 2 i=1 Π h,i v i • n 2 0,γ ≤ 2 i=1 v i • n 2 0,γ ≤ C 2 i=1 v i 2 1,Ωi ≤ C 2 i=1 r h,i 2 0,Ωi .
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Thus the constant C = C(Ω 1 , Ω 2 , γ) is independent of h. Applying Brezzi's theorem [START_REF] Roberts | Mixed and hybrid methods[END_REF]Theorem 10.4] and using Lemmas 1 and 2 we obtain the following theorem.

Theorem 1 If (u, p) ∈ W × M is the solution of problem (P) and (u h , p h ) ∈ W h × M h is the solution of problem (P h ),then p -p h M + u -u h W ≤ C inf q h ∈M h p -q h M + inf v h ∈W h u -v h W .
Combining Theorem 1 with the interpolation estimates ( 17) and ( 20) we obtain 

Theorem 2 If (u, p) ∈ W × M
p h M + u -u h W ≤ Ch p H + u H + div u H + 2 i=1 v i • n 1,γ . (26) 

Numerical results

In this section, we present some numerical results that confirm the convergence estimate provided in Theorem 2. Three cases are shown to illustrate the very different flow regimes the fracture model can handle: in Section 4.3, the fracture is higly permeable, whereas in Section 4.4 it represents a barrier with a very low permeability. Finally, in Section 4.5 the fracture yields both regimes at two different locations. In all cases, the expected convergence rate in the L 2 norm for the velocity and for the pressure is attained, regardless of the degree of nonconformity of the grid.

As stated earlier, we have assumed that the discretization mesh T h respects the fracture, but that the meshes on Ω 1 , Ω 2 and γ may be chosen independently. We will say that the mesh T h = (T h1 , T h2 , T hγ ) is made up of three meshes with T hi being a mesh on Ω i , i = 1, 2, and T hγ being a mesh of γ. In all of the experiments reported here, for i = 1, 2, T hi has been taken to be a uniform mesh made up of squares of edge-length h i , and T hγ to be a uniform mesh made up of intervals of length h γ . The mesh parameter h for T h is

h = max{h 1 , h 2 , h γ }.
In this case to say that the grid is conforming simply means that h 1 = h 2 = h γ .

In the experiments that follow, we denote by (p h , u h ) the solution of (P h ) obtained with a nonconforming mesh T h . In the convergence computations, the parameters determing T h were taken as follows: h 1 = 1/n, h 2 = 1/(n + 8) and h γ = 1/(10n) in the case of finer discretization in the fracture or h γ = 5/n in the case of a coarser discretization in the fracture, for some n ∈ [20, 600]. We point out that to depict the solutions, both pressure and velocity, we have used a rather coarse mesh so that the mesh as well as the arrows representing the velocity may be clearly seen.

In all of the experiments the parameter ξ in the fifth equation of model ( 3) is taken to be ξ = 2/3.
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To compute relative L 2 errors for the pressure and Darcy velocity we calculate a reference solution p ⋆ η and velocity u ⋆ η which is the solution of (P h ) obtained with a conforming mesh T ⋆ η , (i.e. η 1 = η 2 = η γ = η) with η < h whenever h is the mesh parameter in the experiment under consideration. (Here η ≈ 1/1200.)

The L 2 errors are approximated as follows: the "intersection mesh" (coarsest common refinement) T ⋆ η ∩ T h is computed (in each subdomain and in γ) . Then, the reference (p ⋆ η , u ⋆ η ) and nonconforming (p h , u h ) solutions are interpolated on this intersection mesh. The difference is computed, squared and numerically integrated to obtain

||p h -p ⋆ η || 2 M and ||u h -u ⋆ η || 2 M .
With sufficient regularity, unless h is of the same order as η, these norms should behave as O(h) according to Theorem 2.

In all test cases the domain is a 2 by 1 rectangle with the fracture interface γ being the central vertical bisector, so that Ω 1 and Ω 2 are the remaining lefthand and righthand squares when γ is removed from the domain. In both test cases the permeability is scalar with K 1 = K 2 = 1, the tops and bottoms of the two subdomains are impermeable and there is a unit pressure drop from the righthand side of the domain to the lefthand side of the domain. The permeability K f in the fracture is also scalar and the width d of the physical fracture is d = 0.001.

In the first test case the fracture is highly permeable and there is a pressure drop from the top to the bottom of the fracture so that the fluid flows along the fracture as well as from right to left; see Figure 1. In the second test case the central part of the fracture is a barrier with very low permeability so that the fluid flows from right to left but must flow around the fracture; see Figure 2. In the third test case the fracture is highly permeable at the top and bottom parts and represents a barrier in the central part. There is a pressure drop from the top to the bottom; see Figure 3. 
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First test-case : a highly permeable fracture

this test-case (see Figure 1), the permeability K f in the fracture is K f = 2000 and thus K γ = K f d = 2. Dirichlet conditions are imposed on the fracture boundaries: there is a unit pressure drop from the top of the fracture to the bottom. Thus the fluid tends to flow from right to left and also to flow rapidly along the very permeable fracture from top to bottom. There is fluid exchange

RR n°7517 P = 1 K K f , d P = 0 K, d K, d u • n = 0 u • n = 0 K Figure 2:
Test-case 2 with a geological barrier. The impervious part of the fracture is limited to the central zone. between the fracture and the rock matrix as fluid from the fracture enters the rock matrix at the top and fluid from the matrix enters the fracture at the bottom. The normal velocity is discontinuous across the fracture.
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A reference computation performed with a conforming mesh is shown in Figure 4, where we recall that the grid is considerably coarsened for visualization purposes. A solution obtained with a nonconforming mesh is shown in Figure 5 in the case of a highly refined fracture mesh, and in Figure 6 in the case of a coarse fracture mesh. When the fracture mesh is coarser than the surrounding mesh, some small oscillations in the pressure and Darcy velocity can be seen in the vicinity of the fracture. The convergence curves for the pressure and for the Darcy velocity in the L 2 norm are shown in Figure 7 for a finely meshed fracture and for a coarsely meshed fracture. For comparison, we also show the convergence curves for conforming meshes, which are almost superimposed with the curves for the finely meshed fracture case. One obtains a linear convergence in both cases for both the pressure and for the Darcy velocity. One can even notice a slightly improved convergence rate for the Darcy velocity in the case of conforming meshes and in the case of a more finely meshed fracture. Relative L 2 error variation as a function of the mesh size h. The three meshes are nonconforming at the interface, and the fracture is either finely (crosses) or coarsely (stars) meshed. h 1 ≈ h 2 ∈ [1/20, 1/600], and h γ ≈ 0.1 h 1 (finely meshed fracture) or h γ ≈ 5 h 1 (coarsely meshed fracture). We also report the convergence history in the conforming case (diamonds, h 1 = h 2 = h γ ). K f = 2 000, d = 0.001. Left: pressure error. Right: velocity error.

Second test-case: a geological barrier

In the second test-case (see Figure 2) the central half of the fracture is a barrier with K f = 0.002 so that κ γ = 2K f /d = 4 while in the upper and lower quarters of the fracture the permeability K f is the same as in the surrounding rock matrix:

K f = K 1 = K 2 = 1.
Homogeneous Neumann conditions are imposed at the upper and lower boundaries of the fracture. The fluid tends to avoid the impervious fracture, and the pressure is discontinuous across the fracture. See the solution with conforming meshes in Figure 8.

A solution obtained with a nonconforming mesh is shown in Figure 9 in the case of a refined fracture mesh, and in Figure 10 in the case of a coarse fracture mesh. When the fracture mesh is much finer than the surrounding mesh, some large oscillations in the fracture pressure occur. These spurious oscillations decay when the meshes are refined while keeping the same relation between h 1 , h 2 and h γ ; cf. Figure 11.

In Figure 12, the L 2 norm convergence curves for the pressure and for the Darcy velocity are shown for a discretization with a a finely meshed fracture and with a coarsely meshed fracture. As before for comparison, we also show the convergence with conforming meshes, which is very similar to that of the finely mesh case. The convergence rate for the pressure is linear as predicted theoretically. Note however that, in both cases, the convergence of the Darcy velocity is sublinear at first (O(h 1/2 )), before slowly reaching an asymptotic linear behavior. This behavior is also observed for conforming meshes.

We suspect that the O(h 1/2 ) behavior of the velocity is caused by a lack of regularity of the solution at the extremities of the fracture. Indeed, let us consider the Darcy problem posed only in the Ω 2 with the same boundary conditions on the upper, lower and righthand side boundaries as in test case 2 but with, in place of the fracture transmission conditions on the lefthand side, the boundary condition u • n = 0 for 1/4 ≤ y ≤ 3/4 and p = 0 for y < 1/4 and for 3/4 < y cf Figure 13. As the type of boundary condition changes from or coarsely (stars) meshed. h 1 ≈ h 2 ∈ [1/20, 1/600], and h γ ≈ 0.1 h 1 (finely meshed fracture) or h γ ≈ 5 h 1 (coarsely meshed fracture). We also report the convergence history in the conforming case (diamonds, h 1 = h 2 = h γ ). K f = 0.002, d = 0.001. Left: pressure error. Right: velocity error.

Neumann to Dirichlet, the solution has locally the same type of singularity as r 1/2 sin(θ/2) and thus belongs to H 3/2-ε (Ω) for each ε > 0, see [START_REF] Grisvard | Singularities in boundary value problems[END_REF]Theorem 2.4.3 and Corrolary 2.4.4]. This is confirmed by our numerical tests, see the convergence curves for this case in Figure 13. The linear behavior for small h could be caused by the fact that the reference solution p ⋆ η might not be computed on a fine enough grid. Finally, in Figure 14, we show what happens when there is no fracture above and below the barrier (when y < 1/4 or y > 3/4). Instead, the continuity of p h and u h • n between Ω 1 and Ω 2 is weakly imposed using the mortar method, [START_REF] Arbogast | Mixed finite element methods on non-matching multiblock grids[END_REF]. A fine mesh was used for the fracture as well as for the mortars above and below the fracture. As is well known, the mortar space cannot be too rich, otherwise convergence or even solvability can be jeopardized. We clearly notice large oscillations that do not decrease with h, in the mortar zone, in contrast to what occurs when there is a fracture with the same properties as the surrounding rock, see Figure 11 Pressure evolution when h is refined (fine case). Left:

P = 1 u • n = 0 u • n = 0 u • n = 0 P = 0 P = 0 K = 1
h 1 = 1/24, h γ = 1/128, h 2 = 1/64. Right: h 1 = 1/48, h γ = 1/256, h 2 = 1/128. K f = 0.002, d = 0.001.
While the oscillations in the fracture decrease with h (center), the mortar oscillations do not. Compare with Figure 11.

conditions are imposed on the fracture boundaries: there is a unit pressure drop from the top of the fracture to the bottom. Thus the fluid tends to flow from right to left, and also flows rapidly along the very permeable part of the fracture from top to bottom, but avoids the central zone. There is fluid exchange between the fracture and the rock matrix as fluid from the fracture enters the rock matrix at the top and fluid from the matrix enters the fracture at the bottom. The normal velocity is discontinuous across the permeable part of the fracture and the pressure is discontinuous in the central zone.

A reference computation performed with a conforming mesh is shown in Figure 15. A solution obtained with a nonconforming mesh is shown in Figure 16 in the case of a refined fracture mesh, and in Figure 17 in the case of a coarse fracture mesh. One notices again large spurious pressure oscillations in the low permeability zone, that decrease when refining while keeping the same relation between h 1 , h 2 and h γ : see Figure 18. We also report the behavior of the pressure as h decreases in Figure 19 in the case in which h γ is refined where the permeability K f is large, and is coarse where K f is low. The spurious oscillations are damped more rapidly in this case. In Figure 20, the L 2 norm convergence curves for the pressure and for the Darcy velocity are shown for a discretization with a a finely meshed fracture and with a coarsely meshed fracture. As before for comparison, we also show the convergence with conforming meshes, which is very similar to that of the finely mesh case. The convergence for both pressure and velocity is linear as expected.

Conclusions concerning the numerical simulations

As expected theoretically, the L 2 convergence for the pressure is O(h) in all cases. The convergence of the velocity is also in good agreement with the theory, although in some cases, due to a lack of regularity of the solution, we do not obtain O(h) behavior.

From the limited numerical experiments shown here, the following conclusions can be drawn: when the fracture is very permeable, one should refine the fracture mesh more than the mesh in the surrounding rock, as this both avoids small oscillations and improves the precision at the very location where the fluid ). This time, h γ is not constant: it is coarser in the middle of the fracture: h γ,mid ≈ 1/(25n) and h γ,top/bot ≈ 1/(100n). We use the same number of fracture cells as in Figure 18. K f = 0.002 and K f = 1/2 000, d = 0.001. The oscillations decrease more rapidly with h than in Figure 18. flows most rapidly. When the fracture is a barrier, one should on the contrary use a rather coarse fracture mesh, as this avoids troublesome, possibly large oscillations in the pressure and further there is no need to have a fine discretization in a zone where almost no fluid flows. It might be useful, however, to refine at the tips of the fracture, but this has not been investigated here.

Conclusion

In this article, we analyze, both theoretically and with numerical experiments, the effect of nonconformity of the mesh on a model for flow in a porous medium with a fracture. Contrary to what is seen when no equations are solved on the interface, as in the mortar methods [START_REF] Arbogast | Mixed finite element methods on non-matching multiblock grids[END_REF], the fracture equations result in a "stabilizing" effect that allows for an arbitrary meshing of the fracture.

Figure 1 :

 1 Figure 1: Test-case 1 with a large permeability in the fracture. Homogeneous Neumann boundary conditions are depicted with fat lines. The fracture is depicted with a dashed line.

Figure 3 :

 3 Figure 3: Test-case 3 with with a large permeability zone and a geological barrier. The impervious part of the fracture is limited to the central zone.

Figure 4 :

 4 Figure 4: Test case 1. Pressure (left) and Darcy velocity (right) with conforming meshes (h 1 = h 2 = h γ = 1/20). K f = 2 000, d = 0.001. (The grids are quite coarse for visualization purposes.)
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 56 Figure 5: Test case 1. Pressure (left) and Darcy velocity (right) with nonconforming meshes: h 1 = 1/24, h γ = 1/91, h 2 = 1/47 (the fracture mesh is finer than the other meshes). K f = 2 000, d = 0.001.

Figure 7 :

 7 Figure 7: Test case 1.Relative L 2 error variation as a function of the mesh size h. The three meshes are nonconforming at the interface, and the fracture is either finely (crosses) or coarsely (stars) meshed. h 1 ≈ h 2 ∈ [1/20, 1/600], and h γ ≈ 0.1 h 1 (finely meshed fracture) or h γ ≈ 5 h 1 (coarsely meshed fracture). We also report the convergence history in the conforming case (diamonds, h 1 = h 2 = h γ ). K f = 2 000, d = 0.001. Left: pressure error. Right: velocity error.
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 891011 Figure 8: Test case 2. Pressure (left) and Darcy velocity (right) with conforming meshes (h 1 = h 2 = h γ = 1/20). K f = 0.002, d = 0.001. The very small velocity can hardly be seen in the fracture.
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 212 Figure12: Test case 2. Relative L 2 error as a function of h. The three meshes are nonconforming at the interface and the fracture is either finely (crosses) or coarsely (stars) meshed. h 1 ≈ h 2 ∈ [1/20, 1/600], and h γ ≈ 0.1 h 1 (finely meshed fracture) or h γ ≈ 5 h 1 (coarsely meshed fracture). We also report the convergence history in the conforming case (diamonds, h 1 = h 2 = h γ ). K f = 0.002, d = 0.001. Left: pressure error. Right: velocity error.
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 213 Figure 13: Problem with less regularity: Neumann and Dirichlet boundary conditions on the lefthand side. Top: description of the problem. Bottom left: convergence history in the L 2 norm of the pressure (O(h)). Bottom right: idem for the velocity (O(h 1/2 )). Compare with Figures 12.
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 514 Figure14: Barrier in the central zone, and mortar elements outside (no fracture). Pressure evolution when h is refined (fine case). Left: h 1 = 1/24, h γ = 1/128, h 2 = 1/64. Right: h 1 = 1/48, h γ = 1/256, h 2 = 1/128. K f = 0.002, d = 0.001. While the oscillations in the fracture decrease with h (center), the mortar oscillations do not. Compare with Figure11.

Figure 15 :

 15 Figure 15: Test case 3. Pressure (left) and Darcy velocity (right) with conforming meshes (h 1 = h 2 = h γ = 1/20). K f = 2 000 (top and bottom of the fracture) and K f = 1/2 000 (central part), d = 0.001.
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 1617 Figure16: Test case 3. Pressure (left) and Darcy velocity (right) with nonconforming meshes: h 1 = 1/12, h γ = 1/64, h 2 = 1/32 (the fracture mesh is finer than the other meshes). K f = 2 000 and K f = 1/2 000, d = 0.001.

Figure 18 :

 18 Figure 18: Test case 3. Pressure evolution when h is refined (fine fracture case). h 1 = 1/(12n), h γ = 1/(64n), h 2 = 1/(32n) and n = 1, 2, 4, 8 left, top right, bottom left, bottom right). K f = 2 0000 and K f = 1/2 0000, d = 0.001. The oscillations decrease with h.

Figure 19 :

 19 Figure19: Test case 3. Pressure evolution when h is refined (fine fracture case). h 1 = 1/(12n), h 2 = 1/(32n) and n = 1, 2, 4, 8 (top left, top right, bottom left, bottom right). This time, h γ is not constant: it is coarser in the middle of the fracture: h γ,mid ≈ 1/(25n) and h γ,top/bot ≈ 1/(100n). We use the same number of fracture cells as in Figure18. K f = 0.002 and K f = 1/2 000, d = 0.001. The oscillations decrease more rapidly with h than in Figure18.

Figure 20 :

 20 Figure 20: Test case 3. Discrete relative L 2 error as a function of h. The three meshes are nonconforming at the interface, and the fracture is either finely (crosses) or coarsely (stars) meshed. h 1 ≈ h 2 ∈ [1/20, 1/600], and h γ ≈ 0.1 h 1 (finely meshed fracture) or h γ ≈ 5 h 1 (coarsely meshed fracture). K f = 2 000 and K f = 1/2 000, d = 0.001. Left: pressure error. Right: velocity error.
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