N
N

N

HAL

open science

Optimal control of stochastic delay equations and
time-advanced backward stochastic differential equations

Bernt Oksendal, Agnes Sulem, Tusheng Zhang

» To cite this version:

Bernt Oksendal, Agnes Sulem, Tusheng Zhang. Optimal control of stochastic delay equations and
time-advanced backward stochastic differential equations. [Research Report] RR-7518, INRIA. 2011,

pp-29. inria-00560229

HAL 1d: inria-00560229
https://inria.hal.science/inria-00560229

Submitted on 27 Jan 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/inria-00560229
https://hal.archives-ouvertes.fr

ZIINRIA

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMAIQUE

Optimal control of stochastic delay equations and
time-advanced backward stochastic differential
equations

Bernt @ksendal — Agnes Sulem — Tusheng Zhang

N° 7518
January 2011

Stochastic Methods and Models

apport

derecherche

ISRN INRIA/RR--7518--FR+ENG

SN 0249-6399







INSTITUT NATIONAL

DE RECHERCHE centre de recherche
EN INFORMATIQUE ;‘(INRIA PARIS - ROCQUENCOURT

ET EN AUTOMATIQUE

Optimal control of stochastic delay equations and time-advanced
backward stochastic differential equations

Bernt Oksendal [l , Agnés Sulem [ , Tusheng Zhan£ *

Theme : Stochastic Methods and Models
Equipe-Projet Mathfi

Rapport de recherche n° 7518 — January 2011 — 29 pages

Abstract: We study optimal control problems for (time-)delayed stochastic differential equations with jumps.
We establish sufficient and necessary stochastic maximum principles for an optimal control of such systems. The
associated adjoint processes are shown to satisfy a (time-) advanced backward stochastic differential equation
(ABSDE). Several results on existence and uniqueness of such ABSDEs are shown. The results are illustrated
by an application to optimal consumption from a cash flow with delay.

Key-words: Optimal control, stochastic delay equations, Lévy processes, maximum principles, Hamiltonian,
adjoint processes, time-advanced BSDEs

MSC (2010): 93EXX, 93E20, 60H10, 60H15, 60H20, 60J75, 49J55, 35R60

* Center of Mathematics for Applications (CMA), University of Oslo, Box 1053 Blindern, N-0316 Oslo, Norway. Email:
oksendal@math.uio.no - The research leading to these results has received funding from the European Research Council under the
European Community’s Seventh Framework Programme (FP7/2007-2013) / ERC grant agreement no [228087].

T Norwegian School of Economics and Business Administration (NHH), Helleveien 30, N-5045 Bergen, Norway.

¥ INRIA Paris-Rocquencourt, Domaine de Voluceau, Rocquencourt, BP 105, Le Chesnay Cedex, 78153, France. Email:
agnes.sulem@inria.fr

§ School of Mathematics, University of Manchester, Oxford Road, Manchester M139PL, United Kingdom. Email:
tusheng.zhang@manchester.ac.uk

Centre de recherche INRIA Paris — Rocquencourt

Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Che&Sedgx
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30



Controéle optimal d’équations différentielles stochastiques avec retard
et équations différentielles stochastiques rétrogrades anticipantes

Résumé : On étudie des problémes de controle d’équations différentielles stochastiques & retard avec sauts.
On établit des principes de maximum stochastiques nécessaires et suffisants pour le controle optimal de tels
systémes. On montre que les processus adjoints associés satisfont une équations différentielle stochastique
rétrograde anticipante (en temps) (EDSRA). On prouve plusieurs résultats d’existence et d’unicité pour de
telles EDSRA. Les résultats sont illustrés par un probléme de consommation optimale d’un systéme & retard.

Mots-clés : Controle optimal, équations différentielles stochastiques avec retard, processus de Lévy, principes
du maximum, Hamiltonien, processus adjoints, équations différentielles stochastiques rétrogrades anticipantes
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1 Introduction and problem formulation

Let B(t) = B(t,w) be a Brownian motion and N (dt,dz) := N(dt,dz) — v(dz)dt, where v is the Lévy measure
of the jump measure N(-,-), be an independent compensated Poisson random measure on a filtered probability
Space (ij:a {Ft}OStSTvp)'

We consider a controlled stochastic delay equation of the form

dX(t) =b(t, X (t),Y(t), A(t), u(t),w)dt + o(t, X (t),Y (t), A(t), u(t),w)dB(t)

+/H(t,X(t),Y(t),A(t),u(t),z,w)N(dt,dz); te[0,7] (1.1)
R
X(t) = xo(t) ; t € [-6,0], (1.2)
where .
Y(t) = X(t—06), At)= / e P X (r)dr, (1.3)
t—§

and 0 > 0, p > 0 and T > 0 are given constants. Here

b0, TIXxRXRXxRxUxXxN—R
o0, T]xRXxRXxRxUXQ—R

and
O:0,TIXxRXxRXRXxUXxRyxN—R

are given functions such that, for all ¢, b(t,x,y,a,u,-), o(t,z,y,a,u,-) and 8(¢, z,y, a,u, z,-) are Fz-measurable
forallz e R,y € R, a € R, u € U and z € Ry := R\{0}. The function zo(¢) is assumed to be continuous,
deterministic.

Let & C Fy; t € [0,T] be a given subfiltration of {F;},c[0,1), representing the information available to the
controller who decides the value of u(t) at time ¢. For example, we could have & = F(;_y+ for some given ¢ > 0.
Let U C R be a given set of admissible control values u(t) ; ¢ € [0, 7] and let Ag be a given family of admissible
control processes u(-), included in the set of cadlag, £-adapted and U-valued processes u(t) ; t € [0,T] such
that ([CI)-(TC2) has a unique solution X (-) € L2(\ x P) where A denotes the Lebesgue measure on [0, 7].

The performance functional is assumed to have the form

Ju)=FE ;u € Ag (1.4)

T
/O FI X (0, Y (), A(t), u(t), w)dt + g(X (T),w)

where f = f(t,z,y,a,u,w) : [0,T| x RxRxRxUxQ — Rand g = g(r,w) : Rx Q — R are given C! functions
w.r.t. (z,y,a,u) such that

2

of Yt

T
B[ 17X (0. A, )| + [ 55, X(0). Y (0. A0, (1)
+g(X(T))| + |¢ (X (T))*] < o< for z; = x,y,a and u.

Here, and in the following, we suppress the w, for notational simplicity. The problem we consider in this paper
is the following;:

RR n° 7518



Optimal control of stochastic delay equations 4

Find ®(zg) and u* € Ag such that

D(z9) := useuj) J(u) = J(u"). (1.5)

Any control u* € Ag satisfying (CH) is called an optimal control.

This is an example of a stochastic control problem for a system with delay. Such problems appear in
many applications. For example, for biological reasons delays occur naturally in population dynamics models.
Therefore, when dealing with e.g. optimal harvesting problem of biological systems, one is led to optimal control
of systems with delay.

Another area of applications is mathematical finance, where delays in the dynamics can represent memory
or inertia in the financial system.

Variants of this problem have been studied in several papers. Stochastic control of delay systems is a
challenging research area, because delay systems have, in general, an infinite-dimensional nature. Hence, the
natural general approach to them is infinite-dimensional. For this kind of approach in the context of control
problems we refer to [2, 8, 9 [[0] in the stochastic Brownian case. To the best of our knowledge, despite the
statement of a result in [20], this kind of approach was not developed for delay systems driven by a Lévy noise.

Nonetheless, in some cases still very interesting for the applications, it happens that systems with delay can
be reduced to finite-dimensional systems, since the information we need from their dynamics can be represented
by a finite-dimensional variable evolving in terms of itself. In such a context, the crucial point is to understand
when this finite dimensional reduction of the problem is possible and/or to find conditions ensuring that. There
are some papers dealing with this subject in the stochastic Brownian case: we refer to [l [7, [[3, [I4] [I6]. The
paper [4] represents an extension of [T4] to the case when the equation is driven by a Lévy noise.

We also mention the paper [6], where certain control problems of stochastic functional differential equations
are studied by means of the Girsanov transformation. This approach, however, does not work if there is a delay
in the noise components.

Our approach in the current paper is different from all the above. Note that the presence of the terms
Y (t) and A(¢) in () makes the problem non-Markovian and we cannot use a (finite dimensional) dynamic
programming approach. However, we will show that it is possible to obtain a (Pontryagin-Bismut-Bensoussan
type) stochastic maximum principle for the problem.

The paper is organised as follows: we introduce the Hamiltonian and the time-advanced BSDE for the adjoint
processes in Section Bl then we prove sufficient and necessary stochastic maximum principles in Sections B and
A Section H is devoted to existence and uniqueness theorems for various time-advanced BSDEs with jumps.
Finally, an example of application to an optimal consumption problem with delay is given is Section Bl

2 Hamiltonian and time-advanced BSDEs for adjoint equations
We define the Hamiltonian

H: 0TI xRXxRXRXUXRXRxRxN—R
by

H(ﬁ%%%“a?#}ﬂ"(')aw) = H(t7$7y7a7uap7Q7T(')) = f(tuxuyaaﬂu)

+b(taxayuaau)p+U(t7x7y7a7u)q+ 9(t,x,y,a,u,z)7‘(z)l/(dz); (21)
Ro

RR n° 7518
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where R is the set of functions r : Rg — R such that the last term in (1I) converges.
We assume that b, and @ are C* functions with respect to (z,y,a,u) and that

2 Jdo

8171'

E (t, X (1), Y (t), A(t), u(t))

T
/ {] 2 0, X (0, Y (1), A, u(0)
0 i

g
Ro

for z; = x,y,a and wu.
Associated to H we define the adjoint processes p(t),q(t),r(t,z) ; t € [0,T], z € Ry, by the following
backward stochastic differential equation (BSDE):

"
06

70, (B XY (0, A1), u(t), 2)

i V(dz)} dt] < 00 (2.2)

dp(t) _MMMEW+ﬂmB@+Af@@NWJ@MEWI] 2.3)
p(T) = g'(X(T)),

where
plE) = = T (1, X (1), Y (6), AGH) ult),plt) a(0) (2, )
— %—]j(t +6,X(t+0),Y({t+9),Alt +0),u(t+9),p(t+9),qt +0),r(t+74, '))X[O,Tfé] (t)

t+5
—ert (/t a—H(s,X(s%Y(s),A(s)m(s)ap(s),q(s),r(s, e X017 (s)ds) . (2.4)

Note that this BSDE is anticipative, or time-advanced in the sense that the process p(t) contains future
values of X (s),u(s),p(s),q(s),r(s,"); s <t+0.

In the case when there are no jumps and no integral term in (), anticipative BSDEs (ABSDEs for short)
have been studied by [19], who prove existence and uniqueness of such equations under certain conditions.
They also relate a class of linear ABSDEsS to a class of linear stochastic delay control problems where there is no
delay in the noise coefficients. Thus, in our paper we extend this relation to general nonlinear control problems
and general nonlinear ABSDEs by means of the maximum principle, where we throughout the study include
the possibility of delays also in the noise coefficients, as well as the possibility of jumps. After this paper was
written, we became aware of a recent paper [I] on a similar maximum principle for stochastic control problem
of delayed systems. However, the authors do not consider delays of moving average type and they do not allow
jumps. On the other hand, they allow delay in the control.

Remark 2.1 The methods used in this paper extend easily to more general delay systems. For example, we
can add finitely many delay terms of the form

Yit)=X(t—-94); i=1,..,N, (2.5)

where ¢; > 0 are given, in all the coefficients. Moreover, we can include more general moving average terms of
the form

A;(t) = /ti& oi(t,8) X (s)ds; j=1,.., M, (2.6)

RR n° 7518
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where ¢, (¢, s) are given locally bounded F,-adapted processes; 0 < s <t <T.
In this case the process p(t) in [Z)) must be modified accordingly. More precisely, the last term in ()
must be changed to the sum of

t+6 OH
- / ﬁ(t’ X (8),Y1(8), ..., Y (8), A1(8), ..oy Apr(8), u(s),
t J
p(s)7Q(S)7T(Su'))¢j(tu S)X[O,T](S)ds; 1< .7 < M. (27)
Even more generally, when modified appropriately our method could also deal with delay terms of the form
t

AMNE) = - B(t,5) X (5)dX(s), (2.8)

where A is a given (positive) measure on [0,7]. In this case the BSDE ([Z3) must be modified to

N
d(t) = (B O]+ D Bl ¢+ 8| Flxor—s ()
i=1
t+48
Bl G610t Inom(s)d) FlaAD)
+q(t)dB(t)+/ r(t, z)N(dt,dz) ; t € [0,T] (2.9)
Ro
pI) = J(XT)) (2.10)

where we have used the simplified notation 22 (¢) = ZZ(¢, X (t), Y1(t), ..., Y (1), ...) etc.
However, for simplicity of presentation we have chosen to focus on just the two types of delay Y'(¢) and A(t)

given in (3.

3 A sufficient maximum principle

In this section we establish a maximum principe of sufficient type, i.e. we show that -under some assumptions-
maximizing the Hamiltonian leads to an optimal control.

Theorem 3.1 (Sufficient maximum principle) Let @ € Ag with corresponding state processes X (t),Y (), A(t)
and adjoint processes p(t),q(t),7(t, z), assumed to satisfy the ABSDE Z3)-@4). Suppose the following hold:

(i) The functions © — g(x) and

(z,y,a,u) = H(t,z,y,a,u,p(t),q(t),7(t,")) (3.1)
are concave, for each t € [0,T], a.s.
(if)
E /OT {[)(t)Q (az(t) + /RO 92(t,z)y(dz)>
+X2(t) <q2(t) + /}R0 fz(t,z)y(dz)> } dt] < o0 (3.2)

for allu € Ag.

RR n° 7518
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(iii)

maxE [H(t,X(t),X(t —8), A(t), v, p(1), d(1), 7 (¢, ) | 54

veU

= B [H(t, X(t), X (t = 6), A(t), a(t), p(t), 4(1). 7 (¢, ) | &]

for allt €10,T], a.s
Then i(t) is an optimal control for the problem ([LH).

Proof.  Choose u € Ag and consider
J(u) — J(’&) =L +1

where

T
=F /0 {f(th(t),Y(t),A(tLU(t))—f(th(t)vY(t),/l(t),ﬁ(t))}dt]

I = Elg(X(T)) - g(X(T))].
By the definition of H and concavity of H we have

/{H A(t), u(t). p(t). 4(), (2, )
— X0,V (0, ), 60,50, 0,76,
= (000, X(0,Y (), A), u(®) ~ ble, X(0), ¥ (0 A(0). 2(0)o(0)

— (o, X (1), Y (£), A(t), u(t) — o(t, X (£), Y (1), A(t), a(1)))a(t)
—/(9(faX(t)7Y(t)aA(f)aU(t) 2) = 0(t, X(8), Y (1), A(t), a(t), 2))7(t, 2)v(dz) dt

OH . OH

/ {== X(t) + By OO0 =Y () + F- A - At)

+ —( )(u(t) — i) — (b(t) — b(t))p(t) — (o(t) — 6(t))d(t)
- /R(e( 2 = B(t, 2))i(t, 2)w(d=)}dt |

where we have used the abbreviated notation

ity = 2t x(0), ¥ (), A, a0), 50, ), 711, ),

b(t) = b(t, X() Y(t), A(t), u(t)),
b(t) = b(t, X (1), Y (1), A(t). a(t)

b
b(t etc.

RR n° 7518
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Since g is concave we have, by [B2),

I < Blg'(X(T))(X(T) = X(T))] = ER(T)(X(T) — X(T))]

T
—E / P (X (1) — dX (1)) + / (X(t) - X(1)dp(t)

0
T T R )
+/0 (o(t) —a(t))q(t)de —I—/O /R(H(t, z) — 0(t, 2))7(t, z)u(dz)dt]

=B

T A T R
/0 (b(t) — b(t))p(t)dt + / (X(t) — X (1) Elu(t)| F )t

T T K A
+/0 (o(t) —a(t))q(t)dt —I—/O /R(H(t, z) — 0(t, 2))7(t, z)u(dz)dt] . (3.8)
Combining B)-(BR) we get, using that X (t) = X (t) = x(t) for all t € [, 0],

J(u) — J(a) < E

/0 {%_f(t)(xa) ~x@)+ Howm -y

+%—Ij(t)(A(t) —A) + %—Z(t)(u(t) —a(t)) + p(t)(X () - X (t”} dt]

=B

T+6 g ]
/ {%—H@ = 6)+ S Oxpo 1)+ e - 5)} (Y (t) =¥ ()t
s v Y

T 57 T 57
OH A OH
+ / Oy A(t) — A(t))de + / O ut) — ﬂ(t))dt] . (3.9)
o Oa o Ou
Using integration by parts and substituting r =t — §, we get

T 97 T 2 s
6H( )(A(s) — A(s))ds = ; %—Iz(s) /_6 e_p(s_r)(X(r) - X(T))drds

o da\
T r+4 2 )
- /0 (/ %_Z(S)efpSX[o,T] (s)ds) e’ (X (r) — X(r))dr

T+6 t ]
- /5 (/5 %—Ij“)e”xm,ﬂ(sws) XU (X (1~ 6) = X(t — 0))dt. (3.10)

Combining this with (88 and using Z4l) we obtain

RR n° 7518
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s Oa
o
v ‘Z—f(t)(a(t)—w))dt]
0
[T om A
=8| [ Py <t>—u<t>>dt]
0

e=10¥ 5t] (u(t) — ﬂ(t))dt] <o0.

C T
=F / E
0
The last inequality holds because v = @(t) maximizes E[H (t, X(t),Y (t), A(t),v,p(t), (t), 7(t,-) | &] for each
t € [0, T]. This proves that @ is an optimal control. O

"<>

4 A necessary maximum principle

A drawback with the sufficient maximum principle in Section Bl is the condition of concavity, which does not
always hold in the applications. In this section we will prove a result going in the other direction. More
precisely, we will prove the equivalence between being a directional critical point for J(u) and a critical point
for the conditional Hamiltonian. To this end, we need to make the following assumptions:

A 1 For all u € Ag and all bounded 3 € Ag there exists € > 0 such that
u+ sB € Ag for all s € (—¢,¢).
A 2 For all tg € [0,T] and all bounded &,-measurable random variables o the control process B(t) defined by
B(t) = axi,,r)(t) 5 t € [0,T] (4.1)
belongs to Ag.

A 3 For all bounded B € Ag the derivative process

€)= S X7(0) g (42)

exists and belongs to L*(\ x P).

RR n° 7518
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It follows from ([TI) that

[ b LN AR b
de(o) = { 206 + L0 —0)+ 500 [ e etriar + S 0800 |
80’ 80’ 80' t _ ( —’r‘) 80’
{2 e0 + G206 -0+ 520 [ e etnar+ SZ 0o sy
00 00
+ [ G0+ et -0)
00 t 00 -
- —p(t—r) i
+8a (t) /t_(s e PU=Te(r)dr + 5 (t)ﬁ(t)} N(dt,dz) (4.3)
where we for simplicity of notation have put
ob b
%(t) = %(t,X(t),X(t —0), A(t),u(t)) etc ...
and we have used that p p
T TI@) lsmo= - X = 6) [s=o= &(t = 0) (4.4)
and
d d ([
d—SA“Jrsﬁ(t) ls=0= o (/t_6 e_p(t_r)X“Jrsﬁ(r)dr) ls=0
= /t e_”(t_T)iX“"’SB(T) |s—0 dt = /t e P e(r)dr. (4.5)
t—5 ds t—0
Note that
&) =0 for t € [—4,0]. (4.6)

Theorem 4.1 (Necessary maximum principle) Suppose i € Ag with corresponding solutions X (t) of (CI)-
@2 and p(t), 4(t), #(t,z) of @D)-E3) and corresponding derivative process £(t) given by (D).

Assume that
/ e { (?) (&) + (g_;) (e - 6)
) ([ o) (3 o
v { (?) (1, 2)E(1) + (2—2) (1, )€t — )
N (%)2 (t2) (/t; e—p(t—ng(r)dr) ", (%)2 (t, z)} y(dz)} dt

+ “e {cf(t) </ 0 f?(t,zw(dz)}dt] < oo. (47)

E

RR n° 7518



Optimal control of stochastic delay equations 11

Then the following are equivalent:

(i) diJ(ﬁ + 50) |s=0=0 for all bounded 5 € Ag.
s

(ii) E %H (t, X (1), Y (t), A(t),u, p(t), §(t),7(t, ) | & =0 a.s. forallte[0,T].

u u=a(t)

Proof.  For simplicity of notation we write & = wu, X =X, p=p,§=qand 7 =r in the following. Suppose
(i) holds. Then

d
O = EJ(U_FSB) |5:0

_ diE /T f(t,Xu-i—sﬁ(t)’Yu-i—sﬁ(t)’Au-‘rsﬁ(t)’u(t) +sﬁ(t))dt+g(X“+SB(T)) |S:0
S 0

T t
/0 {ﬁ(t)g(t) Y e — o)+ Uy / ) e PUTIE(r)dt + a—i(t)ﬁ(t)} dt +g'(X(T))$(T)

=B Ox Jy oa 5

1o}
T (oH ab 9o 90
=k /0 {%(t) — 5, OPE) = 5= ()at) = | = (t 2)r(t, Z)V(dz)} (t)dt

T 1o b do a0
+ [ {50 - S - T wa0 - [ et bt - oy

T t
|G- S - 52wao - [ Gwamteawtan) ([ e emar) a

_|_

Tor /
+ [ o 0Bt + g (X(T)E(T)| -

S—

By E3)

RR n° 7518
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Elg'(X(T)&(T)] = E[p(T){(T)] = E /O p)de(t) + [ &(t)dp(t)

0

/ £(0) Blu()| F

T t
+ [ mw{gguxu>+8”@%@—6w+§§@)/_e“t”ammu+5¢wmw}dt

/ / (t, 2 { )+ gz (1, 2)E(t — 0) + %(t,z) /t ;e—w-”g(r)dr

+%@@m§<ww}
(4.9)

Combining (LX) and ) we get

RR n° 7518
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=K

T r e P (r)dr 8—H(t)dt+ Ta—H(t)ﬁ(t)dt
o s da 0o Ou

’ OH OH OH
| e {50 - 550 - S+ Hnprat

t+8 r
_ePt </t %—IZ(S)GPSX[O,T](S)CZS> } dt +/0 5(15 _ 5)%—5(0&
T s .
e Pt 8_H s)ds 8_H
+ /0 ( / y §(t)dt) g (S)ds + /0 o (t)ﬁ(t)dt]

T t+6
/0 “ {_%_Ij(t +0)xpp,r—g)(t) — €™ </t %_Ij(s)e_”sxm,ﬂ@)ds) } :

T OH
+/0 §(t—5)6—y(t)dt

. T t+3 5 o .
+eP /0 (/t %(s)e p X[o,:r](s)ds) §(t)dt+/0 %(t)ﬁ(t)dt]

! 8—H(t)6(t)dt] : (4.10)
0o Ou

=F

=F

where we again have used integration by parts.

If we apply (EID) to
B(t) = a(w)x(s,m(t)

where a(w) bounded and &;,-measurable, s > to, we get

T oH

OH
Since this holds for all s >ty and all o we conclude that

5[5, -0

E

Differentiating with respect to s we obtain

This shows that (i) = (ii).
Conversely, since every bounded 3 € Ag can be approximated by linear combinations of controls  of the
form (), we can prove that (ii) = (i) by reversing the above argument. O

RR n° 7518
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5 Existence and uniqueness theorems for time-advanced BSDEs with
jumps

We now study time-advanced backward stochastic differential equations driven both by Brownian motion B(t)

and compensated Poisson random measures N(dt,dz). We first provide a constructive procedure to compute

the solution of time-advanced BSDEs of the form 3)- ), typically satisfied by the adjoint processes of

the Hamiltonian. Then we turn to more general BSDEs and provide several theorems on the existence and

uniqueness of the solutions under different sets of assumptions on the driver and the terminal condition, which
require different treatments in the proof.

5.1 Time-advanced BSDE for adjoint processes

We introduce the following framework:

Given a positive constant §, denote by D([0,d],R) the space of all cadlag paths from [0, d] into R. For a
path X(-) : Ry — R, X; will denote the function defined by X;(s) = X (t + s) for s € [0,4]. Put H = L?(v).
Consider the L? spaces V; := L%([0,6],ds) and Va := L2([0,6] — H,ds). Let

FREXRXRXVIXRXRXxVIXHXHxXxVaxQ—R
be a predictable function. Introduce the following Lipschitz condition: There exists a constant C such that
|F(t7p17p27paq17QQaq7T17T2;Ta w) - F(tvl_)lvl_)Qvl_)v 61762567 FlaFQafvw”

< C(lpr — 1| + lp2 — D2| + [p = Plvi + |lan — @] + |a2 — @] + |a — qlw,
+ 1 = Tilp + [re = Talpc + 1 = Tl (5.1)

Consider the following time-advanced backward stochastic differential equation in the unknown F; adapted
processes (p(t), q(t), r(t, 2)):

dp(t) = E[F (t,p(t), p(t + 6)x[0,7—6] (1), PeX[0,7—5] (), 4(t), a(t + 6)x[0,7—6) (1),
aX(o,r—a(t), (), 7(t + 8)X[0,7—6] (), TeX[0,7—5) (1)) | Feldt
+q(t)dB(t) + / r(t, 2)N(dt,dz) ; t € [0,T)] (5.2)
R
p(T) =G, (5.3)

where G is a given Fr-measurable random variable such that E[G?] < oo.
Note that the time-advanced BSDE [Z3)-(Z4) for the adjoint processes of the Hamiltonian is of this form.
For this type of time-advanced BSDEs we have the following result:

Theorem 5.1 Assume that condition &) is satisfied. Then the BSDE ([B2)-B3) has a unique solution
p(t),q(t),7(t,2)) such that

E

/OT {pz(t) +¢*(t) —I—/er(t,z)u(dz)}dt] < oo (5.4)
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Moreover, the solution can be found by inductively solving a sequence of BSDEs backwards as follows:
Step 0: In the interval [T — §, T] we let p(t), q(t) and r(t, z) be defined as the solution of the classical BSDE

dp(t) = F (t,p(t),0,0,q(¢),0,0,r(t,2),0,0)dt
+q(t)dB(t) + / r(t, 2N (dt,dz) ; ¢ € [T —6,T] (5.5)
R
p(T)=G. (5.6)

Step k ; k > 1: If the values of (p(t), q(t),r(t, z)) have been found for ¢t € [T — ké,T — (k — 1)d], then if
te [T — (k+1)d, T — kd] the values of p(t + 9),pe, q(t + 9), q¢, r(t + 0, z) and r, are known and hence the BSDE

dp(t) = E[F (t,p(t), p(t + 6), pt, (1), 4t + 8), qr, r(2), 7(t + 6), ) | Fi]dt
+q(t)dB(t) + / r(t,2)N(dt,dz) ; t € [T — (k +1)6, T — kd] (5.7)
p(T — kd) = the value fouﬂild in Step k—1 (5.8)
has a unique solution in [T" — (k + 1)d, T — kd].

We proceed like this until k is such that 7'— (k4 1) < 0 < T — kd and then we solve the corresponding
BSDE on the interval [0,T — kd].

Proof.  The proof follows directly from the above inductive procedure. The estimate (4] is a consequence of
known estimates for classical BSDEs. O

5.2 General time-advanced BSDEs

We consider now the following backward stochastic differential equation in the unknown F;-adapted processes

(p(t),q(t),r(t,x)):
dp(t) = E[F(t,p(t), p(t + 0), pe, a(t), q(t + 6), qe, (1), r(t + 0), ¢ )| Fe]dt
4 q(t)dB, + /R r(t, )N (dt, dz), ; t € [0,T] (5.9)
p(t)=G(t), tel[T,T+74, (5.10)

where G is a given continuous F;-adapted stochastic process. We shall present 3 theorems with various conditions
on F and G.

Theorem 5.2 Assume E[supr;<7,5|G(t)]?] < 0o and that the condition (B)) is satisfied. Then the backward
stochastic differential equation [B9)- BI) admits a unique solution (p(t),q(t),r(t, z)) such that

T
E[/O {P*(t) + ¢*(t) + /RT2(t,z)V(dz)}dt] < 0.

Proof.  Step 1: Assume F is independent of p1,p2 and p.

RR n° 7518



Optimal control of stochastic delay equations 16

Set ¢°(t) := 0,7°(t,x) = 0. For n > 1, define (p"(¢),¢"(t),r"(t,x)) to be the unique solution to the following
backward stochastic differential equation equation:

dpn(t) = E[F(tu qnil(t)v qnil(t + 6)7 q; _17 rnil(tv ')7 Tnil(t + 57 ')7 r?_l(')”]:t]dt
+ ¢ (t)dB; + r"(t,2)N(dt,dz), te[0,T] (5.11)

Pt =G(t)  te[l,T+5).

It is a consequence of the martingale representation theorem that the above equation admits a unique solution,
see, e.g. [23], [I8]. We extend ¢",7" to [0,T + §] by setting ¢"(s) =0, " (s,z) =0 for T < s <T + . We are
going to show that (p™(t),¢"(t),r"(t,x)) forms a Cauchy sequence. By Itd’s formula, we have

0= (1) = (D) = o1 (8) - " (B
2 f L (5) — B BLE (5, (5)s a5+ 8), 775, 1,7 (5 45, ), 7))
— B[P (s, g (5), " (5 + 6), a7 (s, ), (s 8, ), 7271 () s
+ ' [t = s P i) + "l ) — g (s)Pds
vz f L s) — ) ) — () B,
+ ' 5,2 =720 27 (52) =" ) 67 (5,2) = D)V ) (512
Rearranging terms, in view of (i), we get
Bl (1) — p" ()

T
+E / /|r"+1(s,z)—T"(s,z)|2dsy(dz) +E
t Jr

T
/t " (s) — q"<s>|2ds]

T
=20 / ("1 (5) — ™ (8)) (ELF (5, 4™ (3),"(5 + 8),1(5, ), (5 + 6,))
_F(Su qn71(8)7 qnil(s + 5)7 rnil(sv ')7 rnil(s + 57 ))lj:S]”dS]

T T
/t [p" ' (s) — p"(s)Pds /t Iq"(S)—Q"‘l(S)IzdS]

/tT(/ss+5 l[g" (u) — qn_l(u)|2du)d8‘|

<C.E +eF

[T
+¢eF / lg"(s +6) — ¢" ' (s +0)|?ds| + ¢E
t

T
+elE / |T"(s)—r"_1(s)|%ds
t

T
+¢e¢FE / 7" (s + ) — "1 (s + 0)|3,ds
t

+eF

/tT </:+5 |7 (u) = T”l(U)I%dU> ds] (5.13)
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Optimal control of stochastic delay equations 17

Note that

<FE

T
E / 1g7(s) — q”1<s>|2ds] | (5.14)

T
/ 16" (s +8) — " (s + 8)Pds
t

Interchanging the order of integration,
T s+5 T46 u
/ ( / |q”<u>—q”1<u>|2du> ds| = E | [ g ) - 0 )P A
t s t u—
T
/ |q"<s>—q"-1<s>|2ds]. (.15
t

Similar inequalities hold also for 7 — r"~1. Tt follows from (BI3) that
Ellp"* () —p" ()]

/tT /R |7 (s, 2) = 1" (5, 2)[Pdsv(d2)

E =F

<JE

T
+E|f |q"+1<s>—q"<s>|2ds]
T T
/t ("L (s) — p"(5) s / |q"<s>—q"1<s>|2ds]

T
/t [r™(s) — r"_l(s)ﬁ{ds] ) (5.16)

+ E

<C.E +(2+ M)eE

+ 3eF

Choose € > 0 sufficiently small so that
Bllp™ (1) - p" (1))

/tT/RV”H(s,z)—r”(s,z)|2ds v(d2)| + E

T
B CE q"<s>|2ds]

T T
<cr|[ i) | + 52 | [ |q"<s>—q"1<s>|2ds]
T
%E / |r"<s>—r"1<s>|%ds]. (5.17)

This implies that

d o T 1 2
1 Gl AR RO
t
T T

+e%tE / / [ (s, 2) — (s, 2)|?ds v(dz) | + eC'E / lg" T (s) — q"(s)|2d81
t JR t

1 r 1 r

< geCEtE / lg"(s) — ¢" " (s)|%ds| + geCEtE / |7 (s) — "t (s)|3,ds| . (5.18)

t t
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Integrating the last inequality we get

T
E + / dt e*E
0

T
/0 " (s) — p(s) s

T
—|—/ dt e“<'E
0

T
JGCE q”<s>|2ds]
T
/ |r" (s, 2) — " (s, z)|2dsy(dz)]
t JR
T

1 T
+ —/ dt e“='E
2 0

/ Iq"(s) — " () 2ds

t

T
/t [r™(s) — r"l(s)ﬁ{ds] (5.19)

In particular,

T
/ dt e“<'F
0

1 T
< —/ dt e'E
2 0

T T
/ / [Pt (s, 2) — r™(s, 2)2dsv(dz) | + / dt e“'E
t Jr 0

1 T
+ —/ dt e“'E
2 0

T
/t 14"(s) — " (s) [2ds

T
/t [r™(s) — r”l(s)ﬁids} (5.20)

This yields

T T T T
/ dt e“='E / / |7t (s, 2) — r™(s, 2)|2dsv(dz) | + / dt e“'E / lg" T (s) — q"(s)|2d81
0 t Jr 0 t

< (%)nc (5.21)

for some constant C. It follows from (EI9) that

/OT "+ (s) — pn(5)|2d5] < (5)" C. (5.22)

E

EI6) and (EIT) further gives

T
E / /|r"+1(s,z)—r"(s,z)|2dsu(dz) +E
o Jr

/OT 1" (5) —qn(3)|2ds] < (%)ncnca. (5.23)

In view of (&1M), (ETH) and (&20), we conclude that there exist progressively measurable processes (p(t), q(t), r(t, 2))
such that

n—oo 0

T
Jm - Ellg"(t) — a()FF)dt =0,
T
nlLII;OA /REHT (t,2) — r(t, 2)|"*|v(dz)dt = 0.
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Letting n — oo in (&I we see that (p(t),q(t), (¢, 2)) satisfies

T
+ / E[F(Sv Q(S)v Q(S + 5)7 gs; T‘(S, ')7T(S + 57 ')7 TS('))l}-S]dS

+/ s)dB, +/ / s,2)N(ds,dz) = g(T) (5.24)

ie, (p(t),q(t),r(t,2)) is a solution. Uniqueness follows easily from the Ito’s formula, a similar calculation of
deducing (1) and (E13), and Gronwall’s Lemma.

Step 2: General case.
Let p°(t) = 0. For n > 1, define (p™(t), ¢"(t),r"(t,2)) to be the unique solution to the following BSDE:

dp™(t) = E[F(t,p" " (8),p" 1t +0),pp ™ a" (6), ¢ (t +0), " (1), 7 (E+ 6, ), 77 ()| F)dt

q"(t)dB; + r"(t, z)N(dt,dz), t€[0,T)] (5.25)

pi(t)=G(t);  tell, T+ (5.26)
)

The existence of (p™(t), ¢™(t),r™(t, z)) is proved in Step 1. By the same arguments leading to (&2IH), we deduce

that
T
/ / |r"+1(s, z) —r"(s, z)|2dsu(dz)]
t JR

+

Bl 6) — " () + 3 B

T
38| [ -0 Pds
r n+1 n 2 1 T n n—1 2
<CE| [ e = @Pds| < 58 | [ - )Pds (5.27)

This implies that

d Ct
E
(e

Integrating (B28)) from u to T' we get

T
/t 1p(s) —p”1<s>|2ds] (5.28)

E

T
/t 15(s) —p“<s>|2ds]

T 1 T
/ ") ) ds | < 5 / GO0

T T
< eCT/ th[/t Ip™(s) — p"~(s)|*ds]. (5.29)

Iterating the above inequality we obtain that
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r"™(t,z)) converges

Using above inequality and a similar argument as in Step 1, it can be shown that (p™(t), ¢"(¢),
O

to some limit (p(t), ¢(t), r(t, z)), which is the unique solution of equation (3.

Theorem 5.3 Assume E [suppc,<py 5 |G(1)]**] < 0o for some a > 1 and that the following condition hold:

|F(tap15p25p7q15q27q5T1;T27T) _F(tvl_)lvl_)Qvl_)v615625677:15F25’F)|
< Clpr =pl+p2 = P2l + sup |p(s) =p(s)| +lar = @1l + a2 = @l + g = dlv,
_S_

+ | =T+ |re — Foln + | —Tlvy). (5.30)

Then the BSDE [B9) admits a unique solution (p(t),q(t),r(t,z)) such that

B s lp(o + /{q [ <,z>u<dz>}dt]<oo

Proof.
Step 1: Assume F' is independent of p1,p2 and p.

In this case condition (30) reduces to assumption (). By the Step 1 in the proof of Theorem 2 there
is a unique solution (p(t), q(t),r(t, 2)) to equation (E).
Step 2: General case.

Let p°(t) = 0. For n > 1, define (p™(t), ¢"(t),r"(t,2)) to be the unique solution to the following BSDE:

dpn(t) :E[F(tvpn_l(t)upn_l(t + 6)717?717 qn(t)a qn(t + 6)7 Q?a Tn(tv ')7 Tn(t +9, ')7 T?('))'-,Ft]dt
+ ¢"(t)dB; 4 r"(t, z) N (dt, dz),
p"(t) = G(t), te [T, T+ 9.
By Step 1, (p"(¢),q"(t),7™(t,2)) exists. We are going to show that (p"(t),q"(t),r"(t,2)) forms a Cauchy

sequence. Using [td’s formula, we have

T T
L) —pn(2) 2 (s, 2) — (s, 2)|?dsv(dz "Hl(s) — ¢"(s)|ds
L (e) p(””/t /R| (5,2) — 1"(s, 2) *d (d”/t 14" (s) — ¢ (s)Pd
T

—=2 [ (") - p"0)

< LELF (50" (6).07 (s 81,88, 7100 0,5 ) 2 )

(5.31)

P(s, " ()0 s 4 8), 00 g (8), 4" (s 4 8), g (5, ), ™ s + 8, ), 1 () | Fullds
T
2 / (" () — 9" () (@ (5) — 4" (s))dB
T
- / / [P+ (5, 2) — 7 (5, 2)|2 + 2 (5—) — p"(5—)) (" (s, 2) — 17 (s, 2))| N (ds, d2) (5.32)

RR n° 7518



Optimal control of stochastic delay equations 21

Take conditional expectation with respect to F;, take the supremum over the interval [u, T'] and use the condition

E30) to get

sup [p"tH(t) —p"(t)]*+ sup E
u<t<T u<t<T

T
/t |q"+1(s)—q"(s)|2ds|]:t1

T
+sw E|[f |r”+1<s,z>—r"(s,zn?dsu(dznft]
u<t<T t R
T
<C. sup F / |p”+1(s)—p”(s)|2ds|ft
w<t<T u

[T
+ Chie sup E / [p"™ (s) —pn1(5)|2d5|-7:t‘|
u<t<T u

[T
L Coe sup B / B[ sup |p”<v>—p”1<v>|2|fs1ds|ft]
u<t<T u s<v<T

u<t<T

T
+Cse sup E / |qn+1(8)—qn(8)|2d5|ft]

4+ Cye sup FE
u<t<T

T
/t /]R [t (s, 2) — 1™ (s, 2)|2ds V(dz)|f,;| (5.33)

Choosing € > 0 such that C3e < 1 and Cye < 1 it follows from ([B33) that

sup |p"ti(t) —p"(t)]* < C. sup E
w<t<T u<t<T

T
/ |pn+1(5)—pn(5)|2ds|ft]

+ (Cy 4+ Co)e sup E

u<t<T s<v<T

T
/ E[ sup Ip"(v)—p"1(v)|2|fs]d8|ft] (5.34)

T
Note that E / E[ sup [p"(v) — p"l(v)|2|fs]ds|ft] are right-continuous

s<v<T

T
/ Ip" Tt (s) —p"(s)|2ds|ft1 and F

martingales on [0, 7] with terminal random variables /

u s<v<T

Thus for o > 1, we have

T @ T «
E <sup E / Ip”“(S)—p”(S)IQdSIED ]SCQE (/ Ip"+1(8)—p"(8)|2d5> ]
u<t<T u u
T
<eraE / sup |p"+1(v)—p"(v)|2ads], (5.35)
u s<v<T
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and

(sup E / E[ sup Ip"(v)—p"1(v)l2|fs]d8|ftD ]
u<t<T s<v<T

T
/ B[ sup |p"<v>—p"-1<v>|2a|f51ds]

s<v<T

S QRQE;

S QRQE;

T
/ sup Ip"(v)—p"‘l(v)lmdS}a (5.36)

s<v<T

E33), BE33) and (B&34) yield that for a > 1,

E [ sup [p"™1 (1) —pn<t>|2a] < C1oE
u<t<T

T
/ sup |p”+1<v>—p”<v>|2ads]

s<v<T

+‘Cb¢vE

T
/ sup [p"(v) —p"~! (v)lmdS] (5.37)

s<v<T
Put
gn(u) =F

T
/ sup |p”<s>—p“<s>|2a]
w t<s<T

(E3D) implies that
d u u
— = (€7 gnpa (u) < €7 Coagn(u) (5.38)

Integrating (B38)) from ¢ to T we get

T T
gni1(t) < 02104/ ecl’a(sft)gn(s)ds < C’zﬁaecl’aT/ gn(s)ds. (5.39)
¢ ¢

Iterating the above inequality we obtain that

CnTTm

T
€
| sw |p”+1<s>—p”<s>|2adt] < —
O n.

t<s<T

E

Using above inequality and a similar argument as in step 1, we can show that (p"(t),¢"(t),r" (¢, z)) converges
to some limit (p(t), ¢(t), r(t, z)), which is the unique solution of equation (E3). O

Finally we present a result when the function F' is independent of q1,q2,q, 71,72, and 7.

Theorem 5.4 Assume E [ sup |G(t)|2} < oo and F satisfies (B30), i.e.
T<t<T+§

|t p1 p2,p) = (6,51, 2, D) < Cllpr = Pl |p2 = Paf + 5w [p(s) = B(s)))- (5.40)

Then the backward stochastic differential equation B9) admits a unique solution such that &) holds.
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Proof.  Let p°(t) = 0. For n > 1, define (p™(t), ¢"(t),r™(, 2)) to be the unique solution to the following BSDE:
dp™(t) = E[F(t,p" ' (t),p" " (t + 6),p; " )| F)dt + q"(t)dBy + r"(t, )N (dt, dz), (5.41)

Pt =G(t)  te[l,T+5).

We will show that (p™(t),q"(t),r"(t, 2)) forms a Cauchy sequence. Subtracting p" from p"*! and taking
conditional expectation with respect to F; we get

P (E) — P (1)
T
S / (E[F (s, p"(s), 5" (s + 6), p1)| Fi]
—E[F(s,p" (), p" H(s 4+ 6), p" V)| Fs])ds| Fi] (5.42)

Take the supremum over the interval [u, T] and use the assumption ([EZ0) to get

T 2
/ 1p(s) —p“<s>|ds|ft] )

sup [p"FH(t) —p"(t)* < C sup (E

u<t<T u<t<T
. 2
+C sup (FE / E[ sup |p"(v) — p" ' (v)||Fs]ds|Fy (5.43)
u<t<T u s<v<T

By the Martingale Inequality, we have

T 2 T 2
E (uihtlgTE / Ip"(S)—p"l(S)ldSIftD <cE </ Ip”(S)—p”1(8)|d8>

T
<erFE / sup |p"<v>—p“<v>|2ds], (5.44)
u s<v<T
and
2
(sup E / E[ sup Ip"(v)—p"‘l(v)llfs]dSIftD
u<t<T s<o<T
T
< o / B[ sup |p”<v>—p”1<v>|2|fs1ds], (5.45)
w s<v<T

Taking expectation on both sides of [EZ3) gives

B[ s b0 -] < / s (o) = 0Pl (5.46)

u<t<T s<v<T

It follows easily from here that (p™(t),q™(¢),r™ (¢, z)) converges to some limit (p(t),q(t),r(¢,2)), which is the
unique solution of equation ([EH). O
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6 Application to optimal consumption from a cash flow with delay

Let a(t), B(t) and v(t, z) be given bounded adapted processes, «(t) deterministic. Assume that /

Consider a cash flow X°(¢) with dynamics

dXO(t) = Xt — 6) |a(t)dt + B(t)dB(t) —l—/w(t,z)N(dudz)] ; t€[0,T]

R

XO(t) = wo(t) >0; t € [-6,0],

where z((t) is a given bounded deterministic function.

Y2 (t, 2)v(dz) < 0.

(6.1)

(6.2)

Suppose that at time ¢ € [0,T] we consume at the rate ¢(t) > 0, a cadlag adapted process. Then the

dynamics of the corresponding net cash flow X (t) = X¢(¢t) is

dX (t) = [X(t — §)a(t) — c(t)|dt + X (t — §)B(t)dB(t) + X (t — 6) / ~y(t, 2)N(dt, dz) ; t € [0,T] (6.3)

R

X(t) = 2o(t) ; t € [5,0].

(6.4)

Let U (t,c,w) : [0, T] x Rt x 2 — R be a given stochastic utility function satisfying the following conditions

t — Ui(t, c,w) is Fe-adapted for each ¢ > 0,

c— Ui(t,c,w) is C*, %(t,c,w) > 0,
c— %(t, ¢,w) is strictly decreasing
clglgo %(f,c,w) =0 for all t,w € [0,T] x Q.
Put vg(t,w) = %(t, 0,w) and define
0 if v > vo(t,w)
Itv,w) = (%(t, -,w)>1 () 0 < v < volt,w)

Suppose we want to find the consumption rate é(¢) such that
J(e) =sup{J(c); c€ A}
where

T
J(c)=F /0 Ui(t, c(t),w)dt + g(X(T))

(6.5)

Here g : R — R is a given concave C' function and A is the family of all cadlag, F;-adapted processes c(t) > 0

such that E[|g(X(T))|] < cc.
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In this case the Hamiltonian given by Il gets the form

H(tv z,Y,a,uU,p,q, T('),(.«)) =U (ta ¢, w) + (O[(t)y - C)p

ot +y [ At ). (63)
R
Maximizing H with respect to ¢ gives the following first order condition for an optimal é(¢):
ouy . .
g (1. 2(0),w) = p(). (6.9)

The time-advanced BSDE for p(t), q(t), r(¢, 2) is, by Z3))-(E4)

dp(t) = —E[{a(t)p(t +0) + B(t)q(t +90) + /R”Y(t, 2)r(t +9, Z)V(dZ)} Xj0,7—6) (£)| Fe]dt

+q(t)dB(t)—|—/Rr(t,z)1\7(dt,dz); t€[0,7] (6.10)

p(T) =g (X(T)). (6.11)

We solve this BSDE ([EI0)- (T recursively by proceeding as in Theorem BTk
Step 1: Ift e [T —4,T], the BSDE gets the form

dp(t) = g(D)dB(t) + / r(t, 2N (dt,dz) 5 ¢ € [T —6,T]
R
p(T) = ¢'(X(T))
which has the solution
p(t) = Elg'(X(T)) | F] s t € [T =6, 7).

with corresponding ¢(t), 7(t, z) given by the martingale representation theorem (found e.g. by using the Clark-
Ocone theorem).

Step 2: Ifte [T —25,T — 6], and T — 26 > 0, we get by Step 1 the BSDE:

dp(t) = —Ela®)p(t+6) + B(t)q(t + ) + /Rw(t, 2)r(t+ 0, 2)v(dz) | Fedt

+ q(t)dB(t) + / r(t, z)N(dt,dz) ; t € [T —25,T — 4].

with p(T — §) known from Step 1. Note that p(t+9), g(t+6) and r(¢+0) are also known from Step 1. Therefore,
this is a simple BSDE which can be solved for p(t), ¢(t), r(t,-) ;t € [T —25,T — §]. We continue like this by
induction up to and including step j, where j is such that T — j6 < 0 < T — (j — 1)§. With this procedure we
end up with a solution p(t) = px(r)(t) of (EI0)-(@EII) which depends on the (optimal) terminal value X (7).
If

0 <p(t) <wvo(t,w) forall t € [0,T], (6.12)
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then the optimal consumption rate é(t) is by (E3) given by
t) = ey (t) = I(t,p(t), w); t € [0,7]. (6.13)

Substituting this expression for é(t) into (E3]) we end up with a stochastic differential equation for the optimal
wealth process X (t). Solving this we find X (7T") and hence é&(¢).
We summarize the above in the following

Proposition 6.1 Let p(t),q(t),r(t, z) be the solution of the BSDE (EIW)-@IW), as described above. Suppose
EI2) holds. Then the optimal consumption rate ¢(t) and the corresponding optimal terminal wealth X (t) are

given implicitly by the coupled equations @13 and E3)-E2).

To get a more explicit solution presentation, let us now assume that a(t) is deterministic and g(z) = kxz, k > 0.
Since k is deterministic, we can choose ¢ = r = 0 in (EI0)-(EII) and the BSDE becomes

dp(t) = —a(t)p(t + 6)xjo,r—s)(t)dt ; t <T (6.14)

p(t) =k forte [T —4,T). (6.15)
To solve this we introduce
h(t) :=p(T —t); t € [-6,T).

Then
dh(t) = —dp(T — t) = (T — t)p(T — t + d)dt
— o(T — t)h(t — d)dt (6.16)
for t € [0, 7], and
h(t) =p(T —t) =k for t € [—4,0]. (6.17)

This determines h(t) inductively on each interval [j6, (5 + 1)d] ; 7 =1,2,..., as follows:
If h(s) is known on [(j — 1)d, 78], then
t t
h(t) = h(j9) —|—/ B (s)ds = h(jd) —|—/ a(T — s)h(s = d)ds ; j € [j0,(j + 1)d]. (6.18)
0 38
We have proved:

Proposition 6.2 Assume that a(t) is deterministic and g(x) = kx, k > 0. The optimal consumption rate ¢5(t)

for the problem ([B3)-@4), @) is given by
és(t) =1(t, hs(T —t),w), (6.19)
where hs(-) = h(-) is determined by ([EI1)-EIN).

Remark 6.8 Assume that a(t) = a(deterministic) > 0 for all t € [0,T]. Then we see by induction on [EI)
that

0<d;1 <da= h51 (t) > hég(t) for all t € (O,T]

and hence, perhaps suprisingly,
0 <681 <da= 5, (t) < és,(t) for allt €10,T).

Thus the optimal consumption rate increases if the delay increases. The explanation for this may be that the
delay postpones the negative effect on the growth of the cash flow caused by the consumption.
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