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polynomial. This formulation give us the exact number of solutions, as well as
their analytical form when they exist.
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Formulation quartique du contact avec
frottement de Coulomb tridimensionnel
Résumé : Dans ce document, nous reformulons le probléme unitaire (1 contact

frottant) en la recherche de zéro d’un polynéme du quatrieme degré. Si elles
existent, cette formulation donne la forme analytique des solutions.

Mots-clés : frottement de coulomb, mécanique, contact



Quartic formulation of Coulomb 3D frictional contact 3

1 Introduction

Numerical simulation of three dimensional frictionnal contact with impacts has
been thoroughly studied in the last two decade [RADO05], [Bro00], [AB0S], [Cad09].
In this paper, we use the framework introduced by Moreau [Mor8§| and we fo-
cus on the solution of the problem for a single contact, which we reduce to a
root-finding problem on a degree 4 polynomial.

The idea consists in doing an enumerative exploration of the Coulomb fric-
tion’s cases.

1.1 The Coulomb friction model

We first define the second order cone, K, C R3 of parameter y > 0 in the
unitary direction e € R3:

K,={zeR®:||z—meel|<puuze} (1)

Where a.b is the usual dot product of two vectors.
Coulomb’s frictional law is a relation between the reaction force R € R® and
the relative velocity U € R3. In this case, e is a unitary normal to the surface
at the contact point.

The relation can be written as a disjonctive formulation:

— Take-off R=0and Ue>0
— Sticking: U =0 and R € intK,, (2)
— Sliding;: Re€ 0K, and Ue=0 and Ja>0,R— Ree=—aU

We note C(u, €) the set of all (U, R) € R? x R? satisfying this law.

1.2 Discretised problem

The discretization of the mechanical problem is deeply described in [Mor88], [ABOS].
In the case of a single contact, it consists in finding U € R? and R € R3 subject

to:
U=MR+q,

(U,R) € C(u,e) (3)

Where M € R332 a regular symetric positive matrix and ¢ € R3. The problem is
written in a orthonormal frame (e, e;1, e;2). We distinguish between the tangen-
tial part and the normal part of R. The normal part is defined as Ry := R.e,
that is the first coordinate of R.The tangential part is defined as Ry € R?, the
coordinates of the vector R — e.R in the frame (e, €42).

2 Enumerative method for solving

It consists in successively looking for a solution in each of the cases defined

in ([@).

2.1 Take-off case

In this case, R equals to zero. The system (B]) leads to U = ¢ which is a solution
if and only if (¢,0) € C(u,e) . It consists in checking that e.q > 0.

RT n°® 0400
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2.2 Sticking case

Here, U must be equal to zero, and f M is invertible [@]) leads to R = —M ~1q
which is a solution if and only if ) # {R ER}|MR = fq} NintK,,.
(If M is invertible, this amounts to checking that —M ~'q € intK,.)

2.3 Sliding case

When g > 0, This is the only non-trivial case. The main contribution of this
document is the reformulation of this problem as a quartic root-finding problem.
In the two following sections, we derive formulations of such polynomials.

. . . tan(0)
3 Quartic polynomial in —
It consists in finding o > 0 and R € 0K, such that —« < OR ) =MR+q.
T

That is :

0 0 O
M+| 0 a 0 R+q=0 (4)

0 0 «

3.1 Ry is on a conic

The first line of the system (@) and the R € 0K, equation define the intersection
between a plan and a cone in R3:

pRy =| R | )
% | Rt [|= —q1 — MigRr1 — Mi3Rro

That is: - ) )
peRy = (RTl + RTI)

Aﬁél (R%, + R%,) = (—q1 — Mi2Rr1 — Mi3Rrs)?

(6)

This means that R is contained into a conic, whose focus and directrice are:

D:q + Mi2Rp1 + MigRr2 =0

focus : O

ZHDist(O, Rr)? = Dist(D, Ry)* (M, + M%) @)
Dist(O,Rr) _ b\ (M{H+MP)

Dist(D,Rr) — Mia -

The parametric equation is:

Rp1 = rcos(0)
Rpo = rsin(0) (8)

— p
r= 14ecos(0—¢)

With p a simple expression of M1y, M12, M13, and ¢ a constant angle between
D and (O, RTl)

RT n°® 0400
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3.2 The last two lines of the system ({)

R ~ ~ 0 -
I B || T|M1_+(M+(f)‘ ))RT+q=0 9)
1 !
M is symetric, so there exists a unitary matrix V such that VMV7T = ( Cél ;
2

One can get:

R ~ ~
[ T||VM1.+V(M+(3 g))VTVRT+quo (10)
I
Rename: | _ H
Ry || - dy + 0 B g —
i M1.+< 0 d2+a>RT+q0 1D

In the plan, V is either a rotation or a symmetry. So Ry = V Ry is a conic with
the same focus and a rotated directrice, which means that there exists ¢; such
that :

@Tl = rcos()

Rpo = rsin(6) (12)
r=-—2=2—-=
14+ecos(0—p1)

The equation () is :

(di +@)Rr1 = —q1 + a1 || Rr ||

° 13
(ds+ a)Rrs = —@ + az || Rr | (13)

The case (Rr; = 0 or Rps = 0) has to be examined. We try to eliminate alpha:

diRriRry + aRry Rry = —quRra + a1 Res || R ||

- 14
dayRr1Rr2 + aR1Rra = —2Rr1 + a2 Ry || Rr || (14)

that leads to:
(dv — d2)Rr1Rr2 = —q1 Rra + @2 Ry + (a1 Rye — asRy) || R || (15)
The parametric expression of Ry leads to:

(dy — do)r*cos(0)sin(0) = —qirsin(6) + garcos(0) + r(a1rsin(d) — azrcos(f))
ie: (dy — da)rcos(0)sin(0) = —qusin(0) + gacos(0) + r(aysin(f) — azcos(6))
(16)
with the expression of r:

(dl — dQ)WMCOS(Q)S’L‘n(@) =

—q18in(0) + gz2cos(6) + Wm(alsm(m — agcos(0))

ie:  (dy — da)pcos(9)sin(0) =
(14 ecos(8 — ¢1))(—q1sin(0) + Gacos(0)) + p(aisin(f) — azcos(8))

ie:  (dy — da)pcos(0)sin(f) = p(aisin(f) — azcos(6))
+(1 + e(cos(0)cos(¢1) + sin(B)sin(é1)))(—q1sin(0) + gacos(6))

ie: 0= (dy — dz2)pcos(0)sin(8) + p(—aysin(0) + azcos(9))

+(1 + ecos(8)cos(p1) + esin(0)sin(p1))(q1sin(0) — gacos(6))
(17)

RT n° 0400
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rename:
Acos(0)? + Bsin(0)? + Csin(0)cos(0) + Dsin(0) + Ecos(0) = 0 (18)
with

A = —egacos(¢r)
B = eqisin(¢1)

C = (dy — d2)p + ecos(d1)q1 — esin(d1)da (19)
D =q —pay
E = —g + pas

Performing the following change of variables:

t =tan(6/2)

sin(f) = THez (20)
cos(0) = i_:;

leads to:

2\2 2 42
ASEE At 022D L Dot B(1-12) =0

ie: A(1—¢*)?+4Bt* + C2t(1 —t?) + 2Dt(1 + *) + E(1 — t*)(1 + ¢*) =0

ie: PL=A—-F P =-2C+2D P,=4B—-2A
P, =2C+2D Ph=A+FE
(21)
Finally, we get 4 possible values for R, checking the sign of a and Ry selects
the solutions.

3.3 Case Rrio=0
From (I3), Rr1 leads to:

|-Q\
=

| Ry ||= |Rra| =

a

iy

— 0
e ()

From (I3), Ry leads to:
| Rr ||= |Rr1| = 2

az

7L o

From Rr, we have to check the coherence with the equation ([[2). If it is on
the conic, we compute R, and the sign condition of the equation {@l) must be
checked.

4 Quartic polynomial in «
Just like in previous formulation, we want to find o > 0 and R € 0K, such that
UN:0and—a( 0 ) =MR+q.

Rr

RT n°® 0400
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That is :
0 0 O
0 = M+ 0 o O R+gq
0 0 « (24)
| Rr| = npRy
Let’s decompose M:
Mo MMo1 Mo2
M = mo1

M
mo2

If mgo = 0, since M is positive-semidefinite, mg; = mgo = 0. Then :
e if gn # 0, there is no solution to the problem

e if gy = 0, we can chose an arbitrary « and take any solution of the linear
system on Ry then set Ry = % | Rr |-

We suppose now that mog > 0. We can rewrite ([24)) as:

0 = (moo,mo1,moz2) - R+ qn
0
0 = |:MT+(Q )}RTJr(mOl)RNJqu
Q mo2
| Rr || = npR

and then, substituting the first line into the second one :

0 = (moo,mo1,mo2) - R+ qn
0 = Ale)Rr+w (25)
| Rr |l = wpRy

with

o Mt a A . a 0 1 mo1
A(a) T ( )\12 )\2+O& ) B MT+ ( 0 Q ) - m—OO ( mo2 (m01,m02)

and

To study A(«a), we define:

L= mooA(O) = mooMp — ( 7;7;(0); ) (m01; m02)

Since M is positive definite, we have Vi # jlmsj;| < /mim;;. That means
that Vi =0,1L;; = OO (i41) (i4+1) — mO(erl) > 0. We conclude that trL > 0.
Moreover, deriving the determinant of L, we remark that

detL:moodetMZO

RT n°® 0400
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L is therefore a 2 x 2 symmetric matrix with a positive trace and determinant,
which means L is positive-semidefinite. So is A (since mgg > 0), and Va > 0,
A(a) is positive-definite.

We get
1 A+ a =X
Rpr=—— 26
r det A(a) ( Az A ta ) v (26)

Now, let’s return to equation (25) and combine its first line into the last one,
then square the result:

2
R%, + Ry, = M—Q (mo1 Rr1 + mo2Rra + qn )
Moo
Multiplying both sides by (det A(a))?:
0 = (detA()Rr1)? + (det A(a)Rys)?
2

—75—(2)0 [mo1 det A(c) Ry + moa det A(a) Rry + det A(a)gn]”

(27)

Now remember from (26) that det A(a)Rp; are linear functions in «, and
det A(a) is a degree 2 polynomial in a.

The expression in (27)) is therefore a degree 4 polynomial (a quartic) in «,
whose roots in RT* are the solution of our frictionnal contact problem.

5 Numerical example

We consider the following problem, which is derived from a 7?77 system:

0.01344 —9.421e— 07 0.001486 —0.1458
M = —9.421e — 07 0.1061 0.0001733 and ¢ = —0.2484 and p = 0.6
0.001486 0.0001733 0.001442 —0.1515
tan(0)

The formulation, using t = , described in the section Bl leads to the

following polynomial:

2

P(t) = —1.349578x 10~ 1 —1.879711¢3~6.600166 x 10~ %>+8.851747x 10~ *#+1.349783x 10"
The formulation, using «, described in [l leads to the following polynomial:

P(a) = —7.652750*—1.622380°—7.13689x 10 2?4 7.43684 x 10 *a+3.70595x 10>
Both of thems yield the solution:

10.2059
R=| 193189
5.8108

However, we found that in this particular case we could reach the machine
precision using the formulation based on t = % of the section [3 while the
worse-conditioned polynomial of section d gave us an error of 1078, Precision

measurements were done using the Alart-Curnier [AC9I] function.

RT n° 0400



Quartic formulation of Coulomb 3D frictional contact 9

6 Conclusion

We presented two distinct approaches for expressing the sliding case of Coulomb’s
frictional law as a degree 4 polynomial, from which we can deduce the analytic
solutions. While in itself restricted to systems with a single contact, this method
can be embedded as a local solver in a Gauss-Seidel like algorithm [JTAJ9S], al-
lowing us to deal with real-world problems. These quartic formulations are
implemented in the Siconos Platform [AP07], [ABOS], and are used as well in
the MECHE framework for simulating fibrous materials.
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