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The Cauchy problem at a node with buffer

Mauro Garavello * Paola Goatin'
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Abstract

We consider the Lighthill-Whitham-Richards traffic flow model on
a network composed by an arbitrary number of incoming and outgoing
arcs connected together by a node with a buffer. Similar to [I5], we
define the solution to the Riemann problem at the node and we prove
existence and well posedness of solutions to the Cauchy problem, by
using the wave-front tracking technique and the generalized tangent
vectors.

1 Introduction

Fluid dynamic models were developed in the literature in order to describe
the macroscopic evolution of vehicular traffic in roads and in networks. In
the network setting, different kinds of solutions at the intersections were
recently proposed; see [6] [7), 8 [0, [14], 15, 16], 17, 20] and the references therein.
The interest in this field was also motivated by other applications: data
networks [§], supply chains [13], air traffic management [22], gas pipelines [1].

In this paper we consider the scalar Lighthill-Whitham-Richards model
(see [19 21]) on a network composed by a single junction with a buffer with
finite size and capacity. Nodes with buffers have been introduced in the case
of supply chains in [14] and also for car traffic in [12] [I5]. These kinds of in-
tersections take into account some dynamics inside the junction, described by
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ordinary differential equations depending on the difference between incoming
and outgoing fluxes.

In the following sections, we prove existence and well posedness of so-
lutions at the node with buffer and with an arbitrary number of incoming
and outgoing roads. The results are obtained by means of the wave-front
tracking method [3], 18] and on the generalized tangent vectors [2, [5]. In our
case, the wave-front tracking method consists in producing piecewise con-
stants approximate solutions both for the density of cars and for the load
of the buffer and in proving uniform estimates for the approximate solutions
in order to obtain compactness and so existence of solutions. Instead, the
Lipschitz continuous dependence of the solution with respect to the initial
condition is proved by viewing the vector space L! as a Finsler manifold
and by considering the evolution in time of generalized tangent vectors along
wave-front tracking approximate solutions. We remark that the results con-
tained in [I4] do not apply in our situation, while the papers [12 [15] describe
only special cases of Riemann problems.

The paper is organized as follows. Section 2] contains some preliminary
notations and definitions, while Section [3] describes in details the solution
of Riemann problems at the node. Sections [l and [ deal respectively with
the existence of solution and with the continuous dependence of the solution
with respect to the initial condition. Finally, we recall in the appendix, for
reader’s convenience, some technical results of [11].

2 Basic Definitions and Notations

Consider a node J with n incoming arcs [i,...,I, and m outgoing arcs
Iniay ooy Inym. We model each incoming arc I; (i € {1,...,n}) of the node
with the real interval I; =] — oo, 0]. Similarly, we model each outgoing arc I;
(j e {n+1,...,n+m}) of the node with the real interval I; = [0, +o0[. On
each arc [; (I € {1,...,n+m}), we consider the partial differential equation

o1+ 0 f(p1) =0, (1)

where p; = pi(t,x) € [0, pmaz], is the density of cars, v; = v;(p;) is the mean
velocity of cars and f(p;) = v/(p) pi is the fluxz. Moreover the real valued
function 7(t) € [0, rma:| denotes the total number of cars in the buffer inside
the node J at time t.

We make the following assumptions on the flux f:

(F) f:1]0,1] — R is a Lipschitz continuous and concave function satisfying

L f(0) = f(1) = 0;



2. there exists a unique o € ]0, 1] such that f is strictly increasing in
[0, o[ and strictly decreasing in ]o, 1].

The definitions of entropic solutions on arcs and weak solutions at the

node are as follows.

Definition 1 A function p, € C([0,+oo[; L},.(I})) is an entropy-admissible

solution to () in the arc I, if, for every k € [0,1] and every ¢ : [0, +o00[x I} —
R smooth, positive and with compact support in |0, +oo[x (I, \ {0}), it holds

+o0
[ [ (1o = K06+ sentor = 050) = 7(0)0,5)dedt 2 0. 2
0 I
Definition 2 A collection of functions p; € C([0, +ool; L, (1)) (1 € {1,.
m}) and r € Wh* is a weak solution at J if

1. for every l € {1,...,n+ m}, the function p; is an entropy-admissible
solution to () in I;

2. foreveryl € {1,...,n+m} and for a.e. t > 0, the function x — p(t, )
has a version with bounded variation,

3. for a.e. t >0

n n+m
() =Y flpit,0-)) = > Flps(t, 04)),
=1 j=n+1

where p; stands for the version with bounded variation (see point 2).

For a collection of functions p; € C([0, +oo[; L, .(L)), 1 € {1,...,n+m},
such that, for every [ € {1,...,n+ m} and a.e. t > 0, the map x — p(¢, x)
has a version with bounded total variation, we define the functional

T(t) = TVy(t) +Q(1), (3)
where .
TV (t Z TV (f (p(t,-))) (4)
and ) e
= Z;f(m@,o—)) - Z;lf(pj(t, 0+))| (5)

For later use, define the set

01 >0, Onim >0,
@: 0: (‘917---79n+m) ER"+m: (6)

EZ’L:I 0; = Z?Tﬁ 0; =1



3 The Riemann Problem with buffer

Consider a node J with a buffer, whose demand and supply are equal to a
constant p € ]07 maX{nu m}f<a>[ Fix P1,05 -+ Pntm,o € [07 1]7 ro € [07 Tmam]
and consider the Riemann problem at J

( Oipr+ 0 f(p1) = 0,
p1(0,+) = pro,
n n+m
10 =D a0 =Y fpiteory, Lt (0
i=1 j=n+1
[ 7(0) = 7o,

A solution to the Riemann problem at J is defined in the following way:.

Definition 3 A solution to the Riemann problem () is a weak solution
at J, in the sense of Definition [3, such that p)(0,2) = po for every | €
{1,...,n+m} and for a.e. x € I; and such that r(0) = ry.

We introduce the concept of Riemann solver at J.
Definition 4 A Riemann solver RS is a function

RS: [0, s [0,1]vm
(pl,Oa s 7pn+m,0) — (pla s 7ﬁn+m)

satisfying the following

1. for every i € {1,...,n}, the classical Riemann problem
dip+ 0. f(p) =0, reR, >0,

_ pi,07 fo < 07

MQ”_{ph if o> 0,

15 solved with waves with negative speed;

2. for every j € {n+1,...,n+ m}, the classical Riemann problem
Ohp+0:f(p) =0,  wER >0,
_ ﬁj7 fo < 07
p(o’x) N { pj,Oa fo > 07

15 solved with waves with positive speed.



Introduce the following sets

1. for every ¢ € {1,...,n} define

0. — 0, f(pio)], if0<pio<o,
L0, £(0),  ifo<pe<T;

2. for every j € {n+1,...,n+ m} define

O [07 f(a)]a if 0 S P5,0 S g,
’ [0, f(pj0)], ifo<pjo<1;

3. for every s € [0,> " ; max O;] define
[s:{fyl,...,fyn EH(’) Z%—s} (10)

4. for every s € [0, Z;LLTH max Oj] define

n+m n+m
JS:{(%H,...,%M)E H O;: Z fyjzs} : (11)

In [15], the authors proposed to solve the Riemann problem (7)) in the
following way.

1. Fix 6 € © and define

n+m
Live Zmax O; Tl.= Z max O;.
Jj=n+1
2. Define
min {T} .. 1 if 0 <79 < Tz
T, — { ) . ’ (12)
min {chv outs :u} if o = T"mazx>
and

min {T"! ., u if 0 < 7o < Tmaz;
Fout - { { ! } ’ (13)

min {T"} ., T} u}, ifrg=0.



3. If Ty, > Tyt then

znc_Fout (14)
P, if ¢ > fmas—ro

znc 1—‘out

( ) { To + (F@nc - Fout) t7 if O<t< Tmax—T0_
t) =

If Ty < Tty then

znc_Fout
0, ift >——" (15)

Finc —Lout *

: {nﬁ%RM—FWQL if0<t<—"%0—,
t) =

If ;e = Tous, then
r(t) =ro (16)

for every t > 0.

. If Tie > Toue, then define

(M
(T

(K?N-f-l) cee a’Yn-i-m

\2|

n) = Projlrmc (Tine(61,...,60,))
n) = Projlrom (Tout(br, ..., 60,))
)
)

\QH

= PrOijout (Pout(en-i-l, cey en—l—m))
(i/n-f—la s a’Yn-l-m = (’771-1-1’ s 7/?71-1—771);

if I < T'out, then define

Y1,y ) = Proj, - ( inc(O1,...,0,))
(’:Yl’---’:V) (Y1, - - - ’7)
(Fnt1s > Tnam) = Projy.  (Lou(Onst, - -5 Onim))
(Ynt1s -y Yntm) = PrOJJp ( inc(Ons1s - Ongm)) s

where Proj; denotes the orthogonal projection on the convex set I.

. For every i € {1,...,n}, define p; either by p; ¢ if f(pio) = ¥, or by the
solution to f(p) = 4; such that p; > o. For every j € {n+1,...,n+m},
define p; either by p,o if f(pj0) = 7;, or by the solution to f(p) = 7;
such that p; < 0. Define RS,, : [0, 1]"*™ — [0, 1]"*™ by

R8T0<p1,07 cee 7pn+m,0> = (ﬁla oo Py Prtls - - - 7ﬁn+m) . (17>

. For every i € {1,...,n}, define p; either by p; if 5; = 4;, or by the
solution to f(p) = 7; such that p; > o. Forevery j € {n+1,...,n+m},
define p; either by p; if 7, = 7¥;, or by the solution to f(p) = 7; such
that p; < o.



1 t t Pot
p1
T(f) = Tmazx
p1 Prt1 ri)=0-"_
anrl
P1,0 Pn+1,0 P1,0 Pn+1,0
0 T 0 T

Figure 1: The solution to the Riemann problem ([): the case I';,c > [y on
the left, the case I';,. < I'pys on the right.

7. The solution for the Riemann problem () is given by the unique weak
solution at J (p1(t,x),. .., pnim(t, z),7(t)), in the sense of Definition B]
such that for a.e. t > 0, it holds

(pl(tv 0>7 te 7pn+m(t7 O)) = RSr(t) (p1<t7 0)7 te 7pn+m(t7 O))

Remark 1 Note that, for every roq € [0,7maz|, the Riemann solver RS,
satisfies the consistency condition

RST’() (RST‘Q (,01,0, s apn—l—m,O)) = RST‘O (pl,Oa SREE) pn—l—m,O)
for every (p1o,- -, Pntmo) € [0, 1]

Remark 2 The solution (p1, ..., pnim, ) to the Riemann problem (7), con-
structed by the previous procedure, satisfies the condition:

RSr(t) (pl(t’ 0)7 st 7pn+?ﬂ(t’ O)) = (pl(t> 0)’ SR pn-l—m(t’ O))
for a.e. t > 0.

For future use, we need some additional definitions.

Definition 5 Given 1y € [0, rimaz), we say that (p1o,- .-, Potmo) S an equi-
librium for the Riemann solver RS,, if

RS (p1,05 -+ -5 Prym0) = (P10, - 5 Prtm0)-

Definition 6 We say that a datum p; € [0,1] in an incoming arc is a good
datum if p; € [0,1] and it is a bad datum otherwise.

We say that a datum p; € [0,1] in an outgoing arc is a good datum if
pi € [0,0] and it is a bad datum otherwise.



4 The Cauchy Problem

In this section, we deal with the Cauchy problem at the node J. Fix n initial
data for incoming arcs pig,...,pno € BV(] — 00,0];[0,1]), m initial data
for outgoing arcs ppn+1.0s-- -, Pntmo € BV ([0, +00[; [0,1]) and 7o € [0, 7oz
Consider the Cauchy problem at J:

( 8tpl(t>x) + 8xf(pl(tv :L‘)) =0,
pl(ov :L‘) = p07l(x)>

r(t) = Zf(pl-(t,()—)) _'Z Fps(t,04)), (18)

\ T(O>:T07
forx e [\{0}, t >0, le{l,...,n+m}.

Theorem 1 For every T > 0, the Cauchy problem (18) admits a weak solu-
tion at J (p1,. .., Pnim,T) Such that

1. for everyl € {1,...,n+ m}, p; is a weak entropic solution of
dpr + 0 f(p) =0
in [0,T) x I;
2. for everyl € {1,...,n+m}, p(0,2) = po,(x) for a.e. x € I;
3. for a.e. t €[0,T]

RST(t)(pl(t7 0_)7 R ’pn+m(t> 0+)) = (pl(t7 0_)7 R ’pn+m(t> 0+));

4. for a.e. t €[0,T)]

n n+m

P =) foilt,0-) = Y flpy(t.04)).

=1 j=n+1

The proof of the theorem is constructed in the next subsections.

4.1 Wave-front tracking

Since solutions to Riemann problems are given, we are able to construct
piecewise constant approximations via the wave-front tracking algorithm;
see [3] for the general theory and [10] in the case of networks.
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Definition 7 Given € > 0, we say that the maps p. = (p1e,- - -, Pntme) and
re are an e-approrimate wave-front tracking solution to (I8) if the following
conditions hold.

1. For everyl e {1,....,n+m}, p € C([0,+oo[; L},.(I;; [0, 1])).

loc

2. r. € Wl,oo([o’ +00[; [0, "maz]) and r-(0) = ro.

3. Foreveryl € {1,....,n+m}, p(t,x) is piecewise constant, with dis-
continuities occurring along finitely many straight lines in the (t,x)-
plane. Moreover, jumps of pi.(t,x) can be shocks or (approximate)
rarefactions and are indexed by J;(t) = S;(t) U Ry ().

4. Foreveryl e {1,...,n+m}, along each shock x(t) = x,,(t), o € S(¢t),
we have

Pre(t, wra(t) =) < pre(t, via(t)+).
Moreover

Flpre(t, 21a(t)=)) = flpre(t, za(O+)) | _
pre(t, wa(t)=) = pre(t, za(t)+) | 7

Tralt) —

5. Foreveryl € {1,...,n+m}, along each rarefaction front x(t) = x;(t),
a € Ry(t), we have

pre(t, ia(t)+) < pre(t,xia(t)—) < pre(t, xia(t)+) +e.
Moreover
1a(t) € [ (pre(t, ma(t)=)), [/(o1e(t, mia(t)+))] -
6. For everyl € {1,...,n+m},
1900, ) = o)l prgay < &
7. For a.e. t >0
RSty (pre(t,0=), . prgme(t,04)) = (p1.e(t,0=), - - -, Prgme(t, 04)).

8. Forae t>0

n n+m

rL(t) = flpie(t,0=)) = > flpe(t,04)).

i=1 j=n+1



For every [ € {1,...,n+ m}, consider a sequence pg,, of piecewise con-
stant functions defined on [; such that py;, has a finite number of disconti-
nuities and lim, pos, = pos in Li,.(I;; [0, 1]). For every v € N\ {0}, we
apply the following procedure. At time ¢ = 0, we solve the Riemann problem
at J (according to RS,,) and all Riemann problems in each arc. We approx-
imate every rarefaction wave with a rarefaction fan, formed by rarefaction
shocks of strength less than % travelling with the Rankine-Hugoniot speed.
Moreover, if o is in the range of a rarefaction shock, then its speed is zero.
We repeat the previous construction at every time at which interactions be-
tween waves or of waves with J happen and at the times when the buffer
becomes empty or full.

Remark 3 By slightly modifying the speed of waves, we may assume that,
at every positive time t, at most one interaction happens. Moreover, at every
interaction time t, exactly one of the following possibilities is verified.

1. Two waves interact in an arc.

2. A wave reaches the node J and

re(t) - (Pmaz —7(t)) #0  or  lim rl(¢) = 0.

t—t—
3. Some waves exit the node J, i.e.

re(t) - (Pmaw —1:(€)) =0 and  lim 7.(t) # 0.

t—t—

Remark 4 For interactions in arcs, we split rarefaction waves into rarefac-
tion fans just at time t = 0. At the node J, instead, we allow the formation
of rarefaction fans at every positive time.

Let us introduce the notions of generation order for waves, of big shocks
and of waves with increasing or decreasing flux. We need these definitions in
the proof of existence of a wave-front tracking approximate solution and of
an uniform bound for the total variation of the flux.

Definition 8 A wave of p., generated at time t = 0, is said an original wave
or a wave with generation order 1.

If a wave with generation order k > 1 interacts with J, then the produced
waves are said of generation k + 1.

If a wave with generation order k > 1 interacts in an arc with a wave

with generation order k' > 1, then the produced wave is said of generation
min{k, k'}.

10



If a wave exits the node J at time t > 0 and

re(t) - (Fmaz — 1(t)) = 0, lim 7 (t) # 0,

t—t—

then it has generation order 2 if in the time interval [0, [ no wave interacts
with J, otheruise it has generation order k + 1, where k is the generation
order of a wave, which interacts with J at time t < t, and in the time interval
)£, [ no wave interacts with J.

Definition 9 We say that a wave (py, p,) in an arc is a big shock if p, <
o < pr.

Definition 10 We say that a wave (py, p,) interacting with J from an in-
coming arc has decreasing fluz (resp. increasing flux) if f(p) < f(pr) (resp.

f(pr) > f(pr)).

We say that a wave (py, p,) interacting with J from an outgoing arc has
decreasing fluz (resp. increasing flux) if f(p1) > f(pr) (resp. f(p) < f(pr)).

4.2 Bound on the total flux variation

Fix a wave-front tracking approximate solution for the Cauchy problem (IS).
We prove in Corollary [l that the total variation of the flux is uniformly
bounded by a constant which depends on the initial data. We need some
preliminary results.

Lemma 2 Assume that there exists t > 0 such that

lim 7.(t) (7:(t) — Tmaz) = 0 and lim r(t) # 0. (19)

t—t— t—t—
Then exactly one of the following possibilities holds.

1. Ifre(t—) = 0, then some waves are generated at J at time t only in the
outgoing arcs.

2. If r.(t—) = Fmaz, then some waves are generated at J at time t only in
the incoming arcs.

Moreover, in both cases we have Y(t+) = Y(t—) and TV;(t+) > TV(t—).

PROOF. Define by I''X T T “and I'f, the values, at {— and £+, of the
['ye and T'yyr we

quantities introduced in Section Bl Finally with T}, ., T .,
denote the values at time ¢ of the quantities introduced in Section Bl By

11



Remark [ at time ¢ no wave interacts with J. Hypothesis (I9) implies that
either r.(¢) = 0 or r.(t) = "z
If re(f—) = 0, it means that lim, ,7- 7.(t) < 0and so I';,,, < T, Q(t—) =

mc

| = Tou — Tinee We have also I'f,, = Tie = T, = '/, and so

‘anc - Out inc
Q(t+) = 0. Moreover no waves exit from the incoming arcs, while by (I3)
and the fact that r.(¢ ) # 0 for ¢ in a left neighborhood of ¢, I',,, > T',y: and
so some waves exit from the outgoing arcs. By Lemma 4 in [I1], we deduce
that all the waves generated at time ¢ have decreasing flux. This implies that
F;ut’

TV;(t+) — TV,(i—) = |T], =r,, It

out out

and so

T(E+) — Y(E-) = 0.

Suppose now 7.(t) = rmaz. It means that lim; ,z— r2(t) > 0 and so ', .

Loy Q=) = [The — Toue| = Tine — Lows- We have also T'j,, =T, = rout =
It and so Q(t+) = 0. Moreover, no waves exit from the outgoing arcs,

while by (I2) and the fact that r.(t) # 0 for ¢ in a left neighborhood of
t, I';.. > e and so some waves are generated in the incoming arcs. By
Lemma 4 in [I1], we deduce that all the waves generated at time ¢ have
decreasing flux. This implies that

TV(t+) = TVy(i—) = T}, = Tie| =Tine — T

mc Z'I’LC mc

and so

T(t+) —Y(t—) = 0.
This concludes the proof. a

Lemma 3 Assume that a wave (py, p.) interacts with J at time t and suppose
that r-(t) = 0. Then Y(t+) = Y(t—) and TV;(t+) < TV;(t—).

PRrROOF. We denote by (p7 ..., pnim) and (pf,...,p}.,,) the states at J
respectlvely before and after the interaction. Define also by I''= I'E T
and I'Z, the values, at — and #+, of the quantities introduced in Section [l

By Remark B, point 2, we deduce that lim, ,z~ 7.(¢) = 0. Since r.(t) =0

in a left neighborhood of ¢, we have that

out? ch )

I',,. = min {I’}n_c, u} =1I,, = min {F
le. Q(t—) =

First, let us assume that the wave (p, p,) interacts with J from an in-
coming arc, say I;, and so p; < o and p, = p;. There are three different
possibilities.

12



1. TF < T>

Lt 1+
inc .. In this case T';7 < pand T') =T} *. Therefore no wave

is generated in I; and the waves generated in the other incoming arcs

have increasing flux. Moreover I'; =17, < T, ,. By [11, Lemma 4],

the waves generated in the outgoing arcs have decreasing flux and so

TV (F+) = TV (- Z o) = 107
+ Z |F(o)) = flo)| = 1F (o) — f(pr)]
=2 (1) = S0 + 3 [£(e) = Fe] + o) = o)
= Tine = Tine = f(00) + f(p1) + Toue = Toue + S (1) = f 1)
=T} =T+ F*t =0

and the conclusion follows, since Q(t+) = 0.

.. = T;. Since p < o, then g < min{I}, ., [}F} and T,
'Y .. Therefore no waves are generated in the outgoing arcs and in I 1.

By [11, Lemma 5], the waves produced in the other incoming arcs have
increasing fluxes if f(p;) < f(pr), and decreasing fluxes if f(p;) > f(pr).
Thus

TV (t+) — TV (i— Z £ (o) = o) = 1F (o) = fpr)]

n

=sgn (f(o) = (o) | D (For) = F(ph)) = Fp) + f(pr)

1=2

= sgn (f(p1) = f(pr) [Tine = T + F () = f(p1) — f(m) + f(pr)]
= sgn (f(pl) - f(pT [ inc out}

and we conclude, since Q(t+) = 0.

. T} > T, . In this case we have that ', . < p and so p; < o for

wmc mec* wmec
every ¢ € {1,...,n}. Since the wave (p;, p,) has positive speed, then
p1 = pr < pp < 0. Therefore, in the incoming arcs, either no waves

are produced (in the case T'... < u) or waves with decreasing flux are
generated (in the case I'}T > ).

In the outgoing arcs, by (I3) we easily deduce that '}, > T, ,, and so
either no waves are created or waves with increasing flux are generated,

13



see [11, Lemma 4].
Hence we have

n

TV () = TV(E=) =Y _[f(pf) = flpr)| + £ (o) — f(p})]

i=2
n+m
—1f (o) = flo)l+ D £ (o) = £(p))]
Jj=n+1
= > [Fe) = FD] + ) = Floi)
i=2
n+m
—f(p) + Flo) + D [Fof) = Flpy)]
j=n+1
- P_ - F;’;w + Fout - F0_ Fjut F;’;w <0.
Moreover,
Q }FOM F;"?_@c = F:;LC Fjutv

and so the conclusion follows.

Finally, suppose that the wave (p;, p,) interacts with J from an outgoing
arc, say I,i1, and so p, > o and p; = p,,;. In this case I';,, = T} and
so no waves are produced in the incoming arcs. There are three different

possibilities.

1. I, < T, Inthiscase I'},, = ''t < T and so no wave is generated

in [,,1, while in the other outgoing arcs at most m — 1 waves are
generated and they have increasing flux. Therefore

n+m

TV (t+) — TV (i— Z £ (o) = f(o;)] = 1F(p) = fpr)]

n+m

= > o)) = ;)] = flp) + fpr) =Tdy =T,y <0.

j=n+2
Moreover
Q ’ anc Out } anc out } Fout Fout F_ Fc—)‘rut
and so T (t4) = T(t—).

- : + - + : -
2. I'gyy =1, Inthiscase 'y, =1, =1} . and no wave is generated in

I, +1. In the other outgoing arcs, at most m — 1 waves are generated.
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By [11, Lemma 5], these waves have increasing flux if f(p.) < f(p1),
while they have decreasing flux if f(p,) > f(p); hence

TV (f+) — TV (i— Z [F (o) = ;)] = 1 (pr) = fpr)]
=sgn (f(pr) — f(p1)) [Z (flpy) = f(p)) = (fpr) = f(pz))]

= sgu (f(pr) = f(m)) LZ (foy) = £(})) = (Floiia) = f(p;+1))]

=sgn (f(pr) = f(p1)) [Toue — Taue) = 0.
Moreover,
Q }anc out’ - 0
and so Y(t+) = T(t—).
3. T}, > I, In this case I',,, = '\ so p; = o for every j €

n+1,...,n+m}and 0 < p, < py = ppp1- I Tty < T no wave
is generated in outgoing arcs; if T, > '} | at most m waves with
decreasing flux are created. Thus

n+m

TV (i) =TV, (=) = > [£(p) = 1 (o})]

j=n+2

+[f(orea) = Fo0)| = 1f (o) = f(pr)]

n+m

= > [f05) = F(oD)] + flpr) = F(pra) = for) + Fpnya)

Jj=n+2
=I, .—-TIh. <o0.
Moreover
Q ‘ch out} = }ch out }Fout F;rut F;rut F;ut
and so T(t+) = T(t—).
The proof is finished. O

Lemma 4 Assume that a wave (py, p.) interacts with J at time t and suppose
that r-(t) = Tmaz. Then Y(t+) = Y(t—) and TV (t+) < TVi(t—).
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The proof is similar to that of Lemma [l and so we omit it.

Lemma 5 Assume that a wave (py, p.) interacts with J at time t and suppose
that 0 < 1o(t) < Tymae. Then T(t+) < Y(t—) and TVi(t+) < TVi(t-).

PRrROOF. We denote by (p7, ..., ppim) and by (pf, ..., pt.,,) the states at J
respectively before and after the interaction. Define also by 't T2 T3
and TZ, the values, at f— and #+, of the quantities introduced in Section Bl

Since 0 < r.(t) < Tz in a left neighborhood of ¢, we have that
I,.=min{l, ,u} and T,,=min{lL, n}.

Assume that the wave (p;, p,) interacts with J from an incoming arc; say
I;. Thus p; < o and p, = p;. Moreover I'}, = I',., and so no wave is
produced in the outgoing arcs. We have three possibilities.

1. T} =T, . Since p < o and f(p) # f(p,), then T} 2 T}~ and so

wmc wmc

. =T,.=pu In this case at most n waves are generated in the
incoming arcs.
If f(p) < f(pr), then p = p; and so no wave is produced in I;, while

the waves generated in the other incoming arcs have increasing flux,

by [T, Lemma 5]. If f(p1) > f(p,), then f(p,) < f(pF) < f(pr) and the

waves generated in I, ..., I, have decreasing flux, by [I1, Lemma 5]|.
Thus

TV (t+) — TV (t— Z!f (o) = f(pi)|

+‘f(ﬂf)— (P }—‘fﬂl —f(/h)‘

n

=sgn (f(pr) — £(p)) | D _(F(pr) = £(oi) = (f(p1) = fp1))

;f(pz) D)
=sgn (f(p1) = f(pr) [Tine = Tine + f(o1) = flo0)] + (o) — (o))
=sgn (f(p) — f(pr) [f (1) — f(p)] + [ f(p) = f(p)| <O

by the previous considerations. Moreover Q(t—) = Q({+) and so we
conclude that Y(t—) > T(t+).

2. T'H < T, In this case we have that 'l < min{l}  u} and so

znc mc’ wmc

pi = p, f(p) < f(p,) and f(p;") > f(p;) for every i € {2,...,n}.
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Hence

n

TV () = TV =) = 3 (FF) = Fo)) = (o) = (o)

=T —T, ..

wmc

Moreover
Q(f+) - Q ’anc Fc—)‘rut - ’F;nc - F;ut}
and we easily conclude that T(f+) < T(t-).

3. I . > T, .. Inthis case we have that T'},. < min{T},", u}; so p; < o for

every i € {1,...,n} and f(p) > f(pr). Moreover, the waves produced
in the incoming arcs have decreasing flux; hence

TV(Er) = TV(E=) = 3 (o) = S (o)) + (Fp) = F(pD))

—(f(p) = f(pr)) =Tie — T

Moreover,

Q(E+) - Q ’anc out ’anc - Fout
and T (t+) < YT(t—) as before.

The case of the wave (p;, p,) interacting with J from an outgoing arc is
similar to the previous one. a

Lemmas imply that the functional T is decreasing, as stated in the
following Proposition.

Proposition 1 For a.e. t > 0, we have that
Y(t) < 1(0). (20)

PRroOF. The functional T is piecewise constant in time and it can vary only
when two waves interact inside an arc or when a wave hits or exits from the
node. If two waves interact in an arc, then TV is non-increasing and @
remains constant; hence T is non-increasing.

Consider therefore the case of a wave interacting or exiting from the node
at time £. For simplicity, we denote by ' T''= T2 and I'Z, the values, at

t— and t+, of the quantities introduced in Section Bl At the node, we have
the following two cases.
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e A wave (p;, p,) hits the node at a certain time ¢. We have three different
possibilities.
1. 7.(t) = 0: by Lemma [ we conclude that T(t+) = T(t—).
2. 7-(t) = rimaz: by Lemma l we conclude that T (t+) = T(t—).
3. 0 <7.(t) < rpae: by Lemma 5, we conclude that Y (t4) < T(t—).

e A wave exits the node at a certain time ¢. In this case Lemma [2] states
that Y (t+) = T(t—).

The proof is so finished. g

Corollary 1 For every t > 0, we have that
TVi(t) < TVy(0+) + (n+m)f(o). (21)
Proor. By Proposition [, we deduce that
TVy(t) = T(t) — Q(t) < T(0+) — Q(t) = TV ,(0+4) + Q(0+) — Q(t)

for every ¢ > 0. The conclusion follows by the fact that 0 < Q(t) <
(n+m)f(o) for every t > 0. O

4.3 Existence of a wave-front tracking solution

In this subsection, we prove the existence of a wave-front tracking approxi-
mate solution. We have the following proposition, whose proof is very similar
to that of [I1, Proposition 10]. Here we give the proof for completeness.

Proposition 2 For every v € N\ {0} the construction in Subsection [{.1]
can be done for every positive time, producing an %—appmxz’mate wave-front
tracking solution to (I8) with respect to the Riemann solver described in

Definition [4).

PROOF. For every [ € {1,...,n+ m} and every v € N\ {0}, call p;, the
function built by the previous procedure. Moreover, for every [ € {1,...,n+
m}, v € N\ {0}, k € N\ {0} and for every time ¢t > 0, define the functions
Ny, (t) and M, (t), which count respectively the number of discontinuities
of pr,(t,-) and the number of waves with generation order k of p;,(t, ).

18



Assume by contradiction that there exist 7 € N\ {0} and 7" > 0 such

that

n+m

Z le,(t) < 400

for every t € [0,T'], and

n+m
lim sup Z Ny 5(t) = +oo.
t—T— =1
Note that, for every time t,
n+m n+m

Z Ml,l,z’x@) S Z Ml71,17<0+) < +00.

=1 =1

(22)

Indeed, Z"+m M1 5(t) is locally constant and can vary only at interaction

times in the following way:

1. if at ¢ > 0 a wave with generation order 1 reaches the node .J, then

n+m n+m

Z Ml 1 1/ t+ Z Ml,Lu(t
=1

2. if at t > 0 two waves with generation order 1 interact in an arc, then

n+m n+m

Z Ml71,lj<t_+) - Z Ml,Lp(t_—) — 1
=1 =1

3. if at t > 0 a wave with generation order k; interacts with a wave of
order ks in an arc with k; + ko > 3 (so that we are not in the case

k’l = k’g = 1), then

n+m n+m

Z Ml,l,f/(z‘i_) = Z Ml,1,17<£ )
=1 =1

Moreover, for every [ € {1,...,n 4+ m} and for every k > 0, the function
M 1.5(+) is decreasing inside the arcs (i.e. it can increase only because of
waves produced at the junction). For every k € N\ {0} and for every time

t > 0, we have

n+m n+m n+m

Z My p(t) < () Z My 5(04) = (K)F Z Ni5(04) < 400,

=1 =1
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where K; = 2(n + m)r. This bound is due to the fact that each wave with
generation order k can interact with J and produce at most 7 waves with
generation order k + 1 in each arc (in the case of rarefactions) and the same
can happen at a second time, when the function r. reaches 0 or 7,,4..

Now, there exists 0 < i < T such that no wave with generation order
1 interacts with J in the time interval (T — n,T). Equation (22) implies
also that in (7" — 7, T) there is an infinite number of interactions of waves
with J. Since waves of generation order 1 do not interact in (7" —n,T), the
only possibility is that a wave with generation order £ > 2 comes back to
J producing waves of order k + 1, some of which come back to J producing
waves of order k + 2 and so on. Moreover, by Lemma 4.3.7 of [10] (see the
Appendix), if a wave of generation order k > 2 interacts with J from an arc
in (T'—mn,T), then, after the interaction, the datum in that arc is bad, since
the wave can not interact with waves of generation order 1 and come back
to J. In an arc a bad datum at J can change only in the following cases:

1. an original wave interacts with J from the arc;

2. a wave, which is a big shock, is originated at J on the arc and the new
datum at J is good.

Obviously, in the time interval (T'—n, T") the first possibility can not happen;
so only the second possibility may happen. Assume that there exist tq,t, €
(T —n,T) with t; <ty such that a big shock is originated at J at time ¢; in
an arc and comes back to J at time t5. In this arc, the datum before ¢; is
bad, since a big shock is originated at time ¢;. Moreover the big shock comes
back to J at time ¢35, and so an original wave cannot interact with the big
shock; hence the bad datum of the big shock does not change. Therefore, in
that arc after the time ¢y, the datum is bad and is the same as the datum
before t;. Thus every arc I; may take only a precise bad value p;, otherwise
good values. The key point is that, at every time t € (T — n,T), there are
finitely many possible combinations of bad data at the node J (obtained
choosing the arcs which present a bad datum at .J, the precise value being
fixed). Since the Riemann solvers RS, () are indeed at most three (RS,
RS;,.. and RS; with 7 €]0, 7,4, [ arbitrary) and since each of them satisfies
the property (P1) of [I1] (i.e. the image of a Riemann solver depends only on
bad data, for a proof see [I1}, Section 4.2]) we deduce that, for t € (T'—n,T),
p»(t) at J may take only a finite number of values, thus waves produced by
J have a finite set of possible velocities.

Denote with G the set of all{ € {1, ..., n+m} such that p;;(¢,0) is a good
datum for every time ¢ in a left neighborhood of T'. Consider [ € G. We claim
that there exists a constant C; > 0 such that Nj,(t) < Cj for every time ¢ in

20



a left neighborhood of T'. Indeed, the number of different states, which can
be produced at J, is finite by the previous considerations. Since all states
are good, there is a minimal size of a flux jump along a discontinuity. Then
the total number of discontinuities is necessary bounded by Corollary [Il
Consider now [ € {1,...,n+m} \ G. If p,7(t,0) is a bad datum for every
time ¢ in a left neighborhood of T', then clearly Nj;(t) is uniformly bounded
in the same time interval. The other case is that a big shock is originated in
the arc I; and comes back to J infinitely many times. We claim that there
exists a constant C; > 0 such that Nj,(t) < Cj for every time ¢ € [t1, 1],
where t; and #, are the times, at which a big shock respectively is originated
at J in I; and comes back to .J. In fact, in the time interval |¢;, &5, the datum
pz1(t,0) is good and the number of possible different states between J and
the big shock is finite. Therefore, as before, if the number of discontinuity
can not be bounded by a constant, then also the total variation of the flux
can not be bounded and this is not true, by Corollary [l

This concludes the proof by contradiction. a

4.4 Existence of a solution

This part deals with the proof of Theorem [II
Proor or THEOREM [Il. Fix an e-approximate wave-front tracking solution
(pe,72) to (I8), in the sense of Definition [l By Corollary [l we deduce that

TV(t) < TV(0+)+ (n+m)f(o)

for a.e. t > 0 and we derive the convergence of p. to a function p =
(P15 -y Pnim), such that p; is an entropy-admissible solution to () in the
arc [;, as in [I1], Theorem §] .

Concerning r., Ascoli-Arzela Theorem guarantees the uniform conver-
gence of a subsequence r., — r. Moreover, Dunford-Pettis Theorem im-
plies the weak compactness of {r’}. in L'([0,T]), thus, up to a subsequence,
rl, — s weakly in L'([0,7]) and 7" = s in the weak sense. Thus, passing
to the limit in the wave-front tracking approximations, we obtain that (p,r)
satisfies points 3. and 4. of Theorem [Il O

5 Dependence of solutions on initial data

In this section we prove that, for every type of nodes, the solution to (IS
depends in a Lipschitz continuous way with respect to the initial condition.
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We use the technique of generalized tangent vectors, introduced in [4] [5] for
hyperbolic systems of conservation laws. A complete description, in the case
of scalar conservation laws on networks, is in [II]. Here we just analyze
the estimates on the shifts of waves along wave-front tracking approximate
solutions at the node. We recall the definition of shift of wave.

Definition 11 Fiz & € R and a wave (py, p.) of an e-approrimate wave-front
tracking solution to ([I8). We say that & forms a shift for the wave (py, p;) if
we consider the same c-approrimate wave-front tracking solution, except for
the position of the wave (py, p.), which is translated by the quantity & in the
x-direction.

The proof of the continuous dependence is based on the following lemmas.

Lemma 6 Let (p,7.) be an e-approximate wave-front tracking solution to
the Cauchy problem (I8)). Assume that a wave in an arc I (k€ {1,...,n+
m}) interacts with J at time t. Denote by (p1 ;. .., pnam) and (p7, ..., pitin)
respectively the states at J before and after t and let py, # p;, be the other
side of the interacting wave. If the interacting wave in Iy, is shifted by &, ,
then all the produced waves at J are shifted by &" (1 € {1,...,n+m}), which
satisfy the relations

Pr — Py, — et Pr — Py
f(pr) — fpr) P (o) — fof)

foreveryl € {1,....,n+m}, | # k.

.
i fol) = flor) (23)

&

For a proof, see [11, Lemma 16].

Lemma 7 Let (p.,7.) be an e-approximate wave-front tracking solution to
the Cauchy problem (I8)). Assume that a wave in an arc I (k€ {1,...,n+
m} ) interacts with J at time t;. Assume that there exists a time ty > t; such
that no interactions at J happen in (t1,ts) and some waves exit J at time
ta. Define (p7 .-y Pram)s (015 oy i) and (y ..., Py ) TeSPectively the
states at J before tq, in (t1,t2) and after ty. Moreover, denote by py # p,, the
other side of the interacting wave. If the interacting wave in Iy 1s shifted by
&, then all the waves exiting J at ty are shifted by éf (le{l,...,n+m}),
which satisfy the relations

b=

= oD

_ v — 1
|02

Pk — Pr
f(pr) — f(pr,)

&k (24)
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for everyl € {1,...,n+ m}, where

{ o= Flo) = S50 o),
Vg = 2?21 f(/);L) - E;L::Zrl f(/);L)
PRroOOF. Fix n > 0 such that in the time intervals (t; — n,¢;) and (t2,t2 + 1)

no wave interacts with J and no wave exits J. Therefore in (t; — n,t3) we
have

(25)

T(t)_ f—i-’l]lt, ift€<t1—7],t1],
€ N f+v1t1+vg(t—t1), lftE (tl,tg),

where 7 = limy;_, 4, )+ 7<(t) and v, and v, are defined in (23]).
If £ is a shift in the wave defined by the states py, p, , then the function
r. becomes

T‘h(t)_ f—i-’l]lt, 1ft€(t1-7],t1+h],
S FHu(ti+h) ot —ti —h), ift>t;+h,
where h satisfies o
_ Pr — Pk
Al =€ ’_—
&1 f(px) — f(pr)

Let £ > t; + h be the first time at which r%(f) = 0 or 7%(f) = re. Thus
the waves (p;, p;) are shifted in time by ¢ — ¢ty = £t h. This permits to
conclude. a

Theorem 8 Fiz 6 € © and consider the Cauchy problem (I8)). The solu-
tion (p1, ..., Pnam,T) constructed in Theorem[1 depends on the initial condi-
tion (po.1s - - -+ Pontm,To), belonging to the space ([[;_, BV (] — 00,0]; [0, 1])) x

(H?;ﬁl BV([0,+oc[; [0, 1])) X [0, maz), 0 a Lipschitz continuous way with

respect to the strong topology of the cartesian product (I]}_, L'(—o00,0)) x
(H"+m L0, oo)) X R (with Lipschitz constant L = 1).

j=n+1
PROOF. First consider variations in the p component of the initial condition.
As in the proof of Theorem 17 of [11], we can restrict the study to the
evolution of shifts.
Fix a time ¢ > 0; we have the following possibilities.

a) No interaction of waves takes place in any arc at ¢ and no wave interacts
with J. In this case the shifts are constant.
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b)

Two waves interact at ¢ on an arc and no other interaction takes place.
In this case the norms of the tangent vectors are decreasing by Lemma
2.7.2 of [10].

A wave interacts with J at a time ¢ from the arc I;, and no other inter-
action takes place. Denote by gy, # p, the other side of the interacting
wave. Using Lemma [6] and its notations, we deduce

1@, OE = 10, OEN = D & — o]
1=1,1#k
+}§:sz—ﬁk}—\5guﬁk—pﬂ
| Seh) - Foe) = Fob)| -
‘[2 e ‘ ) m‘ 1] <l 1o = 7]
= (TV(I+) = TV ;(i-)) ‘f’; o= pil

(o) = Fo)] ~
by Lemmas [3] (4], 5l

Waves exit J at a time ¢ > 0 and no other interaction takes place.
Define ¢t € [0,#] in the following way: ¢ = 0 if no interaction at J
happens in the time interval (0,%), otherwise  is the time at which
a wave reaches J and no other interaction at J happens in the time
interval (7,1).

If £ = 0 and since no variation in ry occurs, then no shift appears.
Assume now ¢ > 0. Denote by (p,. .., Prim), (pl,...,pn+m) and
(pF, ..., Pim) Tespectively the states at J before ¢, in (¢,7) and after ¢.

Without loss of generality, we assume that the interacting wave (py, py, )
comes from an 1ncom1ng arc Iy, k < n. Define I';,, = >0 | f(p; ).

znc - E@ 1 f(pz )7 E;L;L:jrl f(p] ) and Fout - Z;L;r:ﬁkl f(p;r)
By the definition of £ and by the point a) and b), we deduce that

n+m

[ O = O < D> &t lef = e+ & of = ]
1=1,1#£k

n+m

JFZ’& “Pl ’fk”ﬂk—Pk}

By Lemma [0l and Lemma [7, we get that

} Pk}
}f Pk)}

1w, )TN = [ (v, ) ()| < [ I (26)
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where

lv

n+m
Lo= > o) =)+ (o) = f(oh)]
I1=1,1#k
n+m
e ‘zf“' SO UG = £ = £ — Flen)| - 27)
=1

and, by 25), vy = I';,, — ',y and vy = e — Lowe. We claim that
I, = 0. By Lemma [2] we have that

D 1@ = 1D = 3150 = £ o) (28)
DG = 1Dl = > 155 = Fe)]- (29)

If (28) holds, then, by [I1, Lemma 4], we deduce that

n+m n

DTG = D) = Do [Feh) = £(5H)]

i=1

n n+m
= D feh = > £
=1 j=n+1
n n+m
= > feh) = > fof) = |val.
=1 j=n+1

If (29) holds, then, by [I1, Lemma 4], we deduce that

D@ 1Dl = Y0 [Feh) — 15)]
=1 j=n+1
= > S = )
j=n+1 i=1
= > fh) =D F o) = |val.
j=n+1 i=1
Therefore i
|02|v—2|v1| Z ]f(ﬁf) — f(p;r)} = vy — vq]. (30)

=1
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Moreover, by [11, Lemma 4 and Lemma 5] and by the fact that T',,, —
[y has the same sign of f(p,) — f(pk),

n+m n

Z ‘f(pl_)_f(pl—i_)}: Z }f(pl_) pl }+}Pout FOUt}

=1, l#k i=1,i#k
= sgn (f(ﬁk) - f(PE)) [Pz_nc - 1—‘inc - f(pk:) + f(pk:) + FOUt 1—‘out] :

Hence we deduce that

L = Sgn (f(ﬁk) - f(p )) [Fz_nc — Line — f(pk) + f(pk ) + Lout — 1—‘out}
+f<ﬁk‘) - f(pk) + ‘ch ch + Fi Fout} . (31>

First, let us assume that f(px) < f(p,, ). In this situation, we deduce
that f(px) = f(pi)s Dine < T Tour < T,y and

[1 = Finc [e + Fi - Fout + }anc L.+ Fi Fout .

mc mc

IfI'y: =1, ., then

out»

L :Pznc_l—‘z_nc‘I“}anc_ = 0.

inc }

If Toue < Ty, then, by (I2) and ([[3), we deduce that r.(t—) = 0,
7 (t—) = 0 and s0 'y = e and T, < T ; hence

£ Z’I’LC7

Il - F; anc + }anc - F;ut’ = 0.
Assume now that f(px) > f(py). In this situation, we deduce that
f(pAk) Z f(pl-:) Z f(pk) ch Z Pz_nm Pout Z 1—‘;ut and
Il - Fz_nc - Finc + 1—‘out - F;ut + }Pznc I, + F_ 1—‘out .

mc

If 'y =1, ., then

out)’
L =T, — Tine + [Tine — T = 0.

If Ty > T, then, by (I2) and ([3), we deduce that r.(t—) = 0,
ri(t—=) =0 and so I',,, = I';,, and Loy < Tipe; hence

£

]1 = Fout - Finc + |ch - Foutl =0.

Therefore the claim I; = 0 is proved; hence we conclude, by (26), that

0, )EI < || E)E)]].
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Consider now a variation on the initial condition of the buffer of the type
ro+h, with A € R small enough, let £ > 0 the time at which the first interac-
tion at J takes place. Without loss of generality we can assume ¢ < +oo. If at
t a wave reaches J from an arc, then no shift is produced in the p component
and the same variation h remains in the buffer after the interaction. Assume
therefore that some waves exit J at t, with speed A\, k € {1,...,n+m}. We
easily deduce that the shifts in the p component produced by the perturba-
tion are given by & = hA,/r'(0+). Notice that the above shifts are produced
only if r'(04+) # 0. Moreover, 7(t4) = 0 or 7(t4) = rpg and '(t+) = 0,
so r is no more affected by the perturbation. The conclusion follows by the
previous analysis. O

Appendix

In this appendix, we recall, for reader’s convenience, the statements of Lem-
mas 4 and 5 of [11].

Lemma 4 of [11]. Fiz N € N\ {0}, a set P = [[,]0, a)], where a; > 0 for
every | € {1,...,N}, and an N-dimensional vector (V1,...,9y) such that
0, > 0 for everyl € {1,...,N} and S0, 0, = 1. For 0 < A < S a,
denote with ((1,...,(n) = Pr(AYy,...,AJx) the orthogonal projection of
(A, ..., AVy) on the set

N
ZZ{(VM)VN)GPZ’W:A}
=1

Then the value ¢; (I € {1,...,N}) depends on A in a continuous way.
Moreover, for all but a finite number of 0 < A < 21]11 ay, the derwative of ()
with respect to A exists and satisfies B%Q > 0.

Lemma 5 of [11]. Under the same assumptions as Lemma 4 of [I1] the value
G, forl € {1,..., N}, depends in a continuous way on ay, forh € {1,...,N}.
Moreover, if | # h, then for all but a finite number of ay, it is differentiable
and it holds % <0.
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