
HAL Id: inria-00559072
https://inria.hal.science/inria-00559072v1

Preprint submitted on 24 Jan 2011 (v1), last revised 22 Aug 2011 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

On confined McKean Langevin processes satisfying the
mean no-permeability boundary condition

Mireille Bossy, Jean-François Jabir

To cite this version:
Mireille Bossy, Jean-François Jabir. On confined McKean Langevin processes satisfying the mean
no-permeability boundary condition. 2011. �inria-00559072v1�

https://inria.hal.science/inria-00559072v1
https://hal.archives-ouvertes.fr


❖♥ ❝♦♥✜♥❡❞ ▼❝❑❡❛♥ ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss❡s s❛t✐s❢②✐♥❣ t❤❡ ♠❡❛♥

♥♦✲♣❡r♠❡❛❜✐❧✐t② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

▼✐r❡✐❧❧❡ ❇♦ss②∗ ❏❡❛♥✲❋r❛♥ç♦✐s ❏❛❜✐r†

❏❛♥✉❛r② ✻✱ ✷✵✶✶

❆❜str❛❝t

❲❡ ❝♦♥str✉❝t ❛ ❝♦♥✜♥❡❞ ▲❛♥❣❡✈✐♥ t②♣❡ ♣r♦❝❡ss ❛✐♠❡❞ t♦ s❛t✐s❢② ❛ ♠❡❛♥ ♥♦✲♣❡r♠❡❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥ ❛t t❤❡ ❜♦✉♥❞❛r②✳ ❚❤✐s ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss ❧✐❡s ✐♥ t❤❡ ❝❧❛ss ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ▼❝❑❡❛♥
▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧s st✉❞✐❡❞ ✐♥ ❬✺❪✳ ❚❤❡ ❝♦♥✜♥❡❞ ♣r♦❝❡ss ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ✐s ❛ ✜rst
❝♦♥str✉❝t✐♦♥ ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ❝❧❛ss ♦❢ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✐ss✉❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ P❉❋ ♠❡t❤♦❞s ❢♦r ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✳ ❲❡
♣r♦✈❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❝♦♥✜♥❡❞ s②st❡♠ ✇❤❡♥ t❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡ ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss
✐s ❛ ❤②♣❡r✲♣❧❛♥❡✳

❑❡②✇♦r❞s ▼❝❑❡❛♥ ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥✱ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧✱ ♠❡❛♥ ♥♦✲♣❡r♠❡❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥✱ s♣❡❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳

✶ ■♥tr♦❞✉❝t✐♦♥

❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ▲❛♥❣❡✈✐♥ ❡q✉❛t✐♦♥ ✭✶✳✶✮✱ ❞❡s❝r✐❜✐♥❣ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥
❛♥❞ ✈❡❧♦❝✐t② (X,U) ♦❢ ❛ ♣❛rt✐❝❧❡ ✇✐t❤ t❤❡ ♣♦s✐t✐♦♥ ♣r♦❝❡ss X ❝♦♥✜♥❡❞ ✐♥ t❤❡ ✉♣♣❡r✲❤❛❧❢ ♣❧❛♥❡
Rd−1 × [0,+∞)✱





Xt = X0 +

∫ t

0
Usds,

Ut = U0 +

∫ t

0
B [Xs, Us; ρs] ds+Wt +Kt,

Kt= −
∑

0<s≤t

2 (Us− · nD(Xs))nD(Xs)✶✶{Xs∈∂D},

ρt ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ♦❢ (Xt, Ut), ❢♦r ❛❧❧ t ∈ (0, T ].

✭✶✳✶✮

❍❡r❡ D = Rd−1 × (0,+∞)✱ ∂D = Rd−1 × {0} ❛♥❞ nD = (0, . . . , 0,−1) ✐s t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧
✉♥✐t ✈❡❝t♦r✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦✈❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ♦♥ ❛ ✜♥✐t❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ]✳
▼♦r❡♦✈❡r✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥✜♥❡❞ s♦❧✉t✐♦♥ (X,U) s❛t✐s✜❡s ❛ ♠❡❛♥ ✈❡rs✐♦♥ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞
♥♦✲♣❡r♠❡❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ t❤❛t ✇❡ ✇r✐t❡ ❢♦r♠❛❧❧② ✐♥ t❤✐s ✐♥tr♦❞✉❝t✐♦♥ ❛s

E
[
(Ut · nD(x))

/
Xt = x

]
= 0, ❢♦r (t, x) ∈ (0, T ] × ∂D. ✭✶✳✷✮

∗■◆❘■❆ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s ❋r❛♥❝❡✱ ❊P■ ❚❖❙❈❆❀ ▼✐r❡✐❧❧❡✳❇♦ss②❅✐♥r✐❛✳❢r
†❈❡♥t❡r ❢♦r ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧❧✐♥❣✱ ❙❛♥t✐❛❣♦✱ ❈❤✐❧❡❀ ❥❥❛❜✐r❅❞✐♠✳✉❝❤✐❧❡✳❝❧✳ ❚❤❡ s❡❝♦♥❞ ❛✉t❤♦r ✐s s✉♣♣♦rt❡❞

❜② t❤❡ ❋❖◆❉❊❈❨❚ P♦st✲❞♦❝t♦r❛t❡ ♣r♦❥❡❝t ◆♦ ✸✶✵✵✶✸✷

✶



▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦♥ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F ,P)✱ ✇❡ ❝♦♥s✐❞❡r ❛ d✲❞✐♠❡♥s✐♦♥❛❧ st❛♥❞❛r❞ ❇r♦✇✲
♥✐❛♥ ♠♦t✐♦♥ W ❛♥❞ ❛ D × Rd✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ (X0, U0) ✐♥❞❡♣❡♥❞❡♥t ♦❢ W ✳ ❲❡ ♣r♦✈❡
t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ (X,U) ✈❛❧✉❡❞ ✐♥ C([0, T ];D)×D([0, T ]; Rd)✱ t♦ t❤❡ ♥♦♥❧✐♥❡❛r
▼❝❑❡❛♥ ❡q✉❛t✐♦♥ ✭✶✳✶✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡❧❛t❡❞ s❡q✉❡♥❝❡ ♦❢ ❤✐tt✐♥❣ t✐♠❡s

τn = inf{τn−1 < t ≤ T s✳t✳ Xt ∈ ∂D}, ❢♦r n ≥ 1, τ0 = 0, ✭✶✳✸✮

✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞s t❤❡ s✉♠
∑

0<s≤t ✶✶{Xs∈∂D} ❛❝ts ♦✈❡r ❛ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ t✐♠❡s✳ ❚❤❡ ❞r✐❢t

❝♦❡✣❝✐❡♥t B ✐s t❤❡ ♠❛♣♣✐♥❣ ❢r♦♠ D × Rd × L1(D × Rd) t♦ Rd ❞❡✜♥❡❞ ❜②

B [x, u; γ] =





∫

Rd

b(v, u)γ(x, v) dv
∫

Rd

γ(x, v) dv

✐❢

∫

Rd

γ(x, v) dv 6= 0,

0 ❡❧s❡✇❤❡r❡✱

✭✶✳✹✮

✇❤❡r❡ b : Rd × Rd −→ Rd ✐s ❛ ❣✐✈❡♥ ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡❧✳ ❆s ♥♦t✐❝❡❞ ✐♥
❇♦ss②✱ ❏❛❜✐r ❛♥❞ ❚❛❧❛② ❬✺❪✱ ❢♦r♠❛❧❧② t❤❡ ❞r✐❢t ❝♦❡✣❝✐❡♥t B[x, u; ρt] ✐♥ ✭✶✳✶✮ ✐s t❤❡ ❢✉♥❝t✐♦♥

(t, x, u) 7→ E
[
b(Ut, u)

/
Xt = x

]
,

❛♥❞ t❤❡ s②st❡♠ ✭✶✳✶✮ ✐♥✈♦❧✈❡s ❛ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✐♥ ✐ts ❞r✐❢t t❡r♠✳
❚❤✐s ♣r❡s❡♥t ✇♦r❦ ✐s ❛ ✜rst st❡♣ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧s ✐♥✈♦❧✈✐♥❣

❛ ♣r❡s❝r✐❜❡❞ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ✈❡❧♦❝✐t② ✇❤❡♥ t❤❡ ♣❛rt✐❝❧❡ ❤✐ts t❤❡ ❜♦✉♥❞❛r② ∂D✳ ❚❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✭✶✳✷✮ ♣r♦✈✐❞❡s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❡①❛♠♣❧❡ ✐♥ t❤❡ ❝❧❛ss ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s r❡❧❛t❡❞
t♦ t❤❡ Pr♦❜❛❜✐❧✐t② ❉❡♥s✐t② ❋✉♥❝t✐♦♥ ✭P❉❋✮ ♠❡t❤♦❞s ♣r♦♣♦s❡❞ ❜② ❙✳❇✳ P♦♣❡ ❢♦r ❈♦♠♣✉t❛t✐♦♥❛❧
❋❧✉✐❞ ❉②♥❛♠✐❝s ❛♣♣❧✐❝❛t✐♦♥s ✭s❡❡ P♦♣❡ ❬✶✺❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❚❤❡ P❉❋ ♠❡t❤♦❞s ❤❛✈❡
❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t✉r❜✉❧❡♥t ✢♦✇s✳ ❚❤❡② ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛s✲
t✐❝ ♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ ✢✉✐❞ ♠♦t✐♦♥ t❤r♦✉❣❤ ❛ s②st❡♠ ♦❢ ❙t♦❝❤❛st✐❝ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✭❙❉❊s✮
✇❤✐❝❤ ❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ❣❡♥❡r✐❝ ✢✉✐❞✲♣❛rt✐❝❧❡✳ ❚❤❡s❡ ❙❉❊s ❛r❡ ♥♦♥❧✐♥❡❛r ✐♥ t❤❡ s❡♥s❡
♦❢ ▼❝❑❡❛♥ ❛♥❞ ✐♥✈♦❧✈❡ s✐♥❣✉❧❛r ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡❧s✳ ❲❡ r❡❢❡r t♦ ❬✺❪ ❢♦r ❛ s❤♦rt s✉r✈❡② ♦♥ ♠❛t❤❡✲
♠❛t✐❝❛❧ ✐ss✉❡s r❡❧❛t❡❞ t♦ t❤❡ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧s ❛♥❞ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ✭✶✳✶✮ ✇❤❡♥
D = Rd ✭✐✳❡✳ K = 0✮✳

❋♦r t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧❧✐♥❣ ♦❢ ♥❡❛r✲✇❛❧❧ t✉r❜✉❧❡♥t ✢♦✇s✱ ❉r❡❡❜❡♥ ❛♥❞ P♦♣❡ ❬✼❪ s✉❣❣❡st❡❞
❛ r❡✢❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ✈❡❧♦❝✐t✐❡s ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ❛❝❝♦r❞✐♥❣ t♦ ❛ ♣r❡s❝r✐❜❡❞ ❜♦✉♥❞❛r②
❧❛②❡r ♠♦❞❡❧✳ ❍❡r❡ ✇❡ ❢♦r♠❛❧✐③❡ t❤♦s❡ ✐❞❡❛s ❛♥❞ ❝♦♥str✉❝t ❛ ✜rst ❡①❛♠♣❧❡ ♦❢ ❝♦♥✜♥❡❞ ▲❛❣r❛♥❣✐❛♥
♠♦❞❡❧s s❛t✐s❢②✐♥❣ ✭✶✳✷✮✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ st❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧ts ♦♥ t❤❡ ✇❡❧❧✲
♣♦s❡❞♥❡ss ♦❢ ✭✶✳✶✮✳ ❲❡ ❢✉rt❤❡r s❤♦✇ t❤❛t t❤❡ tr❛❝❡ ❛t t❤❡ ❜♦✉♥❞❛r② γ(ρ) ♦❢ t❤❡ t✐♠❡✲♠❛r❣✐♥❛❧
❞❡♥s✐t✐❡s (ρt; t ∈ (0, T ]) ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮ s❛t✐s✜❡s t❤❡ s♦✲❝❛❧❧❡❞ s♣❡❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
✭s❡❡ ✭✷✳✺✮ ❜❡❧♦✇✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ♠❡❛♥ ♥♦✲♣❡r♠❡❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✷✮✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r
✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢s✳ ❆s ❛ ♣r❡❧✐♠✐♥❛r② st❡♣✱ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❝♦♥str✉❝t ❛ ❝♦♥✜♥❡❞ ✈❡rs✐♦♥ ♦❢
t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ✐ts ♣r✐♠✐t✐✈❡ ✭✐✳❡✳ B = 0✮✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❝♦♠❜✐♥❡ ❛r❣✉♠❡♥ts ❢r♦♠
❙③♥✐t♠❛♥ ❬✶✼❪✱ ♦♥ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ▼❝❑❡❛♥ ♥♦♥❧✐♥❡❛r ❙❉❊s ✇✐t❤ r❡✢❡❝t✐♦♥ ♦❢ ❙❦♦r♦❦❤♦❞
t②♣❡✱ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤ ✉s❡❞ ✐♥ ❬✺❪ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ✭✶✳✶✮✳ ❙❡❝t✐♦♥ ✺ ✐s
❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ tr❛❝❡ γ(ρ)✳

◆♦t❛t✐♦♥

• ❋♦r ❛♥② ♣♦✐♥t x ∈ Rd✱ ✇❡ ✇r✐t❡ x = (x′, x(d)) ✇❤❡r❡ x′ ❞❡♥♦t❡s t❤❡ (d−1)t❤ ✜rst ❝♦♦r❞✐♥❛t❡s
❛♥❞ x(d) ❞❡♥♦t❡s t❤❡ dt❤ ❝♦♦r❞✐♥❛t❡✳ ❚❤❡ s✉r❢❛❝❡ ♠❡❛s✉r❡ dσD r❡❧❛t❡❞ t♦ ∂D ✐s dσD = dx′✳

✷



• ❋♦r ❛❧❧ t > 0✱ Qt = (0, t) ×D × Rd✱ Σt = (0, t) × ∂D × Rd✳

• ❲❡ ❞❡♥♦t❡ ❜② D([0, T ]; Rq) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ Rq✲✈❛❧✉❡❞ ❝à❞❧à❣ ❢✉♥❝t✐♦♥s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡
❙❦♦r♦❦❤♦❞ t♦♣♦❧♦❣②✳ ❋♦r z ∈ D([0, T ]; Rq)✱ △zt ❛♥❞ zt− ❞❡♥♦t❡s r❡s♣❡❝t✐✈❡❧② t❤❡ ❥✉♠♣ ❛♥❞
t❤❡ ❧❡❢t✲❤❛♥❞ ❧✐♠✐t ♦❢ z ❛t t✐♠❡ t✳

• ❋♦r ❛♥② ♠❡tr✐❝ s♣❛❝❡ E✱ ✇❡ ❞❡♥♦t❡ ❜② M(E) t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ❡q✉✐♣♣❡❞
✇✐t❤ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣②✳

• ❋♦r ❛♥② ♣♦✐♥t (t, z, ν) ∈ (0,+∞) × Rd × Rd✱ gd(t; z, ν; ζ, µ) ❞❡♥♦t❡s t❤❡ tr❛♥s✐t✐♦♥ ❞❡♥s✐t②
♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✬s ♣r✐♠✐t✐✈❡ ❛♥❞ ✐ts ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ (z + νt +∫ t
0 Wsds, ν +Wt)✱ st❛rt✐♥❣ ❛t (z, ν)✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ ❧❡❛❞s t♦ t❤❡ ❡①♣❧✐❝✐t
❡①♣r❡ss✐♦♥✿

gd(t; z, ν; ζ, µ) =

(√
3

πt2

)d

exp

(
−6|ζ − z − tν|2

t3
+

6((ζ − z − tν) · (µ− ν))

t2
− 2|µ− ν|2

t

)
.

✭✶✳✺✮

✷ ▼❛✐♥ r❡s✉❧ts

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ µ0 ♦❢ (X0, U0) ❛♥❞ t❤❡ ❦❡r♥❡❧ b ✐♥ ✭✶✳✶✮ s❛t✐s❢②
t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s❡s ✭❍✮✿

✭❍✲✐✮ ❚❤❡ ✐♥✐t✐❛❧ ♠❡❛s✉r❡ µ0 ❤❛s ✐ts s✉♣♣♦rt ✐♥ D×Rd ❛♥❞
∫
D×Rd

(
|x| + |u|2

)
µ0(dx, du) < +∞✳

✭❍✲✐✐✮ b : Rd × Rd −→ Rd ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s✳

✷✳✶ ❖♥ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ✭✶✳✶✮

▲❡t E ❜❡ t❤❡ s❛♠♣❧❡ s♣❛❝❡

E := C([0, T ];D) × D([0, T ]; Rd) × D([0, T ]; Rd).

❲❡ ❡q✉✐♣ E ✇✐t❤ t❤❡ ❙❦♦r♦❦❤♦❞ t♦♣♦❧♦❣②✱ s♦ t❤❛t E ✐s ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ D([0, T ]; R3d) ❛♥❞
❢✉rt❤❡r ✐t ✐s ❛ P♦❧✐s❤ s♣❛❝❡ ✭s❡❡ ❏❛❝♦❞ ❛♥❞ ❙❤✐r②❛❡✈ ❬✶✵❪✮✳ ❲❡ ❞❡♥♦t❡ ❜② (xt, ut, kt; t ∈ [0, T ]) t❤❡
❝❛♥♦♥✐❝❛❧ ♣r♦❝❡ss ♦♥ E ✱ ❛♥❞ ❜② (Bt; t ∈ [0, T ]) t❤❡ ❛ss♦❝✐❛t❡❞ ❝❛♥♦♥✐❝❛❧ ✜❧tr❛t✐♦♥✳ ❚❤❡ ♠❛rt✐♥❣❛❧❡
♣r♦❜❧❡♠ r❡❧❛t❡❞ t♦ ✭✶✳✶✮ ✐s t❤❡♥ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❆ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ P ∈ M(E) ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭▼P✮ ✐❢
t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ P ◦ (x0, u0, k0)
−1 = µ0 ⊗ δ0✱ ✇❤❡r❡ δ0 ❞❡♥♦t❡s t❤❡ ❉✐r❛❝ ♠❛ss ❛t t❤❡ ♦r✐❣✐♥ ♦♥ Rd✳

✭✐✐✮ ❋♦r ❛❧❧ t ∈ (0, T ]✱ P ◦ (xt, ut)
−1 ❛❞♠✐ts ❛ ♣♦s✐t✐✈❡ ▲❡❜❡s❣✉❡ ❞❡♥s✐t② ρt✳

✭✐✐✐✮ ❋♦r ❛❧❧ f ∈ C2
b (R2d)✱ t❤❡ ♣r♦❝❡ss

f(xt, ut − kt) − f(x0, u0) −
∫ t

0
(us · ∇xf(xs, us − ks)) ds

−
∫ t

0

[
(B [xs, us; ρs] · ∇uf(xs, us − ks)) +

1

2
△uf(xs, us − ks)

]
ds

✭✷✳✶✮

✐s ❛ ❝♦♥t✐♥✉♦✉s P✲♠❛rt✐♥❣❛❧❡ ✇✳r✳t✳ (Bt; t ∈ [0, T ])✳

✸



✭✐✈✮ P✲❛✳s✳✱ t❤❡ s❡t {t ∈ [0, T ] s✳t✳ x(d)
t = 0} ✐s ❛t ♠♦st ❝♦✉♥t❛❜❧❡✱ ❛♥❞

kt = −2
∑

0<s≤t

(us− · nD(xs))nD(xs)✶✶{xs∈∂D}, ∀ t ∈ [0, T ].

❚❤❡♦r❡♠ ✷✳✷✳ ❆ss✉♠❡ ✭❍✮✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠
✭▼P✮✳

❯♥❞❡r t❤❡ s♦❧✉t✐♦♥ P ♦❢ ✭▼P✮✱ ♦♥❡ ♠❛② ♦❜s❡r✈❡ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❝❡ss (xt, ut, kt; t ∈
[0, T ]) s❛t✐s✜❡s ✭✶✳✶✮✳

❙❡❝t✐♦♥ ✹ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳ ❆s ✐♥ ❬✺❪✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ✐s ❜❛s❡❞
♦♥ ❛ ❝❧❛ss✐❝❛❧ ♣❛rt✐❝❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦❢ ❛ s♠♦♦t❤❡❞ ♣r♦❜❧❡♠✱ ❤❡r❡ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
t❤❡ ❙❦♦r♦❦❤♦❞ t♦♣♦❧♦❣②✳

✷✳✷ ❖♥ t❤❡ ♠❡❛♥ ♥♦✲♣❡r♠❡❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ t✐♠❡✲♠❛r❣✐♥❛❧ ❞❡♥s✐t✐❡s (ρt; t ∈ (0, T ]) ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦
✭▼P✮✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ tr❛❝❡ γ(ρ) ❛t t❤❡ ❜♦✉♥❞❛r② ΣT ✳ ❲❡ ❣✐✈❡ s♦♠❡ r❡❧❛t❡❞ ✐♥t❡❣r❛❜✐❧✐t②
♣r♦♣❡rt✐❡s✳

❚❤❡♦r❡♠ ✷✳✸✳ ❆ss✉♠❡ ✭❍✮✳ ▲❡t P ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭▼P✮✳

✭❛✮ ❚❤❡ t✐♠❡✲♠❛r❣✐♥❛❧ ❞❡♥s✐t✐❡s (ρt) ♦❢ P ❛r❡ ❍ö❧❞❡r✲❝♦♥t✐♥✉♦✉s✿ ❢♦r x, x0 ∈ D✱ t❤❡r❡ ❡①✐st
s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts β✱ α✱ α1 ❛♥❞ C s✉❝❤ t❤❛t ❢♦r ❛✳❡✳ 0 < t0 < t ≤ T, u ∈ Rd✱

|ρt(x, u) − ρt(x0, u)| ≤ C
(
t−α
0 (1 ∨ (tα1 − tα1

0 )
)
|x− x0|β .

✭❜✮ ❚❤❡ ❢✉♥❝t✐♦♥ γ(ρ) ❞❡✜♥❡❞ ♦♥ ΣT ❜②

γ(ρ)(t, x, u) := lim
δ→0+

ρt((x
′, δ), u), ❢♦r ❛✳❡✳ (t, x, u) ∈ ΣT ✭✷✳✷✮

s❛t✐s✜❡s✱ ❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f ♦♥ ΣT ✱

EP

[
∑

n∈N

(
f(τn, xτn , uτn) − f(τn, xτn , uτ−

n
)
)
✶✶{τn ≤ T}

]

= −
∫

ΣT

(u · nD(x)) γ(ρ)(s, (x′, 0), u)f(s, (x′, 0), u)ds dx′du.

✭✷✳✸✮

✭❝✮ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞ ❢♦r t❤❡ tr❛❝❡ ❢✉♥❝t✐♦♥ γ(ρ)✿
∫

Rd

|(u · nD(x))|γ(ρ)(t, x, u) du < +∞, dt⊗ dσD✲❛✳❡✳ ♦♥ (0, T ) × ∂D, ✭✷✳✹❛✮

∫

Rd

γ(ρ)(t, x, u) du > 0, dt⊗ dσD✲❛✳❡✳ ♦♥ (0, T ) × ∂D. ✭✷✳✹❜✮

■♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ❝❛♥
❜❡ ❡①♣❧✐❝✐t❡❞ ❛s

EP

[
(Ut · nD(x))

/
Xt = x

]
=

∫

Rd

(u · nD(x))γ(ρ)(t, x, u)du
∫

Rd

γ(ρ)(t, x, u)du

,

✹



❢♦r dt⊗ dσD✲❛✳❡ (t, x) ✐♥ (0, T ) × ∂D✳
❲❡ s❤♦✇ t❤❛t γ(ρ) s❛t✐s✜❡s t❤❡ s♦✲❝❛❧❧❡❞ s♣❡❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛r✐s✐♥❣ ✐♥ t❤❡ ❦✐♥❡t✐❝

t❤❡♦r② ♦❢ ❣❛s❡s ✭s❡❡✱ ❡✳❣✳✱ ❈❡r❝✐❣♥❛♥✐ ❬✻❪✮✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✶✳✷✮ ✐s t❤❡♥ ❡st❛❜❧✐s❤❡❞ ✇✐t❤
t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦r♦❧❧❛r② ✷✳✹✳ ❚❤❡ tr❛❝❡ ❢✉♥❝t✐♦♥ γ(ρ) ❞❡✜♥❡❞ ✐♥ ✭✷✳✷✮ s❛t✐s✜❡s t❤❡ s♣❡❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿

γ(ρ)(t, x, u) = γ(ρ)(t, x, u− 2(u · nD(x))nD(x)), dt⊗ dσD ⊗ du✲❛✳❡✳ ♦♥ ΣT . ✭✷✳✺✮

▼♦r❡♦✈❡r✱ ❢♦r ❛✳❡✳ (t, x) ✐♥ (0, T ) × ∂D✱
∫

Rd

(u · nD(x))γ(ρ)(t, x, u)du = 0, ✭✷✳✻✮

❛♥❞ t❤❡ ♠❡❛♥ ♥♦✲♣❡r♠❡❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✳✷✮ ✐s ❢✉❧✜❧❧❡❞✳

Pr♦♦❢✳ ■♥ ✭✷✳✸✮✱ ❝❤♦♦s✐♥❣ f ♦❢ t❤❡ ❢♦r♠

f(s, x, u) = φ(s, x, u) + φ(s, x, u− 2(u · nD(x))nD(x)),

✇❡ ♦❜s❡r✈❡ t❤❛t f(τn, xτn , uτn) = f(τn, xτn , uτ−
n

)✱ P✲❛✳s ❛♥❞
∫

ΣT

(u · nD(x)) (φ(s, x, u) + φ(s, x, u− 2(u · nD(x)))) γ(ρ)(s, x, u) ds dσD(x)du = 0.

❉❡✜♥❡ ψ(x; ·) : Rd −→ Rd ❛s

ψ(x;u) = u− 2(u · nD(x))nD(x).

❙✐♥❝❡✱ ❢♦r ❛❧❧ x ∈ ∂D✱ ψ(x; ·) ✐s ❛ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥✈♦❧✉t❛r② ❢✉♥❝t✐♦♥ ♦♥ Rd ❛♥❞ s✐♥❝❡
✐ts ❏❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥t ✐s ❡q✉❛❧ t♦ −1✱ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ u 7→ ψ(x;u) ❣✐✈❡s

∫

ΣT

(u · nD(x)) (γ(ρ)(s, x, u) − γ(ρ)(s, x, u− 2(u · nD(x))))φ(s, x, u) ds dσD(x)du = 0,

❢♦r ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ φ ♦♥ ΣT ✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ✭✷✳✺✮✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡
∫

Rd

(
u · nD(x)

)
γ(ρ)(t, x, u) du =

∫

Rd

(
u · nD(x)

)
γ(ρ)(t, x, ψ(x;u))du,

=

∫

Rd

(
ψ(x;u) · nD(x)

)
γ(ρ)(t, x, u)du,

❛♥❞ ✭✷✳✻✮ ❢♦❧❧♦✇s ❜② ♥♦t✐❝✐♥❣ t❤❛t (ψ(x;u) · nD(x)) = −(u · nD(x))✳

❚❤❡♦r❡♠ ✷✳✸ ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳

✸ Pr❡❧✐♠✐♥❛r✐❡s✿ t❤❡ ❝♦♥✜♥❡❞ ▲❛♥❣❡♥✈✐♥ ♣r♦❝❡ss

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ ✭❍✲✐✮✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♥✜♥❡❞ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✐♥ t❤❡ ❝❛s❡
✇❤❡r❡ b = 0✱ ♥❛♠❡❧②





Xt = X0 +

∫ t

0
Usds,

Ut = U0 +Wt +
∑

0<s≤t

2U
(d)
s−
nD(Xs)✶✶

{
X(d)

s = 0
}, ∀ t ≥ 0,

✭✸✳✶✮

✇✐t❤ (X ′, U ′) ❞❡♥♦t✐♥❣ t❤❡ (d − 1)t❤ ✜rst ❝♦♠♣♦♥❡♥ts ♦❢ (X,U) ❛♥❞ (X(d), U (d)) ❞❡♥♦t✐♥❣ t❤❡
dt❤ ❝♦♠♣♦♥❡♥t✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ✐♥ ❧❛✇ ❛♥❞ t❤❡ ♣❛t❤✇✐s❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ r❡✢❡❝t❡❞
♣r♦❝❡ss s❛t✐s❢②✐♥❣ ✭✸✳✶✮ ✭Pr♦♣♦s✐t✐♦♥ ✸✳✶✮✳ ❋✉rt❤❡r✱ ✇❡ ♣r♦✈✐❞❡ s♦♠❡ ❡st✐♠❛t❡s ♦♥ t❤❡ s❡♠✐✲❣r♦✉♣
r❡❧❛t❡❞ t♦ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ ✭Pr♦♣♦s✐t✐♦♥ ✸✳✸✮✳

✺



✸✳✶ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ❊q✉❛t✐♦♥ ✭✸✳✶✮

■♥ ❡q✉❛t✐♦♥ ✭✸✳✶✮✱ (U ′, X ′) ✐s ❛ (d−1)✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ♣r✐♠✐t✐✈❡✳
❚❤✉s✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ dt❤ ❡q✉❛t✐♦♥ ♦❢ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♣r✐♠✐t✐✈❡
r❡✢❡❝t❡❞ ✐♥ R+ ❛s





Xc
t = X

(d)
0 +

∫ t

0
U c

sds,

U c
t = U

(d)
0 +W c

t − 2
∑

0<s≤t

U c
s−✶✶{Xc

s = 0}, ∀ t ≥ 0.
✭✸✳✷✮

❖♥ ❛ ❣✐✈❡♥ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F , (Ft; t ≥ 0),Q)✱ ❡♥❞♦✇✐♥❣ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧
st❛♥❞❛r❞ Ft✲❇r♦✇♥✐❛♥ ♠♦t✐♦♥ W f ❛♥❞ s✉❝❤ t❤❛t (X0, U0) ✐s ❛ r✳✈✳ ✇✐t❤ ❧❛✇ Q((X0, U0) ∈
dy dv) = µ0(dy, dv)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢r❡❡ ▲❛♥❣❡✈✐♥ s②st❡♠ (Xf , Uf ) s❛t✐s❢②✐♥❣




Xf

t = X
(d)
0 +

∫ t

0
Uf

s ds,

Uf
t = U

(d)
0 +W f

t , ∀ t ≥ 0.

✭✸✳✸✮

❲❡ ❝♦♥s✐❞❡r ❛❧s♦ t❤❡ ❢❛♠✐❧② ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s {Qy,v}(y,v)∈R2 ♦♥ (Ω,F)✱ ❞❡✜♥❡❞ ❜②

Qy,v(A) = Q

(
A
/
(Xf

0 , U
f
0 ) = (y, v)

)
, ∀A ∈ F .

❆s ♠❡♥t✐♦♥❡❞ ❜② ❇❡rt♦✐♥ ❬✸❪✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t |Xf | ❞❡s❝r✐❜❡s t❤❡ r❡✢❡❝t❡❞
▲❛♥❣❡✈✐♥ ♣r♦❝❡ss ✐♥ t❤❡ ❤❛❧❢ ❧✐♥❡✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛ ♣❛rt✐❝❧❡ ❛rr✐✈✐♥❣ ❛t ✵ ✇✐t❤ ✈❡❧♦❝✐t② v < 0
❜♦✉♥❝❡s ❜❛❝❦ ✇✐t❤ ✈❡❧♦❝✐t② v > 0✳ ❍❡r❡✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ❡①♣❧✐❝✐t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ U c ✐♥
t❡r♠s ♦❢ t❤❡ ❢r❡❡ ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss✳ ▼❝❑❡❛♥ ❬✶✹❪ ❤❛s s❤♦✇♥ t❤❛t ✐❢ (y, v) 6= (0, 0) t❤❡♥✱ Qy,v✲

❛❧♠♦st s✉r❡❧②✱ t❤❡ ♣❛t❤s t 7→ (Xf
t , U

f
t ) ♥❡✈❡r ❝r♦ss (0, 0)✳ ❚❤✉s✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✭❍✲✐✮✱ t❤❡

s❡q✉❡♥❝❡ ♦❢ ♣❛ss❛❣❡ t✐♠❡s

τ f
n = inf{t > τ f

n−1 s✳t✳ Xf
t = 0}, ❢♦r n ≥ 1, τ f

0 = 0, ✭✸✳✹✮

✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❚❤❡ ❧❛✇ ♦❢ t❤❡ ♣❛ss❛❣❡ t✐♠❡s ✐s ❡①♣❧✐❝✐t❡❞ ❜② ▲❛❝❤❛❧ ❬✶✷✱ ❈♦r♦❧❧❛r② ✸❪✿ ❢♦r ❛❧❧
n ≥ 1✱ ❛♥❞ (y, v) ∈ R × R ✇✐t❤ y 6= 0✱

Qy,v

(
τ f
n ∈ dt

)
=

(∫ t

0

∫ +∞

0

1

(2π)3/2
√
s

exp(−z
2

s
)h(t− s; y, v, z)

×
(∫ +∞

0
γ sinh

(πγ
2

) [2 cosh(πγ
3 ) − 1

]
(
2 cosh(πγ

3 )
)n Kiγ/2(

z2

s
)dγ

)
dz ds

)
dt,

✭✸✳✺✮

✇❤❡r❡ h(t; y, v, z) = 2
√

3
πt2

exp{−6y2

t3
− 6yv

t2
− 2(v2+z2)

t } cosh(2z
t2

(3y + tv)) ❛♥❞ Kiγ ❞❡♥♦t❡s t❤❡
♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ Kiγ/2(z) ✐s ♥♦♥♥❡❣❛t✐✈❡ ❢♦r z ≥ 0✱ ✭✸✳✺✮ ❣✐✈❡s t❤❛t ❢♦r ❛❧❧ t0 > 0✱

Qy,v

(
τ f
n ≤ t0

)
≤ 1

2n−1
Qy,v

(
τ f
1 ≤ t0

)
≤ 1

2n−1
, ∀ n ≥ 1. ✭✸✳✻✮

❚❤❡r❡❢♦r❡✱ Qy,v

(
τ f
n ≤ t0

)
t❡♥❞s t♦ 0 ❛s n ❣r♦✇s t♦ ✐♥✜♥✐t②✱ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ {τ f

n}n∈N ❣r♦✇s t♦

✐♥✜♥✐t②✳ ❉❡✜♥✐♥❣ t❤❡ s✐❣♥ ❢✉♥❝t✐♦♥ ❛s

sgn(x) =

{
1 ✐❢ x > 0,

−1 ❡❧s❡✇❤❡r❡,

t❤❡ r✐❣❤t✲❤❛♥❞ ❧✐♠✐t ♣r♦❝❡ss t 7→ Sf
t = sgn(Xf

t )+ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳

✻



Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❆ss✉♠❡ ✭❍✲✐✮✳ ❖♥ t❤❡ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F , (Ft; t ≥ 0),Q)✱ t❤❡r❡
❡①✐sts ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ st❛♥❞❛r❞ Ft✲❇r♦✇♥✐❛♥ ♠♦t✐♦♥ W c s✉❝❤ t❤❛t

(Xc
t = |Xf

t |, U c
t = Uf

t S
f
t ; 0 ≤ t ≤ T ) ✭✸✳✼✮

✐s s♦❧✉t✐♦♥ t♦ ✭✸✳✷✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ |U c
t | = |U0 +W f

t |✱ ❛♥❞ t❤❡ ♣❛t❤s t 7→ −2
∑

0<s≤t U
c
s−✶✶{Xc

s=0}
❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥♦♥✲❞❡❝r❡❛s✐♥❣✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ❤✐tt✐♥❣ t✐♠❡s

τn = inf{t > τn−1 s✳t✳ Xc
t = 0}, ❢♦r n ≥ 1, τ0 = 0, ✭✸✳✽✮

✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ❣r♦✇s t♦ ✐♥✜♥✐t②✳ ❚❤❡ ♣❛t❤✇✐s❡ ✉♥✐q✉❡♥❡ss ❤♦❧❞s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✷✮✳

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝à❞❧à❣ Ft✲❛❞❛♣t❡❞ ♣r♦❝❡ss U c ❛♥❞ ✐ts ♣r✐♠✐t✐✈❡ Xc✿




Xc

t = Xf
0 +

∫ t

0
U c

sds,

U c
t = Uf

t S
f
t , ∀ t ≥ 0.

❙✐♥❝❡ Sf ✐s ❛ ♣✉r❡❧② ❥✉♠♣ ♣r♦❝❡ss✱ ❜② t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛✱

U c
t = Uf

t S
f
t = U c

0 +

∫ t

0
Sf

s−
dUf

s +
∑

0<s≤t

Uf
s △Sf

s , ∀ t ≥ 0.

❇② ▲é✈②✬s ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ (W c
t :=

∫ t
0 S

f
s−
dUf

s , t ≥ 0) ✐s ❛ st❛♥❞❛r❞ Ft✲❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ▼♦r❡✲

♦✈❡r✱ ✐❢ Uf
t > 0 t❤❡♥ Sf

t−
= −1 ❛♥❞ △Sf

t = 2✱ ✇❤✐❧❡ ✐❢ Uf
t < 0✱ Sf

t−
= 1 ❛♥❞ △Sf

t = −2✳
❚❤❡♥✱

∑

0<s≤t

Uf
s △Sf

s = −2
∑

0<s≤t

U c
s−✶✶{Xf

s =0}.

❚❤❡ s❡t {t ≥ 0 s✳t✳ Xf
t = 0} ❜❡✐♥❣ ❝♦✉♥t❛❜❧❡✱ ✇❡ ♠❛② r❡♣❧❛❝❡ Sf

t ❜② sgn(Xf
t ) ✐♥ t❤❡ ❞②♥❛♠✐❝s

♦❢ |Xf |✳ ❚❤❡♥✱

|Xf
t | = |Xf

0 | +
∫ t

0
sgn(Xf

s ) Uf
s ds = |Xf

0 | +
∫ t

0
U c

sds.

❚❤❡♥ Q✲❛✳s✳✱ Xc = |Xf |✱ ❛♥❞ {τn}n∈N = {τ f
n}n∈N✳ ❈♦♥s❡q✉❡♥t❧②✱ (Xc, U c) s❛t✐s✜❡s ✭✸✳✷✮✳

❚❤❡ ✉♥✐q✉❡♥❡ss r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭❍✲✐✮✳ ❈♦♥s✐❞❡r (X̃, Ũ)✱ ❛♥♦t❤❡r s♦❧✉t✐♦♥ t♦ ✭✸✳✷✮
❞❡✜♥❡❞ ♦♥ t❤❡ s❛♠❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱ ❡♥❞♦✇✐♥❣ t❤❡ s❛♠❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❙✐♥❝❡ X̃0 > 0✱
✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ✜rst ♣❛ss❛❣❡ t✐♠❡ ❛t ③❡r♦ τ̃1 ♦❢ X̃✱ ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t τ̃1 = τ1 ❞✉❡ t♦ t❤❡
❝♦♥t✐♥✉✐t② ♦❢ Xc ❛♥❞ X̃✳ ■t ❢♦❧❧♦✇s t❤❛t U c

τ1∧eτ1 = Ũτ1∧eτ1 ✱ s♦ t❤❛t (Xc, U c) ❛♥❞ (X̃, Ũ) ❛r❡ ❡q✉❛❧
✉♣ t♦ τ1✳ ❇② ✐♥❞✉❝t✐♦♥✱ ♦♥❡ ❝❤❡❝❦s t❤❛t t❤✐s ❛ss❡rt✐♦♥ ❤♦❧❞s tr✉❡ ✉♣ t♦ τn ❢♦r ❛❧❧ n ∈ N✳ ❆s τn
t❡♥❞s t♦ +∞ Q✲❛✳s✳✱ (Xc, U c) ❛♥❞ (X̃, Ũ) ❛r❡ ❡q✉❛❧ ♦♥ R+✳

❘❡♠❛r❦ ✸✳✷✳ ❚❤❡ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❤❛s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ ❢♦r t❤❡
▲❛♥❣❡✈✐♥ ♣r♦❝❡ss ✇✐t❤ ❞r✐❢t✿ ❢♦r ❛♥② Rd✲✈❛❧✉❡❞ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ QT ✱ β(t, x, u) =
(β′, β(d))(t, x, u)✱ ❢r♦♠ t❤❡ ✉♥✐q✉❡ ✇❡❛❦ R2d✲✈❛❧✉❡❞ s♦❧✉t✐♦♥ ♦❢





Yt = X0 +

∫ t

0
Vsds,

Vt = U0 +

∫ t

0
β̃(s, Ys, Vs)ds+ W̃t, ∀ t ∈ [0, T ],

✭✸✳✾✮

✼



✇✐t❤ β̃(t, x, u) := (β′, sgn(x(d))β(d))(t, (x′, |x(d)|), (u′, sgn(x(d))u(d)))✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t

(Xt,Ut; t ∈ [0, T ]) = ((Y ′
t , |Y

(d)
t |), (V ′

t , sgn(Y
(d)
t+

)V
(d)
t ); t ∈ [0, T ])

✐s t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ D × Rd t♦




Xt = X0 +

∫ t

0
Usds,

Ut = U0 +

∫ t

0
β(s,Xs,Us)ds+Wt −

∑

0<s≤t

2 (Us− · nD(Xs))nD(Xs)✶✶{Xs∈∂D}, ∀ t ∈ [0, T ].

✸✳✷ ❖♥ t❤❡ s❡♠✐✲❣r♦✉♣ ♦❢ t❤❡ ❝♦♥✜♥❡❞ ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss

❋♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❨❛♠❛❞❛ ❛♥❞ ❲❛t❛♥❛❜❡ ✭s❡❡✱ ❡✳❣✳✱ ❑❛r❛t③❛s ❛♥❞ ❙❝❤r❡✈❡ ❬✶✶❪✮✱ t❤❡
♣❛t❤✇✐s❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ ✐♠♣❧✐❡s ✐ts ✉♥✐q✉❡♥❡ss ✐♥ ❧❛✇✳ ❆❝❝♦r❞✐♥❣ t♦ ❊t❤✐❡r
❛♥❞ ❑✉rt③ ❬✽❪✱ t❤❡ ✉♥✐q✉❡♥❡ss ✐♥ ❧❛✇ ②✐❡❧❞s t♦ t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt② ❢♦r t❤❡ ♣r♦❝❡ss (X,U)
s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮✱ ❛♥❞ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❞❡♥s✐t② Γ(t; y, v;x, u) ♦❢ (Xt, Ut) ✉♥❞❡r
t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Qy,v✱ ❢♦r (y, v) ∈ D × Rd✳ ❋♦r ❛♥② x = (x′, x(d)) ∈ Rd−1 × [0,+∞)✱
u = (u′, u(d)) ∈ Rd✱ y = (y′, y(d)) ∈ Rd−1 × (0,+∞) ❛♥❞ v = (v′, v(d)) ∈ Rd✱ ✇❡ ❤❛✈❡

Γ(t; y, v;x, u) = gd−1(t; y
′, v′;x′, u′)gc(t; y(d), v(d);x(d), u(d)), ✭✸✳✶✵✮

✇❤❡r❡ gd−1(t; y
′, v′;x′, u′) ✐s t❤❡ ❞❡♥s✐t② ❧❛✇ ♦❢ t❤❡ (d− 1)✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ✐ts

♣r✐♠✐t✐✈❡ st❛rt✐♥❣ ❢r♦♠ (y′, v′)✱ ❡①♣❧✐❝✐t❡❞ ✐♥ ✭✶✳✺✮✱ ❛♥❞ gc(t; y(d), v(d);x(d), u(d)) ✐s t❤❡ tr❛♥s✐t✐♦♥
❞❡♥s✐t② ♦❢ t❤❡ ❝♦♥✜♥❡❞ dt❤ ❝♦♠♣♦♥❡♥t (Xc, U c) s❛t✐s❢②✐♥❣ ✭✸✳✷✮✳

■♥ ✈✐❡✇ ♦❢ ✭✸✳✼✮✱ ✇❡ ❣❡t t❤❛t ❢♦r ❛❧❧ f ∈ Cb(R
+ × R)✱

EQ
y(d),v(d)

[f (Xc
t , U

c
t )]

= EQ
y(d),v(d)

[
f
(
Xf

t , U
f
t

)
✶✶n

Xf
t >0

o
]

+ EQ
y(d),v(d)

[
f
(
−Xf

t ,−U
f
t

)
✶✶n

Xf
t <0

o
]
,

❛s {Xf
t = 0} ✐s Qy(d),v(d)✲♥❡❣❧✐❣✐❜❧❡✳ ❚❤❡r❡❢♦r❡✱

gc(t; y(d), v(d); ζ, ν) = g1(t; y
(d), v(d); ζ, ν),+g1(t; y

(d), v(d);−ζ,−ν), ✭✸✳✶✶✮

❢♦r ❛❧❧ t > 0✱ ❛✳❡✳ (ζ, ν) ✐♥ [0,+∞) × R ❛♥❞ (y(d), v(d)) ∈ (0,+∞) × R✳
▲❡t ✉s ❞❡✜♥❡ t❤❡ s❡♠✐✲❣r♦✉♣ (St; t > 0) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ tr❛♥s✐t✐♦♥ Γ ❜②

St(f)(y, v) = EQy,v
[f(Xt, Ut)] =

∫

D×Rd

Γ(t; y, v;x, u)f(x, u)dx du. ✭✸✳✶✷✮

❋♦r q ∈ N∗✱ ❧❡t Aq ❜❡ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ♦♥ C1,2(Rq × Rq) ❜②

Aq(f)(y, v) = (v · ∇yf(y, v)) +
1

2
△vf(y, v).

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ✭✐✮ ❋♦r ❛❧❧ t > 0 ❛♥❞ f ∈ Cc(D × Rd)✱ t❤❡ ❢✉♥❝t✐♦♥ Gt,f ❞❡✜♥❡❞ ❜②

Gt,f (s, y, v) = St−s(f)(y, v), ❢♦r (s, y, v) ∈ [0, t) ×D × Rd, ✭✸✳✶✸✮

✐s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛✉❝❤② ♣r♦❜❧❡♠✿




∂sGt,f + Ad(Gt,f ) = 0, ✐♥ [0, t) ×D × Rd,

Gt,f (s, y, v) = Gt,f (s, y, v − 2(v · nD(y))nD(y)), ✐♥ [0, t) × ∂D × Rd,

lim
s→t−

Gt,f (s, y, v) = f(y, v), ✐♥ D × Rd.
✭✸✳✶✹✮

✽



✭✐✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t > 0✱

sup
(y,v)∈D×Rd

∫

D×Rd

|∇vΓ(t; y, v;x, u)| dx du ≤ C√
t
. ✭✸✳✶✺✮

Pr♦♦❢✳ ▲❡t ✉s ♦❜s❡r✈❡ t❤❛t ❢♦r ❛❧❧ ✜①❡❞ (x, u) ∈ R2✱ (t, y, v) 7→ g1(t; y, v;x, u) ✐s t❤❡ ❢✉♥❞❛♠❡♥t❛❧
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ∂t − A1✳ ❍❡♥❝❡ (t, y(d), v(d)) 7→ gc(t; y(d), v(d);x(d), u(d)) ✐♥
✭✸✳✶✶✮ s❛t✐s✜❡s (∂t −A1)g

c(t; y(d), v(d);x(d), u(d)) = 0✳ ❚❤❡♥ Γ ✐s ❛ s♠♦♦t❤ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥
♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ∂t −Ad✳ ❙✐♥❝❡ f ✐s ❜♦✉♥❞❡❞✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t Gt,f ∈ C1,1,2

b ([0, t) ×
D × Rd)✳ ❚❤❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ❛♥❞ t❤❡ r✐❣❤t✲❝♦♥t✐♥✉✐t② ♦❢ t 7→ (Xt, Ut) ❣✐✈❡
t❤❛t

lim
s→t−

Gt,f (s, y, v) = lim
s→t−

EQy,v
[f(Xt−s, Ut−s)] = f(y, v).

❖✇✐♥❣ t♦ t❤❡ s♠♦♦t❤♥❡ss ♦❢ y(d) 7→ gc(t; y(d), v(d);x(d), u(d))✱ ♦♥❡ ❛❧s♦ ❤❛s

lim
y(d)→0+

Gt,f (s, y, v) =

∫

D×Rd

f(x, u)gd−1(t− s; y′, v′;x′, u′)gc(t− s; 0, v(d);x(d), u(d))dx du.

❍❡♥❝❡✱ ❢♦r ❛❧❧ t > 0 ❛♥❞ (s, y, v) ∈ [0, t) × ∂D × Rd✱

Gt,f (s, y, v) =

∫

D×Rd

f(x, u)gd−1(t− s; y′, v′;x′, u′)gc(t− s; 0, v(d);x(d), u(d))dx du. ✭✸✳✶✻✮

■♥ ✈✐❡✇ ♦❢ ✭✶✳✺✮ ❛♥❞ ✭✸✳✶✶✮✱ ♦♥❡ ♦❜s❡r✈❡s t❤❛t g1(t; 0, v
(d);−x(d),−u(d)) = g1(t; 0,−v(d);x(d), u(d))

❛♥❞

gc(t; 0, v(d);x(d), u(d)) = g1(t; 0, v
(d);x(d), u(d)) + g1(t; 0,−v(d);x(d), u(d))

= gc(t; 0,−v(d);x(d), u(d)).

❈♦♠✐♥❣ ❜❛❝❦ t♦ ✭✸✳✶✻✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t Gt,f s❛t✐s✜❡s t❤❡ s♣❡❝✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥ ✭✸✳✶✹✮✳
❚❤❡ ❡st✐♠❛t❡ ✭✸✳✶✺✮ ✐s ♦❜t❛✐♥❡❞ ❜② ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ ♦♥ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥

♦❢ ∇vΓ(t; y, v;x, u) ✐♥ t❡r♠s ♦❢ ∂vg1 ✐♥ ✭✶✳✺✮✳

✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❤②♣♦t❤❡s❡s ✭❍✮❛r❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡❞ ✐♥ ❛❧❧ t❤❡ st❛t❡❞ ♣r♦♣♦s✐t✐♦♥s ❛♥❞
❧❡♠♠❛s✳

❲❡ ❝♦♥str✉❝t ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭▼P✮ ❜② ♠❡❛♥s ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛
s♠♦♦t❤❡❞ ❛♥❞ ❝♦♥✜♥❡❞ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ {(Xi,ǫ,N , U i,ǫ,N ,Ki,ǫ,N )}i=1,...,N ❞❡✜♥❡❞ ❜②





Xi,ǫ,N
t = Xi

0 +

∫ t

0
U i,ǫ,N

s ds,

U i,ǫ,N
t = U i

0 +

∫ t

0

∑N
j=1 b(U

j,ǫ,N
s , U i,ǫ,N

s )φǫ(X
i,ǫ,N
s −Xj,ǫ,N

s )
∑N

j=1

(
φǫ(X

i,ǫ,N
s −Xj,ǫ,N

s ) + ǫ
) ds+W i

t +Ki,ǫ,N
t ,

Ki,ǫ,N
t = −2

∑

0<s≤t

(
U i,ǫ,N

s−
· nD(Xi,ǫ,N

s )
)
nD(Xi,ǫ,N

s )✶✶{
Xi,ǫ,N

s ∈ ∂D
}, i = 1, . . . , N,

✭✹✳✶✮

✇❤❡r❡ {(Xi
0, U

i
0,W

i)}i≥1 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ (X0, U0,W ) ♦♥ ❛ ❣✐✈❡♥ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
(Ω,F , (Ft; t ≥ 0),Q)✳ ❚❤❡ s❡q✉❡♥❝❡ {φǫ; ǫ > 0} ✐s ❛ ❢❛♠✐❧② ♦❢ ♠♦❧❧✐✜❡rs ❞❡✜♥❡❞ ❜② φǫ(x) :=
ǫ−dφ(x

ǫ )✱ ❢♦r s♦♠❡ φ ∈ C1
c (D) s✉❝❤ t❤❛t φ ≥ 0 ❛♥❞

∫
Rd φ(x)dx = 1✳ ❋♦r i = 1, . . . , N ✱ t❤❡

✾



♣r♦❝❡ss❡s (Xi,ǫ,N , U i,ǫ,N ,Ki,ǫ,N ) ❛r❡ ✈❛❧✉❡❞ ✐♥ E ✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ✐♥ ❧❛✇ ❢♦r t❤❡
❧✐♥❡❛r ❡q✉❛t✐♦♥ ✭✹✳✶✮ ❞❡r✐✈❡s ❢r♦♠ t❤❡ ●✐rs❛♥♦✈ t❤❡♦r❡♠ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

❋♦r ❛ ✜①❡❞ ǫ > 0✱ ✇❤❡♥ N → +∞✱ t❤❡ ♣❛rt✐❝❧❡ s②st❡♠ ✭✹✳✶✮ ✐s ❛✐♠❡❞ t♦ ♣r♦♣❛❣❛t❡ t❤❡ ❝❤❛♦s
✇✐t❤ ❛ ❧✐♠✐t ❧❛✇ ❣✐✈❡♥ ❜② t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ Pǫ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳ ❆ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Pǫ ∈ M(E) ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠
✭▼Pǫ✮ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ Pǫ ◦ (x0, u0, k0)
−1 = µ0 ⊗ δ0✳

✭✐✐✮ ❋♦r ❛❧❧ t ∈ (0, T ]✱ Pǫ ◦ (xt, ut)
−1 ❛❞♠✐ts ❛ ▲❡❜❡s❣✉❡ ❞❡♥s✐t② ρǫ

t✳

✭✐✐✐✮ ❋♦r ❛❧❧ f ∈ C2
b (R2)✱ t❤❡ ♣r♦❝❡ss

f(xt, ut − kt) − f(x0, u0) −
∫ t

0
(us · ∇xf(xs, us − ks)) ds

−
∫ t

0

[
(Bǫ[xs, us; ρ

ǫ
s] · ∇uf(xs, us − ks)) +

1

2
△uf(xs, us − ks)

]
ds

✭✹✳✷✮

✐s ❛ ❝♦♥t✐♥✉♦✉s Pǫ✲♠❛rt✐♥❣❛❧❡ ✇✳r✳t✳ (Bt; t ∈ [0, T ])✳

✭✐✈✮ Pǫ✲❛✳s✳✱ t❤❡ s❡t {t ∈ [0, T ] s✳t✳ x(d)
t = 0} ✐s ❛t ♠♦st ❝♦✉♥t❛❜❧❡✱ ❛♥❞

kt = −2
∑

0<s≤t

(us− · nD(xs))nD(xs)✶✶{xs∈∂D}, ∀ t ∈ [0, T ].

❚❤❡ ❦❡r♥❡❧ Bǫ ✐♥ ✭✹✳✷✮ ✐s ❞❡✜♥❡❞ ❢♦r (x, u, γ) ∈ D × Rd × L1(D × Rd)✱ ❜②

Bǫ[x, u; γ] =

∫

D×Rd

b(v, u)φǫ(x− y)γ(y, v)dy dv

∫

D×Rd

φǫ(x− y)γ(y, v)dy dv + ǫ

. ✭✹✳✸✮

❲❡ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ Bǫ[x, u;m] ❢♦r ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ m ∈ M(D × Rd)✱
r❡♣❧❛❝✐♥❣ γ(y, v)dy dv ❢♦r m(dy, dv) ✐♥ ✭✹✳✸✮✳ ◆♦t❡ t❤❛t Bǫ ✐s ❛ ♠♦❧❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ B
❞❡✜♥❡❞ ✐♥ ✭✶✳✹✮✳ ❚❤❡♦r❡♠ ✷✳✷ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ▲❡t µ̄ǫ,N :=
1

N

N∑

i=1

δ{
Xi,ǫ,N , U i,ǫ,N ,Ki,ǫ,N

} ❜❡ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ❛ss♦❝✐✲

❛t❡❞ t♦ ✭✹✳✶✮✳ ❚❤❡♥✱

✭✐✮ ❢♦r ❛❧❧ ǫ > 0✱ t❤❡ s❡q✉❡♥❝❡ (µ̄ǫ,N , N ≥ 1) ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ Pǫ ♦❢ t❤❡
♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭▼Pǫ✮❀

✭✐✐✮ ✇❤❡♥ ǫ t❡♥❞s t♦ 0✱ Pǫ ❝♦♥✈❡r❣❡s t♦ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭▼P✮✳

❆s s❤♦✇♥ ✐♥ ❙③♥✐t♠❛♥ ❬✶✽❪✱ ✭✐✮ ❡♥s✉r❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ❥♦✐♥t ❧❛✇s (Pǫ,N , N ≥ 1) ♦❢ t❤❡
♣❛rt✐❝❧❡s {Xi,ǫ,N , U i,ǫ,N ,Ki,ǫ,N , 1 ≤ i ≤ N} ✐s Pǫ✲❝❤❛♦t✐❝✿ ❢♦r ❛❧❧ ✐♥t❡❣❡rs k ≥ 2 ❛♥❞ ❛❧❧ ✜♥✐t❡
❢❛♠✐❧✐❡s (ψl, 1 ≤ l ≤ k) ♦❢ ❢✉♥❝t✐♦♥s ✐♥ Cb(C([0, T ]; R2d))✱

〈Pǫ,N , ψ1 ⊗ · · ·ψk ⊗ 1 · · · 〉 →
k∏

l=1

〈Pǫ, ψl〉, ✇❤❡♥ N → +∞.

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ t❤❡ ✉♥✐q✉❡♥❡ss r❡s✉❧ts ❢♦r t❤❡
♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠s ✭▼P✮ ❛♥❞ ✭▼Pǫ✮ ❛r❡ st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ❙❡❝♦♥❞ ✇❡ ♣r♦✈❡ ✭✐✮ ✐♥
❙❡❝t✐♦♥ ✹✳✷✳ ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✭✐✐✮ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✹✳✶✵✳ ❚❤❡ ♣r♦♦❢s
❛❞❛♣t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t❡❝❤♥✐q✉❡s ❢♦r ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠s✱ ❢r♦♠ t❤❡ ❢r❡❡ ▼❝❑❡❛♥ ▲❛❣r❛♥❣✐❛♥
❝❛s❡ ✐♥ ❬✺❪ t♦ t❤❡ ♣r❡s❡♥t ❝❛s❡ ♦❢ ❛ ❝♦♥✜♥❡❞ ▼❝❑❡❛♥ ▲❛❣r❛♥❣✐❛♥ ❞✐✛✉s✐♦♥ ✇✐t❤ ❥✉♠♣s✳

✶✵



✹✳✶ ❯♥✐q✉❡♥❡ss r❡s✉❧ts ❢♦r t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠s ✭▼P✮ ❛♥❞✭▼Pǫ✮

❖✇✐♥❣ t♦ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ b✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ ✉♥✐q✉❡♥❡ss r❡s✉❧ts ❢♦r t❤❡ t✐♠❡✲♠❛r❣✐♥❛❧s
(ρt; t ∈ (0, T ]) ❛♥❞ (ρǫ

t; t ∈ (0, T ]) r❡❧❛t❡❞ t♦ ✭▼P✮ ❛♥❞ ✭▼Pǫ✮ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ✐❞❡♥t✐❢② t❤❡ ♠✐❧❞
❡q✉❛t✐♦♥s s♦❧✈❡❞ ❜② t❤❡ t✐♠❡✲♠❛r❣✐♥❛❧s✱ ❛♥❞ ♣r♦✈❡ ✉♥✐q✉❡♥❡ss r❡s✉❧ts ❜② ❛❞❛♣t✐♥❣ t❤❡ st❡♣✲♣r♦♦❢s
♦❢ ❬✺❪✳

❈♦♥s✐❞❡r (S∗
t ; t ∈ (0, T ])✱ t❤❡ ❛❞❥♦✐♥t ♦❢ (St; t ∈ (0, T ]) ✐♥ ✭✸✳✶✷✮✱ ❞❡✜♥❡❞ ❜②

S∗
t (µ)(x, u) =

∫

D×Rd

Γ(t; y, v;x, u)µ(dy, dv). ✭✹✳✹✮

■♥ ✈✐❡✇ ♦❢ ✭✸✳✶✵✮✱ ❢♦r ❛❧❧ t ∈ (0, T ]✱ S∗
t ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ❢r♦♠ M(D × Rd) t♦ L1(D × Rd)✳ ■♥

❛❞❞✐t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r (S′
t; t ∈ (0, T ]) ❜②

S′
t(f)(x, u) =

∫

D×Rd

(∇vΓ(t; y, v;x, u) · f(y, v)) dy dv. ✭✹✳✺✮

❆❝❝♦r❞✐♥❣ t♦ ✭✸✳✶✺✮✱ ❢♦r ❛♥② t > 0✱ S′
t−· ❞❡✜♥❡s ❛ ❧✐♥❡❛r ♠❛♣♣✐♥❣ ❢r♦♠ L∞((0, t);L1(D×Rd; Rd))

t♦ L1(Qt) s✉❝❤ t❤❛t ❢♦r ❛❧❧ γ ∈ L∞((0, t);L1(D × Rd; Rd))✱

∫

Qt

∣∣S′
t−s(γ(s))(y, v)

∣∣ ds dy dv ≤
∫ t

0

C√
t− s

‖γ(s)‖L1(D×Rd)ds. ✭✹✳✻✮

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ✭✐✮ ❚❤❡ t✐♠❡✲♠❛r❣✐♥❛❧s (ρt; t ∈ (0, T ]) ❛♥❞ (ρǫ
t; t ∈ (0, T ]) ♦❢ P ❛♥❞ Pǫ✱ s♦✲

❧✉t✐♦♥s t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭▼P✮ ❛♥❞✭▼Pǫ✮ r❡s♣❡❝t✐✈❡❧②✱ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐❧❞
❡q✉❛t✐♦♥s ✐♥ L1(D × Rd)✿

∀ t ∈ (0, T ] , ρt = S∗
t (µ0) +

∫ t

0
S′

t−s(ρs(·)B[·; ρs])ds, ✭✹✳✼✮

∀ t ∈ (0, T ] , ρǫ
t = S∗

t (µ0) +

∫ t

0
S′

t−s(ρ
ǫ
s(·)Bǫ[·; ρǫ

s])ds. ✭✹✳✽✮

✭✐✐✮ ❚❤❡ ♠✐❧❞ ❡q✉❛t✐♦♥s ✭✹✳✼✮ ❛♥❞ ✭✹✳✽✮ ❤❛✈❡ ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ♦♥❧② ✭✐✮✱ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✐✮ ❜❡✐♥❣ ❛ str❛✐❣❤t❢♦r✇❛r❞ r❡♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢
▲❡♠♠❛ ✹✳✺ ✐♥ ❬✺❪✳

❋♦r ❛ ✜①❡❞ t ∈ (0, T ] ❛♥❞ f ∈ Cc

(
D × Rd

)
✱ ❧❡t Gt,f ❜❡ t❤❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✹✮ ❞❡✜♥❡❞

✐♥ ✭✸✳✶✸✮✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ❢♦r P s♦❧✈✐♥❣ ✭▼P✮✱ (x, u, k) s❛t✐s✜❡s ✭✶✳✶✮✳ ❚❤❡r❡❢♦r❡✱

EP [Gt,f (t, xt, ut)] =EP [Gt,f (0, x0, u0)] +

∫ t

0
EP [(B [xs, us; ρs] · ∇uGt,f (s, xs, us))] ds

+ EP

[∫ t

0
(∂s + Ad) (Gt,f )(s, xs, us)ds

]

+ EP


 ∑

0<s≤t

(Gt,f (s, xs, us) −Gt,f (s, xs, us−)) ✶✶{xs∈∂D}


 .

❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✸✲✭✐✮✱ t❤❡ ❡q✉❛❧✐t② ❛❜♦✈❡ ✇r✐t❡s
∫

D×Rd

f(x, u)ρt(x, u)dx du =

∫

D×Rd

Gt,f (0, x, u)µ0(dx, du)

+

∫

Qt

(B [x, u; ρs] · ∇uGt,f (s, x, u)) ρs(x, u)ds dx du.

✶✶



◆♦t✐❝✐♥❣ t❤❛t
∫
D×Rd Γ(t; y, v;x, u)dy dv = 1✱ ✇❡ ❤❛✈❡

∫

D×Rd

Gt,f (0, x, u)µ0(dx, du) =

∫

D×Rd

S∗
t (µ0)(x, u)f(x, u) dx du,

✇✐t❤ S∗
t (µ0) ∈ L1(D × Rd)✳ ❙✐♠✐❧❛r❧②✱ ♦✇✐♥❣ t♦ t❤❡ ❡st✐♠❛t❡ ✭✹✳✻✮✱ ✐t ❤♦❧❞s t❤❛t

∫

Qt

(B [x, u; ρs] · ∇uGt,f (s, x, u)) ρs(x, u)ds dx du =

∫

Qt

f(x, u)S′
t−s(ρs(·)B[·; ρs])(x, u)ds dx du.

❚❤✉s ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r ❛❧❧ t ∈ (0, T ] ❛♥❞ f ∈ Cc(D × Rd)✱

∫

D×Rd

f(x, u)

(
ρt(x, u) − S∗

t (µ0)(x, u) −
∫ t

0
S′

t−s(ρs(·)B [·; ρs])(x, u)ds

)
dx du = 0.

❉✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✸✲✭✐✐✮✱ ✇❡ ❡①t❡♥❞ t❤❡ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s f ❛❜♦✈❡ ❢r♦♠ Cc t♦ Cb ❜② ♠❡❛♥s ♦❢
❛ ❞❡♥s✐t② ❛r❣✉♠❡♥t✳ ❈♦♥s❡q✉❡♥t❧②✱ (ρt; t ∈ (0, T ]) s❛t✐s❢② t❤❡ ♠✐❧❞ ❡q✉❛t✐♦♥ ✭✹✳✼✮✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞r✐❢t ❝♦❡✣❝✐❡♥t ✐s Bǫ✱ ❞✉♣❧✐❝❛t✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ ✐t ✐s str❛✐❣❤t✲
❢♦r✇❛r❞ t♦ ❡st❛❜❧✐s❤ ✭✹✳✽✮✳

✹✳✷ ❊①✐st❡♥❝❡ r❡s✉❧t ❢♦r ✭▼Pǫ✮

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ d = 1 ❛♥❞ D = (0,+∞)✱ t❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ r❡❛❞✐❧②
❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ D = Rd−1 × (0,+∞)✳ ❲❤❡♥ d = 1✱ t❤❡ ♣❛rt✐❝❧❡ s②st❡♠ ✭✹✳✶✮ ✇r✐t❡s





Xi,ǫ,N
t = Xi

0 +

∫ t

0
U i,ǫ,N

s ds,

U i,ǫ,N
t = U i

0 +

∫ t

0

N∑

j=1

b(U j,ǫ,N
s , U i,ǫ,N

s )φǫ(X
i,ǫ,N
s −Xj,ǫ,N

s )

N∑

j=1

(
φǫ(X

i,ǫ,N
s −Xj,ǫ,N

s ) + ǫ
)

ds+W i
t +Ki,ǫ,N

t ,

Ki,ǫ,N
t = −2

∑

0<s≤t

U i,ǫ,N
s−

✶✶{Xi,ǫ,N
s =0}, i = 1, . . . , N.

✭✹✳✾✮

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✲✭✐✮ ♣r♦❝❡❡❞s ✐♥ t✇♦ st❡♣s✳

❙t❡♣ ✶✳ ❲❡ ♣r♦✈❡ ❛ t✐❣❤t♥❡ss r❡s✉❧t ❢♦r t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s {πǫ,N}N≥1 ✐♥❞✉❝❡❞
❜② µ̄ǫ,N ♦♥ M(E)✱ ❜② ✉s✐♥❣ ❆❧❞♦✉s✬s ❚✐❣❤t♥❡ss ❝r✐t❡r✐♦♥✳

❙t❡♣ ✷✳ ❲❡ ❝❤❡❝❦ t❤❛t ❛❧❧ ❧✐♠✐t ♣♦✐♥ts ♦❢ {πǫ,N}N≥1 ❤❛✈❡ ❢✉❧❧ ♠❡❛s✉r❡ ♦♥ t❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ✭✐✮✕✭✐✈✮ ♦❢ ✭▼Pǫ✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✳

❲❡ t❤❡♥ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Pǫ s♦❧✉t✐♦♥ t♦ ✭▼Pǫ✮✳ ❚❤❡ ✉♥✐q✉❡♥❡ss
r❡s✉❧t ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸ ✐♠♣❧✐❡s t❤❛t ❛❧❧ ❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡s ♦❢ {πǫ,N}N≥1 t❡♥❞ t♦ δ{Pǫ}✳
■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❡♥t✐r❡ s❡q✉❡♥❝❡ {πǫ,N}N≥1 ❝♦♥✈❡r❣❡s t♦ δ{Pǫ}✱ ❛♥❞ ❡♥❛❜❧❡s ✉s t♦ ❝♦♥❝❧✉❞❡ ♦♥
Pr♦♣♦s✐t✐♦♥ ✹✳✷✲✭✐✮✳

✶✷



❙t❡♣ ✶✳ ❚✐❣❤t♥❡ss r❡s✉❧t ❆s s❤♦✇♥ ✐♥ ❙③♥✐t♠❛♥ ❬✶✽❪✱ t❤❡ ❡①❝❤❛♥❣❡❛❜✐❧✐t② ♦❢ t❤❡ ♣❛rt✐❝❧❡ s②s✲
t❡♠ ✭✹✳✾✮ ✐♥❞✉❝❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✐❣❤t♥❡ss ♣r♦♣❡rt② ♦❢ {πǫ,N}N≥1 ❛♥❞ t❤❡ t✐❣❤t♥❡ss
♦❢ t❤❡ s❡q✉❡♥❝❡ {Q ◦ (X1,ǫ,N , U1,ǫ,N ,K1,ǫ,N )−1}N≥1✳

▲❡♠♠❛ ✹✳✹✳ {Q ◦
(
X1,ǫ,N , U1,ǫ,N ,K1,ǫ,N

)−1}N≥1 ✐s t✐❣❤t ♦♥ E✳

Pr♦♦❢✳ ❲❡ ❛♣♣❧② t❤❡ ❆❧❞♦✉s ❝r✐t❡r✐♦♥ t♦ t❤❡ s②st❡♠ {X1,ǫ,N , U1,ǫ,N ,K1,ǫ,N}N≥1✳ ❋♦r t❤❡ s❛❦❡
♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ❧❡t ✉s r❡❝❛❧❧ t❤✐s ❝r✐t❡r✐♦♥✳

❚❤❡♦r❡♠ ✹✳✺✳ ✭s❡❡✱ ❡✳❣✳✱ ❇✐❧❧✐♥❣s❧❡② ❬✹❪✳✮ ▲❡t {Y n}n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ r✳✈✳ ❞❡✜♥❡❞ ♦♥ ❛
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F ,P) ❛♥❞ ✈❛❧✉❡❞ ✐♥ D([0, T ]; Rq )✳ ❚❤❡ s❡q✉❡♥❝❡ {P ◦ (Y n)−1}n∈N ✐s t✐❣❤t
♦♥ D([0, T ]; Rq ) ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭❈✶✮ ❋♦r ❛❧❧ t ≥ 0✱ P ◦ (Y n
t )−1 ✐s t✐❣❤t ♦♥ Rq ✳

✭❈✷✮ ❋♦r ❛❧❧ ε > 0✱ η > 0✱ t❤❡r❡ ❡①✐st δ0 > 0 ❛♥❞ n0 ∈ N s✉❝❤ t❤❛t ❢♦r ❛❧❧ n ≥ n0 ❛♥❞ ❢♦r ❛❧❧
❞✐s❝r❡t❡✲✈❛❧✉❡❞ σ(Y n

s ; s ∈ [0, T ])✲st♦♣♣✐♥❣ t✐♠❡s β s✉❝❤ t❤❛t 0 ≤ β + δ0 ≤ T ✱

sup
δ∈[0,δ0]

P
(∣∣Y n

δ+β − Y n
β

∣∣ ≥ η
)
≤ ε.

❲❡ ❝❤❡❝❦ ✭❈✶✮✳ ❲❡ ❡❛s✐❧② ❣❡t t❤❛t

sup
N≥1

EQ[|X1,ǫ,N
t |] + sup

N≥1
EQ[|K1,ǫ,N

t |]

≤ EQ

(
|X1

0 | + |U1
0 | + |W 1

t |
)

+ (1 + T )sup
N≥1

EQ

(
sup

θ∈[0,T ]
|U1,ǫ,N

θ |
)

+ T‖b‖∞.
✭✹✳✶✵✮

❙✐♥❝❡ b ✐s ❜♦✉♥❞❡❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Q̃ ❞❡✜♥❡❞ ❜② dQ̃ = Z1,ǫ,N
T dQ✱ ✇❤❡r❡

t❤❡ Ft✲♠❛rt✐♥❣❛❧❡ (Z1,ǫ,N
t ; t ∈ [0, T ]) ✐s ❣✐✈❡♥ ❜②

Z1,ǫ,N
t = exp

(
−
∫ t

0
D1,ǫ,N

s dW 1
s −

∫ t

0

∣∣D1,ǫ,N
s

∣∣2 ds
)
,

✇✐t❤ (D1,ǫ,N
t ; t ∈ [0, T ]) ❞❡✜♥❡❞ ❜②

D1,ǫ,N
t =

∑N
j=1 b(U

j,ǫ,N
t , U1,ǫ,N

t )φǫ(X
1,ǫ,N
t −Xj,ǫ,N

t )
∑N

j=1

(
φǫ(X

1,ǫ,N
t −Xj,ǫ,N

t ) + ǫ
) .

●✐rs❛♥♦✈✬s ❚❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t (W 1,ǫ,N
t := W 1

t +
∫ t
0 D

1,ǫ,N
s ds; t ∈ [0, T ]) ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥

♦♥ (Ω,FT , Q̃)✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❡♥s✉r❡s t❤❛t

Q̃ ◦ (X1,ǫ,N , U1,ǫ,N ,K1,ǫ,N )−1 = Q ◦ (Xc, U c,−2
∑

0<s≤·
U c

s−✶✶{Xc
s=0})

−1,

✇❤❡r❡ (Xc, U c) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✷✮✳ ❇② ❈❛✉❝❤②✲❙❝❤✇❛rt③✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t t❤❛t

sup
N≥1

EQ[ sup
θ∈[0,T ]

|U1,ǫ,N
θ |] ≤ sup

N≥1

√
EeQ[(Z1,ǫ,N

T )−2]
√

EQ[ sup
θ∈[0,T ]

|U c
θ |2]

≤ exp(T‖b‖2
∞/2)

√
2(EQ[|U c

0 |2] + T ),

✭✹✳✶✶✮

✶✸



✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✼✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t |U c
t |2 ≤ 2|U0|2 +2|W f

t |2 Q✲❛✳s✳✱ ❢♦r
❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ W f ✳ ❚❤❛♥❦ t♦ ✭❍✲✐✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ✜rst ♠♦♠❡♥ts ✐♥
✭✹✳✶✵✮ ❛♥❞ ✭✹✳✶✶✮ ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ N ✱ ❛♥❞ ❤❡♥❝❡ t❤❛t ✭❈✶✮ ✐s ❢✉❧✜❧❧❡❞✳

◆♦✇ ✇❡ ❝❤❡❝❦ ✭❈✷✮✳ ❋♦r ❛ ❣✐✈❡♥ N ≥ 2✱ ❧❡t β ❜❡ ❛ σ
(
X1,ǫ,N , U1,ǫ,N ,K1,ǫ,N

)
✲st♦♣♣✐♥❣ t✐♠❡

✇✐t❤ ❞✐s❝r❡t❡ ✈❛❧✉❡s✳ ❚❤❡♥ ✇❡ ♦❜s❡r✈❡ t❤❛t

lim
δ0→0+

sup
δ∈[0,δ0]

Q

(∣∣∣X1,ǫ,N
δ+β −X1,ǫ,N

β

∣∣∣ ≥ η
)
≤ lim

δ0→0+

δ0
η

EQ

[
sup

t∈[0,T ]

∣∣∣U1,ǫ,N
t

∣∣∣
]
≤ lim

δ0→0+

δ0C

η
,

❢♦r ❛ ❝♦♥st❛♥t C > 0✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ N ❛♥❞ ǫ✳ ❋♦r t❤❡ ❥✉♠♣ ❝♦♠♣♦♥❡♥t K1,ǫ,N ✱
✉s✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ♣r♦❜❛❜✐❧✐t② dQ̃ = Z1,ǫ,N

T dQ✱ ✇❤❡♥ β + δ ≤ T ✇❡ ❤❛✈❡

Q

(∣∣∣K1,ǫ,N
δ+β −K1,ǫ,N

β

∣∣∣ ≥ η
)
≤
√

1

η
exp

(
T‖b‖2

∞/2
)
√√√√√EQ



∣∣∣∣∣∣

∑

β<s≤β+δ

−2U c
s−

✶✶{Xc
s = 0}

∣∣∣∣∣∣


.

❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ s 7→ −2U c
s−✶✶{Xc

s = 0} ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳ ▼♦r❡♦✈❡r✱

sup
δ∈[0,δ0]

EQ


 ∑

β<s≤β+δ

−2U c
s−✶✶{Xc

s = 0}


 ≤

√
T + 2EQ

[
sup

t∈[0,T ]
|U c

t |
]
< +∞.

❖✇✐♥❣ t♦ t❤❡ r✐❣❤t ❝♦♥t✐♥✉✐t② ♦❢ t 7→
∑

0<s≤t −2U c
s−✶✶{Xc

s=0}✱ ❛♥❞ ❜② t❤❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡
❚❤❡♦r❡♠✱ ♦♥❡ ✐♠♠❡❞✐❛t❡❧② ❣❡ts t❤❛t

lim
δ0→0+

EQ


 ∑

β<s≤β+δ0

−2U c
s−✶✶{Xc

s = 0}


 = 0.

❈♦♥s❡q✉❡♥t❧②✱ supδ∈[0,δ0] Q

(∣∣∣K1,ǫ,N
δ+β −K1,ǫ,N

β

∣∣∣ ≥ η
)
t❡♥❞s t♦ 0 ✇❤❡♥ δ0 ❣♦❡s t♦ 0✳ ❋♦r t❤❡

✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t✱ ♥♦t✐❝❡ t❤❛t Q(|U1,ǫ,N
δ+β − U1,ǫ,N

β | ≥ 3η) ✐s ❜♦✉♥❞❡❞ ❜②

Q

(∣∣∣K1,ǫ,N
δ+β −K1,ǫ,N

β

∣∣∣ ≥ η
)

+
1

η
EQ

[∣∣W 1
δ+β −W 1

β

∣∣]+
1

η
EQ

[∣∣∣∣
∫ δ+β

β
D1,ǫ,N

s ds

∣∣∣∣
]
.

❲❡ ❛❧r❡❛❞② st✉❞✐❡❞ t❤❡ ✜rst t❡r♠✳ ❚❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ b ♣r♦✈✐❞❡s t❤❛t

EQ

[∣∣∣∣
∫ δ+β

β
D1,ǫ,N

s ds

∣∣∣∣
]
≤ δ‖b‖∞,

❛♥❞✱ s✐♥❝❡ β ✐s ❞✐s❝r❡t❡ ✈❛❧✉❡❞✱

EQ

[∣∣W 1
δ+β −W 1

β

∣∣] ≤ EQ

[
sup

t∈[0,T−δ]

∣∣W 1
δ+t −W 1

t

∣∣
]
≤ 2δ.

❚❤❡s❡ ❡st✐♠❛t❡s ✐♠♣❧② t❤❛t

lim
δ0→0+

sup
δ∈[0,δ0]

Q

(∣∣∣U1,ǫ,N
δ+β − U1,ǫ,N

β

∣∣∣ ≥ 3η
)

= 0,

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

✶✹



❙t❡♣ ✷✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❧✐♠✐t ♣♦✐♥ts✳ ▲❡t πǫ,∞ ❞❡♥♦t❡ t❤❡ ❧✐♠✐t ♦❢ ❛ ❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡
♦❢
{
πǫ,N

}
N≥1

t❤❛t ✇❡ st✐❧❧ ✐♥❞❡① ❜② N ❢♦r s✐♠♣❧✐❝✐t②✳ ❇❡❧♦✇✱ ✇❡ s❤♦✇ t❤❛t ❛❧❧ ❡❧❡♠❡♥ts ♦❢ t❤❡

s✉♣♣♦rt ♦❢ πǫ,∞ s❛t✐s❢② ✭▼Pǫ✮✲✭✐✮ t♦ ✭▼Pǫ✮✲✭✐✈✮✳ ❋✐rst✱ s✐♥❝❡ (Xi
0, U

i
0) ❛r❡ ✐✳✐✳❞✳ ✇✐t❤ ❧❛✇ µ0✱

✭▼Pǫ✮✲✭✐✮ ✐s ❝❧❡❛r❧② s❛t✐s✜❡❞✱ ❢♦r πǫ,∞✲❛✳❡✳ m ∈ M (E )✳ ◆❡①t ✇❡ ♣r♦✈❡

▲❡♠♠❛ ✹✳✻✳ ❋♦r πǫ,∞✲❛❧♠♦st ❛❧❧ m ∈ M(E)✱ m((x0, u0) ∈ dx du) = µ0(dx, du) ❛♥❞




xt = x0 +

∫ t

0
usds,

ut = u0 +

∫ t

0
Bǫ[xs, us;ms] ds+ wt + kt,

mt ✐s t❤❡ ❧❛✇ ♦❢ (xt, ut) ✉♥❞❡r m, ❢♦r ❛❧❧ t ∈ [0, T ],

✭✹✳✶✷✮

✇❤❡r❡ (wt; t ∈ [0, T ]) ✐s ❛ ❲✐❡♥❡r ♣r♦❝❡ss✳

Pr♦♦❢✳ ❲❡ ♣r❡❧✐♠✐♥❛r② ❝❤❡❝❦ t❤❛t πǫ,∞ ❤❛s ❢✉❧❧ ♠❡❛s✉r❡ ♦♥ t❤❡ s❡t ♦❢ ❛❧❧ m ∈ M(E) s✉❝❤ t❤❛t
t❤❡ ♣r♦❝❡ss t 7→ (xt, ut − kt) ✐s m✲❛✳s✳ ❝♦♥t✐♥✉♦✉s✳ ❙✐♥❝❡ C([0, T ]; R2) ✐s ❝❧♦s❡❞ ❢♦r t❤❡ ❙❦♦r♦❦❤♦❞
t♦♣♦❧♦❣②✱ t❤❡ s❡t

D = {(x, u, k) ∈ E s✳t✳ t 7→ (xt, ut − kt) ✐s ❝♦♥t✐♥✉♦✉s}
✐s ❝❧♦s❡❞ ✐♥ E ✳ ❆♣♣❧②✐♥❣ t✇✐❝❡ t❤❡ P♦rt❡♠❛♥t❡❛✉ ❚❤❡♦r❡♠ ✭s❡❡✱ ❡✳❣✳✱ ❇✐❧❧✐♥❣s❧❡② ❬✹❪✮✱ ✇❡ ❣❡t ✜rst
t❤❛t

m (D) ≥ lim sup
n→+∞

mn (D) ,

❢♦r ❛❧❧ s❡q✉❡♥❝❡s mn ♦❢ M(E ) ❝♦♥✈❡r❣✐♥❣ ✇❡❛❦❧② t♦ m✳ ❚❤✉s {m ∈ M(E ) s✳t✳ m(D) = 1} ✐s ❛
❝❧♦s❡❞ s✉❜s❡t ♦❢ M(E )✳ ❆♥❞ ♥❡①t

πǫ,∞ ({m ∈ M(E ) s✳t✳ m(D) = 1}) ≥ lim
N→+∞

Q
(
µ̄ǫ,N (D) = 1

)
.

❙✐♥❝❡ Q✲❛✳s✳✱ µ̄ǫ,N ❤❛s ❢✉❧❧ ♠❡❛s✉r❡ ♦♥ D✱ ✇❡ ❣❡t ♦✉r ❝❧❛✐♠✳
❋♦r f ∈ C2

b (R2) ❛♥❞ ❢♦r πǫ,∞✲❛✳❡✳ m ∈ M(E)✱ t❤❡ ♣r♦❝❡ss

t 7→f(xt, ut − kt) − f(x0, u0) −
∫ t

0

(
us∂xf(xs, us − ks) +

1

2
∂2

uf(xs, us − ks)

)
ds

−
∫ t

0
(Bǫ[xs, us;ms]∂uf(xs, us − ks)) ds

✭✹✳✶✸✮

✐s m✲❛✳s✳ ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ✇❡ ♣r♦✈❡ ♥♦✇ t❤❛t ✐t ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❚♦ t❤✐s ❛✐♠✱ ❢♦r ❛❧❧ 0 ≤ t1 ≤
· · · ≤ tq ≤ s < t ≤ T ❛♥❞ ❛❧❧ ✜♥✐t❡ ❢❛♠✐❧✐❡s ♦❢ ❢✉♥❝t✐♦♥s {ψi}1≤i≤q ✐♥ Cb(R

3)✱ ✇❡ ✇❛♥t t♦ s❤♦✇
t❤❛t

Eπǫ,∞

[∣∣Ft1,t2,...,tq ,s,t(m)
∣∣] = 0, ✭✹✳✶✹✮

✇❤❡r❡ Ft1,t2,...,tq ,s,t : M(E ) −→ R ✐s ❞❡✜♥❡❞ ❜②

Ft1,t2,...,tq ,s,t(m)

= Em

[
q∏

i=1

ψi(xti , uti , kti) (f(xt, ut − kt) − f(xs, us − ks)

−
∫ t

s

(
uθ∂xf(xθ, uθ − kθ) +

1

2
∂2

uf(xθ, uθ − kθ)

)
dθ

)]

− Em

[
q∏

i=1

ψi(xti , uti , kti)

∫ t

s
Bǫ [xθ, uθ;mθ] ∂uf(xθ, uθ − kθ) dθ

]

=: Em

[
Φt1,t2,...,tq ,s,t

]
+ Em

[
Ψt1,t2,...,tq ,s,t(m)

]
.

✭✹✳✶✺✮

✶✺



▲❡t ✉s q✉♦t❡ ❛ r❡s✉❧t ❢r♦♠ ●r❛❤❛♠ ❛♥❞ ▼é❧é❛r❞ ❬✾❪✳

▲❡♠♠❛ ✹✳✼✳ ▲❡t w ❞❡♥♦t❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❝❡ss ✐♥ D([0, T ]; Rp)✳ ▲❡t P ∈ M(M(D([0, T ]; Rp)))✳
❚❤❡♥ t❤❡ s❡t

DP = {θ ∈ [0, T ] s✳t✳ P ({m ∈ M (D([0, T ]; Rp)) s✳t✳ m (|△wθ| > 0) > 0}) > 0}

✐s ❛t ♠♦st ❝♦✉♥t❛❜❧❡✳

❋♦r t1 ≤ · · · ≤ tq ≤ s ≤ t ≤ T ✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ Φκ
t1,t2,...,tq ,s,t ♦❢

Φt1,t2,...,tq ,s,t✱ s✉❜st✐t✉t✐♥❣ uθ ✇✐t❤ uθ ∧ κ ✐♥ ✭✹✳✶✺✮❀ ♥❛♠❡❧②

Φκ
t1,t2,··· ,tn,s,t := Φt1,t2,··· ,tn,s,t +

q∏

i=1

ψi(xti , uti , kti)

∫ t

s
((uθ − κ) ∨ 0) ∂xf(xθ, uθ − kθ) dθ.

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✹✳✼✱ t❤❡r❡ ❡①✐sts ❛ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ t✐♠❡s Dπǫ,∞ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ 0 ≤
t1 ≤ · · · ≤ tq ≤ s < t ≤ T ♦✉ts✐❞❡ Dπǫ,∞ ✱ t❤❡ ♠❛♣♣✐♥❣s ω 7→ Φt1,t2,··· ,tq ,s,t(ω) ❛♥❞ ω 7→
Ψt1,t2,...,tq ,s,t(m̃, ω) ❛r❡ m✲❛✳s✳ ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ s❛♠♣❧❡ s♣❛❝❡ E ✱ ❢♦r πǫ,∞✲❛✳❡✳ m ❛♥❞ m̃✳ ❖✉t✲

s✐❞❡ Dπǫ,∞ ✱ ✐t ✐s ❝❧❡❛r t❤❛t ω 7→ Φκ
t1,t2,··· ,tq ,s,t ✐s ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ s♦ m 7→ Em

[
Φκ

t1,t2,··· ,tq ,s,t

]
✐s

❝♦♥t✐♥✉♦✉s ♦♥ M(E)✳ ❲❡ ♣♦st♣♦♥❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ m 7→ Em

[
Ψt1,t2,··· ,tq ,s,t(m)

]
✳

❚❤❡♥✱ ❜② ❋❛t♦✉✬s ▲❡♠♠❛ ❛♥❞ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ πǫ,N ✱ ✇❡ ❣❡t

Eπǫ,∞

∣∣Em

(
Φt1,t2,··· ,tq ,s,t + Ψt1,t2,··· ,tq ,s,t(m)

)∣∣

≤ lim inf
κ→+∞

lim
N→+∞

Eπǫ,N

∣∣∣Em

(
Φκ

t1,t2,··· ,tq ,s,t + Ψt1,t2,··· ,tq ,s,t(m)
)∣∣∣ .

✭✹✳✶✻✮

❇✉t✱

lim
N→+∞

EQ

∣∣∣Eµ̄ǫ,N

(
Φκ

t1,t2,··· ,tq ,s,t + Ψt1,t2,··· ,tq ,s,t(µ̄
ǫ,N )

)∣∣∣

≤ lim
N→+∞

EQ

∣∣Ft1,t2,··· ,tq ,s,t(µ̄
ǫ,N )

∣∣+
q∏

i=1

‖ψi‖2
∞‖∂xf‖∞ lim

N→+∞
2

κN

N∑

i=1

EQ[ sup
θ∈[0,T ]

|U i,N
θ |].

❯♥❞❡r Q✱ Ft1,t2,...,tq ,s,t(µ̄
ǫ,N ) ✇r✐t❡s

1

N

N∑

j=1

q∏

i=1

ψi(X
j,ǫ,N
ti

, U j,ǫ,N
ti

,Kj,ǫ,N
ti

)

∫ t

s
∂uf(Xj,ǫ,N

θ , U j,ǫ,N
θ −Kj,ǫ,N

θ )dW j
θ .

❖✇✐♥❣ t♦ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ❢❛♠✐❧② {W j}j∈N∗ ❛♥❞ t❤❡ ❡①❝❤❛♥❣❡❛❜✐❧✐t② ♦❢ t❤❡
♣❛rt✐❝❧❡ s②st❡♠✱ ✐t ❤♦❧❞s t❤❛t

EQ

[(
Ft1,t2,...,tq ,s,t(µ̄

ǫ,N )
)2] ≤ (t− s)‖∂uf‖2

∞
1

N

q∏

i=1

‖ψi‖2
∞.

❈♦♥s❡q✉❡♥t❧②✱ EQ[|Ft1,t2,...,tq ,s,t(µ̄
ǫ,N )|] t❡♥❞s t♦ 0 ✇❤❡♥ N ❣♦❡s t♦ +∞✳ ❋✉rt❤❡r♠♦r❡✱ ✉s✐♥❣ t❤❡

♠♦♠❡♥t✉♠ ❡st✐♠❛t❡ ✭✹✳✶✶✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t

lim
κ→+∞

lim
N→+∞

2

κN

N∑

i=1

EQ

[
sup

θ∈[0,T ]

∣∣∣U i,N
θ

∣∣∣
]
≤ lim

κ→+∞
2

κ
sup
N≥1

EQ

[
sup

θ∈[0,T ]

∣∣∣U1,N
θ

∣∣∣
]

= 0.

✶✻



❈♦♠✐♥❣ ❜❛❝❦ t♦ ✭✹✳✶✻✮✱ ✇❡ ❣❡t t❤❛t ❢♦r ❛❧❧ 0 ≤ t1 ≤ · · · ≤ tq ≤ s ≤ t ≤ T ♦✉ts✐❞❡ Dπǫ,∞ ✱

Eπǫ,∞

∣∣Em

[
Φt1,t2,··· ,tq ,s,t + Ψt1,t2,··· ,tq ,s,t(m)

]∣∣ = 0.

❆♥② ti ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ ❛ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ {tli}l∈N ♦✉ts✐❞❡ Dπǫ,∞ ✳ ❖✇✐♥❣ t♦ t❤❡
r✐❣❤t✲❝♦♥t✐♥✉✐t② ♦❢ (t1, t2, · · · , tq, s, t) 7→ Ft1,t2,··· ,tq ,s,t(m) ❢♦r ❛❧❧m ∈ E ✱ ❛♥❞ ❋❛t♦✉✬s ▲❡♠♠❛✱ ✭✹✳✶✹✮
❤♦❧❞s tr✉❡✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ♦♥ ♦✉r ❝❧❛✐♠✳

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ m 7→ Em

[
Ψt1,t2,··· ,tq ,s,t(m)

]
✐s ♦❜t❛✐♥❡❞ ❛s ❛ s✐♠♣❧❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✉♥✲

❝♦♥✜♥❡❞ s✐t✉❛t✐♦♥ tr❡❛t❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✻❪✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱
✇❡ s❦❡t❝❤ t❤❡ ♠❛✐♥ st❡♣s ♦❢ t❤❡ ♣r♦♦❢✿ ❧❡t {mn} ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ E
❝♦♥✈❡r❣✐♥❣ ✇❡❛❦❧② t♦✇❛r❞ m✳ ❲❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t

lim
n→+∞

∣∣Emn

[
Ψt1,t2,··· ,tq ,s,t(m

n)
]
− Em

[
Ψt1,t2,··· ,tq ,s,t(m)

]∣∣ = 0. ✭✹✳✶✼✮

❖✉ts✐❞❡ Dπǫ,∞ ✱ t❤❡ ♠❛♣♣✐♥❣ ω ∈ E 7→ Ψt1,t2,··· ,tq ,s,t(m̃, ω) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r πǫ,∞✲❛✳❡✳ m̃ ∈ E ✳
❍❡♥❝❡✱

lim
n→+∞

∣∣Emn

[
Ψt1,t2,··· ,tq ,s,t(m)

]
− Em

[
Ψt1,t2,··· ,tq ,s,t(m)

]∣∣ = 0.

❚♦ ❝♦♥❝❧✉❞❡ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t✱ ❢♦r ❛✳❡✳ θ ∈ (0, T )✱

lim
n→+∞

Emn |(Bǫ[xθ, uθ; m
n
θ ] −Bǫ[xθ, uθ; mθ]) ∂uf(xθ, uθ − kθ)| = 0.

❋♦r θ ✜①❡❞✱ ♦✇✐♥❣ t♦ t❤❡ t✐❣❤t♥❡ss ♦❢ {mn
θ }✱ ❢♦r ❛❧❧ δ > 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝tKδ

θ ⊂ R+×R×R

s✉❝❤ t❤❛tmn
θ (Kδ

θ ) ≥ 1−δ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦✇✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠♦❧❧✐✜❡❞ ❝♦♥❞✐t✐♦♥❛❧
❞r✐❢t Bǫ✱ ✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r ❛❧❧ ❝♦♠♣❛❝t K✱

lim
n→+∞

sup
(x,u,k)∈K

|(Bǫ[x, u; m
n
θ ] −Bǫ[x, u; mθ]) ∂uf(x, u− k)| = 0.

❚❤✐s ❡♥❛❜❧❡s ✉s t♦ ❝♦♥❝❧✉❞❡ ♦♥ ✭✹✳✶✼✮✳

❲❡ ❝♦♠♣❧❡t❡ ❙t❡♣ 2 ❜② ✐❞❡♥t✐❢②✐♥❣ (kt; t ∈ [0, T ])✳

▲❡♠♠❛ ✹✳✽✳ ❋♦r πǫ,∞✲❛✳❡✳ m ∈ M(E)✱ (xt, ut, kt; t ∈ [0, T ]) s❛t✐s✜❡s m✲❛✳s✳✿

✭❛✮ ❋♦r ❛❧❧ ❥✉♠♣ t✐♠❡s t ∈ [0, T ] ♦❢ u✱ △ut = −2ut−✳

✭❜✮ k ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ❛♥❞ kt =
∫ t
0 ✶✶{xs = 0} dks, ∀ t ∈ [0, T ]✳

✭❝✮ ❚❤❡ s❡t {xt ∈ [0, T ] s✳t✳ xt = 0} ✐s ❛t ♠♦st ❝♦✉♥t❛❜❧❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✹✳✽✱ (kt; t ∈ [0, T ]) ✐♥ ✭✹✳✶✷✮ ✐s ❛ ♣✉r❡❧② ❥✉♠♣ ♣r♦❝❡ss✱ ✇❤✐❝❤
st❛♥❞s ❢♦r t❤❡ ❝✉♠✉❧❛t✐✈❡ ❥✉♠♣ ♣❛rt ♦❢ t❤❡ ✈❡❧♦❝✐t② (ut; t ∈ [0, T ]) ♦♥ t❤❡ ♥✉❧❧ s❡t ♦❢ t 7→ xt❀
♥❛♠❡❧② kt = −2

∑
0<s≤t us−✶✶{xs=0} ❢♦r ❛❧❧ t✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ t✐♠❡✲♠❛r❣✐♥❛❧ ❞❡♥s✐t✐❡s ♦❢ m

❢♦❧❧♦✇s ❜② ❛♣♣❧②✐♥❣ ●✐rs❛♥♦✈✬s ❚❤❡♦r❡♠✳ ❚❤✐s ❡♥❞s ❙t❡♣ ✷✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✽✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s❡t H ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❛❧❧ ❡❧❡♠❡♥ts (x, u, k) ♦❢ E s✉❝❤
t❤❛t u ❛♥❞ k s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt✐❡s ✭❛✮ ❛♥❞ ✭❜✮✳ ❲❡ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

▲❡♠♠❛ ✹✳✾✳ ❯♥❞❡r t❤❡ ❙❦♦r♦❦❤♦❞ t♦♣♦❧♦❣②✱ H ✐s ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ E✳

✶✼



❲❡ ♣♦st♣♦♥❡ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s st❛t❡♠❡♥t ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳ ❲✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥
t❤❛t πǫ,N (M(H)) = 1 ❢♦r ❛❧❧ N ≥ 1✱ t❤❡ P♦rt❡♠❛♥t❡❛✉ ❚❤❡♦r❡♠ ❣✐✈❡s

πǫ,∞ (M(H)) ≥ lim sup
N→+∞

πǫ,N (M(H)) = 1.

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r πǫ,∞✲❛✳❡✳ m ∈ M(E)✱ (xt, ut, kt; t ∈ [0, T ]) s❛t✐s✜❡s ✭❛✮ ❛♥❞ ✭❜✮✳ ❚♦ ♣r♦✈❡ ✭❝✮✱
✇❡ ✜① m ∈ M(H)✳ ❙✐♥❝❡ (wt; t ∈ [0, T ]) ✐♥ ✭✹✳✶✷✮ ✐s ❛ Bt✲❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ b ✐s ❜♦✉♥❞❡❞✱ ✇❡
❞❡✜♥❡ m̃ ❜② dm̃ = zǫ

Tdm ✇✐t❤ (zǫ
t ; t ∈ [0, T ]) ❣✐✈❡♥ ❜②

zǫ
t = exp

(
−
∫ t

0
Bǫ[xs, us;ms]dws −

1

2

∫ t

0
|Bǫ[xs, us;ms]|2 ds

)
.

❇② ●✐rs❛♥♦✈ ❚❤❡♦r❡♠✱ (w̃ǫ
t :=

∫ t
0 Bǫ[xs, us;ms] ds+wt; t ∈ [0, T ]) ✐s ❛ ❲✐❡♥❡r ♣r♦❝❡ss ✉♥❞❡r m̃✱

❛♥❞ 


xt = x0 +

∫ t

0
usds,

ut = u0 + w̃ǫ
t + kt, ∀ t ∈ [0, T ].

✭✹✳✶✽✮

❇② ❆ss✉♠♣t✐♦♥ ✭❍✲✐✮✱ x0 > 0 m̃✲❛✳s✳✱ ❛♥❞ t❤✉s t❤❡ ✜rst ❤✐tt✐♥❣ t✐♠❡ τ1 ❛t 0 ✐s ♣♦s✐t✐✈❡✳ ■♥
♣❛rt✐❝✉❧❛r✱ u

τ−
1

< 0✳ ❚❤✉s ✇❡ ❝❛♥ ❞❡✜♥❡ τ2 = inf{t > τ1 s✳t✳ xt = 0}✱ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ✭❛✮

❛♥❞ ✭❜✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t kτ1 = −2u
τ−
1

✳ ❘❡♣❡❛t✐♥❣ t❤✐s ❛r❣✉♠❡♥t✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡

{τn;n ∈ N} ❡①✐sts✱ ❛♥❞ ❢✉rt❤❡r t❤❛t (x, u, k, w̃ǫ) ✉♥❞❡r m̃ ✐s ❛ s♦❧✉t✐♦♥ ✐♥ ❧❛✇ ♦❢ ✭✸✳✷✮✳ ❇②
Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t τn ❣r♦✇s t♦ ✐♥✜♥✐t②✱ ❛♥❞ t❤✉s t❤❛t ✭❝✮ ❤♦❧❞s tr✉❡✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✾✳ ▲❡t {ζn = (xn, un, kn);n ∈ N} ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ H✱ ❝♦♥✈❡r❣✐♥❣ t♦ ζ =
(x, u, k) ✐♥ E ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❙❦♦r♦❦❤♦❞ t♦♣♦❧♦❣② ✭s❡❡✱ ❡✳❣✳✱ ❏❛❝♦❞ ❛♥❞
❙❤✐r②❛❡✈ ❬✶✵❪✮✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s {λn}n∈N ❞❡✜♥❡❞ ♦♥
[0, T ] s✉❝❤ t❤❛t ❢♦r ❛❧❧ n✱ λn(0) = 0✱ λn(T ) = T ✱

lim
n→+∞

sup
t∈[0,T ]

|λn(t) − t| = 0, lim
n→+∞

sup
t∈[0,T ]

|ζn(λn(t)) − ζ(t)| = 0,

❛♥❞ ❢♦r ❛❧❧ t ∈ [0, T ], lim
n→+∞

|∆ζn(λn(t)) − ∆ζ(t)| = 0.
✭✹✳✶✾✮

❆❝❝♦r❞✐♥❣ t♦ ✭✹✳✶✾✮✱ △u ❛♥❞ k ❛r❡ ❣✐✈❡♥ ❜②

△u(t) = lim
n→+∞

△un(λn(t)) = − lim
n→+∞

2un(λn(t)−) = −2u(t−), ∀ t ∈ [0, T ],

k(t) − k(s) = lim
n→+∞

(kn(λn(t)) − kn(λn(s))) ≥ 0, ∀ 0 ≤ s < t ≤ T.

❚♦ ❝♦♥❝❧✉❞❡ t❤❛t (x, u, k) ❜❡❧♦♥❣s t♦ H✱ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t k(t) =
∫ t
0 ✶✶{x(s) = 0}dk(s)✱ ❢♦r

❛❧❧ t ∈ [0, T ]✳ ❙✐♥❝❡ x ≥ 0 ♦♥ [0, T ]✱ ✇❡ ♣r♦✈❡ t❤❛t
∫ T
0 x(s) dk(s) = 0✳ ▲❡t ✉s ❝❤❡❝❦ t❤❛t

lim
n→+∞

∫ T

0
xn(s)dkn(s) =

∫ T

0
x(s) dk(s). ✭✹✳✷✵✮

❆s
∫ T
0 xn(s)dkn(s) = 0 ❢♦r ❛❧❧ n ∈ N✱ t❤✐s ✇✐❧❧ ❣✐✈❡ ♦✉r ❝❧❛✐♠✳ ❯s✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡

s 7→ λ−1
n (s)✱ ❛♥❞ s✐♥❝❡ x ❛♥❞ xn ❛r❡ ❝♦♥t✐♥✉♦✉s✱
∣∣∣∣
∫ T

0
xn(s)dkn(s) −

∫ T

0
x(s) dk(s)

∣∣∣∣

≤
∣∣∣∣
∫ T

0
(xn(λn(s)) − x(s)) d(kn ◦ λn)(s)

∣∣∣∣+
∣∣∣∣
∫ T

0
x(s) d(kn ◦ λn)(s) −

∫ T

0
x(s)dk(s)

∣∣∣∣

≤ max
t∈[0,T ]

|xn(λn(t)) − x(t)| |kn(T )| +
∣∣∣∣
∫ T

0
x(s)d(kn ◦ λn)(s) −

∫ T

0
x(s)dk(s)

∣∣∣∣ .

✶✽



❆❝❝♦r❞✐♥❣ t♦ ✭✹✳✶✾✮✱ maxt∈[0,T ] |xn(λn(t)) − x(t)| t❡♥❞s t♦ 0 ❛s n t❡♥❞s t♦ +∞✱ t❤❡ ♠❡❛s✉r❡
d(kn ◦ λn) ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ dk ❛♥❞ ✭✹✳✷✵✮ ❢♦❧❧♦✇s✳

✹✳✸ ❊①✐st❡♥❝❡ r❡s✉❧t ❢♦r ✭▼P✮

◆♦✇ ✇❡ ❝♦♥str✉❝t ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭▼P✮✳ ❲❡ ♦♥❧② s❦❡t❝❤ t❤❡ ♠❛✐♥ st❡♣s✱
✇❤✐❝❤ ❝♦♠❜✐♥❡ ❛r❣✉♠❡♥ts ✐♥ ❬✺✱ ❙❡❝t✐♦♥ ✺❪ ✇✐t❤ t❤♦s❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✵✳ ❚❤❡ s♦❧✉t✐♦♥ Pǫ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭▼Pǫ✮ ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭▼P✮✳

Pr♦♦❢✳ ❲❡ ♠✐♠✐❝ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✹ t♦ ❝❤❡❝❦ t❤❛t Pǫ ✐s t✐❣❤t ♦♥ E ✳ ▲❡t Pǫ ❞❡♥♦t❡ ❛
❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡✱ ❛♥❞ P ✐ts ❧✐♠✐t✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢✲st❡♣s ♦❢ ❬✺✱ Pr♦♣♦s✐t✐♦♥ ✺✳✻❪✱ ✇❡
❢✉rt❤❡r ✈❡r✐❢② t❤❛t P s❛t✐s✜❡s ❈♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ✭▼P✮✳ ❋r♦♠ ✭✐✐✐✮✱ ✭✐✈✮ ❢♦❧❧♦✇s s✐♠♣❧② ❜②
r❡♣❧✐❝❛t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✽✳

❋♦r t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ✭✐✐✐✮✱ r❡♣❧✐❝❛t✐♥❣ t❤❡ ♠❛✐♥ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✻✱ ✇❡
♦❜s❡r✈❡ t❤❛t ✭✐✐✐✮ ❢♦❧❧♦✇s ❜② ♣r♦✈✐♥❣ t❤❛t

lim
ǫ→0+

EPǫ

[
n∏

i=1

ψi(xti , uti , kti)

∫ t

s
(Bǫ [xθ, uθ; ρ

ǫ
θ] · ∇uf(xθ, uθ − kθ)) dθ

]

= EP

[
n∏

i=1

ψi(xti , uti , kti)

∫ t

s
(B [xθ, uθ; ρθ] · ∇uf(xθ, uθ − kθ)) dθ

]
,

❢♦r ❛❧❧ 0 ≤ t1 ≤ · · · ≤ tq ≤ s < t ≤ T ♦✉ts✐❞❡ DP := {θ ∈ [0, T ] s✳t✳ P (|△uθ| + |△kθ| > 0)}✳ ❆s
♦✉t❧✐♥❡❞ ✐♥ ❬✺❪✱ t❤❡ ❛❜♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ♣r♦✈❡♥ ❜② ❛❞❛♣t✐♥❣ s♦♠❡ ❛r❣✉♠❡♥ts ❢r♦♠ ❙tr♦♦❝❦
❛♥❞ ❱❛r❛❞❤❛♥ ❬✶✻❪✱ ❛s ❧♦♥❣ ❛s ✇❡ s❤♦✇ t❤❛t

lim
|h|,|δ|→0

lim sup
ǫ→0+

∫

D×Rd

|ρǫ
t(x+ h, u+ δ) − ρǫ

t(x, u)| dx du = 0, ∀ t ∈ (0, T ]. ✭✹✳✷✶✮

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❬✺✱ ▲❡♠♠❛ ✺✳✾❪✱ ✭✹✳✷✶✮ ✐s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♠✐❧❞ ❡q✉❛t✐♦♥ ✭✹✳✽✮ ❛♥❞ t❤❡
♣r♦♣❡rt② t❤❛t

(y, v) 7→
∫

D×R

|∇vΓ(θ; y, v;x+ h, u+ δ) −∇vΓ(θ; y, v;x, u)| dx du

✐s ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢♦r ❛❧❧ θ > 0, h ∈ D ❛♥❞ δ ∈ Rd ✭t❤✐s ❛ss❡rt✐♦♥ ✐s ❞❡❞✉❝❡❞ ❢r♦♠
Pr♦♣♦s✐t✐♦♥ ✸✳✸✲✭✐✐✮✮✳

✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸

▲❡t P ❜❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭▼P✮ ❛♥❞ ❧❡t (ρt; t ∈ (0, T ]) ❜❡ t❤❡ r❡❧❛t❡❞
t✐♠❡✲♠❛r❣✐♥❛❧ ❞❡♥s✐t✐❡s✳

Pr♦♦❢ ♦❢ ✭❛✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✸✳✷ ❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ✐♥ ❧❛✇ ❢♦r t❤❡
s♦❧✉t✐♦♥ ♦❢ ✭✸✳✾✮✱ ❢♦r ❛❧❧ 0 < t0 < t ≤ T ✱ ❛✳❡✳ (x, u) ∈ D × Rd✱

ρt(x, u) =
(
ρ̃t(x, u) + ρ̃t((x

′,−x(d)), (u′,−u(d)))
)
✶✶{x(d)≥0},

✶✾



✇❤❡r❡ (ρ̃t; t ∈ (0, T ]) ❛r❡ t❤❡ t✐♠❡✲♠❛r❣✐♥❛❧ ❞❡♥s✐t✐❡s ♦❢ t❤❡ ❢r❡❡ ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss ✭✸✳✾✮ ✇✐t❤
❞r✐❢t β̃ ❝♦♥str✉❝t❡❞ ❢r♦♠ β(t, x, u) := B[x, u; ρt]✳ ▼♦r❡♦✈❡r✱ (ρ̃t; t ∈ (0, T ]) ✐s s♦❧✉t✐♦♥ t♦ t❤❡
❧✐♥❡❛r ♠✐❧❞ ❡q✉❛t✐♦♥

ρ̃t(x, u) =

∫

R2d

gd(t− t0; y, v;x, u)ρ̃t0(y, v)dydv

+

∫ t

t0

∫

R2d

(β̃(s, y, v) · ∇vgd(t− s; y, v;x, u))ρ̃s(y, v)dydvds.

❚❤❡♥✱ ❢♦r ❛❧❧ 0 < t0 < t ≤ T ✱ ❛✳❡✳ u ∈ Rd✱ x, x0 ∈ R2d✱

|ρ̃t(x, u) − ρ̃t(x0, u)|

≤
∫

R2d

|gd(t− t0; y, v;x, u) − gd(t− t0; y, v;x0, u)| ρ̃t0(y, v)dy dv

+ ‖b‖∞
∫ t

t0

∫

R2d

|∇vgd(t− s; y, v;x, u) −∇vgd(t− s; y, v;x0, u)| ρ̃s(y, v)dy dv ds.

✭✺✳✶✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❍ö❧❞❡r✲❝♦♥t✐♥✉✐t② ✐s t❤❡♥ ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② r❡s✉❧t ♦♥ t❤❡ ❦❡r♥❡❧
gd✳

▲❡♠♠❛ ✺✳✶✳ ❋♦r p > 4d + 2✱ ❧❡t h ∈ Lp(R2d) ❛♥❞ H ∈ Lp((0, T ) × R2d)✳ ❚❤❡♥✱ ❢♦r ❛❧❧
(x, x0) ∈ R2d✱ ❛♥❞ ❢♦r ❛❧❧ 0 < t0 < t ≤ T ✱ ✐t ❤♦❧❞s t❤❛t
∫

R2d

|gd(t− t0; y, v;x, u) − gd(t− t0; y, v;x0, u)| |h(y, v)| dy dv ≤ c|x− x0|
1
3
− 4d+1

3p ‖h‖Lp(R2d),

∫

(t0,t)×R2d

|∇vgd(t− s; y, v;x, u) −∇vgd(t− s; y, v;x0, u)| |H(s, y, v)| dy dv ds

≤ c|x− x0|
1
3
− 4d+2

3p ‖H‖Lp((t0,t)×R2d).

❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✶ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷ ✭✉s✐♥❣ t❤❡ st❡♣✲
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✮ ✐♥ ▼❛♥❢r❡❞✐♥✐ ❛♥❞ P♦❧✐❞♦r♦ ❬✶✸❪✳

❚♦ ❛♣♣❧② ▲❡♠♠❛ ✺✳✶✱ ✇❡ ❡①❤✐❜✐t ❛♥ Lp ❡st✐♠❛t❡ ♦♥ ρ̃t✱ ❢♦r t > 0✿ ❢♦r t❤❡ s♦❧✉t✐♦♥ (P, Y, V, W̃ )
t♦ ✭✸✳✾✮✱ ✇❡ ❝♦♥s✐❞❡r P̃ ❞❡✜♥❡❞ ❜② dP̃ = ZTdP ✇✐t❤

Zt = exp

(
−
∫ t

0
(β̃(s, Ys, Vs) · dW̃s) −

1

2

∫ t

0

∣∣∣β̃(s, Ys, Vs)
∣∣∣
2
ds

)
.

❚❤❡♥ ❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s F ✱ ❛♥❞ ❢♦r ❛❧❧ l > 1✱

∣∣∣∣
∫

R2d

F (x, u)ρ̃t(x, u)dx du

∣∣∣∣ =
∣∣EeP

[
Z−1

T F (Yt, Vt)
]∣∣ ≤ C

[
EeP |F (Yt, Vt)|l

] 1
l
,

❢♦r ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ‖b‖∞ ❛♥❞ l✳ ▼♦r❡♦✈❡r✱

EeP

[
|F (Yt, Vt)|l

]
=

∫

R2d

(∫

R2d

gd(t; y, v;x, u)µ0(dy, dv)

)
|F (x, u)|ldx du,

❛♥❞ ❢♦r F ∈ Llq(R2d)✱ ❢♦r (r, q) s✉❝❤ t❤❛t 1
r + 1

q = 1✱ ✇❡ ♦❜t❛✐♥ t❤❛t

∣∣∣∣
∫

R2d

F (x, u)ρ̃t(x, u)dx du

∣∣∣∣ ≤
∥∥∥∥
∫

R2d

gd(t; y, v; ·, ·)µ0(dy, dv)

∥∥∥∥
l

Lr(R2d)

‖F‖Llq(R2d).

✷✵



◆♦t❡ t❤❛t ❢♦r ❛❧❧ r > 1✱ ❢♦r ❛❧❧ t > 0 ❛♥❞ (y, v) ∈ R2d✱ ‖gd(t; y, v; ·, ·)‖Lr(R2d) ≤ C(r)t−2d(1−1/r)✳

❈❤♦♦s✐♥❣ lq = p/(1 − p) ❛♥❞ l = 2✱ ✇❡ ❣❡t ‖ρ̃t‖Lp(R2d) ≤ 2Ct
− 4dp

p−1 ✳

❇② ▲❡♠♠❛ ✺✳✶✱ ❢♦r x, x0 ∈ R2d✱ ❛♥❞ p > 4d+ 2✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t✱ ❢♦r
❛✳❡✳ 0 < t0 < t ≤ T ✱ u ∈ Rd✱

|ρ̃t(x, u) − ρ̃t(x0, u)|

≤ C
(
|x− x0|

1
3
− 4d+1

3p ‖ρ̃t0‖Lp(R2d) + |x− x0|
1
3
− 4d+2

3p ‖ρ̃‖Lp((t0,t)×R2d)

)

≤ C

(
t
− 2d

p

0 |x− x0|
1
3
− 4d+1

3p + t
− 2d

2p

0 |x− x0|
1
3
− 4d+2

3p (t− t0)
1
p

)
.

❈♦♠✐♥❣ ❜❛❝❦ t♦ ✭✺✳✶✮✱ ✭❛✮ ❢♦❧❧♦✇s✳

Pr♦♦❢ ♦❢ ✭❜✮✳ ❖♥❡ ♠❛② ♦❜s❡r✈❡ t❤❛t✱ ❢♦r ❛♥② f ∈ C∞
c (QT )✱

∫

(0,T )×Rd−1×Rd

u(d)γ(ρ)(t, (x′, 0), u)f(t, (x′, 0), u)dt dx′ du

= lim
δ→0+

1

δ

∫ δ

0

∫

(0,T )×Rd−1×Rd

u(d)ρt((x
′, x(d)), u)f(t, (x′, x(d)), u)dt dx′ du dx(d).

✭✺✳✷✮

❋♦r ❛ ✜①❡❞ δ > 0✱ ✇❡ s❡t βδ(y) := 1 − (y
δ ∧ 1)✱ ❛✳❡✳ ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ (0,+∞)✳ ❚❤❡ ■tô✬s ❢♦r♠✉❧❛

✐♥❞✉❝❡s

EP

[
∑

n∈N

(
f(τn, xτn , uτn) − f(τn, xτn , uτ−

n
)
)
✶✶{τn ≤ T}

]
− 1

δ

∫ T

0
EP

[
u

(d)
s−

✶✶{x(d)
s ≤δ}f(s, xs, us−)

]
ds

= EP

[
βδ(x

(d)
T )f(t, xT , uT ) − βδ(x

(d)
0 )f(0, x0, u0) −

∫ T

0
βδ(x

(d)
s ) (∂sf + Aρs(f)) (s, xs, us−)ds

]
.

❘❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ❡✈❡♥t
⋃

0≤s≤T {x
(d)
s = 0} ✐s P✲♥❡❣❧✐❣✐❜❧❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t

lim
δ→0+

1

δ

∫ δ

0

(∫

(0,T )×Rd−1×Rd

u(d)ρ(t, (x′, x(d)), u)f(t, x, u)dt dx′ du

)
dx(d)

= EP

[
∑

n∈N

(
f(τn, xτn , uτn) − f(τn, xτn , uτ−

n
)
)
✶✶{τn ≤ T}

]
,

❛♥❞ ❝♦♠✐♥❣ ❜❛❝❦ t♦ ✭✺✳✷✮✱ ❢♦r ❛♥② f ∈ Cc(ΣT )✱

∫

(0,T )×Rd−1×Rd

u(d)γ(ρ)(t, (x′, 0), u)f(t, (x′, 0), u)dt dx′ du

= EP

[
∑

n∈N

(
f(τn, xτn , uτn) − f(τn, xτn , uτ−

n
)
)
✶✶{τn ≤ T}

]
.

✭✺✳✸✮

❚♦ ❡①t❡♥❞ t❤❡ r❡❧❛t✐♦♥ ❛❜♦✈❡ t♦ ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ♦♥ ΣT ✱ ✐t s✉✣❝❡s t♦ s❤♦✇

t❤❛t t❤❡ ♠❡❛s✉r❡
∑

n∈N P ◦
(
τn, xτn , uτ−

n

)−1
✐s ✜♥✐t❡ ♦♥ t❤❡ s❡t {(t, x, u) ∈ (0, T ) × ∂D ×

Rd s✳t✳ (u · nD(x)) > 0}✱ ♥❛♠❡❧②✿

∑

n∈N

P (τn ≤ T ) < +∞. ✭✺✳✹✮

✷✶



❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✽ ❜② r❡♠♦✈✐♥❣ t❤❡ ❞r✐❢t t❡r♠ B t❤❛♥❦s t♦ t❤❡ ❝❤❛♥❣❡ ♦❢
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ dP̃ = zTdP✱ ✇✐t❤ (zt; t ∈ [0, T ]) ❞❡✜♥❡❞ ❛s

zt = exp

(
−
∫ t

0
(B[xs, us; ρs] · dws) −

1

2

∫ t

0
|B[xs, us; ρs]|2 ds

)
.

❲✐t❤ w̃ ❞❡✜♥❡❞ s✐♠✐❧❛r❧② t♦ w̃ǫ ✐♥ ✭✹✳✶✽✮✱ (x, u, w̃) s♦❧✈❡s ✭✸✳✶✮ ✉♥❞❡r P̃ ❛♥❞ t❤❡ ❧❛✇ ♦❢ τn ✐s ❣✐✈❡♥
❜② ✭✸✳✺✮✳ ❚❤❡♥

EP

[
∑

n∈N

✶✶{τn ≤ T}

]
= EeP

[
z−1
T

∑

n∈N

✶✶{τn ≤ T}

]
≤ C

√√√√√EeP



(
∑

n∈N

✶✶{τn≤T}

)2

,

❢♦r s♦♠❡ ✜♥✐t❡ ❝♦♥st❛♥t C > 0✳ ❙✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ {τn}n∈N ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣✱ ✇❡ ❛❧s♦ ❣❡t

(
∑

n∈N

✶✶{τn ≤ T}

)2

≤ 2
∑

n∈N

(
n∑

m=0

✶✶{τm ≤ T}

)
✶✶{τn ≤ T} ≤ 2

∑

n∈N

(n+ 1)✶✶{τn ≤ T}.

❯s✐♥❣ ✭✸✳✻✮✱ ♦♥❡ ♦❜s❡r✈❡s t❤❛t

EeP



(
∑

n∈N

✶✶{τn ≤ T}

)2

 ≤ 2

∑

n∈N

(n+ 1)P̃ (τn ≤ T ) ≤ 2
∑

n∈N

(n+ 1)

2n−1
.

❲❡ ❞❡❞✉❝❡ ✭✺✳✹✮ ❛♥❞ ✭❜✮ ❢♦❧❧♦✇s✳

Pr♦♦❢ ♦❢ ✭❝✮✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✺✳✸✮ ❛♥❞ ✭✺✳✹✮✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ t❤❛t

‖u(d)γ(ρ)‖L1(ΣT ) = sup
f∈Cc(ΣT );

supζ∈ΣT
|f(ζ)|=1

∫

ΣT

u(d)γ(ρ)(t, (x′, 0), u)f(t, (x′, 0), u)dt dx′ du < +∞,

❛♥❞ ✭✷✳✹❛✮ ❢♦❧❧♦✇s✳
❚♦ ♣r♦✈❡ ✭✷✳✹❜✮✱ ❧❡t ✉s ✜rst ♦❜s❡r✈❡ t❤❛t ✇❤❡♥ b = 0✱ t❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s s✐♥❝❡

γ(ρ)(t, (x′, 0), u) =

∫

D×Rd

Γ(t; y, v; (x′, 0), u))µ0(dy, dv) > 0,

✇✐t❤ Γ(t; y, v; (x′, 0), u)) ❣✐✈❡♥ ✐♥ ✭✸✳✶✵✮✳ ◆❡①t✱ ❢♦r t❤❡ ❝❛s❡ ✇✐t❤ ❞r✐❢t✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐t s✉✣❝❡s
t♦ s❤♦✇ t❤❛t ❢♦r ❛❧❧ s❡t A ∈ B((0, T ) × Rd−1) s✉❝❤ t❤❛t A ❤❛s ♣♦s✐t✐✈❡ dt⊗ dx′✲✜♥✐t❡ ♠❡❛s✉r❡✱

∫

A×{0≤(u·nD(x))}
γ(ρ)(t, (x′, 0), u)dt dx′du > 0.

❋✐① s✉❝❤ ❛ s❡t A ❛♥❞ ✜① s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t K✳ ❙✐♥❝❡ γ(ρ)(t, x, u) ✐s ♥♦♥♥❡❣❛t✐✈❡✱
∫

A×{0≤(u·nD(x))}
γ(ρ)(t, (x′, 0), u)dt dx′du ≥ 1

K

∫

A×{0≤u·nD(x))<K}
(u · nD(x))γ(ρ)(t, (x′, 0), u)dt dx′du.

❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✸✮✱ ✐t ❢♦❧❧♦✇s t❤❛t
∫

A×{0≤(u·nD(x))}
γ(ρ)(t, (x′, 0), u)dtdx′du ≥ 1

K

∑

n∈N

P

((
τn, x

′
τn

)
∈ A, 0 < (uτ−

n
· nD(xτn)) < K

)
.

✷✷



❆s P ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✳r✳t✳ P̃✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t

∑

n∈N

P̃

(
(τn, x

′
τn
, u(d)

τn
) ∈ A× (0,K)

)
> 0, ∀ K > 0.

❊q✉✐✈❛❧❡♥t❧②✱ ❢♦r ❛❧❧ K > 0✱ ✉s✐♥❣ ✭✷✳✸✮

∑

n∈N

P̃

(
(τn, x

′
τn

) ∈ A, 0 < u(d)
τn

< K
)

=

∫

D×Rd

(∫

A

∫

Rd−1

∫ K

0
u(d)Γ(t; y, v; (x′, 0), (u′, u(d)))du(d)du′dx′

)
µ0(dy, dv).

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s✱ ♦❜s❡r✈✐♥❣ t❤❛t Γ(t; y, v; (x′, 0), (u′, u(d))) > 0✳

✻ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ ❝♦♥✜♥❡❞ ❝♦♥❞✐t✐♦♥❛❧ ▼❝❑❡❛♥ ▲❛❣r❛♥❣✐❛♥ ♣r♦❝❡ss ((Xt, Ut); t ∈
[0, T ]) s❛t✐s❢②✐♥❣ t❤❡ ♠❡❛♥ ♥♦✲♣❡r♠❡❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

E
[
(Ut · nD(x))

/
Xt = x

]
= 0, ❢♦r (t, x) ∈ (0, T ] × ∂D.

❚❤✐s st✉❞② ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧s t♦ t❤❡ ❞♦✇♥s❝❛❧✐♥❣
♣r♦❜❧❡♠ ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝ ✭❈❋❉✮✳

■♥ ❬✶❪✱❬✷❪✱ t❤❡ ❛✉t❤♦rs ❝♦♥str✉❝t ❛ P❉❋ ♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ❞♦✇♥s❝❛❧✐♥❣ ♣r♦❜❧❡♠ ✐♥ ♠❡✲
t❡♦r♦❧♦❣②✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❝♦♠♣✉t❡ ❛ ✜♥❡r s❝❛❧❡ ✇✐♥❞ ♣r❡❞✐❝t✐♦♥ ❢r♦♠ ❛ ❝♦❛rs❡ ♦♥❡ ❣✐✈❡♥ ✐♥ ❛
❜♦✉♥❞❡❞ ❞♦♠❛✐♥ D✳ ❚♦ t❤✐s ❛✐♠✱ t❤❡ ❛✉t❤♦rs ♣r♦♣♦s❡ ❛ ▲❛❣r❛♥❣✐❛♥ st♦❝❤❛st✐❝ ♠♦❞❡❧ ❢♦r t❤❡
❛t♠♦s♣❤❡r✐❝ ✢♦✇ ❞❡s❝r✐♣t✐♦♥ ❛♥❞ ❝♦♥str✉❝t ❛ ♣❛rt✐❝❧❡ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ t❤✐s ✜♥❡ r❡s♦❧✉t✐♦♥✳
❚❤✐s ▲❛❣r❛♥❣✐❛♥ ♠♦❞❡❧ ✐s ❝♦♥✜♥❡❞ ✐♥ D ❛♥❞ ♠✉st s❛t✐s❢② ❛ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ t②♣❡

E
[
Ut

/
Xt = x

]
= V❝♦❛rs❡(t, x), ❢♦r (t, x) ∈ (0, T ) × ∂D, ✭✻✳✶✮

✇❤❡r❡ V❝♦❛rs❡ ✐s ❛ ❣✐✈❡♥ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❚❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❈❋❉ ♠♦t✐✈❛t❡s ❛t ❧❡❛st t✇♦ ❢✉t✉r❡
❡①t❡♥s✐♦♥s ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦✿ t❤❡ ❝❛s❡ ♦❢ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❞♦♠❛✐♥ D✱ ❛♥❞ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♥♦♥
❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✻✳✶✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❋ré❞ér✐❝ ❇❡r♥❛r❞✐♥✱ ▼✐r❡✐❧❧❡ ❇♦ss②✱ ❈❧❛✐r❡ ❈❤❛✉✈✐♥✱ P❤✐❧✐♣♣❡ ❉r♦❜✐♥s❦✐✱ ❆♥t♦✐♥❡ ❘♦✉ss❡❛✉✱
❛♥❞ ❚❛♠❛r❛ ❙❛❧❛♠❡❤✳ ❙t♦❝❤❛st✐❝ ❞♦✇♥s❝❛❧✐♥❣ ♠❡t❤♦❞✿ ❛♣♣❧✐❝❛t✐♦♥ t♦ ✇✐♥❞ r❡✜♥❡♠❡♥t✳
❙t♦❝❤✳ ❊♥✈✐r♦♥✳ ❘❡s ❘✐s❦✳ ❆ss❡ss✱ ✷✸✭✻✮✿✽✺✶✕✽✺✾✱ ✷✵✵✾✳

❬✷❪ ❋ré❞ér✐❝ ❇❡r♥❛r❞✐♥✱ ▼✐r❡✐❧❧❡ ❇♦ss②✱ ❈❧❛✐r❡ ❈❤❛✉✈✐♥✱ ❏❡❛♥✲❋r❛♥ç♦✐s ❏❛❜✐r✱ ❛♥❞ ❆♥t♦✐♥❡
❘♦✉ss❡❛✉✳ ❙t♦❝❤❛st✐❝ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ❢♦r ❞♦✇♥s❝❛❧✐♥❣ ♣r♦❜❧❡♠s ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞
❉②♥❛♠✐❝s✳ ❊❙❆■▼✿ ▼✷❆◆✱ ✹✹✭✺✮✿✽✽✺✕✾✷✵✱ ✷✵✶✵✳

❬✸❪ ❏❡❛♥ ❇❡rt♦✐♥✳ ❘❡✢❡❝t✐♥❣ ❛ ▲❛♥❣❡✈✐♥ ♣r♦❝❡ss ❛t ❛♥ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r②✳ ❆♥♥✳ Pr♦❜❛❜✳✱
✸✺✭✻✮✿✷✵✷✶✕✷✵✸✼✱ ✷✵✵✼✳

❬✹❪ P❛tr✐❝❦ ❇✐❧❧✐♥❣s❧❡②✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ❲✐❧❡② ❙❡r✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞
❙t❛t✐st✐❝s✿ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐st✐❝s✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s ■♥❝✳✱ ◆❡✇ ❨♦r❦✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱
✶✾✾✾✳ ❆ ❲✐❧❡②✲■♥t❡rs❝✐❡♥❝❡ P✉❜❧✐❝❛t✐♦♥✳

✷✸



❬✺❪ ▼✐r❡✐❧❧❡ ❇♦ss②✱ ❏❡❛♥✲❋r❛♥ç♦✐s ❏❛❜✐r✱ ❛♥❞ ❉❡♥✐s ❚❛❧❛②✳ ❖♥ ❝♦♥❞✐t✐♦♥❛❧ ▼❝❑❡❛♥ ▲❛❣r❛♥❣✐❛♥
st♦❝❤❛st✐❝ ♠♦❞❡❧s✳ Pr♦❜❛❜✳ ❚❤❡♦r② ❘❡❧❛t✳ ❋✐❡❧❞s✱ P✉❜❧✐s❤❡❞ ♦♥❧✐♥❡ ▼❛②✱ ✷✻ ✷✵✶✵✳

❬✻❪ ❈❛r❧♦ ❈❡r❝✐❣♥❛♥✐✳ ❚❤❡ ❇♦❧t③♠❛♥♥ ❡q✉❛t✐♦♥ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s✱ ✈♦❧✉♠❡ ✻✼ ♦❢ ❆♣♣❧✐❡❞ ▼❛t❤✲
❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✽✳

❬✼❪ ❚❤♦♠❛s ❉✳ ❉r❡❡❜❡♥ ❛♥❞ ❙t❡♣❤❡♥ ❇✳ P♦♣❡✳ ❲❛❧❧✲❢✉♥❝t✐♦♥ tr❡❛t♠❡♥t ✐♥ ♣❞❢ ♠❡t❤♦❞s ❢♦r
t✉r❜✉❧❡♥t ✢♦✇s✳ P❤②s✳ ❋❧✉✐❞s✱ ✾✭✾✮✿✷✻✾✷✕✷✼✵✸✱ ✶✾✾✼✳

❬✽❪ ❙t❡✇❛rt ◆✳ ❊t❤✐❡r ❛♥❞ ❚❤♦♠❛s ●✳ ❑✉rt③✳ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✿ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ❛♥❞ ❝♦♥✈❡r✲
❣❡♥❝❡✳ ❲✐❧❡② ❙❡r✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✿ Pr♦❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤❡✲
♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s ■♥❝✳✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✻✳

❬✾❪ ❈❛r❧ ●r❛❤❛♠ ❛♥❞ ❙②❧✈✐❡ ▼é❧é❛r❞✳ ❙t♦❝❤❛st✐❝ ♣❛rt✐❝❧❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r ❣❡♥❡r❛❧✐③❡❞ ❇♦❧t③✲
♠❛♥♥ ♠♦❞❡❧s ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ❡st✐♠❛t❡s✳ ❆♥♥✳ Pr♦❜❛❜✳✱ ✷✺✭✶✮✿✶✶✺✕✶✸✷✱ ✶✾✾✼✳

❬✶✵❪ ❏❡❛♥ ❏❛❝♦❞ ❛♥❞ ❆❧❜❡rt ◆✳ ❙❤✐r②❛❡✈✳ ▲✐♠✐t t❤❡♦r❡♠s ❢♦r st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ ✈♦❧✉♠❡ ✷✽✽ ♦❢
●r✉♥❞❧❡❤r❡♥ ❞❡r ▼❛t❤❡♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥ ❬❋✉♥❞❛♠❡♥t❛❧ Pr✐♥❝✐♣❧❡s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧
❙❝✐❡♥❝❡s❪✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✽✼✳

❬✶✶❪ ■♦❛♥♥✐s ❑❛r❛t③❛s ❛♥❞ ❙t❡✈❡♥ ❊✳ ❙❤r❡✈❡✳ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ st♦❝❤❛st✐❝ ❝❛❧❝✉❧✉s✱ ✈♦❧✉♠❡
✶✶✸ ♦❢ ●r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✽✳

❬✶✷❪ ❆✐♠é ▲❛❝❤❛❧✳ ▲❡s t❡♠♣s ❞❡ ♣❛ss❛❣❡ s✉❝❝❡ss✐❢s ❞❡ ❧✬✐♥té❣r❛❧❡ ❞✉ ♠♦✉✈❡♠❡♥t ❜r♦✇♥✐❡♥✳ ❆♥♥✳
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