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❆❜str❛❝t✿ ❚❤❡ ✐❣♥♦r✐♥❣ ❞❡❧❡t❡ ❧✐sts r❡❧❛①❛t✐♦♥ ✐s ♦❢ ♣❛r❛♠♦✉♥t ✐♠♣♦rt❛♥❝❡ ❢♦r
❜♦t❤ s❛t✐s✜❝✐♥❣ ❛♥❞ ♦♣t✐♠❛❧ ♣❧❛♥♥✐♥❣✳ ❍♦✛♠❛♥♥ ✭✷✵✵✺✮ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ♦♣✲
t✐♠❛❧ r❡❧❛①❛t✐♦♥ ❤❡✉r✐st✐❝ h+ ❤❛s ❛♠❛③✐♥❣ q✉❛❧✐t✐❡s ✐♥ ♠❛♥② ❝❧❛ss✐❝❛❧ ♣❧❛♥♥✐♥❣
❜❡♥❝❤♠❛r❦s✱ ✐♥ ♣❛rt✐❝✉❧❛r ♣❡rt❛✐♥✐♥❣ t♦ t❤❡ ❝♦♠♣❧❡t❡ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛✳
❍♦✛♠❛♥♥✬s ♣r♦♦❢s ♦❢ t❤✐s ❛r❡ ❤❛♥❞✲♠❛❞❡✱ r❛✐s✐♥❣ t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r s✉❝❤
♣r♦♦❢s ❝❛♥ ❜❡ ❧❡❛❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② ❞♦♠❛✐♥ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡s✳ ■♥ ❝♦♥tr❛st t♦
❍♦✛♠❛♥♥✬s ❞✐s❛♣♣♦✐♥t✐♥❣ r❡s✉❧ts ✕ ❤✐s ❛♥❛❧②s✐s ♠❡t❤♦❞ ❤❛s ❡①♣♦♥❡♥t✐❛❧ r✉♥t✐♠❡
❛♥❞ s✉❝❝❡❡❞s ♦♥❧② ✐♥ t✇♦ ❡①tr❡♠❡❧② s✐♠♣❧❡ ❜❡♥❝❤♠❛r❦ ❞♦♠❛✐♥s ✕ ✇❡ ❤❡r❡✐♥ ❛♥✲
s✇❡r t❤✐s q✉❡st✐♦♥ ✐♥ t❤❡ ❛✣r♠❛t✐✈❡✳ ❲❡ ❡st❛❜❧✐s❤ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ❝❛✉s❛❧
❣r❛♣❤ str✉❝t✉r❡ ❛♥❞ h+ t♦♣♦❧♦❣②✳ ❚❤✐s r❡s✉❧ts ✐♥ ❧♦✇✲♦r❞❡r ♣♦❧②♥♦♠✐❛❧ t✐♠❡
❛♥❛❧②s✐s ♠❡t❤♦❞s✱ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ t♦♦❧ ✇❡ ❝❛❧❧ ❚♦r❝❤▲✐❣❤t✳ ❖❢ t❤❡ ✶✷ ❞♦♠❛✐♥s
✇❤❡r❡ ❍♦✛♠❛♥♥ ♣r♦✈❡❞ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛✱ ❚♦r❝❤▲✐❣❤t ❣✐✈❡s str♦♥❣
s✉❝❝❡ss ❣✉❛r❛♥t❡❡s ✐♥ ✽ ❞♦♠❛✐♥s✳ ❊♠♣✐r✐❝❛❧❧②✱ ✐ts ❛♥❛❧②s✐s ❡①❤✐❜✐ts str♦♥❣ ♣❡r✲
❢♦r♠❛♥❝❡ ✐♥ ❛ ❢✉rt❤❡r ✷ ♦❢ t❤❡s❡ ❞♦♠❛✐♥s✱ ♣❧✉s ✐♥ ✹ ♠♦r❡ ❞♦♠❛✐♥s ✇❤❡r❡ ❧♦❝❛❧
♠✐♥✐♠❛ ♠❛② ❡①✐st ❜✉t ❛r❡ r❛r❡✳ ❲❡ s❤♦✇ t❤❛t✱ ✐♥ t❤✐s ✇❛②✱ ❚♦r❝❤▲✐❣❤t ❝❛♥
❞✐st✐♥❣✉✐s❤ ❍♦✛♠❛♥♥✬s ✏❡❛s②✑ ❞♦♠❛✐♥s ❢r♦♠ t❤❡ ✏❤❛r❞✑ ♦♥❡s✳ ❇② s✉♠♠❛r✐③✲
✐♥❣ str✉❝t✉r❛❧ r❡❛s♦♥s ❢♦r ❛♥❛❧②s✐s ❢❛✐❧✉r❡✱ ❚♦r❝❤▲✐❣❤t ❛❧s♦ ♣r♦✈✐❞❡s ❞✐❛❣♥♦st✐❝
♦✉t♣✉t ✐♥❞✐❝❛t✐♥❣ ❞♦♠❛✐♥ ❛s♣❡❝ts t❤❛t ♠❛② ❝❛✉s❡ ❧♦❝❛❧ ♠✐♥✐♠❛✳

❑❡②✲✇♦r❞s✿ ❛rt✐✜❝✐❛❧ ✐♥t❡❧❧✐❣❡♥❝❡✱ ♣❧❛♥♥✐♥❣✱ ❤❡✉r✐st✐❝ s❡❛r❝❤✱ ❞♦♠❛✐♥ ❛♥❛❧②s✐s



◗✉❛♥❞ ✐❣♥♦r❡r ❧❡s ❞❡❧❡t❡ ❧✐sts ♠❛r❝❤❡ ❜✐❡♥✿

❧❡s ❣r❛♣❤❡s ❝❛✉s❛✉①

❘és✉♠é ✿ ▲❛ r❡❧❛①❛t✐♦♥ ✐❣♥♦r❛♥t ❧❡s ❞❡❧❡t❡ ❧✐sts ❡st très ✐♠♣♦rt❛♥t❡ ♣♦✉r ❧❛
♣❧❛♥✐✜❝❛t✐♦♥ ❡✣❝❛❝❡✱ q✉❡ ❝❡ s♦✐t ♣♦✉r ❧❛ ♣❧❛♥✐✜❝❛t✐♦♥ ♦♣t✐♠❛❧❡ ♦✉ ❛♣♣r♦①✐♠❛✲
t✐✈❡✳ ❍♦✛♠❛♥♥ ✭✷✵✵✺✮ ❛ ♦❜s❡r✈é q✉❡ ❧✬❤❡✉r✐st✐q✉❡ ♦♣t✐♠❛❧ r❡❧❛①❛t✐♦♥ ❤❡✉r✐st✐❝✱
h+✱ ❛ ❞❡s très ❢♦rt❡s ♣r♦♣r✐étés ❞❛♥s ❜❡❛✉❝♦✉♣ ❞❡ ❜❡♥❝❤♠❛r❦s ❞❡ ❧❛ ♣❧❛♥✐✜❝❛✲
t✐♦♥✱ ♥♦t❛♠♠❡♥t ❝♦♥❝❡r♥❛♥t ❧✬❛❜s❡♥❝❡ ❝♦♠♣❧èt❡ ❞❡ ♠✐♥✐♠❛ ❧♦❝❛✉①✳ ❈❡s ♣r♦✲
♣r✐étés ♦♥t été ❞é♠♦♥tré❡s à ❧❛ ♠❛✐♥✱ ❝❡ q✉✐ s♦✉❧è✈❡ ❧❛ q✉❡st✐♦♥ s✬✐❧ ❡st ♣♦ss✐❜❧❡
❞❡ ❧❡s ❞é♠♦♥tr❡r ❛✉t♦♠❛t✐q✉❡♠❡♥t✱ ♣❛r ❛♥❛❧②s❡ ❞❡ ❞♦♠❛✐♥❡s✳ ❆❧♦rs q✉❡ ❍♦✛✲
♠❛♥♥✱ ❡♥ ❡ss❛②❛♥t ❞✬② ré♣♦♥❞r❡✱ ♥✬❛ ♦❜t❡♥✉ q✉❡ ❞❡s rés✉❧t❛ts ❞é❝❡✈❛♥ts ✕ ❧❡
t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❞❡ s♦♥ ❛♥❛❧②s❡ ❡st ❡①♣♦♥❡♥t✐❡❧❧❡✱ ❡t ❡♥ ♣❧✉s ❧✬❛♥❛❧②s❡ ♥❡ ré✉s✲
s✐t q✉❡ ❞❛♥s ❞❡✉① ❜❡♥❝❤♠❛r❦s ❡①trê♠❡♠❡♥t s✐♠♣❧❡s ✕ ♥♦tr❡ ✐♥✈❡st✐❣❛t✐♦♥ ✐❝✐
ré♣♦♥❞ ❛ ❝❡tt❡ q✉❡st✐♦♥ ❛✣r♠❛t✐✈❡♠❡♥t✳ ❖♥ ❞é❝♦✉✈r❡ ❞❡s ❧✐❡♥s ❡♥tr❡ ❧❛ str✉❝✲
t✉r❡ ❞❡s ❣r❛♣❤❡s ❝❛✉s❛✉① ❡t ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ h+✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ♦♥ ❝♦♥str✉✐t
✉♥❡ ❛♥❛❧②s❡ ❛✈❡❝ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ♣♦❧②♥♦♠✐❛❧✱ ✐♠♣❧é♠❡♥té ❞❛♥s ✉♥ ❧♦❣✐❝✐❡❧
q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ ❚♦r❝❤▲✐❣❤t✳ P❛r♠✐ ❧❡s ✶✷ ❞♦♠❛✐♥❡s ♣♦✉r ❧❡sq✉❡❧s ❍♦✛♠❛♥♥
❛ ❞é♠♦♥tré ❧✬❛❜s❡♥❝❡ ❞❡ ♠✐♥✐♠❛ ❧♦❝❛✉①✱ ❚♦r❝❤▲✐❣❤t ❛ ✉♥❡ ❣❛r❛♥t✐❡ ❞❡ s✉❝❝ès
❢♦rt❡ ❞❛♥s ✽✳ ❉❛♥s ♥♦s ❡①♣ér✐❡♥❝❡s✱ ❧✬❛♥❛❧②s❡ ❞❡ ❚♦r❝❤▲✐❣❤t ❛ ✉♥❡ ♣❡r❢♦r♠❛♥❝❡
❢♦rt❡ ❞❛♥s ✷ ❞♦♠❛✐♥❡s ❡♥ ♣❧✉s✱ ♣❛r♠✐ ❝❡s ❞♦♠❛✐♥❡s✱ ❡t ❛✉ss✐ ❞❛♥s ✹ ❞♦♠❛✐♥❡s
❞❛♥s ❧❡sq✉❡❧s ❞❡s ♠✐♥✐♠❛ ❧♦❝❛✉① ❡①✐st❡♥t✱ ♠❛✐s s♦♥t r❛r❡s✳ ❖♥ ♠♦♥tr❡ q✉❡✱ ❞❡
❝❡tt❡ ❢❛ç♦♥✱ ❚♦r❝❤▲✐❣❤t ♣❡✉t ❞✐st✐♥❣✉❡r ❧❡s ❞♦♠❛✐♥❡s ✏❢❛❝✐❧❡s✑ ❞❡ ❍♦✛♠❛♥♥ ❞❡s
❞♦♠❛✐♥❡s ✏❞✐✣❝✐❧❡s✑✳ ❊♥ rés✉♠❛♥t ❧❡s ❝❛✉s❡s ❞❡s é❝❤❡❝s ❞❡ ❧✬❛♥❛❧②s❡✱ ❚♦r❝❤▲✐❣❤t
♣r♦❞✉✐t ❛✉ss✐ ✉♥ ❞✐❛❣♥♦st✐❝✱ ✐♥❞✐q✉❛♥t ❞❡s ❛s♣❡❝ts ❞✉ ❞♦♠❛✐♥❡ q✉✐ ♣♦✉rr❛✐❡♥t
♣r♦✈♦q✉❡r ❞❡s ♠✐♥✐♠❛ ❧♦❝❛✉①✳

▼♦ts✲❝❧és ✿ ✐♥t❡❧❧✐❣❡♥❝❡ ❛rt✐✜❝✐❡❧❧❡✱ ♣❧❛♥✐✜❝❛t✐♦♥✱ r❡❝❤❡r❝❤❡ ❤❡✉r✐st✐q✉❡✱ ❛♥❛❧②s❡
❞❡ ❞♦♠❛✐♥❡s
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✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ✐❣♥♦r✐♥❣ ❞❡❧❡t❡ ❧✐sts r❡❧❛①❛t✐♦♥ ❤❛s ❜❡❡♥ s✐♥❝❡ ❛ ❞❡❝❛❞❡✱ ❛♥❞ st✐❧❧ ✐s✱ ♦❢
♣❛r❛♠♦✉♥t ✐♠♣♦rt❛♥❝❡ ❢♦r ❡✛❡❝t✐✈❡ s❛t✐s✜❝✐♥❣ ♣❧❛♥♥✐♥❣ ❬✹✶✱ ✹✱ ✸✵✱ ✶✻✱ ✷✺✱ ✹✹❪✳
▼♦r❡ r❡❝❡♥t❧②✱ ❤❡✉r✐st✐❝s ♠❛❦✐♥❣ t❤✐s r❡❧❛①❛t✐♦♥ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ s❤♦✇♥ t♦ ❜♦♦st
♦♣t✐♠❛❧ ♣❧❛♥♥✐♥❣ ❬✸✺✱ ✷✻❪✳ ❚❤❡ ♣❧❛♥♥❡rs ✉s✐♥❣ t❤❡ r❡❧❛①❛t✐♦♥ ❛♣♣r♦①✐♠❛t❡✱ ✐♥
❛ ✈❛r✐❡t② ♦❢ ✇❛②s✱ t❤❡ ♦♣t✐♠❛❧ r❡❧❛①❛t✐♦♥ ❤❡✉r✐st✐❝ h+ ✇❤✐❝❤ ✐ts❡❧❢ ✐s ◆P✲❤❛r❞
t♦ ❝♦♠♣✉t❡ ❬✼❪✳ ❆s ♦❜s❡r✈❡❞ ❜② ❍♦✛♠❛♥♥ ❬✷✾❪✱ h+ ❤❛s s♦♠❡ r❛t❤❡r ❛♠❛③✐♥❣
q✉❛❧✐t✐❡s ✐♥ ♠❛♥② ❝❧❛ss✐❝❛❧ ♣❧❛♥♥✐♥❣ ❜❡♥❝❤♠❛r❦s✳ ❋✐❣✉r❡ ✶ ❣✐✈❡s ❍♦✛♠❛♥♥✬s
♦✈❡r✈✐❡✇ ♦❢ ❤✐s r❡s✉❧ts✳✶

undirected

Logistics [0,1]

Ferry [0,1]

Gripper [0,1]

harmless recognized unrecognized

Miconic−STRIPS [0,1]

Movie [0,1]

Simple−Tsp [0,0]

Zenotravel [2,2]

Satellite [4,4]

Tyreworld [0,6]
Dining−Phil. [31,31]

Grid [0]

Optical−Telegraph

Rovers

b
en

ch
 e

d
 <

=
 c

lo
ca

l 
m

in
im

a 
ed

 <
=

 c

Hanoi [0]

Blocksworld−NoArm [0]

Transport [0]

Blocksworld−Arm

Depots

Driverlog PSR

Pipesworld−NoTank

Mystery

Mprime

Freecell

Airport

Pipesworld−Tank

Elevators [0,1]

❋✐❣✉r❡ ✶✿ ❍♦✛♠❛♥♥✬s ♦✈❡r✈✐❡✇ ♦❢ ❤✐s h+ t♦♣♦❧♦❣② r❡s✉❧ts✳

❍♦✛♠❛♥♥✬s r❡s✉❧ts ❞✐✈✐❞❡ ❞♦♠❛✐♥s ✐♥t♦ ❝❧❛ss❡s ❛❧♦♥❣ t✇♦ ❞✐♠❡♥s✐♦♥s✳ ❲❡ ✇✐❧❧
❤❡r❡✐♥ ✐❣♥♦r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐♠❡♥s✐♦♥✱ ✇❤✐❝❤ ♣❡rt❛✐♥s t♦ ❞❡❛❞ ❡♥❞s ✭❡❛s②✲t♦✲
t❡st ♣♦✇❡r❢✉❧ ❝r✐t❡r✐❛ ✐♠♣❧②✐♥❣ t❤❛t ❛ t❛s❦ ✐s ✏✉♥❞✐r❡❝t❡❞✑✴✑❤❛r♠❧❡ss✑ ❛r❡ ❦♥♦✇♥✱
s❡❡✱ ❡✳❣✳✱ ❍♦✛♠❛♥♥✬s ♣❛♣❡r✮✳ ❚❤❡ ✈❡rt✐❝❛❧ ❞✐♠❡♥s✐♦♥ ❞✐✈✐❞❡s t❤❡ ❞♦♠❛✐♥s ✐♥t♦
t❤r❡❡ ❝❧❛ss❡s✳ ■♥ t❤❡ ✏❡❛s✐❡st✑ ❜♦tt♦♠ ❝❧❛ss✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥t ✉♣♣❡r ❜♦✉♥❞s
♦♥ t❤❡ ❡①✐t ❞✐st❛♥❝❡ ✕ t❤❡ ❞✐st❛♥❝❡ t♦ ❛ st❛t❡ ✇✐t❤ str✐❝t❧② s♠❛❧❧❡r h+ ✈❛❧✉❡ ♠✐♥✉s
1 ✕ ❢r♦♠ ❜♦t❤✱ st❛t❡s ♦♥ ❧♦❝❛❧ ♠✐♥✐♠❛ ❛♥❞ st❛t❡s ♦♥ ❜❡♥❝❤❡s ✭r❡❣✐♦♥s t❤❛t ❞♦
❤❛✈❡ ❜❡tt❡r✲❧♦♦❦✐♥❣ ♥❡✐❣❤❜♦rs✮✳ ■♥ t❤❡ ✜❣✉r❡✱ t❤❡ ❜♦✉♥❞s ❛r❡ ❣✐✈❡♥ ✐♥ sq✉❛r❡
❜r❛❝❦❡ts✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ▲♦❣✐st✐❝s✱ t❤❡ ❜♦✉♥❞ ❢♦r ❧♦❝❛❧ ♠✐♥✐♠❛ ✐s 0 ✕ ♠❡❛♥✐♥❣
t❤❛t ♥♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ❡①✐st ❛t ❛❧❧ ✕ ❛♥❞ t❤❡ ❜♦✉♥❞ ❢♦r ❜❡♥❝❤❡s ✐s 1✳ ■♥ t❤❡ ♠✐❞❞❧❡
❝❧❛ss✱ ❛ ❜♦✉♥❞ ❡①✐sts ♦♥❧② ❢♦r ❧♦❝❛❧ ♠✐♥✐♠❛ ✭✐♥ ❛❧❧ t❤❡ ♣r❡s❡♥t ❞♦♠❛✐♥s✱ t❤❡r❡
❛r❡ ♥♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ❛t ❛❧❧✮✳ ■♥ t❤❡ ✏❤❛r❞❡st✑ t♦♣ ❝❧❛ss✱ ❜♦t❤ ❧♦❝❛❧ ♠✐♥✐♠❛ ❛♥❞
❜❡♥❝❤❡s ♠❛② t❛❦❡ ❛r❜✐tr❛r✐❧② ♠❛♥② st❡♣s t♦ ❡s❝❛♣❡✳

❍♦✛♠❛♥♥✬s ♣r♦♦❢s ✉♥❞❡r❧②✐♥❣ ❋✐❣✉r❡ ✶ ❛r❡ ❤❛♥❞✲♠❛❞❡✳ ❋♦r ❞❡❛❧✐♥❣ ✇✐t❤
✉♥s❡❡♥ ❞♦♠❛✐♥s✱ t❤❡ q✉❡st✐♦♥ ❛r✐s❡s ✇❤❡t❤❡r ✇❡ ❝❛♥ ❞❡s✐❣♥ ❞♦♠❛✐♥ ❛♥❛❧②s✐s
♠❡t❤♦❞s ❧❡❛❞✐♥❣ s✉❝❤ ♣r♦♦❢s ❛✉t♦♠❛t✐❝❛❧❧②✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ✉s❡s ♦❢ s✉❝❤ ❛♥❛❧②s✐s
♠❡t❤♦❞s ❛r❡ ♠❛♥✐❢♦❧❞❀ ✇❡ ❞✐s❝✉ss t❤✐s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❛♣❡r✳ ❋♦r ♥♦✇✱ ♥♦t❡
t❤❛t ❛❞❞r❡ss✐♥❣ t❤✐s q✉❡st✐♦♥ ✐s q✉✐t❡ ❛ ❢♦r♠✐❞❛❜❧❡ ❝❤❛❧❧❡♥❣❡✳ ❲❡ ❛r❡ tr②✐♥❣ t♦
❛✉t♦♠❛t✐❝❛❧❧② ✐♥❢❡r ❤✐❣❤✲❧❡✈❡❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❤❡✉r✐st✐❝ ❢✉♥❝t✐♦♥✳ ❚❤✐s s♦✉♥❞s ❛
❜✐t ❧✐❦❡ s❝✐❡♥❝❡ ✜❝t✐♦♥✱ ❛♥❞ ✐♥❞❡❡❞ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡r❡ ❡①✐sts ♥♦ ♣r✐♦r ✇♦r❦
❛t ❛❧❧ t❤❛t ❡✈❡♥ ❛tt❡♠♣ts t♦ ❞♦ s♦✱ ✇✐t❤ ❛ s✐♥❣❧❡ ❡①❝❡♣t✐♦♥✳ ❚❤❛t ❡①❝❡♣t✐♦♥ ✐s
✇♦r❦ ♠❡♥t✐♦♥❡❞ ♦♥ t❤❡ s✐❞❡ ❜② ❍♦✛♠❛♥♥ ❬✷✾❪✳ ❚❤✐s ❛♥❛❧②s✐s ♠❡t❤♦❞ ❜✉✐❧❞s ❛♥

✶❲❡ ♦♠✐t ❆❉▲ ❞♦♠❛✐♥s✱ ❛♥❞ ✇❡ ❛❞❞❡❞ t❤❡ ♠♦r❡ r❡❝❡♥t ♣❧❛♥♥✐♥❣ ❝♦♠♣❡t✐t✐♦♥ ❜❡♥❝❤♠❛r❦s
❊❧❡✈❛t♦rs ❛♥❞ ❚r❛♥s♣♦rt ✭✇✐t❤♦✉t ❛❝t✐♦♥ ❝♦sts✮✱ ❢♦r ✇❤✐❝❤ t❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ tr✐✈✐❛❧ t♦ ♣r♦✈❡
❜❛s❡❞ ♦♥ ❍♦✛♠❛♥♥✬s r❡s✉❧ts✳ ❇❧♦❝❦s✇♦r❧❞✲❆r♠ ✐s t❤❡ ❝❧❛ss✐❝❛❧ ❜❧♦❝❦s✇♦r❧❞✱ ❇❧♦❝❦s✇♦r❧❞✲
◆♦❆r♠ ✐s ❛ ✈❛r✐❛♥t ❛❧❧♦✇✐♥❣ t♦ ✏♠♦✈❡ ❆ ❢r♦♠ ❇ t♦ ❈✑ ❞✐r❡❝t❧②✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✹

❡①♣♦♥❡♥t✐❛❧❧② ❧❛r❣❡ tr❡❡ str✉❝t✉r❡ s✉♠♠❛r✐③✐♥❣ ❛❧❧ ✇❛②s ✐♥ ✇❤✐❝❤ r❡❧❛①❡❞ ♣❧❛♥s
♠❛② ❣❡♥❡r❛t❡ ❢❛❝ts✳ ❚❤❡ tr❡❡ ✐s t❤❡♥ ❡①❛♠✐♥❡❞ ❢♦r ✏❝♦♥✢✐❝ts✑✳ ❚❤❡ tr❡❡ s✐③❡✱
❛♥❞ t❤❡r❡✇✐t❤ t❤❡ ❛♥❛❧②s✐s r✉♥t✐♠❡✱ ❡①♣❧♦❞❡s q✉✐❝❦❧② ✇✐t❤ t❛s❦ s✐③❡✳ ❲♦rs❡✱ t❤❡
❛♥❛❧②s✐s s✉❝❝❡❡❞s ♦♥❧② ✐♥ ▼♦✈✐❡ ❛♥❞ ❙✐♠♣❧❡✲❚❙P ✕ ❛r❣✉❛❜❧② t❤❡ t✇♦ ♠♦st s✐♠✲
♣❧✐st✐❝ ❜❡♥❝❤♠❛r❦s ✐♥ ❡①✐st❡♥❝❡✳✷ ❇② ❝♦♥tr❛st✱ t❤❡ ❚♦r❝❤▲✐❣❤t t♦♦❧ ✇❡ ❞❡✈❡❧♦♣
❤❡r❡✐♥ ❤❛s ❧♦✇✲♦r❞❡r ♣♦❧②♥♦♠✐❛❧ r✉♥t✐♠❡ ❛♥❞ ✉s✉❛❧❧② t❡r♠✐♥❛t❡s ✐♥ s♣❧✐t s❡❝✲
♦♥❞s✳ ❉✐st✐♥❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ ❣❧♦❜❛❧ ✭♣❡r t❛s❦✮ ❛♥❞ ❧♦❝❛❧ ✭♣❡r st❛t❡✮ ❛♥❛❧②s✐s✱ ✐t
♣r♦✈❡s t❤❡ ❣❧♦❜❛❧ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛ ✐♥ ▼♦✈✐❡✱ ❙✐♠♣❧❡✲❚❙P✱ ▲♦❣✐st✐❝s✱ ❛♥❞
▼✐❝♦♥✐❝✲❙❚❘■P❙✳ ■t ❣✐✈❡s ❛ str♦♥❣ ❣✉❛r❛♥t❡❡ ❢♦r ❧♦❝❛❧ ❛♥❛❧②s✐s ✐♥ ❋❡rr②✱ ●r✐♣♣❡r✱
❊❧❡✈❛t♦rs✱ ❛♥❞ ❚r❛♥s♣♦rt✳ ❊♠♣✐r✐❝❛❧❧② ✐ts ❧♦❝❛❧ ❛♥❛❧②s✐s ❡①❤✐❜✐ts str♦♥❣ ♣❡r❢♦r✲
♠❛♥❝❡ ❛❧s♦ ✐♥ ❩❡♥♦tr❛✈❡❧✱ ❙❛t❡❧❧✐t❡✱ ❚②r❡✇♦r❧❞✱ ●r✐❞✱ ❉r✐✈❡r❧♦❣✱ ❛♥❞ ❘♦✈❡rs✳ ❲❡
s❤♦✇ t❤❛t✱ ✐♥ t❤✐s ✇❛②✱ ❚♦r❝❤▲✐❣❤t ❝❛♥ ❞✐st✐♥❣✉✐s❤ ❍♦✛♠❛♥♥✬s ✏❡❛s②✑ ❞♦♠❛✐♥s
❢r♦♠ t❤❡ ✏❤❛r❞✑ ♦♥❡s✱ ❡✈❡♥ ❜❛s❡❞ ♦♥ ❛♥❛❧②③✐♥❣ ♦♥❧② ❛ s✐♥❣❧❡ st❛t❡ ♣❡r ✐♥st❛♥❝❡✳
❇② s✉♠♠❛r✐③✐♥❣ t❤❡ str✉❝t✉r❛❧ r❡❛s♦♥s ❢♦r ❛♥❛❧②s✐s ❢❛✐❧✉r❡✱ ❚♦r❝❤▲✐❣❤t ❛❧s♦ ❣✐✈❡s
❞✐❛❣♥♦st✐❝ ♦✉t♣✉t ✐♥❞✐❝❛t✐♥❣ ♣r♦❜❧❡♠❛t✐❝ ❛s♣❡❝ts ♦❢ t❤❡ ❞♦♠❛✐♥✱ ✐✳❡✳✱ ❛s♣❡❝ts ♣♦✲
t❡♥t✐❛❧❧② ❝❛✉s✐♥❣ ❧♦❝❛❧ ♠✐♥✐♠❛ ✉♥❞❡r h+✳

❲❤❛t ✐s t❤❡ ❦❡② t♦ t❤✐s ♣❡r❢♦r♠❛♥❝❡ ❜♦♦st❄ ❈♦♥s✐❞❡r ▲♦❣✐st✐❝s ❛♥❞ ❇❧♦❝❦s✲
✇♦r❧❞✲❆r♠✳ ❆t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡✐r P❉❉▲ ❞♦♠❛✐♥ ❞❡s❝r✐♣t✐♦♥s✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ♥♦t
❡✈✐❞❡♥t ✕ ❜♦t❤ ❤❛✈❡ ❞❡❧❡t❡ ❡✛❡❝ts✱ s♦ ✇❤② ❞♦ t❤♦s❡ ✐♥ ❇❧♦❝❦s✇♦r❧❞✲❆r♠ ✏❤✉rt✑
❛♥❞ t❤♦s❡ ✐♥ ▲♦❣✐st✐❝s ❞♦♥✬t❄ ❲❤❛t ❞♦❡s t❤❡ tr✐❝❦ ✐s t♦ ♠♦✈❡ t♦ t❤❡ ♠✉❧t✐✲✈❛❧✉❡❞
✈❛r✐❛❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭❡✳❣✳✱ ❬✸✹✱ ✷✺❪✮ ❛♥❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❛ss♦❝✐❛t❡❞ str✉❝t✉r❡s✱
♥♦t❛❜❧② t❤❡ ❝❛✉s❛❧ ❣r❛♣❤ ✭❡✳❣✳✱ ❬✸✽✱ ✸✸✱ ✶✵✱ ✷✺❪✮ ❝❛♣t✉r✐♥❣ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ❛♥❞
❡✛❡❝t ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❝❛✉s❛❧ ❣r❛♣❤ ♦❢ ❇❧♦❝❦s✇♦r❧❞✲❆r♠
❝♦♥t❛✐♥s ❝②❝❧❡s✳ ❚❤❛t ♦❢ ▲♦❣✐st✐❝s ❞♦❡s♥✬t✳ ▲♦♦❦✐♥❣ ✐♥t♦ t❤✐s✱ ✇❡ ✇❡r❡ s✉r♣r✐s❡❞
❤♦✇ ❡❛s② ✐t ✇❛s t♦ ❞❡r✐✈❡ ♦✉r ♠♦st ❜❛s✐❝ r❡s✉❧t✿

■❢ t❤❡ ❝❛✉s❛❧ ❣r❛♣❤ ✐s ❛❝②❝❧✐❝✱ ❛♥❞ ❡✈❡r② ✈❛r✐❛❜❧❡ tr❛♥s✐t✐♦♥ ✐s ✐♥✈❡rt✐❜❧❡✱
t❤❡♥ t❤❡r❡ ❛r❡ ♥♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ✉♥❞❡r h+✳

❚❤✐s r❡s✉❧t ✐s ❝❡rt❛✐♥❧② ✐♥t❡r❡st✐♥❣ ✐♥ t❤❛t✱ ❢♦r t❤❡ ✜rst t✐♠❡✱ ✐t ❡st❛❜❧✐s❤❡s ❛ ❝♦♥✲
♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❝❛✉s❛❧ ❣r❛♣❤ str✉❝t✉r❡ ❛♥❞ h+ t♦♣♦❧♦❣②✳ ❍♦✇❡✈❡r✱ ❜② ✐ts❡❧❢ t❤❡
r❡s✉❧t ✐s ♠✉❝❤ t♦♦ ✇❡❛❦ ❢♦r ❞♦♠❛✐♥ ❛♥❛❧②s✐s ✕ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜❡♥❝❤♠❛r❦s✱ ✐t
❛♣♣❧✐❡s ♦♥❧② ✐♥ ▲♦❣✐st✐❝s✳ ❲❡ ❞❡✈✐s❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥s ②✐❡❧❞✐♥❣
t❤❡ ❛♥❛❧②s✐s r❡s✉❧ts ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❆s✐❞❡ ❢r♦♠ t❤❡✐r s✐❣♥✐✜❝❛♥❝❡ ❢♦r ❞♦♠❛✐♥
❛♥❛❧②s✐s✱ ♦✉r t❡❝❤♥✐q✉❡s ❛r❡ ❛❧s♦ ✐♥t❡r❡st✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ r❡s❡❛r❝❤ ♦♥ ❝❛✉s❛❧
❣r❛♣❤s✳ ❲❤❡r❡❛s tr❛❞✐t✐♦♥❛❧ ♠❡t❤♦❞s ✭❡✳❣✳✱ ❬✸✸✱ ✻✱ ✸✷✱ ✶✾❪✮ s❡❡❦ ❡①❡❝✉t✐♦♥ ♣❛t❤s
s♦❧✈✐♥❣ t❤❡ ♦✈❡r❛❧❧ t❛s❦✱ ✇❡ s❡❡❦ ✏♦♥❧②✑ ❡①❡❝✉t✐♦♥ ♣❛t❤s ❞❡❝r❡❛s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢
h+✳ ■♥ ❧♦❝❛❧ ❛♥❛❧②s✐s✱ t❤✐s ❡♥❛❜❧❡s ✉s t♦ ❝♦♥s✐❞❡r ♦♥❧② s♠❛❧❧ ❢r❛❣♠❡♥ts ♦❢ t❤❡
❝❛✉s❛❧ ❣r❛♣❤✱ ❝r❡❛t✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ t♦ s✉❝❝❡ss❢✉❧❧② ❛♥❛❧②③❡ st❛t❡s ✐♥ t❛s❦s ✇❤♦s❡
❝❛✉s❛❧ ❣r❛♣❤s ❛r❡ ♦t❤❡r✇✐s❡ ❛r❜✐tr❛r✐❧② ❝♦♠♣❧❡①✳

❚❤❡ ♥❡①t s❡❝t✐♦♥ ❣✐✈❡s ❛ ❜r✐❡❢ ❜❛❝❦❣r♦✉♥❞ ♦♥ ♣❧❛♥♥✐♥❣ ✇✐t❤ ♠✉❧t✐✲✈❛❧✉❡❞
✈❛r✐❛❜❧❡s✱ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ♥♦t✐♦♥s s✉❝❤ ❛s ❝❛✉s❛❧ ❣r❛♣❤s ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ h+ ❛♥❞ ✐ts t♦♣♦❧♦❣②✳ ❙❡❝t✐♦♥ ✸ t❤❡♥ ❣✐✈❡s ❛♥ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡ ❡①♣❧❛✐♥✐♥❣
♦✉r ❜❛s✐❝ r❡s✉❧t✱ ❛♥❞ ❙❡❝t✐♦♥ ✹ ♣r♦✈✐❞❡s ❛ s②♥♦♣s✐s ♦❢ ♦✉r ❢✉❧❧ t❡❝❤♥✐❝❛❧ r❡s✉❧ts
r❡❧❛t✐♥❣ ❝❛✉s❛❧ ❣r❛♣❤s ❛♥❞ h+ t♦♣♦❧♦❣②✳ ❙❡❝t✐♦♥s ✺ ❛♥❞ ✻ ♣r❡s❡♥t t❤❡s❡ r❡s✉❧ts ✐♥
s♦♠❡ ❞❡t❛✐❧✱ ❡①♣❧❛✐♥✐♥❣ ✜rst ❤♦✇ ✇❡ ❝❛♥ ❛♥❛❧②③❡ ❛ st❛t❡ s ♣r♦✈✐❞❡❞ ✇❡ ❛r❡ ❣✐✈❡♥
❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s ❛s t❤❡ ✐♥♣✉t✱ ❛♥❞ t❤❡r❡❛❢t❡r ♣r♦✈✐❞✐♥❣ ❝r✐t❡r✐❛
♦♥ ❝❛✉s❛❧ ❣r❛♣❤ str✉❝t✉r❡ ✐♠♣❧②✐♥❣ t❤❛t s✉❝❤ ❛♥❛❧②s✐s ✇✐❧❧ ❛❧✇❛②s s✉❝❝❡❡❞✳ ❲❡
❡✈❛❧✉❛t❡ ♦✉r ❞♦♠❛✐♥ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡ ❜② ♣r♦✈✐♥❣ ❛ ♥✉♠❜❡r ♦❢ ❞♦♠❛✐♥✲s♣❡❝✐✜❝

✷❙✐♠♣❧❡✲❚❙P ❡♥❝♦❞❡s ❚❙P ❜✉t ♦♥ ❛ ❢✉❧❧② ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ ✉♥✐❢♦r♠ ❡❞❣❡ ❝♦st✳ ❚❤❡
❞♦♠❛✐♥ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❋♦① ❛♥❞ ▲♦♥❣ ❬✶✸❪ ❛s ❛ ❜❡♥❝❤♠❛r❦ ❢♦r s②♠♠❡tr② ❞❡t❡❝t✐♦♥✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✺

♣❡r❢♦r♠❛♥❝❡ ❣✉❛r❛♥t❡❡s ✐♥ ❙❡❝t✐♦♥ ✼✱ ❛♥❞ r❡♣♦rt✐♥❣ ♦♥ ❛ ❧❛r❣❡✲s❝❛❧❡ ❡①♣❡r✐♠❡♥t
✇✐t❤ ❚♦r❝❤▲✐❣❤t ✐♥ ❙❡❝t✐♦♥ ✽✳ ❲❡ ♣♦✐♥t t♦ r❡❧❛t❡❞ ✇♦r❦ ✇✐t❤✐♥ ✐ts ❝♦♥t❡①t
✇❤❡r❡ ❛♣♣r♦♣r✐❛t❡✱ ❛♥❞ ❞✐s❝✉ss ❞❡t❛✐❧s ✐♥ ❙❡❝t✐♦♥ ✾✳ ❲❡ ❝❧♦s❡ t❤❡ ♣❛♣❡r ✇✐t❤
❛ ❞✐s❝✉ss✐♦♥ ♦❢ ❢✉t✉r❡ ✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✶✵✳ ❚♦ ✐♠♣r♦✈❡ r❡❛❞❛❜✐❧✐t②✱ t❤❡ ♠❛✐♥
t❡①t ♦♠✐ts ♠❛♥② t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ❛♥❞ ♦♥❧② ♦✉t❧✐♥❡s ♦✉r ♣r♦♦❢s✳ ❚❤❡ ❢✉❧❧ ❞❡t❛✐❧s
✐♥❝❧✉❞✐♥❣ ♣r♦♦❢s ❛r❡ ✐♥ ❆♣♣❡♥❞✐① ❆✳

✷ ❇❛❝❦❣r♦✉♥❞

❲❡ ❛❞♦♣t t❤❡ t❡r♠✐♥♦❧♦❣② ❛♥❞ ♥♦t❛t✐♦♥ ♦❢ ❍❡❧♠❡rt ❬✷✺❪✱ ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢
♠♦❞✐✜❝❛t✐♦♥s s✉✐t✐♥❣ ♦✉r ♣✉r♣♦s❡s✳ ❆ ✭♠✉❧t✐✲✈❛❧✉❡❞ ✈❛r✐❛❜❧❡✮ ♣❧❛♥♥✐♥❣ t❛s❦
✐s ❛ ✹✲t✉♣❧❡ (X, sI , sG, O)✳ X ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❤❡r❡ ❡❛❝❤ x ∈ X

✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✜♥✐t❡ ❞♦♠❛✐♥ Dx✳ ❆ ♣❛rt✐❛❧ st❛t❡ ♦✈❡r X ✐s ❛ ❢✉♥❝t✐♦♥
s ♦♥ ❛ s✉❜s❡t Xs ♦❢ X✱ s♦ t❤❛t s(x) ∈ Dx ❢♦r ❛❧❧ x ∈ Xs❀ s ✐s ❛ st❛t❡ ✐❢
Xs = X✳ ❚❤❡ ✐♥✐t✐❛❧ st❛t❡ sI ✐s ❛ st❛t❡✳ ❚❤❡ ❣♦❛❧ sG ✐s ❛ ♣❛rt✐❛❧ st❛t❡✳ O ✐s
❛ ✜♥✐t❡ s❡t ♦❢ ♦♣❡r❛t♦rs✳ ❊❛❝❤ o ∈ O ✐s ❛ ♣❛✐r o = (preo, effo) ♦❢ ♣❛rt✐❛❧ st❛t❡s✱
❝❛❧❧❡❞ ✐ts ♣r❡❝♦♥❞✐t✐♦♥ ❛♥❞ ❡✛❡❝t✳ ❆s s✐♠♣❧❡ ♥♦♥✲r❡str✐❝t✐♥❣ s❛♥✐t② ❝♦♥❞✐t✐♦♥s✱
✇❡ ❛ss✉♠❡ t❤❛t |Dx| > 1 ❢♦r ❛❧❧ x ∈ X✱ ❛♥❞ preo(x) 6= effo(x) ❢♦r ❛❧❧ o ∈ O ❛♥❞
x ∈ Xpreo

∩Xeffo
✳

❲❡ ✐❞❡♥t✐❢② ♣❛rt✐❛❧ st❛t❡s ✇✐t❤ s❡ts ♦❢ ✈❛r✐❛❜❧❡✲✈❛❧✉❡ ♣❛✐rs✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧
♦❢t❡♥ r❡❢❡r t♦ ❛s ❢❛❝ts✳ ❚❤❡ st❛t❡ s♣❛❝❡ S ♦❢ t❤❡ t❛s❦ ✐s t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✇❤♦s❡
✈❡rt✐❝❡s ❛r❡ ❛❧❧ st❛t❡s ♦✈❡r X✱ ✇✐t❤ ❛♥ ❛r❝ (s, s′) ✐✛ t❤❡r❡ ❡①✐sts o ∈ O s✉❝❤ t❤❛t
preo ⊆ s✱ effo ⊆ s

′✱ ❛♥❞ s(x) = s′(x) ❢♦r ❛❧❧ x ∈ X \Xeffo
✳ ❆ ♣❧❛♥ ✐s ❛ ♣❛t❤ ✐♥ S

❧❡❛❞✐♥❣ ❢r♦♠ sI t♦ ❛ st❛t❡ s ✇✐t❤ sG ⊆ s✳
❲❡ ♥❡①t ❞❡✜♥❡ t❤❡ t✇♦ ❜❛s✐❝ str✉❝t✉r❡s ✐♥ ♦✉r ❛♥❛❧②s✐s✿ ❞♦♠❛✐♥ tr❛♥s✐t✐♦♥

❣r❛♣❤s ❛♥❞ ❝❛✉s❛❧ ❣r❛♣❤s✳ ❋♦r t❤❡ ❢♦r♠❡r✱ ✇❡ ❞✐✈❡r❣❡ ❢r♦♠ ❍❡❧♠❡rt✬s ❞❡✜♥✐t✐♦♥
✭♦♥❧②✮ ✐♥ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡ ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥s ✐♥❞✐❝❛t✐♥❣ t❤❡ ♦♣❡r❛t♦r r❡s♣♦♥✲
s✐❜❧❡ ❢♦r t❤❡ tr❛♥s✐t✐♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡ ✏s✐❞❡ ❡✛❡❝ts✑ ♦❢ t❤❡ tr❛♥s✐t✐♦♥✱ ✐✳❡✳✱ ❛♥②
♦t❤❡r ✈❛r✐❛❜❧❡ ✈❛❧✉❡s s❡t ✇❤❡♥ ❡①❡❝✉t✐♥❣ t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r✳ ■♥ ❞❡t❛✐❧✱ ❧❡t
x ∈ X✳ ❚❤❡ ❞♦♠❛✐♥ tr❛♥s✐t✐♦♥ ❣r❛♣❤ DTGx ♦❢ x ✐s t❤❡ ❧❛❜❡❧❡❞ ❞✐r❡❝t❡❞ ❣r❛♣❤
✇✐t❤ ✈❡rt❡① s❡tDx ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❝s✳ ❋♦r ❡❛❝❤ o ∈ O ✇❤❡r❡ x ∈ Xpreo

∩Xeffo

✇✐t❤ c := preo(x) ❛♥❞ c′ := effo(x)✱ DTGx ❝♦♥t❛✐♥s ❛♥ ❛r❝ (c, c′) ❧❛❜❡❧❡❞ ✇✐t❤
r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r rop(c, c′) := o✱ ✇✐t❤ ❝♦♥❞✐t✐♦♥s cond(c, c′) := preo \ {(x, c)}✱
❛♥❞ ✇✐t❤ s✐❞❡ ❡✛❡❝ts seff(c, c′) := effo \ {(x, c

′)}✳ ❋♦r ❡❛❝❤ o ∈ O ✇❤❡r❡
x ∈ Xeffo

\ Xpreo
✇✐t❤ c′ := effo(x)✱ ❢♦r ❡✈❡r② c ∈ Dx ✇✐t❤ c 6= c′✱ DTGx

❝♦♥t❛✐♥s ❛♥ ❛r❝ (c, c′) ❧❛❜❡❧❡❞ ✇✐t❤ rop(c, c′) := o✱ cond(c, c′) := preo✱ ❛♥❞
seff(c, c′) := effo \ {(x, c

′)}✳
❚❤❡ r❡❛❞❡r ❢❛♠✐❧✐❛r ✇✐t❤ ❝❛✉s❛❧ ❣r❛♣❤s ♠❛② ❤❛✈❡ ✇♦♥❞❡r❡❞ ✇❤② ✇❡ ✐♥tr♦✲

❞✉❝❡❞ ❛ ♥♦t✐♦♥ ♦❢ s✐❞❡ ❡✛❡❝ts✱ s❡❡✐♥❣ ❛s ❝❛✉s❛❧ ❣r❛♣❤s ❝❛♥ ❜❡ ❛❝②❝❧✐❝ ♦♥❧② ✐❢
❛❧❧ ♦♣❡r❛t♦rs ❛r❡ ✉♥❛r② ✭❛✛❡❝t ♦♥❧② ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡✮✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ✇❡
❞♦ ❤❛♥❞❧❡ ❝❛s❡s ✇❤❡r❡ ♦♣❡r❛t♦rs ❛r❡ ♥♦♥✲✉♥❛r②✳ ❚❤❡ ✈❛r✐❛♥t ♦❢ ❝❛✉s❛❧ ❣r❛♣❤s
✇❡ ✉s❡ ❝❛♥ st✐❧❧ ❜❡ ❛❝②❝❧✐❝ ✐♥ s✉❝❤ ❝❛s❡s✱ ❛♥❞ ✐♥❞❡❡❞ t❤✐s ❤❛♣♣❡♥s ✐♥ s♦♠❡ ♦❢
♦✉r ❜❡♥❝❤♠❛r❦ ❞♦♠❛✐♥s✱ s♣❡❝✐✜❝❛❧❧② ✐♥ ❙✐♠♣❧❡✲❚❙P✱ ▼♦✈✐❡✱ ▼✐❝♦♥✐❝✲❙❚❘■P❙✱
❛♥❞ ❙❛t❡❧❧✐t❡✳ ❲❡ ❞❡✜♥❡ t❤❡ s✉♣♣♦rt ❣r❛♣❤ SG t♦ ❜❡ t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤
✈❡rt❡① s❡t X✱ ❛♥❞ ✇✐t❤ ❛♥ ❛r❝ (x, y) ✐✛ DTGy ❤❛s ❛ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ (c, c′) s♦
t❤❛t x ∈ Xcond(c,c′)✳ ❍❡r❡✱ ❛ tr❛♥s✐t✐♦♥ (c, c′) ♦♥ ✈❛r✐❛❜❧❡ x ✐s ❝❛❧❧❡❞ r❡❧❡✈❛♥t ✐✛
(x, c′) ∈ sG ∪

⋃

o∈O preo✳
❖✉r ❞❡✜♥✐t✐♦♥ ♠♦❞✐✜❡s t❤❡ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ♦♥❡ ✐♥ t❤❛t ✐t ✉s❡s r❡❧✲

❡✈❛♥t tr❛♥s✐t✐♦♥s ♦♥❧②✱ ❛♥❞ t❤❛t ✐t ❞♦❡s ♥♦t ✐♥tr♦❞✉❝❡ ❛r❝s ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡s

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✻

❝♦✲♦❝❝✉rr✐♥❣ ✐♥ t❤❡ s❛♠❡ ♦♣❡r❛t♦r ❡✛❡❝t ✭✉♥❧❡ss t❤❡s❡ ✈❛r✐❛❜❧❡s ♦❝❝✉r ❛❧s♦ ✐♥
t❤❡ ♣r❡❝♦♥❞✐t✐♦♥✮✳ ❚r❛♥s✐t✐♦♥s ✇✐t❤ s✐❞❡ ❡✛❡❝ts ❛r❡ ❤❛♥❞❧❡❞ s❡♣❛r❛t❡❧② ✐♥ ♦✉r
❛♥❛❧②s✐s✳ ◆♦t❡ t❤❛t ✐rr❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s ♦❝❝✉r ♥❛t✉r❛❧❧②✱ ✐♥ ❞♦♠❛✐♥s ✇✐t❤ ♥♦♥✲
✉♥❛r② ♦♣❡r❛t♦rs✳ ❋♦r ❡①❛♠♣❧❡✱ ✉♥st❛❝❦✐♥❣ ❛ ❜❧♦❝❦ ✐♥❞✉❝❡s t❤❡ ✐rr❡❧❡✈❛♥t tr❛♥s✐✲
t✐♦♥ ♠❛❦✐♥❣ t❤❡ ❛r♠ ♥♦♥✲❡♠♣t②✱ ❛♥❞ ❞❡♣❛rt✐♥❣ ❛ ♣❛ss❡♥❣❡r ✐♥ ▼✐❝♦♥✐❝✲❙❚❘■P❙
♠❛❦❡s t❤❡ ♣❛ss❡♥❣❡r ✏♥♦t✲❜♦❛r❞❡❞✑✳✸

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ h+✳ ■♥ t❤❡ ♠♦r❡ ❝♦♠♠♦♥ ❇♦♦❧❡❛♥✲✈❛r✐❛❜❧❡
s❡tt✐♥❣ ♦❢ P❉❉▲✱ t❤✐s ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s❤♦rt❡st ♣❧❛♥ s♦❧✈✐♥❣ t❤❡
♣r♦❜❧❡♠ ✇❤❡♥ ✐❣♥♦r✐♥❣ ❛❧❧ ❞❡❧❡t❡ ❧✐sts✱ ✐✳❡✳✱ t❤❡ ♥❡❣❛t✐✈❡ ♦♣❡r❛t♦r ❡✛❡❝ts ❬✼✱ ✹✶✱ ✹❪✳
❚❤✐s r❛✐s❡s t❤❡ q✉❡st✐♦♥ ✇❤❛t h+ ❛❝t✉❛❧❧② ✐s ✐♥ ♠✉❧t✐✲✈❛❧✉❡❞ ✈❛r✐❛❜❧❡ ♣❧❛♥♥✐♥❣✱
✇❤❡r❡ t❤❡r❡ ❛r❡ ♥♦ ✏❞❡❧❡t❡ ❧✐sts✑✳ ❚❤❛t q✉❡st✐♦♥ ✐s ❡❛s✐❧② ❛♥s✇❡r❡❞✳ ✏■❣♥♦r✐♥❣
❞❡❧❡t❡s✑ ❡ss❡♥t✐❛❧❧② ♠❡❛♥s t♦ ❛❝t ❛s ✐❢ ✏✇❤❛t ✇❛s tr✉❡ ♦♥❝❡ ✇✐❧❧ r❡♠❛✐♥ tr✉❡
❢♦r❡✈❡r✑✳ ■♥ t❤❡ ♠✉❧t✐✲✈❛❧✉❡❞ ✈❛r✐❛❜❧❡ s❡tt✐♥❣✱ t❤✐s s✐♠♣❧② ♠❡❛♥s t♦ ♥♦t ♦✈❡r✲
✇r✐t❡ ❛♥② ✈❛❧✉❡s t❤❛t t❤❡ ✈❛r✐❛❜❧❡s ❤❛❞ ♣r❡✈✐♦✉s❧②✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s
❣❡♥❡r❛❧✐③❛t✐♦♥ ✇❛s ✜rst ❞❡s❝r✐❜❡❞ ❜② ❍❡❧♠❡rt ❬✷✺❪✳ ■♥ ❞❡t❛✐❧✱ ✇❡ ❞❡✜♥❡ t❤❡
r❡❧❛①❡❞ st❛t❡ s♣❛❝❡ S+ ♦❢ t❤❡ t❛s❦ ✐s t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ ❛❧❧
s❡ts s+ ♦❢ ✈❛r✐❛❜❧❡✲✈❛❧✉❡ ♣❛✐rs ♦✈❡r X✱ ✇✐t❤ ❛♥ ❛r❝ (s+1 , s

+
2 ) ✐✛ t❤❡r❡ ❡①✐sts o ∈ O

s✉❝❤ t❤❛t preo ⊆ s+1 ❛♥❞ s+2 = s+1 ∪ effo✳ ■❢ s ✐s ❛ st❛t❡ ♦✈❡r X✱ t❤❡♥ ❛ r❡❧❛①❡❞
♣❧❛♥ ❢♦r s ✐s ❛ ♣❛t❤ ✐♥ S+ ❧❡❛❞✐♥❣ ❢r♦♠ s t♦ ❛ st❛t❡ s+ ✇✐t❤ sG ⊆ s+✳ ❇②
h+(s) ✇❡ ❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s❤♦rt❡st r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✱ ♦r h+(s) = ∞ ✐❢
♥♦ s✉❝❤ ♣❧❛♥ ❡①✐sts✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❝♦♠♠♦♥ ❇♦♦❧❡❛♥ ♦♥❡✿ ✐❢ ✇❡ tr❛♥s❧❛t❡ t❤❡ ♠✉❧t✐✲✈❛❧✉❡❞ ✈❛r✐❛❜❧❡s ✐♥t♦ ❇♦♦❧❡❛♥
♦♥❡s ❜② ❝r❡❛t✐♥❣ ♦♥❡ ❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ ✏✐s✲(x, c)✲tr✉❡❄✑ ❢♦r ❡✈❡r② ❢❛❝t (x, c)✱ t❤❡♥
st❛♥❞❛r❞ h+ ✐♥ t❤❡ ❇♦♦❧❡❛♥ t❛s❦ ✐s ✐❞❡♥t✐❝❛❧ t♦ h+ ✐♥ t❤❡ ♠✉❧t✐✲✈❛❧✉❡❞ t❛s❦✳

❇②❧❛♥❞❡r ❬✼❪ ♣r♦✈❡❞ t❤❛t ✐t ✐s ✐♥tr❛❝t❛❜❧❡ t♦ ❝♦♠♣✉t❡ h+✳ ▼❛♥② st❛t❡✲♦❢✲t❤❡✲
❛rt ♣❧❛♥♥❡rs ❛♣♣r♦①✐♠❛t❡ h+✱ ✐♥ ❛ ✈❛r✐❡t② ♦❢ ✇❛②s ❬✹✶✱ ✹✱ ✸✵✱ ✶✻✱ ✷✺✱ ✹✸✱ ✹✹❪✳ ❆
♣♦♣✉❧❛r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ s❛t✐s✜❝✐♥❣ ♣❧❛♥♥✐♥❣ ✕ t❤❛t ❣✐✈❡s ♥♦ ❣✉❛r❛♥t❡❡s ♦♥ t❤❡
q✉❛❧✐t② ♦❢ t❤❡ ♣❧❛♥ r❡t✉r♥❡❞ ✕ ✐s t❤❡ s♦✲❝❛❧❧❡❞ r❡❧❛①❡❞ ♣❧❛♥ ❤❡✉r✐st✐❝ ✜rst ♣r♦♣♦s❡❞
✐♥ t❤❡ ❋❋ s②st❡♠ ❬✸✵❪✱ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡s h+ ✐♥ t❡r♠s ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ s♦♠❡
♥♦t ♥❡❝❡ss❛r✐❧② s❤♦rt❡st r❡❧❛①❡❞ ♣❧❛♥✳ ❙✉❝❤ r❡❧❛①❡❞ ♣❧❛♥s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥
❧♦✇✲♦r❞❡r ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✉s✐♥❣ t❡❝❤♥✐q✉❡s ✐♥s♣✐r❡❞ ❜② ●r❛♣❤♣❧❛♥ ❬✸❪✳

❲❡ ♥❡①t ✐♥tr♦❞✉❝❡ t❤❡ r❡❧❡✈❛♥t ♥♦t❛t✐♦♥s ♣❡rt❛✐♥✐♥❣ t♦ s❡❛r❝❤ s♣❛❝❡ t♦♣♦❧♦❣②
✉♥❞❡r h+✳ ▲❡t s ∈ S ❜❡ ❛ st❛t❡ ✇❤❡r❡ 0 < h+(s) < ∞✳ ❚❤❡♥ ❛♥ ❡①✐t ✐s ❛ st❛t❡
s′ r❡❛❝❤❛❜❧❡ ❢r♦♠ s s♦ t❤❛t h+(s′) = h+(s) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r s′′ ♦❢ s′

s♦ t❤❛t h+(s′′) < h+(s′)✳ ❚❤❡ ❡①✐t ❞✐st❛♥❝❡ ed(s) ♦❢ s ✐s t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s❤♦rt❡st
♣❛t❤ t♦ ❛♥ ❡①✐t✱ ♦r ed(s) =∞ ✐❢ ♥♦ ❡①✐t ❡①✐sts✳ ❆ ♣❛t❤ ✐♥ S ✐s ❝❛❧❧❡❞ ♠♦♥♦t♦♥❡
✐✛ t❤❡r❡ ❡①✐st ♥♦ t✇♦ ❝♦♥s❡❝✉t✐✈❡ st❛t❡s s1 ❛♥❞ s2 ♦♥ ✐t s♦ t❤❛t h+(s1) < h+(s2)✳
❲❡ s❛② t❤❛t s ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✐❢ t❤❡r❡ ❡①✐sts ♥♦ ♠♦♥♦t♦♥❡ ♣❛t❤ t♦ ❛♥ ❡①✐t✳

◆♦t❡ t❤❛t t❤❡ t♦♣♦❧♦❣② ❞❡✜♥✐t✐♦♥s ❛r❡ s♣❡❝✐✜❝ t♦ h+ ✕ ✇❡ ✇✐❧❧ ♥♦t ❝♦♥s✐❞❡r
❛♥② ♦t❤❡r ❤❡✉r✐st✐❝s✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s ❛r❡ ❛❞❛♣t❡❞ ❢r♦♠ ❍♦✛♠❛♥♥ ❬✷✾❪ ❛♥❞ s❤♦✉❧❞
❜❡ s❡❧❢✲❡①♣❧❛♥❛t♦r②✳✹ ❙t❛t❡s ✇✐t❤ ✐♥✜♥✐t❡ ❤❡✉r✐st✐❝ ✈❛❧✉❡ ❛r❡ ✐❣♥♦r❡❞ ❜❡❝❛✉s❡ t❤❡②
❛r❡ ❝♦rr❡❝t❧② ✐❞❡♥t✐✜❡❞✱ ❜② t❤❡ ❤❡✉r✐st✐❝✱ t♦ ❜❡ ❞❡❛❞ ❡♥❞s ✭r❡❧❛①❡❞✲♣❧❛♥ ❜❛s❡❞
❛♣♣r♦①✐♠❛t✐♦♥s ❧✐❦❡ t❤❛t ♦❢ ❋❋ ❞♦ ✐❞❡♥t✐❢② ❛❧❧ t❤❡s❡ ❝❛s❡s✮✳ ■❢ t❤❡ ❤❡✉r✐st✐❝
✈❛❧✉❡ ✐s 0 t❤❡♥ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② r❡❛❝❤❡❞ t❤❡ ❣♦❛❧✱ s♦ t❤✐s ❝❛s❡ ❝❛♥ ❛❧s♦ ❜❡ s❛❢❡❧②

✸❲❡ r❡♠❛r❦ t❤❛t r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ ✇❤❛t ❤❛s ❜❡❡♥ ❝❛❧❧❡❞ ✏r❡q✉❡st❛❜❧❡
✈❛❧✉❡s✑ ✐♥ s♦♠❡ ✇♦r❦s✱ ✭❡✳❣✳✱ ❬✸✹✱ ✷✷❪✮✳ ■♥ ❋❛st✲❉♦✇♥✇❛r❞✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤❡ ❝❛✉s❛❧ ❣r❛♣❤
✐♥❝❧✉❞❡s ♦♥❧② ♣r❡❝♦♥❞✐t✐♦♥✲❡✛❡❝t ❛r❝s✱ s✐♠✐❧❛r❧② ❛s t❤❡ s✉♣♣♦rt ❣r❛♣❤ ❞❡✜♥❡❞ ❤❡r❡✳

✹❲❡ r❡♠❛r❦ t❤❛t ❍♦✛♠❛♥♥✬s ❬✷✾❪ ❞❡✜♥✐t✐♦♥s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ✐♥✈♦❧✈❡❞✱ ❡✳❣✳✱ ❞❡✜♥✐♥❣
✏❧♦❝❛❧ ♠✐♥✐♠❛✑ ♥♦t ❜❛s❡❞ ♦♥ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ❜✉t ❜❛s❡❞ ♦♥ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ s✉❜✲❣r❛♣❤s ♦❢
t❤❡ st❛t❡ s♣❛❝❡✳ ◆♦♥❡ ♦❢ t❤❡s❡ ❝♦♠♣❧✐❝❛t✐♦♥s ✐s r❡❧❡✈❛♥t t♦ t❤❡ r❡s✉❧ts ❤❡r❡✐♥✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✼

✐❣♥♦r❡❞✳ ◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ❢♦r❝❡ ❡①✐t ♣❛t❤s t♦ ❜❡ ♠♦♥♦t♦♥❡✱ ✐✳❡✳✱ ✇❡ ✇✐❧❧ ❛❧s♦
t❛❧❦ ❛❜♦✉t ❡①✐t ❞✐st❛♥❝❡s ✐♥ s✐t✉❛t✐♦♥s ✇❤❡r❡ s ♠❛② ❜❡ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳ ❚❤✐s
✐s ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ❍♦✛♠❛♥♥✬s ♥♦t❛t✐♦♥s✱ ❛♥❞ ✐s ♥❡❝❡ss❛r② t♦ ❝❛♣t✉r❡ t❤❡
str✉❝t✉r❡ ♦❢ ❞♦♠❛✐♥s ❧✐❦❡ ❙❛t❡❧❧✐t❡ ❛♥❞ ❩❡♥♦tr❛✈❡❧✱ ✇❤❡r❡ ❧♦❝❛❧ ♠✐♥✐♠❛ ❡①✐st ❜✉t
t❤❡ ❡①✐t ❞✐st❛♥❝❡ ✐s ❜♦✉♥❞❡❞ ♥❡✈❡rt❤❡❧❡ss✳ ■♥❞❡❡❞✱ s♦♠❡ ♦❢ ♦✉r ❛♥❛❧②s✐s ♠❡t❤♦❞s
❣✉❛r❛♥t❡❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ ❛♥ ❡①✐t ♣❛t❤ ♦♥❧②✱ ♥♦t t❤❛t t❤❡
❤❡✉r✐st✐❝ ✈❛❧✉❡s ♦♥ t❤❛t ♣❛t❤ ✇✐❧❧ ❞❡❝r❡❛s❡ ♠♦♥♦t♦♥✐❝❛❧❧②✳

❋✐♥❛❧❧②✱ ❧❡t ✉s s❛② ❛ ❢❡✇ ✇♦r❞s ♦♥ ❞♦♠❛✐♥ ❛♥❛❧②s✐s✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱
❞♦♠❛✐♥ ❛♥❛❧②s✐s ❛✐♠s ❛t ❛✉t♦♠❛t✐❝❛❧❧② ♦❜t❛✐♥✐♥❣ ♥♦♥✲tr✐✈✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
❛ ❞♦♠❛✐♥ ♦r ♣❧❛♥♥✐♥❣ t❛s❦✳ ❙✉❝❤ ❛♥❛❧②s✐s ❤❛s ❛ ❧♦♥❣ tr❛❞✐t✐♦♥ ✐♥ ♣❧❛♥♥✐♥❣✱ ❡✳❣✳✱
❬✹✷✱ ✶✷✱ ✶✼✱ ✶✶✱ ✹✺❪✳ ▼♦st ♦❢t❡♥✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ s♦✉❣❤t ♣❡rt❛✐♥s t♦ r❡❛❝❤❛❜✐❧✐t②
♦r r❡❧❡✈❛♥❝❡ ♣r♦♣❡rt✐❡s✱ ✐✳❡✳✱ ✇❤✐❝❤ ❡♥t✐t✐❡s ♦r ❝♦♠❜✐♥❛t✐♦♥s t❤❡r❡♦❢ ❛r❡ r❡❛❝❤❛❜❧❡
❢r♦♠ t❤❡ ✐♥✐t✐❛❧ st❛t❡✴r❡❧❡✈❛♥t t♦ t❤❡ ❣♦❛❧✳ ❆ ♥♦t❛❜❧❡ ❡①❝❡♣t✐♦♥ ✐s t❤❡ ✇♦r❦ ♦❢
▲♦♥❣ ❛♥❞ ❋♦① ❬✹✵❪ ✇❤✐❝❤ ❛✉t♦♠❛t✐❝❛❧❧② r❡❝♦❣♥✐③❡s ❝❡rt❛✐♥ ✏❣❡♥❡r✐❝ t②♣❡s✑ ♦❢
❞♦♠❛✐♥s✱ ❧✐❦❡ tr❛♥s♣♦rt❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❡①✐sts ♥♦ ♣r✐♦r ✇♦r❦ ❛t ❛❧❧ tr②✐♥❣
t♦ ❛✉t♦♠❛t✐❝❛❧❧② ✐♥❢❡r ♣r♦♣❡rt✐❡s ♦❢ ❛ ❤❡✉r✐st✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ s✐♥❣❧❡ ❡①❝❡♣t✐♦♥
❛r❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❞✐s❛♣♣♦✐♥t✐♥❣ r❡s✉❧ts r❡♣♦rt❡❞ ✭❛s ❛♥ ❛s✐❞❡✮ ❜② ❍♦✛♠❛♥♥
❬✷✾❪✳ ❚❤✐s ♠❡t❤♦❞ ❜✉✐❧❞s ❛ str✉❝t✉r❡ ❝❛❧❧❡❞ ✏❢❛❝t ❣❡♥❡r❛t✐♦♥ tr❡❡✑✱ ❡♥✉♠❡r❛t✐♥❣
❛❧❧ ✇❛②s ✐♥ ✇❤✐❝❤ ❢❛❝ts ♠❛② s✉♣♣♦rt ❡❛❝❤ ♦t❤❡r ✐♥ ❛ ♥♦♥✲r❡❞✉♥❞❛♥t r❡❧❛①❡❞ ♣❧❛♥✳
■❢ t❤❡r❡ ✐s ♥♦ ✏❝♦♥✢✐❝t✑ t❤❡♥ h+ ✐s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❞✐st❛♥❝❡✳ ❈❧❡❛r❧②✱ t❤✐s ✐s
❛ ❢❛r t♦♦ str♦♥❣ ♣r♦♣❡rt② t♦ ❜❡ ❛♣♣❧✐❝❛❜❧❡ ✐♥ ❛♥② r❡❛s♦♥❛❜❧② ❝♦♠♣❧❡① ❞♦♠❛✐♥✳
❖❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜❡♥❝❤♠❛r❦s✱ t❤❡ ♣r♦♣❡rt② ❛♣♣❧✐❡s ♦♥❧② ✐♥ ❙✐♠♣❧❡✲❚❙P✳ ❆♣❛rt
❢r♦♠ t❤❛t✱ ❍♦✛♠❛♥♥ ✐❞❡♥t✐✜❡s ❛ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ s♣❡❝✐❛❧ ❝❛s❡ t❤❛t ❛♣♣❧✐❡s ✐♥
▼♦✈✐❡ ❛s ✇❡❧❧ ❛s tr✐✈✐❛❧ ▲♦❣✐st✐❝s t❛s❦s ✇✐t❤ ✷ ❧♦❝❛t✐♦♥s✱ ✶ tr✉❝❦✱ ❛♥❞ ✶ ♣❛❝❦❛❣❡✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❛♥❛❧②③✐♥❣ t❤❡ t♦♣♦❧♦❣② ♦❢ h+ ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❤❛r❞✿

❚❤❡♦r❡♠ ✶✳ ■t ✐s P❙P❆❈❊✲❤❛r❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r ♥♦t t❤❡ st❛t❡ s♣❛❝❡ ♦❢
❛ ❣✐✈❡♥ ♣❧❛♥♥✐♥❣ t❛s❦ ❝♦♥t❛✐♥s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✱ ❛♥❞ ❣✐✈❡♥ ❛♥ ✐♥t❡❣❡r K ✐t ✐s
P❙P❆❈❊✲❤❛r❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r ♥♦t ❢♦r ❛❧❧ st❛t❡s s ✇❡ ❤❛✈❡ ed(s) ≤ K✳
❋✉rt❤❡r✱ ✐t ✐s P❙P❆❈❊✲❤❛r❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r ♥♦t ❛ ❣✐✈❡♥ st❛t❡ s ✐s ❛ ❧♦❝❛❧
♠✐♥✐♠✉♠✱ ❛♥❞ ❣✐✈❡♥ ❛♥ ✐♥t❡❣❡r K ✐t ✐s P❙P❆❈❊✲❤❛r❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r
♥♦t ed(s) ≤ K✳

❚❤❡s❡ r❡s✉❧ts ❛r❡ ❤❛r❞❧② s✉r♣r✐s✐♥❣✱ ❜✉t t♦ ♦✉r ❦♥♦✇❧❡❞❣❡ ❤❛✈❡ ♥♦t ❜❡❡♥
st❛t❡❞ ❛♥②✇❤❡r❡ ②❡t✳ ❚❤❡♦r❡♠ ✶ st✐❧❧ ❤♦❧❞s ✇❤❡♥ r❡str✐❝t✐♥❣ t❤❡ ✐♥♣✉t t♦ s♦❧✈❛❜❧❡
t❛s❦s✴st❛t❡s✳ ❖✉r ♣r♦♦❢ ✇♦r❦s ❜② r❡❞✉❝✐♥❣ ♣❧❛♥ ❡①✐st❡♥❝❡ r❡s♣❡❝t✐✈❡❧② ❜♦✉♥❞❡❞
♣❧❛♥ ❡①✐st❡♥❝❡ ✭✇✐t❤ ❛ ❜♦✉♥❞ ✐♥ ♥♦♥✲✉♥❛r② r❡♣r❡s❡♥t❛t✐♦♥✮✳ ❇❛s✐❝❛❧❧②✱ ❣✐✈❡♥ ❛
t❛s❦ ✇❤♦s❡ ♣❧❛♥ ❡①✐st❡♥❝❡ ✇❡ ✇✐s❤ t♦ ❞❡❝✐❞❡✱ ✇❡ ✢❛tt❡♥ h+ ❜② ❛ ♥❡✇ ♦♣❡r❛t♦r
t❤❛t ❝❛♥ ❛❧✇❛②s ❛❝❤✐❡✈❡ t❤❡ ❣♦❛❧ ❜✉t t❤❛t ❤❛s ❛ ❢❛t❛❧ s✐❞❡ ❡✛❡❝t✳ ❚❤❡♥ ✇❡ ❣✐✈❡
t❤❡ ♣❧❛♥♥❡r t❤❡ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ s♦❧✈✐♥❣ t❤✐s t❛s❦ ♦r s♦❧✈✐♥❣ ❛♥ ❛❧t❡r♥❛t✐✈❡ t❛s❦✳
❚❤❛t ❧❛tt❡r t❛s❦ ✐s ❞❡s✐❣♥❡❞ s♦ t❤❛t ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❡①✐sts✴t❤❛t t❤❡ ❡①✐t ❞✐st❛♥❝❡
❡①❝❡❡❞s t❤❡ ❜♦✉♥❞ ✐✛ t❤❡ ♣❧❛♥♥❡r ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❝❤♦♦s❡ t❤❡ ❛❧t❡r♥❛t✐✈❡ t❛s❦✱
✐✳❡✳✱ ✐✛ t❤❡ ♦r✐❣✐♥❛❧ t❛s❦ ✐s s♦❧✈❛❜❧❡✴✐✛ ✐t ✐s s♦❧✈❛❜❧❡ ✇✐t❤✐♥ ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢
st❡♣s✳ ❚❤❡ ❢✉❧❧ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✶✳

■♥ ♣r❛❝t✐❝❡✱ ❝♦♠♣✉t❛t✐♦♥❛❧ ❤❛r❞♥❡ss ❤❡r❡ ✐s ♣❛rt✐❝✉❧❛r❧② ❝❤❛❧❧❡♥❣✐♥❣ ❜❡❝❛✉s❡✱
✐♥ ♠♦st ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❞♦♠❛✐♥ ❛♥❛❧②s✐s✱ ✇❡ ❛r❡ ♥♦t ✇✐❧❧✐♥❣ t♦ r✉♥ ❛ ✇♦rst✲❝❛s❡
❡①♣♦♥❡♥t✐❛❧ s❡❛r❝❤✳ ❆❢t❡r ❛❧❧✱ t❤❡ ❛♥❛❧②s✐s ✇✐❧❧ ♥♦t ❛❝t✉❛❧❧② s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✳✺

❚❤❡ r❡❛❞❡r ✇✐❧❧ ❤❛✈❡ ♥♦t✐❝❡❞ t❤❡ st❛t❡✲s♣❡❝✐✜❝ ❛♥❛❧②s✐s ♣r♦❜❧❡♠s ✐♥ ❚❤❡✲
♦r❡♠ ✶✳ ❲❡ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❣❧♦❜❛❧ ❛♥❛❧②s✐s ♣❡r✲t❛s❦✱ ❛♥❞ ❧♦❝❛❧ ❛♥❛❧②s✐s

✺❲❡ r❡♠❛r❦ t❤❛t ❍♦✛♠❛♥♥ ❬✷✼❪ ❞♦❡s r✉♥ ❡①♣❧✐❝✐t ❡♥✉♠❡r❛t✐♦♥ ❢♦r ❛♥s✇❡r✐♥❣ t❤❡ q✉❡st✐♦♥s
♣♦s❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✱ ❛♥❞ t❤❡ ❡①❛♠♣❧❡s ✇❤❡r❡ t❤❛t ✐s ❢❡❛s✐❜❧❡ ❛r❡ ✈❡r② t✐♥② ✐♥❞❡❡❞✳
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♣❡r✲st❛t❡✳ ❉♦♠❛✐♥ ❛♥❛❧②s✐s tr❛❞✐t✐♦♥❛❧❧② ❝♦♥s✐❞❡rs ♦♥❧② t❤❡ ❣❧♦❜❛❧ ✈❛r✐❛♥t ✭♦r
❡✈❡♥ ♠♦r❡ ❣❡♥❡r❛❧✐③✐♥❣ ✈❛r✐❛♥ts ❧♦♦❦✐♥❣ ❛t ♦♥❧② t❤❡ P❉❉▲ ❞♦♠❛✐♥ ✜❧❡✮✳ ❲❤✐❧❡
❣❧♦❜❛❧ ♦♥❝❡✲❛♥❞✲❢♦r✲❛❧❧ ❛♥❛❧②s✐s ✐s ❛❧s♦ t❤❡ ✏❤♦❧② ❣r❛✐❧✑ ✐♥ ♦✉r ✇♦r❦✱ ❧♦❝❛❧ ❛♥❛❧②s✐s
❤❛s ✐ts ❛❞✈❛♥t❛❣❡s✳ ■t ❛♣♣❧✐❡s ✐♥ ❛♥② ❞♦♠❛✐♥✱ ✐♥❝❧✉❞✐♥❣ t❤♦s❡ t❤❛t ❞♦ ❝♦♥t❛✐♥
❧♦❝❛❧ ♠✐♥✐♠❛✱ ♦r t❤❛t ❞♦♥✬t ❜✉t ✇❤❡r❡ ❣❧♦❜❛❧ ❛♥❛❧②s✐s ✐s ♥♦t str♦♥❣ ❡♥♦✉❣❤ t♦
r❡❝♦❣♥✐③❡ t❤✐s✳ ■♥❞❡❡❞✱ ✇❡ s❤♦✇ ❡♠♣✐r✐❝❛❧❧② t❤❛t ❧♦❝❛❧ ❛♥❛❧②s✐s✱ ❜❛s❡❞ ♦♥ ✈❡r②
❧✐♠✐t❡❞ s❛♠♣❧✐♥❣✱ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦❞✉❝❡ ❛❝❝✉r❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛ ❞♦♠❛✐♥✳

✸ ❆♥ ■❧❧✉str❛t✐✈❡ ❊①❛♠♣❧❡

❚❤❡ ❜❛s✐❝ ❝♦♥♥❡❝t✐♦♥ ✇❡ ✐❞❡♥t✐❢② ❜❡t✇❡❡♥ ❝❛✉s❛❧ ❣r❛♣❤s ❛♥❞ h+ t♦♣♦❧♦❣② ✕ ♠♦r❡
♣r❡❝✐s❡❧②✱ ❜❡t✇❡❡♥ s✉♣♣♦rt ❣r❛♣❤s✱ ❞♦♠❛✐♥ tr❛♥s✐t✐♦♥ ❣r❛♣❤s✱ ❛♥❞ h+ t♦♣♦❧♦❣② ✕
✐s q✉✐t❡ s✐♠♣❧❡✳ ■t ✐s ✐♥str✉❝t✐✈❡ t♦ ✉♥❞❡rst❛♥❞ t❤✐s ✜rst✱ ❜❡❢♦r❡ ❞❡❧✈✐♥❣ ✐♥t♦ ♦✉r
❢✉❧❧ r❡s✉❧ts✳ ❋✐❣✉r❡ ✷ s❤♦✇s ❢r❛❣♠❡♥ts ♦❢ t❤❡ ❞♦♠❛✐♥ tr❛♥s✐t✐♦♥ ❣r❛♣❤s ✭❉❚●s✮
♦❢ t❤r❡❡ ✈❛r✐❛❜❧❡s x0✱ x1✱ ❛♥❞ x2✳ ❆❧❧ ❉❚● tr❛♥s✐t✐♦♥s ❤❡r❡ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡
✐♥✈❡rt✐❜❧❡✱ ❛♥❞ t♦ ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts✳

T1

X0

X1
X2

g
0

R1 R2 R3

L2L1 L3

t0

T2

c c ss 11 2 2

❋✐❣✉r❡ ✷✿ ❆♥ ❡①❛♠♣❧❡ ✐❧❧✉str❛t✐♥❣ ♦✉r ❜❛s✐❝ r❡s✉❧t✳

❚❤❡ ✐♠❛❣✐♥❛t✐✈❡ r❡❛❞❡r ✐s ✐♥✈✐t❡❞ t♦ t❤✐♥❦ ♦❢ x0 ❛s ❛ ❝❛r ✇❤♦s❡ ❜❛tt❡r② ✐s
❝✉rr❡♥t❧② ❡♠♣t② ❛♥❞ t❤❛t t❤❡r❡❢♦r❡ r❡q✉✐r❡s t❤❡ ❤❡❧♣ ♦❢ t✇♦ ♣❡♦♣❧❡✱ x1 ❛♥❞ x2✱
✐♥ ♦r❞❡r t♦ ♣✉s❤✲st❛rt ✐t✳ ❚❤❡ ♣❡♦♣❧❡ ♠❛②✱ t♦ s♦❧✈❡ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ t❛s❦✱ ❜❡
r❡q✉✐r❡❞ ❢♦r ♦t❤❡r ♣✉r♣♦s❡s t♦♦✱ ❜✉t ❤❡r❡ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ s✉❜✲♣r♦❜❧❡♠ ♦❢
❛❝❤✐❡✈✐♥❣ t❤❡ ❣♦❛❧ x0 = g0✳ ❲❡ ✇✐s❤ t♦ t❛❦❡ t❤❡ x0 tr❛♥s✐t✐♦♥ t0✱ ✇❤✐❝❤ ❤❛s t❤❡
t✇♦ ❝♦♥❞✐t✐♦♥s c1 ❛♥❞ c2✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❝✉rr❡♥t❧② ♥♦t ❢✉❧✜❧❧❡❞✳ ■♥ t❤❡
st❛t❡ s ❛t ❤❛♥❞✱ x1 ✐s ✐♥ s1 ❛♥❞ x2 ✐s ✐♥ s2✳ ❲❡ ♠✉st ♠♦✈❡ t♦ ❛ ❞✐✛❡r❡♥t st❛t❡✱
s0✱ ✐♥ ✇❤✐❝❤ x1 = c1 ❛♥❞ x2 = c2✳ ❲❤❛t ✇✐❧❧ ❤❛♣♣❡♥ t♦ h+ ❛❧♦♥❣ t❤❡ ✇❛②❄

❙❛② t❤❛t ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ P+(s) ❢♦r s ♠♦✈❡s x1 t♦ c1 ❛❧♦♥❣ t❤❡ ♣❛t❤
♠❛r❦❡❞ T1✱ ❛♥❞ ♠♦✈❡s x2 t♦ c2 ❛❧♦♥❣ t❤❡ ♣❛t❤ ♠❛r❦❡❞ T2 ✕ ❝❧❡❛r❧②✱ s♦♠❡ s✉❝❤
♣❛t❤s ✇✐❧❧ ❤❛✈❡ t♦ ❜❡ t❛❦❡♥ ❜② ❛♥② P+(s)✳ ❑❡② ♦❜s❡r✈❛t✐♦♥ ✭✶✮ ✐s s✐♠✐❧❛r t♦
❛ ♣❤❡♥♦♠❡♥♦♥ ❦♥♦✇♥ ❢r♦♠ tr❛♥s♣♦rt❛t✐♦♥ ❜❡♥❝❤♠❛r❦s✳ ❲❤❡♥ ♠♦✈✐♥❣ x1 ❛♥❞
x2✱ ✇❤✐❝❤❡✈❡r st❛t❡ s′ ✇❡ ❛r❡ ✐♥✱ ❛s ❧♦♥❣ ❛s s′ r❡♠❛✐♥s ✇✐t❤✐♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢
t❤❡ ✈❛❧✉❡s tr❛✈❡rs❡❞ ❜② T1 ❛♥❞ T2✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ r❡❧❛①❡❞ ♣❧❛♥ P+(s′) ❢♦r
s′ s♦ t❤❛t |P+(s′)| ≤ |P+(s)|✳ ◆❛♠❡❧②✱ t♦ ♦❜t❛✐♥ P+(s′)✱ ✇❡ s✐♠♣❧② r❡♣❧❛❝❡ t❤❡
r❡s♣❡❝t✐✈❡ ♠♦✈❡ s❡q✉❡♥❝❡ −→o i ✐♥ P+(s)✱ ❢♦r i = 1, 2✱ ✇✐t❤ ✐ts ✐♥✈❡rs❡ ←−o i✳ ❋♦r
❡①❛♠♣❧❡✱ s❛② ✇❡ ❣♦t t♦ s′ ❜② −→o 1 = 〈R1, R2, R3〉 ♠♦✈✐♥❣ x1 t♦ c1✱ ❛s ✐♥❞✐❝❛t❡❞ ✐♥
❋✐❣✉r❡ ✷✳ ❚❤❡♥ ✇❧♦❣ P+(s) ❤❛s t❤❡ ❢♦r♠ 〈R1, R2, R3〉 ◦P ✳ ❲❡ ❞❡✜♥❡ P+(s′) :=
〈L3, L2, L1〉 ◦P ✳ ❚❤❡ ♣♦st✜① P ♦❢ ❜♦t❤ r❡❧❛①❡❞ ♣❧❛♥s ✐s t❤❡ s❛♠❡❀ ❛t t❤❡ ❡♥❞ ♦❢
t❤❡ ♣r❡✜①✱ t❤❡ s❡t ♦❢ ✈❛❧✉❡s ❛❝❤✐❡✈❡❞ ❢♦r x1✱ ♥❛♠❡❧② s1✱ c1✱ ❛♥❞ t❤❡ t✇♦ ✈❛❧✉❡s ✐♥
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❜❡t✇❡❡♥✱ ✐s ❛❧s♦ t❤❡ s❛♠❡✳ ❚❤✉s P+(s′) ✐s ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s′✳ ❚❤✐s ✐s tr✉❡ ✐♥
❣❡♥❡r❛❧✱ ✐✳❡✳✱ ←−o 1 ✐s ♥❡❝❡ss❛r✐❧② ❛♣♣❧✐❝❛❜❧❡ ✐♥ s′✱ ❛♥❞ ✇✐❧❧ ❛❝❤✐❡✈❡✱ ✇✐t❤✐♥ r❡❧❛①❡❞
❡①❡❝✉t✐♦♥ ♦❢ P+(s′)✱ t❤❡ s❛♠❡ s❡t ♦❢ ❢❛❝ts ❛s ❛❝❤✐❡✈❡❞ ❜② −→o 1 ✐♥ P+(s)✳ ❚❤✉s
h+(s′) ≤ h+(s) ❢♦r ❛♥② st❛t❡ s′✱ ✐♥❝❧✉❞✐♥❣ t❤❡ st❛t❡ s0 ✇❡✬r❡ ❛❢t❡r✳

❑❡② ♦❜s❡r✈❛t✐♦♥ ✭✷✮ ♣❡rt❛✐♥s t♦ t❤❡ ✏❧❡❛❢✑ ✈❛r✐❛❜❧❡✱ x0✳ ❙❛② t❤❛t x0 ♠♦✈❡s
♦♥❧② ❢♦r ✐ts ♦✇♥ s❛❦❡✱ ✐✳❡✳✱ t❤❡ ❝❛r ♣♦s✐t✐♦♥ ✐s ♥♦t ✐♠♣♦rt❛♥t ❢♦r ❛♥② ♦t❤❡r ❣♦❛❧✳
❚❤❡♥ ❡①❡❝✉t✐♥❣ t0 ✐♥ s0 ❞♦❡s ♥♦t ❞❡❧❡t❡ ❛♥②t❤✐♥❣ ♥❡❡❞❡❞ ❛♥②✇❤❡r❡ ❡❧s❡✳ ❚❤✉s
✇❡ ❝❛♥ r❡♠♦✈❡ rop(t0) ❢r♦♠ t❤❡ r❡❧❛①❡❞ ♣❧❛♥ P+(s0) ❢♦r s0 ✕ ❝♦♥str✉❝t❡❞ ❛s
♣❡r ♦❜s❡r✈❛t✐♦♥ ✭✶✮ ✕ t♦ ♦❜t❛✐♥ ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r t❤❡ st❛t❡ s1 t❤❛t r❡s✉❧ts ❢r♦♠
❡①❡❝✉t✐♥❣ t0 ✐♥ s0✳ ❲❡ ❣❡t h+(s1) < h+(s)✱ ❛♥❞ t❤✉s s0 ✭♦r s♦♠❡ st❛t❡ ♦♥ t❤❡
♣❛t❤ t♦ s0✮ ✐s ❛♥ ❡①✐t✳ ❚❤❡ ❡①✐t ❞✐st❛♥❝❡ ♦❢ s ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ♠♦✈❡s
♦♥ t❤❡ ♣❛t❤ t♦ s0✱ ❛♥❞ ✇✐t❤ ♦❜s❡r✈❛t✐♦♥ ✭✶✮ t❤❛t ♣❛t❤ ✐s ♠♦♥♦t♦♥❡ ❤❡♥❝❡ s ✐s
♥♦t ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳

■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ✐♠❛❣✐♥❡ t❤❛t t❤❡ ❛❜♦✈❡ ✇♦r❦s ❛❧s♦ ✐❢ ♣r❡❝♦♥❞✐t✐♦♥s ♥❡❡❞
t♦ ❜❡ ❡st❛❜❧✐s❤❡❞ r❡❝✉rs✐✈❡❧②✱ ❛s ❧♦♥❣ ❛s ♥♦ ❝②❝❧✐❝ ❞❡♣❡♥❞❡♥❝✐❡s ❡①✐st✳ ❆ t❤✐r❞
♣❡rs♦♥ ♠❛② ❜❡ ♥❡❡❞❡❞ t♦ ✜rst ♣❡rs✉❛❞❡ x1 ❛♥❞ x2✱ t❤❡ t❤✐r❞ ♣❡rs♦♥ ♠❛② ♥❡❡❞
t♦ t❛❦❡ ❛ ❜✉s✱ ❛♥❞ s♦ ♦♥✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❛t❤ t♦ s0 ♠❛② ❣r♦✇ ❡①♣♦♥❡♥t✐❛❧❧②
✕ ✐❢ x1 ❞❡♣❡♥❞s ♦♥ x3 t❤❡♥ ❡❛❝❤ ♠♦✈❡ ♦❢ x1 ♠❛② r❡q✉✐r❡ s❡✈❡r❛❧ ♠♦✈❡s ♦❢ x3✱
❛♥❞ s♦ ❢♦rt❤ ✕ ❜✉t ✇❡ ✇✐❧❧ st✐❧❧ ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t P+(s′) ❜② ✐♥✈❡rt✐♥❣ t❤❡
♠♦✈❡s ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s ✐♥❞✐✈✐❞✉❛❧❧②✳ ❋✉rt❤❡r✱ t❤❡ ✐♥✈❡rt✐♥❣ tr❛♥s✐t✐♦♥s ♠❛② ❤❛✈❡
❝♦♥❞✐t✐♦♥s✱ t♦♦✱ ♣r♦✈✐❞❡❞ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♥♦t ♥❡✇✱ ✐✳❡✳✱ ♠♦✈✐♥❣ x1 t♦ t❤❡
❧❡❢t ❞♦❡s ♥♦t r❡q✉✐r❡ ♣r❡r❡q✉✐s✐t❡s ♥♦t r❡q✉✐r❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ♠♦✈❡ t♦ t❤❡
r✐❣❤t✳ ❆♥② ❝♦♥❞✐t✐♦♥s t❤❛t ❛r❡ r❡q✉✐r❡❞ ✐♥ P+(s) ❛r❡ ❡st❛❜❧✐s❤❡❞ t❤❡r❡✱ ❛♥❞ t❤✉s
✇✐❧❧ ❜❡ ❡st❛❜❧✐s❤❡❞ ❛❧s♦ ✐♥ P+(s′)✳

◆♦✇✱ s❛② t❤❛t t❤❡ s✉♣♣♦rt ❣r❛♣❤ ✐s ❛❝②❝❧✐❝✱ ❛♥❞ t❤❛t ❛❧❧ tr❛♥s✐t✐♦♥s ❛r❡
✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts✳ ●✐✈❡♥ ❛♥② st❛t❡ s✱ ✉♥❧❡ss s ✐s ❛❧r❡❛❞② ❛ ❣♦❛❧
st❛t❡✱ s♦♠❡ ✈❛r✐❛❜❧❡ x0 ♠♦✈✐♥❣ ♦♥❧② ❢♦r ✐ts ♦✇♥ s❛❦❡ ♥❡❝❡ss❛r✐❧② ❡①✐sts✳ ❇✉t
t❤❡♥✱ ✇✐t❤✐♥ ❛♥② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✱ ❛ s✐t✉❛t✐♦♥ ❛s ❛❜♦✈❡ ❡①✐sts✱ ❛♥❞
t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❛ ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤✱ ◗✳❊✳❉✳ ❢♦r ♥♦ ❧♦❝❛❧ ♠✐♥✐♠❛ ✉♥❞❡r h+✳

❚❤❡ ❡①❡❝✉t✐♦♥ ♣❛t❤ ❝♦♥str✉❝t✐♦♥ ✇❡ ❤❛✈❡ ❥✉st ❞✐s❝✉ss❡❞ ✐s ♥♦t s♦ ❞✐✛❡r❡♥t
❢r♦♠ ❦♥♦✇♥ r❡s✉❧ts ❡①♣❧♦✐t✐♥❣ ❝❛✉s❛❧ ❣r❛♣❤ ❛❝②❝❧✐❝✐t② ❛♥❞ ♥♦t✐♦♥s ♦❢ ❝♦♥♥❡❝t✲
❡❞♥❡ss ♦r ✐♥✈❡rt✐❜✐❧✐t② ♦❢ ❞♦♠❛✐♥ tr❛♥s✐t✐♦♥ ❣r❛♣❤s✳ ❚❤❡ ✜rst r❡s✉❧ts ♦❢ t❤✐s
❦✐♥❞ ✇❡r❡ ♣✉❜❧✐s❤❡❞ ♠♦r❡ t❤❛♥ ✶✵ ②❡❛rs ❛❣♦ ❬✸✸✱ ✹✽❪✳ ❲❤❛t ✐s ♥❡✇ ❤❡r❡ ✐s t❤❡
❝♦♥♥❡❝t✐♦♥ t♦ h+✳

❲❡ r❡♠❛r❦ t❤❛t ❍♦✛♠❛♥♥ ❬✷✾❪ ✉s❡s ❛ ♥♦t✐♦♥ ♦❢ ♦♣❡r❛t♦rs ✏r❡s♣❡❝t❡❞ ❜②
t❤❡ r❡❧❛①❛t✐♦♥✑ ✕ ✇❤❡♥❡✈❡r ❛♥② ♦♣❡r❛t♦r o st❛rts ❛♥ ♦♣t✐♠❛❧ r❡❛❧ ♣❧❛♥✱ o ❛❧s♦
st❛rts ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ✕ ❛s ❛ ❝♦r❡ ♣r♦♣❡rt② ✐♥ ♠❛♥② ♦❢ ❤✐s ❤❛♥❞✲♠❛❞❡
♣r♦♦❢s✳ ❍❡ s♣❡❝✉❧❛t❡s t❤❛t r❡❝♦❣♥✐③✐♥❣ t❤✐s ♣r♦♣❡rt② ❛✉t♦♠❛t✐❝❛❧❧② ❝♦✉❧❞ ❜❡ ❦❡②
t♦ ❞♦♠❛✐♥ ❛♥❛❧②s✐s r❡❝♦❣♥✐③✐♥❣ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛ ✉♥❞❡r h+✳ ❲❡ ❞♦
♥♦t ❡①♣❧♦r❡ t❤✐s ♦♣t✐♦♥ ❤❡r❡✐♥✱ ❤♦✇❡✈❡r ✇❡ ♥♦t❡ t❤❛t ❡✈❡♥ t❤❡ ❜❛s✐❝ r❡s✉❧t ✇❡ ❥✉st
♦✉t❧✐♥❡❞ ❝♦♥t❛✐♥s ❝❛s❡s ♥♦t ❝♦✈❡r❡❞ ❜② t❤✐s ♣r♦♣❡rt②✳ ❊✈❡♥ ✇✐t❤ ❛❝②❝❧✐❝ s✉♣♣♦rt
❣r❛♣❤ ❛♥❞ ✐♥✈❡rt✐❜❧❡ tr❛♥s✐t✐♦♥s ✇✐t❤♦✉t s✐❞❡ ❡✛❡❝ts✱ t❤❡r❡ ❛r❡ ❡①❛♠♣❧❡s ✇❤❡r❡
❛♥ ♦♣❡r❛t♦r ✐s ♥♦t r❡s♣❡❝t❡❞ ❜② t❤❡ r❡❧❛①❛t✐♦♥✳ ❲❡ ❣✐✈❡ s✉❝❤ ❛ ❝♦♥str✉❝t✐♦♥ ✐♥
❊①❛♠♣❧❡ ✶✱ ❆♣♣❡♥❞✐① ❆✳✹✳

✹ ❙②♥♦♣s✐s ♦❢ ❚❡❝❤♥✐❝❛❧ ❘❡s✉❧ts

❖✉r t❡❝❤♥✐❝❛❧ r❡s✉❧ts ✐♥ ✇❤❛t ❢♦❧❧♦✇s ❛r❡ str✉❝t✉r❡❞ ✐♥ ❛ ✇❛② s✐♠✐❧❛r t♦ t❤❡
♣r♦♦❢ ❛r❣✉♠❡♥t ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ✭❆✮✱ ❙❡❝t✐♦♥ ✺✱ ✇❡ ✐❞❡♥t✐❢②

❘❘ ♥➦ ✼✺✵✺
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❝✐r❝✉♠st❛♥❝❡s ✉♥❞❡r ✇❤✐❝❤ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ t❤❛t
❛ ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤ ❡①✐sts✳ ✭❇✮✱ ❙❡❝t✐♦♥ ✻✱ ✇❡ ❞❡✈✐s❡ s✉♣♣♦rt✲❣r❛♣❤ ❜❛s❡❞
s✉✣❝✐❡♥t ❝r✐t❡r✐❛ ✐♠♣❧②✐♥❣ t❤❛t ❛♥❛❧②s✐s ✭❆✮ ✇✐❧❧ ❛❧✇❛②s s✉❝❝❡❡❞✳ ✭❇✮ ✉♥❞❡r✲
❧✐❡s ❚♦r❝❤▲✐❣❤t✬s ❝♦♥s❡r✈❛t✐✈❡ ❛♥❛❧②s✐s ♠❡t❤♦❞s✱ ✐✳❡✳✱ ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧ ❛♥❛❧②s✐s
❣✐✈✐♥❣ ❣✉❛r❛♥t❡❡s✳ ❇② ❢❡❡❞✐♥❣ ✭❆✮ ✇✐t❤ t❤❡ ✉s✉❛❧ r❡❧❛①❡❞ ♣❧❛♥s ❛s ❝♦♠♣✉t❡❞✱
❡✳❣✳✱ ❜② ❋❋✬s ❤❡✉r✐st✐❝ ❢✉♥❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥ ❚♦r❝❤▲✐❣❤t✬s ♠❛✐♥ ✐♥str✉♠❡♥t ❢♦r
❛♣♣r♦①✐♠❛t❡ ✭❧♦❝❛❧✮ ❛♥❛❧②s✐s✳

❋♦r ❡❛s❡ ♦❢ r❡❛❞✐♥❣✱ ❤❡r❡ ✐s ❛ ❜r✐❡❢ s②♥♦♣s✐s ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ✭❆✮
❛♥❞ ✭❇✮✳ ❚❤❡ s②♥♦♣s✐s ❝♦♥t❛✐♥s s✉✣❝✐❡♥t ✐♥❢♦r♠❛t✐♦♥ t♦ ✉♥❞❡rst❛♥❞ t❤❡ r❡st ♦❢
t❤❡ ♣❛♣❡r✱ s♦ t❤❡ r❡❛❞❡r ♠❛② ❝❤♦♦s❡ t♦ s❦✐♣ ❙❡❝t✐♦♥s ✺ ❛♥❞ ✻✱ ❛♥❞ ♠♦✈❡ ❞✐r❡❝t❧②
t♦ t❤❡ ❡✈❛❧✉❛t✐♦♥✳

✭❆✮ ●✐✈❡♥ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ P+(s) ❢♦r ❛ st❛t❡ s✱ ❛♥ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥✲
❞❡♥❝② ❣r❛♣❤ oDG+ ✐s ❛ s✉❜✲❣r❛♣❤ ♦❢ SG t❤❛t ✐❞❡♥t✐✜❡s ❛ ✈❛r✐❛❜❧❡ x0 ✇✐t❤
tr❛♥s✐t✐♦♥ t0 ❛s ✐♥ ♦✉r ❡①❛♠♣❧❡✱ ❛♥❞ ❝♦♥t❛✐♥s ❛r❝s (x, x′) ✐❢ P+(s) r❡❧✐❡s ♦♥
✈❛❧✉❡s ♦❢ x ❢♦r ♠♦✈✐♥❣ x′✱ ✇❤❡r❡ x′ ✐s r❡❧❡✈❛♥t t♦ ❛❝❤✐❡✈❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢
t0✳ ❲❡ s❛② t❤❛t oDG+ ✐s s✉❝❝❡ss❢✉❧ ✐❢ ✐t ✐s ❛❝②❝❧✐❝✱ ❛❧❧ ✐♥✈♦❧✈❡❞ tr❛♥s✐t✐♦♥s
✇✐❧❧ ❜❡ ✉s❛❜❧❡ ✐♥ ♦✉r ❡①✐t ♣❛t❤ ❝♦♥str✉❝t✐♦♥ ✭❡✳❣✳✱ t❤❡② ❤❛✈❡ ♥♦ ❤❛r♠❢✉❧ s✐❞❡
❡✛❡❝ts✮✱ ❛♥❞ ❛♥② ❞❡❧❡t❡s ♦❢ t0 ❛r❡ ❡✐t❤❡r ♥♦t r❡❧❡✈❛♥t t♦ t❤❡ r❡❧❛①❡❞ ♣❧❛♥
❛t ❛❧❧✱ ♦r ❝❛♥ ❡❛s✐❧② ❜❡ r❡❝♦✈❡r❡❞ ✐♥s✐❞❡ t❤❡ r❡❧❛①❡❞ ♣❧❛♥✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t✱
❚❤❡♦r❡♠ ✷✱ st❛t❡s t❤❛t s ✐s ♥♦ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✐❢ t❤❡r❡ ❡①✐sts ❛ s✉❝❝❡ss❢✉❧
oDG+ ❢♦r s✳ ■t ❛❧s♦ ❞❡r✐✈❡s ❛♥ ❡①✐t ❞✐st❛♥❝❡ ❜♦✉♥❞ ❢r♦♠ oDG+✳

✭❇✮ ●✐✈❡♥ ❛ st❛t❡ s✱ ❛ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ lDG ✐s ❛ s✉❜✲❣r❛♣❤ ♦❢ SG t❤❛t
✐❞❡♥t✐✜❡s ❛ ✈❛r✐❛❜❧❡ x0 ♠♦✈✐♥❣ ❢♦r ✐ts ♦✇♥ s❛❦❡ ❛s ✐♥ t❤❡ ❡①❛♠♣❧❡✱ ❛♥❞ t❤❛t
✐♥❝❧✉❞❡s ❛❧❧ SG ♣r❡❞❡❝❡ss♦rs ♦❢ x0 ✉♥❧❡ss t❤❡ r❡q✉✐r❡❞ ✈❛❧✉❡ ✐s ❛❧r❡❛❞② tr✉❡ ✐♥
s✳ ❲❡ s❛② t❤❛t lDG ✐s s✉❝❝❡ss❢✉❧ ✐❢ ✐t ✐s ❛❝②❝❧✐❝✱ ❛❧❧ ✐♥✈♦❧✈❡❞ tr❛♥s✐t✐♦♥s ✇✐❧❧
❜❡ ✉s❛❜❧❡ ✐♥ ♦✉r ❡①✐t ♣❛t❤ ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ t0 ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② r❡❧❡✈❛♥t
❞❡❧❡t❡s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛ s✉❝❝❡ss❢✉❧ oDG+ ❡①✐sts✱ ❛♥❞ t❤✉s ✇❡ ❤❛✈❡
❚❤❡♦r❡♠ ✸✱ st❛t✐♥❣ t❤❛t s ✐s ♥♦ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❛♥❞ ❣✐✈✐♥❣ ❛ ❝♦rr❡s♣♦♥❞✐♥❣
❡①✐t ❞✐st❛♥❝❡ ❜♦✉♥❞✳ ❆ ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ gDG ✐s ❛ s✉❜✲❣r❛♣❤ ♦❢ SG
t❤❛t ✐❞❡♥t✐✜❡s ❛♥② ❣♦❛❧ ✈❛r✐❛❜❧❡ x0✱ ❛♥❞ ✐♥❝❧✉❞❡s ❛❧❧ SG ♣r❡❞❡❝❡ss♦rs ♦❢
x0✳ ❇❡✐♥❣ s✉❝❝❡ss❢✉❧ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❢♦r lDGs✳ ■❢ ❛❧❧ gDGs
❛r❡ s✉❝❝❡ss❢✉❧ t❤❡♥ ❚❤❡♦r❡♠ ✸ ✇✐❧❧ ❛♣♣❧② t♦ ❡✈❡r② st❛t❡✱ ❛♥❞ t❤✉s ✇❡ ❤❛✈❡
❚❤❡♦r❡♠ ✹ st❛t✐♥❣ t❤❛t t❤❡ st❛t❡ s♣❛❝❡ ❞♦❡s✱ t❤❡♥✱ ♥♦t ❝♦♥t❛✐♥ ❛♥② ❧♦❝❛❧
♠✐♥✐♠❛✳ ❚❤❡ ❡①✐t ❞✐st❛♥❝❡ ❜♦✉♥❞ ✐s ♦❜t❛✐♥❡❞ ❜② ♠❛①✐♠✐③✐♥❣ ♦✈❡r ❛❧❧ gDGs✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✭❆✮ ✐s ♥♦t ♦♥❧② ❛ ♠✐♥✐♠❛❧ r❡s✉❧t t❤❛t ✇♦✉❧❞
s✉✣❝❡ t♦ ♣r♦✈❡ ✭❇✮✳ ❚❤❡ ❝❛s❡s ✐❞❡♥t✐✜❡❞ ❛r❡ ♠✉❝❤ r✐❝❤❡r t❤❛♥ ✇❤❛t ✇❡ ❝❛♥
❛❝t✉❛❧❧② ✐♥❢❡r ❢r♦♠ s✉♣♣♦rt ❣r❛♣❤s ✭❛s ②❡t✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♣❡rt❛✐♥s t♦ ✭✶✮
✇❤❡t❤❡r ✏P+(s) r❡❧✐❡s ♦♥ ✈❛❧✉❡s ♦❢ x ❢♦r ♠♦✈✐♥❣ x′✑ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ oDG+✱
❛♥❞ t♦ ✭✷✮ ✇❤❡t❤❡r ✏❛♥② ❞❡❧❡t❡s ♦❢ t0 ❝❛♥ ❡❛s✐❧② ❜❡ r❡❝♦✈❡r❡❞ ✐♥s✐❞❡ t❤❛t r❡❧❛①❡❞
♣❧❛♥✑✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❛❜✐❧✐t② t♦ ♠❛❦❡ ✉s❡ ♦❢ ♥♦t✐♦♥ ✭✷✮ ❡♥❛❜❧❡s ✭❆✮ t♦ s✉❝❝❡❡❞
✐♥ ❞♦♠❛✐♥s ❧✐❦❡ ●r✐♣♣❡r✱ ✇❤❡r❡ ♦♣❡r❛t♦rs ✭♣✐❝❦✐♥❣ ✉♣ ❛ ❜❛❧❧✮ ❞♦ ❤❛✈❡ ❤❛r♠❢✉❧
s✐❞❡ ❡✛❡❝ts ✭♠❛❦✐♥❣ t❤❡ ❣r✐♣♣❡r ❤❛♥❞ ♥♦♥✲❡♠♣t②✮✱ ❜✉t t❤❡s❡ s✐❞❡ ❡✛❡❝ts ❛r❡
❛❧✇❛②s r❡❝♦✈❡r❡❞ ✐♥ t❤❡ r❡❧❛①❡❞ ♣❧❛♥ ✭✇❤❡♥ ❞r♦♣♣✐♥❣ t❤❡ ❜❛❧❧ ❛❣❛✐♥ ❧❛t❡r ♦♥✮✳

✺ ❆♥❛❧②③✐♥❣ ❖♣t✐♠❛❧ ❘❡❧❛①❡❞ P❧❛♥s

❲❡ ❝♦♥s✐❞❡r ❛ st❛t❡ s ❛♥❞ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ P+(s) ❢♦r s✳ ❚♦ ❞❡s❝r✐❜❡ t❤❡
❝✐r❝✉♠st❛♥❝❡s ✉♥❞❡r ✇❤✐❝❤ ❛ ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤ ✐s ❣✉❛r❛♥t❡❡❞ t♦ ❡①✐st✱ ✇❡ ✇✐❧❧

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✶✶

♥❡❡❞ ❛ ♥✉♠❜❡r ♦❢ ♥♦t❛t✐♦♥s ♣❡rt❛✐♥✐♥❣ t♦ ♣r♦♣❡rt✐❡s ♦❢ tr❛♥s✐t✐♦♥s ❡t❝✳ ❲❡ ✇✐❧❧
✐♥tr♦❞✉❝❡ t❤❡s❡ ♥♦t❛t✐♦♥s ❛❧♦♥❣ t❤❡ ✇❛②✱ r❛t❤❡r t❤❛♥ ✉♣ ❢r♦♥t✱ ✐♥ t❤❡ ❤♦♣❡ t❤❛t
t❤✐s ♠❛❦❡s t❤❡♠ ❡❛s✐❡r t♦ ❞✐❣❡st✳

●✐✈❡♥ o0 ∈ P+(s)✱ ❜② P+
<0(s) ❛♥❞ P+

>0(s) ✇❡ ❞❡♥♦t❡ t❤❡ ♣❛rts ♦❢ P+(s) ✐♥
❢r♦♥t ♦❢ o0 ❛♥❞ ❜❡❤✐♥❞ o0✱ r❡s♣❡❝t✐✈❡❧②✳ ❇② P+(s, x) ✇❡ ❞❡♥♦t❡ t❤❡ s✉❜✲s❡q✉❡♥❝❡
♦❢ P+(s) ❛✛❡❝t✐♥❣ x✳ ❲❡ ❝❛♣t✉r❡ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛❜❧❡s ✉s❡❞
✐♥ P+(s) ❢♦r ❛❝❤✐❡✈✐♥❣ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ o0✱ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❧❡t s ∈ S ✇✐t❤ 0 < h+(s) <
∞✱ ❧❡t P+(s) ❜❡ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✱ ❧❡t x0 ∈ X✱ ❛♥❞ ❧❡t o0 ∈ P

+(s)
❜❡ ❛♥ ♦♣❡r❛t♦r t❛❦✐♥❣ ❛ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ t0 = (s(x0), c)✳

❆♥ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r P+(s)✱ x0 ❛♥❞ o0✱ ♦r ♦♣t✐♠❛❧ r♣❧❛♥
❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r P+(s) ✐♥ ❜r✐❡❢✱ ✐s ❛ ❣r❛♣❤ oDG+ = (V,A) ✇✐t❤ ✉♥✐q✉❡
❧❡❛❢ ✈❡rt❡① x0✱ ❛♥❞ ✇❤❡r❡ x ∈ V ❛♥❞ (x, x′) ∈ A ✐❢ ❡✐t❤❡r✿ x′ = x0✱ x ∈ Xpreo0

✱

❛♥❞ preo0(x) 6= s(x)❀ ♦r x 6= x′ ∈ V \ {x0} ❛♥❞ t❤❡r❡ ❡①✐sts o ∈ P+
<0(s) t❛❦✐♥❣ ❛

r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ ♦♥ x′ s♦ t❤❛t x ∈ Xpreo
❛♥❞ preo(x) 6= s(x)✳

❋♦r x ∈ V \{x0}✱ ❜② oDTG
+
x ✇❡ ❞❡♥♦t❡ t❤❡ s✉❜✲❣r❛♣❤ ♦❢ DTGx t❤❛t ✐♥❝❧✉❞❡s

♦♥❧② t❤❡ ✈❛❧✉❡s tr✉❡ ❛t s♦♠❡ ♣♦✐♥t ✐♥ P+
<0(s, x)✱ t❤❡ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s t ✉s✐♥❣

❛♥ ♦♣❡r❛t♦r ✐♥ P+
<0(s, x)✱ ❛♥❞ ❛t ❧❡❛st ♦♥❡ r❡❧❡✈❛♥t ✐♥✈❡rs❡ ♦❢ s✉❝❤ t ✇❤❡r❡ ❛

r❡❧❡✈❛♥t ✐♥✈❡rs❡ ❡①✐sts✳ ❲❡ r❡❢❡r t♦ t❤❡ P+
<0(s, x) tr❛♥s✐t✐♦♥s ❛s ♦r✐❣✐♥❛❧✱ ❛♥❞ t♦

t❤❡ ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥s ❛s ✐♥❞✉❝❡❞✳

❚❤❡ tr❛♥s✐t✐♦♥ t0 ✇✐t❤ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r o0 ✇✐❧❧ ❜❡ ♦✉r ❝❛♥❞✐❞❛t❡ ❢♦r r❡❛❝❤✲
✐♥❣ t❤❡ ❡①✐t st❛t❡✱ ❧✐❦❡ t0 ✐♥ ❋✐❣✉r❡ ✷✳ oDG+ ❝♦❧❧❡❝ts ❛❧❧ ✈❛r✐❛❜❧❡s x ❝♦♥♥❡❝t❡❞
t♦ ❛ ✈❛r✐❛❜❧❡ x′ ✐♥s♦❢❛r ❛s P+

<0(s) ✉s❡s ❛♥ ♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥❡❞ ♦♥ x ✐♥ ♦r❞❡r
t♦ ♠♦✈❡ x′✳ ❚❤❡s❡ ❛r❡ t❤❡ ✈❛r✐❛❜❧❡s ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ♠♦✈❡✱ ❧✐❦❡ x1 ❛♥❞ x2 ✐♥
❋✐❣✉r❡ ✷✱ t♦ ♦❜t❛✐♥ ❛ st❛t❡ s0 ✇❤❡r❡ t0 ❝❛♥ ❜❡ t❛❦❡♥✳ ❋♦r ❛♥② s✉❝❤ ✈❛r✐❛❜❧❡ x✱
oDTG+

x ❝❛♣t✉r❡s t❤❡ ❞♦♠❛✐♥ tr❛♥s✐t✐♦♥ ❣r❛♣❤ ❢r❛❣♠❡♥t t❤❛t P+
<0(s) tr❛✈❡rs❡s

❛♥❞ ✇✐t❤✐♥ ✇❤✐❝❤ ✇❡ ✇✐❧❧ st❛②✱ ❧✐❦❡ T1 ❛♥❞ T2 ✐♥ ❋✐❣✉r❡ ✷✳
◆♦t❡ t❤❛t t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t♦rs P+

>0(s) ❜❡❤✐♥❞ o0✱ s✐♠♣❧②
❜❡❝❛✉s❡ t❤❡s❡ ♦♣❡r❛t♦rs ❛r❡ ♥♦t ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ o0✬s ♣r❡❝♦♥❞✐t✐♦♥✳ ❚❤✐s
✐s ♦❢ ♣❛r❛♠♦✉♥t ✐♠♣♦rt❛♥❝❡ ✐♥ ♣r❛❝t✐❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ o0 ♣✐❝❦s ✉♣ ❛ ❜❛❧❧ b ✐♥
●r✐♣♣❡r✱ t❤❡♥ P+(s) ✇✐❧❧ ❛❧s♦ ❝♦♥t❛✐♥ ✕ ❜❡❤✐♥❞ o0 ✕ ❛♥ ♦♣❡r❛t♦r o′ ❞r♦♣♣✐♥❣ b✳
■❢ ✇❡ ❝♦♥s✐❞❡r❡❞ o′ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✱ t❤❡♥ oDG+ ✇♦✉❧❞ ❝♦♥t❛✐♥ ❛ ❝②❝❧❡ ❜❡❝❛✉s❡
t❤❡ ❞❡✜♥✐t✐♦♥ ✇♦✉❧❞ ❛ss✉♠❡ t❤❛t o′ ✐s ✉s❡❞ ❢♦r ♠❛❦✐♥❣ t❤❡ r❡s♣❡❝t✐✈❡ ❣r✐♣♣❡r
❤❛♥❞ ❢r❡❡✳ ■♥ ❚♦r❝❤▲✐❣❤t✬s ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛❧ ❛♥❛❧②s✐s✱ ✇❤❡♥❡✈❡r ✇❡ ❝♦♥s✐❞❡r
❛♥ ♦♣❡r❛t♦r o0✱ ❜❡❢♦r❡ ✇❡ ❜✉✐❧❞ oDG+ ✇❡ r❡✲♦r❞❡r P+(s) ❜② ♠♦✈✐♥❣ ♦♣❡r❛t♦rs
❜❡❤✐♥❞ o0 ✐❢ ♣♦ss✐❜❧❡✳ ❚❤✐s ♠✐♥✐♠✐③❡s P+

<0(s)✱ ❛♥❞ oDG
+ t❤✉s ✐♥❞❡❡❞ ❝♦♥t❛✐♥s

♦♥❧② t❤❡ ♥❡❝❡ss❛r② ✈❛r✐❛❜❧❡s ❛♥❞ ❛r❝s✳
❯♥❞❡r ✇❤✐❝❤ ❝✐r❝✉♠st❛♥❝❡s ✇✐❧❧ t0 ❛❝t✉❛❧❧② ✏❞♦ t❤❡ ❥♦❜✑❄ ❚❤❡ s✉✣❝✐❡♥t

❝r✐t❡r✐♦♥ ✇❡ ✐❞❡♥t✐❢② ✐s r❛t❤❡r ❝♦♠♣❧❡①✳ ❚♦ ♣r♦✈✐❞❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❝r✐t❡r✐♦♥✱
✇❡ ♥❡①t st❛t❡ ✐ts ❞❡✜♥✐t✐♦♥✳ ❚❤❡ ✐t❡♠s ✐♥ t❤✐s ❞❡✜♥✐t✐♦♥ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✳

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t (X, sI , sG, O)✱ s✱ P+(s)✱ x0✱ t0✱ ❛♥❞ oDG
+ = (V,A) ❜❡ ❛s

✐♥ ❉❡✜♥✐t✐♦♥ ✶✳ ❲❡ s❛② t❤❛t oDG+ ✐s s✉❝❝❡ss❢✉❧ ✐❢ ❛❧❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✶✮ oDG+ ✐s ❛❝②❝❧✐❝✳

✭✷✮ ❲❡ ❤❛✈❡ t❤❛t ❡✐t❤❡r✿

✭❛✮ t❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+
>0(s)✲r❡❝♦✈❡r❛❜❧❡❀ ♦r

✭❜✮ s(x0) ✐s ♥♦t oDG
+✲r❡❧❡✈❛♥t✱ ❛♥❞ t0 ❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s❀ ♦r

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✶✷

✭❝✮ s(x0) ✐s ♥♦t oDG+✲r❡❧❡✈❛♥t✱ ❛♥❞ t0 ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳

✭✸✮ ❋♦r x ∈ V \ {x0}✱ ❛❧❧ oDTG
+
x tr❛♥s✐t✐♦♥s ❡✐t❤❡r ❤❛✈❡ s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✱

♦r ❛r❡ ✐♥✈❡rt✐❜❧❡✴✐♥❞✉❝❡❞ ❛♥❞ ❤❛✈❡ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❛♥❞ ♥♦ s✐❞❡
❡✛❡❝ts ♦♥ V \ {x0}✳

❆s ❛❧r❡❛❞② ♦✉t❧✐♥❡❞✱ ♦✉r ❡①✐t ♣❛t❤ ❝♦♥str✉❝t✐♦♥ ✇♦r❦s ❜② st❛②✐♥❣ ✇✐t❤✐♥ t❤❡
r❛♥❣❡s ♦❢ oDTG+

x ✱ ❢♦r x ∈ V \ {x0}✱ ✉♥t✐❧ ✇❡ ❤❛✈❡ r❡❛❝❤❡❞ ❛ st❛t❡ s0 ✇❤❡r❡
t❤❡ tr❛♥s✐t✐♦♥ t0 ❝❛♥ ❜❡ t❛❦❡♥✳ ❚♦ ♠❛❦❡ t❤✐s ❛ ❧✐tt❧❡ ♠♦r❡ ♣r❡❝✐s❡✱ ❝♦♥s✐❞❡r ❛
t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r xk, . . . , x1 ♦❢ V \ {x0} ✇✐t❤ r❡s♣❡❝t t♦ oDG+ ✕ s✉❝❤ ❛♥ ♦r❞❡r
❡①✐sts ❞✉❡ t♦ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✶✮✳ ✭■❢ t❤❡r❡ ❛r❡ ❝②❝❧❡s✱ t❤❡♥ ♠♦✈✐♥❣ ❛
✈❛r✐❛❜❧❡ ♠❛② ✐♥✈♦❧✈❡ ♠♦✈✐♥❣ ✐ts❡❧❢ ✐♥ t❤❡ ✜rst ♣❧❛❝❡✱ ✇❤✐❝❤ ✐s ♥♦t ❝♦✈❡r❡❞ ❜② ♦✉r
❡①✐t ♣❛t❤ ❝♦♥str✉❝t✐♦♥✳✮ ◆♦✇ ❝♦♥s✐❞❡r✱ ❢♦r 0 ≤ d ≤ k✱ t❤❡ d✲❛❜str❛❝t❡❞ t❛s❦✳
❚❤✐s ✐s ❧✐❦❡ t❤❡ ♦r✐❣✐♥❛❧ t❛s❦ ❡①❝❡♣t t❤❛t✱ ❢♦r ❡✈❡r② tr❛♥s✐t✐♦♥ t ♦❢ ♦♥❡ ♦❢ t❤❡
❣r❛♣❤s oDTG+

xi
✇✐t❤ i ≤ d✱ ✇❡ r❡♠♦✈❡ ❡❛❝❤ ❝♦♥❞✐t✐♦♥ (xj , c) ∈ cond(t) ✇❤❡r❡

j > i✳ ❚❤❡ ❡①✐t ♣❛t❤ ❝♦♥str✉❝t✐♦♥ ❝❛♥ t❤❡♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛♥ ✐♥❞✉❝t✐♦♥ ♦✈❡r
d✱ ♣r♦✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡①❡❝✉t✐♦♥ ♣❛t❤ −→o ❛t ✇❤♦s❡ ❡♥❞ t0 ❝❛♥ ❜❡ t❛❦❡♥✳
❲❡ ❝♦♥str✉❝t −→o ❡①❝❧✉s✐✈❡❧② ❜② ♦♣❡r❛t♦rs r❡s♣♦♥s✐❜❧❡ ❢♦r tr❛♥s✐t✐♦♥s ✐♥ oDTG+

x ✱
❢♦r x ∈ V \ {x0}✳ ❋♦r t❤❡ ❜❛s❡ ❝❛s❡✱ ✐♥ t❤❡ 0✲❛❜str❛❝t❡❞ t❛s❦✱ t0 ✐s ❞✐r❡❝t❧②
❛♣♣❧✐❝❛❜❧❡✳ ❋♦r t❤❡ ✐♥❞✉❝t✐✈❡ ❝❛s❡✱ ✐❢ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ s✉✐t❛❜❧❡ ♣❛t❤ −→o d
❢♦r t❤❡ d✲❛❜str❛❝t❡❞ t❛s❦✱ t❤❡♥ ❛ s✉✐t❛❜❧❡ ♣❛t❤ −→o d+1 ❢♦r t❤❡ d + 1✲❛❜str❛❝t❡❞
t❛s❦ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✳ ❆ss✉♠❡ t❤❛t o ✐s ❛♥ ♦♣❡r❛t♦r ✐♥ −→o d✱ ❛♥❞
t❤❛t o ❤❛s ❛ ♣r❡❝♦♥❞✐t✐♦♥ (xd+1, c) t❤❛t ✐s ♥♦t tr✉❡ ✐♥ t❤❡ ❝✉rr❡♥t st❛t❡✳ ❚❤❡♥✱
✐♥ −→o d+1✱ ✐♥ ❢r♦♥t ♦❢ o ✇❡ s✐♠♣❧② ✐♥s❡rt ❛ ♣❛t❤ t❤r♦✉❣❤ oDTG+

xd+1
t❤❛t ❡♥❞s

✐♥ c✳ ◆♦t❡ ❤❡r❡ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ (xd+1, c) ✐s ❛ ❝♦♥❞✐t✐♦♥ ♦❢ ❛ tr❛♥s✐t✐♦♥ t
✐♥ oDTG+

xi
✱ ❢♦r s♦♠❡ i < d + 1✳ ■❢ t ✐s t❛❦❡♥ ✐♥ P+

<0(s, x)✱ t❤❡♥ (xd+1, c) ♠✉st
❜❡ ❛❝❤✐❡✈❡❞ ❜② P+

<0(s) ❛♥❞ t❤✉s c ✐s ❛ ♥♦❞❡ ✐♥ oDTG+
xd+1

✳ ■❢ t ✐s ❛♥ ✐♥❞✉❝❡❞
tr❛♥s✐t✐♦♥ ✕ ✐♥✈❡rt✐♥❣ ❛ tr❛♥s✐t✐♦♥ t❛❦❡♥ ✐♥ P+

<0(s, x) ✕ t❤❡♥ t❤❡ s❛♠❡ ✐s t❤❡
❝❛s❡ ✉♥❧❡ss t❤❡ ✐♥✈❡rs❡ ♠❛② ✐♥tr♦❞✉❝❡ ♥❡✇ ♦✉ts✐❞❡ ❝♦♥❞✐t✐♦♥s✳ ❲❡ t❤✉s ♥❡❡❞ t♦
❡①❝❧✉❞❡ t❤✐s ❝❛s❡✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ ✏✐♥✈❡rt✐❜✐❧✐t②✑✿

❼ ▲❡t t = (c, c′) ❜❡ ❛ tr❛♥s✐t✐♦♥ ♦♥ ✈❛r✐❛❜❧❡ x✳ ❲❡ s❛② t❤❛t t ✐s ✐♥✈❡rt✐❜❧❡ ✐✛
t❤❡r❡ ❡①✐sts ❛ tr❛♥s✐t✐♦♥ (c′, c) ✐♥ DTGx s♦ t❤❛t cond(c′, c) ⊆ cond(c, c′)✳

❆ tr❛♥s✐t✐♦♥ ✐s ✐♥✈❡rt✐❜❧❡ ✐❢ ✇❡ ❝❛♥ ✏❣♦ ❜❛❝❦✑ ✇✐t❤♦✉t ✐♥tr♦❞✉❝✐♥❣ ❛♥② ♥❡✇ ❝♦♥✲
❞✐t✐♦♥s ✭❡✳❣✳ ▲♦❣✐st✐❝s✮✳ ❚❤❡r❡ ❛r❡ s♦♠❡ s✉❜t❧❡ ❞✐✛❡r❡♥❝❡s t♦ ❝♦♠♠♦♥ ❞❡✜♥✐t✐♦♥s
♦❢ ✏✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦rs✑✱ ❡✳❣✳ ❬✷✾❪✳ ❲❡ ❞♦ ♥♦t ❛❧❧♦✇ ♥❡✇ ❝♦♥❞✐t✐♦♥s ❡✈❡♥ ✐❢ t❤❡②
❛r❡ ❛❝t✉❛❧❧② ❡st❛❜❧✐s❤❡❞ ❜② t❤❡ ♦♣❡r❛t♦r rop(t) r❡s♣♦♥s✐❜❧❡ ❢♦r t✳ ❚❤✐s ✐s ❜❡❝❛✉s❡✱
♦♥ −→o ✱ ✇❡ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❡①❡❝✉t❡ t ❜❡❢♦r❡ ❡①❡❝✉t✐♥❣ ✐ts ✐♥✈❡rs❡ ✕ ✇❡ ♠❛② ❤❛✈❡
❣♦t t♦ t❤❡ ❡♥❞♣♦✐♥t ♦❢ t ✈✐❛ ❛ ❞✐✛❡r❡♥t ♣❛t❤ ✐♥ oDTG+

x ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
♦✉r ❞❡✜♥✐t✐♦♥ ✐s ❛❧s♦ ♠♦r❡ ❣❡♥❡r♦✉s t❤❛♥ ❝♦♠♠♦♥ ♦♥❡s ❜❡❝❛✉s❡✱ ♣❡r s❡✱ ✐t ❞♦❡s
♥♦t ❝❛r❡ ❛❜♦✉t ❛♥② s✐❞❡ ❡✛❡❝ts t❤❡ ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥ ♠❛② ❤❛✈❡ ✭s✐❞❡ ❡✛❡❝ts ❛r❡
❝♦♥str❛✐♥❡❞ s❡♣❛r❛t❡❧② ❛s st❛t❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✷✮✳

❈♦♥s✐❞❡r ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✸✮✳ ❆♣❛rt ❢r♦♠ t❤❡ ❝♦♥str❛✐♥ts ♦♥ ❝♦♥❞✐t✐♦♥s
♦❢ ✐♥❞✉❝❡❞ tr❛♥s✐t✐♦♥s✱ ❢♦r t❤❡ oDTG+

x tr❛♥s✐t✐♦♥s t❛❦❡♥ ❜② −→o ✱ ✇❡ ♠✉st ❛❧s♦
♠❛❦❡ s✉r❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❤❛r♠❢✉❧ s✐❞❡ ❡✛❡❝ts✳ ❖❜✈✐♦✉s❧②✱ t❤✐s ✐s t❤❡ ❝❛s❡
✐❢✱ ❛s ✐♥ t❤❡ ❡①❛♠♣❧❡ ❢r♦♠ ❙❡❝t✐♦♥ ✸✱ t❤❡ tr❛♥s✐t✐♦♥s ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts ❛t ❛❧❧✳
❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡ t❤✐s ❝♦♥❞✐t✐♦♥✳ ▲❡t t = (c, c′) ❜❡ ❛ tr❛♥s✐t✐♦♥
♦♥ ✈❛r✐❛❜❧❡ x✳

❼ ❚❤❡ ❝♦♥t❡①t ♦❢ t ✐s t❤❡ s❡t ctx(t) ♦❢ ❛❧❧ ❢❛❝ts t❤❛t ♠❛② ❜❡ ❞❡❧❡t❡❞ ❜② s✐❞❡
❡✛❡❝ts ♦❢ t✳ ❋♦r ❡❛❝❤ (y, d) ∈ seff(t)✱ (y, cond(t)(y)) ∈ ctx(t) ✐❢ ❛ ❝♦♥❞✐t✐♦♥
♦♥ y ✐s ❞❡✜♥❡❞❀ ❡❧s❡ ❛❧❧ Dy ✈❛❧✉❡s 6= d ❛r❡ ✐♥s❡rt❡❞✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✶✸

❼ ❲❡ s❛② t❤❛t t ❤❛s ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ✐✛

ctx(t) ∩ (sG ∪
⋃

o∈O

preo) = ∅.

❼ ❲❡ s❛② t❤❛t t ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ✐✛

ctx(t) ∩ (sG ∪
⋃

rop(t) 6=o∈O

preo) = ∅.

❼ ❲❡ s❛② t❤❛t t ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s ✐✛ ✐t ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t
❞❡❧❡t❡s ❛♥❞

(x, c) 6∈ sG ∪
⋃

rop(t) 6=o∈O

preo.

■rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❝❛♣t✉r❡ t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡ ♦❝❝✉rs ✐♥
t❤❡ ❣♦❛❧ ♦r ✐♥ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② ♦♣❡r❛t♦r✳ ❙❡❧❢✲✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s
❛r❡ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r♦✉s ✐♥ t❤❛t t❤❡② ❛❧❧♦✇ t♦ ❞❡❧❡t❡ ❝♦♥❞✐t✐♦♥s ♥❡❡❞❡❞ ♦♥❧②
❢♦r t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r rop(t) ✐ts❡❧❢✳ ❙❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✱ ✜♥❛❧❧②✱ ❡①t❡♥❞
t❤❡ ❧❛tt❡r ♥♦t✐♦♥ ❛❧s♦ t♦ t✬s ✏♦✇♥ ❞❡❧❡t❡✑✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ ✇❡ ♥❡❡❞ t♦ ♣♦st✉❧❛t❡
✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❢♦r tr❛♥s✐t✐♦♥s t❤❛t ♠❛② ❜❡ ❡①❡❝✉t❡❞ ❛❣❛✐♥✱ ♦♥ ♦✉r
♣❛t❤✳ ❊①❛♠♣❧❡s ♦❢ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❛r❡ tr❛♥s✐t✐♦♥s ✇✐t❤ ♥♦ s✐❞❡
❡✛❡❝ts ❛t ❛❧❧✱ ♦r ❛ ♠♦✈❡ ✐♥ ❙✐♠♣❧❡✲❚❙P✱ ✇❤♦s❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s t❤❡ t❛r❣❡t
❧♦❝❛t✐♦♥✬s ❜❡✐♥❣ ✏♥♦t✲✈✐s✐t❡❞✑✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ♦♣❡r❛t♦r ✇✐t❤ s❡❧❢✲✐rr❡❧❡✈❛♥t
s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❜✉t ♥♦ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ✐s ❞❡♣❛rt✐♥❣ ❛ ♣❛ss❡♥❣❡r
✐♥ ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ ✇❤♦s❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡ ✏❜♦❛r❞❡❞✭♣❛ss❡♥❣❡r✮✑ ✐s ✉s❡❞ ♦♥❧②
❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❞❡♣❛rt✉r❡✳ ■♥ ❢❛❝t✱ t❤✐s tr❛♥s✐t✐♦♥ ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t
❞❡❧❡t❡s ❜❡❝❛✉s❡ ✐ts ♦✇♥ ❡✛❡❝t ❞❡❧❡t❡s ✏♥♦t✲s❡r✈❡❞✭♣❛ss❡♥❣❡r✮✑ ✇❤✐❝❤ ♦❜✈✐♦✉s❧② ✐s
✐rr❡❧❡✈❛♥t✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s ✐s ✐♥✢❛t✐♥❣ ❛ s♣❛r❡ ✇❤❡❡❧
✐♥ ❚②r❡✇♦r❧❞ ✕ t❤❡ ✇❤❡❡❧ ✐s ♥♦ ❧♦♥❣❡r ✏♥♦t✲✐♥✢❛t❡❞✑✳

❈❧❡❛r❧②✱ ✐❢ ❛❧❧ oDTG+
x tr❛♥s✐t✐♦♥s t ✇❡ ♠❛② ❜❡ ✉s✐♥❣ ♦♥ −→o ❤❛✈❡ ✐rr❡❧❡✈❛♥t

s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ t❤❡♥✱ ❛s ❢❛r ❛s ♥♦t ❞✐s✲✈❛❧✐❞❛t✐♥❣ ❛♥② ❢❛❝ts ♥❡❡❞❡❞ ❡❧s❡✇❤❡r❡
✐s ❝♦♥❝❡r♥❡❞✱ t❤✐s ✐s ❥✉st ❛s ❣♦♦❞ ❛s ❤❛✈✐♥❣ ♥♦ s✐❞❡ ❡✛❡❝ts ❛t ❛❧❧✳ ❚♦ ✉♥❞❡rst❛♥❞
✇❤② ✇❡ ♥❡❡❞ t♦ r❡q✉✐r❡ t❤❛t t✬s s✐❞❡ ❡✛❡❝t ✐s ♥♦t ✉s❡❞ t♦ ♠♦✈❡ ❛♥♦t❤❡r ✈❛r✐❛❜❧❡
x′ ∈ V \ {x0}✱ r❡❝❛❧❧ t❤❛t✱ ❢♦r t❤❡ st❛t❡s s′ ✈✐s✐t❡❞ ❜② −→o ✱ ✇❡ ❝♦♥str✉❝t r❡❧❛①❡❞
♣❧❛♥s P+(s′) ✇✐t❤ |P+(s′)| ≤ |P+(s)| ❜② ✐♥✈❡rt✐♥❣ s✉❝❤ tr❛♥s✐t✐♦♥s t✳ ◆♦✇✱ s❛②
t❤❛t t✬s s✐❞❡ ❡✛❡❝t ✐s ✉s❡❞ t♦ ♠♦✈❡ ❛♥♦t❤❡r ✈❛r✐❛❜❧❡ x′ ∈ V \{x0}✳ ❚❤❡♥ ✇❡ ♠❛②
❤❛✈❡ t♦ ✐♥✈❡rt ❜♦t❤ tr❛♥s✐t✐♦♥s s❡♣❛r❛t❡❧② ✭✇✐t❤ ❞✐✛❡r❡♥t ♦♣❡r❛t♦rs✮✱ ❛♥❞ t❤✉s
✇❡ ✇♦✉❧❞ ❤❛✈❡ |P+(s′)| > |P+(s)|✳

❘❡❣❛r❞✐♥❣ t❤❡ ♦✇♥ ❞❡❧❡t❡ ♦❢ t✱ t❤✐s ♠❛② ❜❡ ✐♠♣♦rt❛♥t ❢♦r t✇♦ r❡❛s♦♥s✳ ❋✐rst✱
t❤❡ ❞❡❧❡t❡❞ ❢❛❝t ♠❛② ❜❡ ♥❡❡❞❡❞ ✐♥ t❤❡ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s′✳ ❙❡❝♦♥❞✱ x ♠❛② ❤❛✈❡
t♦ tr❛✈❡rs❡ oDTG+

x s❡✈❡r❛❧ t✐♠❡s✱ ❛♥❞ t❤✉s ✇❡ ♠❛② ♥❡❡❞ t♦ tr❛✈❡rs❡ t❤❡ ❞❡❧❡t❡❞
✈❛❧✉❡ ❛❣❛✐♥ ❧❛t❡r ♦♥✳ ❇♦t❤ ❛r❡ ❝♦✈❡r❡❞ ✐❢ t ✐s ✐♥✈❡rt✐❜❧❡✱ ❧✐❦❡ ✇❡ ❡❛r❧✐❡r ♦♥ ❛ss✉♠❡❞
❢♦r ❛❧❧ tr❛♥s✐t✐♦♥s✳ ■❢ t ✐s ♥♦t ✐♥✈❡rt✐❜❧❡ ❜✉t ❛❧❧ ❞❡❧❡t❡s ♦❢ t ❛r❡ ✐rr❡❧❡✈❛♥t ❡①❝❡♣t
♠❛②❜❡ ❢♦r t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r ✐ts❡❧❢✱ t❤❡♥ t♦ ♦❜t❛✐♥ P+(s′) ✇❡ ❝❛♥ s✐♠♣❧②
r❡♠♦✈❡ rop(t) ❢r♦♠ P+(s)✳ ❚❤✉s |P+(s′)| < |P+(s)| s♦ ✇❡ ❤❛✈❡ r❡❛❝❤❡❞ ❛♥ ❡①✐t
❛♥❞ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❝♦♥t✐♥✉❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ −→o ✳

❈♦♥s✐❞❡r ♥♦✇ ♦✉r ❡♥❞♣♦✐♥t tr❛♥s✐t✐♦♥ t0 ❛♥❞ ✐ts r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r o0✳ ❲❡
♣r❡✈✐♦✉s❧② ❞❡♠❛♥❞❡❞ t❤❛t x0 ✏♠♦✈❡s ❢♦r ✐ts ♦✇♥ s❛❦❡✑✱ ✐✳❡✳✱ t❤❛t x0 ❤❛s ❛ ❣♦❛❧
✈❛❧✉❡ ❛♥❞ ✐s ♥♦t ✐♠♣♦rt❛♥t ❢♦r ❛❝❤✐❡✈✐♥❣ ❛♥② ♦t❤❡r ❣♦❛❧✳ ❚❤✐s ✐s ✉♥♥❡❝❡ss❛r✐❧②
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r❡str✐❝t✐✈❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ ✐❢ ✇❡ ❜♦❛r❞ ❛ ♣❛ss❡♥❣❡r t❤❡♥ h+

❞❡❝r❡❛s❡s ❜❡❝❛✉s❡ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ ❜♦❛r❞✐♥❣ ♦♣❡r❛t♦r ❢r♦♠ t❤❡ r❡❧❛①❡❞ ♣❧❛♥✳
❍♦✇❡✈❡r✱ ❜♦❛r❞✐♥❣ ✐s ♦♥❧② ❛ ♠❡❛♥s ❢♦r s❡r✈✐♥❣ t❤❡ ♣❛ss❡♥❣❡r ❧❛t❡r ♦♥✱ s♦ t❤✐s
✈❛r✐❛❜❧❡ x0 ❤❛s ♥♦ ♦✇♥ ❣♦❛❧✳ ■♥ ❉r✐✈❡r❧♦❣✱ ❛ ❞r✐✈❡r ♠❛② ❤❛✈❡ ✐ts ♦✇♥ ❣♦❛❧ ❛♥❞
❜❡ ♥❡❡❞❡❞ t♦ ❞r✐✈❡ ✈❡❤✐❝❧❡s✱ ❛♥❞ st✐❧❧ t0 ♠♦✈✐♥❣ t❤❡ ❞r✐✈❡r r❡s✉❧ts ✐♥ ❞❡❝r❡❛s❡❞
h+ ✐❢ t❤❡ ❧♦❝❛t✐♦♥ ♠♦✈❡❞ ❛✇❛② ❢r♦♠ ✐s ♥♦t ❛❝t✉❛❧❧② ♥❡❡❞❡❞ ❛♥②♠♦r❡✳ ❚❤❡ ❧❛tt❡r
❡①❛♠♣❧❡ ✐♠♠❡❞✐❛t❡❧② ❧❡❛❞s t♦ ❛ ❞❡✜♥✐t✐♦♥ ❝❛♣t✉r✐♥❣ ❛❧s♦ t❤❡ ✜rst ♦♥❡✿ ❛❧❧ ✇❡
✇❛♥t ✐s t❤❛t ✏❛♥② ❞❡❧❡t❡s ♦❢ t0 ❛r❡ ♥♦t ♥❡❡❞❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ r❡❧❛①❡❞ ♣❧❛♥✑✳
❲❡ ❝❛♥ t❤❡♥ r❡♠♦✈❡ o0 ❢r♦♠ t❤❡ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s0✱ ❛♥❞ ❤❛✈❡ r❡❛❝❤❡❞ ❛♥ ❡①✐t
❛s ❞❡s✐r❡❞✳

❚♦ ♠❛❦❡ t❤✐s ♣r❡❝✐s❡✱ r❡❝❛❧❧ t❤❡ s✐t✉❛t✐♦♥ ✇❡ ❛r❡ ❛❞❞r❡ss✐♥❣✳ ❲❡ ❤❛✈❡ r❡❛❝❤❡❞
❛ st❛t❡ s0 ✐♥ ✇❤✐❝❤ t0 = (s(x0), c) ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ ②✐❡❧❞✐♥❣ ❛ st❛t❡ s1✳ ❲❡ ❤❛✈❡
❛ r❡❧❛①❡❞ ♣❧❛♥ P+(s0) ❢♦r s0 s♦ t❤❛t |P+(s0)| ≤ |P

+(s)|✱ ✇❤❡r❡ P+(s0) ✐s
❝♦♥str✉❝t❡❞ ❢r♦♠ P+(s) ❜② r❡♣❧❛❝✐♥❣ s♦♠❡ ♦♣❡r❛t♦rs ♦❢ P+

<0(s) ✇✐t❤ ♦♣❡r❛t♦rs
r❡s♣♦♥s✐❜❧❡ ❢♦r ✐♥❞✉❝❡❞ oDTG+

x tr❛♥s✐t✐♦♥s ❢♦r x ∈ V \ {x0}✳ ❲❡ ❝♦♥str✉❝t P+
1

❜② r❡♠♦✈✐♥❣ o0 ❢r♦♠ P+(s0)✱ ❛♥❞ ✇❡ ♥❡❡❞ P+
1 t♦ ❜❡ ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s1✳ ❲❤❛t

❛r❡ t❤❡ ❢❛❝ts ♣♦ss✐❜❧② ♥❡❡❞❡❞ ✐♥ P+
1 ❄ ❆ s❛❢❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s t❤❡ ✉♥✐♦♥ ♦❢ sG✱

t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② o0 6= o ∈ P+(s)✱ ❛♥❞ ❛♥② oDTG+
x ✈❛❧✉❡s ♥❡❡❞❡❞ ❜②

✐♥❞✉❝❡❞ oDTG+
x tr❛♥s✐t✐♦♥s✳ ❉❡♥♦t❡ t❤❛t s❡t ✇✐t❤ R+

1 ✳ ❚❤❡ ✈❛❧✉❡s ♣♦t❡♥t✐❛❧❧②
❞❡❧❡t❡❞ ❜② t0 ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ C0 := {(x0, s(x0))}∪ctx(t0)✳ ❚❤✉s ✐❢ R

+
1 ∩C0 = ∅

t❤❡♥ ✇❡ ❛r❡ ✜♥❡✳
❲❡ ❝❛♥ s❤❛r♣❡♥ t❤✐s ❢✉rt❤❡r✳ ❈♦♥s✐❞❡r t❤❡ s❡t ♦❢ ❢❛❝ts F0 := s∪

⋃

o∈P
+
<0(s)

effo

t❤❛t ❛r❡ tr✉❡ ❛❢t❡r r❡❧❛①❡❞ ❡①❡❝✉t✐♦♥ ♦❢ P+
<0(s)✳ ❙❛② t❤❛t p 6∈ F0✳ ❚❤❡♥✱ ✜rst✱

p ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ t❤❡ ♣❛rt ♦❢ P+
1 ♣❡rt❛✐♥✐♥❣ t♦ P+

<0(s)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ p
❝❛♥♥♦t ❜❡ ❛♥ ♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥ ✐♥ P+

<0(s) ❜❡❝❛✉s❡ t❤✐s ❝♦♥❞✐t✐♦♥ ✇♦✉❧❞ ♥♦t
❜❡ s❛t✐s✜❡❞ ✐♥ ✭r❡❧❛①❡❞✮ ❡①❡❝✉t✐♦♥ ♦❢ P+(s)✳ ❆❧s♦✱ p ❝❛♥♥♦t ❜❡ t❤❡ st❛rt ✈❛❧✉❡ ♦❢
❛♥ ✐♥❞✉❝❡❞ oDTG+

x tr❛♥s✐t✐♦♥ ❜❡❝❛✉s❡✱ ❜② ❞❡✜♥✐t✐♦♥✱ ❛❧❧ s✉❝❤ ✈❛❧✉❡s ❛r❡ ❛❞❞❡❞
❜② ♦♣❡r❛t♦rs ✐♥ P+

<0(s)✳ ❙❡❝♦♥❞✱ ❛ss✉♠❡ t❤❛t p ✐s ♥❡❡❞❡❞ ✐♥ t❤❡ ♣❛rt ♦❢ P+
1

♣❡rt❛✐♥✐♥❣ t♦ P+
>0(s)✱ ✐✳❡✳✱ p ✐s ❡✐t❤❡r ❛ ❣♦❛❧ ♦r ✐s ❛♥ ♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥ ✐♥

P+
>0(s)✳ ❚❤❡♥✱ s✐♥❝❡ p 6∈ F0 ❛♥❞ P+(s) ✐s ❛ r❡❧❛①❡❞ ♣❧❛♥✱ ❡✐t❤❡r o0 ♦r ❛♥ ♦♣❡r❛t♦r

✐♥ P+
>0(s) ♠✉st ❡st❛❜❧✐s❤ p✳ ❆s ❢♦r o0✱ ❛❧❧ ✐ts ❡✛❡❝ts ❛r❡ tr✉❡ ✐♥ s1 ❛♥②✇❛②✳ ❆s

❢♦r P+
>0(s)✱ t❤✐s r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞ ✐♥ P+

1 ❛♥❞ t❤✉s t❤✐s ♣❛rt ✐s ❝♦✈❡r❡❞✱ t♦♦✳
❆❧t♦❣❡t❤❡r✱ t❤✐s ♠❡❛♥s t❤❛t p 6∈ F0 ✐s ♥♦t ♥❡❡❞❡❞ ❢♦r P+

1 t♦ ❜❡ ❛ r❡❧❛①❡❞ ♣❧❛♥
❢♦r s1✱ ❛♥❞ t❤✉s ✐t s✉✣❝❡s ✐❢ R+

1 ∩ C0 ∩ F0 = ∅✳
◆♦✇✱ ❡✈❡♥ t❤✐s ❧❛st ❝♦♥❞✐t✐♦♥ ❝❛♥ st✐❧❧ ❜❡ s❤❛r♣❡♥❡❞✳ ❙❛② t❤❛t t❤❡r❡ ❡①✐sts

❛ ✭♣♦ss✐❜❧② ❡♠♣t②✮ s✉❜✲s❡q✉❡♥❝❡ −→o0 ♦❢ P+
>0(s) s♦ t❤❛t −→o0 ✐s ❣✉❛r❛♥t❡❡❞ t♦ ❜❡

❛♣♣❧✐❝❛❜❧❡ ❛t t❤❡ st❛rt ♦❢ P+
1 ✱ ❛♥❞ s♦ t❤❛t −→o0 r❡✲❛❝❤✐❡✈❡s ❛❧❧ ❢❛❝ts ✐♥ R+

1 ∩C0∩F0

✭❜♦t❤ ✐s ❡❛s② t♦ ❞❡✜♥❡ ❛♥❞ t❡st✮✳ ❚❤❡♥ ✇❡ ❝❛♥ ♠♦✈❡ −→o0 t♦ t❤❡ st❛rt ♦❢ P+
1 ✳ ❲❡

s❛② ✐♥ t❤✐s ❝❛s❡ t❤❛t t❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+
>0(s)✲r❡❝♦✈❡r❛❜❧❡ ✕

❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❛✮✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r o0 t❤❛t ♣✐❝❦s ✉♣ ❛ ❜❛❧❧ b ✐♥
t❤❡ ●r✐♣♣❡r ❞♦♠❛✐♥✳ ❚❤✐s ♦♣❡r❛t♦r ❞❡❧❡t❡s ❛ ❢❛❝t p =✏❢r❡❡✲❣r✐♣♣❡r✑ ✇❤✐❝❤ ♠❛②
❜❡ ♥❡❡❞❡❞ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ r❡❧❛①❡❞ ♣❧❛♥✱ ❛♥❞ t❤✉s p ∈ R+

1 ∩ C0 ∩ F0✳
❍♦✇❡✈❡r✱ P+

>0(s) ✇✐❧❧ ♥❡❝❡ss❛r✐❧② ❝♦♥t❛✐♥ ❛♥ ♦♣❡r❛t♦r o′ ♣✉tt✐♥❣ b ❞♦✇♥ ❛❣❛✐♥✳
❲❡ ❝❛♥ r❡✲♦r❞❡r P+

1 t♦ ♣✉t o′ r✐❣❤t ❛t t❤❡ st❛rt✱ r❡✲❛❝❤✐❡✈✐♥❣ p✳ ❚❤❡ s❛♠❡
♣❛tt❡r♥ ♦❝❝✉rs ✐♥ ❛♥② tr❛♥s♣♦rt❛t✐♦♥ ❞♦♠❛✐♥ ✇✐t❤ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts✱ ♦r ♠♦r❡
❣❡♥❡r❛❧❧② ✐♥ ❞♦♠❛✐♥s ✇✐t❤ r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡s ✭❡✳❣✳✱ ❬✷✶❪✮✳

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ✐❞❡♥t✐✜❡❞ t✇♦ s✐♠♣❧❡ ❛❧t❡r♥❛t✐✈❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ✉♥❞❡r
✇❤✐❝❤ t0 ✐s s✉✐t❛❜❧❡✱ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥s ✭✷❜✮ ❛♥❞ ✭✷❝✮✳ ❋♦r t❤❡ s❛❦❡ ♦❢
❜r❡✈✐t②✱ ✇❡ ♦♥❧② s❦❡t❝❤ t❤❡♠ ❤❡r❡✳ ❇♦t❤ r❡q✉✐r❡ t❤❛t s(x0)✱ ✐✳❡✳✱ t❤❡ st❛rt ✈❛❧✉❡

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✶✺

♦❢ t0✱ ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ R+
1 ❛s ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❲❡ s❛② ✐♥ t❤✐s ❝❛s❡ t❤❛t s(x0)

✐s ♥♦t oDG+✲r❡❧❡✈❛♥t✳ ◆♦t❡ t❤❛t✱ t❤❡♥✱ R+
1 ∩ C0 = ∅ ✉♥❧❡ss t0 ❤❛s s✐❞❡ ❡✛❡❝ts✳

❙✐❞❡ ❡✛❡❝ts ❞♦ ♥♦t ❤✉rt ✐❢ t0 ❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ ✐✳❡✳✱ ✐❢ ❛♥② ♦♣❡r❛t♦r
✇❤♦s❡ ♣r❡❝♦♥❞✐t✐♦♥ ♠❛② ❜❡ ❞❡❧❡t❡❞ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♦♣❡r❛t♦r
o′ t❤❛t ✐s ❛♣♣❧✐❝❛❜❧❡ ❛♥❞ ❤❛s t❤❡ s❛♠❡ ❡✛❡❝t ✭t❤✐s ❤❛♣♣❡♥s✱ ❡✳❣✳✱ ✐♥ ❙✐♠♣❧❡✲
❚❙P✮✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s t❤❛t ✇❤❡r❡ t0 ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✿
t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡r❛t♦r o′ t❤❛t ✐s ❛♣♣❧✐❝❛❜❧❡ ❛♥❞ r❡❝♦✈❡rs ❛❧❧ r❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t
❞❡❧❡t❡s✳ ❚❤✐s ❤❛♣♣❡♥s q✉✐t❡ ❢r❡q✉❡♥t❧②✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❘♦✈❡rs ✇❤❡r❡ t❛❦✐♥❣
❛ r♦❝❦✴s♦✐❧ s❛♠♣❧❡ ✜❧❧s ❛ ✏st♦r❡✑✱ ❜✉t ✇❡ ❝❛♥ ❢r❡❡ t❤❡ st♦r❡ ❛❣❛✐♥ s✐♠♣❧② ❜②
❡♠♣t②✐♥❣ ✐t ❛♥②✇❤❡r❡✳ ❲❡ ❝❛♥ r❡♣❧❛❝❡ o0 ✇✐t❤ o′ t♦ ♦❜t❛✐♥ ❛ r❡❧❛①❡❞ ♣❧❛♥
P+

1 ❢♦r s1 ✭❛♥❞ t❤✉s h+(s1) ≤ h+(s)✮✳ ❚❤❡♥ ✇❡ ❝❛♥ ❛♣♣❧② o′✱ ②✐❡❧❞✐♥❣ ❛ st❛t❡
s2 ✇❤✐❝❤ ❤❛s h+(s2) < h+(s) ❜❡❝❛✉s❡ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s2 ❜②
r❡♠♦✈✐♥❣ o′ ❢r♦♠ P+

1 ✳
❲❤❛t ✇✐❧❧ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡①✐t ♣❛t❤ ❜❡❄ ❲❡ ❤❛✈❡ ♦♥❡ ♠♦✈❡ ❢♦r x0✳ ❊❛❝❤

♥♦♥✲❧❡❛❢ ✈❛r✐❛❜❧❡ x ♠✉st ♣r♦✈✐❞❡ ❛ ♥❡✇ ✈❛❧✉❡ ❛t ♠♦st ♦♥❝❡ ❢♦r ❡✈❡r② ♠♦✈❡ ♦❢
❛ ✈❛r✐❛❜❧❡ x′ ❞❡♣❡♥❞✐♥❣ ♦♥ ✐t✱ ✐✳❡✳✱ ✇❤❡r❡ (x, x′) ∈ A✳ ❚❤❡ ♥❡✇ ✈❛❧✉❡ ❝❛♥
❜❡ r❡❛❝❤❡❞ ❜② ❛ oDTG+

x tr❛✈❡rs❛❧✳ ❉❡♥♦t❡ t❤❡ ♠❛①✐♠✉♠ ❧❡♥❣t❤ ♦❢ s✉❝❤ ❛
tr❛✈❡rs❛❧✱ ✐✳❡✳✱ t❤❡ ❞✐❛♠❡t❡r ♦❢ oDTG+

x ✱ ❜② diam(oDTG+
x )✳✻ ◆♦✇✱ ✇❡ ♠❛② ❤❛✈❡

diam(oDTG+
x ) > diam(DTGx) ❜❡❝❛✉s❡ oDTG+

x r❡♠♦✈❡s ♥♦t ♦♥❧② ✈❡rt✐❝❡s ❜✉t
❛❧s♦ ❛r❝s✿ t❤❡r❡ ♠❛② ❜❡ ✏s❤♦rt✲❝✉ts✑ ♥♦t tr❛✈❡rs❡❞ ❜② P+(s)✳ ❯♥❞❡r ❝❡rt❛✐♥
❝✐r❝✉♠st❛♥❝❡s ✐t ✐s s❛❢❡ t♦ t❛❦❡ t❤❡s❡ s❤♦rt✲❝✉ts✳ ❙❛② t❤❛t✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡
r❡str✐❝t✐♦♥s ✐♠♣♦s❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✸✮✱

✭✯✮ ❛❧❧ oDTG+
x tr❛♥s✐t✐♦♥s ❛r❡ ✐♥✈❡rt✐❜❧❡ ♦r ✐♥❞✉❝❡❞✱ ❛♥❞ ❛❧❧ ♦t❤❡r tr❛♥s✐t✐♦♥s

❛r❡ ❡✐t❤❡r ✐rr❡❧❡✈❛♥t✱ ♦r ❤❛✈❡ ❡♠♣t② ❝♦♥❞✐t✐♦♥s ❛♥❞ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t
❞❡❧❡t❡s✳

❲❤❡♥ tr❛✈❡rs✐♥❣ ❛ s❤♦rt✲❝✉t ✉♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥✱ ❛s s♦♦♥ ❛s ✇❡ r❡❛❝❤ t❤❡ ❡♥❞ ♦❢
t❤❡ s❤♦rt✲❝✉t✱ ✇❡ ❛r❡ ❜❛❝❦ ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ st❛t❡s s′ ✇❤❡r❡ ❛ r❡❧❛①❡❞ ♣❧❛♥ P+(s′)
❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ❜❡❢♦r❡✳ ❚❤❡ r❡st ♦❢ ♦✉r ❡①✐t ♣❛t❤ ❝♦♥str✉❝t✐♦♥ r❡♠❛✐♥s
✉♥❛✛❡❝t❡❞✳ ❚❤✉s✱ ❞❡♥♦t❡ ❜② V ∗ t❤❡ s✉❜s❡t ♦❢ V \ {x0} ❢♦r ✇❤✐❝❤ ✭✯✮ ❤♦❧❞s✳ ❲❡
❞❡✜♥❡ costd∗(oDG+) :=

∑

x∈V costd∗(x)✱ ✇❤❡r❡ costd∗(x) :=















1 x = x0

diam(oDTG+
x ) ∗

∑

x′:(x,x′)∈A costd∗(x′) x 6= x0, x 6∈ V
∗

min(diam(oDTG+
x ),diam(DTGx)) ∗

∑

x′:(x,x′)∈A costd∗(x′) x 6= x0, x ∈ V
∗

◆♦t❡ t❤❛t costd∗(.) ✐s ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❣r❛♣❤✳ ❚❤✐s ✐s ♥♦t ❛♥
❛rt✐❢❛❝t ♦❢ ♦✉r ❧❡♥❣t❤ ❡st✐♠❛t✐♦♥✳ ■t ✐s ❡❛s② t♦ ❝♦♥str✉❝t ❡①❛♠♣❧❡s ✇❤❡r❡ ❡①✐t
❞✐st❛♥❝❡ ✐s ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❛t ♣❛r❛♠❡t❡r✳ ❚❤✐s ✐s ❜❡❝❛✉s❡✱ ❛s ❤✐♥t❡❞✱ ❛ ✈❛r✐✲
❛❜❧❡ ♠❛② ❤❛✈❡ t♦ ♠♦✈❡ s❡✈❡r❛❧ t✐♠❡s ❢♦r ❡❛❝❤ ✈❛❧✉❡ r❡q✉✐r❡❞ ❜② ♦t❤❡r ✈❛r✐❛❜❧❡s
❞❡♣❡♥❞✐♥❣ ♦♥ ✐t✳ ❙❡❡ ❊①❛♠♣❧❡ ✻ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹ ❢♦r s✉❝❤ ❛ ❝♦♥str✉❝t✐♦♥✳ ❲❡
r❡♠❛r❦ t❤❛t ✈❡r② s✐♠✐❧❛r ❝♦♥str✉❝t✐♦♥s ❤❛✈❡ ❛♣♣❡❛r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❝❛✉s❛❧
❣r❛♣❤s ❬✶✵❪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦❢ ❝♦✉rs❡ costd∗(.) ♠❛② ♦✈❡r✲❡st✐♠❛t❡✳ ■t ❛ss✉♠❡s t❤❛t✱
✇❤❡♥❡✈❡r ❛ ✈❛r✐❛❜❧❡ x′ ✇✐t❤ (x, x′) ∈ A♠❛❦❡s ❛ ♠♦✈❡✱ t❤❡♥ x♠✉st ♠♦✈❡ t❤r♦✉❣❤
✐ts ❡♥t✐r❡ oDTG+ r❡s♣❡❝t✐✈❡❧② DTG✳ ❖❜✈✐♦✉s❧②✱ t❤✐s ✐s ✈❡r② ❝♦♥s❡r✈❛t✐✈❡✿ ✭✶✮

✻▼♦r❡ ♣r❡❝✐s❡❧②✱ diam(.) ✐s ♥♦t t❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ ❣r❛♣❤ ❜✉t t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❢r♦♠
✈❡rt❡① v t♦ ✈❡rt❡① v′ ✇❤❡r❡ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❢r♦♠ v t♦ v′✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✶✻

✐t ♠❛② ❜❡ t❤❛t t❤❡ ♠♦✈❡ ♦❢ x′ ❞♦❡s ♥♦t ❛❝t✉❛❧❧② ❤❛✈❡ ❛ ❝♦♥❞✐t✐♦♥ ♦♥ x❀ ✭✷✮ ❡✈❡♥
✐❢ s✉❝❤ ❛ ❝♦♥❞✐t✐♦♥ ❡①✐sts✱ x ♠❛② ♥❡❡❞ ❧❡ss st❡♣s ✐♥ ♦r❞❡r t♦ r❡❛❝❤ ✐t✳ ❖♥❡ ♠✐❣❤t
❜❡ ❛❜❧❡ t♦ ❛♠❡❧✐♦r❛t❡ ✭✶✮ ❜② s♦♠❡❤♦✇ ♠❛❦✐♥❣ ♠♦r❡ ✜♥❡✲❣r❛✐♥❡❞ ❞✐st✐♥❝t✐♦♥s
✇❤✐❝❤ ♣❛rt ♦❢ costd∗(x′) ♣❡rt❛✐♥s t♦ ♠♦✈❡s ❝♦♥❞✐t✐♦♥❡❞ ♦♥ x❀ ✇❡ ❧❡❛✈❡ t❤✐s ♦♣❡♥
❢♦r ❢✉t✉r❡ ✇♦r❦✳ ❋♦r ♥♦✇✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♦✈❡r✲❡st✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣♦♥❡♥t✐❛❧
❡✈❡♥ ❥✉st ❞✉❡ t♦ ✭✷✮✱ ✐✳❡✳✱ costd∗(oDG+) ♠❛② ❜❡ ❡①♣♦♥❡♥t✐❛❧❧② ❧❛r❣❡r t❤❛♥ t❤❡
❧❡♥❣t❤ ♦❢ ❛ s❤♦rt❡st ❡①✐t ♣❛t❤ ❡✈❡♥ ✐❢✱ ❢♦r ❛❧❧ (x, x′) ∈ A✱ ❛❧❧ ♠♦✈❡s ♦❢ x′ ❞❡♣❡♥❞
♦♥ x✳ ❚❤✐s ❝❛♥ ❜❡ s❤♦✇♥ ❜② ❛ s✐♠♣❧❡ ✈❛r✐❛♥t ♦❢ ❊①❛♠♣❧❡ ✻❀ ✇❡ ❞✐s❝✉ss t❤✐s ✐♥
❆♣♣❡♥❞✐① ❆✳✹✳

❊①✐t ♣❛t❤s ✉s✐♥❣ s❤♦rt✲❝✉ts ✐♥ t❤❡ ❞❡s❝r✐❜❡❞ ✇❛② ♠❛② ❜❡ ♥♦♥✲♠♦♥♦t♦♥❡✳ ❊①✲
❛♠♣❧❡ ✺ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹ ❝♦♥t❛✐♥s ❛ ❝♦♥str✉❝t✐♦♥ s❤♦✇✐♥❣ t❤✐s✳ ❋♦r ❛♥ ✐♥t✉✐t✐✈❡
✉♥❞❡rst❛♥❞✐♥❣✱ ✐♠❛❣✐♥❡ ❛ ❧✐♥❡ l0, . . . , ln ✇❤❡r❡ ♦✉r ❝✉rr❡♥t t❛s❦✱ t♦ ❛❝❤✐❡✈❡ t❤❡
♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥♦t❤❡r ♦♣❡r❛t♦r✱ ✐s t♦ ♠♦✈❡ ❢r♦♠ l0 t♦ ln✳ ❙❛② t❤❛t ❛❧❧ ❧♦❝❛✲
t✐♦♥s ♦♥ t❤❡ ❧✐♥❡ ♥❡❡❞ t♦ ❜❡ ✈✐s✐t❡❞✱ ✐♥ t❤❡ r❡❧❛①❡❞ ♣❧❛♥✱ ❡✳❣✳ ❜❡❝❛✉s❡ ✇❡ ♥❡❡❞
t♦ ❧♦❛❞ ♦r ✉♥❧♦❛❞ s♦♠❡t❤✐♥❣ ❛t ❛❧❧ ♦❢ t❤❡s❡ ❧♦❝❛t✐♦♥s✳ ❙❛② ❢✉rt❤❡r t❤❛t t❤❡r❡ ✐s
❛ s❤♦rt❝✉t ✈✐❛ l′ t❤❛t ♥❡❡❞s ♥♦t ❜❡ ✈✐s✐t❡❞✳ ■❢ ✇❡ ♠♦✈❡ t♦ l′ t❤❡♥ h+ ✐♥❝r❡❛s❡s
❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ ♠❛❞❡ ✐t 1 st❡♣ ♠♦r❡ ❝♦st❧② ✕ ❢♦r t❤❡ r❡❧❛①❡❞ ♣❧❛♥ ✕ t♦ r❡❛❝❤
❛❧❧ t❤❡ ❧♦❝❛t✐♦♥s l0, . . . , ln✳ ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥✱ costd∗(oDG+) ✐s ♥♦t ❛♥ ✉♣♣❡r
❜♦✉♥❞ ♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s❤♦rt❡st ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤✳ ❚❤✐s ✐s ❛❧s♦ s❤♦✇♥ ✐♥
❊①❛♠♣❧❡ ✺✱ ✇❤❡r❡ ✇❡ ❝♦♥str✉❝t ❛ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ s❤♦rt❡st ♠♦♥♦t♦♥❡ ❡①✐t
♣❛t❤ ✐s ❧♦♥❣❡r t❤❛♥ costd∗(oDG+)✳✼ ❚♦ ♦❜t❛✐♥ ❛ ❜♦✉♥❞ ♦♥ ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤s✱
✇❡ ❝❛♥ s✐♠♣❧② s❡t V ∗ := ∅ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ costd∗✳

■❢ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❛✮ ♦r ✭✷❜✮✱ t❤❡♥ t❤❡ ❡①✐t ❞✐st❛♥❝❡ ✐s
❜♦✉♥❞❡❞ ❜② costd∗(oDG+) − 1 ❜❡❝❛✉s❡ costd∗(oDG+) ❝♦✉♥ts t❤❡ ❧❛st st❡♣ r❡✲
❞✉❝✐♥❣ h+✳ ■❢ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❝✮✱ t❤❡♥ ❛❢t❡r t❤❛t ❧❛st st❡♣ ✇❡
♥❡❡❞ 1 ❛❞❞✐t✐♦♥❛❧ ♦♣❡r❛t♦r t♦ r❡❞✉❝❡ h+✱ ❛♥❞ s♦ t❤❡ ❡①✐t ❞✐st❛♥❝❡ ✐s ❜♦✉♥❞❡❞
❜② costd∗(oDG+)✳ P✉tt✐♥❣ t❤❡ ♣✐❡❝❡s t♦❣❡t❤❡r ②✐❡❧❞s ♦✉r ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s
s❡❝t✐♦♥✿

❚❤❡♦r❡♠ ✷✳ ▲❡t (X, sI , sG, O)✱ s✱ P+(s)✱ ❛♥❞ oDG+ ❜❡ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳ ■❢
oDG+ ✐s s✉❝❝❡ss❢✉❧✱ t❤❡♥ s ✐s ♥♦t ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✱ ❛♥❞ ed(s) ≤ costd∗(oDG+)✳
■❢ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❛✮ ♦r ✭✷❜✮✱ t❤❡♥ ed(s) ≤ costd∗(oDG+)− 1✳

❚❤❡ ❢✉❧❧ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✳ ❆s ♣♦✐♥t❡❞ ♦✉t ❡❛r❧✐❡r✱ ♦✉r ♠❛✐♥
✐♥str✉♠❡♥t ❢♦r ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛❧ ❛♥❛❧②s✐s ✇✐❧❧ ❜❡ t♦ ❢❡❡❞ ❚❤❡♦r❡♠ ✷ ✇✐t❤ t❤❡
r❡❧❛①❡❞ ♣❧❛♥s r❡t✉r♥❡❞ ❜② ❋❋✬s ❤❡✉r✐st✐❝ ❢✉♥❝t✐♦♥ ❬✸✵❪✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡
t❤❛t✱ t❤✐s ✇❛②✱ ✇❡ ❞♦ ♥♦t ❣✐✈❡ ❛♥② ❣✉❛r❛♥t❡❡s✱ ✐✳❡✳✱ ❚❤❡♦r❡♠ ✷ ❞♦❡s ♥♦t ❤♦❧❞ ✐❢
P+(s) ✐s ♥♦t ♦♣t✐♠❛❧✱ ❛♥❞ ❡✈❡♥ ✐❢ P+(s) ✐s ♥♦♥✲r❡❞✉♥❞❛♥t ❛♥❞ ♣❛r❛❧❧❡❧✲♦♣t✐♠❛❧
❧✐❦❡ t❤♦s❡ ❝♦♠♣✉t❡❞ ❜② ❋❋✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ✏❡①✐t ♣❛t❤✑ ✇❡ ♠❛② ♦❜t❛✐♥ ❛ r❡❧❛①❡❞
♣❧❛♥ s❤♦rt❡r t❤❛♥ P+(s) ❜✉t ♥♦t s❤♦rt❡r t❤❛♥ h+(s)✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ t❤❡ r❡❛s♦♥
✐s t❤❛t ❛ ♣❛r❛❧❧❡❧✲♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ✕ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ❛ r❡❧❛①❡❞ ♣❧❛♥ ♥♦t
♠✐♥✐♠✐③✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t♦rs ✕ ♠❛② t❛❦❡ ✈❡r② ❞✐✛❡r❡♥t ❞❡❝✐s✐♦♥s t❤❛♥
❛ s❡q✉❡♥t✐❛❧❧②✲♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥✱ t❤✉s ❝♦♥str✉❝t✐♥❣ ❛♥ ✏❡①✐t ♣❛t❤✑ ❧❡❛❞✐♥❣
✐♥t♦ t❤❡ ✇r♦♥❣ ❞✐r❡❝t✐♦♥✳ ❊①❛♠♣❧❡ ✽ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹ ❣✐✈❡s ❛ ❢✉❧❧ ❝♦♥str✉❝t✐♦♥
♣r♦✈✐♥❣ t❤✐s✳ ❲❡ r❡♠❛r❦ t❤❛t t❤❡ ❡①❛♠♣❧❡ ✐s ❢❛✐r❧② ❝♦♥tr✐✈❡❞✱ ❛♥❞ ✐t ❞♦❡s ♥♦t
❛♣♣❡❛r ❧✐❦❡❧② t❤❛t s✐t✉❛t✐♦♥s ❧✐❦❡ t❤✐s ❛r❡ ❢r❡q✉❡♥t ✐♥ ♣r❛❝t✐❝❡✳✽

✼❲❡ r❡♠❛r❦ t❤❛t✱ ❞✉❡ t♦ t❤❡ ♠❡♥t✐♦♥❡❞ s♦✉r❝❡s ♦❢ ♦✈❡r✲❡st✐♠❛t✐♦♥ ✐♥ costd∗✱ ❝♦♥str✉❝t✐♥❣
s✉❝❤ ❛♥ ❡①❛♠♣❧❡ r❡q✉✐r❡s ❢❛✐r❧② ❛✇❦✇❛r❞ ❝♦♥str✉❝ts t❤❛t ❞♦ ♥♦t ❛♣♣❡❛r ❧✐❦❡❧② t♦ ♦❝❝✉r ✐♥
♣r❛❝t✐❝❡✳

✽❚♦ s♦♠❡ ❡①t❡♥t✱ ❡✈✐❞❡♥❝❡ s✉♣♣♦rt✐♥❣ t❤✐s ✐♥t✉✐t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❍♦✛♠❛♥♥ ❬✷✽❪✱ ✇❤♦ ♦❜s❡r✈❡s
❡♠♣✐r✐❝❛❧❧② t❤❛t t❤❡ s❡❛r❝❤ t♦♣♦❧♦❣② ✉♥❞❡r ❋❋✬s ❤❡✉r✐st✐❝ ❢✉♥❝t✐♦♥ ✐s ❣❡♥❡r❛❧❧② s✐♠✐❧❛r t♦ t❤❛t

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✶✼

❋❡❡❞✐♥❣ ❚❤❡♦r❡♠ ✷ ✇✐t❤ ♥♦♥✲♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥s ❝❛♥ ♦❢ ❝♦✉rs❡ ❛❧s♦ ❜❡
✐♠♣r❡❝✐s❡ ✏✐♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✑✱ ✐✳❡✳✱ ❚❤❡♦r❡♠ ✷ ♠❛② ♥♦t ❛♣♣❧② ❛❧t❤♦✉❣❤ ✐t
❞♦❡s ❛♣♣❧② ❢♦r ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥✳ ❚❤✉s ✏❣♦♦❞ ❝❛s❡s✑ ♠❛② ❣♦ ✉♥r❡❝♦❣♥✐③❡❞✳
❲❡ ❞❡♠♦♥str❛t❡ t❤✐s ✇✐t❤ ❛ s✐♠♣❧❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✽✱ ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇
t❤❡ ❡①❛♠♣❧❡ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹✳ ■♠♣♦rt❛♥t❧②✱ ❛s ✇❡ ✇✐❧❧ ♣♦✐♥t ♦✉t ✐♥ ❙❡❝t✐♦♥ ✽✱ ♦✉r
❡♠♣✐r✐❝❛❧ r❡s✉❧ts s✉❣❣❡st t❤❛t t❤✐s ✇❡❛❦♥❡ss ❞♦❡s ♥♦t t❡♥❞ t♦ ♦❝❝✉r ✐♥ ♣r❛❝t✐❝❡✱
❛t ❧❡❛st ❛s ❢❛r ❛s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜❡♥❝❤♠❛r❦s✳

✻ ❈♦♥s❡r✈❛t✐✈❡ ❆♣♣r♦①✐♠❛t✐♦♥s

❲❡ ♥♦✇ ✐❞❡♥t✐❢② s✉✣❝✐❡♥t ❝r✐t❡r✐❛ ❣✉❛r❛♥t❡❡✐♥❣ t❤❛t ❚❤❡♦r❡♠ ✷ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳
❲❡ ❝♦♥s✐❞❡r ❜♦t❤ t❤❡ ❧♦❝❛❧ ❝❛s❡ ✇❤❡r❡ ❛ ♣❛rt✐❝✉❧❛r st❛t❡ ✐s ❣✐✈❡♥✱ ❛♥❞ t❤❡ ❣❧♦❜❛❧
❝❛s❡ ✇❤❡r❡ ✇❡ ❣❡♥❡r❛❧✐③❡ ♦✈❡r ❛❧❧ st❛t❡s ✐♥ t❤❡ t❛s❦✳ ❲❡ ❛♣♣r♦①✐♠❛t❡ ♦♣t✐♠❛❧
r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤s ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✸✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❧❡t s ∈ S ✇✐t❤ 0 < h+(s) <
∞✱ ❧❡t x0 ∈ XsG

✱ ❛♥❞ ❧❡t t0 = (s(x0), c) ❜❡ ❛ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ ✐♥ DTGx0
✇✐t❤

o0 := rop(t0)✳
❆ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r s✱ x0✱ ❛♥❞ o0✱ ♦r ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ✐♥

❜r✐❡❢✱ ✐s ❛ ❣r❛♣❤ lDG = (V,A) ✇✐t❤ ✉♥✐q✉❡ ❧❡❛❢ ✈❡rt❡① x0✱ ❛♥❞ ✇❤❡r❡ x ∈ V ❛♥❞
(x, x′) ∈ A ✐❢ ❡✐t❤❡r✿ x′ = x0✱ x ∈ Xpreo0

✱ ❛♥❞ preo0(x) 6= s(x)❀ ♦r x′ ∈ V \ {x0}

❛♥❞ (x, x′) ✐s ❛♥ ❛r❝ ✐♥ SG✳
❆ ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r x0 ❛♥❞ o0✱ ♦r ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ✐♥

❜r✐❡❢✱ ✐s ❛ ❣r❛♣❤ gDG = (V,A) ✇✐t❤ ✉♥✐q✉❡ ❧❡❛❢ ✈❡rt❡① x0✱ ❛♥❞ ✇❤❡r❡ x ∈ V ❛♥❞
(x, x′) ∈ A ✐❢ ❡✐t❤❡r✿ x′ = x0 ❛♥❞ x0 6= x ∈ Xpreo0

❀ ♦r x′ ∈ V \ {x0} ❛♥❞ (x, x′)
✐s ❛♥ ❛r❝ ✐♥ SG

■❢ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ P+(s) ❢♦r s ❝♦♥t❛✐♥s o0✱ t❤❡♥ oDG+ ❛s ♣❡r ❉❡❢✲
✐♥✐t✐♦♥ ✶ ✇✐❧❧ ❜❡ ❛ s✉❜✲❣r❛♣❤ ♦❢ lDG ❛♥❞ gDG ❛s ❞❡✜♥❡❞ ❤❡r❡✳ ❚❤✐s ✐s s✐♠♣❧②
❜❡❝❛✉s❡ ❛♥② ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❤❛s ♦♥❧② ❛r❝s (x, x′) ❝♦♥t❛✐♥❡❞
✐♥ t❤❡ s✉♣♣♦rt ❣r❛♣❤ ♦❢ t❤❡ t❛s❦✳✾ ❲❡ r❡♠❛r❦ t❤❛t t❤❡ s✉♣♣♦rt ❣r❛♣❤ ♠❛②
❝♦♥t❛✐♥ ❛ ❧♦t ♠♦r❡ ❛r❝s t❤❛♥ ❛❝t✉❛❧❧② ♥❡❝❡ss❛r②✳ ❲❤✐❧❡ SG t❡❧❧s ✉s ✇❤❛t ♠❛②
❡✈❡r s✉♣♣♦rt ❢♦r ✇❤❛t ❡❧s❡✱ ✐t ❞♦❡s ♥♦t t❡❧❧ ✉s ✇❤❛t ✇✐❧❧ s✉♣♣♦rt ✇❤❛t ❡❧s❡ ✐♥
❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥✳ ❈♦♥s✐❞❡r ♦✉r ❡❛r❧✐❡r ♣♦✐♥t t❤❛t✱ ✇❤❡♥ ❝♦♥str✉❝t✐♥❣
oDG+✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❝♦♥s✐❞❡r ♦♥❧② ♦♣❡r❛t♦rs ✐♥ ❢r♦♥t ♦❢ o0 ✐♥ P+(s)✳ ❚❤✐s
✐♥❢♦r♠❛t✐♦♥ ✐s ♦❢ ❝♦✉rs❡ ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ SG✳ ■♥ ●r✐♣♣❡r✱ t♦ st✐❝❦ ✇✐t❤ ♦✉r
♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ SG ✇✐❧❧ s✉❣❣❡st t❤❛t ❞r♦♣♣✐♥❣ ❛ ❜❛❧❧ ♠❛② ❜❡ ♥❡❡❞❡❞ ✐♥ ♦r❞❡r
t♦ s✉♣♣♦rt ✏❢r❡❡✲❣r✐♣♣❡r✑ ❢♦r ♣✐❝❦✐♥❣ ✉♣ t❤❡ s❛♠❡ ❜❛❧❧✳ ❚❤✉s SG ✏❞❡t❡❝ts✑ ❛
❝②❝❧✐❝ ❞❡♣❡♥❞❡♥❝② ❤❡r❡✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ♦♣❡♥ ❞✐r❡❝t✐♦♥s ✐s t♦ ✐♠♣r♦✈❡ t❤✐s ♣❛rt
♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❜② ❞❡✈✐s✐♥❣ ❝♦♥s❡r✈❛t✐✈❡ ♠❡t❤♦❞s r❡❝♦❣♥✐③✐♥❣ ♦♣❡r❛t♦rs
t❤❛t ✇✐❧❧ ♥❡✈❡r ❤❛✈❡ t♦ ♣r❡❝❡❞❡ o0 ✐♥ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥✳

❚❤❡ r❡❛❞❡r ✇❤♦ ❤❛s ✇❛❞❡❞ t❤r♦✉❣❤ t❤❡ ❝✉♠❜❡rs♦♠❡ ❞❡t❛✐❧s ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❞❡❧✐❣❤t❡❞ t♦ ❤❡❛r t❤❛t ❞❡✜♥✐♥❣ ✇❤❡♥ ❛♥ lDG r❡s♣❡❝t✐✈❡❧② gDG
✐s s✉❝❝❡ss❢✉❧ ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ ❛♥② ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥s✿

❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t (X, sI , sG, O)✱ s✱ t0✱ o0✱ ❛♥❞ G = lDG ♦r G = gDG ❜❡ ❛s ✐♥
❉❡✜♥✐t✐♦♥ ✸✳ ❲❡ s❛② t❤❛t G = (V,A) ✐s s✉❝❝❡ss❢✉❧ ✐❢ ❛❧❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

✉♥❞❡r h+✳ ❚❤✉s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✏❞❡❝✐s✐♦♥s t❛❦❡♥✑ ✐♥ ♦♥❡ ♦r t❤❡ ♦t❤❡r r❡❧❛①❡❞ ♣❧❛♥
❛♣♣❡❛rs t♦ ❜❡ ❧❡ss ❞r❛st✐❝ t❤❛♥ ✐♥ ❊①❛♠♣❧❡ ✽✳

✾❋♦r gDG✱ ♥♦t❡ t❤❛t pre
o0

(x0)✱ ✐❢ ❞❡✜♥❡❞✱ ✇✐❧❧ ❜❡ = s(x0) ❛♥❞ t❤✉s x0 ❞♦❡s ♥♦t ♥❡❡❞ t♦
❜❡ r❡❝♦r❞❡❞ ❛s ✐ts ♦✇♥ ♣r❡❞❡❝❡ss♦r✳
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✭✶✮ G ✐s ❛❝②❝❧✐❝✳

✭✷✮ ■❢ G = lDG t❤❡♥ sG(x0) 6= s(x0)✱ ❛♥❞ t❤❡r❡ ❡①✐sts ♥♦ tr❛♥s✐t✐✈❡ s✉❝❝❡ss♦r
x′ ♦❢ x0 ✐♥ SG s♦ t❤❛t x′ ∈ XsG

❛♥❞ sG(x′) 6= s(x′)✳

✭✸✮ ❲❡ ❤❛✈❡ t❤❛t t0 ❡✐t❤❡r✿

✭❛✮ ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s❀ ♦r

✭❜✮ ❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s❀ ♦r

✭❝✮ ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳

✭✹✮ ❋♦r x ∈ V \ {x0}✱ ❛❧❧ DTGx tr❛♥s✐t✐♦♥s ❡✐t❤❡r ❛r❡ ✐rr❡❧❡✈❛♥t✱ ♦r ❤❛✈❡ s❡❧❢✲
✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✱ ♦r ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s
❛♥❞ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✳

❈♦♥s✐❞❡r ✜rst ♦♥❧② ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤s G = lDG❀ ✇❡ ✇✐❧❧ ❞✐s❝✉ss G =
gDG ❜❡❧♦✇✳ ❆ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ P+(s) ❢♦r s t❤❛t
❝♦♥t❛✐♥s o0✱ ❛♥❞ t❤✉s oDG+ ✐s ❛ s✉❜✲❣r❛♣❤ ♦❢ lDG✳ ❚❤❡♥ ❝♦♥❞✐t✐♦♥ ✭✶✮ ♦❜✈✐♦✉s❧②
✐♠♣❧✐❡s ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✶✮✳ ❈♦♥❞✐t✐♦♥ ✭✹✮ ✐♠♣❧✐❡s ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥
✭✸✮ ❜❡❝❛✉s❡ oDTG+

x ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ✐rr❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s✳ ❈♦♥❞✐t✐♦♥
✭✷✮ ✐♠♣❧✐❡s t❤❛t s(x0) ✐s ♥♦t oDG+✲r❡❧❡✈❛♥t✱ ✐✳❡✳✱ s(x0) ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ t❤❡
r❡st ♦❢ t❤❡ r❡❧❛①❡❞ ♣❧❛♥✳ ❚❤✐s ✐s s✐♠♣❧② ❜❡❝❛✉s❡ ♥♦ ♦t❤❡r ✉♥✲❛❝❤✐❡✈❡❞ ❣♦❛❧
❞❡♣❡♥❞s ♦♥ x0✳ ❇✉t t❤❡♥✱ ❝♦♥❞✐t✐♦♥ ✭✸❛✮ ✐♠♣❧✐❡s ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❛✮
❜❡❝❛✉s❡ R+

1 ∩ C0 = ∅✱ ✐♥ t❤❡ ♥♦t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ♣r❡✈✐♦✉s❧②✳ ❈♦♥❞✐t✐♦♥s ✭✸❜✮
❛♥❞ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❜✮✱ r❡s♣❡❝t✐✈❡❧② ✭✸❝✮ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥
✭✷❝✮✱ ❛r❡ ❡q✉✐✈❛❧❡♥t ✉♥❞❡r t❤✐s ♣r❡♠✐s❡✳

❘❡❣❛r❞✐♥❣ ❡①✐t ❞✐st❛♥❝❡✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤✐❝❤ ♣❛rt ♦❢ x ∈ V \ {x0} ✇✐❧❧
❜❡ tr❛✈❡rs❡❞ ❜② P+(s)✳ ❆♥ ♦❜✈✐♦✉s ❜♦✉♥❞ ♦♥ diam(oDTG+

x ) ✐s t❤❡ ❧❡♥❣t❤
maxPath(DTGx) ♦❢ ❛ ❧♦♥❣❡st ♥♦♥✲r❡❞✉♥❞❛♥t ♣❛t❤ t❤r♦✉❣❤ t❤❡ ❣r❛♣❤ ✭❛ ♣❛t❤
✈✐s✐t✐♥❣ ❡❛❝❤ ✈❡rt❡① ❛t ♠♦st ♦♥❝❡✮✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✇❡ ❝❛♥♥♦t ❝♦♠♣✉t❡ maxPath(.)
❡✣❝✐❡♥t❧②✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤ ❬✶✹❪ ✐♥ ❛
❣r❛♣❤ G = (V,A) ✐✛ maxPath(G) = |V | − 1✳ ❚❤✉s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❝✐s✐♦♥
♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞✳ ■♥ ❚♦r❝❤▲✐❣❤t✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ maxPath(G) s✐♠♣❧② ❜②
|V | − 1✳ ❖♥ ❛ ♠♦r❡ ♣♦s✐t✐✈❡ ♥♦t❡✱ ✇❡ ❝❛♥ s♦♠❡t✐♠❡s ✉s❡ diam(DTGx) ✐♥st❡❛❞
♦❢ maxPath(DTGx)✱ ♥❛♠❡❧② ✐❢ ✇❡ ❛r❡ ❝❡rt❛✐♥ t❤❛t x ✐s ♦♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s V ∗

✉s❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ costd(oDG+)✳ ❚❤✐s ❝❛♥ ❜❡ ❡♥s✉r❡❞ ❜② ♣♦st✉❧❛t✐♥❣ t❤❛t

✭✯✯✮ ❛❧❧ DTGx tr❛♥s✐t✐♦♥s ❡✐t❤❡r ❛r❡ ✐rr❡❧❡✈❛♥t✱ ♦r ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡
❡♠♣t② ❝♦♥❞✐t✐♦♥s✱ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ ❛♥❞ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✳

◆♦t❡ t❤❛t t❤✐s ✐s ❛ str✐❝t❧② str♦♥❣❡r r❡q✉✐r❡♠❡♥t t❤❛♥ ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥
✭✹✮✳ ❈❧❡❛r❧②✱ ✐t ✐♠♣❧✐❡s ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✸✮ ❛s ✇❡❧❧ ❛s ❝♦♥❞✐t✐♦♥ ✭✯✮ ✐♥
❙❡❝t✐♦♥ ✺✳ ❉❡♥♦t❡ ❜② V ∗∗ t❤❡ s✉❜s❡t ♦❢ V \{x0} ❢♦r ✇❤✐❝❤ ✭✯✯✮ ❤♦❧❞s✳ ❲❡ ❞❡✜♥❡
costD∗(G) :=

∑

x∈V costD∗(x)✱ ✇❤❡r❡ costD∗(x) :=















1 x = x0

maxPath(DTGx) ∗
∑

x′:(x,x′)∈A costD∗(x′) x 6= x0, x 6∈ V
∗∗

diam(DTGx) ∗
∑

x′:(x,x′)∈A costD∗(x′) x 6= x0, x ∈ V
∗∗

❇❡❝❛✉s❡ x0 ♠✉st ♠♦✈❡ ✕ t♦ ❛tt❛✐♥ ✐ts ♦✇♥ ❣♦❛❧ ✕ ❡✈❡r② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥
♠✉st t❛❦❡ ❛t ❧❡❛st ♦♥❡ tr❛♥s✐t✐♦♥ ❧❡❛✈✐♥❣ s(x0)✳ ❚❤✉s✱ ✇✐t❤ ❚❤❡♦r❡♠ ✷ ❛♥❞ t❤❡
❛❜♦✈❡✱ ✇❡ ❤❛✈❡ t❤❛t✿
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❚❤❡♦r❡♠ ✸✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❛♥❞ ❧❡t s ∈ S ❜❡ ❛ st❛t❡
✇✐t❤ 0 < h+(s) < ∞✳ ❙❛② t❤❛t x0 ∈ X s♦ t❤❛t✱ ❢♦r ❡✈❡r② o0 = rop(s(x0), c)
✐♥ DTGx0 ✇❤❡r❡ (s(x0), c) ✐s r❡❧❡✈❛♥t✱ lDGo0 ✐s ❛ s✉❝❝❡ss❢✉❧ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝②
❣r❛♣❤✳ ❚❤❡♥ s ✐s ♥♦t ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✱ ❛♥❞ ed(s) ≤ maxo0 costD∗(lDGo0)✳ ■❢✱
❢♦r ❡✈❡r② lDGo0 ✱ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥ ✭✸❛✮ ♦r ✭✸❜✮✱ t❤❡♥ ed(s) ≤
maxo0 costD∗(lDGo0)− 1✳

❚❤❡♦r❡♠ ✸ ✐s ♦✉r t♦♦❧ ❢♦r ❣✉❛r❛♥t❡❡❞ ❧♦❝❛❧ ❛♥❛❧②s✐s✱ ✐✳❡✳✱ ❛ s❡❛r❝❤✲st❛t❡ ❛♥❛❧②✲
s✐s t❤❛t ❣✉❛r❛♥t❡❡s ✐ts ✐♥❢♦r♠❛t✐♦♥ t♦ ❜❡ ❝♦rr❡❝t✳ ❋♦r ❣✉❛r❛♥t❡❡❞ ❣❧♦❜❛❧ ❛♥❛❧②s✐s✱
✇❡ s✐♠♣❧② ❧♦♦❦ ❛t t❤❡ s❡t ♦❢ ❛❧❧ ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤s gDG✱ r❡q✉✐r✐♥❣ t❤❡♠
t♦ ❜❡ s✉❝❝❡ss❢✉❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛❧❧ gDG ❛r❡ t❤❡♥ ❛❝②❝❧✐❝✱ ❢r♦♠ ✇❤✐❝❤ ✐t ✐s ♥♦t
❞✐✣❝✉❧t t♦ ❞❡❞✉❝❡ t❤❛t ❛♥② ♥♦♥✲❣♦❛❧ st❛t❡ s ✇✐❧❧ ❤❛✈❡ ❛ ✈❛r✐❛❜❧❡ x0 ❢✉❧✜❧❧✐♥❣
❉❡✜♥✐t✐♦♥ ✹ ✭✷✮✳ ❋♦r t❤❛t x0✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸ ❛♥❞ t❤✉s ❣❡t✿

❚❤❡♦r❡♠ ✹✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✳ ❙❛② t❤❛t ❛❧❧ ❣❧♦❜❛❧ ❞❡♣❡♥✲
❞❡♥❝② ❣r❛♣❤s gDG ❛r❡ s✉❝❝❡ss❢✉❧✳ ❚❤❡♥ S ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❧♦❝❛❧ ♠✐♥✐♠❛
❛♥❞✱ ❢♦r ❛♥② st❛t❡ s ∈ S ✇✐t❤ 0 < h+(s) < ∞✱ ed(s) ≤ maxgDG costD∗(gDG)✳
■❢✱ ❢♦r ❡✈❡r② gDG✱ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥ ✭✸❛✮ ♦r ✭✸❜✮✱ t❤❡♥ ed(s) ≤
maxgDG costD∗(gDG)− 1✳

❚❤❡ ❢✉❧❧ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✸ ❛♥❞ ✹ ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✸✳ ■❢ SG ✐s
❛❝②❝❧✐❝ ❛♥❞ ❛❧❧ tr❛♥s✐t✐♦♥s ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts✱ t❤❡♥ ❚❤❡♦r❡♠ ✹
❛♣♣❧✐❡s✱ ✇❤❡r❡❜② ✇❡ ❤❛✈❡ ♥♦✇ ✐♥ ♣❛rt✐❝✉❧❛r ♣r♦✈❡❞ ♦✉r ❜❛s✐❝ r❡s✉❧t✳ ❱✐❝❡ ✈❡rs❛✱
♥♦t❡ t❤❛t✱ ✐❢ ❚❤❡♦r❡♠ ✹ ❛♣♣❧✐❡s✱ t❤❡♥ SG ✐s ❛❝②❝❧✐❝✳ ❆s ❢❛r ❛s ❧♦❝❛❧ ♠✐♥✐♠❛ ❛r❡
❝♦♥❝❡r♥❡❞✱ ♦♥❡ ♠❛② t❤✉s r❡❢♦r♠✉❧❛t❡ ❚❤❡♦r❡♠ ✹ ✐♥ s✐♠♣❧❡r t❡r♠s ♥♦t r❡❧②✐♥❣
♦♥ ❛ ♥♦t✐♦♥ ♦❢ ✏s✉❝❝❡ss❢✉❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤s✑✳ ❚❤❡ ♣r❡s❡♥t ❢♦r♠✉❧❛t✐♦♥ ❛❧r❡❛❞②
♣❛✈❡s t❤❡ ✇❛② ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✿ ❛ gDG ✐s ❞❡✜♥❡❞ r❡❧❛t✐✈❡ t♦ ❛ ❝♦♥❝r❡t❡ ✈❛r✐❛❜❧❡
x0 ❛♥❞ ♦♣❡r❛t♦r o0✱ ❛♥❞ ♠❛② t❤✉s ❛❧❧♦✇ ❢♦r ♠♦r❡ ❛❝❝✉r❛t❡ ❛♥❛❧②s✐s ✇❤✐❝❤ ♦t❤❡r
✈❛r✐❛❜❧❡s ♠❛② ❛❝t✉❛❧❧② ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t ❢♦r x0 ❛♥❞ o0✱ ✐♥ ❛ r❡❧❛①❡❞ ♣❧❛♥✳

❚❤❡ ✉s❡ ♦❢ diam(DTGx) ✐♥st❡❛❞ ♦❢ maxPath(DTGx) ✐♥ costD∗(.)✱ ❢♦r t❤❡
✈❛r✐❛❜❧❡s ✐♥ V ∗∗✱ ❤❛s ❛ r❛t❤❡r s✐❣♥✐✜❝❛♥t ❡✛❡❝t ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❜♦✉♥❞s
❝♦♠♣✉t❡❞ ✐♥ ♠❛♥② ❜❡♥❝❤♠❛r❦s✳ ❆ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ✐s t❤❛t ♦❢ ❛ tr❛♥s♣♦rt❛t✐♦♥
❞♦♠❛✐♥ ✇❤❡r❡ ✈❡❤✐❝❧❡ ♣♦s✐t✐♦♥s ❛r❡ ❧❡❛❢ ✈❛r✐❛❜❧❡s ✐♥ SG ✇❤♦s❡ tr❛♥s✐t✐♦♥s ❤❛✈❡ ♥♦
s✐❞❡ ❡✛❡❝ts✳ ❙✉❝❤ ✈❛r✐❛❜❧❡s q✉❛❧✐❢② ❢♦r V ∗∗✳ ■❢ ✇❡ ✇❡r❡ t♦ ✉s❡ maxPath(DTGx)✱
t❤❡♥ ✇❡ ✇♦✉❧❞ ♦❜t❛✐♥ ❡①❝❡❡❞✐♥❣❧② ❧❛r❣❡ ❜♦✉♥❞s ❡✈❡♥ ❢♦r tr✐✈✐❛❧ r♦❛❞ ♠❛♣s✳
❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r ▲♦❣✐st✐❝s ✇❤❡r❡ t❤❡ r♦❛❞ ♠❛♣ ✐s ❢✉❧❧② ❝♦♥♥❡❝t❡❞✳ ❲❡
❤❛✈❡ diam(DTGx) = 1 ❛♥❞ t❤✉s costD∗(.) ❞❡❧✐✈❡rs t❤❡ ❝♦rr❡❝t ❜♦✉♥❞ 1✳ ❯s✐♥❣
maxPath(DTGx) ✐♥st❡❛❞✱ t❤❡ ❜♦✉♥❞ ❞❡❧✐✈❡r❡❞ ✇♦✉❧❞ ❜❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢
❧♦❝❛t✐♦♥s ♠✐♥✉s 1✳

◆♦t❡ t❤❛t t❤❡ s❝♦♣❡ ♦❢ ❚❤❡♦r❡♠ ✹✱ ✐✳❡✳✱ t❤❡ ❝❧❛ss ♦❢ ♣❧❛♥♥✐♥❣ t❛s❦s t♦ ✇❤✐❝❤
❚❤❡♦r❡♠ ✹ ❛♣♣❧✐❡s✱ ✐s tr❛❝t❛❜❧❡✳ ❚❤❡r❡ ❡①✐sts ❛ ♣❧❛♥ ❢♦r t❤❡ t❛s❦ ✐✛ t❤❡r❡ ❡①✐sts
❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r t❤❡ ✐♥✐t✐❛❧ st❛t❡✳ ◆❛♠❡❧②✱ st❛rt✐♥❣ ❢r♦♠ s✉❝❤ ❛ r❡❧❛①❡❞ ♣❧❛♥✱
✇❡ ❛r❡ ❣✉❛r❛♥t❡❡❞ t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t ❛♥ ❡①✐t ♣❛t❤❀ ✐t❡r❛t✐♥❣ t❤✐s ❛r❣✉✲
♠❡♥t ❣❡ts ✉s t♦ t❤❡ ❣♦❛❧✳ ■♥ ♦✉r ✈✐❡✇✱ t❤✐s ✐s ❛ ✇❡❛❦♥❡ss ♦❢ t❤✐s ❢♦r♠ ♦❢ ❣❧♦❜❛❧
❛♥❛❧②s✐s✳ ❚❤❡ ❛♥❛❧②s✐s ❞♦❡s ♥♦t ✭❛❧✇❛②s✮ ❛♣♣❧② ✐♥ ✐♥tr❛❝t❛❜❧❡ ❝❧❛ss❡s ♦❢ t❛s❦s
t❤❛t ❞♦ ♥♦t ❝♦♥t❛✐♥ ❧♦❝❛❧ ♠✐♥✐♠❛✳ ◆♦t❡ t❤❛t s✉❝❤ ❝❧❛ss❡s ❞♦ ❡①✐st✱ ❝❢✳ ❚❤❡♦✲
r❡♠ ✶✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣❧❛♥ ❡①✐st❡♥❝❡ ✐s tr❛❝t❛❜❧❡ ✐♥ ❛❧❧ ❦♥♦✇♥ ❜❡♥❝❤♠❛r❦
❞♦♠❛✐♥s ✇❤❡r❡ ❧♦❝❛❧ ♠✐♥✐♠❛ ❛r❡ ❛❜s❡♥t✱ s♦ ✐♥ ♣r❛❝t✐❝❡ t❤✐s ❞♦❡s ♥♦t ❛♣♣❡❛r t♦
❜❡ ❛ ♠❛❥♦r ❧✐♠✐t❛t✐♦♥✳ ❆❧s♦✱ ♥♦t❡ t❤❛t ♦♣t✐♠❛❧ ♣❧❛♥♥✐♥❣✱ ❛s ✇❡❧❧ ❛s ♣❧❛♥ ❝♦♥✲
str✉❝t✐♦♥✱ ❛r❡ st✐❧❧ ✐♥tr❛❝t❛❜❧❡ ✇✐t❤✐♥ t❤❡ s❝♦♣❡ ♦❢ ❚❤❡♦r❡♠ ✹✳ P❧❛♥ ❝♦♥str✉❝t✐♦♥
✐s ✐♥tr❛❝t❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ♣❧❛♥s ♠❛② ❜❡ ❡①♣♦♥❡♥t✐❛❧❧② ❧♦♥❣✱ ❝❢✳ ❊①❛♠✲

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✵

♣❧❡ ✻ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹✳✶✵ ❆s ❢♦r ♦♣t✐♠❛❧ ♣❧❛♥♥✐♥❣✱ ❥✉st ❝♦♥s✐❞❡r ▲♦❣✐st✐❝s ❛♥❞
▼✐❝♦♥✐❝✲❙❚❘■P❙✳ ❲❡ ✇✐❧❧ s❡❡ s❤♦rt❧② ✭Pr♦♣♦s✐t✐♦♥ ✶✱ ♥❡①t s❡❝t✐♦♥✮ t❤❛t t❤❡s❡
❛r❡ ❢✉❧❧② ❝♦✈❡r❡❞ ❜② ❚❤❡♦r❡♠ ✹✳ ❍♦✇❡✈❡r✱ ✐♥ ❜♦t❤ ♦❢ t❤❡♠✱ ❞❡❝✐❞✐♥❣ ❜♦✉♥❞❡❞
♣❧❛♥ ❡①✐st❡♥❝❡ ✐s ◆P✲❤❛r❞ ❬✷✸❪✳ ❋✐♥❛❧❧②✱ ♦❢ ❝♦✉rs❡ t❤❡ ♣❧❛♥ ❝♦♥str✉❝t❡❞ ❜② ✐t❡r✲
❛t✐♥❣ ❡①✐t ♣❛t❤s ♠❛② ❜❡ ❤✐❣❤❧② ♥♦♥✲♦♣t✐♠❛❧✳ ■♥❞❡❡❞✱ ❛s ✐s s❤♦✇♥ ✐♥ ❊①❛♠♣❧❡ ✼
✐♥ ❆♣♣❡♥❞✐① ❆✳✹✱ t❤✐s ♣❧❛♥ ♠❛② ❜❡ ❡①♣♦♥❡♥t✐❛❧❧② ❧♦♥❣❡r t❤❛♥ ❛♥ ♦♣t✐♠❛❧ ♣❧❛♥✳
❚❤✉s✱ ❡✈❡♥ ✐❢ ❚❤❡♦r❡♠ ✹ ❛♣♣❧✐❡s ❛♥❞ ✇❡ ❞♦ ♥♦t ♥❡❡❞ ❛♥ ♦♣t✐♠❛❧✐t② ❣✉❛r❛♥t❡❡✱
r✉♥♥✐♥❣ ❛ ♣❧❛♥♥❡r st✐❧❧ ♠❛❦❡s s❡♥s❡✳

❲❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ r❡❧❛t✐♦♥ ♦❢ t❤❡ s❝♦♣❡ ♦❢ ❚❤❡♦r❡♠ ✹ t♦ ❦♥♦✇♥ tr❛❝t❛❜❧❡
❝❧❛ss❡s ✐♥ ❙❡❝t✐♦♥ ✾✳ ◆♦t❡ ✐♥ t❤✐s ❝♦♥t❡①t t❤❛t ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ❧♦❝❛❧ ♠✐♥✲
✐♠❛ ❡✈❡♥ ✐♥ ✈❡r② s♠❛❧❧ ❡①❛♠♣❧❡s ✐♥✈♦❧✈✐♥❣ ♦♥❧② t✇♦ ✈❛r✐❛❜❧❡s ❛♥❞ ❝♦♠♣❧②✐♥❣
✇✐t❤ ♦✉r ❜❛s✐❝ r❡s✉❧t ❡①❝❡♣t t❤❛t ❡✐t❤❡r t❤❡ s✉♣♣♦rt ❣r❛♣❤ ✐s ❝②❝❧✐❝ ✭❊①❛♠✲
♣❧❡ ✷✱ ❆♣♣❡♥❞✐① ❆✳✹✮✱ ♦r t❤❡r❡ ✐s ❛ ♥♦♥✲✐♥✈❡rt✐❜❧❡ tr❛♥s✐t✐♦♥ ✇❤♦s❡ ♦✇♥ ❞❡❧❡t❡
✐s r❡❧❡✈❛♥t ✭❊①❛♠♣❧❡ ✸✱ ❆♣♣❡♥❞✐① ❆✳✹✮✱ ♦r t❤❡r❡ ✐s ❛ tr❛♥s✐t✐♦♥ ✇✐t❤ ❛ r❡❧❡✈❛♥t
s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡ ✭❊①❛♠♣❧❡ ✹✱ ❆♣♣❡♥❞✐① ❆✳✹✮✳ ❚❤❡s❡ ❡①❛♠♣❧❡s ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥
♠❛♥② ❦♥♦✇♥ tr❛❝t❛❜❧❡ ❝❧❛ss❡s✱ t❤✉s ✉♥❞❡r❧✐♥✐♥❣ t❤❛t t❤❡ ❛♥❛❧②s✐s ♦❢ h+ t♦♣♦❧♦❣②
❛♥❞ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ tr❛❝t❛❜❧❡ ❝❧❛ss❡s ❛r❡ ❞✐✛❡r❡♥t ✭❛❧t❤♦✉❣❤ ♥♦t ✉♥r❡❧❛t❡❞✮
❡♥t❡r♣r✐s❡s✳

✼ ❇❡♥❝❤♠❛r❦ P❡r❢♦r♠❛♥❝❡ ●✉❛r❛♥t❡❡s

❲❡ ♥♦✇ st❛t❡ s♦♠❡ ❣✉❛r❛♥t❡❡s t❤❛t ♦✉r ❛♥❛❧②s✐s ❣✐✈❡s ✐♥ ❜❡♥❝❤♠❛r❦ ❞♦♠❛✐♥s✳
❚❤❡ ✉♥❞❡r❧②✐♥❣ ♠✉❧t✐✲✈❛❧✉❡❞ ❞♦♠❛✐♥ ❢♦r♠❛❧✐③❛t✐♦♥s ❛r❡ str❛✐❣❤t❢♦r✇❛r❞✱ ❛♥❞
❝♦rr❡s♣♦♥❞ t♦ ❢♦r♠✉❧❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② ❋❛st✲❉♦✇♥✇❛r❞✳
❚❤❡② ❛r❡ ❧✐st❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✺✱ ✇❤❡r❡ ✇❡ ❛❧s♦ ❣✐✈❡ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ s✐♠♣❧❡ ♦❜s❡r✈❛t✐♦♥s✳✶✶

●✉❛r❛♥t❡❡❞ ❣❧♦❜❛❧ ❛♥❛❧②s✐s ✇✐❧❧ ❛❧✇❛②s s✉❝❝❡❡❞ ✐♥ ❢♦✉r ♦❢ ♦✉r ❜❡♥❝❤♠❛r❦
❞♦♠❛✐♥s✿

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦ ❢r♦♠ t❤❡ ▲♦❣✐st✐❝s✱ ▼✐❝♦♥✐❝✲
❙❚❘■P❙✱ ▼♦✈✐❡✱ ♦r ❙✐♠♣❧❡✲❚❙P ❞♦♠❛✐♥✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✹ ❛♣♣❧✐❡s✱ ❛♥❞ t❤❡
❜♦✉♥❞ ❞❡❧✐✈❡r❡❞ ✐s ❛t ♠♦st 1✱ 3✱ 1✱ ❛♥❞ 1 r❡s♣❡❝t✐✈❡❧②✳

◆♦t❡ t❤❛t t❤❡ ❜♦✉♥❞s ❢♦r ▲♦❣✐st✐❝s ❛♥❞ ▼♦✈✐❡ ❛r❡ t❤❡ ❝♦rr❡❝t ♦♥❡s✱ ✐✳❡✳✱ t❤❡②
❛r❡ t✐❣❤t✳ ❋♦r ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ t❤❡ ♦✈❡r✲❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛❧ ❜♦✉♥❞ ✭1✮
❛r✐s❡s ❜❡❝❛✉s❡ t❤❡ ❛♥❛❧②s✐s ❞♦❡s ♥♦t r❡❛❧✐③❡ t❤❛t ❜♦❛r❞✐♥❣ ❛ ♣❛ss❡♥❣❡r ❝❛♥ ❜❡
✉s❡❞ ❛s t❤❡ ❧❡❛❢ ✈❛r✐❛❜❧❡ x0✳ ❋♦r ❙✐♠♣❧❡✲❚❙P✱ t❤❡ ❝♦rr❡❝t ❜♦✉♥❞ ✐s 0 ✭s✐♥❝❡ h+

✐s t❤❡ ❡①❛❝t ❣♦❛❧ ❞✐st❛♥❝❡✮✳ ❚❤❡ ♦✈❡r✲❡st✐♠❛t✐♦♥ ❛r✐s❡s ❜❡❝❛✉s❡✱ ✐♥ ❡✈❡r② ❣♦❛❧
✈❛r✐❛❜❧❡ x0 =✑✈✐s✐t❡❞✭❧♦❝❛t✐♦♥✮✑✱ t❤❡ gDG ✐♥❝❧✉❞❡s ❛❧s♦ t❤❡ ✈❛r✐❛❜❧❡ ✏❛t✑✱ ♥♦t
r❡❛❧✐③✐♥❣ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ ✏❛t✑ ❞♦❡s ♥♦t ♠❛tt❡r ❜❡❝❛✉s❡ ❛♥② ❧♦❝❛t✐♦♥ ❝❛♥ ❜❡
✈✐s✐t❡❞ ❢r♦♠ ❛♥② ♦t❤❡r ♦♥❡✳✶✷

✶✵◆♦t❡ ❤♦✇❡✈❡r r❡❝❡♥t r❡s✉❧ts s❤♦✇✐♥❣ t❤❛t✱ s♦♠❡t✐♠❡s✱ ❡①♣♦♥❡♥t✐❛❧❧② ❧♦♥❣ ♣❧❛♥s ❝❛♥ ❜❡
❝♦♥str✉❝t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❜② ❡①♣❧♦✐t✐♥❣ ♠❛❝r♦s ❬✸✷✱ ✶✽❪✳

✶✶❲❡ s❛② ✏❝❛♥ ❜❡ ❢♦✉♥❞ ❛✉t♦♠❛t✐❝❛❧❧②✑ ❤❡r❡ ❜❡❝❛✉s❡ ❋❛st✲❉♦✇♥✇❛r❞✬s tr❛♥s❧❛t♦r ✐s ♥♦t
❞❡t❡r♠✐♥✐st✐❝✱ ✐✳❡✳✱ ✐t ♠❛② r❡t✉r♥ ❞✐✛❡r❡♥t ♠✉❧t✐✲✈❛❧✉❡❞ ❡♥❝♦❞✐♥❣s ❡✈❡♥ ✇❤❡♥ r✉♥ s❡✈❡r❛❧ t✐♠❡s
♦♥ t❤❡ s❛♠❡ ♣❧❛♥♥✐♥❣ t❛s❦✳ ❙♦♠❡ ❜✉t ♥♦t ❛❧❧ ♦❢ t❤❡s❡ ❡♥❝♦❞✐♥❣s ❝♦rr❡s♣♦♥❞ t♦ ♦✉r ❞♦♠❛✐♥
❢♦r♠❛❧✐③❛t✐♦♥s✳ ❋♦r ❊❧❡✈❛t♦rs✱ ✇❡ ❞♦ ♥♦t ❣✐✈❡ ❛ ❢✉❧❧ ❞❡✜♥✐t✐♦♥ ❜❡❝❛✉s❡✱ ✇✐t❤♦✉t ❛❝t✐♦♥ ❝♦sts✱
t❤✐s ✐s ♠❡r❡❧② ❛ ✈❛r✐❛♥t ♦❢ ❚r❛♥s♣♦rt✳

✶✷▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ l ✐s ♥♦t ②❡t ✈✐s✐t❡❞ t❤❡♥ ✐t ❝❛♥ ❜❡ ✈✐s✐t❡❞ ❢r♦♠ ❛♥② ❧♦❝❛t✐♦♥ l′ 6= l✳ ■♥ ❝❛s❡
✇❡ ❝✉rr❡♥t❧② ❛r❡ ✐♥ l✱ ✇❡ ♠✉st ❜❡ ✐♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✭♦r ❡❧s❡ l ✇♦✉❧❞ ❛❧r❡❛❞② ❜❡ ✈✐s✐t❡❞✮✳ ❇✉t
t❤❡♥✱ t❤❡r❡ ❡①✐sts l′ t❤❛t ✐s ♥♦t ②❡t ✈✐s✐t❡❞✱ s♦ ✇❡ ❝❛♥ ❣♦ t❤❡r❡ ✜rst✱ ❞❡❝r❡❛s✐♥❣ h+✱ ❛♥❞ t❤❡♥

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✶

❋♦r t❤❡ tr❛♥s♣♦rt❛t✐♦♥ ❜❡♥❝❤♠❛r❦s ✐♥✈♦❧✈✐♥❣ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts✱ ❧♦❝❛❧ ❛♥❛❧✲
②s✐s ♦❢ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ✇✐❧❧ ❛❧✇❛②s s✉❝❝❡❡❞✱ t❤❛♥❦s t♦ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥
✭✷❛✮ ✇❤✐❝❤ ❛❧❧♦✇s ❛♥② r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 t♦ ❜❡ r❡❝♦✈❡r❡❞ ✐♥s✐❞❡ t❤❡ r❡❧❛①❡❞
♣❧❛♥✿

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦ ❢r♦♠ t❤❡ ❊❧❡✈❛t♦rs✱ ❋❡rr②✱
●r✐♣♣❡r✱ ♦r ❚r❛♥s♣♦rt ❞♦♠❛✐♥✱ ❛♥❞ ❧❡t s ∈ S✳ ■♥ ❋❡rr② ❛♥❞ ●r✐♣♣❡r✱ ❢♦r ❡✈❡r②
♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ P+(s) t❤❡r❡ ❡①✐sts oDG+ s♦ t❤❛t ❚❤❡♦r❡♠ ✷ ❛♣♣❧✐❡s✱ t❤❡
❜♦✉♥❞ ❜❡✐♥❣ ❛t ♠♦st 1✳ ■♥ ❊❧❡✈❛t♦rs ❛♥❞ ❚r❛♥s♣♦rt✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡
P+(s) ❛♥❞ oDG+ s♦ t❤❛t ❚❤❡♦r❡♠ ✷ ❛♣♣❧✐❡s✱ t❤❡ ❜♦✉♥❞ ❜❡✐♥❣ ❛t ♠♦st 1 ✐♥
❊❧❡✈❛t♦rs ❛♥❞ ❛t ♠♦st t❤❡ r♦❛❞ ♠❛♣ ❞✐❛♠❡t❡r ✐♥ ❚r❛♥s♣♦rt✳

❚❤✐s ❤♦❧❞s ❜❡❝❛✉s❡ ❛❧❧ ✈❡❤✐❝❧❡ ❝❛♣❛❝✐t② ❞❡❧❡t❡s ❛r❡ r❡❝♦✈❡r❡❞ ✐♥s✐❞❡ t❤❡ r❡✲
❧❛①❡❞ ♣❧❛♥✳ ❋♦r ❊❧❡✈❛t♦rs ❛♥❞ ❚r❛♥s♣♦rt✱ t❤❡ r❡s✉❧t ✐s s❧✐❣❤t❧② ✇❡❛❦❡r ❜❡❝❛✉s❡
❛ ✈❡❤✐❝❧❡ ♠❛② ❤❛✈❡ ❝❛♣❛❝✐t② > 1✱ ❛❧❧♦✇✐♥❣ ✕ ❜✉t ♥♦t ❢♦r❝✐♥❣ ✕ r❡❧❛①❡❞ ♣❧❛♥s t♦
✉s❡ ✉♥❧♦❛❞✐♥❣ ♦♣❡r❛t♦rs r❡❝♦✈❡r✐♥❣ ❛ ❝❛♣❛❝✐t② ♥♦t ❛❝t✉❛❧❧② ♣r❡s❡♥t✳ ❲❡ ♥♦t❡
t❤❛t s✐♠✐❧❛r ♣❛tt❡r♥s ❛r❡ ❧✐❦❡❧② t♦ ♦❝❝✉r ✐♥ ❛♥② ❞♦♠❛✐♥ ✇✐t❤ r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡s
✭❡✳❣✳✱ ❬✷✶❪✮✱ ❛♥❞ ✇✐❧❧ ❜❡ r❡❝♦❣♥✐③❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❛✮ ✐♥ t❤❡ s❛♠❡
✇❛②✳ ✭❯♥❧❡ss t❤❡r❡ ❛r❡ ♦t❤❡r ❞♦♠❛✐♥ ❢❡❛t✉r❡s t❤❛t ❝❛✉s❡ ❧♦❝❛❧ ♠✐♥✐♠❛ ✉♥❞❡r
h+✱ ♦r t❤❛t ❛r❡ ♥♦t r❡❝♦❣♥✐③❡❞ ❜② ♦✉r t❡❝❤♥✐q✉❡s✳✮

✽ ❊①♣❡r✐♠❡♥ts

❲❡ r❡♣♦rt ♦♥ ❛ ❧❛r❣❡✲s❝❛❧❡ ❡①♣❡r✐♠❡♥t ✇✐t❤ ❚♦r❝❤▲✐❣❤t✳ ❲❡ st❛rt ❜② ✜❧❧✐♥❣ ✐♥ ❛
❢❡✇ ❞❡t❛✐❧s ♦♥ ❚♦r❝❤▲✐❣❤t ❛s ❛ s②st❡♠✱ t❤❡♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❡①♣❡r✐♠❡♥ts s❡t✲✉♣✱
✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❜❡♥❝❤♠❛r❦ s❡t✳ ❲❡ ❞❡t❛✐❧ ✇❤✐❝❤ ♣❛rts ♦❢ ❚♦r❝❤▲✐❣❤t ❝♦♥s✉♠❡
❤♦✇ ♠✉❝❤ r✉♥t✐♠❡✱ ❜❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ ✇❤❛t ❦✐♥❞ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❚♦r❝❤▲✐❣❤t ❞❡✲
❧✐✈❡rs ✇❤❡♥ s✉♠♠❛r✐③✐♥❣ ✐ts ♦✉t♣✉t ♦♥ ❛ ♣❡r✲❞♦♠❛✐♥ ❜❛s✐s✳ ❲❡ ❛ss❡ss t❤❡ q✉❛❧✐t②
♦❢ ❚♦r❝❤▲✐❣❤t✬s ❛♥❛❧②s✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ♣r❡❞✐❝t✐✈❡ ❝❛♣❛❜✐❧✐t②✳ ❲❡ ✜♥❛❧❧②
s✉♠♠❛r✐③❡ t❤❡ ❦✐♥❞ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❞❡❧✐✈❡r❡❞ ❜② ❚♦r❝❤▲✐❣❤t✬s ❞✐❛❣♥♦s✐s ❢❛❝✐❧✐t②
✐♥ ♦✉r ❜❡♥❝❤♠❛r❦s✳

✽✳✶ ❚♦r❝❤▲✐❣❤t

❚♦r❝❤▲✐❣❤t ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈ ❜❛s❡❞ ♦♥ ❋❋✲✈✷✳✸✳✶✸ ❚♦r❝❤▲✐❣❤t ❝✉rr❡♥t❧② ❤❛♥✲
❞❧❡s ❙❚❘■P❙ ♦♥❧②✱ ✐✳❡✳✱ ♥♦ ❆❉▲ ❞♦♠❛✐♥s✳ ❲❡ ✉s❡ ❋❛st✲❉♦✇♥✇❛r❞✬s tr❛♥s❧❛t♦r
t♦ ✜♥❞ t❤❡ ♠✉❧t✐✲✈❛❧✉❡❞ ✈❛r✐❛❜❧❡s✳ ❊st❛❜❧✐s❤✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥
t❤❡s❡ ✈❛r✐❛❜❧❡s ✭r❡s♣❡❝t✐✈❡❧② t❤❡✐r ✈❛❧✉❡s✮ ❛♥❞ ❋❋✬s ✐♥t❡r♥❛❧❧② ✉s❡❞ ❣r♦✉♥❞ ❢❛❝ts
✐s ♠♦st❧② str❛✐❣❤t❢♦r✇❛r❞✳ ❚❤❡r❡ ❛r❡ ❛ ❢❡✇ ❞❡t❛✐❧s t♦ t❛❦❡ ❝❛r❡ ♦❢❀ ✇❡ ♦♠✐t t❤❡s❡
❢♦r ❜r❡✈✐t②✳

❆❢t❡r ♣❛rs✐♥❣ ❋❛st✲❉♦✇♥✇❛r❞✬s ✈❛r✐❛❜❧❡s✱ ❚♦r❝❤▲✐❣❤t ❝r❡❛t❡s ❞❛t❛ str✉❝t✉r❡s
r❡♣r❡s❡♥t✐♥❣ t❤❡ s✉♣♣♦rt ❣r❛♣❤ ❛♥❞ t❤❡ ❞♦♠❛✐♥ tr❛♥s✐t✐♦♥ ❣r❛♣❤s✳ ■t t❤❡♥ ❡♥t❡rs
❛ ♣❤❛s❡ ✇❡ r❡❢❡r t♦ ❛s st❛t✐❝ ❛♥❛❧②s✐s✱ ✇❤❡r❡ ✐t ❞❡t❡r♠✐♥❡s ✜①❡❞ ♣r♦♣❡rt✐❡s s✉❝❤
❛s✱ ❢♦r ❡✈❡r② tr❛♥s✐t✐♦♥ t✱ ✇❤❡t❤❡r t ✐s ✐rr❡❧❡✈❛♥t✱ ✐♥✈❡rt✐❜❧❡✱ ❡t❝✳ ❚❤❡ ♥❡①t st❡♣
✐s ❣❧♦❜❛❧ ❛♥❛❧②s✐s✱ ❝❤❡❝❦✐♥❣ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹ ❜② ❡♥✉♠❡r❛t✐♥❣ ❛❧❧

✈✐s✐t l✳ ■t ♠❛② ❜❡ ♣♦ss✐❜❧❡ t♦ ❝❛♣t✉r❡ ✏t❤✐s ❦✐♥❞ ♦❢✑ s✐t✉❛t✐♦♥ ❜② s♦♠❡ ✈❛r✐❛♥t ♦❢ gDGs✱ ❛♥❞
t❤✉s ♦❜t❛✐♥ t❤❡ ❝♦rr❡❝t ❜♦✉♥❞ ✐♥ ❙✐♠♣❧❡✲❚❙P✳ ❍♦✇❡✈❡r t❤❡ s✐t✉❛t✐♦♥ ❛♣♣❡❛rs ❛ ❜✐t ❛rt✐✜❝✐❛❧
s♦ ✇❡ ❞✐❞ ♥♦t ❧♦♦❦ ✐♥t♦ t❤✐s ②❡t✳

✶✸❚❤❡ s♦✉r❝❡ ❝♦❞❡ ♦❢ ❚♦r❝❤▲✐❣❤t ✐s ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳❧♦r✐❛✳❢r✴⑦❤♦❢❢♠❛♥❥✴

❚♦r❝❤▲✐❣❤t✳③✐♣✳

❘❘ ♥➦ ✼✺✵✺

http://www.loria.fr/~hoffmanj/TorchLight.zip
http://www.loria.fr/~hoffmanj/TorchLight.zip


❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✷

❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤s ❡♥❞ t❡st✐♥❣ ✇❤❡t❤❡r t❤❡② ❛r❡ s✉❝❝❡ss❢✉❧✳ ❚♦ ❜❡ ❛❜❧❡ t♦
r❡♣♦rt t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ s✉❝❝❡ss❢✉❧ gDGs✱ ✇❡ ❞♦ ♥♦t st♦♣ ❛t t❤❡ ✜rst ✉♥s✉❝❝❡ss❢✉❧
♦♥❡✳

●✐✈❡♥ ❛ st❛t❡ s✱ ❣✉❛r❛♥t❡❡❞ ❧♦❝❛❧ ❛♥❛❧②s✐s ❝❤❡❝❦s ❚❤❡♦r❡♠ ✸ ❜② ❝♦♥str✉❝t✐♥❣
t❤❡ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r ❡✈❡r② s✉✐t❛❜❧❡ ✈❛r✐❛❜❧❡ x0 ❛♥❞ ❡✈❡r② tr❛♥s✐t✐♦♥
t0 ❧❡❛✈✐♥❣ s(x0)✳ ❲❡ ♠❛❦❡ ♦♥❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♣❡rt❛✐♥✐♥❣ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ x0✳
❲❤❡r❡❛s ❉❡✜♥✐t✐♦♥ ✹ r❡q✉✐r❡s t❤❛t t❤❡r❡ ❡①✐sts ♥♦ tr❛♥s✐t✐✈❡ s✉❝❝❡ss♦r x′ ♦❢ x0 ✐♥
SG s♦ t❤❛t x′ ∈ XsG

❛♥❞ sG(x′) 6= s(x′)✱ ✇❡ s✐♠♣❧② ❝♦♥s✐❞❡r ♦♥❧② ❧❡❛❢ ✈❛r✐❛❜❧❡s
x0 ✭t❡st✐♥❣ ✇❤❡t❤❡r x0 ❤❛s ♥♦ s✉❝❝❡ss♦rs ✐♥ SG ❛t ❛❧❧✮✳ ❚❤❡ ♠♦r❡ ❣❡♥❡r❛❧
❝♦♥❞✐t✐♦♥ ❞✐❞ ♥♦t ❧❡❛❞ t♦ ✐♠♣r♦✈❡❞ ❛♥❛❧②s✐s ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦s✱
❤♦✇❡✈❡r ✐t s♦♠❡t✐♠❡s ❝♦♥s✉♠❡❞ s✐❣♥✐✜❝❛♥t r✉♥t✐♠❡✳ ■❢ ✇❡ ✜♥❞ ❛ ♥♦♥✲s✉❝❝❡ss❢✉❧
t0✱ ✇❡ st♦♣ ❝♦♥s✐❞❡r✐♥❣ x0❀ ✇❡ ♠✐♥✐♠✐③❡ t❤❡ ❡①✐t ❞✐st❛♥❝❡ ❜♦✉♥❞s ❛❝r♦ss ❞✐✛❡r❡♥t
x0✳

❆♣♣r♦①✐♠❛t❡ ❧♦❝❛❧ ❛♥❛❧②s✐s ❝❤❡❝❦s ❚❤❡♦r❡♠ ✷ ♦♥ ❛ r❡❧❛①❡❞ ♣❧❛♥ P+(s) ❝♦♠✲
♣✉t❡❞ ❜② ❋❋✬s ❤❡✉r✐st✐❝ ❢✉♥❝t✐♦♥✳ ■♥ ❝❛s❡ t❤❛t ♥♦ r❡❧❛①❡❞ ♣❧❛♥ ❡①✐sts ❢♦r s✱ t❤❡
❛♥❛❧②s✐s r❡♣♦rts ❢❛✐❧✉r❡✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❛♥❛❧②s✐s ♣r♦❝❡❡❞s ♦✈❡r ❛❧❧ ♦♣❡r❛t♦rs o0 ✐♥
P+(s)✱ ❢r♦♠ st❛rt t♦ ❡♥❞✱ ❛♥❞ ♦✈❡r ❛❧❧ ✈❛r✐❛❜❧❡s x0 ❛✛❡❝t❡❞ ❜② o0✳ ❋♦r ❡❛❝❤ ♣❛✐r
o0, x0 ✇❡ ❜✉✐❧❞ t❤❡ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ oDG+ ❛s ♣❡r ❉❡✜♥✐t✐♦♥ ✶✳
❲❡ s❦✐♣ ✈❛r✐❛❜❧❡s x0 ✇❤❡r❡ effo0(x0) ✐s ♥♦t ❛❝t✉❛❧❧② ✉s❡❞ ❛s ❛ ♣r❡❝♦♥❞✐t✐♦♥ ♦r
❣♦❛❧✱ ✐♥ t❤❡ r❡st ♦❢ P+(s)✳ ■❢ oDG+ ✐s s✉❝❝❡ss❢✉❧✱ ✇❡ st♦♣✳ ✭❘❡❧❛①❡❞ ♣❧❛♥s ❝❛♥
❜❡ ❜✐❣ ✐♥ ❧❛r❣❡ ❡①❛♠♣❧❡s✱ s♦ ❝♦♥t✐♥✉✐♥❣ t❤❡ ❛♥❛❧②s✐s ❢♦r ❡①✐t ❜♦✉♥❞ ♠✐♥✐♠✐③❛t✐♦♥
✇❛s s♦♠❡t✐♠❡s ❝♦st❧②✳✮ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✱ ❜❡❢♦r❡ ✇❡ ❜✉✐❧❞ oDG+ ✇❡
r❡✲♦r❞❡r P+(s) ❜② ♠♦✈✐♥❣ ♦♣❡r❛t♦rs ❜❡❤✐♥❞ o0 ✐❢ ♣♦ss✐❜❧❡✳ ❚❤✐s ✐s ♦❢ ♣❛r❛♠♦✉♥t
✐♠♣♦rt❛♥❝❡ ❜❡❝❛✉s❡ ✐t ❛✈♦✐❞s ✐♥❝❧✉❞✐♥❣ ✉♥♥❡❝❡ss❛r② ✈❛r✐❛❜❧❡s ✐♥t♦ oDG+✳ ❚❤❡
r❡✲♦r❞❡r✐♥❣ ♣r♦❝❡ss ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ■t st❛rts ❛t t❤❡ ❞✐r❡❝t ♣r❡❞❡❝❡ss♦r o ♦❢ o0✱
❛♥❞ t❡sts ✇❤❡t❤❡r P+(s) ✐s st✐❧❧ ❛ r❡❧❛①❡❞ ♣❧❛♥ ✇❤❡♥ ♠♦✈✐♥❣ o ❞✐r❡❝t❧② ❜❡❤✐♥❞
o0✳ ■❢ ②❡s✱ t❤✐s ❛rr❛♥❣❡♠❡♥t ✐s ❦❡♣t✳ ❚❤❡♥ ✇❡ ✐t❡r❛t❡ t♦ t❤❡ ♣r❡❞❡❝❡ss♦r ♦❢ o✱ ❛♥❞
s♦ ❢♦rt❤✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ t❤✐s ✇❛②✱ oDG+ ✇✐❧❧ ❝♦♥t❛✐♥ ❡①❛❝t❧② t❤❡ ✈❛r✐❛❜❧❡s
❛♥❞ tr❛♥s✐t✐♦♥s ✉s❡❞ ✐♥ P+(s) t♦ ❛❝❤✐❡✈❡ preo0 ✳ ❋✐♥❛❧❧②✱ ✇❤❡♥ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r
t❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+

>0(s)✲r❡❝♦✈❡r❛❜❧❡✱ ✇❡ ✉s❡ ❛ s✐♠♣❧❡ t❡❝❤✲
♥✐q✉❡ ❛❧❧♦✇✐♥❣ t♦ r❡❝♦❣♥✐③❡ s✐t✉❛t✐♦♥s ✇❤❡r❡ ❢❛✐❧✉r❡ ❞✉❡ t♦ ♦♥❡ ♦♣❡r❛t♦r ❝❛♥ ❜❡
❛✈♦✐❞❡❞ ❜② r❡♣❧❛❝✐♥❣ ✇✐t❤ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♦♣❡r❛t♦r✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✐♥ ❚r❛♥s♣♦rt
o0 ✐s ❛ ❧♦❛❞✐♥❣ ♦♣❡r❛t♦r r❡❞✉❝✐♥❣ ❝❛♣❛❝✐t② ❧❡✈❡❧ k t♦ k− 1✱ t❤❡♥ P+(s) ♠❛② st✐❧❧
❝♦♥t❛✐♥ ❛♥ ✉♥❧♦❛❞✐♥❣ ♦♣❡r❛t♦r r❡❧②✐♥❣ ♦♥ ❧❡✈❡❧ k✳ ❚❤✉s ❧❡✈❡❧ k ✇✐❧❧ ❜❡ ❝♦♥t❛✐♥❡❞
✐♥ R+

1 ∩ C0✱ ❝❛✉s✐♥❣ ❢❛✐❧✉r❡✳ ❍♦✇❡✈❡r✱ t❤❡ ✉♥❧♦❛❞✐♥❣ ❝❛♥ ❥✉st ❛s ✇❡❧❧ ❜❡ ♣❡r✲
❢♦r♠❡❞ ❜❛s❡❞ ♦♥ ❝❛♣❛❝✐t② ❧❡✈❡❧ k − 1✱ r❡♠♦✈✐♥❣ t❤✐s ❞✐✣❝✉❧t②✳ ❲❡ ❝❛t❝❤ ❝❛s❡s
❧✐❦❡ t❤✐s ❞✉r✐♥❣ ❝♦♥str✉❝t✐♦♥ ♦❢ R+

1 ✳ ❲❤❡♥❡✈❡r ✇❡ ✜♥❞ o ✇❤♦s❡ ♣r❡❝♦♥❞✐t✐♦♥
♦✈❡r❧❛♣s C0✱ ✇❡ t❡st ✇❤❡t❤❡r ✇❡ ❝❛♥ r❡♣❧❛❝❡ o ✇✐t❤ ❛ s✐♠✐❧❛r ♦♣❡r❛t♦r✳

▲♦❝❛❧ ❛♥❛❧②s✐s ✐s ✜rst r✉♥ ♦♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡✳ ❚♦r❝❤▲✐❣❤t t❤❡♥ ❣❡♥❡r❛t❡s R
s❛♠♣❧❡ st❛t❡s s ❜② r❛♥❞♦♠ ✇❛❧❦s✳ ❲❡ r❛♥ R = 1, 10, 100, 1000 ✐♥ ♦✉r ❡①♣❡r✐♠❡♥t✳
❚❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ r❛♥❞♦♠ ✇❛❧❦ ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❜❡t✇❡❡♥ 0 ❛♥❞ 5 ∗hFF(sI)✱
✐✳❡✳✱ 5 t✐♠❡s t❤❡ ❋❋ ❤❡✉r✐st✐❝ ✈❛❧✉❡ ❢♦r t❤❡ ✐♥✐t✐❛❧ st❛t❡✳ ❲❡ ❞✐❞♥✬t ♣❧❛② ✇✐t❤
t❤❡ ♣❛r❛♠❡t❡r 5✳ ■t ✐s ✐♠♣♦rt❛♥t✱ ❤♦✇❡✈❡r✱ t❤❛t t❤✐s ♣❛r❛♠❡t❡r ✐s ♥♦t ❝❤♦s❡♥
t♦♦ s♠❛❧❧✳ ■♥ ❞♦♠❛✐♥s ✇✐t❤ ♠❛♥② ❞❡❛❞ ❡♥❞s ✕ ✇❤❡r❡ ♦♥❡ ♠❛② ❞♦ t❤✐♥❣s t❤❛t
❛r❡ ❢❛t❛❧❧② ✇r♦♥❣ ✕ ✐t ✐s ❧✐❦❡❧② t❤❛t t❤❡ ✏❜❛❞✑ t❤✐♥❣s ✇✐❧❧ ❤❛♣♣❡♥ ♦♥❧② ✐❢ ❞♦✐♥❣
❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ r❛♥❞♦♠ ❝❤♦✐❝❡s✳ ❲❡ ✇✐❧❧ ✐❧❧✉str❛t❡ t❤✐s ❜❡❧♦✇ ❜②
❝♦♠♣❛r✐♥❣ r❡s✉❧ts ❢♦r s❛♠♣❧❡❞ st❛t❡s t♦ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ✐♥✐t✐❛❧ st❛t❡s
♦♥❧②✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✸

❚♦r❝❤▲✐❣❤t ♣❡r❢♦r♠s t❤❡ ❧♦❝❛❧ ❛♥❛❧②③❡s ❢♦r ❡❛❝❤ s❛♠♣❧❡ st❛t❡ s✳ ❚❤❡ ❛♥❛❧②s✐s
r❡t✉r♥ s✐♠♣❧❡ st❛t✐st✐❝s✱ ♥❛♠❡❧② t❤❡ ♠✐♥✐♠✉♠✱ ♠❡❛♥✱ ❛♥❞ ♠❛①✐♠❛❧ ❡①✐t ❞✐st❛♥❝❡
❜♦✉♥❞ ❢♦✉♥❞✱ ❛s ✇❡❧❧ ❛s t❤❡ s✉❝❝❡ss r❛t❡✱ ✐✳❡✳✱ t❤❡ ❢r❛❝t✐♦♥ ♦❢ s❛♠♣❧❡ st❛t❡s ✇❤❡r❡
❚❤❡♦r❡♠ ✸✴❚❤❡♦r❡♠ ✷ ❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞✳ ❲❡ ✇✐❧❧ ♠♦st❧② ❢♦❝✉s ♦♥ s✉❝❝❡ss r❛t❡s
s✐♥❝❡ t❤❡② t✉r♥ ♦✉t t♦ ❜❡ t❤❡ ♠♦st ✐♥❢♦r♠❛t✐✈❡ ❢❡❛t✉r❡ r❡t✉r♥❡❞ ❜② ❚♦r❝❤▲✐❣❤t✳
❋♦r ❛♣♣r♦①✐♠❛t❡ ❛♥❛❧②s✐s✱ ❛♥ ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡ ❛❧s♦ ✐s t❤❡ ❞❡❛❞✲❡♥❞ r❛t❡✱ ✐✳❡✳✱
t❤❡ ❢r❛❝t✐♦♥ ♦❢ s❛♠♣❧❡ st❛t❡s ❢♦r ✇❤✐❝❤ ♥♦ r❡❧❛①❡❞ ♣❧❛♥ ❡①✐st❡❞✳ ◆♦t❡ t❤❛t✱ s✐♥❝❡
t❤❡ ❛♥❛❧②s✐s ❢❛✐❧s ♦♥ s✉❝❤ st❛t❡s✱ t❤❡ ❞❡❛❞✲❡♥❞ r❛t❡ ✐s ✏❝♦♥t❛✐♥❡❞ ✐♥✑ t❤❡ s✉❝❝❡ss
r❛t❡✳ ❲❡ ✇✐❧❧ ♥♦t ❝♦♥s✐❞❡r t❤❡ ❞❡❛❞✲❡♥❞ r❛t❡ s❡♣❛r❛t❡❧② ✐♥ ✇❤❛t ❢♦❧❧♦✇s✱ ❜✉t
✇❡ ✇✐❧❧ s❤♦✇ t❤❛t✱ ♦♥ ✐ts ♦✇♥✱ ❞❡❛❞✲❡♥❞ r❛t❡ ✐s ♥♦t ❛ ❣♦♦❞ ♣r❡❞✐❝t♦r ♦❢ ♣❧❛♥♥❡r
♣❡r❢♦r♠❛♥❝❡✳

✽✳✷ ❊①♣❡r✐♠❡♥ts ❙❡t✲❯♣

❲❡ r❛♥ ❡①♣❡r✐♠❡♥ts ✐♥ ❛ s❡t ♦❢ ✸✺ ❞♦♠❛✐♥s✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ ❛❧❧ ♦❢ ❍♦✛♠❛♥♥✬s ❞♦✲
♠❛✐♥s ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✱ ❡①❝❡♣t ❉✐♥✐♥❣✲P❤✐❧♦s♦♣❤❡rs ❛♥❞ ❖♣t✐❝❛❧✲❚❡❧❡❣r❛♣❤
✇❤❡r❡ ✇❡ ❡①♣❡r✐❡♥❝❡❞ ❞✐✣❝✉❧t✐❡s ✇✐t❤ ❋❛st✲❉♦✇♥✇❛r❞✳ ✭▼♦r❡ ♣r❡❝✐s❡❧②✱ ❋❛st✲
❉♦✇♥✇❛r❞✬s tr❛♥s❧❛t♦r ❤❛s ❞✐✣❝✉❧t✐❡s ✇✐t❤ t❤❡ ❙❚❘■P❙ ✈❡rs✐♦♥s ♦❢ t❤❡s❡ ❞♦✲
♠❛✐♥s✳✮ ◆♦t❡ t❤❛t ❍♦✛♠❛♥♥✬s ❞♦♠❛✐♥s ✐♥❝❧✉❞❡ ❛❧❧ ❞♦♠❛✐♥s ❢r♦♠ t❤❡ ✐♥t❡r♥❛✲
t✐♦♥❛❧ ♣❧❛♥♥✐♥❣ ❝♦♠♣❡t✐t✐♦♥s ✭■P❈✮ ✉♣ t♦ ■P❈ ✷✵✵✹✳ ❖✉r r❡♠❛✐♥✐♥❣ ❞♦♠❛✐♥s
❛r❡ t❤❡ ❙❚❘■P❙ ✭✈❡rs✐♦♥s ♦❢ t❤❡✮ ❞♦♠❛✐♥s ❢r♦♠ ■P❈ ✷✵✵✻ ❛♥❞ ■P❈ ✷✵✵✽✱ ❡①✲
❝❡♣t ■P❈ ✷✵✵✽ ❈②❜❡r✲❙❡❝✉r✐t② ✇❤♦s❡ ✐♥st❛♥❝❡s ✇❡r❡ t♦♦ ❧❛r❣❡ ❢♦r ♣❛rs✐♥❣✳ ❚❤❡
t❡st ✐♥st❛♥❝❡s ✇❡r❡ ❝♦❧❧❡❝t❡❞ ❢r♦♠ t❤❡ r❡s♣❡❝t✐✈❡ ■P❈ ❜❡♥❝❤♠❛r❦ ❝♦❧❧❡❝t✐♦♥s✳
❋♦r t❤♦s❡ ❞♦♠❛✐♥s ✉s❡❞ ✐♥ s❡✈❡r❛❧ ❝♦♠♣❡t✐t✐♦♥s✱ ✇❡ ✉s❡❞ t❤❡ ❡❛r❧✐❡r ♦♥❡ ♦❢ t❤❡
r❡s♣❡❝t✐✈❡ t❡st s✉✐ts ✭❡①❝❡♣t ❢♦r ❋r❡❡❝❡❧❧ ✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ✷✵✵✵
❛♥❞ ✷✵✵✷ s✉✐ts✮✳ ❋r♦♠ ■P❈ ✷✵✵✽✱ ✇❡ ✉s❡❞ t❤❡ s❡q✉❡♥t✐❛❧✲s❛t✐s✜❝✐♥❣ t❡st s✉✐ts✱
r❡♠♦✈✐♥❣ ❛❧❧ ❝♦♥str✉❝ts ♣❡rt❛✐♥✐♥❣ t♦ ❛❝t✐♦♥ ❝♦sts✳ ■♥ s♦♠❡ ♦❢ t❤❡ ■P❈ ✷✵✵✻ ❞♦✲
♠❛✐♥s✱ ✇❡ r❡♠♦✈❡❞ s♦♠❡ ♦❢ t❤❡ ❧❛r❣❡r ✐♥st❛♥❝❡s ❜❡❝❛✉s❡ t❤❡② ✇❡r❡ t♦♦ ❧❛r❣❡ t♦
♣❛rs❡✳ ❆s ❢♦r t❤❡ ♥♦♥✲■P❈ ❞♦♠❛✐♥s✱ ✐♥ ❋❡rr② ✇❡ ❣❡♥❡r❛t❡❞ ✸✵ r❛♥❞♦♠ ✐♥st❛♥❝❡s✱
✐♥ ❇❧♦❝❦s✇♦r❧❞✲◆♦❆r♠ ✇❡ ✉s❡❞ t❤❡ ■P❈ ✷✵✵✵ ❇❧♦❝❦s✇♦r❧❞✲❆r♠ ❜❡♥❝❤♠❛r❦ s❡t✱
✐♥ ❍❛♥♦✐ ✇❡ ✉s❡❞ ✾ ✐♥st❛♥❝❡s ✇✐t❤ 3, . . . , 11 ❞✐s❝s✱ ✐♥ ❙✐♠♣❧❡✲❚❙P ✇❡ ✉s❡❞ ✸✵
✐♥st❛♥❝❡s ✇✐t❤ 2, . . . , 31 ❧♦❝❛t✐♦♥s✱ ❛♥❞ ✐♥ ❚②r❡✇♦r❧❞ ✇❡ ✉s❡❞ ✾ ✐♥st❛♥❝❡s ✇✐t❤
1, . . . , 9 t✐r❡s t♦ ❜❡ r❡♣❧❛❝❡❞✳✶✹ ■♥ t♦t❛❧✱ ♦✉r t❡st s❡t ❝♦♥t❛✐♥s ✶✶✶✼ ✐♥st❛♥❝❡s✳

❆❧❧ ❡①♣❡r✐♠❡♥ts ❛r❡ r✉♥ ♦♥ ❛ ✶✳✽ ●❍❩ ❈P❯✱ ✇✐t❤ ❛ 30 ♠✐♥✉t❡ r✉♥t✐♠❡ ❛♥❞ 2
●❇ ♠❡♠♦r② ❝✉t✲♦✛✳ ❲❡ r❛♥ ✺ ❞✐✛❡r❡♥t ♣❧❛♥♥❡rs✴t♦♦❧s✳ ❆♣❛rt ❢r♦♠ ❚♦r❝❤▲✐❣❤t✱
t❤❡s❡ ✇❡r❡ ❋❋✲✈✷✳✸ ❬✸✵❪ ❛s ❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡ ❛✉t❤♦r✬s ✇❡❜ ♣❛❣❡✱ ❛s ✇❡❧❧ ❛s ▲❆▼❆
❬✹✸✱ ✹✹❪ ❛s ❛✈❛✐❧❛❜❧❡ ♦♥ ❙✐❧✈✐❛ ❘✐❝❤t❡r✬s ✇❡❜ ♣❛❣❡✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ r✉♥♥✐♥❣
t❤❡s❡ ♣❧❛♥♥❡rs ✇❛s t♦ ❛ss❡ss t♦ ✇❤❛t ❡①t❡♥t ❚♦r❝❤▲✐❣❤t✬s ♦✉t♣✉t ✕ ✐♥ ♣❛rt✐❝✉❧❛r
t❤❡ s✉❝❝❡ss r❛t❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛❧ ❛♥❛❧②s✐s ✕ ❝❛♥ ♣r❡❞✐❝t ♣❧❛♥♥❡r s✉❝❝❡ss ♦r
❢❛✐❧✉r❡✳ ❚♦ ❡①❛♠✐♥❡ t❤✐s ❛❧s♦ ❢♦r ❛ ✈❡r② ♣❧❛✐♥ ♣❧❛♥♥❡r✱ ✇❡ ❛❧s♦ r❛♥ ❛ ✈❡rs✐♦♥
♦❢ ❋❋ t❤❛t ✉s❡s ♥♦ ❣♦❛❧ ♦r❞❡r✐♥❣ t❡❝❤♥✐q✉❡s✱ ❛♥❞ t❤❛t r✉♥s ♦♥❧② ❊♥❢♦r❝❡❞ ❍✐❧❧✲
❈❧✐♠❜✐♥❣✱ ✇✐t❤♦✉t r❡s♦rt✐♥❣ t♦ ❜❡st✲✜rst s❡❛r❝❤ ✐❢ t❤❛t ❢❛✐❧s✳ ❲❡ ✇✐❧❧ r❡❢❡r t♦
t❤✐s ♣❧❛♥♥❡r ❛s ❊❍❈ ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳ ❋✐♥❛❧❧②✱ ✇❡ r❛♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✈❡rs✐♦♥ ♦❢

✶✹■♥ s❡✈❡r❛❧ ❝❛s❡s✱ ✇❡ ♠❛❞❡ ♠✐♥♦r P❉❉▲ ❝❤❛♥❣❡s t♦ ❛✈♦✐❞ s✐♠♣❧❡ s②♥t❛❝t✐❝ ❞✐✣❝✉❧t✐❡s✳ ❋♦r
❡①❛♠♣❧❡✱ ✐♥ ❘♦✈❡rs ✇❡ r❡♠♦✈❡❞ t❤❡ ✏❝♦♠♠✉♥✐❝❛t❡✑ ❡✛❡❝ts t❤❛t ❛r❡ ❜♦t❤ ❛❞❞❡❞ ❛♥❞ ❞❡❧❡t❡❞
✭t❤❡s❡ ♣❧❛② ♥♦ r♦❧❡ ✐♥ s❡q✉❡♥t✐❛❧ ♣❧❛♥♥✐♥❣ ❛♥②✇❛②✮✳ ■♥ s♦♠❡ ❞♦♠❛✐♥s ✇❡ ❛❞❞❡❞ ♣r❡❝♦♥❞✐t✐♦♥s
❡♥❢♦r❝✐♥❣ ♣❛r❛♠❡t❡r ✐♥❡q✉❛❧✐t② t♦ ❛✈♦✐❞ ♥♦♥s❡♥s❡ ✐♥st❛♥t✐❛t✐♦♥s ✭❧✐❦❡ ✏✭♦♥ ❆ ❆✮✑✮ ❜r❡❛❦✐♥❣ t❤❡
s②♥❝❤r♦♥✐③❛t✐♦♥ ❜❡t✇❡❡♥ ❋❋ ❛♥❞ ❋❛st✲❉♦✇♥✇❛r❞✬s tr❛♥s❧❛t♦r✳ ■♥ ✐♥st❛♥❝❡ ✶✶ ♦❢ ❲♦♦❞✇♦r❦✐♥❣
✇❡ r❡♠♦✈❡❞ ❛ ♠✐♥♦r ❜✉❣ ✭❛♥ ❡♠♣t② t②♣❡ ❞❡❝❧❛r❛t✐♦♥✮ t❤❛t ❞♦❡s ♥♦t s✐t ✇❡❧❧ ✇✐t❤ ❋❋✬s ♣❛rs❡r✳
❲❡ r❡♠♦✈❡❞ t✇♦ ♦❢ t❤❡ 30 ▼②st❡r② ✐♥st❛♥❝❡s ❜❡❝❛✉s❡ t❤❡② ✇❡r❡ ♣r♦✈❡❞ ✉♥s♦❧✈❛❜❧❡ ❜② ❋❋✬s
♣r❡✲♣r♦❝❡ss♦r✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✹

❙t❛t✐❝✴R = 1 R = 10 R = 100 R = 1000
t♦♦❧✴♣❤❛s❡ ♠❡❛♥ ♠❛① ♠❡❛♥ ♠❛① ♠❡❛♥ ♠❛① ♠❡❛♥ ♠❛①

❋❉ ❚r❛♥s❧❛t♦r ✺✳✽✶ ✻✾✵✳✺✾

❙●✴❉❚● ✵✳✶✷ ✻✳✾✶

❙t❛t✐❝ ❆♥❛❧②s✐s ✵✳✷✸ ✸✶✳✹✷

gDG ❆♥❛❧②s✐s ✵✳✹✶ ✺✸✳✷✾

❙❛♠♣❧✐♥❣ ❙t❛t❡s ✵✳✵✶ ✵✳✺✸ ✵✳✵✽ ✹✳✽✶ ✵✳✼✽ ✺✵✳✸✺ ✼✳✻✽ ✹✾✶✳✷✵

lDG ❆♥❛❧②s✐s ✵✳✵✵ ✵✳✶✽ ✵✳✵✶ ✶✳✶✶ ✵✳✶✵ ✾✳✺✻ ✶✳✵✵ ✾✹✳✺✾

oDG+ ❆♥❛❧②s✐s ✵✳✵✶ ✶✳✵✸ ✵✳✵✸ ✷✳✹✻ ✵✳✷✸ ✷✵✳✵✾ ✷✳✷✶ ✶✾✹✳✼✾

❚♦r❝❤▲✐❣❤t t♦t❛❧ ✻✳✷✼ ✼✷✼✳✻✸ ✻✳✸✾ ✼✸✻✳✾✽ ✼✳✸✼ ✽✵✼✳✼✵ ✶✼✳✶✼ ✶✺✶✵✳✼✹

❚♦r❝❤▲✐❣❤t oDG+ ✺✳✽✺ ✼✷✹✳✺✹ ✺✳✾✼ ✼✸✷✳✾✽ ✻✳✽✻ ✼✾✺✳✶✻ ✶✺✳✼✻ ✶✹✶✸✳✷✸

❚♦r❝❤▲✐❣❤t oDG+ ♥♦ ❋❉ ✵✳✸✽ ✸✸✳✾✺ ✵✳✹✼ ✹✵✳✺✵ ✶✳✸✻ ✶✵✸✳✻✼ ✶✵✳✷✺ ✼✶✾✳✷✼

❙❡❛r❝❤✲❙❛♠♣❧❡ ✵✳✵✻ ✺✽✳✵✷ ✵✳✷✸ ✶✸✽✳✺✹ ✺✳✻✽ ✖ ✷✼✳✷✹ ✖

❙❡❛r❝❤✲❙❛♠♣❧❡ t♦t❛❧ ✵✳✵✼ ✺✽✳✵✸ ✵✳✸✷ ✶✸✽✳✺✾ ✻✳✺✻ ✖ ✸✻✳✸✻ ✖

❋❋ ✷✻✽✳✸✺ ✖

▲❆▼❆ ✶✹✹✳✼✽ ✖

❚❛❜❧❡ ✶✿ ❙✉♠♠❛r② ♦❢ r✉♥t✐♠❡ ❞❛t❛✳ ▼❡❛♥✴♠❛① ✐s ♦✈❡r ❛❧❧ ✐♥st❛♥❝❡s ♦❢ ❛❧❧
❞♦♠❛✐♥s✳ ❋♦r ❡♠♣t② ✜❡❧❞s✱ t❤❡ r❡s♣❡❝t✐✈❡ t♦♦❧✴♣❤❛s❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ R✳
❆ ❞❛s❤ ♠❡❛♥s t✐♠❡✲♦✉t✱ 1800 s❡❝♦♥❞s✱ ✇❤✐❝❤ ✐s ✐♥s❡rt❡❞ ❛s t❤❡ r✉♥t✐♠❡ ❢♦r
❡❛❝❤ r❡s♣❡❝t✐✈❡ ✐♥st❛♥❝❡ ✐♥t♦ t❤❡ ♠❡❛♥ ❝♦♠♣✉t❛t✐♦♥✳ ❘♦✇s ✏❋❉ ❚r❛♥s❧❛t♦r✑
✳ ✳ ✳ ✏oDG+ ❆♥❛❧②s✐s✑ t✐♠❡ t❤❡ ❞✐✛❡r❡♥t st❛❣❡s ♦❢ ❚♦r❝❤▲✐❣❤t✳ ✏❚♦r❝❤▲✐❣❤t t♦t❛❧✑
✐s ♦✈❡r❛❧❧ r✉♥t✐♠❡✱ ✏❚♦r❝❤▲✐❣❤t oDG+✑ ❞♦❡s ♥♦t r✉♥ gDG ❛♥❞ lDG ❛♥❛❧②s✐s✱
✏❚♦r❝❤▲✐❣❤t oDG+ ♥♦ ❋❉✑ ✐s t❤❡ ❧❛tt❡r ✇❤❡♥ ❞✐sr❡❣❛r❞✐♥❣ t❤❡ tr❛♥s❧❛t✐♦♥ ❝♦sts✳
✏❙❡❛r❝❤✲❙❛♠♣❧❡✑ ❞❡t❡r♠✐♥❡s ❛ s✉❝❝❡ss r❛t❡ ✭❢r❛❝t✐♦♥ ♦❢ s❛♠♣❧❡ st❛t❡s ❞❡❡♠❡❞
t♦ ♥♦t ❜❡ ♦♥ ❧♦❝❛❧ ♠✐♥✐♠❛✮ ✈✐❛ ❧✐♠✐t❡❞ ❧♦❝❛❧ s❡❛r❝❤❡s✳ ✏❙❡❛r❝❤✲❙❛♠♣❧❡ t♦t❛❧✑
✐♥❝❧✉❞❡s t❤❡ t✐♠❡ ❢♦r ❣❡♥❡r❛t✐♥❣ t❤❡ s❛♠♣❧❡ st❛t❡s✳

❚♦r❝❤▲✐❣❤t t❤❛t ✉s❡s s❡❛r❝❤ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ❛ s✉❝❝❡ss r❛t❡✳ ◆❛♠❡❧②✱ ✉s✐♥❣
t❤❡ s❛♠❡ s❛♠♣❧❡ st❛t❡s ❛s ❣❡♥❡r❛t❡❞ ❜② ❚♦r❝❤▲✐❣❤t✱ ❢♦r ❡❛❝❤ st❛t❡ s ✇❡ r❛♥ ❛
s✐♥❣❧❡ ✐t❡r❛t✐♦♥ ♦❢ ❋❋✬s ❊♥❢♦r❝❡❞ ❍✐❧❧✲❈❧✐♠❜✐♥❣✱ ✐✳❡✳✱ ❛ ❜r❡❛❞t❤ ✜rst s❡❛r❝❤ ❢♦r ❛
st❛t❡ ✇✐t❤ ❜❡tt❡r ❤❡✉r✐st✐❝ ✈❛❧✉❡✳ ■♥ t❤✐s s❡❛r❝❤✱ ❧✐❦❡ ❋❋ ❞♦❡s✱ ✇❡ ✉s❡❞ ❤❡❧♣❢✉❧
❛❝t✐♦♥s ♣r✉♥✐♥❣ t♦ ❛✈♦✐❞ ❤✉❣❡ s❡❛r❝❤ s♣❛❝❡s✳ ❋✉rt❤❡r✱ t♦ s✐♠✉❧❛t❡ t❤❡ ❞❡t❡❝t✐♦♥
♦❢ st❛t❡s ♥♦t ♦♥ ❧♦❝❛❧ ♠✐♥✐♠❛✱ ✇❡ ❛❧❧♦✇❡❞ ♦♥❧② ♠♦♥♦t♦♥❡ ♣❛t❤s✱ t❤✉s r❡str✐❝t✐♥❣
t❤❡ s❡❛r❝❤ s♣❛❝❡ t♦ st❛t❡s ❤❛✈✐♥❣ ❡①❛❝t❧② t❤❡ s❛♠❡ ❤❡✉r✐st✐❝ ✈❛❧✉❡ ❛s s✳ ❚❤❡
s❡❛r❝❤ ✇❛s ❝♦✉♥t❡❞ ❛s ❛ ✏s✉❝❝❡ss✑ ✐✛ ❛ ❜❡tt❡r st❛t❡ ✇❛s r❡❛❝❤❡❞ ✐♥ t❤✐s ✇❛②✳ ❲❡
✇✐❧❧ r❡❢❡r t♦ t❤✐s ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡ ❛s ❙❡❛r❝❤✲❙❛♠♣❧❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳

✽✳✸ ❘✉♥t✐♠❡

❖✉r ❝♦❞❡ ✐s ❝✉rr❡♥t❧② ♦♣t✐♠✐③❡❞ ♠✉❝❤ ♠♦r❡ ❢♦r r❡❛❞❛❜✐❧✐t② t❤❛♥ ❢♦r s♣❡❡❞✳ ❙t✐❧❧✱
❚♦r❝❤▲✐❣❤t ✐s ❢❛st✳ ❯♣ t♦R = 100✱ t❤❡ ❜♦tt❧❡♥❡❝❦ ✐s ❋❛st✲❉♦✇♥✇❛r❞✬s tr❛♥s❧❛t♦r✳
❲✐t❤ R = 1, 10, 100✱ t❤❡ ❛❝t✉❛❧ ❛♥❛❧②s✐s t❛❦❡s ❛t ♠♦st ❛s ♠✉❝❤ t✐♠❡ ❛s t❤❡
tr❛♥s❧❛t♦r ✐♥ 99.82%✱ 99.82%✱ ❛♥❞ 95.61% ♦❢ t❤❡ ✐♥st❛♥❝❡s r❡s♣❡❝t✐✈❡❧②✳ ❚♦
❛ss❡ss t❤✐s ✐♥ ♠♦r❡ ❞❡t❛✐❧✱ ❝♦♥s✐❞❡r ❚❛❜❧❡ ✶ ✇❤✐❝❤ ❣✐✈❡s t❤❡ t✐♠✐♥❣ ♦❢ t❤❡ ❞✐✛❡r❡♥t
st❛❣❡s ♦❢ ❚♦r❝❤▲✐❣❤t✱ ❛♥❞ ♦❢ t❤❡ ♦t❤❡r ♣❧❛♥♥❡rs✴t♦♦❧s✳

❯♣ t♦ R = 100✱ ❚♦r❝❤▲✐❣❤t✬s t♦t❛❧ r✉♥t✐♠❡ ✐s ❞♦♠✐♥❛t❡❞ ❜② ❋❛st✲❉♦✇♥✇❛r❞✬s
tr❛♥s❧❛t♦r✳ ■♥❞❡❡❞✱ t❤❡ tr❛♥s❧❛t✐♦♥ r✉♥t✐♠❡ s♦♠❡t✐♠❡s ❤✉rts ❝♦♥s✐❞❡r❛❜❧②✱ ✇✐t❤
❛ ♣❡❛❦ ♦❢ 690.59 ✐♥ t❤❡ ♠♦st ❝♦st❧② ✐♥st❛♥❝❡ ♦❢ t❤❡ ❙❝❛♥❛❧②③❡r ❞♦♠❛✐♥✳ ❚❤✐s
✐s r❛t❤❡r ❡①❝❡♣t✐♦♥❛❧✱ ❤♦✇❡✈❡r✳ ❚❤❡ s❡❝♦♥❞ ♠♦st ❝♦st❧② ❞♦♠❛✐♥ ✐s ❇❧♦❝❦s✇♦r❧❞✲
◆♦❆r♠✱ ✇✐t❤ ❛ ♣❡❛❦ ♦❢ 138.33 s❡❝♦♥❞s✳ ■♥ 20 ♦❢ t❤❡ 35 ❞♦♠❛✐♥s✱ t❤❡ ♠♦st
❝♦st❧② ✐♥st❛♥❝❡ ✐s tr❛♥s❧❛t❡❞ ✐♥ ❧❡ss t❤❛♥ 10 s❡❝♦♥❞s✳ ■♥ 59.44% ♦❢ t❤❡ ✐♥st❛♥❝❡s✱
❋❛st✲❉♦✇♥✇❛r❞✬s tr❛♥s❧❛t♦r t❛❦❡s ❛t ♠♦st 1 s❡❝♦♥❞✳

❋♦r st❛t✐❝ ❛♥❛❧②s✐s✱ t❤❡ ♣❡❛❦ ❜❡❤❛✈✐♦r ♦❢ 31.42 s❡❝♦♥❞s✱ ❛❧s♦ ✐♥ ❙❝❛♥❛❧②③❡r✱ ✐s
❡✈❡♥ ♠♦r❡ ❡①❝❡♣t✐♦♥❛❧✿ ✐♥ 95.79% ♦❢ t❤❡ ✐♥st❛♥❝❡s✱ st❛t✐❝ ❛♥❛❧②s✐s t❛❦❡s ❛t ♠♦st 1
s❡❝♦♥❞✳ ❚❤❡ s❡❝♦♥❞ ❤✐❣❤❡st ❞♦♠❛✐♥ ♣❡❛❦ ✐s 7.88 s❡❝♦♥❞s ✐♥ P✐♣❡s✇♦r❧❞✲❚❛♥❦❛❣❡✳
❙✐♠✐❧❛r❧②✱ ✇❤✐❧❡ ❣❧♦❜❛❧ ❛♥❛❧②s✐s t❛❦❡s ❛ ♣❡❛❦ ♦❢ 53.29 s❡❝♦♥❞s ✕ ✐♥ ❇❧♦❝❦s✇♦r❧❞✲

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✺

◆♦❆r♠ ✕ ✐♥ 95.97% ♦❢ t❤❡ ✐♥st❛♥❝❡s ✐t ❝♦♠♣❧❡t❡s ✐♥ ❛t ♠♦st 1 s❡❝♦♥❞✳ ❚❤❡ ♦♥❧②
❞♦♠❛✐♥ ♦t❤❡r t❤❛♥ ❇❧♦❝❦s✇♦r❧❞✲◆♦❆r♠ ✇❤❡r❡ t❤❡ ♣❡❛❦ ✐♥st❛♥❝❡ t❛❦❡s ♠♦r❡
t❤❛♥ 10 s❡❝♦♥❞s ✐s ❆✐r♣♦rt✱ ✇✐t❤ ❛ ♣❡❛❦ ♦❢ 41.71 s❡❝♦♥❞s❀ t❤❡ ♥❡①t ❤✐❣❤❡st
❞♦♠❛✐♥ ♣❡❛❦s ❛r❡ P✐♣❡s✇♦r❧❞✲❚❛♥❦❛❣❡ ✭6.8✮✱ ❙❝❛♥❛❧②③❡r ✭2.91✮✱ ▲♦❣✐st✐❝s ✭1.89✮✱
❛♥❞ ❲♦♦❞✇♦r❦✐♥❣ ✭1.17✮✳ ■♥ ❛❧❧ ♦t❤❡r ❞♦♠❛✐♥s✱ ❣❧♦❜❛❧ ❛♥❛❧②s✐s ❛❧✇❛②s ❝♦♠♣❧❡t❡s
✇✐t❤✐♥ ❛ s❡❝♦♥❞✳

❚✉r♥✐♥❣ ❢♦❝✉s ♦♥ t❤❡ ❧♦❝❛❧ ❛♥❛❧②③❡s✱ ✇❡ s❡❡ t❤❛t t❤❡② ❛r❡ ❡✈❡♥ ♠♦r❡ ❡✛❡❝t✐✈❡✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ❜❡❧♦✇ ♠♦st❧② ♦♥ ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛❧ ❛♥❛❧②s✐s✱
r❡❢❡rr❡❞ t♦ ❛s oDG+ ❛♥❛❧②s✐s ✐♥ t❤❡ t❛❜❧❡✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t R = 1000 ❞♦❡s ♥♦t
♦✛❡r ❛❞✈❛♥t❛❣❡s ♦✈❡r R ≤ 100 ❛s ❢❛r ❛s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❜t❛✐♥❡❞ ❣♦❡s✱ s♦ ✇❡
✇✐❧❧ ♠♦st❧② ❝♦♥❝❡♥tr❛t❡ ♦♥ R ≤ 100✳ ❋♦r R = 1, 10, 100✱ ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛❧ ❛♥❛❧✲
②s✐s ❝♦♠♣❧❡t❡s ✐♥ ❛t ♠♦st 1 s❡❝♦♥❞ ❢♦r 99.91%✱ 99.64%✱ 95.79% ♦❢ t❤❡ ✐♥st❛♥❝❡s
r❡s♣❡❝t✐✈❡❧②✳ ❋♦r R = 1000 t❤✐s st✐❧❧ ❤♦❧❞s ❢♦r 76.45% ♦❢ t❤❡ ✐♥st❛♥❝❡s✳ ❚❤❡
♣❡❛❦ r✉♥t✐♠❡ ♦❢ 20.09 s❡❝♦♥❞s ❢♦r R = 100 ♦❝❝✉rs ✐♥ ❙❝❛♥❛❧②③❡r✳ ❚❤❡ ♥❡①t ❤✐❣❤✲
❡st ❞♦♠❛✐♥ ♣❡❛❦s ❛r❡ ❇❧♦❝❦s✇♦r❧❞✲◆♦❆r♠ ✭9.23✮✱ P✐♣❡s✇♦r❧❞✲❚❛♥❦❛❣❡ ✭4.24✮✱
❋❡rr②✭3.21✮✱ ▲♦❣✐st✐❝s ✭2.99✮✱ ❇❧♦❝❦s✇♦r❧❞✲❆r♠ ✭2.77✮✱ ❛♥❞ ❆✐r♣♦rt ✭1.41✮✳ ■♥
❛❧❧ ♦t❤❡r 28 ❞♦♠❛✐♥s✱ oDG+ ❛♥❛❧②s✐s ✇✐t❤ R = 100 ❛❧✇❛②s ❝♦♠♣❧❡t❡s ✇✐t❤✐♥ ❛
s❡❝♦♥❞✳

❚❤❡ ❜♦tt❧❡♥❡❝❦ ✐♥ ❧♦❝❛❧ ❛♥❛❧②s✐s ✐s t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ s❛♠♣❧✐♥❣ st❛t❡s✳ ❚❤✐s ❝❛♥
❜❡ ❝♦st❧② ❜❡❝❛✉s❡ ✐t ✐♥✈♦❧✈❡s t❤❡ r❡♣❡❛t❡❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛♣♣❧✐❝❛❜❧❡ ♦♣❡r❛t♦rs
❞✉r✐♥❣ t❤❡ r❛♥❞♦♠ ✇❛❧❦s✳ ■ts R ≤ 100 ♣❡❛❦ ♦❢ 50.35 s❡❝♦♥❞s ✐s ✐♥ t❤❡ ❙❝❛♥❛❧②③❡r
❞♦♠❛✐♥✳ ❍♦✇❡✈❡r✱ ♦♥❝❡ ❛❣❛✐♥✱ t❤✐s ♣❡❛❦ ❜❡❤❛✈✐♦r ✐s ❡①❝❡♣t✐♦♥❛❧✳ ❲✐t❤ R =
1, 10, 100✱ t❤❡ s❛♠♣❧✐♥❣ ❝♦♠♣❧❡t❡s ✇✐t❤✐♥ ❛t ♠♦st 1 s❡❝♦♥❞ ❢♦r 100%✱ 98.21%✱
86.93% ♦❢ t❤❡ ✐♥st❛♥❝❡s r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ♠❛✐♥ ❝♦♠♣❡t✐t♦r ♦❢ ❚♦r❝❤▲✐❣❤t✱ ❛s ❢❛r ❛s ❛♣♣r♦①✐♠❛t❡ ❛♥❛❧②s✐s t♦ ♦❜t❛✐♥
❛ s✉❝❝❡ss r❛t❡ ✭oDG+ ❛♥❛❧②s✐s✮ ❣♦❡s✱ ✐s ❙❡❛r❝❤✲❙❛♠♣❧❡✳ ■♥ t❤❡♦r②✱ ❙❡❛r❝❤✲❙❛♠♣❧❡
✐s ♦❢ ❝♦✉rs❡ ✈❛st❧② ✐♥❢❡r✐♦r t♦ ❚♦r❝❤▲✐❣❤t✳ ❲❤✐❧❡ t❤❡ r✉♥t✐♠❡ ♦❢ ❚♦r❝❤▲✐❣❤t ✐s
❧♦✇✲♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ✭❣r♦✉♥❞❡❞✮ ✐♥♣✉t✱ t❤❡ r✉♥t✐♠❡ ♦❢ ❙❡❛r❝❤✲
❙❛♠♣❧❡ ✐s ✇♦rst✲❝❛s❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❛t s✐③❡✳ ❲❤✐❧❡ t❤❡ r✉♥t✐♠❡ ♦❢ ❚♦r❝❤▲✐❣❤t
❣r♦✇s ❧✐♥❡❛r❧② ✇✐t❤ R✱ ❢♦r ❙❡❛r❝❤✲❙❛♠♣❧❡ ❞❡❝r❡❛s✐♥❣ R ♦♥❧② r❡❞✉❝❡s t❤❡ ❝❤❛♥❝❡
♦❢ ❤✐tt✐♥❣ ❛ ✏❜❛❞✑ st❛t❡✱ ✐✳❡✳✱ ❛ s❛♠♣❧❡ st❛t❡ ♦♥ ❛ ❧❛r❣❡ ♣❧❛t❡❛✉ ✭❛ ❧❛r❣❡ r❡❣✐♦♥ ✇✐t❤
✐❞❡♥t✐❝❛❧ ❤❡✉r✐st✐❝ ✈❛❧✉❡✮✳ ❇✉t ❞♦❡s t❤✐s t❤❡♦r❡t✐❝❛❧ s✉♣❡r✐♦r✐t② ❛❧s♦ ♠❛t❡r✐❛❧✐③❡
✐♥ ♣r❛❝t✐❝❡❄ ❆s ❢❛r ❛s t❤❡ ♣r❡s❡♥t ❜❡♥❝❤♠❛r❦s ❛❧❧♦✇ t♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥✱ t❤❡
❛♥s✇❡r ✐s ✏②❡s ✐t ❞♦❡s✱ ❜✉t ♦♥❧② ✐♥ ❝❡rt❛✐♥ ❞♦♠❛✐♥s✱ ❛♥❞ ♠♦st❧② ♦♥❧② ❢♦r ❧❛r❣❡
R✑✳

❈♦♥s✐❞❡r ❢♦r t❤❡ ♠♦♠❡♥t ♦♥❧② t❤❡ ❛♥❛❧②s✐s ♠❡t❤♦❞s t❤❡♠s❡❧✈❡s✱ ✐✳❡✳✱ r♦✇
✏oDG+ ❆♥❛❧②s✐s✑ ✈s✳ r♦✇ ✏❙❡❛r❝❤✲❙❛♠♣❧❡✑ ✐♥ ❚❛❜❧❡ ✶✳ ❲❡ s❡❡ t❤❛t oDG+ ❛♥❛❧✲
②s✐s ✐s s✐❣♥✐✜❝❛♥t❧② s✉♣❡r✐♦r ❛❝r♦ss ❛❧❧ ✈❛❧✉❡s ♦❢ R✱ ❜♦t❤ ✐♥ t❤❡ ♠❡❛♥ ❛♥❞ ✐♥
t❤❡ ♠❛①✳ ❍♦✇❡✈❡r✱ ❢♦r R ≤ 10 t❤❡ ♠❡❛♥ r✉♥t✐♠❡ ♦❢ ❙❡❛r❝❤✲❙❛♠♣❧❡ ✐s q✉✐t❡
t♦❧❡r❛❜❧❡✱ ❛♥❞ ❡✈❡♥ t❤❡ ♠❛①✐♠✉♠ r✉♥t✐♠❡ ✐s ♥♦t t♦♦ ❜❛❞✳ ❲❤❛t ✐s ♠♦r❡✱ ❜❛❞
r✉♥t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ ❙❡❛r❝❤✲❙❛♠♣❧❡ ✐s ✈❡r② ❡①❝❡♣t✐♦♥❛❧✳ ❋♦r R = 1, 10✱ t❤❡
❛♥❛❧②s✐s ❝♦♠♣❧❡t❡s ✐♥ ❛t ♠♦st 1 s❡❝♦♥❞ ❢♦r 99.82% ❛♥❞ 98.39% ♦❢ t❤❡ ✐♥st❛♥❝❡s
r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ✐♥ 33 r❡s♣❡❝t✐✈❡❧② 30 ♦❢ t❤❡ 35 ❞♦♠❛✐♥s ❡✈❡♥ t❤❡ ♠❛①✐♠✉♠ r✉♥✲
t✐♠❡ ✐s ❜❡❧♦✇ 1 s❡❝♦♥❞✳ ❲✐t❤ R ≥ 100✱ t❤❡ ♣✐❝t✉r❡ ❝❤❛♥❣❡s ❝♦♥s✐❞❡r❛❜❧②✱ ❜✉t
st✐❧❧ ❙❡❛r❝❤✲❙❛♠♣❧❡ ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ❤♦♣❡❧❡ss✳ ❲✐t❤ R = 100✱ ❙❡❛r❝❤✲❙❛♠♣❧❡
❤❛s t✇♦ t✐♠❡✲♦✉ts✱ ❜♦t❤ ♦❢ ✇❤✐❝❤ ♦❝❝✉r ✐♥ ❇❧♦❝❦s✇♦r❧❞✲❆r♠✳ ❲✐t❤ R = 1000✱
t❤❡r❡ ❛r❡ 11 t✐♠❡✲♦✉ts✱ ✐♥ ❇❧♦❝❦s✇♦r❧❞✲❆r♠✱ ❇❧♦❝❦s✇♦r❧❞✲◆♦❆r♠✱ ❋r❡❡❝❡❧❧✱ ❛♥❞
P✐♣❡s✇♦r❧❞✲◆♦❚❛♥❦❛❣❡✳ ❲✐t❤ R = 100✱ t❤❡ ♠❛①✐♠✉♠ r✉♥t✐♠❡ ✐s ❛❜♦✈❡ 10
s❡❝♦♥❞s ✐♥ 7 ❞♦♠❛✐♥s❀ ✇✐t❤ R = 1000✱ ✐♥ 12✳ ❍♦✇❡✈❡r✱ ✇✐t❤ R = 100, 1000✱
t❤❡ ❛♥❛❧②s✐s st✐❧❧ ❝♦♠♣❧❡t❡s ✐♥ ❛t ♠♦st 1 s❡❝♦♥❞ ❢♦r 92.03% ❛♥❞ 71.26% ♦❢ t❤❡

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✻

✐♥st❛♥❝❡s r❡s♣❡❝t✐✈❡❧② ✭❝♦♠♣❛r❡❞ t♦ 95.79% r❡s♣❡❝t✐✈❡❧② 76.45% ❢♦r oDG+ ❆♥❛❧✲
②s✐s✱ ❝❢✳ t❤❡ ❛❜♦✈❡✮✳

◆♦✇✱ ❜♦t❤ oDG+ ❛♥❛❧②s✐s ❛♥❞ ❙❡❛r❝❤✲❙❛♠♣❧❡ ❛r❡ ♥♦t st❛♥❞✲❛❧♦♥❡ ♠❡t❤♦❞s✳
❚❤❡ ❢♦r♠❡r r❡q✉✐r❡s ❛❧❧ ♦❢ ❚♦r❝❤▲✐❣❤t ❡①❝❡♣t gDG ❛♥❞ lDG ❛♥❛❧②s✐s✳ ❚❤❡ ❧❛tt❡r
r❡q✉✐r❡s t❤❡ s❛♠♣❧✐♥❣ ♦❢ r❛♥❞♦♠ st❛t❡s✳ ❚❤❡ r❡s♣❡❝t✐✈❡ t♦t❛❧ ❞❛t❛ ✐s ❣✐✈❡♥ ✐♥
r♦✇s ✏❚♦r❝❤▲✐❣❤t oDG+✑ ❛♥❞ ✏❙❡❛r❝❤✲❙❛♠♣❧❡ t♦t❛❧✑ ✐♥ ❚❛❜❧❡ ✶✳ ❍❡r❡ t❤❡ ♣✐❝t✉r❡
❝❤❛♥❣❡s q✉✐t❡ ❛ ❜✐t ✐♥ ❢❛✈♦r ♦❢ ❙❡❛r❝❤✲❙❛♠♣❧❡✱ ❞✉❡ t♦ t❤❡ ♦✈❡r❤❡❛❞ ♣r♦❞✉❝❡❞ ❢♦r
❚♦r❝❤▲✐❣❤t ❜② t❤❡ tr❛♥s❧❛t✐♦♥ t♦ ♠✉❧t✐✲✈❛❧✉❡❞ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❢♦r ❙t❛t✐❝ ❆♥❛❧②s✐s✳
❯♣ t♦ R = 10✱ ✏❙❡❛r❝❤✲❙❛♠♣❧❡ t♦t❛❧✑ ✐s ❜❡tt❡r t❤❛♥ ✏❚♦r❝❤▲✐❣❤t oDG+✑ ❜♦t❤ ✐♥
t❡r♠s ♦❢ t❤❡ ♠❡❛♥ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ r✉♥t✐♠❡s✳ ❚❤❡ s✐t✉❛t✐♦♥ ✐s r❡✈❡rs❡❞✱ ❞✉❡
t♦ t❤❡ ✐♥❝r❡❛s❡❞ ❝❤❛♥❝❡ ♦❢ ❤✐tt✐♥❣ ✏❜❛❞✑ st❛t❡s✱ ♦♥❧② ❢♦r R ≥ 100✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ ❤❡r❡ t❤❛t t❤❡ ✇❤♦❧❡ ♦✈❡r❤❡❛❞ ✐♥❝✉rr❡❞ ❜② tr❛♥s❧❛t✐♦♥ ✕ ❜②
❢❛r t❤❡ ❧❛r❣❡st ❝♦♥tr✐❜✉t♦r t♦ t❤❡ r✉♥t✐♠❡ ♦❢ ✏❚♦r❝❤▲✐❣❤t oDG+✑ ✕ ✐s ❛♥ ❛rt✐❢❛❝t
♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s ❞❡✜♥❡❞ ❢♦r ♠✉❧t✐✲✈❛❧✉❡❞ st❛t❡ ✈❛r✐❛❜❧❡s✱
✇❤✐❧❡ t❤❡ ❜❡♥❝❤♠❛r❦s ❛r❡ ♥♦t✳ ❙❡❡✐♥❣ t❤❛t t❤❡ ♠✉❧t✐✲✈❛❧✉❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ✐s
✐♥ ♠♦st ❝❛s❡s ♠♦r❡ ♥❛t✉r❛❧ t❤❛♥ t❤❡ ❜✐♥❛r② ♦♥❡✱ t❤✐s ✐s ❛ ♣r♦❜❧❡♠ ♦❢ P❉❉▲
♠♦r❡ t❤❛♥ ♦❢ ❚♦r❝❤▲✐❣❤t✳ ❚❤❡ r✉♥t✐♠❡s ✇✐t❤♦✉t tr❛♥s❧❛t✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡
r♦✇ ✏❚♦r❝❤▲✐❣❤t oDG+ ♥♦ ❋❉✑✳

❙✉♠♠✐♥❣ ✉♣✱ ♣r♦❞✉❝✐♥❣ s✉❝❝❡ss r❛t❡s ✇✐t❤ ❚♦r❝❤▲✐❣❤t✬s ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛❧
❛♥❛❧②s✐s ❞♦♠✐♥❛t❡s ❙❡❛r❝❤✲❙❛♠♣❧❡ ✐♥ t❤❡♦r②✳ ■♥ ♣r❛❝t✐❝❡✱ ❚♦r❝❤▲✐❣❤t ✐s ❝❡rt❛✐♥❧②
♠♦r❡ r❡❧✐❛❜❧❡ t❤❛♥ ❙❡❛r❝❤✲❙❛♠♣❧❡✱ ❛♥❞ ❛♣❛rt ❢r♦♠ t❤❡ tr❛♥s❧❛t✐♦♥ ♦✈❡r❤❡❛❞ ✐s
❛❧✇❛②s ♠♦r❡ ❡✣❝✐❡♥t✳ ❍♦✇❡✈❡r✱ ❛♥❛❧②③✐♥❣ t❤❡ s❡❛r❝❤ s♣❛❝❡ ✈✐❛ ❧♦❝❛❧ s❡❛r❝❤❡s
❛r♦✉♥❞ s❛♠♣❧❡ st❛t❡s ✐s q✉✐t❡ ❢❡❛s✐❜❧❡✳ ❖♥❡ ♠✐❣❤t ❜❡ ❛❜❧❡ t♦ ❣❡t r✐❞ ♦❢ ❡①❝❡♣✲
t✐♦♥❛❧❧② ❤❛r❞ st❛t❡s ❜② ✐♠♣♦s✐♥❣ ❛ str✐❝t s❡❛r❝❤ ❝✉t✲♦✛✳ ■t ✐s ❛ ❜✐t s✉r♣r✐s✐♥❣
t❤❛t ♠❡t❤♦❞s ❧✐❦❡ t❤✐s ❤❛✈❡ ♥♦t ❜❡❡♥ ✉s❡❞ ❜❡❢♦r❡ ❢♦r ♣❡r❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥
♣✉r♣♦s❡s ✭❘♦❜❡rts ❛♥❞ ❍♦✇❡ ❬✹✻❪✱ ❢♦r ❡①❛♠♣❧❡✱ ✉s❡ ✈❡r② s✐♠♣❧❡ ❢❡❛t✉r❡s ♦♥❧②✮✳

❆s ♦♥❡ ✇♦✉❧❞ ❤♦♣❡ ❛♥❞ ❡①♣❡❝t✱ t❤❡ ❛♥❛❧②s✐s ♠❡t❤♦❞s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❢❛st❡r
t❤❛♥ ❛❝t✉❛❧ ♣❧❛♥♥❡rs✳ ▲❆▼❆ ❤❛s ✽✸ t✐♠❡✲♦✉ts ✐♥ ♦✉r t❡st s✉✐t✱ ❋❋ ❤❛s ✶✺✻✳

✽✳✹ ❆♥❛❧②③✐♥❣ ❉♦♠❛✐♥s

❲❡ ♥♦✇ ❞✐s❝✉ss ❚♦r❝❤▲✐❣❤t✬s ❛❝t✉❛❧ ❛♥❛❧②s✐s ❝❛♣❛❜✐❧✐t✐❡s✳ ■♥ t❤❡ ♣r❡s❡♥t s✉❜✲
s❡❝t✐♦♥✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ❞❛t❛ r❡t✉r♥❡❞ ♦♥ ❛ ♣❡r✲❞♦♠❛✐♥ ❜❛s✐s✳

❲❡ ♥♦t❡ ✜rst t❤❛t t❤❡ ❣✉❛r❛♥t❡❡s ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ❛r❡ ❝♦♥✜r♠❡❞✱ ✐✳❡✳✱ ❣❧♦❜❛❧
❛♥❛❧②s✐s s✉❝❝❡❡❞s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ▲♦❣✐st✐❝s✱ ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ ▼♦✈✐❡✱ ❛♥❞ ❙✐♠♣❧❡✲
❚❙P✳ ■t ♥❡✈❡r s✉❝❝❡❡❞s ✐♥ ❛♥② ♦t❤❡r ❞♦♠❛✐♥✱ t❤♦✉❣❤✳ ■♥ s♦♠❡ ❞♦♠❛✐♥s✱ ❢r❛❝t✐♦♥s
♦❢ t❤❡ gDGs ❛r❡ s✉❝❝❡ss❢✉❧✳ Pr❡❝✐s❡❧②✱ t❤❡ ♠❛①✐♠✉♠ ❢r❛❝t✐♦♥ ♦❢ s✉❝❝❡ss❢✉❧ gDGs
✐s 97% ✐♥ ❙❛t❡❧❧✐t❡✱ 50% ✐♥ ❋❡rr②✱ 33.33% ✐♥ ❚PP✱ 22.22% ✐♥ ❉r✐✈❡r❧♦❣✱ 20% ✐♥
❉❡♣♦ts✱ 13.33% ✐♥ ❚②r❡✇♦r❧❞✱ ❛♥❞ 12.5% ✐♥ ❇❧♦❝❦s✇♦r❧❞✲❆r♠✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡
❢r❛❝t✐♦♥ ✐s ❜❡❧♦✇ 100% t❤❡♥ ♥♦t❤✐♥❣ ✐s ♣r♦✈❡❞✱ s♦ t❤✐s ❞❛t❛ ♠❛② ❛t ❜❡st ❜❡ ✉s❡❞
t♦ ❣✐✈❡ ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦❢ ✇❤✐❝❤ ❛s♣❡❝ts ♦❢ t❤❡ ❞♦♠❛✐♥ ❛r❡ ✏❣♦♦❞✲♥❛t✉r❡❞✑✳ ❆s
❢♦r ❣✉❛r❛♥t❡❡❞ ❧♦❝❛❧ ❛♥❛❧②s✐s✱ t❤✐s ❣❡♥❡r❛❧❧② ✐s ♥♦t ♠✉❝❤ ♠♦r❡ ❛♣♣❧✐❝❛❜❧❡ t❤❛♥
❣❧♦❜❛❧ ❛♥❛❧②s✐s✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❤❡♥❝❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛❧
❛♥❛❧②s✐s✱ ✈✐❛ oDG+s ❛♥❞ ❚❤❡♦r❡♠ ✷✱ ❡①❝❧✉s✐✈❡❧②✳

Pr♦♣♦s✐t✐♦♥ ✷ ✐s ❜❛❝❦❡❞ ✉♣ ✐♠♣r❡ss✐✈❡❧②✳ ❊✈❡♥ ✇✐t❤ R = 1000✱ ❛♣♣r♦①✐♠❛t❡
❧♦❝❛❧ ❛♥❛❧②s✐s s✉❝❝❡❡❞s ✐♥ ❡✈❡r② s✐♥❣❧❡ s❛♠♣❧❡ st❛t❡ ♦❢ ❋❡rr②✱ ●r✐♣♣❡r✱ ❊❧❡✈❛t♦rs✱
❛♥❞ ❚r❛♥s♣♦rt✳ ❚❤✐s ✐♥❞✐❝❛t❡s str♦♥❣❧② t❤❛t t❤❡ ♣♦t❡♥t✐❛❧❧② s✉❜✲♦♣t✐♠❛❧ r❡❧❛①❡❞
♣❧❛♥s ❞♦ ♥♦t r❡s✉❧t ✐♥ ❛ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❤❡r❡✳ ■♥❞❡❡❞✱ t❤❡ ❛♥❛❧②s✐s ②✐❡❧❞s
❤✐❣❤ s✉❝❝❡ss r❛t❡s ✐♥ ❛❧♠♦st ❛❧❧ ❞♦♠❛✐♥s ✇❤❡r❡ ❧♦❝❛❧ ♠✐♥✐♠❛ ❛r❡ ♥♦♥✲♣r❡s❡♥t ♦r
❧✐♠✐t❡❞✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ ♦t❤❡r ❞♦♠❛✐♥s✱ ❛♥❞ t❤✉s ❚♦r❝❤▲✐❣❤t ❝❛♥

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✼

undirected

Logistics [*,100]

Ferry [+,100]

Gripper [+,100]

unrecognized

Hanoi [0]

Blocksworld−NoArm [57]

Transport [+,100]

Blocksworld−Arm [30]

Depots [81]

Driverlog [100]

Mystery [39]

Mprime [49]

Freecell [56]

Airport [0]

Simple−Tsp [*,100]

Movie [*,100]

Miconic−STRIPS [*,100]

Zenotravel [95]

Satellite [100]

Tyreworld [100]

Grid [80]

PSR [50]

Pipesworld−NoTank [76]

Pipesworld−Tank [40]

harmless recognized

Rovers [100]

Elevators [+,100]

❋✐❣✉r❡ ✸✿ ❖✈❡r✈✐❡✇ ♦❢ ❚♦r❝❤▲✐❣❤t ❞♦♠❛✐♥ ❛♥❛❧②s✐s r❡s✉❧ts ✐♥ ❍♦✛♠❛♥♥✬s ❬✷✾❪
❞♦♠❛✐♥s ♣❧✉s ❊❧❡✈❛t♦rs ❛♥❞ ❚r❛♥s♣♦rt✳ ✏✯✑✿ ❣❧♦❜❛❧ ❛♥❛❧②s✐s ❛❧✇❛②s s✉❝❝❡❡❞s✳ ✏✰✑✿
❧♦❝❛❧ ❛♥❛❧②s✐s ❛❧✇❛②s s✉❝❝❡❡❞s ✐❢ ♣r♦✈✐❞❡❞ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥✳ ◆✉♠❜❡rs
s❤♦✇♥ ❛r❡ ♠❡❛♥ s✉❝❝❡ss r❛t❡s ♣❡r ❞♦♠❛✐♥✱ ❢♦r ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛❧ ❛♥❛❧②s✐s ✭✈✐❛
oDG+s ❛♥❞ ❚❤❡♦r❡♠ ✷✮ ✇✐t❤ R = 1✱ ✐✳❡✳✱ ✇❤❡♥ s❛♠♣❧✐♥❣ ❛ s✐♥❣❧❡ st❛t❡ ♣❡r
❞♦♠❛✐♥ ✐♥st❛♥❝❡✳

❞✐st✐♥❣✉✐s❤ ❍♦✛♠❛♥♥✬s ✏❡❛s②✑ ❞♦♠❛✐♥s ❢r♦♠ t❤❡ ✏❤❛r❞✑ ♦♥❡s✳ ❈♦♥s✐❞❡r ❋✐❣✉r❡ ✸✱
s❤♦✇✐♥❣ ♠❡❛♥ oDG+ ❛♥❛❧②s✐s s✉❝❝❡ss r❛t❡s ♣❡r✲❞♦♠❛✐♥ ✇✐t❤ R = 1✳

❲❡ s❡❡ q✉✐t❡ ♥✐❝❡❧② t❤❛t ✏❤❛r❞❡r✑ ❞♦♠❛✐♥s t❡♥❞ t♦ ❤❛✈❡ ❧♦✇❡r s✉❝❝❡ss r❛t❡s✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡❛s✐❡st ❞♦♠❛✐♥s ✐♥ t❤❡ ❜♦tt♦♠ ❝❧❛ss ❛❧❧ ❤❛✈❡ 100% s✉❝❝❡ss
r❛t❡s ✭95% ✐♥ t❤❡ ❝❛s❡ ♦❢ ❩❡♥♦tr❛✈❡❧✮✱ ✇❤❡r❡❛s t❤❡ ❤❛r❞❡st ❞♦♠❛✐♥s ✐♥ t❤❡ t♦♣
r✐❣❤t ❝♦r♥❡r ♦♥❧② ❤❛✈❡ ❛r♦✉♥❞ 50% ♦r ❧❡ss✳ ❲❡ ♥♦t❡ t❤❛t✱ ✐♥ t❤❡ t♦♣✲r✐❣❤t ❝♦r♥❡r
❞♦♠❛✐♥s✱ t♦ s♦♠❡ ❡①t❡♥t t❤❡ ❧♦✇ s✉❝❝❡ss r❛t❡s r❡s✉❧t ❢r♦♠ t❤❡ r❡❝♦❣♥✐t✐♦♥ ♦❢
❞❡❛❞ ❡♥❞s ❜② ❋❋✬s ❤❡✉r✐st✐❝ ❢✉♥❝t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ❞✉r✐♥❣ r❛♥❞♦♠ s❛♠♣❧✐♥❣
✇❡ ♠❛❦❡ r❛♥❞♦♠ ✈❡❤✐❝❧❡ ♠♦✈❡s ❝♦♥s✉♠✐♥❣ ❢✉❡❧✱ ❧✐❦❡ ✐♥ ▼②st❡r② ❛♥❞ ▼♣r✐♠❡✱
t❤❡♥ ♦❢ ❝♦✉rs❡ ❝❤❛♥❝❡s ❛r❡ ✇❡ ✇✐❧❧ ❡♥❞ ✉♣ ✐♥ ❛ st❛t❡ ✇❤❡r❡ ❢✉❡❧ ✐s s♦ s❝❛r❝❡
t❤❛t ❡✈❡♥ ❛ r❡❧❛①❡❞ ♣❧❛♥ ❞♦❡s ♥♦t ❡①✐st ❛♥②♠♦r❡✳ ❚❤✐s ✐s ♠♦st ♣r♦♥♦✉♥❝❡❞ ✐♥
❆✐r♣♦rt✱ ✇❤❡r❡ ❛❧❧ s❛♠♣❧❡ st❛t❡s ❤❡r❡ ❤❛✈❡ ✐♥✜♥✐t❡ ❤❡✉r✐st✐❝ ✈❛❧✉❡s✳ ❍♦✇❡✈❡r✱
t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❛♥❛❧②s✐s ❣♦ ❢❛r ❜❡②♦♥❞ ❝♦✉♥t✐♥❣ st❛t❡s ♦♥ r❡❝♦❣♥✐③❡❞ ❞❡❛❞
❡♥❞s✳ ■♥ ❇❧♦❝❦s✇♦r❧❞✲❆r♠✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡r❡ ❛r❡ ♥♦ ❞❡❛❞ ❡♥❞s ❛t ❛❧❧ ❛♥❞ st✐❧❧
t❤❡ s✉❝❝❡ss r❛t❡ ✐s ♦♥❧② 30%✱ ❝❧❡❛r❧② ✐♥❞✐❝❛t✐♥❣ t❤✐s ❛s ❛ ❞♦♠❛✐♥ ✇✐t❤ ❛ ❞✐✣❝✉❧t
t♦♣♦❧♦❣②✳

❚♦ s♦♠❡ ❡①t❡♥t✱ ❜❛s❡❞ ♦♥ t❤❡ s✉❝❝❡ss r❛t❡s ✇❡ ❝❛♥ ❡✈❡♥ ❞✐st✐♥❣✉✐s❤ P✐♣❡s✇♦r❧❞✲
❚❛♥❦❛❣❡ ❢r♦♠ P✐♣❡s✇♦r❧❞✲◆♦❚❛♥❦❛❣❡✱ ❛♥❞ ▼♣r✐♠❡ ❢r♦♠ ▼②st❡r② ✭✐♥ ▼♣r✐♠❡✱
❢✉❡❧ ❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞ ❜❡t✇❡❡♥ ❧♦❝❛t✐♦♥s✮✳ ❚❤❡ r❡❧❛t✐✈❡❧② ❤✐❣❤ s✉❝❝❡ss r❛t❡ ✐♥
❉❡♣♦ts ♣r♦❜❛❜❧② r❡❧❛t❡s t♦ ✐ts tr❛♥s♣♦rt❛t✐♦♥ ❛s♣❡❝ts✳ ■♥ ●r✐❞✱ ✐♥ 20% ♦❢ ❝❛s❡s
♦✉r ❛♥❛❧②s✐s ✐s ♥♦t str♦♥❣ ❡♥♦✉❣❤ t♦ r❡❝♦❣♥✐③❡ t❤❡ r❡❛s♦♥s ❜❡❤✐♥❞ ♥♦♥✲❡①✐st❡♥❝❡
♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛❀ t❤❡s❡ r❡❛s♦♥s ❝❛♥ ❜❡ q✉✐t❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❝❢✳ ❍♦✛♠❛♥♥✬s ❬✷✽❪
❞✐s❝✉ss✐♦♥ ♦❢ t❤✐s ❞♦♠❛✐♥✳ ❆♣❛rt ❢r♦♠ t❤✐s✱ t❤❡ ♦♥❧② str♦♥❣ ♦✉t❧✐❡rs ❛r❡ ❉r✐✈❡r✲
❧♦❣✱ ❘♦✈❡rs✱ ❍❛♥♦✐✱ ❛♥❞ ❇❧♦❝❦s✇♦r❧❞✲◆♦❆r♠✳ ❆❧❧ ♦❢ t❤❡s❡ ❛r❡ ♠♦r❡ ♣r♦❜❧❡♠s ♦❢
❍♦✛♠❛♥♥✬s ❛♥❛❧②s✐s t❤❛♥ ♦❢ ❚♦r❝❤▲✐❣❤t✬s✳ ■♥ ❉r✐✈❡r❧♦❣ ❛♥❞ ❘♦✈❡rs✱ ❞❡❡♣ ❧♦❝❛❧
♠✐♥✐♠❛ ❞♦ ❡①✐st✱ ❜✉t ♦♥❧② ✐♥ ❛✇❦✇❛r❞ s✐t✉❛t✐♦♥s t❤❛t ❞♦♥✬t t❡♥❞ t♦ ❛r✐s❡ ✐♥ t❤❡
■P❈ ✐♥st❛♥❝❡s✳ ❚❤✉s ❍♦✛♠❛♥♥✬s ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ✐s ♦❢ ❛ ✇♦rst✲❝❛s❡ ♥❛t✉r❡✱ ✐s
t♦♦ ♣❡ss✐♠✐st✐❝ ❤❡r❡✳ ❚❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s ✐♥ ❍❛♥♦✐ ❛♥❞ ❇❧♦❝❦s✇♦r❧❞✲◆♦❆r♠✱
✇❤❡r❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛ ✐s ❞✉❡ t♦ r❛t❤❡r ✐❞✐♦s②♥❝r❛t✐❝ r❡❛s♦♥s✳ ❋♦r ❡①✲
❛♠♣❧❡✱ ✐♥ ❍❛♥♦✐ t❤❡ r❡❛s♦♥ ✐s t❤❛t h+ ✐s ❛❧✇❛②s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐s❝s ♥♦t
②❡t ✐♥ ❣♦❛❧ ♣♦s✐t✐♦♥ ✕ ✐♥ t❤❡ r❡❧❛①❛t✐♦♥✱ ♦♥❡ ❝❛♥ ❛❧✇❛②s ❛❝❝♦♠♣❧✐s❤ t❤❡ r❡♠❛✐♥✲

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✽

sI R = 1 R = 10 R = 100 R = 1000

❞♦♠❛✐♥ oDG+ oDG+ ❙❊❆ oDG+ ❙❊❆ oDG+ ❙❊❆ oDG+ ❙❊❆

❆✐r♣♦rt ✾✻✳✵ ✵✳✵ ✵✳✵ ✷✳✵ ✷✳✵ ✷✳✽ ✷✳✾ ✷✳✾ ✸✳✵

❇❲✲❆r♠ ✸✽✳✸ ✸✵✳✵ ✾✸✳✸ ✷✽✳✷ ✾✹✳✺ ✷✻✳✾ ✾✶✳✼ ✷✻✳✺ ✽✷✳✶

❇❲✲◆♦❆r♠ ✼✵✳✵ ✺✻✳✼ ✶✵✵ ✺✼✳✷ ✶✵✵ ✺✺✳✾ ✾✾✳✾ ✺✻✳✷ ✾✽✳✸

❉❡♣♦ts ✶✵✵ ✽✶✳✽ ✶✵✵ ✽✺✳✾ ✾✾✳✶ ✽✻✳✸ ✾✾✳✼ ✽✻✳✷ ✾✾✳✻

❉r✐✈❡r❧♦❣ ✶✵✵ ✶✵✵ ✶✵✵ ✾✼✳✺ ✶✵✵ ✾✼✳✹ ✾✾✳✾ ✾✼✳✾ ✾✾✳✽

❊❧❡✈❛t♦rs ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵

❋❡rr② ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵

❋r❡❡❝❡❧❧ ✾✼✳✺ ✺✺✳✵ ✻✵✳✵ ✺✼✳✹ ✻✷✳✽ ✺✼✳✾ ✻✸✳✺ ✺✽✳✵ ✻✸✳✷

●r✐❞ ✻✵✳✵ ✽✵✳✵ ✶✵✵ ✼✹✳✵ ✾✷✳✵ ✻✾✳✵ ✾✸✳✽ ✻✾✳✺ ✾✸✳✺

●r✐♣♣❡r ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵

❍❛♥♦✐ ✵✳✵ ✵✳✵ ✸✸✳✸ ✶✶✳✶ ✹✹✳✹ ✶✵✳✷ ✹✶✳✾ ✶✵✳✻ ✹✶✳✾

▲♦❣✐st✐❝s ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵

▼✐❝♦♥✐❝ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵

▼♦✈✐❡ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵

▼♣r✐♠❡ ✼✹✳✸ ✹✽✳✻ ✼✹✳✸ ✻✶✳✶ ✼✻✳✸ ✻✹✳✸ ✼✾✳✵ ✻✹✳✶ ✼✽✳✷

▼②st❡r② ✼✺✳✵ ✸✾✳✸ ✹✷✳✾ ✸✼✳✶ ✹✸✳✾ ✸✼✳✻ ✹✺✳✻ ✸✻✳✸ ✹✹✳✹

P✐♣❡◆♦❚❛♥❦ ✹✵✳✵ ✼✻✳✵ ✾✽✳✵ ✼✺✳✹ ✾✼✳✹ ✼✺✳✷ ✾✼✳✹ ✼✺✳✶ ✾✺✳✹

P✐♣❡❚❛♥❦ ✸✹✳✵ ✹✵✳✵ ✾✷✳✵ ✺✵✳✻ ✾✵✳✵ ✹✾✳✹ ✽✽✳✶ ✹✽✳✼ ✽✽✳✷

P❙❘ ✻✻✳✵ ✺✵✳✵ ✻✷✳✵ ✺✼✳✻ ✻✾✳✽ ✺✽✳✸ ✼✶✳✶ ✺✼✳✵ ✼✵✳✹

❘♦✈❡rs ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✾✾✳✺ ✶✵✵ ✾✾✳✽ ✶✵✵ ✾✾✳✽

❙❛t❡❧❧✐t❡ ✽✺ ✶✵✵ ✶✵✵ ✾✽✳✺ ✶✵✵ ✾✽✳✹ ✶✵✵ ✾✽✳✵ ✾✾✳✽

❙✐♠♣❧❡❚❙P ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵

❚r❛♥s♣♦rt ✶✵✵ ✶✵✵ ✾✸✳✸ ✶✵✵ ✾✸✳✵ ✶✵✵ ✾✹✳✽ ✶✵✵ ✾✹✳✹

❚②r❡✇♦r❧❞ ✶✵✵ ✶✵✵ ✶✵✵ ✾✺✳✻ ✶✵✵ ✾✻✳✸ ✶✵✵ ✾✺✳✺ ✶✵✵

❩❡♥♦tr❛✈❡❧ ✾✵ ✾✺ ✶✵✵ ✾✹✳✺ ✾✾✳✺ ✾✺✳✽ ✾✽✳✹ ✾✺✳✹ ✾✽✳✷

❖♣❡♥st❛❝❦s ✶✵✵ ✵ ✹✳✹ ✶✹✳✽ ✷✶✳✸ ✶✼✳✼ ✷✷✳✵ ✶✻✳✻ ✷✵✳✽

P❛r❝Pr✐♥t ✶✵✵ ✸✳✸ ✻✳✼ ✽✳✵ ✽✳✸ ✻✳✸ ✼✳✷ ✻✳✵ ✻✳✽

P❛t❤✇❛②s ✶✵✵ ✶✵✳✵ ✶✵✳✵ ✻✳✵ ✻✳✵ ✺✳✹ ✺✳✹ ✹✳✻ ✹✳✻

P❡❣❙♦❧ ✵ ✵ ✶✵ ✶✸✳✸ ✷✷✳✼ ✶✸✳✶ ✷✷✳✸ ✶✷✳✻ ✷✷✳✷

❙❝❛♥❛❧②③❡r ✵ ✸✵✳✵ ✾✻✳✼ ✸✸✳✵ ✾✾✳✼ ✸✸✳✺ ✾✼✳✾ ✸✸✳✾ ✾✽✳✺

❙♦❦♦❜❛♥ ✸✵✳✵ ✶✸✳✸ ✸✸✳✸ ✷✵✳✸ ✸✽✳✸ ✶✾✳✶ ✸✽✳✷ ✶✽✳✺ ✸✼✳✼

❙t♦r❛❣❡ ✶✵✵ ✾✸✳✸ ✾✻✳✼ ✽✾✳✵ ✾✻✳✸ ✽✾✳✽ ✾✻✳✽ ✽✾✳✸ ✾✻✳✾

❚PP ✶✵✵ ✽✵✳✵ ✽✵✳✵ ✻✽✳✵ ✻✼✳✵ ✻✺✳✹ ✻✸✳✽ ✻✺✳✺ ✻✸✳✾

❚r✉❝❦s ✺✻✳✸ ✵ ✵ ✷✳✺ ✸✳✶ ✶✳✾ ✷✳✾ ✶✳✹ ✷✳✼

❲♦♦❞✇♦r❦ ✶✵✵ ✶✸✳✸ ✶✸✳✸ ✶✹✳✸ ✶✹✳✸ ✶✺✳✸ ✶✺✳✹ ✶✺✳✸ ✶✺✳✹

❚❛❜❧❡ ✷✿ ▼❡❛♥ s✉❝❝❡ss r❛t❡s ♣❡r ❞♦♠❛✐♥✳ ❯♣♣❡r ❤❛❧❢✿ ❞♦♠❛✐♥s ✇❤♦s❡ h+ t♦♣♦❧✲
♦❣② ❤❛s ❜❡❡♥ ❡①❛♠✐♥❡❞ ❜② ❍♦✛♠❛♥♥ ❬✷✾❪ ♦r ✐s tr✐✈✐❛❧ t♦ ❡①❛♠✐♥❡ ❜❛s❡❞ ♦♥ ❤✐s
r❡s✉❧ts❀ ❧♦✇❡r ❤❛❧❢✿ ■P❈ ✷✵✵✻✴✷✵✵✽ ❞♦♠❛✐♥s ✇❤❡r❡ t❤❛t ✐s ♥♦t t❤❡ ❝❛s❡✳ ❈♦❧✉♠♥s
✏sI ✑ s❤♦✇ ❞❛t❛ ❢♦r ❛♥❛❧②③✐♥❣ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦♥❧②✱ ❝♦❧✉♠♥s ✏R = 1, 10, 100, 1000✑
❢♦r ❛♥❛❧②③✐♥❣ t❤❡ r❡s♣❡❝t✐✈❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡ st❛t❡s✳ ❈♦❧✉♠♥s ✏oDG+✑ ❣✐✈❡
❞❛t❛ ❢♦r ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛❧ ❛♥❛❧②s✐s✱ ❝♦❧✉♠♥s ✏❙❊❆✑ ❣✐✈❡ ❞❛t❛ ❢♦r ❙❡❛r❝❤✲❙❛♠♣❧❡✳

✐♥❣ ❣♦❛❧s ♦♥❡✲❜②✲♦♥❡✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ❝♦♥str❛✐♥ts ❡♥t❛✐❧❡❞ ❜② t❤❡✐r ♣♦s✐t✐♦♥✐♥❣✳
❍❛♥♦✐ ❛♥❞ ❇❧♦❝❦s✇♦r❧❞✲◆♦❆r♠ ❛r❡ ♥♦t ❛❝t✉❛❧❧② ✏❡❛s② t♦ s♦❧✈❡✑ ❢♦r ❋❋✱ ❛♥❞ ✐♥
t❤❛t s❡♥s❡ t❤❡ ❧♦✇ s✉❝❝❡ss r❛t❡s ♦❢ ❚♦r❝❤▲✐❣❤t ♣r♦✈✐❞❡ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ♣✐❝t✉r❡✳

❚❛❜❧❡ ✷ ❣✐✈❡s ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ❛❝❝♦✉♥t ♦❢ ♣❡r✲❞♦♠❛✐♥ ❛✈❡r❛❣❡❞ s✉❝❝❡ss r❛t❡s
❞❛t❛✱ ✐♥❝❧✉❞✐♥❣ ❛❧❧ ❞♦♠❛✐♥s✱ ❛❧❧ ✈❛❧✉❡s ♦❢ R✱ ❛♥❞ ❛❧s♦ t❤❡ r❛t❡s ♦❜t❛✐♥❡❞ ♦♥
✐♥✐t✐❛❧ st❛t❡s ❛♥❞ ✉s✐♥❣ ❙❡❛r❝❤✲❙❛♠♣❧❡ ✐♥st❡❛❞ ♦❢ ❚♦r❝❤▲✐❣❤t✳ ❲❡ ❝❛♥ ❛♥s✇❡r
t❤r❡❡ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥s ❜❛s❡❞ ♦♥ t❤✐s ❞❛t❛✿

✭✶✮ ■s ✐t ✐♠♣♦rt❛♥t t♦ s❛♠♣❧❡ r❛♥❞♦♠ st❛t❡s✱ r❛t❤❡r t❤❛♥ ♦♥❧② ❛♥❛❧②③✐♥❣ t❤❡
✐♥✐t✐❛❧ st❛t❡❄

✭✷✮ ■s ✐t ✐♠♣♦rt❛♥t t♦ s❛♠♣❧❡ ♠❛♥② r❛♥❞♦♠ st❛t❡s❄

✭✸✮ ❍♦✇ ❝♦♠♣❡t✐t✐✈❡ ✐s ❚♦r❝❤▲✐❣❤t ✇✐t❤ r❡s♣❡❝t t♦ ❛ s❡❛r❝❤✲❜❛s❡❞ ❛♥❛❧②s✐s❄

❚❤❡ ❛♥s✇❡r t♦ q✉❡st✐♦♥ ✭✶✮ ✐s ❛ ❝❧❡❛r ✏②❡s✑✳ ▼♦st ✐♠♣♦rt❛♥t❧②✱ t❤✐s ♣❡rt❛✐♥s t♦
❞♦♠❛✐♥s ✇✐t❤ ❞❡❛❞ ❡♥❞s✱ ❝❢✳ ♦✉r ❜r✐❡❢ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡✳ ■t ✐s ❝❧❡❛r ❢r♦♠ ❚❛❜❧❡ ✷

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✷✾

t❤❛t✱ ✐♥ s✉❝❤ ❞♦♠❛✐♥s✱ ❛♥❛❧②③✐♥❣ sI r❡s✉❧ts ✐♥ ❛ t❡♥❞❡♥❝② t♦ ❜❡ t♦♦ ♦♣t✐♠✐st✐❝✳
❚♦ s❡❡ t❤✐s✱ ❥✉st ❝♦♥s✐❞❡r t❤❡ ❡♥tr✐❡s ❢♦r ❆✐r♣♦rt✱ ❋r❡❡❝❡❧❧✱ ▼②st❡r②✱ ❖♣❡♥st❛❝❦s✱
P❛r❝✲Pr✐♥t❡r✱ P❛t❤✇❛②s✱ ❚PP✱ ❚r✉❝❦s✱ ❛♥❞ ❲♦♦❞✇♦r❦✐♥❣✳ ❆❧❧ t❤❡s❡ ❞♦♠❛✐♥s
❤❛✈❡ ❞❡❛❞ ❡♥❞s✱ ❢♦r ❛ ✈❛r✐❡t② ♦❢ r❡❛s♦♥s✳ ❚❤❡ ❞❡❛❞ ❡♥❞s ❞♦ ♥♦t ♦❝❝✉r ❢r❡q✉❡♥t❧②
❛t ✐♥✐t✐❛❧ st❛t❡ ❧❡✈❡❧✱ ❜✉t ❞♦ ♦❝❝✉r ❢r❡q✉❡♥t❧② ❞✉r✐♥❣ r❛♥❞♦♠ ✇❛❧❦s✿ ❢♦r t❤❡
❞♦♠❛✐♥s ❧✐st❡❞✱ ✇✐t❤R = 1000 t❤❡ ❛✈❡r❛❣❡ ❞❡❛❞✲❡♥❞ r❛t❡ ✐s 97.0%✱ 35.4%✱ 46.8%✱
79.2%✱ 93.0%✱ 95.3%✱ 34.5%✱ 97.3%✱ ❛♥❞ 84.6% r❡s♣❡❝t✐✈❡❧②✳ ✭❋♦r ▼♣r✐♠❡✱ t❤❡
❞❡❛❞✲❡♥❞ r❛t❡ ✐s 7.2% ♦♥❧②✱ s♦ t❤❡ ❛❜✐❧✐t② t♦ tr❛♥s❢❡r ❢✉❡❧ ❞♦❡s ✐♥❞❡❡❞ s❡❡♠ t♦
❤❛✈❡ ❛ ❧❛r❣❡ ✐♠♣❛❝t ♦♥ ❞♦♠❛✐♥ str✉❝t✉r❡✳✮ ■♥t❡r❡st✐♥❣❧②✱ ✐♥ ❛ ❢❡✇ ❞♦♠❛✐♥s ✕
♠♦st ♥♦t❛❜❧② t❤❡ t✇♦ P✐♣❡s✇♦r❧❞s ✕ t❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s✱ ✐✳❡✳✱ s✉❝❝❡ss r❛t❡s ❛r❡
❧♦✇❡r ❢♦r sI t❤❛♥ ❢♦r t❤❡ s❛♠♣❧❡ st❛t❡s✳ ■t ✐s ♥♦t ❝❧❡❛r t♦ ✉s ✇❤❛t ❝❛✉s❡s t❤✐s
♣❤❡♥♦♠❡♥♦♥✳

■❢ ✇❡ s✐♠♣❧② ❝♦♠♣❛r❡ t❤❡ sI ❝♦❧✉♠♥ ✇✐t❤ t❤❡ R = 1000 ❝♦❧✉♠♥ ❢♦r oDG+✱
t❤❡♥ ✇❡ ✜♥❞ t❤❛t t❤❡ r❡s✉❧t ✐s ✏❛ ❧♦t✑ ❞✐✛❡r❡♥t ✕ ♠♦r❡ t❤❛♥ 10% ✕ ✐♥ 21 ♦❢ t❤❡
35 ❞♦♠❛✐♥s✳ ❚♦ s♦♠❡ ❡①t❡♥t✱ t❤✐s ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✐♥✐t✐❛❧ st❛t❡s ❛♥❞ s❛♠♣❧❡
st❛t❡s ♠❛② ❜❡ ❥✉st ❞✉❡ t♦ t❤❡ ✇❛② t❤❡s❡ ❜❡♥❝❤♠❛r❦s ❛r❡ ❞❡s✐❣♥❡❞✳ ❖❢t❡♥✱ t❤❡
✐♥✐t✐❛❧ st❛t❡s ♦❢ ❡✈❡r② ✐♥st❛♥❝❡ ❛r❡ s✐♠✐❧❛r ✐♥ ❝❡rt❛✐♥ ✇❛②s ✭♥♦ ♣❛❝❦❛❣❡ ❧♦❛❞❡❞ ②❡t✱
❡t❝✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t s❡❡♠s q✉✐t❡ ♥❛t✉r❛❧✱ ❛t ❧❡❛st ❢♦r ♦✤✐♥❡ ♣r♦❜❧❡♠s✱
t❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ❞✐✛❡r❡♥t ❢r♦♠ st❛t❡s ❞❡❡♣❡r ❞♦✇♥ ✐♥ t❤❡ st❛t❡ s♣❛❝❡
✭❝♦♥s✐❞❡r tr❛♥s♣♦rt❛t✐♦♥ ♣r♦❜❧❡♠s ♦r ❝❛r❞ ❣❛♠❡s✱ ❢♦r ❡①❛♠♣❧❡✮✳

❚❤❡ ❛♥s✇❡r t♦ q✉❡st✐♦♥ ✭✷✮ ✐s ❛ ❝❧❡❛r ✏♥♦✑✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♠♣❛r❡ t❤❡ R = 1
❛♥❞ R = 1000 ❝♦❧✉♠♥s ❢♦r oDG+✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s ❣r❡❛t❡r t❤❛♥ 10% ✐♥ ♦♥❧② 6
♦❢ t❤❡ 35 ❞♦♠❛✐♥s✳ ❚❤❡ ♣❡❛❦ ❞✐✛❡r❡♥❝❡ ✐s 16.6% ❢♦r R = 1000 ✈s✳ 0% ❢♦r R = 1
✐♥ ❖♣❡♥st❛❝❦s✳ ❚❤❡ ❛✈❡r❛❣❡ ❞✐✛❡r❡♥❝❡ ♦✈❡r ❛❧❧ ❞♦♠❛✐♥s ✐s 4.18%✳ ❙✐♠✐❧❛r❧②✱
❝♦♠♣❛r✐♥❣ t❤❡ R = 1 ❛♥❞ R = 1000 ❝♦❧✉♠♥s ❢♦r ❙❡❛r❝❤✲❙❛♠♣❧❡ r❡s✉❧ts ✐♥ ♦♥❧②
4 ♦❢ 35 ❞♦♠❛✐♥s ✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ❣r❡❛t❡r t❤❛♥ 10%✱ t❤❡ ♣❡❛❦ ❜❡✐♥❣ ❛❣❛✐♥
✐♥ ❖♣❡♥st❛❝❦s✱ 20.8% ❢♦r R = 1000 ✈s✳ 4.4% ❢♦r R = 1✳ ❚❤❡ ❛✈❡r❛❣❡ ❞✐✛❡r❡♥❝❡
♦✈❡r ❛❧❧ ❞♦♠❛✐♥s ✐s 3.4%✳

❚❤❡ ❛♥s✇❡r t♦ q✉❡st✐♦♥ ✭✸✮ ✐s ❛ ❜✐t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ▲♦♦❦ ❛t t❤❡ ❝♦❧✉♠♥s
❢♦r oDG+ r❡s♣❡❝t✐✈❡❧② ❙❡❛r❝❤✲❙❛♠♣❧❡ ✇✐t❤ R = 1000✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❞♦♠❛✐♥s
✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ❧❛r❣❡r t❤❛♥ 10% ✐s ♥♦✇ 11 ♦✉t 35✱ ✇✐t❤ ❛ ♣❡❛❦ ♦❢ 64.6%
❞✐✛❡r❡♥❝❡ ✐♥ ❙❝❛♥❛❧②③❡r✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤✐s st✐❧❧ ♠❡❛♥s t❤❛t ✐♥ 24 ♦✉t ♦❢
35 ❞♦♠❛✐♥s t❤❡ ❛♥❛❧②s✐s r❡s✉❧t ✇❡ ❣❡t ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❛t ♦❢ s❡❛r❝❤ ✭♠❡❛♥
❞✐✛❡r❡♥❝❡ 2.32%✮✱ ✇✐t❤♦✉t ❛❝t✉❛❧❧② r✉♥♥✐♥❣ ❛♥② s❡❛r❝❤✦ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✇❤❛t ❤❛♣♣❡♥s ✐♥ t❤❡ ♦t❤❡r 11 ❞♦♠❛✐♥s❄ ■♥ ❛❧❧ ♦❢ t❤❡s❡✱ ✇✐t❤♦✉t ❡①❝❡♣t✐♦♥✱ t❤❡
s✉❝❝❡ss r❛t❡ ♦❢ s❡❛r❝❤ ✐s ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ ❚♦r❝❤▲✐❣❤t✳ ❚❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣
✕ ✐t ❜❛s✐❝❛❧❧② ♠❡❛♥s t❤❛t ❚♦r❝❤▲✐❣❤t✬s ❛♥❛❧②s✐s ✐s ♥♦t str♦♥❣ ❡♥♦✉❣❤ ❤❡r❡ t♦
r❡❝♦❣♥✐③❡ ❛❧❧ st❛t❡s t❤❛t ❛r❡ ♥♦t ♦♥ ❧♦❝❛❧ ♠✐♥✐♠❛✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t
t❤✐s ✇❡❛❦♥❡ss ✭✇❤✐❝❤ ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ❛♥② ♥♦♥✲s❡❛r❝❤ ❜❛s❡❞ ❛♥❛❧②s✐s t♦ ❤❛✈❡✱
✐♥ s♦♠❡ ❝❛s❡s✮ ❝❛♥ ❛❝t✉❛❧❧② t✉r♥ ✐♥t♦ ❛♥ ✉♥❡①♣❡❝t❡❞ ❛❞✈❛♥t❛❣❡✳ ❈♦♥s✐❞❡r t❤❡
❞♦♠❛✐♥s ✐♥ q✉❡st✐♦♥ ✕ ❇❧♦❝❦s✇♦r❧❞✲❆r♠✱ ❇❧♦❝❦s✇♦r❧❞✲◆♦❆r♠✱ ❉❡♣♦ts✱ ●r✐❞✱
❍❛♥♦✐✱ ▼♣r✐♠❡✱ P✐♣❡s✇♦r❧❞✲❚❛♥❦❛❣❡✱ P✐♣❡s✇♦r❧❞✲◆♦❚❛♥❦❛❣❡✱ P❙❘✱ ❙❝❛♥❛❧②③❡r✱
❛♥❞ ❙♦❦♦❜❛♥✳ ❋r♦♠ t❤❡ 9 ♦❢ t❤❡s❡ ❞♦♠❛✐♥s ✇❤♦s❡ h+ t♦♣♦❧♦❣② ✐s ❦♥♦✇♥✱ 6 ❞♦
❝♦♥t❛✐♥ ❞❡❡♣ ❧♦❝❛❧ ♠✐♥✐♠❛✳ ❚❤❡ ♦t❤❡r 3 ✕ ❇❧♦❝❦s✇♦r❧❞✲◆♦❆r♠✱ ●r✐❞✱ ❍❛♥♦✐ ✕
❛r❡ ❡①❛❝t❧② t❤♦s❡ ✇❤❡r❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛ ✐s ❞✉❡ t♦ ❝♦♠♣❧❡① ❛♥❞✴♦r
✐❞✐♦s②♥❝r❛t✐❝ r❡❛s♦♥s✱ ❛♥❞ t❤❛t ❛r❡ ♥♦t ❛❝t✉❛❧❧② ✏❡❛s②✑ ❢♦r ❋❋ t♦ s♦❧✈❡✳ ❆s ❢♦r
❙❝❛♥❛❧②③❡r ❛♥❞ ❙♦❦♦❜❛♥✱ ❙♦❦♦❜❛♥ ♦❢ ❝♦✉rs❡ ❤❛s ✉♥r❡❝♦❣♥✐③❡❞ ❞❡❛❞✲❡♥❞s ✭✐♥ t❤❡
r❡❧❛①❛t✐♦♥✱ ❜❧♦❝❦s ❝❛♥ ❜❡ ♣✉s❤❡❞ ❛❝r♦ss ❡❛❝❤ ♦t❤❡r✮ ❛♥❞ t❤❡r❡❢♦r❡ ❧♦❝❛❧ ♠✐♥✐♠❛✳
❙✐♠✐❧❛r❧②✱ ✐♥ ❙❝❛♥❛❧②③❡r ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ❛r❜✐tr❛r✐❧② ❞❡❡♣ ❧♦❝❛❧ ♠✐♥✐♠❛✿ ❛♥❛✲
❧②③✐♥❣ ♣❧❛♥ts ♠✐s♣❧❛❝❡s t❤❡♠ ❛s ❛ s✐❞❡ ❡✛❡❝t✱ ❛♥❞ ❜r✐♥❣✐♥❣ t❤❡♠ ❜❛❝❦ t♦ t❤❡✐r
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st❛rt ♣♦s✐t✐♦♥✱ ❛❝r♦ss ❛ ❧❛r❣❡ ❝✐r❝❧❡ ♦❢ ❝♦♥✈❡②♦r ❜❡❧ts✱ ♠❛② t❛❦❡ ❛r❜✐tr❛r✐❧② ♠❛♥②
st❡♣s ✭❛❧t❤♦✉❣❤ t❤✐s ♠❛② ♥♦t ♦❝❝✉r ❛ ❧♦t ✐♥ t❤❡ ■P❈ ✐♥st❛♥❝❡s ❛♥❞ ✐♥ r❡❛❧✐t②✮✳

❲❤❛t ❝❛✉s❡s t❤❡ ❤✐❣❤ s✉❝❝❡ss r❛t❡s ❢♦r ❙❡❛r❝❤✲❙❛♠♣❧❡❄ ❚❤❡ ❛✉t❤♦r✬s ❜❡st
❣✉❡ss ✐s t❤❛t t❤❡ ♣r♦❜❧❡♠ ❧✐❡s ✐♥ ❛♥ ♦❜s❡r✈❛t✐♦♥ ♠❛❞❡✱ ❡✳❣✳✱ ❜② ❍♦✛♠❛♥♥ ❬✷✽❪✿ ✐♥
♠❛♥② ❞♦♠❛✐♥s✱ t❤❡ ❝❤❛♥❝❡ ♦❢ r❛♥❞♦♠❧② ✜♥❞✐♥❣ ❛ st❛t❡ ♦♥ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✐s ❧♦✇✳
❚❤❛t ✐s ✇❤② ❍♦✛♠❛♥♥ ❬✷✽❪ ♠❡❛s✉r❡s ✐♥st❡❛❞ t❤❡ ❢r❛❝t✐♦♥ ♦❢ st❛t❡s ♦♥ ✏✈❛❧❧❡②s✑✱
✐✳❡✳✱ st❛t❡s t❤❛t ❞♦ ♥♦t ❤❛✈❡ ❛ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ♣❛t❤ t♦ ❛ ❣♦❛❧ st❛t❡✳✶✺

■t s❡❡♠s t❤❛t ❙❡❛r❝❤✲❙❛♠♣❧❡ ♠✐st❛❦❡s t♦♦ ♠❛♥② ✈❛❧❧❡② st❛t❡s ❢♦r ✏❣♦♦❞✑ ♦♥❡s✳
◆♦✇✱ ✇❤② ❞♦❡s t❤✐s ♥♦t ❤❛♣♣❡♥ ❛s ♠✉❝❤ t♦ ❚♦r❝❤▲✐❣❤t❄ ❇❡❝❛✉s❡ ✐ts ❛♥❛❧②s✐s
✐s ✏♠♦r❡ ♣✐❝❦②✑ ✕ ✐t t❛❦❡s ❛s ✏❣♦♦❞✑ ♦♥❧② st❛t❡s t❤❛t q✉❛❧✐❢② ❢♦r str✐❝t❡r ❝r✐t❡r✐❛✳
❚❤✐s t❡♥❞s t♦ ♥♦t ❤❛♣♣❡♥ ❛s ♠✉❝❤ ✐♥ t❤❡ ♠♦r❡ ❞✐✣❝✉❧t ❞♦♠❛✐♥s✳ ❖❢ ❝♦✉rs❡✱ ✐t
✇♦✉❧❞ ❜❡ ❡❛s② t♦ ❝♦♥str✉❝t ❡①❛♠♣❧❡s t✉r♥✐♥❣ t❤✐s ✏str❡♥❣t❤✑ ✐♥t♦ ❛ r❡❛❧ ✇❡❛❦♥❡ss
♦❢ ❛♥❛❧②s✐s q✉❛❧✐t②✳ ❚❤✐s ❥✉st ❞♦❡s ♥♦t s❡❡♠ t♦ ❤❛♣♣❡♥ ❛ ❧♦t ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦s✳

✽✳✺ Pr❡❞✐❝t✐♥❣ P❧❛♥♥❡r P❡r❢♦r♠❛♥❝❡

❆s ❛ ❞✐r❡❝t ♠❡❛s✉r❡ ♦❢ t❤❡ ✏♣r❡❞✐❝t✐✈❡ q✉❛❧✐t②✑ ♦❢ ♦✉r ❛♥❛❧②s✐s ❞❛t❛✱ s♣❡❝✐✜❝❛❧❧②
♦❢ t❤❡ s✉❝❝❡ss r❛t❡s ✇❡ ❥✉st ❞✐s❝✉ss❡❞✱ ✇❡ ❝♦♥❞✉❝t❡❞ ❛ ♣r❡❧✐♠✐♥❛r② ❡①♣❡r✐♠❡♥t
❡①❛♠✐♥✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♣r✐♠✐t✐✈❡ ❝❧❛ss✐✜❡rs✳ ❚❤❡ ❝❧❛ss✐✜❡rs ♣r❡❞✐❝t✱ ❣✐✈❡♥ ❛
♣❧❛♥♥✐♥❣ t❛s❦✱ ✇❤❡t❤❡r ❊❍❈✱ ❋❋✱ r❡s♣❡❝t✐✈❡❧② ▲❆▼❆ ✇✐❧❧ s✉❝❝❡❡❞ ✐♥ s♦❧✈✐♥❣
t❤❡ t❛s❦✱ ✇✐t❤✐♥ t❤❡ ❣✐✈❡♥ t✐♠❡ ❛♥❞ ♠❡♠♦r② ❧✐♠✐ts✳ ❚❤❡ ❝❧❛ss✐✜❡rs ❛♥s✇❡r ✏②❡s✑
✐✛ t❤❡ s✉❝❝❡ss r❛t❡ ✐s ≥ ❛ t❤r❡s❤♦❧❞ T ✐♥ 0, 10, . . . , 100✳ ❖❜✈✐♦✉s❧②✱ t♦ ❞♦ t❤✐s✱
✇❡ ♥❡❡❞ R > 1✳ ❲❡ ❝♦♥s✐❞❡r ✐♥ ✇❤❛t ❢♦❧❧♦✇s ♦♥❧② R = 10 ❛♥❞ R = 100 ❜❡❝❛✉s❡✱
❛s s❤♦✇♥ ❛❜♦✈❡✱ R = 1000 ❝❛♥ ❜❡ ❝♦st❧②✳

❋♦r ❊❍❈✱ ❜♦t❤ ❚♦r❝❤▲✐❣❤t ❛♥❞ ❙❡❛r❝❤✲❙❛♠♣❧❡ ❞❡❧✐✈❡r ❢❛✐r❧② ❣♦♦❞✲q✉❛❧✐t②
♣r❡❞✐❝t✐♦♥s✱ ❝♦♥s✐❞❡r✐♥❣ t❤❛t ♥♦ ❛❝t✉❛❧ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ✐s ✐♥✈♦❧✈❡❞✳ ■♥ ♣❛rt✐❝✲
✉❧❛r✱ t❤❡ ♣r❡❞✐❝t✐♦♥ q✉❛❧✐t② ♦❢ ❚♦r❝❤▲✐❣❤t ✐s ❥✉st ❛s ❣♦♦❞ ❛s ✕ ❡✈❡♥ ❜❡tt❡r t❤❛♥
✕ t❤❛t ♦❢ s❡❛r❝❤✳ ❲❤❡t❤❡r ✇❡ ✉s❡ R = 10 ♦r R = 100 ❞♦❡s ♥♦t ♠❛❦❡ ♠✉❝❤ ♦❢
❛ ❞✐✛❡r❡♥❝❡✳ ❊❍❈ s♦❧✈❡s 61.68% ♦❢ t❤❡ ✐♥st❛♥❝❡s✱ s♦ t❤❛t ✐s t❤❡ r❛t❡ ♦❢ ❝♦rr❡❝t
♣r❡❞✐❝t✐♦♥s ❢♦r ❛ tr✐✈✐❛❧ ❜❛s❡❧✐♥❡ ❝❧❛ss✐✜❡r ❛❧✇❛②s ❛♥s✇❡r✐♥❣ ✏②❡s✑✳ ❋♦r R = 10✱
t❤❡ ❜❡st r❛t❡ ♦❢ ❝♦rr❡❝t ♣r❡❞✐❝t✐♦♥s ✐s 72.16% ❢♦r ❚♦r❝❤▲✐❣❤t ✭✇✐t❤ T = 80✮ ❛♥❞
70.37% ❢♦r ❙❡❛r❝❤✲❙❛♠♣❧❡ ✭✇✐t❤ T = 90✮✳ ❋♦r R = 100✱ t❤❡s❡ ♥✉♠❜❡rs ❛r❡
72.02% ✭T = 60✮ ❛♥❞ 71.39% ✭T = 100✮✳ ❉❡❛❞✲❡♥❞ r❛t❡ ✐s ❛ ✈❡r② ❜❛❞ ♣r❡❞✐❝t♦r✳
■t ❤❛s ✐ts ❜❡st r❛t❡ ❛t T = 0✱ ✐✳❡✳✱ ✇❤❡♥ r❡s♦rt✐♥❣ t♦ t❤❡ ❜❛s❡❧✐♥❡ ❝❧❛ss✐✜❡r❀ t❤❡
❜❡st r❛t❡ ♦❜t❛✐♥❡❞ ♦t❤❡r✇✐s❡ ✐s 32.68% ❢♦r T = 10✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡r❡ ❛r❡ ♠❛❥♦r
❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t s❡ts ♦❢ ❞♦♠❛✐♥s✳ ❖♥ ❍♦✛♠❛♥♥✬s ❬✷✾❪ ❞♦♠❛✐♥s
✭✇✐t❤♦✉t ❊❧❡✈❛t♦rs ❛♥❞ ❚r❛♥s♣♦rt✮✱ t❤❡ ❜❡st ♣r❡❞✐❝t✐♦♥ ✐s 76.34% ❝♦rr❡❝t ❢♦r
❚♦r❝❤▲✐❣❤t ✇✐t❤ T = 70✱ ❛♥❞ 74.55% ❝♦rr❡❝t ❢♦r ❙❡❛r❝❤✲❙❛♠♣❧❡ ✇✐t❤ T = 100✱
✈s✳ ❛ ❜❛s❡❧✐♥❡ ♦❢ 65.39%✳ ❖♥ t❤❡ ■P❈ ✷✵✵✻ ❞♦♠❛✐♥s ♦♥❧②✱ t❤❡s❡ ♥✉♠❜❡rs ❛r❡
57.98% ❛♥❞ 61.34% ✈s✳ ❜❛s❡❧✐♥❡ 55.46%✱ ❛♥❞ T = 10 ✐♥ ❜♦t❤ ❝❛s❡s✱ ✐✳❡✳✱ t❤❡
❜❡st ❝❧❛ss✐✜❡r ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❜❛s❡❧✐♥❡✳ ■P❈ ✷✵✵✽✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♣✲
♣❡❛rs t♦ ❜❡ ❡①❝❡♣t✐♦♥❛❧❧② ❣♦♦❞✲♥❛t✉r❡❞✱ t❤❡ ♥✉♠❜❡rs ❜❡✐♥❣ 79.52% ✭T = 60✮
❛♥❞ 82.38% ✭T = 80✮ ✈s✳ ❜❛s❡❧✐♥❡ 51.90%✳ ■t ✐s ♥♦t ❝❧❡❛r t♦ ✉s ✇❤❛t ✐s ❝❛✉s✐♥❣
t❤❡s❡ ♣❤❡♥♦♠❡♥❛✳

■♥ s✉♠♠❛r②✱ ❢♦r ❊❍❈✱ t❤❡ q✉❛❧✐t② ♦❢ ♣r❡❞✐❝t✐♦♥ ✐s ❛❧✇❛②s ❝❧❡❛r❧② ❛❜♦✈❡ t❤❡
❜❛s❡❧✐♥❡✱ ❛r♦✉♥❞ 10% ✇❤❡♥ ❧♦♦❦✐♥❣ ❛t ❛❧❧ ❞♦♠❛✐♥s✱ ❛♥❞ ❡✈❡♥ ✉♣ t♦ 30% ✇❤❡♥
❧♦♦❦✐♥❣ ❛t t❤❡ ■P❈ ✷✵✵✽ ❞♦♠❛✐♥s ♦♥❧②✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ ✉s✐♥❣ st❛t❡✲♦❢✲t❤❡✲
❛rt ❝❧❛ss✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ❜✉t ♦♥❧② s✐♠♣❧❡ ❢❡❛t✉r❡s✱ ❘♦❜❡rts ❛♥❞ ❍♦✇❡ ❬✹✻❪

✶✺❆s ❍♦✛♠❛♥♥ ❬✷✽❪ r❡♣♦rts✱ ✐t ✐s ✈❡r② ❝♦st❧② t♦ ❝♦♠♣✉t❡ ✇❤❡t❤❡r ♦r ♥♦t ❛ st❛t❡ ❧✐❡s ♦♥ ❛
✈❛❧❧❡②✱ s♦ ❢♦r ❛ q✉✐❝❦ s❡❛r❝❤ s♣❛❝❡ ❛♥❛❧②s✐s t❤✐s ✐s ♥♦t ❛♥ ♦♣t✐♦♥✳
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❣❡t 69.47% ❝♦rr❡❝t♥❡ss ✈s✳ ❜❛s❡❧✐♥❡ 74% ✭❢♦r s❛②✐♥❣ ✏♥♦✑✮✱ ♦♥ ✉♥s❡❡♥ t❡st✐♥❣
❞♦♠❛✐♥s ❢♦r ❋❋✳ ❍❛✈✐♥❣ s❛✐❞ t❤❛t✱ ✐❢ s❡tt✐♥❣ T ✐♥ t❤❡ ❛❜♦✈❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡
t❤❡ ✏❧❡❛r♥✐♥❣✑✱ t❤❡♥ t❤❡ ❛❜♦✈❡ ❞♦❡s ♥♦t ❛❝t✉❛❧❧② ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❧❡❛r♥✐♥❣
❞❛t❛ ❛♥❞ t❡st✐♥❣ ❞❛t❛✳ ❘♦❜❡rts ❛♥❞ ❍♦✇❡✬s ✉♥s❡❡♥ t❡st✐♥❣ ❞♦♠❛✐♥s ❛r❡ t❤♦s❡ ♦❢
■P❈ ✷✵✵✻ ✭✐♥ ❛ ❞✐✛❡r❡♥t s❡tt✐♥❣ t❤❛♥ ♦✉rs ✐♥❝❧✉❞✐♥❣ ❛❧s♦ ❛❧❧ ❆❉▲ t❡st s✉✐ts✮✳ ■❢
✇❡ s❡t T ♦♥ ♦♥❧② ❍♦✛♠❛♥♥✬s ❬✷✾❪ ❞♦♠❛✐♥s✱ ✇❡ ❣❡t t❤❡ ❜❡st ♣r❡❞✐❝t✐♦♥ ❛t T = 70
❢♦r ❚♦r❝❤▲✐❣❤t ❛♥❞ T = 100 ❢♦r ❙❡❛r❝❤✲❙❛♠♣❧❡✳ ❲✐t❤ t❤✐s s❡tt✐♥❣ ♦❢ T ✱ t❤❡
♣r❡❞✐❝t✐♦♥ ❝♦rr❡❝t♥❡ss ♦♥ ♦✉r ■P❈ ✷✵✵✻ s✉✐t ✐s 29.41% r❡s♣❡❝t✐✈❡❧② 51.26% ♦♥❧②✱
✈s✳ t❤❡ ❜❛s❡❧✐♥❡ 55.46%✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤✐s s❡❡♠s t♦ ♣❡rt❛✐♥ ♦♥❧② t♦ ■P❈
✷✵✵✻ s♣❡❝✐✜❝❛❧❧②✳ ❋♦r ■P❈ ✷✵✵✽✱ T = 70 r❡s♣❡❝t✐✈❡❧② T = 100 ❛r❡ ❢❛✐r❧② ❣♦♦❞
s❡tt✐♥❣s✱ ❣✐✈✐♥❣ 76.67% r❡s♣❡❝t✐✈❡❧② 76.19% ❝♦rr❡❝t♥❡ss ✈s✳ t❤❡ ❜❛s❡❧✐♥❡ 51.90%✳

◆♦✇✱ ❘♦❜❡rts ❛♥❞ ❍♦✇❡ ❛r❡ ♥♦t ♣r❡❞✐❝t✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❊❍❈ ❜✉t
t❤❛t ♦❢ ❋❋✱ ✇❤✐❝❤ ✐s ❛ ♠♦r❡ ❝♦♠♣❧❡① ❛❧❣♦r✐t❤♠✳ ❋♦r ❋❋ ❛♥❞ ▲❆▼❆✱ t❤❡ ♣r❡✲
❞✐❝t✐♦♥ q✉❛❧✐t② ♦❢ ❜♦t❤ ❚♦r❝❤▲✐❣❤t ❛♥❞ ❙❡❛r❝❤✲❙❛♠♣❧❡ ✐s r❛t❤❡r ❜❧❡❛❦✱ ✉s✐♥❣ t❤❡
❞❡s❝r✐❜❡❞ ♣r✐♠✐t✐✈❡ ❝❧❛ss✐✜❡rs✳ ■♥ ❛❧❧ ❝❛s❡s✱ t❤❡ ❜❡st ♣r❡❞✐❝t✐♦♥ ❝♦rr❡❝t♥❡ss ✐s
♦❜t❛✐♥❡❞ ✇❤❡♥ r❡s♦rt✐♥❣ t♦ t❤❡ ❜❛s❡❧✐♥❡ ❝❧❛ss✐✜❡r✳ ❚❤❡ ❜❡st t❤❛t ❝❛♥ ❜❡ s❛✐❞
✐s t❤❛t s✉❝❝❡ss r❛t❡ st✐❧❧ ♣r❡❞✐❝ts ♠✉❝❤ ❜❡tt❡r t❤❛♥ ❞❡❛❞✲❡♥❞ r❛t❡✳ ❚♦ ❣✐✈❡
s♦♠❡ ❡①❛♠♣❧❡ ❞❛t❛✱ ✇✐t❤ R = 10 ❛❝r♦ss ❛❧❧ ❞♦♠❛✐♥s ❢♦r ❋❋✱ t❤❡ ❜❛s❡❧✐♥❡ ✐s
86.03% ❝♦rr❡❝t✳ ❲✐t❤ T = 10✱ t❤✐s ❣♦❡s ❞♦✇♥ t♦ 78.87% ❢♦r ❚♦r❝❤▲✐❣❤t✱ 80.66%
❢♦r ❙❡❛r❝❤✲❙❛♠♣❧❡✱ ❛♥❞ 33.57% ❢♦r ❞❡❛❞✲❡♥❞ r❛t❡✳ ❋♦r ▲❆▼❆✱ t❤❡ ❜❛s❡❧✐♥❡ ✐s
92.48% ❝♦rr❡❝t✱ ❛♥❞ ✇✐t❤ T = 10 t❤✐s ❣♦❡s ❞♦✇♥ t♦ 82.63% ❢♦r ❚♦r❝❤▲✐❣❤t✱
84.96% ❢♦r ❙❡❛r❝❤✲❙❛♠♣❧❡✱ ❛♥❞ 29.81% ❢♦r ❞❡❛❞✲❡♥❞ r❛t❡✳ ❋♦r ❜♦t❤ ❋❋ ❛♥❞
▲❆▼❆✱ ✇✐t❤ ❣r♦✇✐♥❣ T t❤❡ ♣r❡❞✐❝t✐♦♥ q✉❛❧✐t② ❞❡❝r❡❛s❡s ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥ ❛❧❧
❝❛s❡s✳ ■t ✐s ♥♦t ❝❧❡❛r t♦ ✉s ✇❤❛t ❝❛✉s❡s t❤✐s ❜❡❤❛✈✐♦r✱ ❛♥❞ ✇❤② t❤❡ ❞✐✛❡r❡♥❝❡ t♦
❊❍❈ ✕ ✇❤✐❝❤ ❛❢t❡r ❛❧❧ ❝♦♥st✐t✉t❡s t❤❡ ♠♦st ❡ss❡♥t✐❛❧ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ♦❢ ❋❋ ✕ ✐s
s♦ ❧❛r❣❡✳ ❈❡rt❛✐♥❧②✱ ♦✉r r❡s✉❧ts ✇✐t❤ ❊❍❈ ❛r❡ ✈❡r② ❡♥❝♦✉r❛❣✐♥❣✳ ❍♦✇❡✈❡r✱ ✉s✐♥❣
s✉❝❝❡ss r❛t❡ ❛s ❛ ❢❡❛t✉r❡ ❢♦r ♣r❡❞✐❝t✐♥❣ ♣❧❛♥♥❡r ♣❡r❢♦r♠❛♥❝❡ ♣r❡s✉♠❛❜❧② r❡q✉✐r❡s
❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ♦t❤❡r ❢❡❛t✉r❡s✱ ❛♥❞ ❛❝t✉❛❧ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ t❡❝❤♥✐q✉❡s✳ ❚❤✐s
✐s ❛ t♦♣✐❝ ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳

✽✳✻ ❉✐❛❣♥♦s✐s

❚♦ ❝❧♦s❡ ♦✉r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ❧❡t ✉s s❛② ❛ ❢❡✇ ✇♦r❞s ♦♥ ❚♦r❝❤✲
▲✐❣❤t✬s ❞✐❛❣♥♦s✐s ❢❛❝✐❧✐t②✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤✐s ❢❛❝✐❧✐t② ✐s t♦ s✉♠♠❛r✐③❡ t❤❡
r❡❛s♦♥s ❢♦r ❛♥❛❧②s✐s ❢❛✐❧✉r❡✳ ❙✐♥❝❡ ✇❡ t❡st s✉✣❝✐❡♥t ❝r✐t❡r✐❛ ❢♦r t❤❡ ❛❜s❡♥❝❡ ♦❢
❧♦❝❛❧ ♠✐♥✐♠❛✱ s✉❝❤ ❞✐❛❣♥♦s✐s ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ t♦ ✐❞❡♥t✐❢② ❞♦♠❛✐♥ ❢❡❛t✉r❡s ❝❛✉s✲
✐♥❣ t❤❡✐r ♣r❡s❡♥❝❡✳ ❙t✐❧❧✱ ❛t ❧❡❛st ❢♦r ❛♥❛❧②s✐s ✉s✐♥❣ ❚❤❡♦r❡♠ ✷✱ t❤❡ ❞✐❛❣♥♦s✐s ❝❛♥
❜❡ q✉✐t❡ ❛❝❝✉r❛t❡✳

❚❤❡ ❝✉rr❡♥t ❞✐❛❣♥♦s✐s ❢❛❝✐❧✐t② ✐s ♠❡r❡❧② ❛ ✜rst✲s❤♦t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❜❛s❡❞
♦♥ r❡♣♦rt✐♥❣ ❛❧❧ ♣❛✐rs ♦❢ ✭✈❛r✐❛❜❧❡ x✱ ♦♣❡r❛t♦r o0✮ t❤❛t ❝❛✉s❡❞ ♣r♦❜❧❡♠s ✇❤❡♥
t❡st✐♥❣ ✇❤❡t❤❡r ❛♥ oDG+ ❢♦r o0 ✐s s✉❝❝❡ss❢✉❧✳ ❚❤❛t ✐s✱ ✇❡ r❡♣♦rt t❤❡ ♣❛✐r (x, o0)
✐❢ o0 ❤❛s ❛♥ ❡✛❡❝t ♦♥ x✱ ❛♥❞ ❛ ❝♦♥t❡①t ❢❛❝t (x, c) ♦❢ t❤❡ tr❛♥s✐t✐♦♥ t0 t❛❦❡♥ ❜②
o0 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ R+

1 ∩ C0 ∩ F0✱ ❛♥❞ ✐s ♥♦t r❡❝♦✈❡r❛❜❧❡ ❜② ❛ s✉❜✲s❡q✉❡♥❝❡ ♦❢
P+
>0(s)✳ ■♥ ❜r✐❡❢✱ ✇❡ r❡❝♦r❞ (x, o0) ✐❢ o0 ❤❛s ❛ ❤❛r♠❢✉❧ ❡✛❡❝t ♦♥ x✳ ❲❡ ❛❧s♦

♣❡r❢♦r♠ ❛ t❡st ✇❤❡t❤❡r t❤❡ ✏♠❛✐♥✑ ❡✛❡❝t ♦❢ o0✱ ✐✳❡✳✱ t❤❛t ♦♥ x0✱ ✐s ✐♥✈❡rt✐❜❧❡❀ ✐♥
t❤✐s ❝❛s❡ ✇❡ ❞♦ ♥♦t r❡❝♦r❞ x0 s✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ❛♣♣❡❛r t♦ ❜❡ t❤❡ s✐❞❡ ❡✛❡❝ts✳ ❚♦
❛✈♦✐❞ r❡❞✉♥❞❛♥❝✐❡s ✐♥ t❤❡ r❡♣♦rt✐♥❣✱ ✇❡ r❡❝♦r❞ ♥♦t t❤❡ ❣r♦✉♥❞❡❞ ♦♣❡r❛t♦r o0 ❜✉t
♦♥❧② t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❛❝t✐♦♥ s❝❤❡♠❛ ✭✏❧♦❛❞✑ ✐♥st❡❛❞ ♦❢ ✏❧♦❛❞✭♣❛❝❦❛❣❡✶ tr✉❝❦✼✮✑✮✳
❙✐♠✐❧❛r❧②✱ ❛s ❛♥ ♦♣t✐♦♥ ✇❡ r❡❝♦r❞ ♥♦t x ❜✉t t❤❡ ♥❛♠❡ ♦❢ t❤❡ ♣r❡❞✐❝❛t❡ ✉♥❞❡r❧②✐♥❣
t❤❡ ❢❛❝t (x, c)✳ ■♥ t❤❡ ❧❛tt❡r ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ❞✐❛❣♥♦s✐s ❝♦♠❡s ✐♥ t❤❡ ❢♦r♠ ♦❢

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✸✷

✏♦♣❡r❛t♦r✲♥❛♠❡✱ ♣r❡❞✐❝❛t❡✲♥❛♠❡✑✱ ✇❤✐❝❤ ❤❛s ❛ ❞✐r❡❝t ♠❛t❝❤ ✇✐t❤ t❤❡ ❤✐❣❤✲❧❡✈❡❧
P❉❉▲ ✐♥♣✉t ✜❧❡s✳ ❚♦ ❤❛✈❡ s♦♠❡ ♠❡❛s✉r❡ ♦❢ ✇❤✐❝❤ ♣❛rts ♦❢ t❤❡ ❞✐❛❣♥♦s✐s ❛r❡
✏♠♦r❡ ✐♠♣♦rt❛♥t✑✱ ✇❡ ❛ss♦❝✐❛t❡ ❡❛❝❤ ♣❛✐r ✇✐t❤ ❛ ❝♦✉♥t ♦❢ ♦❝❝✉rr❡♥❝❡s✱ ❛♥❞ ✇❡✐❣❤t
t❤❡ ♣❛✐rs ❜② ❢r❡q✉❡♥❝②✳

■♥ ❩❡♥♦tr❛✈❡❧✱ t❤❡ ❞✐❛❣♥♦s✐s ♦✉t♣✉t ❛❧✇❛②s ❤❛s t❤❡ ❢♦r♠ ✏❢✉❡❧✲❧❡✈❡❧✱ ✢②✑ ❛♥❞
✏❢✉❡❧✲❧❡✈❡❧✱ ③♦♦♠✑✱ ✐♥❞✐❝❛t✐♥❣ ❝♦rr❡❝t❧② t❤❛t ✐t✬s t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✇❤✐❝❤ ✐s
❝❛✉s✐♥❣ t❤❡ ❧♦❝❛❧ ♠✐♥✐♠❛✳ ■♥ ▼♣r✐♠❡ ❛♥❞ ▼②st❡r②✱ t❤❡ ❝❛✉s❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛ ✐s
t❤❡ s❛♠❡✱ ❤♦✇❡✈❡r t❤❡ ❞✐❛❣♥♦s✐s ✐s ♥♦t ❛s r❡❧✐❛❜❧❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ s♣❡❝✐✜❝ str✉❝t✉r❡
♦❢ t❤❡ ❞♦♠❛✐♥✱ ❛ss♦❝✐❛t✐♥❣ ❢✉❡❧ ✇✐t❤ ❧♦❝❛t✐♦♥s ✐♥st❡❛❞ ♦❢ ✈❡❤✐❝❧❡s✳ ❚❤✐s s♦♠❡t✐♠❡s
❝❛✉s❡s t❤❡ ❞✐❛❣♥♦s✐s t♦ ❝♦♥❝❧✉❞❡ t❤❛t ✐t ✐s t❤❡ ❡✛❡❝t ❝❤❛♥❣✐♥❣ ❧♦❝❛t✐♦♥s ✇❤✐❝❤ ✐s
❝❛✉s✐♥❣ t❤❡ tr♦✉❜❧❡✳ ❈♦♥❝r❡t❡❧②✱ ✇✐t❤ R = 1000 ✐♥ ▼②st❡r② ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✐s
t❤❡ t♦♣✲✇❡✐❣❤t❡❞ ❞✐❛❣♥♦s✐s ✐♥ 17 ♦✉t ♦❢ t❤❡ 28 t❛s❦s❀ ✐♥ ▼♣r✐♠❡✱ t❤✐s ❤❛♣♣❡♥s ✐♥
30 ♦✉t ♦❢ t❤❡ 35 t❛s❦s✳ ■♥ ❙❛t❡❧❧✐t❡ ❛♥❞ ❘♦✈❡rs✱ t❤❡ ❞✐❛❣♥♦s✐s ❛❧✇❛②s t❛❦❡s t❤❡
❢♦r♠ ✏❝❛❧✐❜r❛t❡❞✱ s✇✐t❝❤✲♦♥✑ r❡s♣❡❝t✐✈❡❧② ✏❝❛❧✐❜r❛t❡❞✱ t❛❦❡✲✐♠❛❣❡✑✱ t❤✉s r❡♣♦rt✐♥❣
t❤❡ ♣r♦❜❧❡♠ t♦ ❜❡ t❤❛t s✇✐t❝❤✐♥❣ ♦♥ ❛♥ ✐♥str✉♠❡♥t✱ r❡s♣❡❝t✐✈❡❧② t❛❦✐♥❣ ❛♥ ✐♠❛❣❡✱
❞❡❧❡t❡s ❝❛❧✐❜r❛t✐♦♥✳ ❚❤✐s ✐s ♣r❡❝✐s❡❧② t❤❡ ♦♥❧② r❡❛s♦♥ ✇❤② ❧♦❝❛❧ ♠✐♥✐♠❛ ❡①✐st
❤❡r❡✳✶✻ ■♥ ❚②r❡✇♦r❧❞✱ ♠♦st ♦❢t❡♥ t❤❡ ❞✐❛❣♥♦s✐s r❡♣♦rts t❤❡ ♣r♦❜❧❡♠ t♦ ❜❡ t❤❛t
❥❛❝❦✐♥❣ ✉♣ ❛ ❤✉❜ r❡s✉❧ts ✐♥ ♥♦ ❧♦♥❣❡r ❤❛✈✐♥❣ t❤❡ ❥❛❝❦ ✭✇❤✐❝❤ ✐s ♥❡❡❞❡❞ ❡❧s❡✇❤❡r❡✱
t♦♦✮✳ ❲❤✐❧❡ t❤✐s ❞♦❡s ♥♦t ❛❝t✉❛❧❧② ❝❛✉s❡ ❧♦❝❛❧ ♠✐♥✐♠❛ ✭t❤❡r❡ ❛r❡ ♥♦♥❡✮✱ ✐t ✐♥❞❡❡❞
❛♣♣❡❛rs t♦ ❜❡ ❛ ❝r✉❝✐❛❧ ❛s♣❡❝t ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❙✐♠✐❧❛r❧②✱ ✐♥ ●r✐❞ t❤❡ ♠♦st ❢r❡q✉❡♥t
❞✐❛❣♥♦s✐s ✐s t❤❛t ♣✐❝❦✐♥❣ ✉♣ ❛ ❦❡② r❡s✉❧ts ✐♥ t❤❡ ❛r♠ ♥♦ ❧♦♥❣❡r ❜❡✐♥❣ ❡♠♣t② ✕
❛❣❛✐♥✱ ♥♦t ❛❝t✉❛❧❧② ❛ ❝❛✉s❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛✱ ❜✉t ❛ ❝r✐t✐❝❛❧ r❡s♦✉r❝❡ ✐♥ t❤❡ ❞♦♠❛✐♥✳
■♥ ❇❧♦❝❦s✇♦r❧❞✲❆r♠✱ t❤❡ ❞♦♠✐♥❛♥t ❞✐❛❣♥♦s❡s ❛r❡ t❤❛t ❛ ❜❧♦❝❦ ✐s ♥♦ ❧♦♥❣❡r ❝❧❡❛r
✐❢ ✇❡ st❛❝❦ s♦♠❡t❤✐♥❣ ♦♥ t♦♣ ♦❢ ✐t✱ ❛♥❞ t❤❛t t❤❡ ❤❛♥❞ ✐s ♥♦ ❧♦♥❣❡r ❡♠♣t② ✇❤❡♥
♣✐❝❦✐♥❣ ✉♣ ❛ ❜❧♦❝❦✳ ❙✐♠✐❧❛r❧②✱ ✐♥ ❋r❡❡❝❡❧❧✱ t❤❡ ❞♦♠✐♥❛♥t ❞✐❛❣♥♦s❡s ❛r❡ ✏❝❡❧❧s♣❛❝❡✱
s❡♥❞✲t♦✲❢r❡❡✑ ❛♥❞ ✏❝♦❧s♣❛❝❡✱ s❡♥❞✲t♦✲♥❡✇✲❝♦❧✑✳

❖♥❡ ❝♦✉❧❞ ♠❛❦❡ t❤❡ ❛❜♦✈❡ ❧✐st ♠✉❝❤ ❧♦♥❣❡r✱ ❤♦✇❡✈❡r ✐t s❡❡♠s ❝❧❡❛r ❛❧r❡❛❞②
t❤❛t t❤✐s ❞✐❛❣♥♦s✐s ❢❛❝✐❧✐t②✱ ❛❧t❤♦✉❣❤ ❛s ②❡t ♣r✐♠✐t✐✈❡✱ ❤❛s t❤❡ ♣♦t❡♥t✐❛❧ t♦ ✐❞❡♥t✐❢②
✐♥t❡r❡st✐♥❣ ❛s♣❡❝ts ♦❢ t❤❡ ❞♦♠❛✐♥✳ ◆♦t❡ t❤❛t ✇❡ ❛r❡ ♠❛❦✐♥❣ ✉s❡ ♦❢ ♦♥❧② ♦♥❡ ♦❢ t❤❡
✐♥❢♦r♠❛t✐♦♥ s♦✉r❝❡s ✐♥ ❚♦r❝❤▲✐❣❤t✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ♦t❤❡r t❤✐♥❣s t♦ ❜❡ r❡❝♦r❞❡❞✱
♣❡rt❛✐♥✐♥❣ t♦ ♦t❤❡r r❡❛s♦♥s ❢♦r ❛♥❛❧②s✐s ❢❛✐❧✉r❡✱ ❧✐❦❡ s✉♣♣♦rt ❣r❛♣❤ ❝②❝❧❡s ❡t❝✱
❛♥❞ ❛❧s♦ t♦ r❡❛s♦♥s ❢♦r ❛♥❛❧②s✐s s✉❝❝❡ss✱ ❧✐❦❡ s✉❝❝❡ss❢✉❧ gDGs ❛♥❞ x0, o0 ♣❛✐rs
②✐❡❧❞✐♥❣ s✉❝❝❡ss❢✉❧ oDG+s✳ ■t ❛♣♣❡❛rs ♣r♦♠✐s✐♥❣ t♦ tr② t♦ ✐♠♣r♦✈❡ ❞✐❛❣♥♦s✐s
❜② ❝♦♠❜✐♥✐♥❣ s♦♠❡ ♦❢ t❤❡s❡ ✐♥❢♦r♠❛t✐♦♥ s♦✉r❝❡s✳ ❆ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ♦t❤❡r
❞♦♠❛✐♥ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡s✱ ❧✐❦❡ ❧❛♥❞♠❛r❦s ♦r ✐♥✈❛r✐❛♥ts ❡①tr❛❝t✐♦♥✱ ❝♦✉❧❞ ❛❧s♦
❜❡ ✉s❡❢✉❧✳✶✼ ❲❡ ❧❡❛✈❡ t❤✐s ♦♣❡♥ ❢♦r ❢✉t✉r❡ ✇♦r❦✳

✶✻❲❡ r❡♠❛r❦ t❤❛t✱ s✐♥❝❡ ❛♥❛❧②s✐s ❢❛✐❧✉r❡ ✐s r❛r❡ ✐♥ t❤❡s❡ t✇♦ ❞♦♠❛✐♥s✱ ♦❢t❡♥ ❞✐❛❣♥♦s✐s ❞♦❡s
♥♦t ❣✐✈❡ ❛♥② ♦✉t♣✉t ❛t ❛❧❧✳ ❲✐t❤ R = 1000✱ t❤❡ ♦✉t♣✉t ✐s ♥♦♥✲❡♠♣t② ✐♥ 10 ✐♥st❛♥❝❡s ♦❢ ❙❛t❡❧❧✐t❡
❛♥❞ ✐♥ 8 ✐♥st❛♥❝❡s ♦❢ ❘♦✈❡rs✳ ❋♦r R = 100 t❤✐s r❡❞✉❝❡s t♦ 4 ✐♥st❛♥❝❡s ✐♥ ❙❛t❡❧❧✐t❡✱ ❛♥❞ ♥♦t ❛
s✐♥❣❧❡ ♦♥❡ ✐♥ ❘♦✈❡rs✳

✶✼■♥ t❤✐s ❝♦♥t❡①t ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ❋❛st✲❉♦✇♥✇❛r❞✬s tr❛♥s❧❛t♦r ✐s ♥♦t ❛❧✇❛②s ♣❡r❢❡❝t
✐♥ ❞❡t❡❝t✐♥❣ t❤❡ ♠✉❧t✐✲✈❛❧✉❡❞ ✈❛r✐❛❜❧❡s ✉♥❞❡r❧②✐♥❣ ❜❡♥❝❤♠❛r❦s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❙❛t❡❧❧✐t❡ ✐t
♦❢t❡♥ ❞♦❡s ♥♦t ❞❡t❡❝t t❤❛t ❡❧❡❝tr✐❝✐t② ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ ❡①❛❝t❧② ♦♥❡ ♦❢ t❤❡ ✐♥str✉♠❡♥ts ♠♦✉♥t❡❞
♦♥ ❛ s❛t❡❧❧✐t❡✳ ❚❤✐s ❝❛♥ ❧❡❛❞ t♦ ♣♦✐♥t❧❡ss ❞✐❛❣♥♦s✐s ♦✉t♣✉t✱ ✇❤✐❝❤ ❢♦r ♥♦✇ ✇❡ ❤❛♥❞❧❡ ✉s✐♥❣
❛ s✐♠♣❧❡ ♥♦t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡s ✏❡①❝❤❛♥❣❡❞✑ ❜② ❡✈❡r② ♦♣❡r❛t♦r✳ ❋♦r ❞♦✐♥❣ t❤✐♥❣s ❧✐❦❡ t❤✐s ✐♥ ❛
♠♦r❡ ♣r✐♥❝✐♣❧❡❞ ♠❛♥♥❡r✱ ❢✉rt❤❡r ✐♥✈❛r✐❛♥ts ❛♥❛❧②s✐s ❝♦✉❧❞ ❜❡ ✉s❡❢✉❧✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✸✸

✾ ❘❡❧❛t❡❞ ❲♦r❦

❆s st❛t❡❞✱ t❤❡r❡ ❡①✐sts ♥♦ ♣r✐♦r ✇♦r❦ ❛t ❛❧❧ ✕ ♦t❤❡r t❤❛♥ t❤❡ ❛❧r❡❛❞② ❞❡s❝r✐❜❡❞
✇♦r❦ ❜② ❍♦✛♠❛♥♥ ❬✷✾❪ ✕ tr②✐♥❣ t♦ ❛✉t♦♠❛t✐❝❛❧❧② ✐♥❢❡r ♣r♦♣❡rt✐❡s ♦❢ ❛ ❤❡✉r✐st✐❝
❢✉♥❝t✐♦♥✳ ❚❤✉s ♦✉r ✇♦r❦ ❞♦❡s ♥♦t r❡❧❛t❡ str♦♥❣❧② t♦ ♦t❤❡r ❞♦♠❛✐♥ ❛♥❛❧②s✐s t❡❝❤✲
♥✐q✉❡s✳ ❚❤❡ ❝❧♦s❡st r❡❧❛t✐♦♥ ✐s ✇✐t❤ ♦t❤❡r t❡❝❤♥✐q✉❡s r❡❧②✐♥❣ ♦♥ ❝❛✉s❛❧ ❣r❛♣❤s✳ ■♥
✇❤❛t ❢♦❧❧♦✇s ✇❡ ❞✐s❝✉ss ✐♥ s♦♠❡ ❞❡t❛✐❧ ✇❤❛t t❤❡ ❝♦♠♠♦♥❛❧✐t✐❡s ❛♥❞ ❞✐✛❡r❡♥❝❡s
❛r❡✱ ❞✐s❝✉ss✐♥❣ ❛❧s♦ s♦♠❡ ♦t❤❡r ❝♦♥♥❡❝t✐♦♥s ❛r✐s✐♥❣ ✐♥ t❤❛t ❝♦♥t❡①t✳

■❢ ❧♦❝❛❧ ❛♥❛❧②s✐s s✉❝❝❡❡❞s✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ♣❛t❤ t♦ t❤❡ ❜❡tt❡r st❛t❡
✭t♦ t❤❡ s✉♣♣♦s❡❞❧② ❜❡tt❡r st❛t❡✱ ✐♥ ❝❛s❡ t❤❡ ❛♥❛❧②s✐s ✐s ❛♣♣r♦①✐♠❛t❡✮✳ ■♥ t❤✐s✱ ♦✉r
✇♦r❦ r❡❧❛t❡s t♦ ✇♦r❦ ♦♥ ♠❛❝r♦✲❛❝t✐♦♥s ✭❡✳❣✳✱ ❬✺✱ ✹✼❪✮✳ ■ts ❞✐st✐♥❣✉✐s❤✐♥❣ ❢❡❛t✉r❡
✐s t❤❛t t❤✐s ♠❛❝r♦✲❛❝t✐♦♥ ✐s ✭✇♦✉❧❞ ❜❡✮ ❝♦♥str✉❝t❡❞ ✐♥ ❛ ✈❡r② t❛r❣❡t❡❞ ❛♥❞ ❛♥❛✲
❧②t✐❝❛❧ ✇❛②✱ ❡✈❡♥ ❣✐✈✐♥❣ ❛ ❣✉❛r❛♥t❡❡✱ ✐♥ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ❝❛s❡✱ t♦ ♠❛❦❡ ♣r♦❣r❡ss
t♦✇❛r❞s t❤❡ ❣♦❛❧✳ ❚❤❡ ♠❛❝❤✐♥❡r② ❜❡❤✐♥❞ t❤❡ ❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥ ❝❛✉s❛❧ ❣r❛♣❤s✱
❛♥❞ s❤❛r❡s s♦♠❡ s✐♠✐❧❛r✐t✐❡s ✇✐t❤ ❦♥♦✇♥ ❝❛✉s❛❧✲❣r❛♣❤ ❜❛s❡❞ ❡①❡❝✉t✐♦♥ ♣❛t❤ ❣❡♥✲
❡r❛t✐♦♥ ♠❡t❤♦❞s ✭❡✳❣✳✱ ❬✸✸✱ ✹✽✱ ✻❪✮✳ ❚❤❡ ❞✐st✐♥❣✉✐s❤✐♥❣ ❢❡❛t✉r❡ ❤❡r❡ ✐s t❤❛t ✇❡
❢♦❝✉s ♦♥ h+ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s r❛t❤❡r t❤❛♥ t❤❡ ✇❤♦❧❡ t❛s❦✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦
❝♦♥s✐❞❡r s♠❛❧❧ ❢r❛❣♠❡♥ts ♦❢ ♦t❤❡r✇✐s❡ ❛r❜✐tr❛r✐❧② ❝♦♠♣❧❡① ♣❧❛♥♥✐♥❣ t❛s❦s ✕ ✇❡
❧♦♦❦ ❛t oDG+ ✐♥st❡❛❞ ♦❢ SG✳ ◆♦t❡ t❤❛t t❤✐s ❛❜✐❧✐t② ✐s q✉✐t❡ ♣♦✇❡r❢✉❧ ❛s ❢❛r ❛s
❛♣♣❧✐❝❛❜✐❧✐t② ❣♦❡s✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✽✱ t❤❡ s✉❝❝❡ss r❛t❡ ♦❢ ✭❧♦❝❛❧✮ ❛♣✲
♣r♦①✐♠❛t❡ ❛♥❛❧②s✐s ✕ ❛♥❞ t❤❡r❡✇✐t❤ t❤❡ ❢r❛❝t✐♦♥ ♦❢ st❛t❡s ❢♦r ✇❤✐❝❤ ✇❡ ✇♦✉❧❞ ❜❡
❛❜❧❡ t♦ ❣❡♥❡r❛t❡ ❛ ♠❛❝r♦✲❛❝t✐♦♥ ✕ ✐s ♥♦♥✲③❡r♦ ✐♥ ❛❧♠♦st ❛❧❧ ❜❡♥❝❤♠❛r❦ ❞♦♠❛✐♥s✳
❖❢ ❝♦✉rs❡✱ t❤✐s ❜r♦❛❞ ❛♣♣❧✐❝❛❜✐❧✐t② ❝♦♠❡s ✇✐t❤ ❛ ♣r✐③❡✳ ❲❤✐❧❡ tr❛❞✐t✐♦♥❛❧ ❝❛✉s❛❧
❣r❛♣❤ ♠❡t❤♦❞s ❣✉❛r❛♥t❡❡ t♦ r❡❛❝❤ t❤❡ ❣♦❛❧✱ ✐♥ t❤❡ ✇♦rst ❝❛s❡ t❤❡ ♠❛❝r♦✲❛❝t✐♦♥s
♠❛② ♦♥❧② ❧❡❛❞ ✐♥t♦ h+ ❧♦❝❛❧ ♠✐♥✐♠❛✳ ❙t✐❧❧✱ ✐t ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❧♦♦❦ ✐♥t♦
✇❤❡t❤❡r ♦t❤❡r✱ tr❛❞✐t✐♦♥❛❧✱ ❝❛✉s❛❧✲❣r❛♣❤ ❜❛s❡❞ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✏❧♦❝❛❧✐③❡❞✑ ✐♥
t❤✐s ♦r ❛ s✐♠✐❧❛r ♠❛♥♥❡r ❛s ✇❡❧❧✳

●❧♦❜❛❧ ❛♥❛❧②s✐s✱ ✇❤❡r❡ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ✇❤♦❧❡ ♣❧❛♥♥✐♥❣ t❛s❦ ❛♥❞ t❤✉s t❤❡
✇❤♦❧❡ ❝❛✉s❛❧ ❣r❛♣❤✱ ✐s ❡✈❡♥ ♠♦r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ r❡s❡❛r❝❤ ♦♥ ❝❛✉s❛❧ ❣r❛♣❤s
❜❛s❡❞ tr❛❝t❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ❚❤❡ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ tr❛❝t❛❜✐❧✐t② ❛♥❛❧②s✐s
❛♥❞ h+ t♦♣♦❧♦❣② ❛♥❛❧②s✐s✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ✐s t❤❛t tr❛❝t❛❜✐❧✐t② ❛♥❞ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧
♠✐♥✐♠❛ ❛r❡ ♦rt❤♦❣♦♥❛❧ ♣r♦♣❡rt✐❡s ✕ ✐♥ ❣❡♥❡r❛❧✱ ♥❡✐t❤❡r ♦♥❡ ✐♠♣❧✐❡s t❤❡ ♦t❤❡r✳
◆♦✇✱ ❛s ✇❡ ♣♦✐♥t❡❞ ♦✉t ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✻✱ ♦✉r ❣❧♦❜❛❧ ❛♥❛❧②s✐s ❞♦❡s ✐♠♣❧②
tr❛❝t❛❜✐❧✐t② ✭♦❢ ♣❧❛♥ ❡①✐st❡♥❝❡✮✳ ❱✐❝❡ ✈❡rs❛✱ ❞♦ t❤❡ r❡str✐❝t✐♦♥s ♠❛❞❡ ✐♥ ❦♥♦✇♥
tr❛❝t❛❜❧❡ ❝❧❛ss❡s ✐♠♣❧② t❤❡ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛❄

■♥ ♠❛♥② ❝❛s❡s✱ ✇❡ ❝❛♥ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥ ✇✐t❤ ❛ ❞❡✜♥✐t❡ ✏♥♦✑❀ s♦♠❡ ✐♥t❡r✲
❡st✐♥❣ q✉❡st✐♦♥s ❛r❡ ♦♣❡♥❀ ✐♥ ❛ s✐♥❣❧❡ ❝❛s❡ ✕ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦✉r ❜❛s✐❝ r❡s✉❧t ✕
t❤❡ ❛♥s✇❡r ✐s ✏②❡s✑✳ ❊①❛♠♣❧❡ ✸ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹ s❤♦✇s t❤❛t ♦♥❡ ❝❛♥ ❝♦♥str✉❝t
❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✇✐t❤ ❥✉st 2 ✈❛r✐❛❜❧❡s ♦❢ ❞♦♠❛✐♥ s✐③❡ 3✱ 1✲❛r❝ SG✱ ✉♥❛r② ♦♣❡r❛✲
t♦rs✱ ❛♥❞ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❉❚●s ✇✐t❤ ❛ s✐♥❣❧❡ ♥♦♥✲✐♥✈❡rt✐❜❧❡ tr❛♥s✐t✐♦♥✳ ❚❤✐s
❡①❛♠♣❧❡ ✭❛♥❞ ✈❛r✐♦✉s s❝❛❧✐♥❣ ❡①t❡♥s✐♦♥s ♥♦t ❜r❡❛❦✐♥❣ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♥❞✐t✐♦♥s✮
❢❛❧❧s ✐♥t♦ ❛ ✈❛r✐❡t② ♦❢ ❦♥♦✇♥ tr❛❝t❛❜❧❡ ❝❧❛ss❡s✳ ❚❤❡ ❡①❛♠♣❧❡ ✐s ✐♥ t❤❡ tr❛❝t❛❜❧❡
❝❧❛ss F

∨
n ✐❞❡♥t✐✜❡❞ ❜② ❉♦♠s❤❧❛❦ ❛♥❞ ❉✐♥✐t③ ❬✶✵❪✱ ❜❡❝❛✉s❡ ❡✈❡r② tr❛♥s✐t✐♦♥ ♦❢ t❤❡

❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡✳ ❚❤❡ ❡①❛♠♣❧❡ ✐s ✐♥ ❍❡❧♠❡rt✬s
❬✷✹✱ ✷✺❪ ❙❆❙+✲1 ❝❧❛ss ✇✐t❤ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❉❚●s✳ ❚❤❡ ❡①❛♠♣❧❡ ✐s ✏s♦❧✈❡❞✑✱
✐✳❡✳✱ r❡❞✉❝❡❞ t♦ t❤❡ ❡♠♣t② t❛s❦✱ ❜② ❍❛s❧✉♠✬s ❬✷✷❪ s✐♠♣❧✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s ✭❛❧s♦✱
t❤❡s❡ t❡❝❤♥✐q✉❡s s♦❧✈❡ t❛s❦s ❢r♦♠ t❤❡ ❙❛t❡❧❧✐t❡ ❞♦♠❛✐♥✱ ✇❤✐❝❤ ❞♦ ❝♦♥t❛✐♥ ❧♦❝❛❧
♠✐♥✐♠❛✮✳ ❚❤❡ ❡①❛♠♣❧❡ ❤❛s ❛ ❢♦r❦ ❛♥❞ ✐♥✈❡rt❡❞ ❢♦r❦ ❝❛✉s❛❧ ❣r❛♣❤✱ ✇✐t❤ ❜♦✉♥❞❡❞
❞♦♠❛✐♥ s✐③❡ ❛♥❞ 1✲❞❡♣❡♥❞❡♥t ❛❝t✐♦♥s ♦♥❧② ✭❛❝t✐♦♥s ✇✐t❤ ❛t ♠♦st 1 ♣r❡✈❛✐❧ ❝♦♥❞✐✲
t✐♦♥✮✱ t❤✉s ✐t q✉❛❧✐✜❡s ❢♦r t❤❡ tr❛❝t❛❜❧❡ ❝❧❛ss❡s ✐❞❡♥t✐✜❡❞ ❜② ❑❛t③ ❛♥❞ ❉♦♠s❤❧❛❦

❘❘ ♥➦ ✼✺✵✺
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❬✸✼❪✳ ❚❤❡ ❡①❛♠♣❧❡✬s ❝❛✉s❛❧ ❣r❛♣❤ ✐s ❛ ❝❤❛✐♥✱ ❛♥❞ t❤✉s ✐♥ ♣❛rt✐❝✉❧❛r ❛ ♣♦❧②tr❡❡
✇✐t❤ ❜♦✉♥❞❡❞ ✐♥❞❡❣r❡❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ tr❛❝t❛❜❧❡ ❝❧❛ss ✐❞❡♥t✐✜❡❞ ❜② ❇r❛❢✲
♠❛♥ ❛♥❞ ❉♦♠s❤❧❛❦ ❬✻❪ ❡①❝❡♣t t❤❛t✱ t❤❡r❡✱ ✈❛r✐❛❜❧❡s ❛r❡ r❡str✐❝t❡❞ t♦ ❜❡ ❜✐♥❛r②
✭❞♦♠❛✐♥ s✐③❡ 2✮✳ ■t ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✇❤❡t❤❡r ♣❧❛♥ ❡①✐st❡♥❝❡ ✇✐t❤ ❝❤❛✐♥ ❝❛✉s❛❧
❣r❛♣❤s ❛♥❞ ❞♦♠❛✐♥ s✐③❡ 3 ✐s tr❛❝t❛❜❧❡❀ t❤❡ str♦♥❣❡st ❦♥♦✇♥ r❡s✉❧t ✐s t❤❛t ✐t ✐s
◆P✲❤❛r❞ ❢♦r ❞♦♠❛✐♥ s✐③❡ 5 ❬✷✵❪✳✶✽ ❙✐♠✐❧❛r❧②✱ t❤❡ ❡①❛♠♣❧❡ ✜ts t❤❡ ♣r❡r❡q✉✐s✐t❡s
st❛t❡❞ ❜② ❑❛t③ ❛♥❞ ❉♦♠s❤❧❛❦ ❬✸✻❪ ❡①❝❡♣t t❤❛t t❤❡s❡ ❛r❡ ❢♦r ❜✐♥❛r② ✈❛r✐❛❜❧❡s
♦♥❧②❀ ✐t ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✇❤❡t❤❡r ❧♦❝❛❧ ♠✐♥✐♠❛ ❡①✐st ✐♥ t❤❡ tr❛❝t❛❜❧❡ ❝❧❛ss❡s
✐❞❡♥t✐✜❡❞ t❤❡r❡✳ ❋✐♥❛❧❧②✱ t❤❡ ❡①❛♠♣❧❡✱ ❛♥❞ ❛ s✉✐t❛❜❧❡ s❝❛❧✐♥❣ ❡①t❡♥s✐♦♥✱ ♦❜✈✐✲
♦✉s❧② q✉❛❧✐✜❡s ❢♦r ✭t❤❡ ✜rst ♣❛rt ♦❢✮ ❚❤❡♦r❡♠ ✸✳✶ ♦❢ ❈❤❡♥ ❛♥❞ ●✐♠❡♥❡③ ❬✾❪✱ ✇❤✐❝❤
r❡q✉✐r❡s ♦♥❧② ❛ ❝♦♥st❛♥t ❜♦✉♥❞ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② t❤❡ ❝❛✉s❛❧ ❣r❛♣❤✳ ❚❤❡ s❛♠❡ ❤♦❧❞s tr✉❡ ❢♦r ✭t❤❡
✜rst ♣❛rt ♦❢✮ ❚❤❡♦r❡♠ ✹✳✶ ♦❢ ❈❤❡♥ ❛♥❞ ●✐♠❡♥❡③ ❬✾❪✱ ✇❤✐❝❤ r❡q✉✐r❡s ❛ ❝♦♥st❛♥t
❜♦✉♥❞ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ❝❛✉s❛❧ ❣r❛♣❤ ❛♥❞
♣❡rt❛✐♥s t♦ ❛ ♥♦t✐♦♥ ♦❢ ✏r❡✈❡rs✐❜❧❡✑ t❛s❦s r❡q✉✐r✐♥❣ t❤❛t ✇❡ ❝❛♥ ❛❧✇❛②s ❣♦ ❜❛❝❦
t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡✳

◆❡①t✱ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡ ♦❢ ✇♦r❦s r❡str✐❝t✐♥❣ ♥♦t t❤❡ ❝❛✉s❛❧ ❣r❛♣❤ ❜✉t t❤❡
❉❚●s ♦❢ t❤❡ t❛s❦ ❬✶✱ ✷✱ ✸✹❪✳ ❚❤❡ s✐♠♣❧❡st ❝❧❛ss ✐❞❡♥t✐✜❡❞ ❤❡r❡✱ ❝♦♥t❛✐♥❡❞ ✐♥
❛❧❧ ♦t❤❡r ❝❧❛ss❡s✱ ✐s ❙❆❙+✲P❯❇❙ ✇❤❡r❡ ❡❛❝❤ ❢❛❝t ✐s ❛❝❤✐❡✈❡❞ ❜② ❛t ♠♦st ♦♥❡
♦♣❡r❛t♦r ✭✏♣♦st✲✉♥✐q✉❡✑✱ ✏P✑✮✱ ❛❧❧ ♦♣❡r❛t♦rs ❛r❡ ✉♥❛r② ✭✏❯✑✮✱ ❛❧❧ ✈❛r✐❛❜❧❡s ❛r❡
❜✐♥❛r② ✭✏❇✑✮✱ ❛♥❞ ❛❧❧ ✈❛r✐❛❜❧❡s ❤❛✈❡ ❛t ♠♦st ♦♥❡ ✈❛❧✉❡ r❡q✉✐r❡❞ ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥
♦❢ ❛ tr❛♥s✐t✐♦♥ ♦♥ ❛♥② ♦t❤❡r ✈❛r✐❛❜❧❡ ✭✏s✐♥❣❧❡✲✈❛❧✉❡❞✑✱ ✏❙✑✮✳ ◆♦✇✱ ❊①❛♠♣❧❡ ✷ ✐♥
❆♣♣❡♥❞✐① ❆✳✹ s❤♦✇s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✐♥ ❛♥ ❡①❛♠♣❧❡ t❤❛t ❤❛s t❤❡ ❯ ❛♥❞ ❙
♣r♦♣❡rt✐❡s✳ ❚❤❡ ❡①❛♠♣❧❡ ❤❛s t✇♦ ✈❛r✐❛❜❧❡s✱ x ❛♥❞ y✱ ❛♥❞ t❤❡ ❧♦❝❛❧ ♠✐♥✐♠✉♠
❛r✐s❡s ❜❡❝❛✉s❡ ❛ ❝②❝❧✐❝ ❞❡♣❡♥❞❡♥❝② ♣r❡✈❡♥ts y ❢r♦♠ ❛tt❛✐♥✐♥❣ ✐ts ❣♦❛❧ ✈❛❧✉❡ dn
✈✐❛ t❤❡ s❤♦rt❡st ♣❛t❤ ❛s t❛❦❡♥ ❜② ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥✳ ■❢ ✇❡ r❡♠♦✈❡ ❛❧❧ ❜✉t
t✇♦ ✈❛❧✉❡s ❢r♦♠ t❤❡ ❞♦♠❛✐♥ ♦❢ y✱ ❛♥❞ r❡♠♦✈❡ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✇❛② ♦❢ r❡❛❝❤✐♥❣
dn✱✶✾ t❤❡♥ t❤❡ ❡①❛♠♣❧❡ st✐❧❧ ❝♦♥t❛✐♥s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❛♥❞ ❛❧s♦ ❤❛s t❤❡ P ❛♥❞
❇ ♣r♦♣❡rt✐❡s✳ ❲❡ r❡♠❛r❦ t❤❛t t❤❡ ♠♦❞✐✜❡❞ ❡①❛♠♣❧❡ ✐s ✉♥s♦❧✈❛❜❧❡✳ ■t r❡♠❛✐♥s
❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✇❤❡t❤❡r s♦❧✈❛❜❧❡ ❙❆❙+✲P❯❇❙ t❛s❦s ✇✐t❤ ❧♦❝❛❧ ♠✐♥✐♠❛ ❡①✐st❀
♠♦r❡ ❣❡♥❡r❛❧❧②✱ t❤✐s q✉❡st✐♦♥ ✐s ♦♣❡♥ ❡✈❡♥ ❢♦r t❤❡ ❧❛r❣❡r ❙❆❙+✲P❯❙ ❝❧❛ss✱ ❛♥❞
❢♦r t❤❡ ✭②❡t ❧❛r❣❡r✮ ❙❆❙+✲■❆❖ ❝❧❛ss ✐❞❡♥t✐✜❡❞ ❜② ❏♦♥ss♦♥ ❛♥❞ ❇ä❝❦strö♠ ❬✸✹❪✳

❆♥♦t❤❡r ♦♣❡♥ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤❡ ✏✸❙✑ ❝❧❛ss ♦❢ ❏♦♥ss♦♥ ❛♥❞ ❇ä❝❦strö♠
❬✸✸❪ ❝♦♥t❛✐♥s ❧♦❝❛❧ ♠✐♥✐♠❛✳ ❚❤❡ ❝❧❛ss ✇♦r❦s ♦♥ ❜✐♥❛r② ✈❛r✐❛❜❧❡s ♦♥❧②❀ ✐t r❡✲
q✉✐r❡s ✉♥❛r② ♦♣❡r❛t♦rs ❛♥❞ ❛❝②❝❧✐❝ ❝❛✉s❛❧ ❣r❛♣❤s✱ ❤♦✇❡✈❡r ✐t ❛❧❧♦✇s ❢❛❝ts t♦
❜❡ ✏s♣❧✐tt✐♥❣✑ ✐♥st❡❛❞ ♦❢ r❡✈❡rs✐❜❧❡✳ ■❢ p ✐s s♣❧✐tt✐♥❣ t❤❡♥✱ ✐♥t✉✐t✐✈❡❧②✱ t❤❡ t❛s❦
❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤r❡❡ ✐♥❞❡♣❡♥❞❡♥t s✉❜✲t❛s❦s ✇✐t❤ r❡s♣❡❝t t♦ p❀ ✐t ✐s ❛♥
♦♣❡♥ q✉❡st✐♦♥ ✇❤❡t❤❡r ❧♦❝❛❧ ♠✐♥✐♠❛ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✇❤✐❧❡ s❛t✐s❢②✐♥❣ t❤✐s
♣r♦♣❡rt②✳ ❉✐s❛❧❧♦✇✐♥❣ t❤❡ ✏s♣❧✐tt✐♥❣✑ ♦♣t✐♦♥ ✐♥ ✸❙✱ ✇❡ ♦❜t❛✐♥ t❤❡ s✐♥❣❧❡ ✏♣♦s✐✲
t✐✈❡✑ ❝❛s❡✱ ✇❤❡r❡ ❛ ❦♥♦✇♥ tr❛❝t❛❜❧❡ ❝❧❛ss ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❧♦❝❛❧ ♠✐♥✐♠❛✳
❚❤✐s ❝❧❛ss ❝♦rr❡s♣♦♥❞s t♦ ♦✉r ❜❛s✐❝ r❡s✉❧t ✕ ❛❝②❝❧✐❝ ❝❛✉s❛❧ ❣r❛♣❤s ❛♥❞ ✐♥✈❡rt✐❜❧❡
tr❛♥s✐t✐♦♥s ✕ ❡①❝❡♣t t❤❛t t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ r❡str✐❝t❡❞ t♦ ❜❡ ❜✐♥❛r②✳ ❲✐❧❧✐❛♠s
❛♥❞ ◆❛②❛❦ ❬✹✽❪ ♠❡♥t✐♦♥ r❡str✐❝t✐♦♥s ✭❜✉t ❞♦ ♥♦t ♠❛❦❡ ❢♦r♠❛❧ ❝❧❛✐♠s r❡❣❛r❞✐♥❣
tr❛❝t❛❜✐❧✐t②✮ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①❛❝t❧② t♦ ♦✉r ❜❛s✐❝ r❡s✉❧t ❡①❝❡♣t t❤❛t t❤❡② ❛❧❧♦✇
✐rr❡✈❡rs✐❜❧❡ ✏r❡♣❛✐r✑ ❛❝t✐♦♥s✳ ❚❤❡ ❧❛tt❡r ❛❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞ r❡❧❛t✐✈❡ t♦ ❛ s♣❡❝✐❛❧✲
✐③❡❞ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♥tr♦❧ s②st❡♠s✱ ❜✉t ✐♥ s♣✐r✐t t❤❡② ❛r❡ s✐♠✐❧❛r t♦ ✇❤❛t
✇❡ t❡r♠ ✏tr❛♥s✐t✐♦♥s ✇✐t❤ s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✑ ❤❡r❡✐♥✳

✶✽❆❧t❤♦✉❣❤✱ ♦❢ ❝♦✉rs❡✱ ✐t ✐s ❝❧❡❛r t❤❛t✱ ✐❢ t❤❡ ❉❚●s ❛r❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❛s ✐♥ ♦✉r ❝❛s❡✱
t❤❡♥ ❞❡❝✐❞✐♥❣ ♣❧❛♥ ❡①✐st❡♥❝❡ ✐s tr❛❝t❛❜❧❡ ♥♦ ♠❛tt❡r ✇❤❛t t❤❡ ❞♦♠❛✐♥ s✐③❡ ✐s✳

✶✾❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❞❡t❛✐❧ ❜❡❧♦✇ t❤❡ ❡①❛♠♣❧❡ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✸✺

❋✐♥❛❧❧②✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ♦❢ ❇②❧❛♥❞❡r✬s ❬✼❪ t❤r❡❡ tr❛❝t❛❜✐❧✐t② ❝r✐t❡r✐❛✱
t❤♦s❡ t✇♦ ❛❧❧♦✇✐♥❣ s❡✈❡r❛❧ ❡✛❡❝ts ❞♦ ♥♦t ✐♠♣❧② t❤❡ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛✳ ❋♦r
❤✐s t❤✐r❞ ❝r✐t❡r✐♦♥✱ r❡str✐❝t✐♥❣ ❛❝t✐♦♥ ❡✛❡❝ts t♦ ❛ s✐♥❣❧❡ ❧✐t❡r❛❧ ❛♥❞ ♣r❡❝♦♥❞✐t✐♦♥s
t♦ ♣♦s✐t✐✈❡ ❧✐t❡r❛❧s ✭❜✉t ❛❧❧♦✇✐♥❣ ♥❡❣❛t✐✈❡ ❣♦❛❧s✮✱ ✇❡ ❧❡❛✈❡ ✐t ❛s ❛♥ ♦♣❡♥ q✉❡st✐♦♥
✇❤❡t❤❡r ♦r ♥♦t ❧♦❝❛❧ ♠✐♥✐♠❛ ❡①✐st✳ ❲❡ r❡♠❛r❦ t❤❛t t❤✐s ❝r✐t❡r✐♦♥ ❞♦❡s ♥♦t ❛♣♣❧②
✐♥ ❛♥② ❜❡♥❝❤♠❛r❦ ✇❡ ❛r❡ ❛✇❛r❡ ♦❢✳

❚♦ ❝❧♦s❡ t❤✐s s❡❝t✐♦♥✱ ✇❤✐❧❡ ✇❡ ❝❡rt❛✐♥❧② ❞♦ ♥♦t ✇✐s❤ t♦ ❝❧❛✐♠ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥
♦❢ tr❛❝t❛❜❧❡ ❝❧❛ss❡s t♦ ❜❡ ❛ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♦✉r ✇♦r❦✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ s❝♦♣❡
♦❢ ❚❤❡♦r❡♠ ✹ ✕ ✇❤✐❝❤ ✐s ❛ tr❛❝t❛❜❧❡ ❝❧❛ss✱ ❝❢✳ t❤❡ ❛❜♦✈❡ ✕ ✐s ♥♦t ❝♦✈❡r❡❞ ❜②
t❤❡ ❦♥♦✇♥ tr❛❝t❛❜❧❡ ❝❧❛ss❡s✳✷✵ ❚❤❡ tr❛❝t❛❜❧❡ ❝❛s❡s ✐❞❡♥t✐✜❡❞ ❜② ❇②❧❛♥❞❡r ❬✼❪
♦❜✈✐♦✉s❧② ❞♦ ♥♦t ❝♦✈❡r ❛♥② ♦❢ ▲♦❣✐st✐❝s✱ ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ ▼♦✈✐❡✱ ❛♥❞ ❙✐♠♣❧❡✲
❚❙P✳ ▼❛♥② ❝❛✉s❛❧ ❣r❛♣❤ ❜❛s❡❞ tr❛❝t❛❜✐❧✐t② r❡s✉❧ts r❡q✉✐r❡ ✉♥❛r② ♦♣❡r❛t♦rs ❬✸✸✱
✶✵✱ ✻✱ ✷✹✱ ✷✺✱ ✸✼✱ ✸✻✱ ✸✷✱ ✶✽✱ ✶✾❪✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝♦✈❡r ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ ▼♦✈✐❡✱
❛♥❞ ❙✐♠♣❧❡✲❚❙P✳ ❚❤❡♦r❡♠ ✹✳✶ ♦❢ ❈❤❡♥ ❛♥❞ ●✐♠❡♥❡③ ❬✾❪ r❡q✉✐r❡s r❡✈❡rs✐❜✐❧✐t②
✇❤✐❝❤ ✐s ♥♦t ❣✐✈❡♥ ✐♥ ❡✐t❤❡r ♦❢ ▼♦✈✐❡✱ ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ ♦r ❙✐♠♣❧❡✲❚❙P✱ ❛♥❞
❚❤❡♦r❡♠ ✸✳✶ ♦❢ ❈❤❡♥ ❛♥❞ ●✐♠❡♥❡③ ❬✾❪ r❡q✉✐r❡s ❛ ❝♦♥st❛♥t ❜♦✉♥❞ ♦♥ t❤❡ s✐③❡
♦❢ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② t❤❡ ❝❛✉s❛❧
❣r❛♣❤✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ✐♥ ♥♦♥❡ ♦❢ ▲♦❣✐st✐❝s✱ ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ ❛♥❞ ❙✐♠♣❧❡✲❚❙P✳
❖t❤❡r ❦♥♦✇♥ tr❛❝t❛❜✐❧✐t② r❡s✉❧ts ♠❛❦❡ ✈❡r② ❞✐✛❡r❡♥t r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❉❚●s
❬✶✱ ✷✱ ✸✹❪✳ ❊✈❡♥ t❤❡ ♠♦st ❣❡♥❡r❛❧ tr❛❝t❛❜❧❡ ❝❧❛ss ✐❞❡♥t✐✜❡❞ t❤❡r❡✱ ❙❆❙+✲■❆❖✱
❝♦✈❡rs ♥♦♥❡ ♦❢ ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ ▲♦❣✐st✐❝s✱ ❛♥❞ ❙✐♠♣❧❡✲❚❙P ✭❜❡❝❛✉s❡ ✈❡❤✐❝❧❡
✈❛r✐❛❜❧❡s ❛r❡ ♥♦t ✏❛❝②❝❧✐❝ ✇✐t❤ r❡s♣❡❝t t♦ r❡q✉❡st❛❜❧❡ ✈❛❧✉❡s✑✮✱ ❛♥❞ ♥❡✐t❤❡r ❞♦❡s
✐t ❝♦✈❡r ▼♦✈✐❡ ✭❜❡❝❛✉s❡ r❡✇✐♥❞✐♥❣ ❛ ♠♦✈✐❡ ✐s ♥❡✐t❤❡r ✉♥❛r② ♥♦r ✏✐rr❡♣❧❛❝❛❜❧❡✑✿
✐t ❤❛s ❛ s✐❞❡ ❡✛❡❝t ✉♥✲s❡tt✐♥❣ t❤❡ ❝♦✉♥t❡r✱ ✇❤✐❧❡ ♥♦t ❜r❡❛❦✐♥❣ t❤❡ ❉❚● ♦❢ t❤❡
❝♦✉♥t❡r ✐♥t♦ t✇♦ ❞✐s❥♦✐♥t ❝♦♠♣♦♥❡♥ts✮✳

❆s ❢❛r ❛s ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦s ❣♦❡s✱ t❤❡ str♦♥❣❡st ❝♦♠♣❡t✐t♦r ♦❢ ❚❤❡✲
♦r❡♠ ✹ ❛r❡ ❍❛s❧✉♠✬s ❬✷✷❪ s✐♠♣❧✐✜❝❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❚❤❡s❡ ✐t❡r❛t✐✈❡❧② r❡♠♦✈❡
✈❛r✐❛❜❧❡s ✇❤❡r❡ ❛❧❧ ♣❛t❤s r❡❧❡✈❛♥t ❢♦r ❛tt❛✐♥✐♥❣ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s ❛r❡ ✏❢r❡❡✑✱
✐✳❡✳✱ ❝❛♥ ❜❡ tr❛✈❡rs❡❞ ✉s✐♥❣ tr❛♥s✐t✐♦♥s t❤❛t ❤❛✈❡ ♥❡✐t❤❡r ❝♦♥❞✐t✐♦♥s ♥♦r s✐❞❡ ❡❢✲
❢❡❝ts✳ ❍❛s❧✉♠✬s ❚❤❡♦r❡♠ ✶ st❛t❡s t❤❛t s✉❝❤ r❡♠♦✈❛❧ ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤♦✉t ❥❡♦♣✲
❛r❞✐③✐♥❣ s♦❧✉t✐♦♥ ❡①✐st❡♥❝❡✱ ✐✳❡✳✱ ❛ ♣❧❛♥ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ t❛s❦ ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞
❡❛s✐❧② ❢r♦♠ ❛ ♣❧❛♥ ❢♦r t❤❡ s✐♠♣❧✐✜❡❞ t❛s❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ t❤❡ t❛s❦ ✐s ✏s♦❧✈❡❞✑
✕ s✐♠♣❧✐✜❡❞ ❝♦♠♣❧❡t❡❧②✱ t♦ t❤❡ ❡♠♣t② t❛s❦ ✕ t❤❡♥ ❛ ♣❧❛♥ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❍❛s❧✉♠ ❝♦♠❜✐♥❡s t❤✐s ❜❛s✐❝ t❡❝❤♥✐q✉❡ ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ❞♦✲
♠❛✐♥ r❡❢♦r♠✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ ❡✳❣✳✱ r❡♣❧❛❝✐♥❣ ❛❝t✐♦♥ s❡q✉❡♥❝❡s ❜② ♠❛❝r♦s ✉♥❞❡r
❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❝❤♦✐❝❡ ✇❤✐❝❤ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✉❝❤ t❡❝❤♥✐q✉❡s t♦ ❛♣♣❧②
✐s ♥♦t ❢✉❧❧② ❛✉t♦♠❛t❡❞✱ ❛♥❞ ♣❛rts ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s ❛r❡ ♥♦t ❢✉❧❧② ❞❡s❝r✐❜❡❞✱
♠❛❦✐♥❣ ❛ ❝♦♠♣❛r✐s♦♥ t♦ ❚❤❡♦r❡♠ ✹ ❞✐✣❝✉❧t✳ ❍❛s❧✉♠ r❡♣♦rts ❤✐s t❡❝❤♥✐q✉❡s
t♦ s♦❧✈❡ t❛s❦s ❢r♦♠ ▲♦❣✐st✐❝s✱ ▼✐❝♦♥✐❝✲❙❚❘■P❙✱ ❛♥❞ ▼♦✈✐❡✱ ♣❧✉s ●r✐♣♣❡r ❛♥❞
❙❛t❡❧❧✐t❡✳ ❍❛s❧✉♠ ❞♦❡s ♥♦t ❡①♣❡r✐♠❡♥t ✇✐t❤ ❙✐♠♣❧❡✲❚❙P✳ ❍✐s ❚❤❡♦r❡♠ ✶✱ ✐♥
✐ts st❛t❡❞ ❢♦r♠✱ ❞♦❡s ♥♦t s♦❧✈❡ ❙✐♠♣❧❡✲❚❙P✱ ❜❡❝❛✉s❡ t❤❡r❡ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡
r♦♦t ✈❛r✐❛❜❧❡ ❤❛✈❡ s✐❞❡ ❡✛❡❝ts ✭✇✐t❤ ✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✮❀ ❡①t❡♥❞✐♥❣ t❤❡ t❤❡♦r❡♠ t♦
❝♦✈❡r s✉❝❤ ✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s s❤♦✉❧❞ ❜❡ str❛✐❣❤t❢♦r✇❛r❞✳ ❆ ♠♦r❡ s✉❜t❧❡ ✇❡❛❦♥❡ss
♦❢ ❍❛s❧✉♠✬s ❚❤❡♦r❡♠ ✶ r❡❧❛t✐✈❡ t♦ ♦✉r ❚❤❡♦r❡♠ ✹ ♣❡rt❛✐♥s t♦ r❡❛❝❤✐♥❣ r❡q✉✐r❡❞
✈❛❧✉❡s ❢r♦♠ ❡①t❡r♥❛❧❧② ❝❛✉s❡❞ ✈❛❧✉❡s✳ ❍❛s❧✉♠ r❡q✉✐r❡s t❤❡s❡ ♠♦✈❡s t♦ ❜❡ ❢r❡❡✱
✇❤❡r❡❛s✱ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ ❚❤❡♦r❡♠ ✹ ❛❧❧♦✇s t❤❡

✷✵❚❤✐s ✐s ♥♦t tr✉❡ ♦❢ ♦✉r ❜❛s✐❝ r❡s✉❧t✳ ▲✐❦❡ ✇❡ ❥✉st ❡①♣❧❛✐♥❡❞✱ t❤✐s ✐s ❡ss❡♥t✐❛❧❧② ❝♦✈❡r❡❞ ❜②
❏♦♥ss♦♥ ❛♥❞ ❇ä❝❦strö♠ ❬✸✸❪ ❛♥❞ ❲✐❧❧✐❛♠s ❛♥❞ ◆❛②❛❦ ❬✹✽❪✳ ❋♦r♠❛❧❧②✱ ✐ts ♣r❡r❡q✉✐s✐t❡s ✐♠♣❧②
t❤♦s❡ ♦❢ ✭t❤❡ ✜rst ♣❛rt ♦❢✮ ❚❤❡♦r❡♠ ✹✳✶ ♦❢ ❈❤❡♥ ❛♥❞ ●✐♠❡♥❡③ ❬✾❪✱ ♥❛♠❡❧②✱ t❤❡ ♣♦st✉❧❛t❡❞
❜♦✉♥❞ ✐s 1✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✸✻

r❡❝♦✈❡r✐♥❣ ♦♣❡r❛t♦rs t♦ ❛✛❡❝t s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s ❛♥❞ t♦ t❛❦❡ t❤❡✐r ♣r❡❝♦♥❞✐t✐♦♥
❢r♦♠ t❤❡ ♣r❡✈❛✐❧s ❛♥❞ ❡✛❡❝ts ♦❢ o0✳

✶✵ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ✐❞❡♥t✐✜❡❞ ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❝❛✉s❛❧ ❣r❛♣❤s ❛♥❞ h+ t♦♣♦❧♦❣②✱ ❛♥❞
❞❡✈✐s❡❞ ❛ ❞♦♠❛✐♥ ❛♥❛❧②s✐s t♦♦❧✳ ❚❤❡ t♦♦❧ ✐s ♥♦t ②❡t ❛♥ ✏❛✉t♦♠❛t✐❝ ❍♦✛♠❛♥♥✑✱
❜✉t ✐ts ❛♥❛❧②s✐s q✉❛❧✐t② ✐s ✐♠♣r❡ss✐✈❡ ❡✈❡♥ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ❛ s❡❛r❝❤✲❜❛s❡❞
❛♥❛❧②s✐s✳

❚❡❝❤♥✐❝❛❧❧②✱ ❛ ♠❛✐♥ ♦♣❡♥ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ❣❧♦❜❛❧ ❛♥❛❧②s✐s ❝❛♥ ♠♦r❡ t✐❣❤t❧②
❛♣♣r♦①✐♠❛t❡ t❤❡ s❝♦♣❡ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❆s ✇❡ ❤❛✈❡ ♦✉t❧✐♥❡❞✱ ❛ ❣♦♦❞ st❛rt✐♥❣
♣♦✐♥t ❛♣♣❡❛rs t♦ ❜❡ tr②✐♥❣ t♦ ✐♥❝❧✉❞❡✱ ✐♥ ❛ gDG ❢♦r ♦♣❡r❛t♦r o0✱ ♦♥❧② ✈❛r✐❛❜❧❡
❞❡♣❡♥❞❡♥❝✐❡s ✐♥❞✉❝❡❞ ❜② ♦♣❡r❛t♦rs o t❤❛t ♠❛② ❛❝t✉❛❧❧② ♣r❡❝❡❞❡ o0 ✐♥ ❛♥ ♦♣t✐♠❛❧
r❡❧❛①❡❞ ♣❧❛♥✳ ❆♥ ❛♣♣r♦❛❝❤ t♦✇❛r❞s ❛✉t♦♠❛t✐❝❛❧❧② r❡❝♦❣♥✐③✐♥❣ s✉❝❤ ♦♣❡r❛t♦rs
❝♦✉❧❞ ♣♦ss✐❜❧② ❜❡ ❞❡✈❡❧♦♣❡❞ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ❍♦✛♠❛♥♥ ❛♥❞ ◆❡❜❡❧ ❬✸✶❪✱ ♦r ✉s✐♥❣
❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ❍♦✛♠❛♥♥✬s ❬✷✾❪ ✏❢❛❝t ❣❡♥❡r❛t✐♦♥ tr❡❡✑✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐t
✇♦✉❧❞ ❜❡ ❣r❡❛t t♦ r❡❝♦❣♥✐③❡ s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❤❛r♠❢✉❧ s✐❞❡ ❡✛❡❝ts ♦❢ o0 ✕ ❧✐❦❡
♠❛❦✐♥❣ t❤❡ ❤❛♥❞ ♥♦♥✲❡♠♣t② ✐❢ ✇❡ ♣✐❝❦ ✉♣ ❛ ❜❛❧❧ ✐♥ ●r✐♣♣❡r ✕ ✇✐❧❧ ♥❡❝❡ss❛r✐❧② ❜❡
r❡❝♦✈❡r❡❞ ✐♥s✐❞❡ t❤❡ r❡❧❛①❡❞ ♣❧❛♥✳ ❖✉r s♣❡❝✉❧❛t✐♦♥ ✐s t❤❛t s✉❝❤ ❛♥❛❧②s✐s ❝♦✉❧❞
❜❡ ❜❛s❡❞ ♦♥ ❛ ✈❛r✐❛♥t ♦❢ ❛❝t✐♦♥ ❧❛♥❞♠❛r❦s✳

❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❧✐♥❡ ♦❢ r❡s❡❛r❝❤ ✐s t♦ st❛rt ❢r♦♠ r❡s✉❧ts ❣✐✈❡♥ ❢♦r ✐♥❞✐✲
✈✐❞✉❛❧ st❛t❡s s ❜② ❧♦❝❛❧ ❛♥❛❧②s✐s✱ t❤❡♥ ❡①tr❛❝t t❤❡ r❡❛s♦♥s ❢♦r s✉❝❝❡ss ♦♥ s✱ ❛♥❞
❣❡♥❡r❛❧✐③❡ t❤♦s❡ r❡❛s♦♥s t♦ ❞❡t❡r♠✐♥❡ ❛ ❣❡♥❡r✐❝ ♣r♦♣❡rt② ✉♥❞❡r ✇❤✐❝❤ s✉❝❝❡ss ✐s
❣✉❛r❛♥t❡❡❞✳ ❚❛❦❡♥ t♦ t❤❡ ❡①tr❡♠❡✱ ✐t ♠✐❣❤t ❜❡ ♣♦ss✐❜❧❡ t♦ ❛✉t♦♠❛t✐❝❛❧❧② ✐❞❡♥t✐❢②
❞♦♠❛✐♥ s✉❜✲❝❧❛ss❡s✱ ✐✳❡✳✱ ♣❛rt✐❝✉❧❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✐♥✐t✐❛❧ st❛t❡ ❛♥❞ ❣♦❛❧ st❛t❡✱
✐♥ ✇❤✐❝❤ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠✐♥✐♠❛ ✐s ♣r♦✈❡❞✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✾✱ ❛ ❞✐r❡❝t✐♦♥ ✇♦rt❤ tr②✐♥❣ ✐s t♦ ✉s❡ ❧♦❝❛❧ ❛♥❛❧②s✐s
❢♦r ❣❡♥❡r❛t✐♥❣ ♠❛❝r♦✲❛❝t✐♦♥s✳ ■♥ ❞♦♠❛✐♥s ✇✐t❤ ❤✐❣❤ s✉❝❝❡ss r❛t❡✱ ✐t s❡❡♠s ❧✐❦❡❧②
t❤❛t t❤❡ ♠❛❝r♦✲❛❝t✐♦♥s ✇♦✉❧❞ ❧❡❛❞ t♦ t❤❡ ❣♦❛❧ ✇✐t❤ ♥♦ s❡❛r❝❤ ❛t ❛❧❧✳ ■t ✐s ❛ ♣r✐♦r✐
♥♦t ❝❧❡❛r✱ t❤♦✉❣❤✱ ✇❤❡t❤❡r s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ s✐❣♥✐✜❝❛♥t❧② str❡♥❣t❤❡♥✱ ❛t
❧❡❛st ✐♥ t❤❡ ♣r❡s❡♥t ❜❡♥❝❤♠❛r❦s✱ ❡①✐st✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r ❡①❡❝✉t✐♥❣ ✭♣❛rts ♦❢✮ ❛
r❡❧❛①❡❞ ♣❧❛♥ ❬✹✼❪✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❧✐♥❡ ✐♥ t❤❛t ❝♦♥t❡①t ✐s t♦ tr② t♦ ✏❧♦❝❛❧✐③❡✑
♦t❤❡r ❝❛✉s❛❧ ❣r❛♣❤ ❜❛s❡❞ ♠❡t❤♦❞s ✭❡✳❣✳✱ ❬✸✸✱ ✹✽✱ ✻❪✮✱ ✐✳❡✳✱ ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② ❛
❝❛✉s❛❧ ❣r❛♣❤ ❢r❛❣♠❡♥t ❛s r❡❧❡✈❛♥t ❢♦r ❛ ♣❛rt✐❝✉❧❛r st❛t❡✳ ❙✉❝❤ ❢r❛❣♠❡♥ts ❝♦✉❧❞✱
♣♦ss✐❜❧②✱ ❛❧s♦ ❜❡ ✐❞❡♥t✐✜❡❞ ✈✐❛ r❡❧❛①❡❞ ♣❧❛♥s ❛s ✐♥ ♦✉r ✇♦r❦✳

❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s ♣❧❛♥♥❡r ♣❡r❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥✱ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢
❘♦❜❡rts ❛♥❞ ❍♦✇❡ ❬✹✻❪✳ ❚♦r❝❤▲✐❣❤t ♣r♦✈✐❞❡s ❛ ✇❛② ♦❢ ✏❧♦♦❦✐♥❣ ✐♥t♦ ❛ ♣❧❛♥♥❡r✬s
s❡❛r❝❤ s♣❛❝❡✑ ✇✐t❤♦✉t ❛❝t✉❛❧❧② r✉♥♥✐♥❣ ❛♥② s❡❛r❝❤✱ ❛♥❞ ❤❡♥❝❡ ✇✐t❤♦✉t ❥❡♦♣❛r✲
❞✐③✐♥❣ r✉♥t✐♠❡✳ ❖✉r ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❢❡❛t✉r❡ ❝♦♠♣✉t❡❞
t❤✉s ❝❛♥ ❜❡ ❤✐❣❤❧② ✐♥❢♦r♠❛t✐✈❡✳ ❚❤✐s ❝♦✉❧❞ ❛❧s♦ ❜❡ ✉s❡❢✉❧ ❢♦r ❛✉t♦♠❛t✐❝ ♣❧❛♥♥❡r
❝♦♥✜❣✉r❛t✐♦♥✱ ♦✛✲❧✐♥❡ ♦r ❡✈❡♥ ♦♥✲❧✐♥❡ ❞✉r✐♥❣ s❡❛r❝❤✳

❆ r❡s❡❛r❝❤ ❧✐♥❡ t❤❡ ❛✉t❤♦r ✜♥❞s ♣❛rt✐❝✉❧❛r❧② ❡①❝✐t✐♥❣ ✐s ❞♦♠❛✐♥ r❡❢♦r♠✉❧❛t✐♦♥✳
❆s ✐s ✇❡❧❧ ❦♥♦✇♥✱ t❤❡ ❞♦♠❛✐♥ ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ♠❛❦❡ ❛ ❤✉❣❡ ❞✐✛❡r❡♥❝❡ ❢♦r ♣❧❛♥♥❡r
♣❡r❢♦r♠❛♥❝❡✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✈❡r② ❞✐✣❝✉❧t t♦ ❝❤♦♦s❡ ❛ ✏❣♦♦❞✑ ❢♦r♠✉❧❛t✐♦♥✱ ❢♦r
❛ ❣✐✈❡♥ ♣❧❛♥♥❡r✳ ❚❤✐s ✐s ❛ ❜❧❛❝❦ ❛rt ❡✈❡♥ ✐❢ t❤❡ r❡❢♦r♠✉❧❛t✐♦♥ ✐s ❞♦♥❡ ❜② t❤❡
❞❡✈❡❧♦♣❡r ♦❢ t❤❡ ♣❧❛♥♥❡r ✐♥ q✉❡st✐♦♥✳ ■❢ t❤❡ r❡❢♦r♠✉❧❛t✐♦♥ ✐s ❞♦♥❡ ❜② ❛♥ ♦✉ts✐❞❡
✉s❡r ♦❢ ♣❧❛♥♥✐♥❣ t❡❝❤♥♦❧♦❣②✱ t❤❡♥ t❤❡ ✏❜❧❛❝❦ ❛rt✑ t✉r♥s ✐♥t♦ ✇❤❛t ✐s ❜❡st ❞❡s❝r✐❜❡❞
❛s ❛ ❜❧✐♥❞ s❡❛r❝❤✱ ✐♥ ❛ ✈❡r② ❧✐t❡r❛❧ s❡♥s❡✳ ■❢ t❤❡ r❡❢♦r♠✉❧❛t✐♦♥ ✐s s✉♣♣♦s❡❞ t♦
❤❛♣♣❡♥ ❛✉t♦♠❛t✐❝❛❧❧② t❤❡♥ ✐t✬s t❤❡ ❝♦♠♣✉t❡r ✇❤♦ ♥❡❡❞s t♦ ✏✉♥❞❡rst❛♥❞✑ t❤❡

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✸✼

❞♦♠❛✐♥ ❛♥❞ ♣❧❛♥♥❡r✱ ✇❤✐❝❤ ✐s ♣♦ss✐❜❧② ❡✈❡♥ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✳ ❚❤❡ ❧❛❝❦ ♦❢
❣✉✐❞❛♥❝❡ ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ♦♣❡♥ ♣r♦❜❧❡♠s ✐❞❡♥t✐✜❡❞ ❜② ❍❛s❧✉♠ ❬✷✷❪ ❢♦r ❤✐s
r❡❢♦r♠✉❧❛t✐♦♥ ❛♣♣r♦❛❝❤✳ ❚❤❡ ♠♦st ❢r❡q✉❡♥t q✉❡st✐♦♥ t❤❡ ❛✉t❤♦r ❤❛s ❜❡❡♥ ❛s❦❡❞
❜② ♥♦♥✲❡①♣❡rt ✉s❡rs ✐s ❤♦✇ t♦ ♠♦❞❡❧ ❛ ❞♦♠❛✐♥ s♦ t❤❛t ❋❋ ❝❛♥ ❤❛♥❞❧❡ ✐t ♠♦r❡
❡❛s✐❧②✳

❚♦r❝❤▲✐❣❤t✬s ❞✐❛❣♥♦s✐s ❢❛❝✐❧✐t② ♠✐❣❤t ❜❡ ✐♥str✉♠❡♥t❛❧ ❢♦r ❛❞❞r❡ss✐♥❣ t❤❡s❡
❞✐✣❝✉❧t✐❡s✳ ❚❤❡ ❞✐❛❣♥♦s✐s ❝❛♥ ♣✐♥✲♣♦✐♥t ✇❤✐❝❤ ♦♣❡r❛t♦r ❡✛❡❝ts ❛r❡ ❝❛✉s✐♥❣
♣r♦❜❧❡♠s ❢♦r s❡❛r❝❤✳ ❚❤✐s ✐s ❡①❛❝t❧② t❤❡ ❦✐♥❞ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♥❡❡❞❡❞✳ ❲❤✐❧❡
❚♦r❝❤▲✐❣❤t✬s ❞✐❛❣♥♦s✐s ✐s ❛s ②❡t ♦♥❧② ♣r❡❧✐♠✐♥❛r②✱ ✐t s❡❡♠s ♣❧❛✉s✐❜❧❡ t❤❛t t❤❡r❡
✐s st✐❧❧ r♦♦♠ ❢♦r ✐♠♣r♦✈❡♠❡♥t ❤❡r❡✳

❋♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ r❡❢♦r♠✉❧❛t✐♦♥ ✐s ❞♦♥❡ ❜② ❛ ❝♦♠♣✉t❡r✱ ♦♥❡ ♣♦ss✐❜✐❧✲
✐t② t♦ ✉s❡ t❤❡ ❛♥❛❧②s✐s ♦✉t❝♦♠❡ ❝♦✉❧❞ ❜❡ t♦ ♣r♦❞✉❝❡ ♠❛❝r♦✲❛❝t✐♦♥s ✏❤✐❞✐♥❣✑
✇✐t❤✐♥ t❤❡♠ t❤❡ ♦♣❡r❛t♦rs ❤❛✈✐♥❣ ❤❛r♠❢✉❧ ❡✛❡❝ts✳ ❖t❤❡r ♣♦ss✐❜✐❧✐t✐❡s ❝♦✉❧❞ ❜❡
t♦ ♣r❡✲❝♦♠♣♦s❡ ✈❛r✐❛❜❧❡ s✉❜s❡ts t♦✉❝❤❡❞ ❜② t❤❡ ❤❛r♠❢✉❧ ❡✛❡❝ts✱ t♦ ❢♦❝✉s t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❤❡✉r✐st✐❝s ✕ ♥♦t ❜❛s❡❞ ♦♥ ✐❣♥♦r✐♥❣ ❞❡❧❡t❡s ✕ ♦♥ t❤❡
❤❛r♠❢✉❧ ❡✛❡❝ts✱ ♦r ❡✈❡♥ s✐♠♣❧② t♦ r❡♠♦✈❡ t❤❡ ❤❛r♠❢✉❧ ❡✛❡❝ts ❛❧t♦❣❡t❤❡r ❛♥❞ ✉s❡
t❤❡ r❡s✉❧t✐♥❣ ❛❜str❛❝t❡❞ ♣r♦❜❧❡♠ ✕ ✇❤✐❝❤ ✐s ❧✐❦❡❧② t♦ ❜❡ ♠✉❝❤ ❡❛s✐❡r t♦ s♦❧✈❡ ✕
❛s ❛ s♦✉r❝❡ ♦❢ s❡❛r❝❤ ❣✉✐❞❛♥❝❡✳

❋♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ r❡❢♦r♠✉❧❛t✐♦♥ ✐s ❞♦♥❡ ❜② ❛ ❤✉♠❛♥ ✉s❡r✱ t❤❡ s❦② ✐s t❤❡
❧✐♠✐t✳ ❚♦ ♥❛♠❡ ❥✉st ♦♥❡ ❡①❛♠♣❧❡✱ t❤❡ ❧♦❝❛❧ ♠✐♥✐♠❛ ✐♥ ❙❛t❡❧❧✐t❡ ❝♦✉❧❞ ❜❡ r❡♠♦✈❡❞
❜② ❛❧❧♦✇✐♥❣ t♦ s✇✐t❝❤ ♦♥ ❛♥ ✐♥str✉♠❡♥t ♦♥❧② ✇❤❡♥ ♣♦✐♥t✐♥❣ ✐♥ ❛ ❞✐r❡❝t✐♦♥ ✇❤❡r❡
t❤❛t ✐♥str✉♠❡♥t ❝❛♥ ❜❡ ❝❛❧✐❜r❛t❡❞✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ♥♦t❡ t❤❛t ❡♥❞✲✉s❡r P❉❉▲
♠♦❞❡❧✐♥❣ ✕ ✇r✐t✐♥❣ ♦❢ P❉❉▲ ❜② ❛ ♥♦♥✲❡①♣❡rt ✉s❡r ✇❛♥t✐♥❣ t♦ s♦❧✈❡ ❤❡r ♣r♦❜❧❡♠
✉s✐♥❣ ♦✛✲t❤❡✲s❤❡❧❢ ♣❧❛♥♥❡rs ✕ ✐s q✉✐t❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ P❉❉▲ ♠♦❞❡❧✐♥❣ t❤❛t
♣❧❛♥♥✐♥❣ ❡①♣❡rts ❞♦ ✇❤❡♥ ❞❡✈❡❧♦♣✐♥❣ ❜❡♥❝❤♠❛r❦s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ❛♥ ❡①♣❡rt
♠♦❞❡❧s ❛ tr❛♥s♣♦rt❛t✐♦♥ ❜❡♥❝❤♠❛r❦ ✇✐t❤ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥✱ t❤❡♥ ✐t ♠❛② s❡❡♠
q✉✐t❡ ♣♦✐♥t❧❡ss ❢♦r ❚♦r❝❤▲✐❣❤t t♦ ❞❡t❡r♠✐♥❡ t❤❛t ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ ✇✐❧❧ ❤✉rt
♣❧❛♥♥❡r ♣❡r❢♦r♠❛♥❝❡✳ ■♥❞❡❡❞ t❤✐s ♠❛② ❜❡ t❤❡ r❡❛s♦♥ ✇❤② t❤❡ ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥
✇❛s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ✜rst ♣❧❛❝❡✳ ❇② ❝♦♥tr❛st✱ ❢♦r ❛♥ ❡♥❞✲✉s❡r ✭❛✮ t❤✐s ✐♥❢♦r♠❛t✐♦♥
♠❛② ❝♦♠❡ ❛s ❛ s✉r♣r✐s❡✱ ❛♥❞ ✭❜✮ t❤❡ ✉s❡r ♠❛② ❛❝t✉❛❧❧② ❝❤♦♦s❡ t♦ ♦♠✐t ❢✉❡❧
❝♦♥s✉♠♣t✐♦♥ ❜❡❝❛✉s❡ t❤✐s ♠❛② ②✐❡❧❞ ❛ ❜❡tt❡r ♣♦✐♥t ✐♥ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥
♣❧❛♥♥❡r ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ♣❧❛♥ ✉s❛❜✐❧✐t②✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤
❝♦✉❧❞ ❣✐✈❡ t❤❡ ✉s❡r ❣✉✐❞❛♥❝❡ ✐♥ ❞❡s✐❣♥✐♥❣ ❛ ♥❛t✉r❛❧ ❤✐❡r❛r❝❤② ♦❢ ✐♥❝r❡❛s✐♥❣❧②
❞❡t❛✐❧❡❞ ✕ ❛♥❞ ✐♥❝r❡❛s✐♥❣❧② ♣r♦❜❧❡♠❛t✐❝ ✕ ❞♦♠❛✐♥ ❢♦r♠✉❧❛t✐♦♥s✳ ❚❤✐s ❝♦✉❧❞ ❤❡❧♣
♠❛❦✐♥❣ ♣❧❛♥♥✐♥❣ t❡❝❤♥♦❧♦❣② ♠♦r❡ ❛❝❝❡ss✐❜❧❡✱ ❛♥❞ t❤✉s ❝♦♥tr✐❜✉t❡ t♦ ❛ ❝❤❛❧❧❡♥❣❡
t❤❛t s❤♦✉❧❞ ❜❡ t❛❦❡♥ ♠✉❝❤ ♠♦r❡ s❡r✐♦✉s❧② ❜② t❤❡ ♣❧❛♥♥✐♥❣ ❝♦♠♠✉♥✐t②✳ ❆ ❦❡②
❛❞✈❛♥t❛❣❡ ♦❢ ♦✛✲t❤❡✲s❤❡❧❢ ♣❧❛♥♥❡rs ✐s t❤❛t t❤❡✐r ✉s❡ ❛✈♦✐❞s t❤❡ ❡✛♦rt r❡q✉✐r❡❞ t♦
✐♠♣❧❡♠❡♥t ❛ ❞♦♠❛✐♥✲s♣❡❝✐✜❝ s♦❧✈❡r✳ ❇✉t t❤❡♥✱ ✇❡ s❤♦✉❧❞ ♣r♦✈✐❞❡ ♠✉❝❤ ❜❡tt❡r
s✉♣♣♦rt ❢♦r ✏♣r♦❣r❛♠♠✐♥❣ ✐♥ P❉❉▲✑✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

■ t❤❛♥❦ t❤❡ ❛♥♦♥②♠♦✉s r❡✈✐❡✇❡rs ♦❢ t❤❡ s❤♦rt ♣❛♣❡r ❛t ■❈❆P❙✱ ❢♦r t❤❡✐r ❝♦♥✲
str✉❝t✐✈❡ ❝♦♠♠❡♥ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ♦❢ t❤❡ r❡✈✐❡✇❡rs s✉❣❣❡st❡❞ t❤❡ ❢✉t✉r❡
r❡s❡❛r❝❤ ❧✐♥❡ tr②✐♥❣ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ r❡❛s♦♥s ❢♦r s✉❝❝❡ss ✐♥ ❧♦❝❛❧ ❛♥❛❧②s✐s✳ ■
t❤❛♥❦ ❈❛r♠❡❧ ❉♦♠s❤❧❛❦ ❢♦r ❞✐s❝✉ss✐♦♥s✱ ❢❡❡❞❜❛❝❦ ♦♥ ❡❛r❧② st❛❣❡s ♦❢ t❤✐s ✇♦r❦✱
❛♥❞ ❛♥ ❡①❡❝✉t✐✈❡ s✉♠♠❛r② ♦❢ t❤❡ st❛t✉s q✉♦ ♦❢ ❝❛✉s❛❧ ❣r❛♣❤ r❡s❡❛r❝❤✳ ❆ ✈❡r②
s♣❡❝✐❛❧ t❤❛♥❦ ②♦✉ ❣♦❡s t♦ ❈❛r❧♦s ❆r❡❝❡s ❛♥❞ ▲✉❝✐❛♥❛ ❇❡♥♦tt✐✱ ❢♦r ✐♥s♣✐r✐♥❣ t❤✐s
✇♦r❦ ✐♥ t❤❡ ✜rst ♣❧❛❝❡✳ ■ ❤❛❞ ❧♦♥❣ ❛❣♦ ❣✐✈❡♥ ✉♣ ♦♥ t❤✐s ♣r♦❜❧❡♠✳ ■t ✇❛s ❈❛r✲
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❧♦s✬ ❛♥❞ ▲✉❝✐❛♥❛✬s ✐♥s✐st❡♥❝❡ t❤❛t ✜♥❛❧❧② ♠❛❞❡ ♠❡ s❡❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ ❝❛✉s❛❧
❣r❛♣❤s ✕ ✇❤✐❧❡ tr②✐♥❣ t♦ ❡①♣❧❛✐♥ t♦ t❤❡♠ t❤❛t ❛♥ ❛♥❛❧②s✐s ❧✐❦❡ t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡✳

❆ ❚❡❝❤♥✐❝❛❧ ❉❡t❛✐❧s ❛♥❞ Pr♦♦❢s

❲❡ ❣✐✈❡ t❤❡ ♣r♦♦❢s t♦ t❤❡ t❤❡♦r❡♠s st❛t❡❞ ❡❛r❧✐❡r ♦♥✳ ■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❞♦
s♦✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ✜❧❧ ✐♥ s♦♠❡ t❡❝❤♥✐❝❛❧ ❞❡✜♥✐t✐♦♥s ✭t♦ t❤❡ ❡①t❡♥t ✇❤❡r❡ t❤❛t
✇❛s ♥♦t ❛❧r❡❛❞② ❞♦♥❡✮✳ ❲❡ ♣r♦❝❡❡❞ ❜② t♦♣✐❝s✳ ❲❡ ✜rst ♣r♦✈❡ ♦✉r ❝♦♠♣❧❡①✐t②
r❡s✉❧t ✭❆♣♣❡♥❞✐① ❆✳✶✱ ❚❤❡♦r❡♠ ✶✮✱ t❤❡♥ t❤❡ r❡s✉❧t ♣❡rt❛✐♥✐♥❣ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢
♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥s ✭❆♣♣❡♥❞✐① ❆✳✷✱ ❚❤❡♦r❡♠ ✷✮✱ t❤❡♥ t❤❡ r❡s✉❧t ♣❡rt❛✐♥✐♥❣ t♦
❝♦♥s❡r✈❛t✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s ✭❆♣♣❡♥❞✐① ❆✳✸✱ ❚❤❡♦r❡♠s ✸ ❛♥❞ ✹✮✳ ❲❡ ❝♦♥str✉❝t
❛ ♥✉♠❜❡r ♦❢ ❡①❛♠♣❧❡s r❡❧❡✈❛♥t t♦ ❜♦t❤ ❦✐♥❞s ♦❢ ❛♥❛❧②s✐s ✭❆♣♣❡♥❞✐① ❆✳✹✮✱ ❜❡❢♦r❡
❣✐✈✐♥❣ t❤❡ ♣r♦♦❢s ♦❢ ❞♦♠❛✐♥✲s♣❡❝✐✜❝ ♣❡r❢♦r♠❛♥❝❡ ❣✉❛r❛♥t❡❡s ✭❆♣♣❡♥❞✐① ❆✳✺✱
Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷✮✳

❆✳✶ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t②

❚❤❡♦r❡♠ ✶✳ ■t ✐s P❙P❆❈❊✲❤❛r❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r ♥♦t t❤❡ st❛t❡ s♣❛❝❡ ♦❢
❛ ❣✐✈❡♥ ♣❧❛♥♥✐♥❣ t❛s❦ ❝♦♥t❛✐♥s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✱ ❛♥❞ ❣✐✈❡♥ ❛♥ ✐♥t❡❣❡r K ✐t ✐s
P❙P❆❈❊✲❤❛r❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r ♥♦t ❢♦r ❛❧❧ st❛t❡s s ✇❡ ❤❛✈❡ ed(s) ≤ K✳
❋✉rt❤❡r✱ ✐t ✐s P❙P❆❈❊✲❤❛r❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r ♥♦t ❛ ❣✐✈❡♥ st❛t❡ s ✐s ❛ ❧♦❝❛❧
♠✐♥✐♠✉♠✱ ❛♥❞ ❣✐✈❡♥ ❛♥ ✐♥t❡❣❡r K ✐t ✐s P❙P❆❈❊✲❤❛r❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r
♥♦t ed(s) ≤ K✳

Pr♦♦❢✳ ❲❡ s❤♦✇ ✜rst t❤❡ ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠ ♣❡rt❛✐♥✐♥❣ t♦ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r ♦r ♥♦t
❛♥ ✐♥❞✐✈✐❞✉❛❧ st❛t❡ s ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳ ❲❡ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡❝✐❞✐♥❣
✇❤❡t❤❡r ❛♥② ❣✐✈❡♥ ♣❧❛♥♥✐♥❣ t❛s❦ ✐s s♦❧✈❛❜❧❡✳ ▲❡t (X ′, s′I , s

′
G, O

′) ❜❡ t❤❡ ♣❧❛♥♥✐♥❣
t❛s❦ ✇❤♦s❡ s♦❧✈❛❜✐❧✐t② ✇❡ ✇✐s❤ t♦ ❞❡❝✐❞❡✳ ❲❡ ❞❡s✐❣♥ ❛ t❛s❦ (X, sI , sG, O) ❛s
❢♦❧❧♦✇s✳ ❙t❛rt ✇✐t❤ (X ′, s′I , s

′
G, O

′)✱ t❤❡♥ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞✐✜❝❛t✐♦♥s✿

✭✶✮ ❆❞❞ ❛ ♥❡✇ ✈❛r✐❛❜❧❡ Task t♦ X✱ ✇✐t❤ ❞♦♠❛✐♥ {nil, org, side}✱ sI(Task) =
nil✱ ❛♥❞ sG(Task) ✉♥❞❡✜♥❡❞✳

✭✷✮ ❆❞❞ ❛ ♥❡✇ ✈❛r✐❛❜❧❡ Dist t♦ X✱ ✇✐t❤ ❞♦♠❛✐♥ {0, 1}✱ sI(Dist) = 1✱ ❛♥❞
sG(Dist) = 1✳

✭✸✮ ❆❞❞ (Task, org) ❛s ❛ ♥❡✇ ♣r❡❝♦♥❞✐t✐♦♥ ✐♥t♦ ❛❧❧ ♦♣❡r❛t♦rs ❢r♦♠ O′✳ ❆❞❞
t✇♦ ♥❡✇ ♦♣❡r❛t♦rs oorg = ({(Task, nil)}, {(Task, org)}) ❛♥❞ oside =
({(Task, nil)}, {(Task, side), (Dist, 0)})✳

✭✹✮ ❆❞❞ ❛ ♥❡✇ ✈❛r✐❛❜❧❡Goal t♦X✱ ✇✐t❤ ❞♦♠❛✐♥ {alive, dead}✱ sI(Goal) = alive✱
❛♥❞ sG(Goal) = alive✳ ❆❞❞ ❛ ♥❡✇ ♦♣❡r❛t♦r oGoal = (∅, s′G ∪ {(G, dead))✳

✭✺✮ ❆❞❞ ❛ ♥❡✇ ♦♣❡r❛t♦r oDist = ({(Task, side), (Dist, 0)}, {(Dist, 1), (G, alive)})✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♥❡✇ ✐♥✐t✐❛❧ st❛t❡ sI ✱ ❛s ✇❡❧❧ ❛s ✐ts s✉❝❝❡ss♦r st❛t❡ sorg
♣r♦❞✉❝❡❞ ❜② oorg✱ ❛♥❞ sside ♣r♦❞✉❝❡❞ ❜② oside✳ ❲❡ ❤❛✈❡ h+(sI) = h+(sorg) = 1
❞✉❡ t♦ oGoal✳ ❍♦✇❡✈❡r✱ h+(sside) = 2 ❜❡❝❛✉s❡ oside ❞❡❧❡t❡s t❤❡ ❣♦❛❧ (Dist, 1)
✇❤✐❝❤ ✇❡ ♥❡❡❞ t♦ r❡✲❛❝❤✐❡✈❡ ✇✐t❤ oDist ✭✐♥ ❛❞❞✐t✐♦♥ t♦ ✉s✐♥❣ oGoal✳ ◆♦t❡ ❛❧s♦
t❤❛t sside ❤❛s t❤❡ ♣❧❛♥ oGoal, oDist✱ ✇❤✐❝❤ ❝❧❡❛r❧② ❝♦♥st✐t✉t❡s ❛ ♠♦♥♦t♦♥✐❝❛❧❧②
❞❡❝r❡❛s✐♥❣ ♣❛t❤ t♦ ❛ ❣♦❛❧ st❛t❡✱ t❤✉s sside ✐s ♥♦t ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳ ❚❤❡ ♦♥❧②
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♦t❤❡r s✉❝❝❡ss♦r st❛t❡ ♦❢ sI ✐s t❤❡ ♦♥❡ ✇❤❡r❡ oGoal ❤❛s ❛❝t✉❛❧❧② ❜❡❡♥ ❛♣♣❧✐❡❞✳
❚❤❡r❡✱ ♥♦ r❡❧❛①❡❞ ♣❧❛♥ ❡①✐sts ❛♥❞ t❤✉s h+ = ∞ ❜❡❝❛✉s❡ oGoal ❞❡❧❡t❡s t❤❡ ❣♦❛❧
(G, alive) ✇❤✐❝❤ ✇❡ ❝❛♥♥♦t r❡✲❛❝❤✐❡✈❡✳

❆❧t♦❣❡t❤❡r✱ ✐t ❝❧❡❛r❧② ❢♦❧❧♦✇s t❤❛t sI ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✉♥❧❡ss sorg ❤❛s ❛
♠♦♥♦t♦♥❡ ♣❛t❤ t♦ ❛ st❛t❡ s ✇✐t❤ h+(s) < h+(sorg)✳ ◆♦✇✱ ❝❧❡❛r❧②✱ ✭❛✮ s✉❝❤ s ✐s
❛ ❣♦❛❧ st❛t❡✳ ❆❧s♦✱ ✭❜✮ ❛❧❧ s✉❝❝❡ss♦r st❛t❡s ♦❢ sorg ❤❛✈❡ h+ ✈❛❧✉❡ 1 ❞✉❡ t♦ oGoal✱
✉♥❧❡ss oGoal ❤❛s ❛❝t✉❛❧❧② ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ ✇❤✐❝❤ ❝❛s❡ h+ = ∞✳ ❲✐t❤ ✭❛✮ ❛♥❞
✭❜✮✱ sorg ❤❛s ❛ ♠♦♥♦t♦♥❡ ♣❛t❤ t♦ ❛ st❛t❡ s ✇✐t❤ h+(s) < h+(sorg) ✐✛ t❤❡r❡ ❡①✐sts
❛ ♣❧❛♥ ❢♦r sorg✳ ❚❤❡ ❧❛tt❡r✱ ❤♦✇❡✈❡r✱ ✐s ♦❜✈✐♦✉s❧② ❡q✉✐✈❛❧❡♥t t♦ s♦❧✈❛❜✐❧✐t② ♦❢
(X ′, s′I , s

′
G, O

′)✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❛r❣✉♠❡♥t ❢♦r t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠✳
❈♦♥s✐❞❡r ♥❡①t t❤❡ ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠ ♣❡rt❛✐♥✐♥❣ t♦ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r ♦r ♥♦t S

❝♦♥t❛✐♥s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳ ❚❤✐s ♥♦✇ ❢♦❧❧♦✇s tr✐✈✐❛❧❧② ❜❡❝❛✉s❡ t❤❡ st❛t❡ s♣❛❝❡ ♦❢
(X, sI , sG, O) ❝♦♥t❛✐♥s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✐✛ sorg ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳

❆ss✉♠❡ ♥♦✇ t❤❛t ✇❡ ❛r❡ ❣✐✈❡♥ ❛♥ ✐♥t❡❣❡r K ❛♥❞ ♥❡❡❞ t♦ ❞❡❝✐❞❡ ❢♦r ❛♥
✐♥❞✐✈✐❞✉❛❧ st❛t❡ s ✇❤❡t❤❡r ♦r ♥♦t ed(s) ≤ K✳ ❲❡ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡❝✐❞✐♥❣
✇❤❡t❤❡r ❛♥② ❣✐✈❡♥ ♣❧❛♥♥✐♥❣ t❛s❦ ✐s s♦❧✈❛❜❧❡ ✇✐t❤✐♥ ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ st❡♣s✳ ❋♦r
t❤✐s ♣✉r♣♦s❡✱ ✐♥ t❤❡ ❛❜♦✈❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❜✐♥❛r② ❝♦✉♥t❡r ✉s✐♥❣ ⌈log2(K − 2)⌉
♥❡✇ ❜✐♥❛r② ✈❛r✐❛❜❧❡s Biti t❤❛t ❛r❡ ❛❧❧ ❛t 0 ✐♥ sI ✱ ❛♥❞ ♦♣❡r❛t♦rs ❢♦r ❡❛❝❤ ❜✐t
❛❧❧♦✇✐♥❣ t♦ s❡t ✐t t♦ 1 ✐❢ ❛❧❧ t❤❡ ❧♦✇❡r ❜✐ts ❛r❡ 1✱ ✐♥ ❡✛❡❝t s❡tt✐♥❣ ❛❧❧ t❤❡s❡ ❜✐ts
❜❛❝❦ t♦ O✳ ❊❛❝❤ s✉❝❤ ♦♣❡r❛t♦r ❤❛s t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r❡❝♦♥❞✐t✐♦♥ (Task, side)✱
❜✉t ❤❛s ♥♦ ❡✛❡❝t ♦t❤❡r t❤❛♥ ♠♦❞✐❢②✐♥❣ t❤❡ ❜✐ts✳ ❲❡ t❤❡♥ ♠♦❞✐❢② t❤❡ ♦♣❡r❛t♦r
oDist ❜② ❛❞❞✐♥❣ ♥❡✇ ♣r❡❝♦♥❞✐t✐♦♥s ❡♥❝♦❞✐♥❣ ❝♦✉♥t❡r ♣♦s✐t✐♦♥ K − 2✳ ❲✐t❤ t❤✐s
❝♦♥str✉❝t✐♦♥✱ ❝❧❡❛r❧② h+(sside) > 1✱ ❛♥❞ t❤❡ ❞✐st❛♥❝❡ t♦ ❣♦❛❧ ♦❢ sside ✐s K ✭❝♦✉♥t
✉♣ t♦ K − 2✱ ❛♣♣❧② oGoal, oDist✮✳ ❚❤✉s✱ t❤❡ s❤♦rt❡st ❡①✐t ♣❛t❤ ❢♦r sI ✈✐❛ oside
❤❛s ❧❡♥❣t❤ K + 1✳ ❇✉t t❤❡♥✱ ed(sI) ≤ K ✐✛ (X ′, s′I , s

′
G, O

′) ❤❛s ❛ ♣❧❛♥ ♦❢ ❧❡♥❣t❤
❛t ♠♦st K − 1✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤✐s ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠✳

❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r t❤❡ ❤❛r❞♥❡ss ♦❢ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r ♦r ♥♦t ❢♦r ❛❧❧ s ∈ S ✇❡
❤❛✈❡ ed(s) ≤ K✳ ◆♦t❡ ✜rst t❤❛t sside ❛♥❞ ❛❧❧ ✐ts s✉❝❝❡ss♦rs ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ❡①✐t
❞✐st❛♥❝❡ ❛t ♠♦st K ✭t❤❡ ❣♦❛❧ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ✐♥ ❛t ♠♦st t❤❛t ♠❛♥② st❡♣s✮✱ ❛♥❞
t❤❛t t❤❡ ❡①✐t ❞✐st❛♥❝❡ ♦❢ sorg ❛♥❞ ❛❧❧ ✐ts s✉❝❝❡ss♦rs ✐s ❡q✉❛❧ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ ❛
s❤♦rt❡st ♣❧❛♥ ❢♦r t❤❡ r❡s♣❡❝t✐✈❡ st❛t❡ ✐♥ (X ′, s′I , s

′
G, O

′)✳ ❚❤❡ ❧❛tt❡r ❧❡♥❣t❤ ♠❛②✱
❢♦r s♦♠❡ st❛t❡s ✐♥ (X ′, s′I , s

′
G, O

′)✱ ❜❡ ❧♦♥❣❡r t❤❛♥ K ❡✈❡♥ ✐❢ t❤❡ s❤♦rt❡st ♣❧❛♥ ❢♦r
(X ′, s′I , s

′
G, O

′) ✭✐✳❡✳✱ ❢♦r t❤❡ ✐♥✐t✐❛❧ st❛t❡✮ ❤❛s ❧❡♥❣t❤ K✳ ❲❡ t❤✉s ✐♥tr♦❞✉❝❡ ❛♥✲
♦t❤❡r ❜✐♥❛r② ❝♦✉♥t❡r✱ t❤✐s t✐♠❡ ❝♦✉♥t✐♥❣ ✉♣ t♦K−1✱ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ (Task, org)✱
❛♥❞ ✇✐t❤ ❛ ♥❡✇ ♦♣❡r❛t♦r ✇❤♦s❡ ♣r❡❝♦♥❞✐t✐♦♥ ❞❡♠❛♥❞s t❤❡ ♥❡✇ ❝♦✉♥t❡r t♦ ❜❡ ❛t
K − 1 ❛♥❞ t❤❛t ❛❝❤✐❡✈❡s ❛❧❧ ❣♦❛❧s✳ ❚❤❡♥✱ ❝❧❡❛r❧②✱ sorg ❛♥❞ ❛❧❧ ✐ts ❞❡s❝❡♥❞❛♥ts
❤❛✈❡ ❡①✐t ❞✐st❛♥❝❡ ❛t ♠♦st K✳ ❚❤✉s t❤❡ ♦♥❧② st❛t❡ t❤❛t ♠❛② ❤❛✈❡ ❡①✐t ❞✐st❛♥❝❡
❣r❡❛t❡r t❤❛♥ K ✐s sI ✕ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ ed(sI) = K + 1 ✐✛ t❤❡ ♥❡✇ ❝♦✉♥t❡r ✐s
t❤❡ s❤♦rt❡st ♣❧❛♥ ❢♦r sorg✱ ✇❤✐❝❤ ♦❜✈✐♦✉s❧② ✐s t❤❡ ❝❛s❡ ✐✛ (X ′, s′I , s

′
G, O

′) ❤❛s ♥♦
♣❧❛♥ ♦❢ ❧❡♥❣t❤ ❛t ♠♦st K − 1✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❛r❣✉♠❡♥t✳

❆✳✷ ❆♥❛❧②③✐♥❣ ❖♣t✐♠❛❧ ❘❡❧❛①❡❞ P❧❛♥s

❲❡ ♥❡❡❞ t♦ ✜❧❧ ✐♥ s♦♠❡ ♥♦t❛t✐♦♥s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s❡❧❢✲❝♦♥t❛✐♥❡❞♥❡ss ♦❢ t❤✐s
s❡❝t✐♦♥✱ ✇❡ ✜rst r❡✲st❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺✿

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❧❡t s ∈ S ✇✐t❤ 0 < h+(s) <
∞✱ ❧❡t P+(s) ❜❡ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✱ ❧❡t x0 ∈ X✱ ❛♥❞ ❧❡t o0 ∈ P

+(s)
❜❡ ❛♥ ♦♣❡r❛t♦r t❛❦✐♥❣ ❛ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ t0 = (s(x0), c)✳

❘❘ ♥➦ ✼✺✵✺
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❆♥ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r P+(s)✱ x0 ❛♥❞ o0✱ ♦r ♦♣t✐♠❛❧ r♣❧❛♥
❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r P+(s) ✐♥ ❜r✐❡❢✱ ✐s ❛ ❣r❛♣❤ oDG+ = (V,A) ✇✐t❤ ✉♥✐q✉❡
❧❡❛❢ ✈❡rt❡① x0✱ ❛♥❞ ✇❤❡r❡ x ∈ V ❛♥❞ (x, x′) ∈ A ✐❢ ❡✐t❤❡r✿ x′ = x0✱ x ∈ Xpreop0

✱

❛♥❞ preo0(x) 6= s(x)❀ ♦r x 6= x′ ∈ V \ {x0} ❛♥❞ t❤❡r❡ ❡①✐sts o ∈ P+
<0(s) t❛❦✐♥❣ ❛

r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ ♦♥ x′ s♦ t❤❛t x ∈ Xpreo
❛♥❞ preo(x) 6= s(x)✳

❋♦r x ∈ V \{x0}✱ ❜② oDTG
+
x ✇❡ ❞❡♥♦t❡ t❤❡ s✉❜✲❣r❛♣❤ ♦❢ DTGx t❤❛t ✐♥❝❧✉❞❡s

♦♥❧② t❤❡ ✈❛❧✉❡s tr✉❡ ❛t s♦♠❡ ♣♦✐♥t ✐♥ P+
<0(s, x)✱ t❤❡ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s t ✉s✐♥❣

❛♥ ♦♣❡r❛t♦r ✐♥ P+
<0(s, x)✱ ❛♥❞ ❛t ❧❡❛st ♦♥❡ r❡❧❡✈❛♥t ✐♥✈❡rs❡ ♦❢ s✉❝❤ t ✇❤❡r❡ ❛

r❡❧❡✈❛♥t ✐♥✈❡rs❡ ❡①✐sts✳ ❲❡ r❡❢❡r t♦ t❤❡ P+
<0(s, x) tr❛♥s✐t✐♦♥s ❛s ♦r✐❣✐♥❛❧✱ ❛♥❞ t♦

t❤❡ ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥s ❛s ✐♥❞✉❝❡❞✳

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t (X, sI , sG, O)✱ s✱ P+(s)✱ x0✱ t0✱ ❛♥❞ oDG
+ = (V,A) ❜❡ ❛s

✐♥ ❉❡✜♥✐t✐♦♥ ✶✳ ❲❡ s❛② t❤❛t oDG+ ✐s s✉❝❝❡ss❢✉❧ ✐❢ ❛❧❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✶✮ oDG+ ✐s ❛❝②❝❧✐❝✳

✭✷✮ ❲❡ ❤❛✈❡ t❤❛t ❡✐t❤❡r✿

✭❛✮ t❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+
>0(s)✲r❡❝♦✈❡r❛❜❧❡❀ ♦r

✭❜✮ s(x0) ✐s ♥♦t oDG
+✲r❡❧❡✈❛♥t✱ ❛♥❞ t0 ❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s❀ ♦r

✭❝✮ s(x0) ✐s ♥♦t oDG+✲r❡❧❡✈❛♥t✱ ❛♥❞ t0 ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳

✭✸✮ ❋♦r x ∈ V \ {x0}✱ ❛❧❧ oDTG
+
x tr❛♥s✐t✐♦♥s ❡✐t❤❡r ❤❛✈❡ s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✱

♦r ❛r❡ ✐♥✈❡rt✐❜❧❡✴✐♥❞✉❝❡❞ ❛♥❞ ❤❛✈❡ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❛♥❞ ♥♦ s✐❞❡
❡✛❡❝ts ♦♥ V \ {x0}✳

❲❡ ♥❡①t ❞❡✜♥❡ t✇♦ ❣❡♥❡r❛❧ ♥♦t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ❤❡❧♣❢✉❧ t♦ st❛t❡ ♦✉r ♣r♦♦❢s✳

❼ ❚❤❡ ♣r❡✈❛✐❧ ❝♦♥❞✐t✐♦♥ prevo ♦❢ ❛♥ ♦♣❡r❛t♦r o ∈ O r❡s✉❧ts ❢r♦♠ r❡str✐❝t✐♥❣
preo t♦ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s Xpreo

\Xeffo
✳

❼ ▲❡t x ∈ X✱ ❧❡t (c, c′) ❜❡ ❛ tr❛♥s✐t✐♦♥ ✐♥ DTGx✱ ❛♥❞ ❧❡t (y, d) ∈ seff(c, c′) ❜❡
❛ s✐❞❡ ❡✛❡❝t ♦❢ t❤❡ tr❛♥s✐t✐♦♥✳ ❚❤❡ ❝♦♥t❡①t ♦❢ (y, d) ✐♥ (c, c′) ✐s ctx(c, c′, y, d) :=

{

(y,prerop(c,c′)(y)) y ∈ Xprerop(c,c′)

{(y, d′) | d′ ∈ Dy, d
′ 6= d} y 6∈ Xprerop(c,c′)

❚❤❡ ❝♦♥t❡①t ♦❢ (c, c′) ✐s t❤❡ s❡t ctx(c, c′) ♦❢ ❛❧❧ ♣❛rt✐❛❧ ✈❛r✐❛❜❧❡ ❛ss✐❣♥✲
♠❡♥ts ψ s♦ t❤❛t✱ ❢♦r ❡✈❡r② (y, d) ∈ seff(c, c′)✱ y ∈ Xψ ❛♥❞ (y, ψ(y)) ∈
ctx(c, c′, y, d)✳ ❲❡ ✐❞❡♥t✐❢② ctx(c, c′) ✇✐t❤ t❤❡ s❡t ♦❢ ❛❧❧ ❢❛❝ts t❤❛t ♦❝❝✉r ✐♥
❛♥② ♦❢ ✐ts ❛ss✐❣♥♠❡♥ts✳

◆♦t❡ ❤❡r❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ctx(c, c′) ♦✈❡r✲✇r✐t❡s ♦✉r ♣r❡✈✐♦✉s ♦♥❡ ❢r♦♠
❙❡❝t✐♦♥ ✺✱ ❜✉t ♦♥❧② ✐♥ t❤❡ s❡♥s❡ t❤❛t ✇❡ ♥♦✇ ❛❧s♦ ❞✐st✐♥❣✉✐s❤ ❛❧❧ ♣♦ss✐❜❧❡ t✉♣❧❡s
♦❢ ❝♦♥t❡①t ✈❛❧✉❡s✱ r❛t❤❡r t❤❛♥ ❥✉st ❝♦❧❧❡❝t✐♥❣ t❤❡ ♦✈❡r❛❧❧ s❡t✳ ❲❡ ♥❡❡❞ t❤❡ ♠♦r❡
✜♥❡✲❣r❛✐♥❡❞ ❞❡✜♥✐t✐♦♥ t♦ ♣r❡❝✐s❡❧② ❢♦r♠✉❧❛t❡ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❝✮✱ ✐✳❡✳✱
✉♥❞❡r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s ❛ tr❛♥s✐t✐♦♥ ❤❛s ✏r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✑✳ ◆❛♠❡❧②✱
❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥s ✭✷❜✮ ❛♥❞ ✭✷❝✮ ❛r❡ ❢♦r♠❛❧✐③❡❞ ❛s ❢♦❧❧♦✇s✿

❼ ❆ tr❛♥s✐t✐♦♥ (c, c′) ❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ✐✛ ctx(c, c′) ∩ sG = ∅
❛♥❞✱ ❢♦r ❡✈❡r② rop(c, c′) 6= o ∈ O ✇❤❡r❡ preo ∩ ctx(c, c′) 6= ∅ t❤❡r❡ ❡①✐sts
o′ ∈ O s♦ t❤❛t effo′ = effo ❛♥❞ preo′ ⊆ prevrop(c,c′) ∪ effrop(c,c′)✳

❼ ❆ tr❛♥s✐t✐♦♥ (c, c′) ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ✐✛ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦
❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✹✶

✕ ❊✐t❤❡r (c, c′) ❤❛s ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ♦r✱ ❢♦r ❡✈❡r② ψ ∈ ctx(c, c′)✱
t❤❡r❡ ❡①✐sts ❛ r❡❝♦✈❡r✐♥❣ ♦♣❡r❛t♦r o s♦ t❤❛t preo ⊆ prevrop(c,c′) ∪
effrop(c,c′) ❛♥❞ effo ⊆ ψ✱ effo ⊇ {(y, d) | (y, d) ∈ ψ, (y, d) ∈ sG ∪
⋃

rop(c,c′) 6=o′∈O preo′}✳

✕ ❊✈❡r② (y, d) ∈ seff(c, c′) ✐s ♥♦t ✐♥ t❤❡ ❣♦❛❧ ❛♥❞ ❛♣♣❡❛rs ✐♥ ♥♦ ♦♣❡r❛t♦r
♣r❡❝♦♥❞✐t✐♦♥ ♦t❤❡r t❤❛♥ ♣♦ss✐❜❧② t❤♦s❡ ♦❢ t❤❡ r❡❝♦✈❡r✐♥❣ ♦♣❡r❛t♦rs✳

■❢ t0 ❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ t❤❡♥ ✉♣♦♥ ✐ts ❡①❡❝✉t✐♦♥ ✇❡ ❝❛♥ r❡♠♦✈❡
o0 ❢r♦♠ t❤❡ r❡❧❛①❡❞ ♣❧❛♥ ❜❡❝❛✉s❡ ❛♥② ♦♣❡r❛t♦r r❡❧②✐♥❣ ♦♥ ❞❡❧❡t❡❞ ❢❛❝ts ❝❛♥ ❜❡
r❡♣❧❛❝❡❞✳ ■❢ t0 ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ t❤❡♥✱ ❞✉❡ t♦ t❤❡ ✜rst ❝❧❛✉s❡
♦❢ t❤✐s ❞❡✜♥✐t✐♦♥✱ ♥♦ ♠❛tt❡r ✇❤❛t t❤❡ st❛t❡ s0 ✐♥ ✇❤✐❝❤ ✇❡ ❛♣♣❧② t0 ✐s ✕ ♥♦
♠❛tt❡r ✇❤✐❝❤ ❝♦♥t❡①t ψ ❤♦❧❞s ✐♥ s0 ✕ ✇❡ ❤❛✈❡ ❛ r❡❝♦✈❡r✐♥❣ ♦♣❡r❛t♦r o t❤❛t ✐s
❛♣♣❧✐❝❛❜❧❡ ❛❢t❡r t0 ❛♥❞ t❤❛t r❡✲❛❝❤✐❡✈❡s ❛❧❧ r❡❧❡✈❛♥t ❢❛❝ts✳ ❉✉❡ t♦ t❤❡ s❡❝♦♥❞
❝❧❛✉s❡✱ o ✇✐❧❧ ♥♦t ❞❡❧❡t❡ ❛♥② ❢❛❝ts r❡❧❡✈❛♥t ❡❧s❡✇❤❡r❡ ✐♥ t❤❡ r❡❧❛①❡❞ ♣❧❛♥ ✭♥♦t❡
❤❡r❡ t❤❛t ❛♥②t❤✐♥❣ ❞❡❧❡t❡❞ ❜② o ♠✉st ❤❛✈❡ ❜❡❡♥ ❛ s✐❞❡ ❡✛❡❝t ♦❢ t0✮✳

❋✐♥❛❧❧②✱ t♦ ❢♦r♠❛❧❧② ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ✉s❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❛✮ ✕
✏t❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+

>0(s)✲r❡❝♦✈❡r❛❜❧❡✑ ✕ ✇❡ ♥♦✇ ❛ss✉♠❡ t❤❡
s✉rr♦✉♥❞✐♥❣s ♣❡rt❛✐♥✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✱ ✐✳❡✳✱ (X, sI , sG, O) ✐s ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ s
✐s ❛ st❛t❡✱ P+(s) ✐s ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✱ oDG+ = (V,A) ✐s ❛♥ ♦♣t✐♠❛❧
r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ✇✐t❤ ❧❡❛❢ ✈❛r✐❛❜❧❡ x0 ❛♥❞ tr❛♥s✐t✐♦♥ t0 = (s(x0), c) ✇✐t❤
r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r o0✳ ❲❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❛ st❛t❡ s0 ✇❤❡r❡ t0 ❝❛♥ ❜❡ ❡①❡❝✉t❡❞✱
r❡❛❝❤✐♥❣ ❛ st❛t❡ s1✱ ❛♥❞ ✇❡ ❛r❡ ❡①❛♠✐♥✐♥❣ ❛ r❡❧❛①❡❞ ♣❧❛♥ P+

1 ❢♦r s1 ❝♦♥str✉❝t❡❞
❢r♦♠ P+(s) ❜② r❡♠♦✈✐♥❣ o0✱ ❛♥❞ ❜② r❡♣❧❛❝✐♥❣ s♦♠❡ ♦♣❡r❛t♦rs ♦❢ P+

<0(s) ✇✐t❤
♦♣❡r❛t♦rs r❡s♣♦♥s✐❜❧❡ ❢♦r ✐♥❞✉❝❡❞ oDTG+

x tr❛♥s✐t✐♦♥s ❢♦r x ∈ V \ {x0}✳

❼ ❇② C0 := {(x0, s(x0))} ∪ ctx(t0) ✇❡ ❞❡♥♦t❡ t❤❡ ✈❛❧✉❡s ♣♦t❡♥t✐❛❧❧② ❞❡❧❡t❡❞
❜② t0✳

❼ ❇② R+
1 ✇❡ ❞❡♥♦t❡ t❤❡ ✉♥✐♦♥ ♦❢ sG✱ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② P+(s) ♦♣❡r❛t♦r

♦t❤❡r t❤❛♥ o0✱ ❛♥❞ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② ♦♣❡r❛t♦r ✇❤✐❝❤ ✐s t❤❡ r❡s♣♦♥s✐✲
❜❧❡ ♦♣❡r❛t♦r ❢♦r ❛♥ ✐♥❞✉❝❡❞ tr❛♥s✐t✐♦♥ ✐♥ oDTG+

x ✱ ✇✐t❤ x ∈ V \ {x0}✳ ❆s
❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✱ t❤✐s ✐s ❛ s✉♣❡r✲s❡t ♦❢ t❤❡ ❢❛❝ts ♣♦ss✐❜❧② ♥❡❡❞❡❞ ✐♥
P+

1 ✳

❼ ❇② F0 := s∪
⋃

o∈P+
<0(s)

effo ✇❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❢❛❝ts tr✉❡ ❛❢t❡r t❤❡ r❡❧❛①❡❞

❡①❡❝✉t✐♦♥ ♦❢ P+
<0(s) ✐♥ s✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✱ ✐❢ p 6∈ F0 t❤❡♥ p ✐s ♥♦t

♥❡❡❞❡❞ ✐♥ s1 ❢♦r P+
1 t♦ ❜❡ ❛ r❡❧❛①❡❞ ♣❧❛♥✳

❼ ❇② S1 ✇❡ ❞❡♥♦t❡ t❤❡ ✉♥✐♦♥ ♦❢✿ ✭✶✮ prevo0 ∪ effo0 ❀ ✭✷✮ t❤❡ s❡t ♦❢ ❢❛❝ts
(x, c) ∈ s ✇❤❡r❡ t❤❡r❡ ❡①✐sts ♥♦ o s✉❝❤ t❤❛t x ∈ Xeffo

❛♥❞ o ✐s ❡✐t❤❡r o0
♦r ✐♥ P+

<0(s) ♦r ✐s t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r ❢♦r ❛♥ ✐♥❞✉❝❡❞ tr❛♥s✐t✐♦♥ ✐♥
oDTG+

x ✱ ✇✐t❤ x ∈ V \ {x0}❀ ✭✸✮ t❤❡ s❡t F ❞❡✜♥❡❞ ❛s F := {(x, c) | (x, c) ∈
F0, x ∈ V \ {x0}} ✐❢ Xeffo0

∩ (V \ {x0}) = ∅✱ ❡❧s❡ F := ∅✳ ❍❡r❡✱ ✭✶✮ ❛♥❞ ✭✷✮
❛r❡ ❢❛❝ts ♦❢ ✇❤✐❝❤ ✇❡ ❛r❡ ❝❡rt❛✐♥ t❤❛t t❤❡② ✇✐❧❧ ❜❡ tr✉❡ ✐♥ s1❀ ✭✸✮ ✐s ❛ s❡t ♦❢
❢❛❝ts t❤❛t ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❛❝❤✐❡✈❡ ❛t t❤❡ st❛rt ♦❢ P+

1 ✱ ❜② ❛♣♣r♦♣r✐❛t❡❧②
r❡✲♦r❞❡r✐♥❣ t❤❡ ♦♣❡r❛t♦rs✳

❼ ■❢ −→o = 〈o1, . . . , on〉 ✐s ❛ s✉❜✲s❡q✉❡♥❝❡ ♦❢ P+(s)✱ t❤❡♥ t❤❡ r❡❧❛①❡❞✲♣❧❛♥

♠❛❝r♦✲♣r❡❝♦♥❞✐t✐♦♥ ♦❢ −→o ✐s ❞❡✜♥❡❞ ❛s pre+
−→o

:=
⋃n

i=1(preoi
\

⋃i−1
j=1 effoi

)✳
❚❤❡ r❡❧❛①❡❞✲♣❧❛♥ ♠❛❝r♦✲❡✛❡❝t ♦❢ −→o ✐s ❞❡✜♥❡❞ ❛s pre+

−→o
:=

⋃n

i=1 effoi
✳ ■❢ −→o

✐s ❡♠♣t② t❤❡♥ ❜♦t❤ s❡ts ❞❡❢❛✉❧t t♦ t❤❡ ❡♠♣t② s❡t✳ ❚❤❡s❡ ♥♦t✐♦♥s s✐♠♣❧②
❝❛♣t✉r❡ t❤❡ ✏♦✉ts✐❞❡✑ ♥❡❡❞s ❛♥❞ ❡✛❡❝ts ♦❢ ❛ r❡❧❛①❡❞ ♣❧❛♥ s✉❜✲s❡q✉❡♥❝❡✳
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❼ ❚❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+
>0(s)✲r❡❝♦✈❡r❛❜❧❡ ✐✛ P

+
>0(s) ❝♦♥t❛✐♥s

❛ s✉❜✲s❡q✉❡♥❝❡ −→o0 s♦ t❤❛t pre+
−→o0
⊆ S1 ❛♥❞ eff+

−→o0
⊇ R+

1 ∩C0 ∩ F0✳ ❚❤❡ ✜rst
❝♦♥❞✐t✐♦♥ ❤❡r❡ ❡♥s✉r❡s t❤❛t −→o0 ✇✐❧❧ ❜❡ ❛♣♣❧✐❝❛❜❧❡ ❛t t❤❡ ❛♣♣r♦♣r✐❛t❡ ♣♦✐♥t
✇✐t❤✐♥ P+

1 ✳ ❚❤❡ s❡❝♦♥❞ ❝❧❛✉s❡ ❡♥s✉r❡s t❤❛t ❛❧❧ ❢❛❝ts r❡❧❡✈❛♥t ❢♦r P+
1 ✇✐❧❧

❜❡ r❡✲❛❝❤✐❡✈❡❞ ❜② −→o0 ✳

❲❡ ♥♦✇ ♣r♦❝❡❡❞ ✇✐t❤ ♦✉r ❡①✐t ♣❛t❤ ❝♦♥str✉❝t✐♦♥✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✜rst
❝♦♥s✐❞❡r t❤❡ ♣❛rt ♦❢ t❤❡ ♣❛t❤ ❧❡❛❞✐♥❣ ✉♣ t♦ s0✱ ✐✳❡✳✱ ✇❤❡r❡ ✇❡ ♠♦✈❡ ♦♥❧② t❤❡
♥♦♥✲❧❡❛❢ ✈❛r✐❛❜❧❡s x ∈ V \ {x0}✳ ❲❡ s❤♦✇ ❤♦✇ t♦ ❝♦♥str✉❝t t❤❡ r❡❧❛①❡❞ ♣❧❛♥s
P+(s′) ❢♦r t❤❡ st❛t❡s s′ ✈✐s✐t❡❞ ♦♥ t❤✐s ♣❛t❤✳

❋✐rst✱ ♥♦t❡ t❤❛t ✇❡ ❝❛♥ ❛ss✉♠❡ P+(s) t♦ ❜❡ s♦rt❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦♣✲
t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ oDG+ = (V,A)✳ Pr❡❝✐s❡❧②✱ ❧❡t xk, . . . , x1 ❜❡
❛ t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r✐♥❣ ♦❢ V \ {x0} ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛r❝s A✳ ❉✉❡ t♦ t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ♦❢ (V,A) ❛s ♣❡r ❉❡✜♥✐t✐♦♥ ✶✱ ❛♥❞ ❜❡❝❛✉s❡ ♣r❡✈✐♦✉s ✈❛❧✉❡s ❛r❡ ♥❡✈❡r
r❡♠♦✈❡❞ ✐♥ t❤❡ r❡❧❛①❡❞ st❛t❡ s♣❛❝❡✱ ✇❡ ❝❛♥ r❡✲♦r❞❡r P+(s) t♦ t❛❦❡ t❤❡ ❢♦r♠
P+
<0(s, xk) ◦ · · · ◦ P

+
<0(s, x1) ◦ P ✳ ❚❤❛t ✐s✱ ✇❡ ❝❛♥ ♣❡r❢♦r♠ ❛❧❧ ♠♦✈❡s ✇✐t❤✐♥ ❡❛❝❤

oDTG+
x ✉♣ ❢r♦♥t✱ ✐♥ ❛♥ ♦r❞❡r ❝♦♥❢♦r♠✐♥❣ ✇✐t❤ A✳ ❲❡ ✇✐❧❧ ❤❡♥❝❡❢♦rt❤ ❛ss✉♠❡✱

✇❧♦❣✱ t❤❛t P+(s) ❤❛s t❤✐s ❢♦r♠✳
❘❡❝❛❧❧ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❛t ♦r✐❣✐♥❛❧ oDTG+

x tr❛♥s✐t✐♦♥s ❛r❡ t❤♦s❡ t❛❦❡♥ ❜②
P+
<0(s)✱ ✇❤❡r❡❛s ✐♥❞✉❝❡❞ oDTG+

x tr❛♥s✐t✐♦♥s ❛r❡ t❤♦s❡ ✐♥❝❧✉❞❡❞ ❛s t❤❡ ✐♥✈❡rs❡
♦❢ ❛♥ ♦r✐❣✐♥❛❧ tr❛♥s✐t✐♦♥✳ ❋♦r ❛ ♣❛t❤ −→p ♦❢ ✐♥✈❡rt✐❜❧❡ tr❛♥s✐t✐♦♥s tr❛✈❡rs✐♥❣
〈c0, . . . , cn〉✱ t❤❡ ✐♥✈❡rs❡ ♣❛t❤ ←−p tr❛✈❡rs❡s 〈cn, . . . , c0〉 ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ tr❛♥✲
s✐t✐♦♥ ✇✐t❤ ✐ts ✐♥✈❡rs❡✳ ❇② rop(−→p ) ✇❡ ❞❡♥♦t❡ t❤❡ ♦♣❡r❛t♦r s❡q✉❡♥❝❡ r❡s♣♦♥s✐❜❧❡
❢♦r t❤❡ ♣❛t❤✳

❲❡ s❛② t❤❛t ❛ st❛t❡ s′ ∈ S ✐s ✐♥ t❤❡ ✐♥✈❡rt✐❜❧❡ s✉rr♦✉♥❞✐♥❣s ♦❢ s ❛❝❝♦r❞✐♥❣
t♦ oDG+ ✐❢ s′ ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ s ❜② ❡①❡❝✉t✐♥❣ ❛ s❡q✉❡♥❝❡ −→o ♦❢ r❡s♣♦♥s✐❜❧❡
♦♣❡r❛t♦rs ♦❢ ✐♥✈❡rt✐❜❧❡✴✐♥❞✉❝❡❞ tr❛♥s✐t✐♦♥s ✐♥ oDTG+

x ❢♦r x ∈ V \ {x0}✳ ❚❤❡
❛❞❛♣t❡❞ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✉❝❤ s′✱ ❞❡♥♦t❡❞ P+(s→s′)✱ ✐s ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✳
▲❡t xk, . . . , x1 ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r✐♥❣ ♦❢ V \ {x0} ❛❝❝♦r❞✐♥❣ t♦ A✱ ❛♥❞ ❞❡♥♦t❡
P+(s) = P+(s, xk)◦· · ·◦P

+(s, x1)◦P ✳ ■♥✐t✐❛❧✐③❡ P+(s→s′) := P+(s)✳ ❚❤❡♥✱ ❢♦r
❡❛❝❤ xi ∈ V \ {x0}✱ ❧❡t

−→p ❜❡ ❛ ♣❛t❤ ♦❢ ♦r✐❣✐♥❛❧ ✐♥✈❡rt✐❜❧❡ tr❛♥s✐t✐♦♥s ✐♥ oDTG+
xi

❧❡❛❞✐♥❣ ❢r♦♠ s(xi) t♦ s′(xi) ✕ ❝❧❡❛r❧②✱ s✉❝❤ ❛ ♣❛t❤ ♠✉st ❡①✐st✳ ❘❡♠♦✈❡ rop(−→p )
❢r♦♠ P+(s→s′)✱ ❛♥❞ ✐♥s❡rt rop(←−p ) ❛t t❤❡ st❛rt ♦❢ P+(s→s′, xi)✳

❲❡ ♥❡①t s❤♦✇ t❤❛t ❛❞❛♣t❡❞ r❡❧❛①❡❞ ♣❧❛♥s ✐♥❞❡❡❞ ❛r❡ r❡❧❛①❡❞ ♣❧❛♥s✱ ✉♥❞❡r
r❡str✐❝t✐♥❣ ❝♦♥❞✐t✐♦♥s t❤❛t ❛r❡ ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✸✮✿

▲❡♠♠❛ ✶✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❧❡t s ∈ S ❜❡ ❛ st❛t❡ ✇✐t❤
0 < h+(s) < ∞✱ ❛♥❞ ❧❡t P+(s) ❜❡ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✳ ❙❛② t❤❛t
oDG+ = (V,A) ✐s ❛♥ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r P+(s) ✇❤❡r❡✱ ❢♦r
❡✈❡r② x ∈ V \ {x0}✱ t❤❡ ✐♥✈❡rt✐❜❧❡✴✐♥❞✉❝❡❞ oDTG+

x tr❛♥s✐t✐♦♥s ❤❛✈❡ ✐rr❡❧❡✈❛♥t
s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❛♥❞ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✳ ▲❡t s′ ∈ S ❜❡ ❛ st❛t❡ ✐♥ t❤❡
✐♥✈❡rt✐❜❧❡ s✉rr♦✉♥❞✐♥❣s ♦❢ s ❛❝❝♦r❞✐♥❣ t♦ oDG+✳ ❚❤❡♥ P+(s→s′) ✐s ❛ r❡❧❛①❡❞
♣❧❛♥ ❢♦r s′✱ ❛♥❞ |P+(s→s′)| ≤ |P+(s)|✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t P+(s) t❛❦❡s t❤❡ ❢♦r♠ P+
<0(s, xk) ◦ · · · ◦

P+
<0(s, x1)◦P ✱ ❛♥❞ t❤❛t P+(s→s′) t❛❦❡s t❤❡ ❢♦r♠ P+

<0(s
′, xk)◦· · ·◦P

+
<0(s

′, x1)◦P ✱
✇❤❡r❡ xk, . . . , x0 ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r✐♥❣ ♦❢ V ✱ ❛♥❞ P ✐s s♦♠❡ ♦♣❡r❛t♦r s❡q✉❡♥❝❡
t❤❛t ✐s ❝♦♠♠♦♥ t♦ ❜♦t❤✱ ❜✉t ✇❤♦s❡ ❝♦♥t❡♥t ✇✐❧❧ ♥♦t ❜❡ ✐♠♣♦rt❛♥t ❢♦r t❤✐s ♣r♦♦❢✳
❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❞❡♥♦t❡ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ P+(s→s′) ❛s P+(s′)✱ ❛♥❞ ✇❡
❧❡❛✈❡ ❛✇❛② t❤❡ ✏< 0✑ s✉❜s❝r✐♣ts✳
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❈♦♥s✐❞❡r ✜rst t❤❡ ✭r❡❧❛①❡❞✮ ❡①❡❝✉t✐♦♥ ♦❢ P+(s, xk) ❛♥❞ P+(s′, xk)✳ ❙❛② t❤❛t
−→p ✐s t❤❡ ♣❛t❤ ✐♥ oDTG+

xk
❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P+(s′)✱ ✐✳❡✳✱ ❛ ♣❛t❤ ♦❢

♦r✐❣✐♥❛❧ ✐♥✈❡rt✐❜❧❡ tr❛♥s✐t✐♦♥s ✐♥ oDTG+
xi

❧❡❛❞✐♥❣ ❢r♦♠ s(xk) t♦ s′(xk)✳ ❈❧❡❛r❧②✱
〈o1, . . . , on〉 := rop(−→p ) ✐s ❛ s✉❜✲s❡q✉❡♥❝❡ ♦❢ P+(s, xk)✳ ❙❛② t❤❛t −→p ✈✐s✐ts t❤❡
✈❡rt✐❝❡s s(xk) = c0, . . . , cn = s′(xk)❀ ❞❡♥♦t❡ C := {c0, . . . , cn}✳ ❆ss✉♠❡ ✇❧♦❣
t❤❛t P+(s, xk) st❛rts ✇✐t❤ 〈o1, . . . , on〉 ✕ ♥♦t❡ ❤❡r❡ t❤❛t ✇❡ ❝❛♥ r❡✲♦r❞❡r P+(s, xk)
✭❛♥❞ r❡❧❛①❡❞ ♣❧❛♥s ✐♥ ❣❡♥❡r❛❧✮ ✐♥ ❛♥② ✇❛② ✇❡ ✇❛♥t ❛s ❧♦♥❣ ❛s ✇❡ ❞♦ ♥♦t ✈✐♦❧❛t❡
♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❧❛tt❡r ✐s ♥♦t t❤❡ ❝❛s❡ ❤❡r❡ ❜❡❝❛✉s❡✿ 〈o1, . . . , on〉
❝♦♥st✐t✉t❡s ❛ ♣❛t❤ ✐♥ oDTG+

xk
❀ ❜❡❝❛✉s❡ ❛❧❧ ♦t❤❡r ♦♣❡r❛t♦rs ❞❡♣❡♥❞✐♥❣ ♦♥ ❛

✈❛❧✉❡ ✐♥ C ❛r❡ ♦r❞❡r❡❞ t♦ ♦❝❝✉r ❧❛t❡r ♦♥ ✐♥ P+(s, xk)❀ ❛♥❞ ❜❡❝❛✉s❡✱ s✐♥❝❡ ❛❧❧
tr❛♥s✐t✐♦♥s ✐♥ −→p ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✱ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ (V,A) ❛s
♣❡r ❉❡✜♥✐t✐♦♥ ✶ t❤❡ ♦♣❡r❛t♦rs ✐♥ 〈o1, . . . , on〉 ❞♦ ♥♦t s✉♣♣♦rt ❡❛❝❤ ♦t❤❡r ✐♥ ❛♥②
✇❛②✱ ✐♥ P+(s)✱ ♦t❤❡r t❤❛♥ ❜② ❛✛❡❝t✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ xk✳

●✐✈❡♥ t❤❡ ❛❜♦✈❡✱ ✇❧♦❣ P+(s, xk) ❤❛s t❤❡ ❢♦r♠ 〈o1, . . . , on〉◦P1✳ ❇② ❝♦♥str✉❝✲
t✐♦♥✱ P+(s′, xk) ❤❛s t❤❡ ❢♦r♠ rop(←−p ) ◦ P1 =: 〈←−on, . . . ,

←−o1〉 ◦ P1✳ ❈♦♥s✐❞❡r ♥♦✇
t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ♣r❡✜①❡s✱ ✐✳❡✳✱ s+1 := s∪

⋃n

i=1 effoi
❛♥❞ s+2 := s′ ∪

⋃1
i=n eff←−oi

✳
❈❧❡❛r❧②✱ s✐♥❝❡ ❛❧❧ t❤❡ tr❛♥s✐t✐♦♥s ♦♥ −→p ❤❛✈❡ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ ✇❡ ❤❛✈❡
t❤❛t t❤❡ r❡❧❡✈❛♥t ♣❛rt ♦❢ s ✐s ❝♦♥t❛✐♥❡❞ ✐♥ s′✳ ❇✉t t❤❡♥✱ ❛s ❢❛r ❛s t❤❡ ✈❛r✐❛❜❧❡s
♦✉ts✐❞❡ V \ {x0, xk} ❛r❡ ❝♦♥❝❡r♥❡❞✱ t❤❡ r❡❧❡✈❛♥t ♣❛rt ♦❢ s+1 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ s+2 ✿
❛♥② r❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝ts ♦❢ 〈o1, . . . , on〉 ❛r❡ ❛❧r❡❛❞② ❝♦♥t❛✐♥❡❞ ✐♥ s′❀ t❤❡ ✈❛❧✉❡s
C ❛r❡ ♦❜✈✐♦✉s❧② tr✉❡ ✐♥ s+2 ❀ ✐❢ t❤❡ ✐♥❞✉❝❡❞ tr❛♥s✐t✐♦♥s ❤❛✈❡ s✐❞❡ ❡✛❡❝ts✱ t❤❡♥
t❤❡s❡ ❝❛♥ ♦♥❧② ✐♥❝r❡❛s❡ t❤❡ ❢❛❝t s❡t s+2 ✳ ❋✉rt❤❡r✱ t❤❡ s❡q✉❡♥❝❡ 〈←−on, . . . ,

←−o1〉 ✐s
❛♣♣❧✐❝❛❜❧❡ ✐♥ t❤❡ r❡❧❛①❛t✐♦♥✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ ✜rst t❤❛t t❤❡ ♣r❡❝♦♥❞✐t✐♦♥s ♦♥
xk ✐ts❡❧❢ ❛r❡ s❛t✐s✜❡❞ ❜② ❞❡✜♥✐t✐♦♥✱ ❜❡❝❛✉s❡ 〈←−on, . . . ,

←−o1〉 ❝♦♥st✐t✉t❡s ❛ ♣❛t❤ ✐♥
DTGxk

✳ ❆♥② s✐❞❡ ❡✛❡❝ts✱ ✐❢ t❤❡② ♦❝❝✉r✱ ❛r❡ ♥♦t ❤❛r♠❢✉❧ ❜❡❝❛✉s❡ ♦❧❞ ✈❛❧✉❡s ❛r❡
♥♦t ♦✈❡r✲✇r✐tt❡♥ ✐♥ t❤❡ r❡❧❛①❛t✐♦♥✳ ❆s ❢♦r ♣r❡❝♦♥❞✐t✐♦♥s ♦♥ ♦t❤❡r ✈❛r✐❛❜❧❡s✱ ❞✉❡
t♦ ✐♥✈❡rt✐❜✐❧✐t② ✕ t❤❡ ♦✉ts✐❞❡ ❝♦♥❞✐t✐♦♥s ♦❢←−oi ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤♦s❡ ♦❢ oi ✕ t❤♦s❡
❛r❡ ❛ s✉❜s❡t ♦❢ t❤♦s❡ ❢♦r 〈o1, . . . , on〉✳ ❍❡♥❝❡✱ ✇✐t❤ ❉❡✜♥✐t✐♦♥ ✶ ❛♥❞ s✐♥❝❡ xk ❤❛s
♥♦ ✐♥❝♦♠✐♥❣ ❡❞❣❡s ✐♥ oDG+✱ ❛❧❧ t❤❡s❡ ♣r❡❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ✐♥ s✳ ❚❤❡② ❛r❡
t❤❡♥ ❛❧s♦ s❛t✐s✜❡❞ ✐♥ s′ ❜❡❝❛✉s❡ ✭vk ❜❡✐♥❣ ❛ r♦♦t ♦❢ oDG+✮ t❤❡s❡ ✈❛r✐❛❜❧❡s x
❛r❡ ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ V ❛♥❞ ❤❡♥❝❡ s′(x) = s(x) ❜② ♣r❡r❡q✉✐s✐t❡ ✕ ♥♦t❡ ❤❡r❡ t❤❛t
♣r❡❝♦♥❞✐t✐♦♥ ❢❛❝ts ❝❛♥♥♦t ❤❛✈❡ ❜❡❡♥ ❞❡❧❡t❡❞ ❜② t❤❡ s✐❞❡ ❡✛❡❝ts ✇❤♦s❡ ❞❡❧❡t❡s
❛r❡ ✐rr❡❧❡✈❛♥t ❜② ♣r❡r❡q✉✐s✐t❡✳

❚❤❡ ❛❜♦✈❡ ❤❛s s❤♦✇♥ t❤❛t t❤❡ r❡❧❡✈❛♥t ♣❛rt ♦❢ t❤❡ ♦✉t❝♦♠❡ ♦❢ r❡❧❛①❡❞ ❡①✲
❡❝✉t✐♦♥ ♦❢ P+(s, xk) ✐♥ s ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ r❡❧❛①❡❞ ❡①❡❝✉t✐♦♥ ♦❢
P+(s′, xk) ✐♥ s′✱ ♦♥ ❛❧❧ ✈❛r✐❛❜❧❡s ♦✉ts✐❞❡ V \ {x0, xk}✳ ❲❡ ❝❛♥ ♥♦✇ ✐t❡r❛t❡ t❤✐s
❛r❣✉♠❡♥t✳ ❆ss✉♠❡ ❛s ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t❤❛t ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❤♦✇♥ t❤❛t t❤❡
r❡❧❡✈❛♥t ♣❛rt ♦❢ t❤❡ ♦✉t❝♦♠❡ ♦❢ r❡❧❛①❡❞ ❡①❡❝✉t✐♦♥ ♦❢ P+(s, xk)◦. . . P

+(s, xi+1) ✐♥
s ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ r❡❧❛①❡❞ ❡①❡❝✉t✐♦♥ ♦❢ P+(s′, xk)◦· · ·◦P

+(s′, xi+1)
✐♥ s′✱ ♦♥ ❛❧❧ ✈❛r✐❛❜❧❡s ♦✉ts✐❞❡ V \{x0, xk, . . . , xi+1}✳ ◆♦✇ ❝♦♥s✐❞❡r P+(s, xi) ❛♥❞
P+(s′, xi)✳ ❚❤❡ ♦♥❧② t❤✐♥❣ t❤❛t ❝❤❛♥❣❡s ✇✐t❤ r❡s♣❡❝t t♦ xk ❛❜♦✈❡ ✐s t❤❛t t❤❡r❡
♠❛② ❜❡ ♣r❡❝♦♥❞✐t✐♦♥s ♦♥ ✈❛r✐❛❜❧❡s xj t❤❛t ❛r❡ ♥♦t tr✉❡ ✐♥ s❀ ✇❡ ❤❛✈❡ j > i

❜❡❝❛✉s❡ s✉❝❤ ♣r❡❝♦♥❞✐t✐♦♥s ♠✉st ❜❡❧♦♥❣ t♦ ♣r❡❞❡❝❡ss♦rs ♦❢ xi ✐♥ oDG+ ❜② ❉❡✜✲
♥✐t✐♦♥ ✶✳ ❙✐♥❝❡ P+(s) = P+(s, xk)◦· · ·◦P

+(s, x1)◦P ✐s ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✱ t❤♦s❡
❝♦♥❞✐t✐♦♥s ❛r❡ ❡st❛❜❧✐s❤❡❞ ❛❢t❡r r❡❧❛①❡❞ ❡①❡❝✉t✐♦♥ ♦❢ P+(s, xk)◦· · ·◦P

+(s, xi+1)
✐♥ s✳ ●✐✈❡♥ t❤✐s✱ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t❤❡ ❝♦♥❞✐t✐♦♥s ✕ ✇❤✐❝❤ ❛r❡ ❝❧❡❛r❧②
♥♦t ✐rr❡❧❡✈❛♥t ✕ ❛r❡ ❡st❛❜❧✐s❤❡❞ ❛❧s♦ ❛❢t❡r r❡❧❛①❡❞ ❡①❡❝✉t✐♦♥ ♦❢ P+(s′, xk) ◦ · · · ◦
P+(s′, xi+1) ✐♥ s′✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ❛r❣✉♠❡♥t ❢♦r t❤❡ ✐♥❞✉❝t✐✈❡ ❝❛s❡✳ ❲✐t❤
i = 1✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ r❡❧❡✈❛♥t ♣❛rt ♦❢ t❤❡ ♦✉t❝♦♠❡ ♦❢ r❡❧❛①❡❞ ❡①❡❝✉t✐♦♥ ♦❢

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✹✹

P+(s, xk) ◦ · · · ◦ P
+(s, x1) ✐♥ s ✐s ❝♦♥t❛✐♥❡❞ ✭♦♥ ❛❧❧ ✈❛r✐❛❜❧❡s✮ ✐♥ t❤❡ ♦✉t❝♦♠❡

♦❢ r❡❧❛①❡❞ ❡①❡❝✉t✐♦♥ ♦❢ P+(s′, xk) ◦ · · · ◦ P
+(s′, x1) ✐♥ s′✳ ❋r♦♠ t❤✐s✱ t❤❡ ❝❧❛✐♠

❢♦❧❧♦✇s tr✐✈✐❛❧❧② ❜❡❝❛✉s❡ P+(s) ✐s ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✱ ❛♥❞ t❤❡ r❡♠❛✐♥❞❡r P ♦❢
❜♦t❤ ♦♣❡r❛t♦r s❡q✉❡♥❝❡s ✐s ✐❞❡♥t✐❝❛❧✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ❜❡❝❛✉s❡✱ ❢♦r ❛♥② i 6= j✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡
♦r✐❣✐♥❛❧ tr❛♥s✐t✐♦♥s ✇❡ ✉s❡ ❢♦r xi r❡s♣❡❝t✐✈❡❧② xj ❤❛✈❡ ♥♦ ♦♣❡r❛t♦rs ✐♥ ❝♦♠♠♦♥✳
❚❤✐s ✐s ❜❡❝❛✉s❡✱ ❛s ❛r❣✉❡❞ ❛❜♦✈❡✱ ❛❧❧ t❤❡ r❡❧❡✈❛♥t ♦♣❡r❛t♦rs ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts
♦♥ V \ {x0}✳ ❙✐♥❝❡ ❡❛❝❤ ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs ❛✛❡❝ts t❤❡ ✈❛r✐❛❜❧❡ xi✱ ✐t ❝❛♥♥♦t
❛✛❡❝t ❛♥② ♦t❤❡r ✈❛r✐❛❜❧❡ ✐♥ V \ {x0}✳ ❚❤✉s✱ ❢♦r ❡❛❝❤ ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥ t❤❛t ✇❡
✐♥tr♦❞✉❝❡ ✈✐❛ ❛♥ ✐♥✈❡rs❡ ♦♣❡r❛t♦r✱ P+(s) ❝♦♥t❛✐♥s ❛ s❡♣❛r❛t❡ ♦♣❡r❛t♦r✳ ❋r♦♠
t❤✐s✱ ♦❜✈✐♦✉s❧② ✇❡ ❣❡t t❤❛t |P+(s→s′)| ≤ |P+(s)|✳

▲❡♠♠❛ ✶ ❝❛♣t✉r❡s t❤❡ s❡❝♦♥❞ ❝❛s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✸✮✱ tr❛♥s✐t✐♦♥s
t❤❛t ❛r❡ ✐♥✈❡rt✐❜❧❡✴✐♥❞✉❝❡❞ ❛♥❞ ❤❛✈❡ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❛♥❞ ♥♦ s✐❞❡
❡✛❡❝ts ♦♥ V \ {x0}✳ ❚❤❡ ♥❡①t ❧❡♠♠❛ ❝❛♣t✉r❡s t❤❡ ✜rst ❝❛s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✷
❝♦♥❞✐t✐♦♥ ✭✸✮✿

▲❡♠♠❛ ✷✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❧❡t s ∈ S ❜❡ ❛ st❛t❡ ✇✐t❤
0 < h+(s) < ∞✱ ❛♥❞ ❧❡t P+(s) ❜❡ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✳ ❙❛② t❤❛t
oDG+ = (V,A) ✐s ❛♥ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r P+(s) ✇❤❡r❡✱ ❢♦r
❡✈❡r② x ∈ V \ {x0}✱ t❤❡ ✐♥✈❡rt✐❜❧❡✴✐♥❞✉❝❡❞ oDTG+

x tr❛♥s✐t✐♦♥s ❤❛✈❡ ✐rr❡❧❡✈❛♥t
s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❛♥❞ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✳ ▲❡t s′ ∈ S ❜❡ ❛ st❛t❡ ✐♥ t❤❡
✐♥✈❡rt✐❜❧❡ s✉rr♦✉♥❞✐♥❣s ♦❢ s ❛❝❝♦r❞✐♥❣ t♦ oDG+✳ ▲❡t s′′ ❜❡ ❛ st❛t❡ r❡❛❝❤❡❞ ❢r♦♠
s′ ❜② ❛ P+(s→s′, x) ♦♣❡r❛t♦r o ❝♦♥st✐t✉t✐♥❣ ❛ tr❛♥s✐t✐♦♥ (c, c′) ❢♦r x ∈ V ✱ ✇❤❡r❡
s′(x) = c✱ t❤❛t ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✳ ❚❤❡♥ r❡♠♦✈✐♥❣ o ❢r♦♠ P+(s→ s′)
②✐❡❧❞s ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s′′✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✶✱ P+(s→s′) ✐s ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s′✳ ◆♦✇✱ ✉♣♦♥ ❡①❡❝✉t✐♦♥ ♦❢
o✱ ✐♥ s′′✱ ✐ts ❡✛❡❝ts ❛r❡ tr✉❡✱ ✐✳❡✳✱ ✇❡ ❤❛✈❡ (x, c′) ❛♥❞ ❛♥② s✐❞❡ ❡✛❡❝ts ✭✐❢ ♣r❡s❡♥t✮✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦❜✈✐♦✉s❧② t❤❡ ♦♥❧② ❢❛❝ts (z, e) t❤❛t ❛r❡ tr✉❡ ✐♥ s′ ❜✉t ♥♦t
✐♥ s′′ ❛r❡ ✐♥ ctx(c, c′) ∪ {(x, c)}✳ ❙✐♥❝❡✱ ❜② ♣r❡r❡q✉✐s✐t❡✱ t❤❡ tr❛♥s✐t✐♦♥ (c, c′)
❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✱ ❛❧❧ ❢❛❝ts ✐♥ ctx(c, c′) ∪ {(x, c)} ❛r❡ ❡✐t❤❡r ✐rr❡❧❡✈❛♥t
♦r rop(c, c′)✲♦♥❧② r❡❧❡✈❛♥t✱ ♠❡❛♥✐♥❣ t❤❡② ❛r❡ ♥♦t ✐♥ t❤❡ ❣♦❛❧ ❛♥❞ ♦❝❝✉r ✐♥ ♥♦
♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥ ♦t❤❡r t❤❛♥✱ ♣♦ss✐❜❧②✱ t❤❛t ♦❢ o ✐ts❡❧❢✳ ❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s
❞✐r❡❝t❧② ❢r♦♠ t❤❛t✳

❲❡ r❡♠❛r❦ t❤❛t ❛ ♠✉❝❤ ♠♦r❡ ❡❛s✐❧② ❢♦r♠✉❧❛t❡❞✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧✱ ✈❡rs✐♦♥
♦❢ ▲❡♠♠❛ ✷ ❝♦✉❧❞ ❜❡ ♣r♦✈❡❞ s✐♠♣❧② ❜② ❛ss♦❝✐❛t✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ✏s❡❧❢✲✐rr❡❧❡✈❛♥t
❞❡❧❡t❡s✑ ✇✐t❤ ♦♣❡r❛t♦rs r❛t❤❡r t❤❛♥ tr❛♥s✐t✐♦♥s✱ ❛♥❞ ♣♦st✉❧❛t✐♥❣ ♦♥❧② t❤❛t o ❜❡
✉s❡❞ ✐♥ P+(s)✳ ❚❤❛t ❛r❣✉♠❡♥t ❝♦rr❡s♣♦♥❞s t♦ ♣❛rt ✭❆✮ ✐♥ t❤❡ ♣r♦♦❢ t♦ ▲❡♠♠❛ ✸
♦❢ ❍♦✛♠❛♥♥ ❬✷✾❪✳ ❲❡ st❛t❡ t❤❡ ❛r❣✉♠❡♥t ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❢♦r♠ ❛❜♦✈❡ s✐♥❝❡ t❤❛t
✇✐❧❧ ❜❡ t❤❡ ❢♦r♠ ✇❡ ♥❡❡❞ ❜❡❧♦✇✳

❲❡ ❛r❡ ♥♦✇ ❛❧♠♦st r❡❛❞② t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ ❧❡♠♠❛ ❜❡❤✐♥❞ ♦✉r ❡①✐t ♣❛t❤
❝♦♥str✉❝t✐♦♥✳ ❲❡ ♥❡❡❞ ♦♥❡ ❧❛st ♥♦t❛t✐♦♥✱ ❝❛♣t✉r✐♥❣ ❛ s✐♠♣❧❡r ❢♦r♠ ♦❢ t❤❡ ❝♦st
❢✉♥❝t✐♦♥ costd∗(oDG+) t❤❛t ✇❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❚❤❡ s✐♠♣❧❡r ❢✉♥❝t✐♦♥
❞♦❡s ♥♦t ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ✏s❤♦rt✲❝✉t✑ ❝♦♥str✉❝t✐♦♥❀ t❤❛t ❝♦♥str✉❝t✐♦♥ ✇✐❧❧ ❜❡ ✐♥✲
tr♦❞✉❝❡❞ s❡♣❛r❛t❡❧② ❢✉rt❤❡r ❜❡❧♦✇✳ ❲❡ ❞❡✜♥❡ costd(oDG+) :=

∑

x∈V costd(x)✱
✇❤❡r❡ costd(x) :=

{

1 x = x0

diam(oDTG+
x ) ∗

∑

x′:(x,x′)∈A costd(x′) x 6= x0

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✹✺

▲❡♠♠❛ ✸✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❧❡t s ∈ S ❜❡ ❛ st❛t❡ ✇✐t❤
0 < h+(s) < ∞✱ ❛♥❞ ❧❡t P+(s) ❜❡ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✳ ❙❛② t❤❛t
oDG+ = (V,A) ✐s ❛ s✉❝❝❡ss❢✉❧ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r P+(s)✳ ❚❤❡♥
t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡r❛t♦r s❡q✉❡♥❝❡ −→o s♦ t❤❛t✿

✭■✮ −→o ❝♦♥st✐t✉t❡s ❛ ♠♦♥♦t♦♥❡ ♣❛t❤ ✐♥ S ❢r♦♠ s t♦ ❛ st❛t❡ s1 ✇✐t❤ h+(s) >
h+(s1)✳

✭■■✮ ❚❤❡ ❧❡♥❣t❤ ♦❢ −→o ✐s ❛t ♠♦st costd(oDG+) ✐❢ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥
✭✷❛✮ ♦r ✭✷❜✮✱ ❛♥❞ ✐s ❛t ♠♦st costd(oDG+) + 1 ✐❢ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✷
❝♦♥❞✐t✐♦♥ ✭✷❝✮✳

Pr♦♦❢✳ ▲❡t xk, . . . , x1 ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r✐♥❣ ♦❢ V \ {x0} ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❛r❝s A✳ ❈♦♥s✐❞❡r ❛ st❛t❡ s0 ✇❤❡r❡ ❢♦r ❡✈❡r② x ∈ V \ {x0} ✇❡ ❤❛✈❡ t❤❛t s0(x)
✐s ❛ ✈❡rt❡① ✐♥ oDTG+

x ✱ ❛♥❞ ❢♦r ❡✈❡r② ✈❛r✐❛❜❧❡ x ♦✉ts✐❞❡ V \ {x0} ✇❡ ❤❛✈❡ t❤❛t
s0(x) = s(x) ✉♥❧❡ss s(x) ✐s ✐rr❡❧❡✈❛♥t✳ ❙❛② t❤❛t preo0 ⊆ s0✳ ◆♦t❡ ✜rst t❤❛t
s✉❝❤ ❛ st❛t❡ s0 ❡①✐sts✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❛t ❡✐t❤❡r preo0(x0) ✐s ✉♥❞❡✜♥❡❞
♦r t❤❛t preo0(x0) = s(x0) = s0(x0)✳ ✭◆♦t❡ t❤❛t ✏❢♦r ❡✈❡r② ✈❛r✐❛❜❧❡ x ♦✉ts✐❞❡
V \{x0} ✇❡ ❤❛✈❡ t❤❛t s0(x) = s(x) ✉♥❧❡ss s(x) ✐s ✐rr❡❧❡✈❛♥t✑ ❝♦✈❡rs ❛❧s♦ t❤❡ ❝❛s❡
✇❤❡r❡ ❛ tr❛♥s✐t✐♦♥ ♦♥ V \{x0} ❤❛s ❛ s✐❞❡ ❡✛❡❝t ♦♥ x0✱ ✇❤♦s❡ ❞❡❧❡t❡ ♠✉st t❤❡♥ ❜②
♣r❡r❡q✉✐s✐t❡ ❜❡ ✐rr❡❧❡✈❛♥t ❛♥❞ t❤✉s ❡✐t❤❡r t❤❡ s✐❞❡ ❡✛❡❝t ✐s x0 := s(x0) ♦r o0 ✐s ♥♦t
❛❝t✉❛❧❧② ♣r❡❝♦♥❞✐t✐♦♥❡❞ ♦♥ x0✳✮ ❇② ❉❡✜♥✐t✐♦♥ ✶ ❛♥❞ ❜❡❝❛✉s❡ P+(s) ✐s ❛ r❡❧❛①❡❞
♣❧❛♥ ❢♦r s✱ ❡❛❝❤ ✈❛r✐❛❜❧❡ x ∈ Xpreo0

✐s ❝♦♥t❛✐♥❡❞ ✐♥ V ✉♥❧❡ss preo0(x) = s(x)✳
❋♦r t❤❡ s❛♠❡ r❡❛s♦♥s✱ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ oDTG+

x ✱ ✇❡ ❤❛✈❡ t❤❛t preo0(x) ✐s ❛
✈❡rt❡① ✐♥ oDTG+

x ✳
◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ st❛t❡ s1 t❤❛t r❡s✉❧ts ❢r♦♠ ❛♣♣❧②✐♥❣ o0 t♦ s0✳ ❲❡ ✜rst

❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ s0 ✐s ✐♥ t❤❡ ✐♥✈❡rt✐❜❧❡ s✉rr♦✉♥❞✐♥❣s ♦❢ s ❛❝❝♦r❞✐♥❣
t♦ oDG+❀ t❤❡ ♦♣♣♦s✐t❡ ❝❛s❡ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ❜❡❧♦✇✳ ❲❡ ❝❛♥ ❛♣♣❧②
▲❡♠♠❛ ✶ t♦ s0✱ ❛♥❞ ❤❡♥❝❡ ❤❛✈❡ ❛ r❡❧❛①❡❞ ♣❧❛♥ P+(s→s0) ❢♦r s0 t❤❛t r❡s✉❧ts
❢r♦♠ r❡♣❧❛❝✐♥❣✱ ✐♥ P+(s)✱ s♦♠❡ ♠♦✈❡s ♦❢ P+

<0(s, x)✱ ❢♦r x ∈ V \ {x0}✱ ✇✐t❤ t❤❡✐r
✐♥✈❡rs❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ h+(s) ≥ h+(s0)✱ ❛♥❞ P+(s→s0, x

′) = P+(s, x′) ❢♦r ❛❧❧
x′ 6∈ V ✳ ❲❤❛t ✐s ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s1❄ ❲❡ ❞✐st✐♥❣✉✐s❤ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥
✭✷✮ ❝❛s❡s ✭❛✮✱ ✭❜✮✱ ❛♥❞ ✭❝✮✳

■♥ ❝❛s❡ ✭❛✮✱ ❜② ❞❡✜♥✐t✐♦♥ ✇❡ ❤❛✈❡ t❤❛t P+
>0(s) ❝♦♥t❛✐♥s ❛ s✉❜✲s❡q✉❡♥❝❡ −→o0 s♦

t❤❛t pre+
−→o0
⊆ S1 ❛♥❞ eff+

−→o0
⊇ R+

1 ∩ C0 ∩ F0✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✇❡ ❝❛♥ r❡♠♦✈❡

o0 ❢r♦♠ P+(s→s0) ❛♥❞ ♦❜t❛✐♥ ❛ r❡❧❛①❡❞ ♣❧❛♥ P+
1 ❢♦r s1✱ t❤✉s ❣❡tt✐♥❣ h+(s) >

h+(s1)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝♦♥str✉❝t P+
1 ❜②✿ r❡♠♦✈✐♥❣ o0 ❢r♦♠ P+(s→ s0)❀

✐❢ Xeffo0
∩ (V \ {x0}) 6= ∅ t❤❡♥ ♠♦✈✐♥❣ −→o0 t♦ ♦❝❝✉r ❛t t❤❡ st❛rt ♦❢ P+

1 ❀ ✐❢
Xeffo0

∩ (V \ {x0}) = ∅ t❤❡♥ ♠♦✈✐♥❣ −→o0 t♦ ♦❝❝✉r ❛t t❤❡ st❛rt ♦❢ P+
>0(s) ✭✇❤✐❝❤ ✐s

✉♥❝❤❛♥❣❡❞ ✐♥ P+(s→s0)✮✳ ❖❜s❡r✈❡ ✜rst t❤❛t o0 ∈ P+(s→s0) ❛♥❞ −→o0 ✐s ❛ s✉❜✲
s❡q✉❡♥❝❡ ♦❢ P+(s→s0) s✐♥❝❡ t❤❡ ❛❞❛♣t❛t✐♦♥ ♣❡rt❛✐♥s ❡①❝❧✉s✐✈❡❧② t♦ ♦♣❡r❛t♦rs
t❤❛t ♣r❡❝❡❞❡ o0 ✐♥ P+(s)✳ ❙❡❝♦♥❞✱ ♦❢ ❝♦✉rs❡ t❤❡ ✈❛❧✉❡s ❡st❛❜❧✐s❤❡❞ ❜② o1 ❛r❡
tr✉❡ ✐♥ s1✳

❚❤✐r❞✱ −→o0 ✐s ❛♣♣❧✐❝❛❜❧❡ ✭✐♥ t❤❡ r❡❧❛①❛t✐♦♥✮ ❛t ✐ts ❛ss✐❣♥❡❞ ♣♦✐♥t ✐♥ P+
1 ✳ ❚♦ s❡❡

t❤✐s✱ ❝♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ✇❤❡r❡ Xeffo0
∩ (V \ {x0}) 6= ∅✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥

♦❢ S1✱ pre+
−→o0

✐s ❝♦♥t❛✐♥❡❞ ✐♥ (prevo0 ∪ effo0) ❛♥❞ t❤❡ s❡t ♦❢ ❢❛❝ts (x, c) ∈ s ✇❤❡r❡

t❤❡r❡ ❡①✐sts ♥♦ o s✉❝❤ t❤❛t x ∈ Xeffo
❛♥❞ o ✐s ❡✐t❤❡r o0 ♦r ✐♥ P+

<0(s) ♦r ✐s
t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r ❢♦r t❤❡ ✐♥✈❡rs❡ ♦❢ ❛ tr❛♥s✐t✐♦♥ t❛❦❡♥ ❜② ❛♥ ♦♣❡r❛t♦r
o′ ∈ P+

<0(s)✳ ❆❧❧ t❤❡s❡ ❢❛❝ts ✇✐❧❧ ❜❡ tr✉❡ ✐♥ s1✳ ❚❤✐s ✐s ♦❜✈✐♦✉s ❢♦r prevo0 ∪ effo0
❛♥❞ ❢♦❧❧♦✇s ❢♦r t❤❡ ♦t❤❡r ❢❛❝ts ❜❡❝❛✉s❡ t❤❡② ✇❡r❡ tr✉❡ ✐♥ s ❛♥❞ ❝❛♥♥♦t ❤❛✈❡

❘❘ ♥➦ ✼✺✵✺
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❜❡❡♥ ❛✛❡❝t❡❞ ❜② ❛♥② ♦♣❡r❛t♦r ♦♥ t❤❡ ♣❛t❤ t♦ s1✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝❛s❡ ✇❤❡r❡
Xeffo0

∩ (V \ {x0}) = ∅✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ S1✱ pre+
−→o0

✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡ts ♦❢ ❢❛❝ts✱ ♣❧✉s {(x, c) | (x, c) ∈ F0, x ∈ V \ {x0}}✳ ❚❤❡ ❧❛tt❡r ❢❛❝ts✱ ❛s ❢❛r
❛s r❡❧❡✈❛♥t✱ ✇✐❧❧ ❛❧❧ ❜❡ tr✉❡ ❛t t❤❡ st❛rt ♦❢ −→o0 ✐♥ P+

1 ✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❡①❡❝✉t✐♦♥
♦❢ o0 ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ P+(s→s0)✱ ❛♥❞ t❤✉s ♦❢ P+

1 ✱ ✉♣ t♦ t❤✐s
♣♦✐♥t✳ ❇✉t t❤❡♥✱ ✇✐t❤ ✇❤❛t ✇❛s ❛r❣✉❡❞ ✐♥ ▲❡♠♠❛ ✶✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ♦✉t❝♦♠❡
♦❢ s✉❝❤ ❡①❡❝✉t✐♦♥ ✐♥ s0 ❝♦♥t❛✐♥s✱ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s V \ {x0}✱ t❤❡ r❡❧❡✈❛♥t ♣❛rt ♦❢
t❤❡ ♦✉t❝♦♠❡ ♦❢ P+

<0(s) ✐♥ s ✕ t❤❛t ✐s✱ t❤❡ r❡❧❡✈❛♥t ♣❛rt ♦❢ F0✳ ❙✐♥❝❡ o0 ❞♦❡s ♥♦t
❛✛❡❝t t❤❡s❡ ✈❛r✐❛❜❧❡s✱ t❤❡ s❛♠❡ ✐s tr✉❡ ♦❢ s1✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤✐s ♣♦✐♥t✳

❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r ❛♥② ❢❛❝ts (z, e) t❤❛t ❛r❡ tr✉❡ ✐♥ s0 ❜✉t ♥♦t ✐♥ s1✱ ❛♥❞ t❤❛t
♠❛② ❜❡ ♥❡❡❞❡❞ ❜② P+

1 ❜❡❤✐♥❞ −→o0 ✱ ✐✳❡✳✱ t❤❛t ❡✐t❤❡r ❛r❡ ✐♥ t❤❡ ❣♦❛❧ ♦r ✐♥ t❤❡
♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs✳ ❖❜s❡r✈❡ t❤❛t✱ s✐♥❝❡ ✐♥✈❡rs❡ ♦♣❡r❛t♦rs
❛r❡ ♣❡r❢♦r♠❡❞ ♦♥❧② ❢♦r tr❛♥s✐t✐♦♥s ♦♥ ✈❛r✐❛❜❧❡s V \ {x0}✱ ❛♥❞ s✐♥❝❡ t❤❡② ❞♦ ♥♦t
✐♥❝❧✉❞❡ ❛♥② ♥❡✇ ♦✉ts✐❞❡ ♣r❡❝♦♥❞✐t✐♦♥s✱ ❛♥② s✉❝❤ (z, e) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ R+

1 ✳
✷✶

◆♦✇✱ s❛② ✜rst t❤❛t (z, e) ∈ F0✳ ❚❤❡♥✱ ✇✐t❤ t❤❡ ❛❜♦✈❡✱ (z, e) ∈ (ctx(s(x0), c) ∪
{(x0, s(x0))})∩F0 ∩R

+
1 ❛♥❞ t❤✉s (z, e) ∈ eff+

−→o0
❜② ♣r❡r❡q✉✐s✐t❡ ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳

❲❤❛t ✐❢ (z, e) 6∈ F0❄ ◆♦t❡ t❤❛t✱ t❤❡♥✱ (z, e) 6∈ preo ❢♦r ❛♥② o ∈ P+
<0(s) ✕ ❡❧s❡✱

t❤✐s ♣r❡❝♦♥❞✐t✐♦♥ ✇♦✉❧❞ ♥♦t ❜❡ tr✉❡ ✐♥ t❤❡ r❡❧❛①❡❞ ❡①❡❝✉t✐♦♥ ♦❢ P+(s) ❛♥❞ t❤✉s
P+(s) ✇♦✉❧❞ ♥♦t ❜❡ ❛ r❡❧❛①❡❞ ♣❧❛♥✳ ◆❡✐t❤❡r ✐s (z, e) ❛❞❞❡❞ ❜② ❛♥② o ∈ P+

<0(s)✱
❛♥❞ t❤✉s (z, e) ✐s ♥♦t ♥❡❡❞❡❞ ❛s t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② ✐♥✈❡rs❡ ♦♣❡r❛t♦r ✉s❡❞ ✐♥
P+(s→s0) ✕ t❤❡s❡ ♦♣❡r❛t♦rs ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ ♥❡✇ ♦✉ts✐❞❡ ♣r❡❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ♦❢
❝♦✉rs❡ ✉s❡ ♦♥❧② ♦✇♥✲♣r❡❝♦♥❞✐t✐♦♥s ♣r❡✈✐♦✉s❧② ❛❞❞❡❞ ❜② ♦t❤❡r ♦♣❡r❛t♦rs ❛✛❡❝t✐♥❣
t❤❡ r❡s♣❡❝t✐✈❡ ✈❛r✐❛❜❧❡✳ ❚❤✉s t❤❡ ♦♥❧② r❡❛s♦♥ ✇❤② (z, e) ❝♦✉❧❞ ❜❡ ♥❡❡❞❡❞ ✐♥ P+

1

✐s ✐❢ ❡✐t❤❡r (z, e) ∈ sG ♦r (z, e) ∈ preo ❢♦r s♦♠❡ o ∈ P+
>0(s)✳ ■❢ (z, e) ∈ sG t❤❡♥

❝❡rt❛✐♥❧②✱ s✐♥❝❡ P+(s) ✐s ❛ r❡❧❛①❡❞ ♣❧❛♥✱ ✐t ✐s ❛❝❤✐❡✈❡❞ ❜② s♦♠❡ ♦♣❡r❛t♦r o ✐♥
P+(s)✳ ❲❡ ❝❛♥♥♦t ❤❛✈❡ o = o0 s✐♥❝❡ t❤❡ ❡✛❡❝t ♦❢ o0 ✐s tr✉❡ ✐♥ s1✱ ❛♥❞ ✇❡ ❝❛♥♥♦t
❤❛✈❡ o ∈ P+

<0(s) s✐♥❝❡ (z, e) 6∈ F0✳ ❚❤✉s o ∈ P
+
>0(s)✱ ❛♥❞ t❤✉s o ✐s ❝♦♥t❛✐♥❡❞ ✐♥

P+
1 ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳ ■❢ (z, e) ∈ preo′ ❢♦r s♦♠❡ o′ ∈ P+

>0(s)✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts
❛♣♣❧②✱ ✐✳❡✳✱ t❤❡r❡ ♠✉st ❜❡ o ∈ P+

>0(s)✱ ♦r❞❡r❡❞ ❜❡❢♦r❡ o′✱ t❤❛t ❛❞❞s (z, e)✳ ❚❤✐s
❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ❢♦r ❝❛s❡ ✭❛✮✳

❈♦♥s✐❞❡r ♥♦✇ ❝❛s❡ ✭❜✮✱ ✇❤❡r❡ s(x0) 6∈ R+
1 ✱ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ (s(x0), c)

❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ ✐✳❡✳✱ ctx(s(x0), c) ∩ sG = ∅ ❛♥❞✱ ❢♦r ❡✈❡r②
o0 6= o ∈ O ✇❤❡r❡ preo ∩ ctx(s(x0), c) 6= ∅ t❤❡r❡ ❡①✐sts o′ ∈ O s♦ t❤❛t effo′ = effo
❛♥❞ preo′ ⊆ prevo0 ∪ effo0 ✳ ❲❡ ♦❜t❛✐♥ ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r P+

1 ❜② r❡♠♦✈✐♥❣ o0
❢r♦♠ P+(s→s0)✱ ❛♥❞ r❡♣❧❛❝✐♥❣ ❛♥② ♦t❤❡r ♦♣❡r❛t♦rs o ✇✐t❤ t❤❡ r❡s♣❡❝t✐✈❡ o′ ✐❢
♥❡❡❞❡❞✳ Pr❡❝✐s❡❧②✱ s❛② t❤❛t (z, e) ✐s tr✉❡ ✐♥ s0 ❜✉t ♥♦t ✐♥ s1✳ ■❢ z = x0 t❤❡♥
e = s(x0) ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ P+

1 ❜② ❝♦♥str✉❝t✐♦♥✳ ❋♦r ❡✈❡r② ♦t❤❡r z✱ ✇❡ ♠✉st ❤❛✈❡
(z, e) ∈ ctx(s(x0), c)✳ ❚❤❡♥ (z, e) ✐s ♥♦t ❛ ❣♦❛❧ ❜② ♣r❡r❡q✉✐s✐t❡✳ ❋♦r ❛♥② ♦♣❡r❛t♦r
o ∈ P+

1 t❤❛t ❤❛s (z, e) ❛s ❛ ♣r❡❝♦♥❞✐t✐♦♥✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ o ✇✐t❤ t❤❡ ♣♦st✉❧❛t❡❞
♦♣❡r❛t♦r o1 t❤❛t ✐s ♦❜✈✐♦✉s❧② ❛♣♣❧✐❝❛❜❧❡ ✐♥ s1 ❛♥❞ ❤❛s t❤❡ s❛♠❡ ❡✛❡❝t✳ ❚❤✐s
❝♦♥❝❧✉❞❡s t❤✐s ❝❛s❡✳

❈♦♥s✐❞❡r ❧❛st ❝❛s❡ ✭❝✮✱ ✇❤❡r❡ ❜② ❞❡✜♥✐t✐♦♥ s(x0) 6∈ R
+
1 ✱ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥

(s(x0), c) ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❍❡r❡✱ t❤❡ ❣✉❛r❛♥t❡❡ t♦ ❞❡❝r❡❛s❡
h+ ✐s ♦❜t❛✐♥❡❞ ♥♦t ❢♦r s1 ✐ts❡❧❢✱ ❜✉t ❢♦r ❛ s✉❝❝❡ss♦r st❛t❡ s2 ♦❢ s1✳ ◆❛♠❡❧②✱
❧❡t o0 ❜❡ t❤❡ ♦♣❡r❛t♦r r❡❝♦✈❡r✐♥❣ t❤❡ r❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ♦❢ (s(x0), c)✳

✷✶◆♦t❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥s ♦♥ ♥♦♥✲❧❡❛❢ ✈❛r✐❛❜❧❡s x✱ ✇❤✐❝❤
♠❛② ❤❛✈❡ ❛ ♣r❡❝♦♥❞✐t✐♦♥ ✐♥ x t❤❛t ✐s ❛❞❞❡❞ ❜②✱ ❜✉t ♥♦t ♥❡❡❞❡❞ ❛s ❛ ♣r❡r❡q✉✐s✐t❡ ♦❢✱ t❤❡ ❛❝t✐♦♥s
✐♥ P+(s, x)✳ ❙✉❝❤ ♣r❡❝♦♥❞✐t✐♦♥s ✕ ❛♥❞ ♦♥❧② s✉❝❤ ♣r❡❝♦♥❞✐t✐♦♥s ✕ ♠❛② ❜❡ ♥❡❡❞❡❞ ✐♥ P+(s→s0)
❛♥❞ t❤✉s ✐♥ P+

1
✱ ❜✉t ♥♦t ✐♥ P+(s)✳ ■t ✐s ❢♦r t❤✐s r❡❛s♦♥ t❤❛t ✇❡ ✐♥❝❧✉❞❡ t❤❡s❡ ❢❛❝ts ✐♥ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ R+
1
✳

❘❘ ♥➦ ✼✺✵✺
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Pr❡❝✐s❡❧②✱ ❧❡t ψ ∈ ctx(s(x0), c) s♦ t❤❛t ψ ⊆ s0 ✭s✉❝❤ ❛ ψ ❡①✐sts ❜② ❞❡✜♥✐t✐♦♥ ♦❢
ctx(s(x0), c)✮✳ ❚❤❡♥✱ ❧❡t o0 ❜❡ ❛♥ ♦♣❡r❛t♦r s♦ t❤❛t preo0 ⊆ (prevo0 ∪ effo0) ❛♥❞
effo0 ⊆ ψ✱ effo0 ⊇ {(y, d) | (y, d) ∈ ψ, (y, d) ∈ sG ∪

⋃

o0 6=o′∈O
preo′} ✭s✉❝❤ ❛♥

♦♣❡r❛t♦r ❡①✐sts ❜② ❝❛s❡ ✭❜✮✮✳ ❙❛② t❤❛t ✇❡ ♦❜t❛✐♥ P+
1 ❜② r❡♣❧❛❝✐♥❣✱ ✐♥ P+(s→s0)✱

o0 ✇✐t❤ o0✳ ❚❤❡♥ P+
1 ✐s ❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s1✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ ✜rst t❤❛t o0 ✐s

❛♣♣❧✐❝❛❜❧❡ ✐♥ s1 ❜② ✈✐rt✉❡ ♦❢ preo0 ⊆ (prevo0 ∪effo0)✳ ❋✉rt❤❡r✱ ♥♦t❡ t❤❛t t❤❡ ♦♥❧②
✈❛❧✉❡s ❞❡❧❡t❡❞ ❜② o0 ❛r❡ t❤♦s❡ ✐♥ ψ ♣❧✉s (x0, s0(x0))✳ ❙✐♥❝❡ s0(x0) = s(x0)✱ ❜②
s(x0) 6∈ R

+
1 ✇❡ ❦♥♦✇ t❤❛t s0(x0) 6∈ R

+
1 ❛♥❞ t❤✉s t❤✐s ❞❡❧❡t❡ ✐s ♦❢ ♥♦ ❝♦♥s❡q✉❡♥❝❡✳

❆s ❢♦r ψ✱ ❜② ✈✐rt✉❡ ♦❢ effo0 ⊇ {(y, d) | (y, d) ∈ ψ, (y, d) ∈ sG∪
⋃

o0 6=o′∈O
preo′} ❛❧❧

❢❛❝ts t❤❛t ❝♦✉❧❞ ♣♦ss✐❜❧② ❜❡ r❡❧❡✈❛♥t ❛r❡ r❡✲❛❝❤✐❡✈❡❞ ❜② o0✳ ❋✐♥❛❧❧②✱ t❤❡ ✈❛❧✉❡s
❡st❛❜❧✐s❤❡❞ ❜② o0 ❛r❡ tr✉❡ ✐♥ s1✳

◆♦✇✱ s❛② ✇❡ ♦❜t❛✐♥ s2 ❜② ❛♣♣❧②✐♥❣ o0 ✐♥ s1✳ ❚❤❡♥ r❡♠♦✈✐♥❣ o0 ❢r♦♠ P+
1 ②✐❡❧❞s

❛ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s2✳ ❚❤✐s ✐s s✐♠♣❧② ❜❡❝❛✉s❡ ✐ts ❡st❛❜❧✐s❤❡❞ ❡✛❡❝ts ❛r❡ tr✉❡ ✐♥ s2✱
❛♥❞ ❜② ✈✐rt✉❡ ♦❢ effo0 ⊆ ψ t❤❡ ♦♥❧② ❢❛❝ts ✐t ❞❡❧❡t❡s ❛r❡ s✐❞❡✲❡✛❡❝ts ♦❢ t❤❡ tr❛♥s✐t✐♦♥
(s(x0), c)✳ ❇② ❝❛s❡ ✭❜✮✱ t❤❡s❡ ❛r❡ ♥♦t r❡❧❡✈❛♥t ❢♦r ❛♥②t❤✐♥❣ ❡①❝❡♣t ♣♦ss✐❜❧② t❤❡
r❡❝♦✈❡r✐♥❣ ♦♣❡r❛t♦rs✳ ❚❤❡ r❡❝♦✈❡r✐♥❣ ♦♣❡r❛t♦r o0 ✇❡ ❤❛✈❡ ❥✉st r❡♠♦✈❡❞ ❢r♦♠
P+

1 ✳ ❆s ❢♦r ❛♥② ♦t❤❡r r❡❝♦✈❡r✐♥❣ ♦♣❡r❛t♦rs o′ t❤❛t ❝♦✉❧❞ st✐❧❧ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥
P+

1 ✱ s✐♥❝❡ effo′ ⊆ ψ ❛♥❞ effo0 ⊇ {(y, d) | (y, d) ∈ ψ, (y, d) ∈ sG∪
⋃

o0 6=o′∈O
preo′}✱

❛❧❧ r❡❧❡✈❛♥t ❢❛❝ts t❤❛t o′ ❝♦✉❧❞ ♣♦ss✐❜❧② ❛❝❤✐❡✈❡ ❛r❡ ❛❧r❡❛❞② tr✉❡ ✐♥ s2 ❛♥❞ t❤✉s
✇❡ ❝❛♥ r❡♠♦✈❡ o′ ❛s ✇❡❧❧✳ ❍❡♥❝❡✱ ♦✈❡r❛❧❧✱ h+(s) > h+(s2)✳

■♥ ❝❛s❡s ✭❛✮ ❛♥❞ ✭❜✮ ✇❡ ❝❛♥ ♣r♦✈❡ ✭■✮ ❜② ❝♦♥str✉❝t✐♥❣ ❛ ♠♦♥♦t♦♥❡ ♣❛t❤
t♦ s1✱ ✐♥ ❝❛s❡ ✭❝✮ t❤❡ s❛♠❡ ✐s tr✉❡ ♦❢ s2✳ ✭❖❢ ❝♦✉rs❡✱ ✇❡ ✇✐❧❧ ❛❧s♦ s❤♦✇ ✭■■✮✱
❜② ❝♦♥str✉❝t✐♥❣ ❛ ♣❛t❤ t❤❛t ❤❛s ❛t ♠♦st t❤❡ s♣❡❝✐✜❡❞ ❧❡♥❣t❤❀ ✇❡ ✇✐❧❧ ✐❣♥♦r❡
t❤✐s ✐ss✉❡ ❢♦r t❤❡ ♠♦♠❡♥t✳✮ ❚❤❡ ♦♥❧② ❞✐✣❝✉❧t② ✐♥ ❝♦♥str✉❝t✐♥❣ s✉❝❤ ❛ ♣❛t❤ ✐s
❛❝❤✐❡✈✐♥❣ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥s ♦❢ o0✳ ❚❤❡s❡ ♣r❡❝♦♥❞✐t✐♦♥s ♠❛② ♥♦t ❜❡ s❛t✐s✜❡❞ ✐♥
s✱ s♦ ✇❡ ♥❡❡❞ t♦ r❡❛❝❤ t❤❡ st❛t❡ s0 ✇❤❡r❡ t❤❡② ❛r❡ s❛t✐s✜❡❞✳ ❲❡ ♥❡❡❞ t♦ ❞♦
s♦ ✇✐t❤♦✉t ❡✈❡r ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ h+✳ ❲✐t❤ ▲❡♠♠❛ ✶✱ t❤❡ ❧❛tt❡r ❝❛♥ ❜❡
❛❝❝♦♠♣❧✐s❤❡❞ ❜② st❛rt✐♥❣ ❛t s✱ ❛♥❞ ❛❧✇❛②s t❛❦✐♥❣ ♦♥❧② oDTG+

x tr❛♥s✐t✐♦♥s ♦❢
✈❛r✐❛❜❧❡s x ∈ V ♣❡rt❛✐♥✐♥❣ t♦ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐♥ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✸✮✱ ✐✳❡✳✱
tr❛♥s✐t✐♦♥s t❤❛t ❛r❡ ✐♥✈❡rt✐❜❧❡✴✐♥❞✉❝❡❞ ❛♥❞ ❤❛✈❡ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s
❛♥❞ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ✇✐❧❧✱ ❢♦r ❜r❡✈✐t②✱ r❡❢❡r t♦
s✉❝❤ tr❛♥s✐t✐♦♥s ❛s ✏❝❛s❡✷✑✳ ◆♦t❡ ❤❡r❡ t❤❛t✱ t❤✐s ✇❛②✱ ✇❡ ✇✐❧❧ r❡❛❝❤ ♦♥❧② st❛t❡s
✐♥ t❤❡ ✐♥✈❡rt✐❜❧❡ s✉rr♦✉♥❞✐♥❣s ♦❢ s ❛❝❝♦r❞✐♥❣ t♦ oDG+✳ ❋♦r ❛♥② s✉❝❤ ♦♣❡r❛t♦r
s❡q✉❡♥❝❡ −→o ✱ ❜② ▲❡♠♠❛ ✶ ✇❡ ❦♥♦✇ t❤❛t h+(s) ≥ h+(s′) ❢♦r ❛❧❧ st❛t❡s s′ ❛❧♦♥❣
t❤❡ ✇❛②✳ ◆♦✇✱ ✇❤❛t ✐❢ ✇❡ ❝❛♥♥♦t r❡❛❝❤ s0 ❜② ✉s✐♥❣ s✉❝❤ ❛ s❡q✉❡♥❝❡✱ ✐✳❡✳✱ ✇❤❛t
✐❢ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ t❛❦❡ ❛ ♥♦♥✲❝❛s❡✷ oDTG+

x tr❛♥s✐t✐♦♥ (c, c′) ♦❢ ✈❛r✐❛❜❧❡ x✱ ❛t
s♦♠❡ st❛t❡ s′❄ ❇② ♣r❡r❡q✉✐s✐t❡ ✇❡ ❦♥♦✇ t❤❛t tr❛♥s✐t✐♦♥ (c, c′) ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t
❞❡❧❡t❡s✳ ❲❡ ❝❛♥ ❛♣♣❧② ▲❡♠♠❛ ✷ ❜❡❝❛✉s❡✿ s′ ✐s ✐♥ t❤❡ ✐♥✈❡rt✐❜❧❡ s✉rr♦✉♥❞✐♥❣s ♦❢
s ❛❝❝♦r❞✐♥❣ t♦ oDG+❀ s✐♥❝❡ ✇❡✬r❡ ❢♦❧❧♦✇✐♥❣ ❛ tr❛♥s✐t✐♦♥ ♣❛t❤✱ ❝❧❡❛r❧② s′(x) = c✱
✐✳❡✳✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ r❡❧❡✈❛♥t ✈❛r✐❛❜❧❡ ✐♥ s′ ✐s t❤❡ st❛rt ✈❛❧✉❡ ♦❢ t❤❡ ❧❛st tr❛♥s✐t✐♦♥
✇❡ ❛r❡ t❛❦✐♥❣❀ ❛♥❞ ❜② ❝♦♥str✉❝t✐♦♥✱ P+(s→s′) ❝❤❛♥❣❡s P+(s) ♦♥❧② ✐♥ t❤❡ ❝❛s❡✷
tr❛♥s✐t✐♦♥s✱ ❛♥❞ t❤✉s t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r rop(c, c′) ✭✇❤✐❝❤ ✐s ♥♦t ❝❛s❡✷✮ ✐s
❣✉❛r❛♥t❡❡❞ t♦ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ P+(s→s′)✳ ◆♦t❡ ❤❡r❡ t❤❛t rop(c, c′) ❝❛♥♥♦t ❜❡
✉s❡❞ ✐♥ ❛♥② ♦❢ t❤❡ ❝❛s❡✷ tr❛♥s✐t✐♦♥s ❢♦r ❛♥② ♦t❤❡r V \ {x0} ✈❛r✐❛❜❧❡ ✇❡ ♠✐❣❤t
❤❛✈❡ t❛❦❡♥ ♦♥ t❤❡ ♣❛t❤ t♦ s′✱ ❜❡❝❛✉s❡ ❜② ♣r❡r❡q✉✐s✐t❡ ❛❧❧ t❤❡s❡ tr❛♥s✐t✐♦♥s ❤❛✈❡
♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✱ ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ o ❝♦♥st✐t✉t✐♥❣ ❛ tr❛♥s✐t✐♦♥ ❢♦r
t❤❡ ✈❛r✐❛❜❧❡ x ❛t ❤❛♥❞✳ ❚❤✉s ✇❡ ❦♥♦✇ t❤❛t h+(s) > h+(s′) s♦ ✇❡ ❤❛✈❡ ❛❧r❡❛❞②
❝♦♥str✉❝t❡❞ ♦✉r ❞❡s✐r❡❞ ♠♦♥♦t♦♥❡ ♣❛t❤ t♦ ❛♥ ❡①✐t ❛♥❞ ❝❛♥ st♦♣✳ ❊❧s❡✱ ✐❢ ✇❡ ❞♦

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✹✽

❝❛♥ r❡❛❝❤ s0 ❜② s✉❝❤ ❛ s❡q✉❡♥❝❡ −→o ✱ t❤❡♥ ✇✐t❤ t❤❡ ❛❜♦✈❡✱ −→o ◦ 〈o0〉 ✭r❡s♣❡❝t✐✈❡❧②
−→o ◦ 〈o0, o0〉✱ ✐♥ ❝❛s❡ ✭❝✮✮ ❝♦♥st✐t✉t❡s t❤❡ ❞❡s✐r❡❞ ♣❛t❤✳

■t r❡♠❛✐♥s t♦ s❤♦✇ ❤♦✇ ❡①❛❝t❧② t♦ ❝♦♥str✉❝t t❤❡ ♦♣❡r❛t♦r s❡q✉❡♥❝❡ −→o ✳ ❈♦♥✲
s✐❞❡r ❛ t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r✐♥❣ ♦❢ V ✱ xk, . . . , x1✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❝♦♥s✐❞❡r
✏❞❡♣t❤✑ ✐♥❞✐❝❡s k ≥ d ≥ 0✱ ❛♥❞ ✇❡ s❛② t❤❛t ❛ ✈❛r✐❛❜❧❡ x ∈ V ✏❤❛s ❞❡♣t❤✑
d✱ ✇r✐tt❡♥ depth(x) = d✱ ✐✛ x = xd✳ ❊❛❝❤ d ❝❤❛r❛❝t❡r✐③❡s t❤❡ d✲❛❜str❛❝t❡❞
♣❧❛♥♥✐♥❣ t❛s❦ ✇❤✐❝❤ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣❧❛♥♥✐♥❣ t❛s❦ ❡①❝❡♣t t❤❛t ❛❧❧
✭❛♥❞ ♦♥❧②✮ t❤♦s❡ ♦✉ts✐❞❡ ♣r❡❝♦♥❞✐t✐♦♥s✱ ♦❢ ❛❧❧ oDTG+

x tr❛♥s✐t✐♦♥s ❢♦r ✈❛r✐❛❜❧❡s
x ✇❤❡r❡ depth(x) ≤ d✱ ❛r❡ r❡♠♦✈❡❞ t❤❛t ♣❡rt❛✐♥ t♦ ✈❛❧✉❡s ♦❢ ✈❛r✐❛❜❧❡s x′ ✇❤❡r❡
depth(x′) > d✳ ❲❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦✈❡r d t❤❛t✿

✭✯✮ ❋♦r t❤❡ d✲❛❜str❛❝t❡❞ t❛s❦✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡r❛t♦r s❡q✉❡♥❝❡ −→o d s♦ t❤❛t✿

✭❛✮ ❡✐t❤❡r ✭✶✮ −→o d ◦ 〈op0〉 ✐s ❛♥ ❡①❡❝✉t✐♦♥ ♣❛t❤ ❛♣♣❧✐❝❛❜❧❡ ✐♥ s✱ ♦r ✭✷✮ −→o d ✐s ❛♥
❡①❡❝✉t✐♦♥ ♣❛t❤ ❛♣♣❧✐❝❛❜❧❡ ✐♥ s✱ ❛♥❞ t❤❡ ❧❛st tr❛♥s✐t✐♦♥ (c, c′) ❢♦r ✈❛r✐❛❜❧❡ x
t❛❦❡♥ ✐♥ −→o d ✐s r❡❧❡✈❛♥t✱ ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✱ ✐ts r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r
✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❛❞❛♣t❡❞ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r t❤❡ st❛t❡ s′ ✐t ✐s ❛♣♣❧✐❡❞ t♦✱
❛♥❞ s′(x) = c❀

✭❜✮ −→o d✱ ❡①❝❡♣t ✐♥ t❤❡ ❧❛st st❡♣ ✐♥ ❝❛s❡ ✭✷✮ ♦❢ ✭❛✮✱ ✉s❡s ♦♥❧② ❝❛s❡✷ oDTG+
x

tr❛♥s✐t✐♦♥s ❢♦r ✈❛r✐❛❜❧❡s x ✇✐t❤ 1 ≤ depth(x) ≤ d❀

✭❝✮ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t♦rs ✐♥ −→o d ◦ 〈op0〉 ♣❡rt❛✐♥✐♥❣ t♦ ❛♥② x ∈ V ✐s ❛t ♠♦st
costd(x)✳

❖✉r ❞❡s✐r❡❞ ♣❛t❤ −→o t❤❡♥ r❡s✉❧ts ❢r♦♠ s❡tt✐♥❣ d := k✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ t❤❛t
t❤❡ k✲❛❜str❛❝t❡❞ ♣❧❛♥♥✐♥❣ t❛s❦ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣❧❛♥♥✐♥❣ t❛s❦✳ ❚❤❡
❝❧❛✐♠ t❤❡♥ ❢♦❧❧♦✇s ✇✐t❤ ♦✉r ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡✿ ✭❛✮ ❛♥❞ ✭❜✮ t♦❣❡t❤❡r ♠❡❛♥ t❤❛t
h+ ❞❡❝r❡❛s❡s ♠♦♥♦t♦♥✐❝❛❧❧② ♦♥ −→o d ❛♥❞ ✐s ❧❡ss t❤❛♥ h+(s) ❛t ✐ts ❡♥❞✳ ●✐✈❡♥ ✭❝✮✱
t❤❡ ❧❡♥❣t❤ ♦❢ −→o d ✐s ❜♦✉♥❞❡❞ ❜②

∑

x∈V,depth(x)≤d costd(x)✳ ❆❧♦♥❣ ✇✐t❤ t❤❡ tr✐✈✐❛❧
♦❜s❡r✈❛t✐♦♥ t❤❛t✱ ✐♥ ❝❛s❡ ✭✐✐✮ ❛❜♦✈❡✱ ✇❡ ♥❡❡❞ t♦ ❛❞❞ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ♦♣❡r❛t♦r ❛t
t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❛t❤✱ t❤✐s ♣r♦✈❡s t❤❡ ❝❧❛✐♠✳

❲❡ ♥♦✇ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ✭✯✮✳ ❚❤❡ ❜❛s❡ ❝❛s❡✱ d = 0✱ ✐s tr✐✈✐❛❧✳ ❏✉st s❡t −→o 0 t♦
❜❡ ❡♠♣t②✳ ❇② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ (V,A) ❛s ♣❡r ❉❡✜♥✐t✐♦♥ ✶✱ ❛♥❞ ❜② ❝♦♥str✉❝t✐♦♥
♦❢ t❤❡ 0✲❛❜str❛❝t❡❞ t❛s❦✱ ❛❧❧ ♦✉ts✐❞❡ ♣r❡❝♦♥❞✐t✐♦♥s ♦❢ o0 ❛r❡ ❡✐t❤❡r tr✉❡ ✐♥ s ♦r
❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞✳ ❆❧❧ ♦❢ ✭❛✮ ✭❝❛s❡ ✭✶✮✮✱ ✭❜✮✱ ✭❝✮ ❛r❡ ♦❜✈✐♦✉s✳

■♥❞✉❝t✐✈❡ ❝❛s❡✱ d → d + 1✳ ❊①♣❧♦✐t✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ❧❡t −→o d ❜❡
t❤❡ ♦♣❡r❛t♦r s❡q✉❡♥❝❡ ❛s ♣❡r ✭✯✮✳ ❲❡ ♥♦✇ t✉r♥ −→o d ✐♥t♦ t❤❡ r❡q✉❡st❡❞ s❡q✉❡♥❝❡
−→o d+1 ❢♦r t❤❡ d+ 1✲❛❜str❛❝t❡❞ ♣❧❛♥♥✐♥❣ t❛s❦✳

❋♦r t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣r♦♦❢✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r oDTG+
x ✱ ❢♦r ❛♥② x ∈ V \

{x0}✱ t♦ ❝♦♥t❛✐♥ ❛❧s♦ ❛♥② ✐rr❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s✱ ✐✳❡✳✱ ✇❡ ♦♠✐t t❤✐s r❡str✐❝t✐♦♥ ❢r♦♠
❉❡✜♥✐t✐♦♥ ✶✳ ❚❤✐s ✐s ❥✉st t♦ s✐♠♣❧✐❢② ♦✉r ❛r❣✉♠❡♥t❛t✐♦♥ ✕ ❛s ✇❡ ✇✐❧❧ s❤♦✇✱ t❤❡
oDTG+

x ♣❛t❤s ✇❡ ❝♦♥s✐❞❡r ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛♥② ✐rr❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s✱ ❛♥❞ ❤❡♥❝❡
❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❛❝t✉❛❧ oDTG+

x ❛s ♣❡r ❉❡✜♥✐t✐♦♥ ✶✳
▲❡t o ❜❡ t❤❡ ✜rst ♦♣❡r❛t♦r ✐♥ −→o d ◦ 〈op0〉✳ o ♠❛② ♥♦t ❜❡ ❛♣♣❧✐❝❛❜❧❡ ✐♥ s✱ ✐♥

t❤❡ d + 1✲❛❜str❛❝t❡❞ ♣❧❛♥♥✐♥❣ t❛s❦✳ ❚❤❡ ♦♥❧② r❡❛s♦♥ ❢♦r t❤❛t✱ ❤♦✇❡✈❡r✱ ♠❛②
❜❡ ❛ ♣r❡❝♦♥❞✐t✐♦♥ t❤❛t ✇❛s r❡♠♦✈❡❞ ✐♥ t❤❡ d✲❛❜str❛❝t❡❞ ♣❧❛♥♥✐♥❣ t❛s❦ ❜✉t t❤❛t
✐s ♥♦t r❡♠♦✈❡❞ ✐♥ t❤❡ d + 1✲❛❜str❛❝t❡❞ ♣❧❛♥♥✐♥❣ t❛s❦✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❛t
♣r❡❝♦♥❞✐t✐♦♥ ♠✉st ♣❡rt❛✐♥ t♦ xd+1✳ ❙❛② t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ✐s (xd+1, c)✳ ❇② ✐♥❞✉❝✲
t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❦♥♦✇ t❤❛t o ✐s ❝♦♥t❛✐♥❡❞ ✐♥ P+

<0(s)✱ ♦r ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ❛♥
✐♥✈❡rs❡ tr❛♥s✐t✐♦♥ ♦❢ s✉❝❤ ❛♥ ♦♣❡r❛t♦r✳ ■♥ ❜♦t❤ ❝❛s❡s✱ s✐♥❝❡ ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥s

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✹✾

✐♥tr♦❞✉❝❡ ♥♦ ♥❡✇ ♦✉ts✐❞❡ ♣r❡❝♦♥❞✐t✐♦♥s✱ (xd+1, c) ✐s ❛ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥ ♦♣❡r❛✲
t♦r ✐♥ P+

<0(s)✳ ❚❤✉s c ✐s ❛ ✈❡rt❡① ✐♥ oDTG+
xd+1

✕ t❤✐s ✐s tr✐✈✐❛❧ ✐❢ (xd+1, c) ✐s tr✉❡
✐♥ s ✭✇❤✐❝❤ ❛❝t✉❛❧❧② ❝❛♥♥♦t ❜❡ t❤❡ ❝❛s❡ ❤❡r❡ ❜❡❝❛✉s❡ ❡❧s❡ o ✇♦✉❧❞ ❜❡ ❛♣♣❧✐❝❛❜❧❡
✐♥ s ✐♥ t❤❡ d + 1✲❛❜str❛❝t❡❞ ♣❧❛♥♥✐♥❣ t❛s❦✮✱ ❛♥❞ ✐❢ (xd+1, c) ✐s ♥♦t tr✉❡ ✐♥ s ✐t
❢♦❧❧♦✇s ❜❡❝❛✉s❡ P+(s) ✐s ❛ r❡❧❛①❡❞ ♣❧❛♥ ❛♥❞ ♠✉st t❤✉s ❛❝❤✐❡✈❡ (xd+1, c) ❜❡❢♦r❡
✐t ✐s ♥❡❡❞❡❞ ❛s ❛ ♣r❡❝♦♥❞✐t✐♦♥✳ ❍❡♥❝❡✱ P+

<0(s, xd+1) ♠✉st ❝♦♥t❛✐♥ ❛ s❤♦rt❡st
♣❛t❤ −→q ✐♥ oDTG+

xd+1
❢r♦♠ s(xd+1) t♦ c✳ ❆❧❧ t❤❡ tr❛♥s✐t✐♦♥s ♦♥ t❤❡ ♣❛t❤ ❛r❡ ♥♦t

✐rr❡❧❡✈❛♥t✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ ✜rst t❤❛t t❤❡ ❡♥❞♣♦✐♥t ✐s ❛♥ ♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥
❜② ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ t❤✉s t❤❡ ❧❛st tr❛♥s✐t✐♦♥ (c1, c) ✐s ♥♦t ✐rr❡❧❡✈❛♥t✳ ❇✉t t❤❡♥✱
♥❡✐t❤❡r ✐s t❤❡ ♣r❡✈✐♦✉s tr❛♥s✐t✐♦♥✱ (c2, c1)✿ ✐❢ ✐t ✇❛s✱ t❤❡♥ (xd+1, c1) ✇♦✉❧❞ ❜❡
✐♥ ♥♦ ♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥❀ ❜✉t t❤❡♥✱ rop(c1, c) ✕ ✇❤✐❝❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ P+

<0(s)
❜② ❝♦♥str✉❝t✐♦♥ ✕ ✇♦✉❧❞ ❛❧s♦ ❝♦♥st✐t✉t❡ t❤❡ tr❛♥s✐t✐♦♥ (c2, c) ✐♥ oDTG+

xd+1
❛♥❞

t❤✉s −→q ✇♦✉❧❞ ♥♦t ❜❡ ❛ s❤♦rt❡st ♣❛t❤ ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥✳ ■t❡r❛t✐♥❣ t❤❡ ❛r❣✉♠❡♥t✱
−→q ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ✐rr❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s✳ ❚❤✉s✱ s✐♥❝❡ depth(xd+1) = d+1✱
❜② ❉❡✜♥✐t✐♦♥ ✶ ✭✇❤✐❝❤ ✐♥❝❧✉❞❡s ❛❧❧ ♥♦♥✲s❛t✐s✜❡❞ ♣r❡❝♦♥❞✐t✐♦♥s ♦❢ r❡❧❡✈❛♥t tr❛♥s✐✲
t✐♦♥s✮ ❛♥❞ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ d+1✲❛❜str❛❝t❡❞ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❛❧❧ t❤❡ ♦✉ts✐❞❡
♣r❡❝♦♥❞✐t✐♦♥s ✉s❡❞ ✐♥ rop(−→q ) ❛r❡ ❡✐t❤❡r tr✉❡ ✐♥ s ♦r ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞✳ ❍❡♥❝❡
✇❡ ❝❛♥ ❡①❡❝✉t❡ rop(−→q )✳ ❲❡ ❞♦ s♦ ✉♥t✐❧ ❡✐t❤❡r ✇❡ ❤❛✈❡ r❡❛❝❤❡❞ t❤❡ ❡♥❞ ♦❢ t❤❡
s❡q✉❡♥❝❡✱ ♦r ✉♥t✐❧ t❤❡ ❧❛st tr❛♥s✐t✐♦♥ t❛❦❡♥ ✐♥ oDTG+

xd+1
✇❛s ♥♦t ❝❛s❡✷✱ ❛♥❞

❤❡♥❝❡ ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s ❜② ♣r❡r❡q✉✐s✐t❡✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ s✐♥❝❡ ✇❡
❛r❡ ❢♦❧❧♦✇✐♥❣ ❛ ♣❛t❤ ❛♥❞ s✐♥❝❡ ❛s ❞✐s❝✉ss❡❞ ❛❜♦✈❡ t❤❡ ❛❞❛♣t❡❞ r❡❧❛①❡❞ ♣❧❛♥ ❡①✲
❝❤❛♥❣❡s ♦♥❧② ♦♣❡r❛t♦rs ♣❡rt❛✐♥✐♥❣ t♦ ❝❛s❡✷ tr❛♥s✐t✐♦♥s ❛♥❞ t❤✉s ♥♦t t❤❡ ❧❛st ♦♥❡
✇❡ ❥✉st ❡①❡❝✉t❡❞✱ ✇❡ ❝❧❡❛r❧② ❤❛✈❡ ❛tt❛✐♥❡❞ ✭❛✮ ❝❛s❡ ✭✷✮ ❛♥❞ ❝❛♥ st♦♣ ✕ t❤❡ ♣❛rt ♦❢
rop(−→q ) t❤❛t ✇❡ ❡①❡❝✉t❡❞ ✐s✱ ♦♥ ✐ts ♦✇♥✱ ❛♥ ♦♣❡r❛t♦r s❡q✉❡♥❝❡ −→o d+1 ❛s ❞❡s✐r❡❞✳
■♥ t❤❡ ❢♦r♠❡r ❝❛s❡✱ ✇❡ r❡❛❝❤ ❛ st❛t❡ s′ ✇❤❡r❡ s′(xd+1) = c ✭❛♥❞ ♥♦t❤✐♥❣ ❡❧s❡
♦❢ r❡❧❡✈❛♥❝❡ ❤❛s ❜❡❡♥ ❞❡❧❡t❡❞✱ ❞✉❡ t♦ t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ r❡❧❡✈❛♥t s✐❞❡✲❡✛❡❝t
❞❡❧❡t❡s✮✳ ■♥ s′✱ o ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ ❧❡❛❞✐♥❣ t♦ t❤❡ st❛t❡ s′′✳

▲❡t ♥♦✇ o′ ❜❡ t❤❡ s❡❝♦♥❞ ♦♣❡r❛t♦r ✐♥ −→o d ◦ 〈op0〉✳ ▲✐❦❡ ❛❜♦✈❡✱ ✐❢ o′ ✐s ♥♦t
❛♣♣❧✐❝❛❜❧❡ ✐♥ s′′✱ t❤❡♥ t❤❡ ♦♥❧② r❡❛s♦♥ ♠❛② ❜❡ ❛♥ ✉♥s❛t✐s✜❡❞ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ t❤❡
❢♦r♠ (xd+1, c

′)✳ ▲✐❦❡ ❛❜♦✈❡✱ o′ ♦r ✐ts ✐♥✈❡rs❡ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ P+
<0(s)✱ ❛♥❞ ❤❡♥❝❡

c′ ✐s ❛ ✈❡rt❡① ✐♥ oDTG+
xd+1

✳ ▲✐❦❡✇✐s❡✱ s′′(xd+1) = c ✐s ❛ ✈❡rt❡① ✐♥ oDTG+
xd+1

✳
◆♦✇✱ ✇❡ ❤❛✈❡ ♥♦t ❛s ②❡t ✉s❡❞ ❛♥② ♥♦♥✲❝❛s❡✷ tr❛♥s✐t✐♦♥ ✐♥ oDTG+

xd+1
✱ ♦r ❡❧s❡ ✇❡

✇♦✉❧❞♥✬t ❣❡t ❤❡r❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❛r❡ st✐❧❧ ✐♥ t❤❡ ✐♥✈❡rt✐❜❧❡ s✉rr♦✉♥❞✐♥❣s
❛r♦✉♥❞ s(xd+1) ♦❢ oDTG+

xd+1
✳ ❈❧❡❛r❧②✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥

oDTG+
xd+1

❢r♦♠ c t♦ c′ ✭✇❡ ❝♦✉❧❞ s✐♠♣❧② ❣♦ ❜❛❝❦ t♦ s(xd+1) ❛♥❞ ♠♦✈❡ t♦ c′ ❢r♦♠
t❤❡r❡✮✳ ❚❛❦✐♥❣ t❤❡ s❤♦rt❡st s✉❝❤ ♣❛t❤ −→q ✱ ❝❧❡❛r❧② t❤❡ ♣❛t❤ ❧❡♥❣t❤ ✐s ❜♦✉♥❞❡❞ ❜②
t❤❡ ❞✐❛♠❡t❡r ♦❢ oDTG+

xd+1
✳ ❚❤❡ ♣❛t❤ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ✐rr❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s

✕ t❤❡ ❡♥❞♣♦✐♥t c′ ❤❛s ❜❡❡♥ s❡❧❡❝t❡❞ ❢♦r ❜❡✐♥❣ ❛♥ ♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥✱ t❤❡ ✈❛❧✉❡s
✐♥ ❜❡t✇❡❡♥ ❛r❡ ♣❛rt ♦❢ ❛ s❤♦rt❡st ♣❛t❤ ✐♥ oDTG+

xd+1
✱ ❛♥❞ t❤✉s t❤❡ s❛♠❡ ❛r❣✉♠❡♥t

❛s ❣✐✈❡♥ ❛❜♦✈❡ ❛♣♣❧✐❡s✳ ❚❤✉s t❤❡ ♦✉ts✐❞❡ ♣r❡❝♦♥❞✐t✐♦♥s ✉s❡❞ ❜② t❤❡ ♦♣❡r❛t♦rs
❝♦♥st✐t✉t✐♥❣ −→q ❛r❡ ❡✐t❤❡r tr✉❡ ✐♥ s ♦r ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ✕ t❤✐s ❢♦❧❧♦✇s ❢r♦♠
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ (V,A) ❛s ♣❡r ❉❡✜♥✐t✐♦♥ ✶ ❛♥❞ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ d+ 1✲
❛❜str❛❝t❡❞ ♣❧❛♥♥✐♥❣ t❛s❦ ❢♦r ♦♣❡r❛t♦rs ✐♥ P+

<0(s)✱ ❛♥❞ ❢♦❧❧♦✇s ❢♦r ✐♥✈❡rs❡s t❤❡r❡♦❢
❜❡❝❛✉s❡ ✐♥✈❡rs❡ ♦♣❡r❛t♦rs ✐♥tr♦❞✉❝❡ ♥♦ ♥❡✇ ♦✉ts✐❞❡ ♣r❡❝♦♥❞✐t✐♦♥s✳ ❍❡♥❝❡ ✇❡ ❝❛♥
❡①❡❝✉t❡ −→q ✐♥ s′′✳ ❲❡ ❞♦ s♦ ✉♥t✐❧ ❡✐t❤❡r ✇❡ ❤❛✈❡ r❡❛❝❤❡❞ t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❛t❤✱
♦r ✉♥t✐❧ t❤❡ ❧❛st tr❛♥s✐t✐♦♥ t❛❦❡♥ ✇❛s ♥♦t ❝❛s❡✷✱ ❛♥❞ ❤❡♥❝❡ ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t
❞❡❧❡t❡s ❜② ♣r❡r❡q✉✐s✐t❡✳

❈♦♥s✐❞❡r t❤❡ ❧❛tt❡r ❝❛s❡✳ ❚❤❡ st❛t❡ s′ ❥✉st ❜❡❢♦r❡ t❤❡ ❧❛st tr❛♥s✐t✐♦♥ ✐s r❡❛❝❤❡❞
♦♥❧② ❜② ❝❛s❡✷ tr❛♥s✐t✐♦♥s✱ ❛♥❞ s✐♥❝❡ t❤❡ tr❛♥s✐t✐♦♥ ✐s ✐♥ oDTG+

xd+1
❜✉t ♥♦t

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✺✵

❝❛s❡✷✱ t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r ♠✉st ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ P+(s) ❛♥❞ ✇✐t❤ t❤❛t ✐♥
t❤❡ ❛❞❛♣t❡❞ r❡❧❛①❡❞ ♣❧❛♥ P+(s→ s′) ❢♦r s′ ✕ r❡❝❛❧❧ ❤❡r❡ t❤❛t✱ ❛s ♣♦✐♥t❡❞ ♦✉t
❛❜♦✈❡✱ s✐♥❝❡ ❝❛s❡✷ tr❛♥s✐t✐♦♥s ❛r❡ ♣♦st✉❧❛t❡❞ t♦ ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \{x0}✱
t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r ❝❛♥♥♦t ❜❡ ✉s❡❞ ❜② ❛♥② ♦❢ t❤❡♠✳ ❋✉rt❤❡r✱ ❝❧❡❛r❧② s✐♥❝❡
✇❡ ❛r❡ ❢♦❧❧♦✇✐♥❣ ❛ ♣❛t❤ ♦❢ tr❛♥s✐t✐♦♥s✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ xd+1 ✐♥ s′ ✐s
t❤❡ st❛rt ✈❛❧✉❡ ♦❢ t❤❡ tr❛♥s✐t✐♦♥✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ❛tt❛✐♥❡❞ ✭❛✮ ❝❛s❡ ✭✷✮ ❛♥❞ ❝❛♥
st♦♣✳ ■♥ t❤❡ ❢♦r♠❡r ❝❛s❡✱ ✇❡ ❤❛✈❡ r❡❛❝❤❡❞ ❛ st❛t❡ ✇❤❡r❡ o′ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✭❛♥❞
♥♦t❤✐♥❣ ♦❢ r❡❧❡✈❛♥❝❡ ❤❛s ❜❡❡♥ ❞❡❧❡t❡❞✱ ❞✉❡ t♦ t❤❡ ♣♦st✉❧❛t❡❞ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢
r❡❧❡✈❛♥t s✐❞❡✲❡✛❡❝t ❞❡❧❡t❡s✱ ❢♦r ❝❛s❡✷ tr❛♥s✐t✐♦♥s✮✳ ■t❡r❛t✐♥❣ t❤❡ ❛r❣✉♠❡♥t✱ ✇❡
❣❡t t♦ ❛ st❛t❡ ✇❤❡r❡ t❤❡ ❧❛st ♦♣❡r❛t♦r ♦❢ −→o d ◦ 〈op0〉 ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ ❜② ✐♥❞✉❝t✐♦♥
❤②♣♦t❤❡s✐s r❡❛❝❤✐♥❣ ❛ st❛t❡ s1 ❛s ❞❡s✐r❡❞ ❜② ✭❛✮ ❝❛s❡ ✭✶✮✳

Pr♦♣❡rt✐❡s ✭❛✮ ❛♥❞ ✭❜✮ ❛r❡ ❝❧❡❛r ❢r♦♠ ❝♦♥str✉❝t✐♦♥✳ ❆s ❢♦r ♣r♦♣❡rt② ✭❝✮✱
t♦ s✉♣♣♦rt ❛♥② ♦♣❡r❛t♦r ♦❢ −→o d ◦ 〈op0〉✱ ❝❧❡❛r❧② ✐♥ t❤❡ ❛❜♦✈❡ ✇❡ ❛♣♣❧② ❛t ♠♦st
diam(oDTG+

xd+1
) ♦♣❡r❛t♦rs ♣❡rt❛✐♥✐♥❣ t♦ xd+1 ✭♦r ✇❡ st♦♣ t❤❡ s❡q✉❡♥❝❡ ❡❛r❧✐❡r

t❤❛♥ t❤❛t✮✳ ◆♦t❡ ❢✉rt❤❡r t❤❛t✱ ❢♦r ❛❧❧ ♦♣❡r❛t♦rs o ✐♥ −→o d ◦ 〈op0〉 ✇✐t❤ ✉♥s❛t✲
✐s✜❡❞ ♣r❡❝♦♥❞✐t✐♦♥s ♦♥ xd+1 ✐♥ t❤❡ ❛❜♦✈❡✱ ✐❢ o ♣❡rt❛✐♥s t♦ ✈❛r✐❛❜❧❡ x t❤❡♥ ✇❡
❤❛✈❡ (xd+1, x) ∈ A✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ (V,A) ❛s ♣❡r
❉❡✜♥✐t✐♦♥ ✶✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥s ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ ♥❡✇ ♦✉ts✐❞❡
♣r❡❝♦♥❞✐t✐♦♥s✳ ❚❤✉s✱ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ −→o d ◦ 〈op0〉✱ ♦✈❡r❛❧❧ ✇❡ ❡①❡❝✉t❡ ❛t ♠♦st

diam(oDTG+
xd+1

) ∗
∑

x:(xd+1,x)∈A

k(x)

❛❞❞✐t✐♦♥❛❧ ♦♣❡r❛t♦rs ✐♥ −→o d+1 ◦ 〈op0〉✱ ✇❤❡r❡ k(x) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t♦rs ✐♥
−→o d ◦ 〈op0〉 ♣❡rt❛✐♥✐♥❣ t♦ ✈❛r✐❛❜❧❡ x✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ♣r♦♣❡rt② ✭❝✮ ♦❢
✭✯✮✱ ✇❡ ❤❛✈❡ t❤❛t k(x) ≤ costd(x)✱ ❢♦r ❛❧❧ x ✇✐t❤ depth(x) < d+ 1✱ ❛♥❞ t❤✉s ❢♦r
❛❧❧ x ✇✐t❤ (xd+1, x) ∈ A✳ ❍❡♥❝❡ ✇❡ ❣❡t✱ ❢♦r t❤❡ ♥❡✇❧② ✐♥s❡rt❡❞ st❡♣s ❛✛❡❝t✐♥❣
xd+1✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞

diam(oDTG+
xd+1

) ∗
∑

x:(xd+1,x)∈A

costd(x)

✇❤✐❝❤ ✐s ✐❞❡♥t✐❝❛❧ t♦ costd(xd+1)✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❛r❣✉♠❡♥t✳

❲❡ ♥❡①t ♥♦t❡ t❤❛t ✇❡ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ❡①✐t ❞✐st❛♥❝❡ ❜♦✉♥❞ ✐♥ ❝❛s❡ ✇❡ ❞♦ ♥♦t
✐♥s✐st ♦♥ ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤s✿

▲❡♠♠❛ ✹✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❧❡t s ∈ S ❜❡ ❛ st❛t❡ ✇✐t❤ 0 <
h+(s) <∞✱ ❛♥❞ ❧❡t P+(s) ❜❡ ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✳ ❙❛② t❤❛t oDG+ =
(V,A) ✐s ❛ s✉❝❝❡ss❢✉❧ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r P+(s)✳ ▲❡t V ∗ ⊆
V \{x0} s♦ t❤❛t✱ ❢♦r ❡✈❡r② x ∈ V ∗✱ ❛❧❧ oDTG+

x tr❛♥s✐t✐♦♥s ❛r❡ ✐♥✈❡rt✐❜❧❡✴✐♥❞✉❝❡❞
❛♥❞ ❤❛✈❡ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❛♥❞ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✱ ❛♥❞ ❛❧❧
♦t❤❡r DTGx tr❛♥s✐t✐♦♥s ❡✐t❤❡r ❛r❡ ✐rr❡❧❡✈❛♥t✱ ♦r ❤❛✈❡ ❡♠♣t② ❝♦♥❞✐t✐♦♥s ❛♥❞
✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡r❛t♦r s❡q✉❡♥❝❡ −→o s♦ t❤❛t✿

✭■✮ −→o ❝♦♥st✐t✉t❡s ❛ ♣❛t❤ ✐♥ S ❢r♦♠ s t♦ ❛ st❛t❡ s1 ✇✐t❤ h+(s) > h+(s1)✳

✭■■✮ ❚❤❡ ❧❡♥❣t❤ ♦❢ −→o ✐s ❛t ♠♦st costd∗(oDG+) ✐❢ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥
✭✷❛✮ ♦r ✭✷❜✮✱ ❛♥❞ ✐s ❛t ♠♦st costd∗(oDG+) + 1 ✐❢ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✷
❝♦♥❞✐t✐♦♥ ✭✷❝✮✳

❘❘ ♥➦ ✼✺✵✺
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Pr♦♦❢✳ ❚❤✐s ✐s ❛ s✐♠♣❧❡ ❛❞❛♣t❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✸✱ ❛♥❞ ✇❡ ❛❞♦♣t ✐♥ ✇❤❛t ❢♦❧❧♦✇s
t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❛t ❧❡♠♠❛✳ ❚❤❡ ♦♥❧② t❤✐♥❣ t❤❛t ❝❤❛♥❣❡s ✐s
t❤❛t t❤❡ ❜♦✉♥❞ ✐♠♣♦s❡❞ ♦♥ ❡①✐t ♣❛t❤ ❧❡♥❣t❤ ✐s s❤❛r♣❡r✱ ❛♥❞ t❤❛t ✇❡ ❞♦ ♥♦t
✐♥s✐st ♦♥ t❤❛t ♣❛t❤ ❜❡✐♥❣ ♠♦♥♦t♦♥❡✳ ❆t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ♣r♦♦❢ ♠❡❝❤❛♥✐❝s✱ ✇❤❛t
❤❛♣♣❡♥s ✐s t❤❛t✱ ✇❤❡♥❡✈❡r xd+1 ∈ V ∗✱ ✇❤❡♥ ✇❡ ❝❤♦♦s❡ ❛ ♣❛t❤ −→q t♦ ❛❝❤✐❡✈❡
t❤❡ ♥❡①t ♦♣❡♥ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥ ♦♣❡r❛t♦r o ❛❧r❡❛❞② ❝❤♦s❡♥ t♦ ♣❛rt✐❝✐♣❛t❡ ✐♥
−→o d◦〈op0〉✱ t❤❡♥ ✇❡ ❞♦ ♥♦t r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ♣❛t❤s ✇✐t❤✐♥ oDTG+

xd+1
✱ ❜✉t ❛❧❧♦✇

❛❧s♦ ❛♥② s❤♦rt❡st ♣❛t❤ t❤r♦✉❣❤ DTGxd+1
✳ ❇❡✐♥❣ ❛ s❤♦rt❡st ♣❛t❤ ✐♥ DTGxd+1

t♦ ❛ ✈❛❧✉❡ t❤❛t ♦❝❝✉rs ❛s ❛♥ ♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥✱ −→q ❝♦♥t❛✐♥s ♥♦ ✐rr❡❧❡✈❛♥t
tr❛♥s✐t✐♦♥s ✭s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✮✳ ❋✉rt❤❡r✱ −→q ✇✐❧❧
❜❡ ❡①❡❝✉t❛❜❧❡ ❜❡❝❛✉s❡ ❜② ♣r❡r❡q✉✐s✐t❡ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✭♥♦♥✲oDTG+

x ✮ tr❛♥s✐t✐♦♥s
✐♥ ✐t ❤❛✈❡ ♥♦ ♦✉ts✐❞❡ ❝♦♥❞✐t✐♦♥s❀ ❢♦r ♦r✐❣✐♥❛❧✴✐♥❞✉❝❡❞ tr❛♥s✐t✐♦♥s✱ ♣r❡❝♦♥❞✐t✐♦♥
❛❝❤✐❡✈❡♠❡♥t ✇♦r❦s ❡①❛❝t❧② ❛s ❜❡❢♦r❡✳ ◆♦t❡ ❤❡r❡ t❤❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② t❤❛t
♦♣❡♥ ♣r❡❝♦♥❞✐t✐♦♥s t♦ ❜❡ ❛❝❤✐❡✈❡❞ ❢♦r xd+1 ✇✐❧❧ ♦♥❧② ❡✈❡r ♣❡rt❛✐♥ t♦ ✈❛❧✉❡s
❝♦♥t❛✐♥❡❞ ✐♥ oDTG+

xd+1
✳ ❚❤✐s ✐s tr✐✈✐❛❧ t♦ s❡❡ ❜② ✐♥❞✉❝t✐♦♥ ❜❡❝❛✉s❡ ❛❧t❡r♥❛t✐✈❡

tr❛♥s✐t✐♦♥s ❞♦ ♥♦t ❤❛✈❡ ❛♥② ♦✉ts✐❞❡ ♣r❡❝♦♥❞✐t✐♦♥s✳ ❙✐♥❝❡ ❜② ♣r❡r❡q✉✐s✐t❡ ❛♥②
❞❡❧❡t❡s ♦❢ t❤❡ ❛❧t❡r♥❛t✐✈❡ tr❛♥s✐t✐♦♥s ❛r❡ ✐rr❡❧❡✈❛♥t✱ ❡①❡❝✉t✐♥❣ t❤❡♠ ❞♦❡s ♥♦
❤❛r♠ ✕ ❛❧❧ ✇❡ ♥❡❡❞ ✐s ❛ ♠✐♥♦r ❡①t❡♥s✐♦♥ t♦ ▲❡♠♠❛ ✶✱ ❛❧❧♦✇✐♥❣ s′ t♦ ❜❡ ✐❞❡♥t✐❝❛❧
✇✐t❤ ❛ st❛t❡ s′′ ✐♥ t❤❡ ✐♥✈❡rt✐❜❧❡ s✉rr♦✉♥❞✐♥❣s ♦❢ s✱ ♠♦❞✉❧♦ ❛ s❡t ♦❢ ✐rr❡❧❡✈❛♥t
✈❛❧✉❡s t❤❛t ❤♦❧❞ ✐♥ s′′ ❜✉t ♥♦t ✐♥ s❀ ✐t ✐s ♦❜✈✐♦✉s t❤❛t t❤✐s ❡①t❡♥s✐♦♥ ✐s ✈❛❧✐❞✳
❲✐t❤ t❤✐s ❡①t❡♥s✐♦♥✱ ✐t ✐s ❛❧s♦ ♦❜✈✐♦✉s t❤❛t t❤❡ ❛r❣✉♠❡♥ts ♣❡rt❛✐♥✐♥❣ t♦ s0
❛♥❞ s1 r❡♠❛✐♥ ✈❛❧✐❞✳ ❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ −→q ✐♥✈♦❧✈❡s ❛ ♥♦♥✲❝❛s❡✷
oDTG+

xd+1
tr❛♥s✐t✐♦♥✳ ❚❤❡♥ t❤❡ st❛t❡ ✇❤❡r❡ t❤✐s tr❛♥s✐t✐♦♥ ✐s ❛♣♣❧✐❡❞ ✐s ✐♥ t❤❡

✐♥✈❡rt✐❜❧❡ s✉rr♦✉♥❞✐♥❣s ♦❢ s✳ ❚❤✐s ❤♦❧❞s ❢♦r ❛♥② x 6∈ V ∗ ❜❡❝❛✉s❡ ❢♦r t❤❡s❡ ♦✉r
❝♦♥str✉❝t✐♦♥ r❡♠❛✐♥s t❤❡ s❛♠❡✳ ■t ❤♦❧❞s ❢♦r ❛♥② x ∈ V ∗ ❜❡❝❛✉s❡✱ ✜rst✱ ❛❧t❡r♥❛t✐✈❡
tr❛♥s✐t✐♦♥s ❤❛✈❡ ♥♦ ♦✉ts✐❞❡ ❝♦♥❞✐t✐♦♥s✱ ❤❡♥❝❡ ❝❛✉s❡ ♥♦ ❤✐❣❤❡r✲❞❡♣t❤ tr❛♥s✐t✐♦♥s
t♦ ❜❡ ✐♥s❡rt❡❞ ✐♥ ❜❡t✇❡❡♥✱ ❤❡♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ ❛❧❧ ❧♦✇❡r✲❞❡♣t❤ ✈❛r✐❛❜❧❡s x ✐s
✐♥ oDTG+

x ❀ s❡❝♦♥❞✱ ❜② ♣r❡r❡q✉✐s✐t❡✱ oDTG+
x ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♥♦♥✲❝❛s❡✷

tr❛♥s✐t✐♦♥s✱ ❛♥❞ t❤✉s t❤❡ ✈❛❧✉❡ ♦❢ x ✇❡✬r❡ ❛t ❝❧❡❛r❧② ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❜② ❝❛s❡✷
tr❛♥s✐t✐♦♥s✳

❚❤❡♦r❡♠ ✷✳ ▲❡t (X, sI , sG, O)✱ s✱ P+(s)✱ ❛♥❞ oDG+ ❜❡ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳ ■❢
oDG+ ✐s s✉❝❝❡ss❢✉❧✱ t❤❡♥ s ✐s ♥♦t ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✱ ❛♥❞ ed(s) ≤ costd∗(oDG+)✳
■❢ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❛✮ ♦r ✭✷❜✮✱ t❤❡♥ ed(s) ≤ costd∗(oDG+)− 1✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛s ✸ ❛♥❞ ✹✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ♣r❡r❡q✉✐s✐t❡s ♦❢ ▲❡♠♠❛ ✹ ❝♦✉❧❞ ❜❡ ✇❡❛❦❡♥❡❞ ❜② ❛❧❧♦✇✐♥❣✱
❢♦r x ∈ V ∗✱ ♦✉ts✐❞❡ ❝♦♥❞✐t✐♦♥s t❤❛t ❛r❡ ❛❧r❡❛❞② tr✉❡ ✐♥ s✳ ❚❤✐s ❡①t❡♥s✐♦♥ ♦❜✈✐✲
♦✉s❧② ❞♦❡s ♥♦t ❜r❡❛❦ t❤❡ ♣r♦♦❢ ❛r❣✉♠❡♥ts✳ ❲❡ ❤❛✈❡ ♦♠✐tt❡❞ ✐t ❤❡r❡ t♦ ♥♦t ♠❛❦❡
t❤❡ ❧❡♠♠❛ ♣r❡r❡q✉✐s✐t❡ ❡✈❡♥ ♠♦r❡ ❛✇❦✇❛r❞ t❤❛♥ ✐t ❛❧r❡❛❞② ✐s✳

❆s ✐♥❞✐❝❛t❡❞✱ t❤❡ ❡①✐t ♣❛t❤ ❝♦♥str✉❝t❡❞ ✐♥ ▲❡♠♠❛ ✹ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ♠♦♥♦✲
t♦♥❡✳ ❊①❛♠♣❧❡ ✺ ✐♥ ❆♣♣❡♥❞✐① ❆✳✹ ❝♦♥t❛✐♥s ❛ ❝♦♥str✉❝t✐♦♥ s❤♦✇✐♥❣ t❤✐s✳

❆✳✸ ❈♦♥s❡r✈❛t✐✈❡ ❆♣♣r♦①✐♠❛t✐♦♥s

❋♦r t❤❡ s❛❦❡ ♦❢ s❡❧❢✲❝♦♥t❛✐♥❡❞♥❡ss ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✲st❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥s ❣✐✈❡♥
✐♥ ❙❡❝t✐♦♥ ✻✿

❉❡✜♥✐t✐♦♥ ✸✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❧❡t s ∈ S ✇✐t❤ 0 < h+(s) <
∞✱ ❧❡t x0 ∈ XsG

✱ ❛♥❞ ❧❡t t0 = (s(x0), c) ❜❡ ❛ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ ✐♥ DTGx0
✇✐t❤

o0 := rop(t0)✳
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❆ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r s✱ x0✱ ❛♥❞ o0✱ ♦r ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ✐♥
❜r✐❡❢✱ ✐s ❛ ❣r❛♣❤ lDG = (V,A) ✇✐t❤ ✉♥✐q✉❡ ❧❡❛❢ ✈❡rt❡① x0✱ ❛♥❞ ✇❤❡r❡ x ∈ V ❛♥❞
(x, x′) ∈ A ✐❢ ❡✐t❤❡r✿ x′ = x0✱ x ∈ Xpreo0

✱ ❛♥❞ preo0(x) 6= s(x)❀ ♦r x′ ∈ V \ {x0}

❛♥❞ (x, x′) ✐s ❛♥ ❛r❝ ✐♥ SG✳
❆ ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r x0 ❛♥❞ o0✱ ♦r ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ✐♥

❜r✐❡❢✱ ✐s ❛ ❣r❛♣❤ gDG = (V,A) ✇✐t❤ ✉♥✐q✉❡ ❧❡❛❢ ✈❡rt❡① x0✱ ❛♥❞ ✇❤❡r❡ x ∈ V ❛♥❞
(x, x′) ∈ A ✐❢ ❡✐t❤❡r✿ x′ = x0 ❛♥❞ x0 6= x ∈ Xpreo0

❀ ♦r x′ ∈ V \ {x0} ❛♥❞ (x, x′)
✐s ❛♥ ❛r❝ ✐♥ SG✳

❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t (X, sI , sG, O)✱ s✱ t0✱ o0✱ ❛♥❞ G = lDG ♦r G = gDG ❜❡ ❛s ✐♥
❉❡✜♥✐t✐♦♥ ✸✳ ❲❡ s❛② t❤❛t G = (V,A) ✐s s✉❝❝❡ss❢✉❧ ✐❢ ❛❧❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✶✮ G ✐s ❛❝②❝❧✐❝✳

✭✷✮ ■❢ G = lDG t❤❡♥ sG(x0) 6= s(x0)✱ ❛♥❞ t❤❡r❡ ❡①✐sts ♥♦ tr❛♥s✐t✐✈❡ s✉❝❝❡ss♦r
x′ ♦❢ x0 ✐♥ SG s♦ t❤❛t x′ ∈ XsG

❛♥❞ sG(x′) 6= s(x′)✳

✭✸✮ ❲❡ ❤❛✈❡ t❤❛t t0 ❡✐t❤❡r✿

✭❛✮ ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s❀ ♦r

✭❜✮ ❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s❀ ♦r

✭❝✮ ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳

✭✹✮ ❋♦r x ∈ V \ {x0}✱ ❛❧❧ DTGx tr❛♥s✐t✐♦♥s ❡✐t❤❡r ❛r❡ ✐rr❡❧❡✈❛♥t✱ ♦r ❤❛✈❡ s❡❧❢✲
✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✱ ♦r ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s
❛♥❞ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✳

▲❡♠♠❛ ✺✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❛♥❞ ❧❡t s ∈ S ❜❡ ❛ st❛t❡ ✇✐t❤
0 < h+(s) < ∞✳ ❙❛② t❤❛t x0 ∈ X ❛♥❞✱ ❢♦r ❡✈❡r② o0 = rop(s(x0), c) ✐♥ DTGx0

✇❤❡r❡ t0 = (s(x0), c) ✐s r❡❧❡✈❛♥t✱ lDGo0 ✐s ❛ s✉❝❝❡ss❢✉❧ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤
❢♦r s✱ x0✱ ❛♥❞ o0✳ ❚❤❡♥✱ ❢♦r ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ o0✱ t❤❡r❡ ❡①✐st ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞
♣❧❛♥ P+(s) ❢♦r s✱ ❛♥❞ ❛ s✉❝❝❡ss❢✉❧ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ oDG+ ❢♦r
P+(s)✱ x0✱ ❛♥❞ o0✱ ✇❤❡r❡ oDG

+ ✐s ❛ s✉❜✲❣r❛♣❤ ♦❢ lDGo0 ✳

Pr♦♦❢✳ ❖❜s❡r✈❡ ✜rst t❤❛t ❉❡✜♥✐t✐♦♥ ✹ ♣r♦♣❡rt② ✭✷✮ ❢♦r❝❡s ❛♥② r❡❧❛①❡❞ ♣❧❛♥ P+(s)
t♦ ♠♦✈❡ x0✱ ✐✳❡✳✱ ✇❡ ❤❛✈❡ t❤❛t P+(s, x0) ✐s ♥♦♥✲❡♠♣t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ P+(s, x0)
t❛❦❡s ❛ ♣❛t❤ ✐♥ DTGx0

❢r♦♠ s(x0) t♦ sG(x0)✳ ▲❡t −→q ❜❡ ❛ s❤♦rt❡st s✉❝❤ ♣❛t❤
t❛❦❡♥ ❜② P+(s, x0)✱ ❛♥❞ ❧❡t o0 ❜❡ t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r ♦❢ t❤❡ ✜rst tr❛♥s✐t✐♦♥
✐♥ −→q ✳ ❈❧❡❛r❧②✱ t❤✐s tr❛♥s✐t✐♦♥ ❤❛s t❤❡ ❢♦r♠ (s(x0), c)✱ ✐✳❡✳✱ o0 ✐s ♦♥❡ ♦❢ t❤❡
♦♣❡r❛t♦rs o0 ✐♥ t❤❡ ❝❧❛✐♠✳ ▲②✐♥❣ ♦♥ ❛ s❤♦rt❡st ♣❛t❤ ❢r♦♠ s(x0) t♦ sG(x0) ✐♥
t❤❡ s✉❜✲❣r❛♣❤ ♦❢ DTGx0 t❛❦❡♥ ❜② P+(s, x0)✱ t❤❡ tr❛♥s✐t✐♦♥ (s(x0), c) ✐s ♥♦t
✐rr❡❧❡✈❛♥t✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ✇✐t❤ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❣✐✈❡♥ ✐♥ t❤❡
♣r♦♦❢ t♦ ▲❡♠♠❛ ✸ ❢♦r t❤❡ tr❛♥s✐t✐♦♥s ♦♥ t❤❡ ♣❛t❤s −→q ❝♦♥str✉❝t❡❞ t❤❡r❡✱ ❡①❝❡♣t
t❤❛t t❤❡ ❡♥❞♣♦✐♥t ✐s ♥♦✇ ❛ ❣♦❛❧ ✐♥st❡❛❞ ♦❢ ❛♥ ♦♣❡r❛t♦r ♣r❡❝♦♥❞✐t✐♦♥✳

◆❡①t✱ ♦❜s❡r✈❡ t❤❛t ❛♥② ♦♣t✐♠❛❧ P+(s) ❝♦♥t❛✐♥s ❛t ♠♦st ♦♥❡ ♦♣❡r❛t♦r o ✇✐t❤
x0 ∈ Xpreo

❛♥❞ preo(x0) = s(x0)✳ ❚❤✐s ❛❧s♦ ❢♦❧❧♦✇s ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹ ♣r♦♣❡rt②
✭✷✮✿ x0 ❝❛♥♥♦t ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t ❢♦r ❛♥② ♥♦♥✲❛❝❤✐❡✈❡❞ ❣♦❛❧✱ ✐✳❡✳✱ ♥♦ P+(s) ♦♣✲
❡r❛t♦r ♦✉ts✐❞❡ P+(s, x0) r❡❧✐❡s ♦♥ ❛ ♣r❡❝♦♥❞✐t✐♦♥ ♦♥ x0✳ ❚♦ s❡❡ t❤✐s✱ ❛ss✉♠❡
t❤❛t s✉❝❤ ❛♥ ♦♣❡r❛t♦r o ❞♦❡s ❡①✐st✳ ❚❤❡♥✱ s✐♥❝❡ P+(s) ✐s ♦♣t✐♠❛❧✱ t❤❡r❡ ❡①✲
✐sts ❛ ✏r❡❛s♦♥✑ ❢♦r t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ o✳ Pr❡❝✐s❡❧②✱ o ♠✉st ❛❝❤✐❡✈❡ ❛t ❧❡❛st ♦♥❡
❢❛❝t t❤❛t ✐s ✏♥❡❡❞❡❞✑ ✐♥ t❤❡ t❡r♠s ♦❢ ❍♦✛♠❛♥♥ ❛♥❞ ◆❡❜❡❧ ❬✸✶❪✿ ❛ ❢❛❝t t❤❛t
✐s ❡✐t❤❡r ✐♥ t❤❡ ❣♦❛❧ ♦r ✐♥ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥♦t❤❡r ♦♣❡r❛t♦r o′ ❜❡❤✐♥❞ o

✐♥ P+(s)✳ ■t❡r❛t✐♥❣ t❤✐s ❛r❣✉♠❡♥t ❢♦r o′ ✭✐❢ ♥❡❝❡ss❛r②✮✱ ✇❡ ♦❜t❛✐♥ ❛ s❡q✉❡♥❝❡

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✺✸

o = o1, (x1, c1), o2, (x2, c2), . . . , on, (xn, cn) ✇❤❡r❡ (xn, cn) ✐s ❛ ❣♦❛❧ ❢❛❝t ♥♦t s❛t✲
✐s✜❡❞ ✐♥ s ❛♥❞ ✇❤❡r❡ oi ❛❝❤✐❡✈❡s (xi, ci) ✐♥ P+(s)✳ ❖❜✈✐♦✉s❧②✱ SG t❤❡♥ ❝♦♥t❛✐♥s
❛ ♣❛t❤ ❢r♦♠ x0 t♦ xn✱ ❛♥❞ xn ∈ XsG

❛♥❞ sG(xn) 6= s(xn)✱ ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ t♦
❉❡✜♥✐t✐♦♥ ✹ ♣r♦♣❡rt② ✭✷✮✳ ❚❤✉s s✉❝❤ o ❞♦❡s ♥♦t ❡①✐st✳ ❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉✲
♠❡♥t✱ ✐t ❢♦❧❧♦✇s ❛❧s♦ t❤❛t ❡✈❡r② ♦♣❡r❛t♦r ✐♥ P+(s, x0) ❡✐t❤❡r ❤❛s ♥♦ s✐❞❡ ❡✛❡❝t
✉s❡❞ ❡❧s❡✇❤❡r❡ ✐♥ t❤❡ r❡❧❛①❡❞ ♣❧❛♥✱ ♦r ❤❛s ♥♦ ♣r❡❝♦♥❞✐t✐♦♥ ♦♥ x0✳ ❚❤✉s t❤♦s❡
♦♣❡r❛t♦rs ✐♥ P+(s, x0) t❤❛t ❛r❡ ♣r❡❝♦♥❞✐t✐♦♥❡❞ ♦♥ x0 s❡r✈❡ ♦♥❧② t♦ tr❛♥s❢♦r♠
s(x0) ✐♥t♦ sG(x0)✳ ❖❢ ❝♦✉rs❡✱ t❤❡♥✱ ❛t ♠♦st ❛ s✐♥❣❧❡ ♦♥❡ ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs r❡❧✐❡s
♦♥ s(x0) ♦r ❡❧s❡ P+(s) ✐s ♥♦t ♦♣t✐♠❛❧✳

❙❛② ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❛t lDGo0 = (V,A)✳ ❉❡♥♦t❡ ❜② (V ′, A′) t❤❡ r❡s✉❧t ♦❢
❜❛❝❦❝❤❛✐♥✐♥❣ ❜② ❉❡✜♥✐t✐♦♥ ✶ ❢r♦♠ o0 ✇✐t❤ P+

<0(s)✳ ❉❡✜♥✐t✐♦♥ ✸ ✇✐❧❧ ✐♥❝❧✉❞❡ ❛❧❧
✈❛r✐❛❜❧❡s ❛♥❞ ❛r❝s ✐♥❝❧✉❞❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✶✳ ❚♦ s❡❡ t❤✐s✱ ❥✉st ♥♦t❡ t❤❛t ❛❧❧ ❛r❝s
(x, x′) ✐♥❝❧✉❞❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✶ ❛r❡ ❞✉❡ t♦ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥s✳ ❍❡♥❝❡ (V ′, A′)
✐s ❛ s✉❜✲❣r❛♣❤ ♦❢ (V,A)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ (V,A) ✐s ❛❝②❝❧✐❝✱ (V ′, A′) ✐s ❛❝②❝❧✐❝
❛s ✇❡❧❧✳

❖✉r ♥❡①t ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t✱ ❛ss✉♠✐♥❣ t❤❛t ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥ ✭✷✮ ❤♦❧❞s
tr✉❡✱ ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥ ✭✸❛✮ ✐♠♣❧✐❡s ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❛✮✱ ❉❡✜♥✐t✐♦♥ ✹
❝♦♥❞✐t✐♦♥ ✭✸❜✮ ✐♠♣❧✐❡s ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❜✮✱ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥
✭✸❝✮ ✐♠♣❧✐❡s ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❝✮✳

❈♦♥s✐❞❡r ✜rst ❝❛s❡ ✭❛✮ ✇❤❡r❡ t0 ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❲❡
s❤♦✇ t❤❛t R+

1 ∩ C0 = ∅✳ ❘❡❝❛❧❧ ❤❡r❡ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❆♣♣❡♥❞✐① ❆✳✷ ✕ C0 =
{(x0, s(x0))} ∪ ctx(t0)✱ ❛♥❞ R+

1 ✐s ❛ s✉♣❡r✲s❡t ♦❢ t❤❡ s❡t ♦❢ ❢❛❝ts t❤❛t ✇❡ ✇✐❧❧
♥❡❡❞ ❢♦r t❤❡ r❡❧❛①❡❞ ♣❧❛♥ ❛❢t❡r r❡♠♦✈✐♥❣ o0✳ ❋♦r ❛❧❧ ✈❛r✐❛❜❧❡s ❡①❝❡♣t x0✱ ✐t ✐s
❝❧❡❛r t❤❛t t❤❡r❡ ✐s ♥♦ ❢❛❝t ✐♥ t❤✐s ✐♥t❡rs❡❝t✐♦♥✿ ❛❧❧ ❢❛❝ts ✐♥ ctx(t0) ❛r❡ ✐rr❡❧❡✈❛♥t
♦r o0✲♦♥❧② r❡❧❡✈❛♥t ❜② ♣r❡r❡q✉✐s✐t❡✱ ❛♥❞ ❛r❡ t❤✉s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ R+

1 ✳ ❍❡♥❝❡✱
(x0, s(x0)) r❡♠❛✐♥s ❛s t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❝♦♥t❡♥t ♦❢ R+

1 ∩ C0✳ ❲❡ s❤♦✇ ✐♥ ✇❤❛t
❢♦❧❧♦✇s t❤❛t (x0, s(x0)) 6∈ R+

1 ✱ ❛♥❞ t❤✉s (x0, s(x0)) 6∈ R+
1 ∩ C0 ❛♥❞ t❤❡ ❧❛tt❡r

✐♥t❡rs❡❝t✐♦♥ ✐s ❡♠♣t②✱ ❛s ❞❡s✐r❡❞✳ ❘❡❝❛❧❧ t❤❛t R+
1 ❞❡♥♦t❡s t❤❡ ✉♥✐♦♥ ♦❢ sG✱ t❤❡

♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② o0 6= o ∈ P+(s)✱ ❛♥❞ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② ♦♣❡r❛t♦r
✇❤✐❝❤ ✐s t❤❡ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r ❢♦r ❛♥ ✐♥❞✉❝❡❞ tr❛♥s✐t✐♦♥ ✐♥ oDTG+

x ✱ ✇✐t❤
x ∈ V \ {x0}✳ ❇② ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥ ✭✷✮✱ (x0, s(x0)) 6∈ sG✳ ❆s ❛r❣✉❡❞ ❛❜♦✈❡✱
o0 ✐s t❤❡ ♦♥❧② ♦♣❡r❛t♦r ✐♥ P+(s) t❤❛t ♠❛② ❜❡ ♣r❡❝♦♥❞✐t✐♦♥❡❞ ♦♥ s(x0) ❛♥❞ t❤✉s
✐t ✐s ♥♦t ✐♥ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② o0 6= o ∈ P+(s)✳ ▲❛st❧②✱ s❛② t❤❛t p ✐s ❛
♣r❡❝♦♥❞✐t✐♦♥ ♦❢ ❛ r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r ❢♦r ❛♥ ✐♥❞✉❝❡❞ tr❛♥s✐t✐♦♥ ✐♥ oDTG+

x ✱ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♦r✐❣✐♥❛❧ tr❛♥s✐t✐♦♥ ❜❡✐♥❣ t✳ ❚❤❡♥✱ s✐♥❝❡ ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥s ❞♦
♥♦t ✐♥tr♦❞✉❝❡ ❛♥② ♥❡✇ ❝♦♥❞✐t✐♦♥s✱ p ∈ cond(t) ❛♥❞ t❤✉s p ∈ prerop(t) ✇❤❡r❡✱
❜② ❞❡✜♥✐t✐♦♥✱ rop(t) ∈ P+

<0(s)✳ ❇✉t t❤❡♥✱ s✐♥❝❡ o0 6= rop(t) ∈ P+(s)✱ ✇❡ ❤❛✈❡
(x0, s(x0)) 6∈ prerop(t)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t p 6= (x0, s(x0))✳ ❚❤✉s (x0, s(x0)) 6∈ R

+
1

❧✐❦❡ ✇❡ ♥❡❡❞❡❞ t♦ s❤♦✇✳
❈♦♥s✐❞❡r ♥♦✇ ❝❛s❡ ✭❜✮ ✇❤❡r❡ t0 ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❚♦ s❤♦✇

❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✷❜✮ ❢♦r o0 = rop(t0)✱ ❛❧❧ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ ✐s t❤❛t s(x0)
✐s ♥♦t oDG+✲r❡❧❡✈❛♥t✱ ✐✳❡✳✱ t❤❛t s(x0) 6∈ R

+
1 ✳ ❚❤✐s ✇❛s ❛❧r❡❛❞② s❤♦✇♥ ❛❜♦✈❡✳

❋♦r ❝❛s❡ ✭❝✮✱ t0 ❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❆❣❛✐♥✱ t♦ s❤♦✇ ❉❡✜♥✐t✐♦♥ ✷
❝♦♥❞✐t✐♦♥ ✭✷❝✮ ❢♦r t0)✱ ❛❧❧ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ ✐s t❤❛t s(x0) ✐s ♥♦t oDG+✲r❡❧❡✈❛♥t✳

❈♦♥s✐❞❡r ✜♥❛❧❧② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ ♦♥ ♥♦♥✲❧❡❛❢ ✈❛r✐❛❜❧❡s x ∈ V \ {x0}✱
✐✳❡✳✱ ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥ ✭✹✮ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✷ ❝♦♥❞✐t✐♦♥ ✭✸✮✳ ❇② ❉❡✜♥✐t✐♦♥ ✹
❝♦♥❞✐t✐♦♥ ✭✹✮✱ t❤❡ DTGx tr❛♥s✐t✐♦♥s ♦❢ ❡✈❡r② x ∈ V \ {x0} ❡✐t❤❡r ❛r❡ ✐rr❡❧❡✈❛♥t✱
♦r ❤❛✈❡ s❡❧❢✲✐rr❡❧❡✈❛♥t ❞❡❧❡t❡s✱ ♦r ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t
❞❡❧❡t❡s ❛♥❞ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✳ ■❢ ❛ DTGx tr❛♥s✐t✐♦♥s ✐s ✐rr❡❧❡✈❛♥t

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✺✹

t❤❡♥ ✐t ❝❛♥♥♦t ❜❡ ✐♥ oDTG+
x ✱ t❤✉s t❤❡ ✷♥❞ ♦r ✸r❞ ❝❛s❡ ✐s tr✉❡ ♦❢ t❤❡ oDTG+

x

tr❛♥s✐t✐♦♥s ♦❢ ❡✈❡r② x ∈ V ′ \ {x0}✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❛r❣✉♠❡♥t✳

❚❤❡♦r❡♠ ✸✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✱ ❛♥❞ ❧❡t s ∈ S ❜❡ ❛ st❛t❡
✇✐t❤ 0 < h+(s) < ∞✳ ❙❛② t❤❛t x0 ∈ X s♦ t❤❛t✱ ❢♦r ❡✈❡r② o0 = rop(s(x0), c)
✐♥ DTGx0

✇❤❡r❡ (s(x0), c) ✐s r❡❧❡✈❛♥t✱ lDGo0 ✐s ❛ s✉❝❝❡ss❢✉❧ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝②
❣r❛♣❤✳ ❚❤❡♥ s ✐s ♥♦t ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✱ ❛♥❞ ed(s) ≤ maxo0 costD∗(lDGo0)✳ ■❢✱
❢♦r ❡✈❡r② lDGo0 ✱ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥ ✭✸❛✮ ♦r ✭✸❜✮✱ t❤❡♥ ed(s) ≤
maxo0 costD∗(lDGo0)− 1✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✱ ❢♦r s♦♠❡ ❝❤♦✐❝❡ ♦❢ o0 = rop(s(x0), c) t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧
r❡❧❛①❡❞ ♣❧❛♥ P+(s) ❛♥❞ ❛ s✉❝❝❡ss❢✉❧ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ oDG+ =
(V ′, A′) ❢♦r P+(s)✱ s♦ t❤❛t oDG+ ✐s ❛ s✉❜✲❣r❛♣❤ ♦❢ lDGo0 ✇✐t❤ t❤❡ s❛♠❡ ✉♥✐q✉❡
❧❡❛❢ ✈❡rt❡① x0✳ ❲❡ ❝❛♥ ❛♣♣❧② ▲❡♠♠❛ ✸ ❛♥❞ ♦❜t❛✐♥ t❤❛t s ✐s ♥♦t ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳

❚♦ s❡❡ t❤❡ ♦t❤❡r ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠✱ ❧❡t V ∗∗ ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ❙❡❝t✐♦♥ ✻✱ ✐✳❡✳✱ V ∗∗

✐s t❤❡ s✉❜s❡t ♦❢ V \ {x0} ❢♦r ✇❤✐❝❤ ❛❧❧ DTGx tr❛♥s✐t✐♦♥s ❡✐t❤❡r ❛r❡ ✐rr❡❧❡✈❛♥t✱
♦r ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ❡♠♣t② ❝♦♥❞✐t✐♦♥s✱ ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ ❛♥❞
♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0}✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ DTGx tr❛♥s✐t✐♦♥ t ✇❤❡r❡ x ∈ V ∗∗✱ t
s❛t✐s✜❡s ❜♦t❤ t❤❡ r❡str✐❝t✐♦♥ r❡q✉✐r❡❞ ❜② ▲❡♠♠❛ ✹ ♦♥ oDTG+

x tr❛♥s✐t✐♦♥s ✕ ✐❢ t
✐s ✐rr❡❧❡✈❛♥t✱ t❤❡♥ ✐t ❝❛♥♥♦t ❜❡ ✐♥ oDTG+

x ✱ ❡❧s❡ ✐t ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛s ✐rr❡❧❡✈❛♥t
s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ❛♥❞ ♥♦ s✐❞❡ ❡✛❡❝ts ♦♥ V \ {x0} ✕ ❛♥❞ t❤❡ r❡str✐❝t✐♦♥ r❡q✉✐r❡❞
❜② ▲❡♠♠❛ ✹ ♦♥ t❤❡ ♦t❤❡r tr❛♥s✐t✐♦♥s ✕ ❡✐t❤❡r ✐rr❡❧❡✈❛♥t✱ ♦r ❡♠♣t② ❝♦♥❞✐t✐♦♥s ❛♥❞
✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❲❡ ❝❛♥ ❤❡♥❝❡ ❛♣♣❧② ▲❡♠♠❛ ✹ t♦ oDG+✱ ❛♥❞ ♦❜t❛✐♥
❛ ✭♥♦t ♥❡❝❡ss❛r✐❧② ♠♦♥♦t♦♥❡✮ ♣❛t❤ t♦ ❛♥ ❡①✐t✱ ✇✐t❤ ❧❡♥❣t❤ ❜♦✉♥❞ costd∗(oDG+)
✐❢ (s(x0), c) ❤❛s ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ♦r r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ ❛♥❞
costd∗(oDG+)+1 ✐❢ (s(x0), c) ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ■t t❤✉s s✉✣❝❡s
t♦ s❤♦✇ t❤❛t costD∗(lDGo0) ≥ costd∗(oDG+)✳ ❚❤❛t✱ ❤♦✇❡✈❡r✱ ✐s ♦❜✈✐♦✉s ❜❡✲
❝❛✉s❡ V ⊇ V ′✱ costD∗(x) ≥ 0 ❢♦r ❛❧❧ x✱ ❛♥❞ maxPath(DTGx) ≥ diam(oDTG+

x )
❢♦r ❛❧❧ x ∈ V ′✳

❚❤❡♦r❡♠ ✹✳ ▲❡t (X, sI , sG, O) ❜❡ ❛ ♣❧❛♥♥✐♥❣ t❛s❦✳ ❙❛② t❤❛t ❛❧❧ ❣❧♦❜❛❧ ❞❡♣❡♥✲
❞❡♥❝② ❣r❛♣❤s gDG ❛r❡ s✉❝❝❡ss❢✉❧✳ ❚❤❡♥ S ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❧♦❝❛❧ ♠✐♥✐♠❛
❛♥❞✱ ❢♦r ❛♥② st❛t❡ s ∈ S ✇✐t❤ 0 < h+(s) < ∞✱ ed(s) ≤ maxgDG costD∗(gDG)✳
■❢✱ ❢♦r ❡✈❡r② gDG✱ ✇❡ ❤❛✈❡ ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥ ✭✸❛✮ ♦r ✭✸❜✮✱ t❤❡♥ ed(s) ≤
maxgDG costD∗(gDG)− 1✳

Pr♦♦❢✳ ▲❡t s ∈ S ❜❡ ❛ st❛t❡✳ ❲❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t s ✐s ♥♦ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳
■❢ h+(s) = 0 ♦r h+(s) = ∞✱ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ s❤♦✇✳ ❊❧s❡✱ ❛ss✉♠❡ t❤❛t
t❤❡ ✈❛r✐❛❜❧❡s X ❛r❡ t♦♣♦❧♦❣✐❝❛❧❧② ♦r❞❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts ♦❢ SG✱ ❛♥❞ ❧❡t x0 ∈ X ❜❡ t❤❡ ✉♣♣❡r♠♦st ✈❛r✐❛❜❧❡ s♦ t❤❛t x0 ∈ XsG

❛♥❞ sG(x0) 6= s(x0)❀ ♦❜✈✐♦✉s❧②✱ s✉❝❤ x0 ❡①✐sts✳ ❈❧❡❛r❧②✱ t❤❡ ♦♥❧② ❝❤❛♥❝❡ ❢♦r x0

t♦ ♥♦t s❛t✐s❢② ❉❡✜♥✐t✐♦♥ ✹ ❝♦♥❞✐t✐♦♥ ✭✷✮ ✕ ✏t❤❡r❡ ❡①✐sts ♥♦ tr❛♥s✐t✐✈❡ s✉❝❝❡ss♦r
x′ ♦❢ x0 ✐♥ SG s♦ t❤❛t x′ ∈ XsG

❛♥❞ sG(x′) 6= s(x′)✑ ✕ ✐s ✐❢ t❤❡r❡ ❡①✐sts x′

✐♥ t❤❡ s❛♠❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ SG ❝♦♠♣♦♥❡♥t✱ ✇✐t❤ x′ ∈ XsG
✭❛♥❞ sG(x′) 6=

s(x′)✮✳ ❇✉t t❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ tr❛♥s✐t✐♦♥ t′ ✐♥ DTGx′ ✇✐t❤ ❛♥ ♦✉ts✐❞❡ ❝♦♥❞✐t✐♦♥
❡✈❡♥t✉❛❧❧② ❧❡❛❞✐♥❣✱ ❜② ❜❛❝❦✇❛r❞s ❝❤❛✐♥✐♥❣ ✐♥ SG✱ t♦ x0✳ ▲❡t gDG′ ❜❡ t❤❡ ❣❧♦❜❛❧
❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ ❢♦r x′ ❛♥❞ rop(t′) ✭s✉❝❤ ❛ gDG′ ❡①✐sts ❜❡❝❛✉s❡ x′ ∈ XsG

✮✳
❙✐♥❝❡ ❉❡✜♥✐t✐♦♥ ✸ ✐♥❝❧✉❞❡s ❛❧❧ tr❛♥s✐t✐✈❡ SG✲♣r❡❞❡❝❡ss♦rs ♦❢ x′ ♣❡rt❛✐♥✐♥❣ t♦
t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t′✱ gDG′ ✐♥❝❧✉❞❡s x0✳ ❇✉t t❤❡♥✱ s✐♥❝❡ x0 ❛♥❞ x′ ❧✐❡ ✐♥ t❤❡
s❛♠❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✱ ❉❡✜♥✐t✐♦♥ ✸ ❡✈❡♥t✉❛❧❧② r❡❛❝❤❡s x′✳ ❚❤✉s
gDG′ ❝♦♥t❛✐♥s ❛ ❝②❝❧❡✱ ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ ♣r❡r❡q✉✐s✐t❡✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡
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str♦♥❣❧② ❝♦♥♥❡❝t❡❞ SG ❝♦♠♣♦♥❡♥t ♦❢ x0 ❝♦♥t❛✐♥s ♦♥❧② x0✱ ❛♥❞ t❤✉s ❉❡✜♥✐t✐♦♥ ✹
❝♦♥❞✐t✐♦♥ ✭✷✮ ❤♦❧❞s tr✉❡✳

◆♦✇✱ s❛② t❤❛t o0 ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ❛ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ (s(x0), c)
✐♥ DTGx0 ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ lDG ❢♦r s✱ x0✱ ❛♥❞ o0
s♦ t❤❛t lDG ✐s ❛ s✉❜✲❣r❛♣❤ ♦❢ gDG✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s✐♠♣❧❡ ♦❜s❡r✈❛t✐♦♥
t❤❛t ❉❡✜♥✐t✐♦♥ ✸ ✇✐❧❧ ✐♥❝❧✉❞❡✱ ❢♦r gDG✱ ❛❧❧ ✈❛r✐❛❜❧❡s ❛♥❞ ❛r❝s t❤❛t ✐t ✇✐❧❧ ✐♥❝❧✉❞❡
❢♦r lDG✳ ✭◆♦t❡ ❤❡r❡ t❤❛t ❛♥② ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ o0 ♦♥ x0✱ ✐❢ ♣r❡s❡♥t✱ ✐s s❛t✐s✜❡❞
✐♥ s ❜❡❝❛✉s❡ o0 = rop(s(x0), c)✱ ❛♥❞ t❤✉s ❉❡✜♥✐t✐♦♥ ✸ ✇✐❧❧ ♥♦t ✐♥❝❧✉❞❡ x0 ❛s ❛
♣r❡❞❡❝❡ss♦r ❢♦r ❛❝❤✐❡✈✐♥❣ o0 ♣r❡❝♦♥❞✐t✐♦♥s ✐♥ lDG✳✮

❖❜✈✐♦✉s❧②✱ ❣✐✈❡♥ t❤❡ ❛❜♦✈❡✱ lDG ✐s s✉❝❝❡ss❢✉❧✳ ❙✐♥❝❡ t❤✐s ✇♦r❦s ❢♦r ❛♥② ❝❤♦✐❝❡
♦❢ ♥♦t✲✐rr❡❧❡✈❛♥t (s(x0), c)✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳ ❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ❞✐r❡❝t❧②
❢r♦♠ t❤✐s ❛♥❞ t❤❡ ❢❛❝t t❤❛t costD∗(gDG) ≥ costD∗(lDG)✳ ❚❤❡ ❧❛tt❡r ✐s ♦❜✈✐♦✉s
❜❡❝❛✉s❡ costD∗ ✐♥❝r❡❛s❡s ♠♦♥♦t♦♥✐❝❛❧❧② ✇❤❡♥ ❛❞❞✐♥❣ ❛❞❞✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✳

❆✳✹ ❊①❛♠♣❧❡ ❈♦♥str✉❝t✐♦♥s

❖✉r ✜rst ❡①❛♠♣❧❡ s❤♦✇s t❤❛t✱ ❡✈❡♥ ✇✐t❤✐♥ t❤❡ s❝♦♣❡ ♦❢ ♦✉r ❜❛s✐❝ r❡s✉❧t✱ ♦♣❡r❛t♦rs
❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② r❡s♣❡❝t❡❞ ❜② t❤❡ r❡❧❛①❛t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❍♦✛♠❛♥♥ ❬✷✾❪✱
✐✳❡✳✱ ❛♥ ♦♣❡r❛t♦r ♠❛② st❛rt ❛♥ ♦♣t✐♠❛❧ r❡❛❧ ♣❧❛♥ ②❡t ♥♦t ♦❝❝✉r ✐♥ ❛♥② ♦♣t✐♠❛❧
r❡❧❛①❡❞ ♣❧❛♥✳

❊①❛♠♣❧❡ ✶✳ ❈♦♥s✐❞❡r t❤❡ ♣❧❛♥♥✐♥❣ t❛s❦ ✐♥ ❋✐❣✉r❡ ✹✳
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❋✐❣✉r❡ ✹✿ P❧❛♥♥✐♥❣ t❛s❦ ✉♥❞❡r❧②✐♥❣ ❊①❛♠♣❧❡ ✶✳ ❈✐r❝❧❡s r❡♣r❡s❡♥t ✈❛r✐❛❜❧❡ ✈❛❧✉❡s✱
❛♥❞ ❧✐♥❡s r❡♣r❡s❡♥t ❉❚● tr❛♥s✐t✐♦♥s✳ ❚r❛♥s✐t✐♦♥s ✇✐t❤ ❛ ❝♦♥❞✐t✐♦♥ ❛r❡ ❧♦♥❣❡r
❧✐♥❡s✱ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥s❝r✐❜❡❞ ❜❡❧♦✇ t❤❡ ❧✐♥❡ ✭✐♥ ❜❧✉❡✮✳ ❋♦r ❡❛❝❤ ✈❛r✐❛❜❧❡✱ ❛
❞❛s❤❡❞ ❛rr♦✇ ✐♥❞✐❝❛t❡s t❤❡ ✈❛❧✉❡ ✐♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡ sI ✳ ❲❤❡r❡ ❛ ❣♦❛❧ ✈❛❧✉❡ ✐s
❞❡✜♥❡❞✱ t❤✐s ✐s ✐♥❞✐❝❛t❡❞ ❜② ❛ ❝✐r❝❧❡❞ ✈❛❧✉❡✳ ❲❤❡r❡ ♥❡❡❞❡❞✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡
♦♣❡r❛t♦rs r❡s♣♦♥s✐❜❧❡ ❢♦r ❛ tr❛♥s✐t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ✈❛r✐❛❜❧❡ ❢♦❧❧♦✇❡❞
❜② t❤❡ ✐♥❞✐❝❡s ♦❢ t❤❡ st❛rt ❛♥❞ ❡♥❞ ✈❛❧✉❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♦♣❡r❛t♦r ♠♦✈✐♥❣
x ❢r♦♠ c1 t♦ c2 ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ✏x12✑✳ ❲❡ st✐❝❦ t♦ t❤❡s❡ ❝♦♥✈❡♥t✐♦♥s
t❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✳

❚❤❡ ❉❚● ♦❢ x ❝♦♥s✐sts ♦❢ t❤r❡❡ ✈❡rt✐❝❡s ✇❤♦s❡ ❝♦♥♥❡❝t✐♦♥ r❡q✉✐r❡s t❤❡ ❝♦♥✲
❞✐t✐♦♥s d1 ❛♥❞ d2✱ ♦r ❛❧t❡r♥❛t✐✈❡❧② d7 ❛s ❛ s❤♦rt❝✉t✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ y ✐s ❛
❧✐♥❡ ♦❢ ❧❡♥❣t❤ 7 r❡q✉✐r✐♥❣ ♥♦ ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❛❜❜r❡✈✐❛t❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s st❛t❡s
{(x, c), (y, d)} ❛s (c, d)✳

❈❧❡❛r❧②✱ t❤❡ s✉♣♣♦rt ❣r❛♣❤ ♦❢ t❤✐s ♣❧❛♥♥✐♥❣ t❛s❦ ✐s ❛❝②❝❧✐❝✱ ❛♥❞ ❛❧❧ tr❛♥s✐t✐♦♥s
✐♥ ❛❧❧ ❉❚●s ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts ❛♥❞ ❛r❡ ✐♥✈❡rt✐❜❧❡✳ ❍♦✇❡✈❡r✱ ♦♣❡r❛t♦r y34
✭❢♦r ❡①❛♠♣❧❡✮ ✐s ♥♦t r❡s♣❡❝t❡❞ ❜② t❤❡ r❡❧❛①❛t✐♦♥✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ ✜rst t❤❛t
h+(sI) = 4✿ t❤❡ ♦♥❧② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ✐s 〈y32, y21, x12, x23〉 ❜❡❝❛✉s❡ t❤❡
r❡❧❛①❡❞ ♣❧❛♥ ✐❣♥♦r❡s t❤❡ ♥❡❡❞ t♦ ✏♠♦✈❡ ❜❛❝❦✑ t♦ d3 ❢♦r ♦♣❡r❛t♦r x23✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ t❤❡ ♦♥❧② ♦♣t✐♠❛❧ ✭r❡❛❧✮ ♣❧❛♥ ❢♦r sI ✐s 〈y34, y45, y56, y67, x17〉✳ ■❢ ✇❡
❝❤♦♦s❡ t♦ ✉s❡ y32 ✐♥st❡❛❞✱ ❧✐❦❡ t❤❡ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❞♦❡s✱ t❤❡♥ ✇❡ ❡♥❞ ✉♣
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✇✐t❤ t❤❡ s❡q✉❡♥❝❡ 〈y32, y21, x12, y12, y23, x23〉 ✇❤✐❝❤ ✐s 1 st❡♣ ❧♦♥❣❡r✳ ❍❡♥❝❡✱ ✐♥
sI ✱ y34 st❛rts ❛♥ ♦♣t✐♠❛❧ ♣❧❛♥✱ ❜✉t ❞♦❡s ♥♦t st❛rt ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥✳

❲❡ ♥❡①t ❣✐✈❡ t❤r❡❡ ❡①❛♠♣❧❡s s❤♦✇✐♥❣ ❤♦✇ ❧♦❝❛❧ ♠✐♥✐♠❛ ❝❛♥ ❛r✐s❡ ✐♥ ✈❡r②
s✐♠♣❧❡ s✐t✉❛t✐♦♥s ❣❡♥❡r❛❧✐③✐♥❣ ♦✉r ❜❛s✐❝ r❡s✉❧t ♦♥❧② ♠✐♥✐♠❛❧❧②✳ ❲❡ ❝♦♥s✐❞❡r✱ ✐♥
t❤✐s ♦r❞❡r✿ ❝②❝❧✐❝ s✉♣♣♦rt ❣r❛♣❤s❀ ♥♦♥✲✐♥✈❡rt✐❜❧❡ tr❛♥s✐t✐♦♥s❀ tr❛♥s✐t✐♦♥s ✇✐t❤
s✐❞❡ ❡✛❡❝ts✳

❊①❛♠♣❧❡ ✷✳ ❈♦♥s✐❞❡r t❤❡ ♣❧❛♥♥✐♥❣ t❛s❦ ✐♥ ❋✐❣✉r❡ ✺✳
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❋✐❣✉r❡ ✺✿ P❧❛♥♥✐♥❣ t❛s❦ ✉♥❞❡r❧②✐♥❣ ❊①❛♠♣❧❡ ✷✳
❚❤❡ ❉❚● ♦❢ x ✐s ❥✉st t✇♦ ✈❡rt✐❝❡s ✇❤♦s❡ ❝♦♥♥❡❝t✐♦♥ r❡q✉✐r❡s t❤❡ ❝♦♥❞✐t✐♦♥

d1✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ y ✐s ❛ ❧✐♥❡ ♦❢ ❧❡♥❣t❤ n r❡q✉✐r✐♥❣ ♥♦ ❝♦♥❞✐t✐♦♥s✱ ✇✐t❤ ❛ s❤♦rt❝✉t
❜❡t✇❡❡♥ d1 ❛♥❞ dn t❤❛t r❡q✉✐r❡s c1 ❛s ❝♦♥❞✐t✐♦♥✳ ❈❧❡❛r❧②✱ ❛❧❧ tr❛♥s✐t✐♦♥s ✐♥ ❛❧❧
❉❚●s ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts ❛♥❞ ❛r❡ ✐♥✈❡rt✐❜❧❡✳ ❍♦✇❡✈❡r✱ SG ❝♦♥t❛✐♥s ❛ ❝②❝❧❡
❜❡t✇❡❡♥ x ❛♥❞ y ❜❡❝❛✉s❡ t❤❡② ♠✉t✉❛❧❧② ❞❡♣❡♥❞ ♦♥ ❡❛❝❤ ♦t❤❡r✳ ❲❡ ✇✐❧❧ s❤♦✇ ♥♦✇
t❤❛t t❤✐s ♠✉t✉❛❧ ❞❡♣❡♥❞❡♥❝❡ ❝❛✉s❡s t❤❡ ✐♥✐t✐❛❧ st❛t❡ sI = {(x, c1), (y, d1)} t♦ ❜❡
❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✱ ❢♦r n ≥ 5✳ ❲❡ ❛❜❜r❡✈✐❛t❡✱ ❛s ❜❡❢♦r❡✱ st❛t❡s {(x, c), (y, d)} ❛s
(c, d)✳ ❲❡ ❤❛✈❡ h+(sI) = 2✿ t❤❡ ♦♥❧② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ✐s 〈x12, y1n〉✳ ◆♦✇
❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t♦rs ❛♣♣❧✐❝❛❜❧❡ t♦ sI = (c1, d1)✿

❼ ❊①❡❝✉t❡ x12✱ ❧❡❛❞✐♥❣ t♦ s1 = (c2, d1) ✇✐t❤ h+(s1) = 2 ❞✉❡ t♦ 〈x21, y1n〉✳
❋r♦♠ ❤❡r❡✱ t❤❡ ♦♥❧② ♥❡✇ st❛t❡ t♦ ❜❡ r❡❛❝❤❡❞ ✐s ✈✐❛ y12✱ ❣✐✈✐♥❣ s2 = (c2, d2)
✇✐t❤ h+(s2) = 3 ❞✉❡ t♦ 〈y21, x21, y1n〉✳ ✭◆♦t❡ ❤❡r❡ t❤❛t n − 2 ≥ 3 ❜②
♣r❡r❡q✉✐s✐t❡✱ s♦ ❛ r❡❧❛①❡❞ ♣❧❛♥ ❝♦♠♣♦s❡❞ ♦❢ ypp ♦♣❡r❛t♦rs ❛❧s♦ ❤❛s ≥ 3
st❡♣s✳✮ ❲❡ ❤❛✈❡ h+(s2) > h+(sI) s♦ t❤✐s ✇❛② ✇❡ ❝❛♥♥♦t r❡❛❝❤ ❛♥ ❡①✐t ♦♥
❛ ♠♦♥♦t♦♥❡ ♣❛t❤✳

❼ ❊①❡❝✉t❡ y12✱ ❧❡❛❞✐♥❣ t♦ s3 = (c1, d2) ✇✐t❤ h
+(s3) = 3 ❞✉❡ t♦ 〈y21, x12, y1n〉✳

✭◆♦t❡ ❤❡r❡ t❤❛t n − 2 ≥ 3 ❜② ♣r❡r❡q✉✐s✐t❡✱ s♦ ❛ r❡❧❛①❡❞ ♣❧❛♥ ♠♦✈✐♥❣ y ❜②
ypp ♦♣❡r❛t♦rs ❤❛s ≥ 4 st❡♣s✳✮ ❆❣❛✐♥✱ t❤❡ ♣❛t❤ ✐s ♥♦t ♠♦♥♦t♦♥❡✳

❼ ❊①❡❝✉t❡ y1n✱ ❧❡❛❞✐♥❣ t♦ s4 = (c1, dn) ✇✐t❤ h+(s4) = 2 ❞✉❡ t♦ 〈yn1, x12〉✳
❋r♦♠ ❤❡r❡✱ t❤❡ ♦♥❧② ♥❡✇ st❛t❡ t♦ ❜❡ r❡❛❝❤❡❞ ✐s ✈✐❛ yn(n− 1)✱ ❣✐✈✐♥❣ s5 =
(c1, dn−1) ✇✐t❤ h+(s5) = 3 ❞✉❡ t♦ 〈y(n − 1)n, yn1, x12〉✳ ✭◆♦t❡ ❤❡r❡ t❤❛t
n−2 ≥ 3 ❜② ♣r❡r❡q✉✐s✐t❡✱ s♦ ❛ r❡❧❛①❡❞ ♣❧❛♥ ♠♦✈✐♥❣ y t♦ d1 ✈✐❛ dn−2, . . . , d2

❤❛s ≥ 3 + 2 st❡♣s✳✮ ❆❣❛✐♥✱ t❤❡ ♣❛t❤ ✐s ♥♦t ♠♦♥♦t♦♥❡✳

◆♦ ♦t❤❡r ♦♣❡r❛t♦rs ❛r❡ ❛♣♣❧✐❝❛❜❧❡ t♦ sI ✱ t❤✉s ✇❡ ❤❛✈❡ ❡①♣❧♦r❡❞ ❛❧❧ st❛t❡s r❡❛❝❤❛❜❧❡
❢r♦♠ sI ♦♥ ♠♦♥♦t♦♥❡ ♣❛t❤s✳ ◆♦♥❡ ♦❢ t❤♦s❡ st❛t❡s ✐s ❛♥ ❡①✐t✱ ♣r♦✈✐♥❣ t❤❛t sI ✐s
❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✭❛s ❛r❡ s1 ❛♥❞ s4✮✳ ❚❤❡r❡ ✐s✱ ✐♥ ❢❛❝t✱ ♦♥❧② ❛ s✐♥❣❧❡ st❛t❡ s ✇✐t❤
h+(s) = 1✱ ♥❛♠❡❧② s = (c2, dn−1)✳ ❈❧❡❛r❧②✱ r❡❛❝❤✐♥❣ s ❢r♦♠ sI t❛❦❡s n−1 st❡♣s✿
✜rst ❛♣♣❧② x12✱ t❤❡♥ tr❛✈❡rs❡ d2, . . . , dn−2✳ ❙♦ t❤❡ ❡①✐t ❞✐st❛♥❝❡ ♦❢ sI ✐s n − 3✱
t❤✉s t❤✐s ❞✐st❛♥❝❡ ✐s ✉♥❜♦✉♥❞❡❞✳
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■♥ ❙❡❝t✐♦♥ ✾✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✷ ✐s ❝♦♥s✐❞❡r❡❞✳ ❲❡ s❡t
n := 2✱ ✐✳❡✳✱ t❤❡ ❞♦♠❛✐♥ ♦❢ y ✐s r❡❞✉❝❡❞ t♦ t❤❡ t✇♦ ✈❛❧✉❡s d1, d2❀ ❛♥❞ ✇❡ r❡♠♦✈❡
t❤❡ ❧✐♥❡ d2, . . . , dn−2✱ ✐✳❡✳✱ y ❝❛♥ ♠♦✈❡ ♦♥❧② ✈✐❛ ✇❤❛t ✇❛s ♣r❡✈✐♦✉s❧② t❤❡ s❤♦rt✲
❝✉t✳ ❚❤✐s ♠♦❞✐✜❡❞ ❡①❛♠♣❧❡ ❢❛❧❧s ✐♥t♦ t❤❡ ❙❆❙+✲P❯❇❙ tr❛❝t❛❜❧❡ ❝❧❛ss ✐❞❡♥t✐✜❡❞
❜② ❇ä❝❦strö♠ ❛♥❞ ❑❧❡✐♥ ❬✶❪✱ ❛♥❞ ✐t st✐❧❧ ❝♦♥t❛✐♥s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ✭t❤❡ ❡①❛♠♣❧❡
✐s ✉♥s♦❧✈❛❜❧❡✱ t❤♦✉❣❤✮✳

❊①❛♠♣❧❡ ✸✳ ❈♦♥s✐❞❡r t❤❡ ♣❧❛♥♥✐♥❣ t❛s❦ ✐♥ ❋✐❣✉r❡ ✻✳
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❋✐❣✉r❡ ✻✿ P❧❛♥♥✐♥❣ t❛s❦ ✉♥❞❡r❧②✐♥❣ ❊①❛♠♣❧❡ ✸✳ ❚❤❡ ❛rr♦✇ ❜❡t✇❡❡♥ d1 ❛♥❞ d2

✐♥❞✐❝❛t❡s t❤❛t t❤❡ r❡s♣❡❝t✐✈❡ ❉❚● tr❛♥s✐t✐♦♥ ✐s ❞✐r❡❝t❡❞✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ♥♦
tr❛♥s✐t✐♦♥ ❢r♦♠ d2 t♦ d1✳

❚❤❡ ❉❚● ♦❢ x ✐s t❤r❡❡ ✈❡rt✐❝❡s ✇❤♦s❡ ❝♦♥♥❡❝t✐♦♥ r❡q✉✐r❡s ✭st❛rt✐♥❣ ❢r♦♠ t❤❡
✐♥✐t✐❛❧ ✈❛❧✉❡ c1✮ ✜rst ❝♦♥❞✐t✐♦♥ d2✱ t❤❡♥ ❝♦♥❞✐t✐♦♥ d1✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ y ✐s ❛
❝✐r❝❧❡ ♦❢ ❧❡♥❣t❤ n r❡q✉✐r✐♥❣ ♥♦ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ❜❡✐♥❣ ✐♥✈❡rt✐❜❧❡ ❡①❝❡♣t ❢♦r t❤❡ ❛r❝
❢r♦♠ d1 t♦ d2✳

❈❧❡❛r❧②✱ t❤❡ s✉♣♣♦rt ❣r❛♣❤ ✐s ❛❝②❝❧✐❝ ❛♥❞ ❛❧❧ tr❛♥s✐t✐♦♥s ✐♥ ❛❧❧ ❉❚●s ❤❛✈❡
♥♦ s✐❞❡ ❡✛❡❝ts✳ ❍♦✇❡✈❡r✱ t❤❡ ♥♦♥✲✐♥✈❡rt✐❜❧❡ ❛r❝ ❢r♦♠ d1 t♦ d2 ❝❛✉s❡s t❤❡ ✐♥✐t✐❛❧
st❛t❡ sI = (c1, d1) t♦ ❜❡ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❢♦r ❛❧❧ n ≥ 3✳ ❚❤✐s ✐s ✈❡r② ❡❛s② t♦ s❡❡✳
❲❡ ❤❛✈❡ h+(sI) = 3 ❞✉❡ t♦ t❤❡ ♦♥❧② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ 〈y12, x12, x23〉✳ ◆♦t❡
❤❡r❡ t❤❛t t❤❡ r❡❧❛①❡❞ ♣❧❛♥ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ✏♠♦✈❡ y ❜❛❝❦✑ ❜❡❝❛✉s❡ (y, d1) ✐s st✐❧❧
tr✉❡ ❛❢t❡r ❡①❡❝✉t✐♥❣ y12✳ ◆♦✇✱ t❤❡ ♦♥❧② ♦♣❡r❛t♦r ❛♣♣❧✐❝❛❜❧❡ t♦ sI ✐s y12✱ ❧❡❛❞✐♥❣
t♦ t❤❡ st❛t❡ s1 = (c1, d2) ✇❤❡r❡ h

+(s1) = n+1✿ x12✱ n−1 st❡♣s t♦ ❝♦♠♣❧❡t❡ t❤❡
❝✐r❝❧❡ ❢r♦♠ d2 ❜❛❝❦ t♦ d1✱ x23✳ ❚❤✉s✱ ❢♦r n ≥ 3✱ t❤❡ ♦♥❧② ♥❡✐❣❤❜♦r ♦❢ sI ✭♥❛♠❡❧②
s1✮ ❤❛s ❛ ❧❛r❣❡r h+ ✈❛❧✉❡✳ ❍❡♥❝❡ sI ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳ ❚❤❡ ♥❡❛r❡st ❡①✐t t♦ sI
✐s s2 = (c2, dn−1)✿ s2 ❤❛s t❤❡ r❡❧❛①❡❞ ♣❧❛♥ 〈y(n−1)n, yn1, x23〉 ♦❢ ❧❡♥❣t❤ 3✱ ❛♥❞
❛❢t❡r ❛♣♣❧②✐♥❣ y(n − 1)n ✇❡ ❣❡t h+ ✈❛❧✉❡ 2✳ ❘❡❛❝❤✐♥❣ s2 ❢r♦♠ sI t❛❦❡s 1 st❡♣
♠♦✈✐♥❣ x ❛♥❞ n−2 st❡♣s ♠♦✈✐♥❣ y✳ ❙♦ t❤❡ ❡①✐t ❞✐st❛♥❝❡ ♦❢ sI ✐s n−1✱ t❤✉s t❤✐s
❞✐st❛♥❝❡ ✐s ✉♥❜♦✉♥❞❡❞✳

❊①❛♠♣❧❡ ✹✳ ❈♦♥s✐❞❡r t❤❡ ♣❧❛♥♥✐♥❣ t❛s❦ ✐♥ ❋✐❣✉r❡ ✼✳
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❋✐❣✉r❡ ✼✿ P❧❛♥♥✐♥❣ t❛s❦ ✉♥❞❡r❧②✐♥❣ ❊①❛♠♣❧❡ ✹✳ ❚❤❡ ✭r❡❞✮ ✐♥s❝r✐♣t✐♦♥ cn ❛❜♦✈❡
t❤❡ ❧✐♥❡ ❜❡t✇❡❡♥ d1 ❛♥❞ d2 ✐♥❞✐❝❛t❡s t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ d1 t♦ d2 ❤❛s t❤❡
s✐❞❡ ❡✛❡❝t cn✳

❚❤❡ ❉❚● ♦❢ x ✐s ❛ ❧✐♥❡ ♦❢ ❧❡♥❣t❤ n r❡q✉✐r✐♥❣ ♥♦ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❉❚● ♦❢ y
❝♦♥t❛✐♥s ❥✉st t✇♦ ✈❡rt✐❝❡s✳ ▼♦✈✐♥❣ ❢r♦♠ d1 t♦ d2 ❤❛s t❤❡ s✐❞❡✲❡✛❡❝t cn✳
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❚❤❡ s✉♣♣♦rt ❣r❛♣❤ ✐s ❛❝②❝❧✐❝ ✕ t❤❡ ♦♥❧② ♦♣❡r❛t♦r ✐♥✈♦❧✈✐♥❣ t✇♦ ✈❛r✐❛❜❧❡s ✐s
y12 ✭✇❤✐❝❤ ❤❛s ❛♥ ❡✛❡❝t ♦♥ x ❛♥❞ ❛ ♣r❡❝♦♥❞✐t✐♦♥ ♦♥ y✮✱ ✐♥❞✉❝✐♥❣ ❛♥ ❡❞❣❡ ❢r♦♠
y t♦ x✳ ❖❜✈✐♦✉s❧②✱ ❛❧❧ tr❛♥s✐t✐♦♥s ❛r❡ ✐♥✈❡rt✐❜❧❡✳ ❍♦✇❡✈❡r✱ t❤❡ s✐❞❡✲❡✛❡❝t ♦❢ y12
❝❛✉s❡s t❤❡ ✐♥✐t✐❛❧ st❛t❡ sI = (c1, d1) ✭✉s✐♥❣ t❤❡ s❛♠❡ st❛t❡ ♥♦t❛t✐♦♥ ❛s ✐♥ t❤❡
♣r❡✈✐♦✉s ❡①❛♠♣❧❡s✮ t♦ ❜❡ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❢♦r ❛❧❧ n ≥ 3✳ ❚❤✐s ✐s ✈❡r② ❡❛s② t♦
s❡❡✳ ❲❡ ❤❛✈❡ h+(sI) = 1 ❞✉❡ t♦ t❤❡ ♦♥❧② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ 〈y12〉✳ ◆♦t❡ ❤❡r❡
t❤❛t t❤❡ r❡❧❛①❡❞ ♣❧❛♥ ❞♦❡s ♥♦t ❝❛r❡ ❛❜♦✉t t❤❡ s✐❞❡ ❡✛❡❝t ♦❢ y12✱ ❜❡❝❛✉s❡ c1 ✐s st✐❧❧
tr✉❡ ❛❢t❡r✇❛r❞✳ ◆♦✇✱ ✐❢ ✇❡ ❛♣♣❧② x12 ✐♥ sI t❤❡♥ ❝❧❡❛r❧② ✇❡ ✐♥❝r❡❛s❡ h+ ❜② 1
s✐♥❝❡ ✇❡ ❤❛✈❡ t♦ ✐♥❝❧✉❞❡ t❤❡ ♠♦✈❡ ❜❛❝❦ t♦ c1✳ ■❢ ✇❡ ❛♣♣❧② y12 t♦ sI ✱ ✇❡ ❣❡t t❤❡
st❛t❡ s1 = (cn, d2) ✇❤❡r❡ h+(s1) = n − 1✳ ❚❤✉s✱ ❢♦r n ≥ 3✱ t❤✐s ♥❡✐❣❤❜♦r ♦❢ sI
❤❛s h+ ✈❛❧✉❡ ≥ 2 ❛♥❞ t❤✉s > h+(sI)✳ ❍❡♥❝❡ sI ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳ ❈❧❡❛r❧②✱
t❤❡ ♥❡❛r❡st ❡①✐t t♦ sI ✐s s2 = (c2, d2)✿ s2 ❤❛s t❤❡ r❡❧❛①❡❞ ♣❧❛♥ 〈x21〉 ♦❢ ❧❡♥❣t❤
1✱ ❛♥❞ ❛❢t❡r ❛♣♣❧②✐♥❣ x21 ✇❡ ❣❡t h+ ✈❛❧✉❡ 0✳ ❘❡❛❝❤✐♥❣ s2 ❢r♦♠ sI t❛❦❡s 1 st❡♣
♠♦✈✐♥❣ y ❛♥❞ n−2 st❡♣s ♠♦✈✐♥❣ x✳ ❙♦ t❤❡ ❡①✐t ❞✐st❛♥❝❡ ♦❢ sI ✐s n−1✱ t❤✉s t❤✐s
❞✐st❛♥❝❡ ✐s ✉♥❜♦✉♥❞❡❞✳

❲❡ ♥❡①t s❤♦✇ t❤❛t t❤❡ ❡①✐t ♣❛t❤ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ ✏s❤♦rt✲❝✉ts✑✱ ❧❡❛❞✐♥❣ t♦
t❤❡ ✐♠♣r♦✈❡❞ ❜♦✉♥❞ costd∗ ✐♥st❡❛❞ ♦❢ costd✱ ♠❛② ❜❡ ♥♦♥✲♠♦♥♦t♦♥❡✱ ❛♥❞ t❤❛t t❤❡
✐♠♣r♦✈❡❞ ❜♦✉♥❞ ♠❛② ✐♥❞❡❡❞ ✉♥❞❡r✲❡st✐♠❛t❡ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s❤♦rt❡st ♠♦♥♦t♦♥❡
❡①✐t ♣❛t❤✳

❊①❛♠♣❧❡ ✺✳ ❈♦♥s✐❞❡r t❤❡ ♣❧❛♥♥✐♥❣ t❛s❦ ✐♥ ❋✐❣✉r❡ ✽✳
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❋✐❣✉r❡ ✽✿ P❧❛♥♥✐♥❣ t❛s❦ ✉♥❞❡r❧②✐♥❣ ❊①❛♠♣❧❡ ✺✳
■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♦♥❧② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♠♦✈❡s

z ❛❧♦♥❣ t❤❡ ♣❛t❤ e0, . . . , e2n ✕ ♥♦t❡ ❤❡r❡ t❤❛t ❛❧❧ t❤❡s❡ ✈❛❧✉❡s ❛r❡ ♥❡❡❞❡❞ ❢♦r
♠♦✈✐♥❣ y ✕ t❤❡♥ ♠♦✈❡s y t♦ d2k+2n✱ t❤❡♥ ♠♦✈❡s x t♦ c1✳ ❚❤✐s ❣✐✈❡s ❛ t♦t❛❧ ♦❢
h+(sI) = 2n+ (2k + 2n) + 1 = 4n+ 2k + 1 st❡♣s✳

❚❤❡ ♦♥❧② ♦♣❡r❛t♦rs ❛♣♣❧✐❝❛❜❧❡ t♦ sI ♠♦✈❡ z✳ ■❢ ✇❡ ♠♦✈❡ ❛❧♦♥❣ t❤❡ ❧✐♥❡
e0, . . . , e2n✱ t❤❡♥ h+ r❡♠❛✐♥s ❝♦♥st❛♥t✿ ✇❡ ❛❧✇❛②s ♥❡❡❞ t♦ ✐♥❝❧✉❞❡ t❤❡ ♠♦✈❡s
❜❛❝❦ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤❡ ♦✇♥ ❣♦❛❧ ♦❢ z✳ ❖♥❝❡ ✇❡ r❡❛❝❤ e2n✱ ✇❡ ❝❛♥ ♠♦✈❡ y
♦♥❡ st❡♣✱ t❤❡♥ ♥❡❡❞ t♦ ♠♦✈❡ z ❜❛❝❦✱ ❡t❝✳ ❉✉r✐♥❣ ❛❧❧ t❤❡s❡ ♠♦✈❡s✱ ✉♣ t♦ t❤❡ st❛t❡
✇❤❡r❡ y = d2k+2n✱ ❛s ❧♦♥❣ ❛s z st❛②s ✇✐t❤✐♥ e0, . . . , e2n✱ h

+ r❡♠❛✐♥s ❝♦♥st❛♥t✳
❚♦ s❡❡ t❤✐s✱ ♦❜s❡r✈❡ ✜rst t❤❛t ♦❢ ❝♦✉rs❡ ✐t s✉✣❝❡s ❢♦r ❛ r❡❧❛①❡❞ ♣❧❛♥ t♦ r❡❛❝❤
♦♥❝❡✱ ✇✐t❤ z✱ ❛❧❧ t❤❡ ✈❛❧✉❡s ♦♥ t❤✐s ❧✐♥❡✱ t❛❦✐♥❣ 2n ♠♦✈❡s ✇❤❡r❡✈❡r ✇❡ ❛r❡ ♦♥ t❤❡
❧✐♥❡❀ t❤❡ ♠♦✈❡s ❢♦r y ❛r❡ ❛s ❜❡❢♦r❡✳ ❙❡❝♦♥❞✱ ♦❜s❡r✈❡ t❤❛t ✐♥❞❡❡❞ ❛❧❧ t❤❡s❡ ♠♦✈❡s
❛r❡ ♥❡❡❞❡❞✿ ✇❤❡r❡✈❡r y ✐s ♦♥ t❤❡ ❧✐♥❡ d0, . . . , d2k+2n✱ ✐t ♥❡❡❞s t♦ ♠♦✈❡ t♦ d2k+2n

✐♥ ♦r❞❡r t♦ s✉✐t x✱ ❛♥❞ ✐t ♥❡❡❞s t♦ ♠♦✈❡ t♦ d0 t♦ s✉✐t ✐ts ♦✇♥ ❣♦❛❧✳ ❊✈❡r② ✈❛❧✉❡ ✐♥
e0, . . . , e2n ❛♣♣❡❛rs ❛s ❛ ❝♦♥❞✐t✐♦♥ ♦❢ ♦♥❡ ♦❢ t❤❡s❡ y ♠♦✈❡s✳ ❚❤✉s✱ ❢r♦♠ sI ✱ t❤❡
♥❡❛r❡st ❡①✐t r❡❛❝❤❡❞ t❤✐s ✇❛② ✐s t❤❡ st❛t❡ s ✇❤❡r❡ y = d2k+2n ❛♥❞ z = e2n✿ t❤❡r❡✱

❘❘ ♥➦ ✼✺✵✺
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✇❡ ❝❛♥ ♠♦✈❡ x t♦ c1 ✇❤✐❝❤ ❞❡❝r❡❛s❡s h+ t♦ 4n+2k✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡①✐t ♣❛t❤ −→o
✇❡ ❥✉st ❞❡s❝r✐❜❡❞✱ ❢r♦♠ sI t♦ s✱ ♦❜✈✐♦✉s❧② ✐s 2k∗(2n+1)+2n∗2 = 4kn+2k+4n✳

❲❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ♠♦✈❡ z t♦ e′❄ ❈♦♥s✐❞❡r ✜rst t❤❛t ✇❡ ❞♦ t❤✐s ✐♥ sI ✳ ❚❤❡♥
h+ ✐♥❝r❡❛s❡s t♦ 4n+ 2k+ 2✿ ✇❡ ♥❡❡❞ t♦ r❡❛❝❤ ❛❧❧ ✈❛❧✉❡s ♦♥ t❤❡ ❧✐♥❡ e0, . . . , e2n✱
✇❤✐❝❤ ❢r♦♠ e′ t❛❦❡s ♦♥❡ st❡♣ ♠♦r❡✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛♣♣❧✐❡s ❢♦r ❛♥② st❛t❡
tr❛✈❡rs❡❞ ❜② −→o ✱ ❜❡❝❛✉s❡✱ ❛s ❛r❣✉❡❞✱ ✐♥ ❛♥② s✉❝❤ st❛t❡ ✇❡ st✐❧❧ ♥❡❡❞ t♦ r❡❛❝❤ ❛❧❧
✈❛❧✉❡s ♦♥ t❤❡ ❧✐♥❡ e0, . . . , e2n✳ ❚❤✉s

−→o ✐s t❤❡ s❤♦rt❡st ♠♦♥♦t♦♥❡ ♣❛t❤ t♦ ❛♥ ❡①✐t✳
❚❤❡ ♦♥❧② ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ oDG+ ❢♦r sI ✐s t❤❡ ❡♥t✐r❡ SG✱

❛♥❞ oDTG+
z ❝♦♥t❛✐♥s ❛❧❧ ♦❢ DTGz ❡①❝❡♣t e′✳ ❚❤❡ ♦♥❧② ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤

gDG ✐s t❤❡ ❡♥t✐r❡ SG✳
❈❧❡❛r❧②✱ ✐♥ sI ✱ t❤❡ ♥❡①t r❡q✉✐r❡❞ ✈❛❧✉❡ t♦ r❡❛❝❤ ❢♦r ❛♥② ✈❛r✐❛❜❧❡ ✐s e2n✱ s♦ t❤❡

❝♦♥str✉❝t✐♦♥ ✐♥ t❤❡ ♣r♦♦❢ t♦ ❚❤❡♦r❡♠ ✷ ✇✐❧❧ ✜rst tr② t♦ r❡❛❝❤ t❤❛t ✈❛❧✉❡✳ ❲❤❡♥
✉s✐♥❣ ✏s❤♦rt✲❝✉ts✑ ❛s ❛❝❝♦✉♥t❡❞ ❢♦r ❜② costd∗(.)✱ t❤❡ ❡①✐t ♣❛t❤ ❝♦♥str✉❝t❡❞ ✇✐❧❧
♠♦✈❡ t♦ e2n ✈✐❛ e′ r❛t❤❡r t❤❛♥ ✈✐❛ t❤❡ ❧✐♥❡ e0, . . . , e2n✱ ❛♥❞ t❤✉s ❛s ❝❧❛✐♠❡❞ t❤✐s
❡①✐t ♣❛t❤ ✐s ♥♦t ♠♦♥♦t♦♥❡✳

❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r t❤❡ ❜♦✉♥❞ r❡t✉r♥❡❞ ❜② costd∗(oDG+)✳ ❲❡ ♦❜✈✐♦✉s❧② ❤❛✈❡
t❤❛t costd∗(oDG+) = costD∗(gDG)✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❜♦✉♥❞ (−1)+costd∗(oDG+) =
(−1) + 1[costd∗(x)] + 1 ∗ (2k + 2n)[costd∗(x) ∗ diam(oDTG+

y )] + (2k + 2n) ∗

(n+ 1)[costd∗(y) ∗ diam(DTGz)]✳ ◆♦t❡ ❤❡r❡ t❤❛t diam(DTGz) = n+ 1 ❜❡❝❛✉s❡
DTGz ✐s ❛ ❝✐r❝❧❡ ✇✐t❤ 2n+ 2 ♥♦❞❡s✳ ❖✈❡r❛❧❧✱ ✇❡ ❤❛✈❡ (−1) + costd∗(oDG+) =
(2k+2n)∗(n+2) = 2kn+4k+2n2+4n✳ ❋♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ k✱ t❤✐s ✐s ❧❡ss t❤❛♥
4kn+2k+4n✱ ❛s ❝❧❛✐♠❡❞✳ ■♥ ❞❡t❛✐❧✱ ✇❡ ❤❛✈❡ 4kn+2k+4n > 2kn+4k+2n2+4n

✐✛ 2kn − 2k > 2n2 ✐✛ kn − k > n2 ✐✛ k > n2

n−1 ✳ ❚❤✐s ❤♦❧❞s✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡
s❡t n := 2 ❛♥❞ k := 5✳

❚❤❡ r❡❛❞❡r ✇✐❧❧ ❤❛✈❡ ♥♦t✐❝❡❞ t❤❛t ❊①❛♠♣❧❡ ✺ ✐s ✈❡r② ❝♦♥tr✐✈❡❞✳ ❚❤❡ r❡❛s♦♥
✇❤② ✇❡ ♥❡❡❞ s✉❝❤ ❛ ❝♦♠♣❧✐❝❛t❡❞ ✉♥r❡❛❧✐st✐❝ ❡①❛♠♣❧❡ ✐s t❤❛t costd✱ ❛♥❞ ✇✐t❤
t❤❛t costd∗✱ ❝♦♥t❛✐♥s t✇♦ s♦✉r❝❡s ♦❢ ♦✈❡r✲❡st✐♠❛t✐♦♥✱ ❝❢✳ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝✲
t✐♦♥ ✺✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡✈❡r②♠♦✈❡ ♦❢ ♥♦♥✲❧❡❛❢ ✈❛r✐❛❜❧❡s ✐s s✉♣♣♦s❡❞ t♦ t❛❦❡ ❛ ✇❤♦❧❡
oDTG+✴DTG ❞✐❛♠❡t❡r✳ ❚♦ s❤♦✇ t❤❛t costd∗ ✐s ♥♦t ✐♥ ❣❡♥❡r❛❧ ❛♥ ✉♣♣❡r ❜♦✉♥❞
♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤✱ ✇❡ t❤✉s ♥❡❡❞ t❤❡ ♣r❡s❡♥t❡❞ ❝♦♥str✉❝t✐♦♥
❛r♦✉♥❞ k s♦ t❤❛t ✐ts ✉♥❞❡r✲❡st✐♠❛t✐♦♥ ✕ ❝♦♥s✐❞❡r✐♥❣ diam(DTGz) ✐♥st❡❛❞ ♦❢
diam(oDTG+

z ) ✕ ♦✉t✇❡✐❣❤s t❤✐s ♦✈❡r✲❡st✐♠❛t✐♦♥✳ ■♠♣♦rt❛♥t❧②✱ ❝♦♥str✉❝t✐♥❣ ❡①✲
❛♠♣❧❡s ✇❤❡r❡ t❤❡ ✏s❤♦rt✲❝✉ts✑ t❡♠♣♦r❛r✐❧② ✐♥❝r❡❛s❡ h+ ✭❜✉t costd∗ ♥❡✈❡rt❤❡❧❡ss
❞❡❧✐✈❡rs ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤ ❧❡♥❣t❤✮ ✐s ♠✉❝❤ ❡❛s✐❡r✳ ❆❧❧ t❤❛t
♥❡❡❞s t♦ ❤❛♣♣❡♥ ✐s t❤❛t✱ ❢♦r ✇❤❛t❡✈❡r r❡❛s♦♥✱ ✇❡ ❤❛✈❡ ❛ ✈❛r✐❛❜❧❡ z ❧✐❦❡ ❤❡r❡✱
✇❤❡r❡ t❤❡ ❝✉rr❡♥t❧② r❡q✉✐r❡❞ ✈❛❧✉❡ ✭e2n ✐♥ ❊①❛♠♣❧❡ ✺✮ ✐s r❡❛❝❤❡❞ ✐♥ oDTG+

z

✈❛❧✉❡s ❛❧♦♥❣ ❛♥ ✉♥♥❡❝❡ss❛r✐❧② ❧♦♥❣ ♣❛t❤ ❛❧❧ ♦❢ ✇❤♦s❡ ✈❛❧✉❡s ❛r❡ ♥❡❡❞❡❞ ✐♥ t❤❡
r❡❧❛①❡❞ ♣❧❛♥✳ ❚❤✐s ❤❛♣♣❡♥s q✉✐t❡ ♥❛t✉r❛❧❧②✱ ❡✳❣✳✱ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ❞♦♠❛✐♥s ✐❢
t❤❡ s❛♠❡ ✈❡❤✐❝❧❡ ♥❡❡❞s t♦ ❧♦❛❞✴✉♥❧♦❛❞ ♦❜❥❡❝ts ❛❧♦♥❣ s✉❝❤ ❛ ❧♦♥❣❡r ♣❛t❤✳

❲❡ ♥♦✇ ❞❡♠♦♥str❛t❡ t❤❛t✱ ✐♥ ❛ ❝❛s❡ ✇❤❡r❡ ♦✉r ❛♥❛❧②③❡s ❛♣♣❧②✱ ❡①✐t ❞✐st❛♥❝❡
♠❛② ❜❡ ❡①♣♦♥❡♥t✐❛❧✳

❊①❛♠♣❧❡ ✻✳ ❈♦♥s✐❞❡r t❤❡ ♣❧❛♥♥✐♥❣ t❛s❦ ✐♥ ❋✐❣✉r❡ ✾✳
❚❤❡ ❉❚● ♦❢ x0 ✐s t✇♦ ✈❡rt✐❝❡s ✇❤♦s❡ ❝♦♥♥❡❝t✐♦♥ ✐s ❝♦♥❞✐t✐♦♥❡❞ ♦♥ c15✳ ❋♦r

❛❧❧ ♦t❤❡r ✈❛r✐❛❜❧❡s xi✱ ✇❡ ❤❛✈❡ ✜✈❡ ✈❡rt✐❝❡s ♦♥ ❛ ❧✐♥❡✱ ❛❧t❡r♥❛t✐♥❣❧② r❡q✉✐r✐♥❣
t❤❡ ❧❛st ✈❡rt❡① ci+1

5 ♦❢ xi+1 ❛♥❞ t❤❡ ✜rst ✈❡rt❡① ci+1
1 ♦❢ xi+1✳ ❈❧❡❛r❧②✱ t❤❡ ♦♥❧②

♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ oDG+ ❢♦r sI ✱ ❛♥❞ t❤❡ ♦♥❧② ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝②
❣r❛♣❤ gDG ❢♦r t❤❡ t❛s❦ ✐s t❤❡ ❢✉❧❧ s✉♣♣♦rt ❣r❛♣❤ SG✳ ❚❤✐s ✐s ❛❝②❝❧✐❝✱ ❛♥❞ ❛❧❧
tr❛♥s✐t✐♦♥s ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts✱ t❤✉s ♦✉r ❛♥❛❧②③❡s ❛♣♣❧②✳
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❋✐❣✉r❡ ✾✿ P❧❛♥♥✐♥❣ t❛s❦ ✉♥❞❡r❧②✐♥❣ ❊①❛♠♣❧❡ ✻✳

❲❤❛t ❛r❡ h+(sI) ❛♥❞ ed(sI)❄ ❋♦r ❛ r❡❧❛①❡❞ ♣❧❛♥✱ ✇❡ ♥❡❡❞ t♦ ♠♦✈❡ x0 t♦ c02✳
❉✉❡ t♦ t❤❡ ❝♦♥❞✐t✐♦♥✐♥❣✱ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡ ❜♦t❤ ✏❡①tr❡♠❡✑ ✈❛❧✉❡s ✕ ❧❡❢t ❛♥❞ r✐❣❤t
❤❛♥❞ s✐❞❡ ✕ ❛r❡ r❡q✉✐r❡❞ s♦ ✇❡ ♥❡❡❞ 4 ♠♦✈❡s ❢♦r ❡❛❝❤ xi ✇✐t❤ 1 ≤ i ≤ n✳ ❚❤✉s
h+(sI) = 1 + 4n✳

◆♦✇✱ ❝♦♥s✐❞❡r ❛♥② st❛t❡ s ✇❤❡r❡ s(x0) = c01✳ ❚♦ ❝♦♥str✉❝t ❛ r❡❧❛①❡❞ ♣❧❛♥✱
♦❜✈✐♦✉s❧② ✇❡ st✐❧❧ ♥❡❡❞ 1 ♠♦✈❡ ❢♦r x0✳ ❲❡ ❛❧s♦ st✐❧❧ ♥❡❡❞ 4 ♠♦✈❡s ❢♦r ❡❛❝❤ ♦t❤❡r
✈❛r✐❛❜❧❡✳ ❈♦♥s✐❞❡r x1✳ ■❢ s(x1) = c11 t❤❡♥ ✇❡ ♥❡❡❞ t♦ ♠♦✈❡ ✐t t♦ c15 ✐♥ ♦r❞❡r
t♦ ❜❡ ❛❜❧❡ t♦ ♠♦✈❡ x0✳ ■❢ s(x1) = c12 t❤❡♥ ✇❡ ♥❡❡❞ t♦ ♠♦✈❡ ✐t t♦ c15 ✐♥ ♦r❞❡r
t♦ ❜❡ ❛❜❧❡ t♦ ♠♦✈❡ x0✱ ❛♥❞ t♦ c11 ❢♦r ✐ts ♦✇♥ ❣♦❛❧✱ ❛♥❞ s♦ ❢♦rt❤✳ ■♥ ❛❧❧ ❝❛s❡s✱
❛❧❧ ❢♦✉r tr❛♥s✐t✐♦♥s ♠✉st ❜❡ t❛❦❡♥ ✐♥ t❤❡ r❡❧❛①❡❞ ♣❧❛♥✳ ❉✉❡ t♦ t❤❡ ❝♦♥❞✐t✐♦♥✐♥❣✱
r❡❝✉rs✐✈❡❧② t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ❛❧❧ ♦t❤❡r ✈❛r✐❛❜❧❡s✳ ❚❤✉s✱ h+(s) = 1 + 4n✳

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♥❡❛r❡st ❡①✐t ✐s ❛ st❛t❡ s′ ✇❤❡r❡ x0 ❤❛s ✈❛❧✉❡ c01 ❛♥❞ x1

❤❛s ✈❛❧✉❡ c15✿ ✐♥ s′✱ ✇❡ ❝❛♥ ♠♦✈❡ x0 ❛♥❞ ❛❢t❡r✇❛r❞✱ ❞❡✜♥✐t❡❧②✱ 4n st❡♣s s✉✣❝❡
❢♦r ❛ r❡❧❛①❡❞ ♣❧❛♥✳ ❲❤❛t ✐s t❤❡ ❞✐st❛♥❝❡ t♦ ❛ st❛t❡ s′❄ ❲❡ ♥❡❡❞ t♦ ♠♦✈❡ x1 ❢♦✉r
t✐♠❡s✳ ▲❡t✬s ❞❡♥♦t❡ t❤✐s ❛s d(x1) = 4✳ ❊❛❝❤ ♠♦✈❡ r❡q✉✐r❡s 4 ♠♦✈❡s ♦❢ x2✱ s♦
d(x2) = 16✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦✈❡s ❢♦r x2 ✏✐♥✈❡rs❡s ❞✐r❡❝t✐♦♥✑ t❤r❡❡ t✐♠❡s✳ ❆t
t❤❡s❡ ♣♦✐♥ts✱ x3 ❞♦❡s ♥♦t ♥❡❡❞ t♦ ♠♦✈❡ s♦ d(x3) = (d(x2)− 3) ∗ 4✳ ●❡♥❡r❛❧✐③✐♥❣

t❤✐s✱ ✇❡ ❣❡t d(xi+1) = [d(xi)− (d(xi)
4 − 1)] ∗ 4 = 3d(xi) + 4✱ s♦ t❤❡ ❣r♦✇t❤ ♦✈❡r

n ✐s ❡①♣♦♥❡♥t✐❛❧✳

❖❜✈✐♦✉s❧②✱ ❊①❛♠♣❧❡ ✻ ❛❧s♦ s❤♦✇s t❤❛t ♣❧❛♥ ❧❡♥❣t❤ ❝❛♥ ❜❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥
❝❛s❡s ✇❤❡r❡ ❚❤❡♦r❡♠ ✹ ❛♣♣❧✐❡s✳ ❲❡ r❡♠❛r❦ t❤❛t ❊①❛♠♣❧❡ ✻ ✐s ✈❡r② s✐♠✐❧❛r t♦
❛♥ ❡①❛♠♣❧❡ ❣✐✈❡♥ ❜② ❉♦♠s❤❧❛❦ ❛♥❞ ❉✐♥✐t③ ❬✶✵❪✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t
❉♦♠s❤❧❛❦ ❛♥❞ ❉✐♥✐t③✬s ❡①❛♠♣❧❡ ✉s❡s ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r tr❛♥s✐t✐♦♥s t♦ t❤❡
❧❡❢t✴t♦ t❤❡ r✐❣❤t✱ ✇❤✐❝❤ ❡♥❛❜❧❡s t❤❡♠ t♦ ✉s❡ s♠❛❧❧❡r ❉❚●s ✇✐t❤ ♦♥❧② 3 ♥♦❞❡s✳ ■♥
♦✉r s❡tt✐♥❣✱ ✇❡ ❝❛♥♥♦t ✉s❡ ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s ❜❡❝❛✉s❡ ✇❡ ♥❡❡❞ t❤❡ tr❛♥s✐t✐♦♥s t♦
❜❡ ✐♥✈❡rt✐❜❧❡✳ ❚❤✐s ❝❛✉s❡s t❤❡ ✏❧♦ss✑ ♦❢ ❡①✐t ♣❛t❤ st❡♣s ✐♥ t❤♦s❡ s✐t✉❛t✐♦♥s ✇❤❡r❡
t❤❡ ♥❡①t ❧♦✇❡r ✈❛r✐❛❜❧❡ ✏✐♥✈❡rs❡s ❞✐r❡❝t✐♦♥✑ ❛♥❞ t❤✉s r❡❧✐❡s ♦♥ t❤❡ s❛♠❡ ♦✉ts✐❞❡
❝♦♥❞✐t✐♦♥ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s st❡♣✳ ■♥❞❡❡❞✱ ❢♦r ❉❚●s ♦❢ s✐③❡ 3✱ t❤✐s ❧♦ss ♦❢ st❡♣s
r❡s✉❧ts ✐♥ ❛ ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞ ❡①✐t ❞✐st❛♥❝❡✳ ❚❤❡ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛ ❢♦r d(xi)
❜❡❝♦♠❡s d(xi+1) = [d(xi)−(d(xi)

2 −1)]∗2 = d(xi)+2✱ r❡s✉❧t✐♥❣ ✐♥ ed(sI) = n2+n✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ costd∗ ❛♥❞ costD∗ st✐❧❧ r❡♠❛✐♥ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤✐s ❝❛s❡✱
❜❡❝❛✉s❡ t❤❡② ❞♦ ♥♦t ❝♦♥s✐❞❡r t❤❡ ❧♦ss ✐♥❝✉rr❡❞ ❜② ✐♥✈❡rs✐♥❣ ❞✐r❡❝t✐♦♥s✳ Pr❡❝✐s❡❧②✱
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✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t costd∗(oDG+) = costD∗(gDG) = 1 +
∑n

i=1 2i = 2n+1 − 1✳
❚❤✐s ♣r♦✈❡s t❤❛t t❤❡s❡ ❜♦✉♥❞s ❝❛♥ ♦✈❡r✲❡st✐♠❛t❡ ❜② ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❛♠♦✉♥t✳

❚❤❡ ♥❡①t ❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤❡ ❡①✐t ♣❛t❤ ❝♦♥str✉❝t❡❞ ✭✐♠♣❧✐❝✐t❧②✮ ❜② ♦✉r
❛♥❛❧②③❡s ♠❛② ❜❡ ❡①♣♦♥❡♥t✐❛❧❧② ❧♦♥❣❡r t❤❛♥ ❛♥ ♦♣t✐♠❛❧ ♣❧❛♥ ❢♦r t❤❡ t❛s❦✳

❊①❛♠♣❧❡ ✼✳ ❈♦♥s✐❞❡r t❤❡ ♣❧❛♥♥✐♥❣ t❛s❦ ✐♥ ❋✐❣✉r❡ ✶✵✳
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■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♦♥❧② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s t❤❡
s❛♠❡ ❛s ✐♥ ❊①❛♠♣❧❡ ✻✱ ❜❡❝❛✉s❡ t❤❡ ✏❛❧t❡r♥❛t✐✈❡✑ r♦✉t❡ ✈✐❛ c′01, . . . , c

′
0(4n+1) t❛❦❡s

1 + 4n + 1 = 4n + 2 > 4n + 1 st❡♣s✳ ❚❤✉s t❤❡ ❡①✐t ♣❛t❤ ❝♦♥str✉❝t❡❞ r❡♠❛✐♥s
t❤❡ s❛♠❡✱ t♦♦✱ ✇✐t❤ ❧❡♥❣t❤ ❡①♣♦♥❡♥t✐❛❧ ✐♥ n✳ ❍♦✇❡✈❡r✱ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❤♦rt❡st
♣❧❛♥ ✐s 4n+ 2✳

◆♦t❡ ✐♥ ❊①❛♠♣❧❡ ✼ t❤❛t t❤❡ ♦❜s❡r✈❡❞ ✇❡❛❦♥❡ss ✕ ❜❡✐♥❣ ❣✉✐❞❡❞ ✐♥t♦ t❤❡
✏✇r♦♥❣✑ ❞✐r❡❝t✐♦♥ ✕ ✐s ❝❛✉s❡❞ ❜② ❛ ✇❡❛❦♥❡ss ♦❢ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥♥✐♥❣✱ r❛t❤❡r
t❤❛♥ ❜② ❛ ✇❡❛❦♥❡ss ♦❢ ♦✉r ❛♥❛❧②s✐s✳ ❚❤❡ r❡❧❛①❛t✐♦♥ ♦✈❡r❧♦♦❦s t❤❡ ❢❛❝t t❤❛t
♠♦✈✐♥❣ ✈✐❛ x1, . . . , xn ✇✐❧❧ ✐♥❝✉r ❤✐❣❤ ❝♦sts ❞✉❡ t♦ t❤❡ ♥❡❡❞ t♦ r❡♣❡❛t❡❞❧② ✉♥❞♦
❛♥❞ r❡✲❞♦ ❝♦♥❞✐t✐♦♥s ❛❝❤✐❡✈❡❞ ❜❡❢♦r❡❤❛♥❞✳ ◆♦t❡ ❛❧s♦ t❤❛t✱ ✐♥ t❤✐s ❡①❛♠♣❧❡ t♦♦✱
✇❡ ❣❡t ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♦✈❡r✲❡st✐♠❛t✐♦♥ ♦❢ ❡①✐t ❞✐st❛♥❝❡✳

❲❡ ✜♥❛❧❧② s❤♦✇ t❤❛t ❢❡❡❞✐♥❣ ❚❤❡♦r❡♠ ✷ ✇✐t❤ ♥♦♥✲♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥s ❞♦❡s
♥♦t ❣✐✈❡ ❛♥② ❣✉❛r❛♥t❡❡s✿

❊①❛♠♣❧❡ ✽✳ ❈♦♥s✐❞❡r t❤❡ ♣❧❛♥♥✐♥❣ t❛s❦ ✐♥ ❋✐❣✉r❡ ✶✶✳
❚❤❡r❡ ❛r❡ t✇♦ ✇❛②s t♦ ❛❝❤✐❡✈❡ t❤❡ ❣♦❛❧ c2✿ ❡✐t❤❡r ✈✐❛ ♠♦✈✐♥❣ y ❛♥❞ z✱ ♦r ❜②

♠♦✈✐♥❣ v1, . . . , vn+2✳ ❚❤❡ ♦♥❧② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❝❤♦♦s❡s t❤❡ ❢♦r♠❡r ♦♣t✐♦♥✱
❣✐✈✐♥❣ h+(sI) = n + 1✳ ❆s s♦♦♥ ❛s n ≥ 3✱ ❤♦✇❡✈❡r✱ t❤❡ ♦♥❧② ♣❛r❛❧❧❡❧✲♦♣t✐♠❛❧
r❡❧❛①❡❞ ♣❧❛♥ P+(sI) ❝❤♦♦s❡s t❤❡ ❧❛tt❡r ♦♣t✐♦♥ ❜❡❝❛✉s❡ ♠♦✈✐♥❣ y ❛♥❞ z r❡s✉❧ts ✐♥
n + 1 s❡q✉❡♥t✐❛❧ ♠♦✈❡s✱ ✇❤❡r❡❛s v1, . . . , vn+2 ❝❛♥ ❜❡ ♠♦✈❡❞ ✐♥ ♣❛r❛❧❧❡❧✱ ❣✐✈✐♥❣
♣❛r❛❧❧❡❧ ❧❡♥❣t❤ 3✳

❈♦♥s✐❞❡r ✇❤❛t ❤❛♣♣❡♥s t♦ h+ ✐♥ ❡✐t❤❡r ♦❢ t❤❡ ♦♣t✐♦♥s✳ ■❢ ✇❡ ♠♦✈❡ z✱ t❤❡♥
h+ r❡♠❛✐♥s ❝♦♥st❛♥t ❜❡❝❛✉s❡ ✇❡ ♥❡❡❞ t♦ ♠♦✈❡ z ❜❛❝❦ ✐♥t♦ ✐ts ♦✇♥ ❣♦❛❧✳ ❆s s♦♦♥
❛s ✇❡ r❡❛❝❤ z = en✱ h

+ = ∞ ❜❡❝❛✉s❡ t❤❡ ❧❛st tr❛♥s✐t✐♦♥ ✐s ✉♥✐✲❞✐r❡❝t✐♦♥❛❧ ❛♥❞
✇❡ ❝❛♥ ♥♦ ❧♦♥❣❡r ❛❝❤✐❡✈❡ t❤❡ ♦✇♥ ❣♦❛❧ ♦❢ z✳ ❚❤✉s t❤❡r❡ ✐s ♥♦ ❡①✐t ♣❛t❤✱ ❛♥❞ ✐♥
♣❛rt✐❝✉❧❛r ♥♦ ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤✱ ✈✐❛ t❤✐s ♦♣t✐♦♥✳
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g2
1

g2
n+2

c1 c2
d2

X

Vn+2

g1
1 g2

1

c’

d2
en

Y

d1

Z

e1 en−1 en g1
n+2

1V

g2
n+2

❋✐❣✉r❡ ✶✶✿ P❧❛♥♥✐♥❣ t❛s❦ ✉♥❞❡r❧②✐♥❣ ❊①❛♠♣❧❡ ✽✳ ❚❤❡ ❛rr♦✇ ❜❡t✇❡❡♥ en−1 ❛♥❞
en ✐♥❞✐❝❛t❡s t❤❛t t❤❡ r❡s♣❡❝t✐✈❡ ❉❚● tr❛♥s✐t✐♦♥ ✐s ❞✐r❡❝t❡❞✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ♥♦
tr❛♥s✐t✐♦♥ ❢r♦♠ en t♦ en−1✳

❙❛② ✇❡ ♠♦✈❡ v1, . . . , vn+2 ✐♥st❡❛❞✳ ■♥ t❤❡ ✜rst ♠♦✈❡ ✭✇❤✐❝❤❡✈❡r vi ✇❡ ❝❤♦♦s❡✮✱
h+ ✐♥❝r❡❛s❡s ❜❡❝❛✉s❡ t❤❡ s❤♦rt❡st ♦♣t✐♦♥ ✐s t♦ ✉♥❞♦ t❤✐s ♠♦✈❡ ❛♥❞ ❣♦ ✈✐❛ y ❛♥❞
z✿ t❤✐s t❛❦❡s n+ 2 st❡♣s ✇❤❡r❡❛s ❝♦♠♣❧❡t✐♥❣ t❤❡ vi ♠♦✈❡s ❛♥❞ ❣♦✐♥❣ ✈✐❛ c′ t❛❦❡s
(n+ 1) + 2 = n+ 3 st❡♣s✳ ❚❤✉s t❤❡r❡ ✐s ♥♦ ♠♦♥♦t♦♥❡ ❡①✐t ♣❛t❤ ✈✐❛ t❤✐s ♦♣t✐♦♥
❡✐t❤❡r✱ ❛♥❞ sI ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳ ❆❢t❡r ❝♦♠♣❧❡t✐♥❣ t❤❡ n+ 2 ♠♦✈❡s ♦❢ vi ❛♥❞
♠♦✈✐♥❣ t♦ x = c′✱ ✇❡ ❤❛✈❡ h+ = (n+2)+1 ❞✉❡ t♦ t❤❡ s❤♦rt❡st r❡❧❛①❡❞ ♣❧❛♥ t❤❛t
♠♦✈❡s ❜❛❝❦ ❛❧❧ vi ❛♥❞ ♠♦✈❡s t♦ x = c2✳ ❚♦ r❡❞✉❝❡ t❤✐s ❤❡✉r✐st✐❝ ✈❛❧✉❡ t♦ t❤❡
✐♥✐t✐❛❧ ✈❛❧✉❡ h+(sI) = n+ 1✱ ✇❡ ♥❡❡❞ t♦ ❡①❡❝✉t❡ ❛ ❢✉rt❤❡r 2 ♦❢ t❤❡s❡ st❡♣s✳ ❚❤❡
st❛t❡ ✇❡ ❤❛✈❡ t❤❡♥ r❡❛❝❤❡❞ ❤❛s ❛ ❜❡tt❡r ❡✈❛❧✉❛t❡❞ ♥❡✐❣❤❜♦r✱ s♦ t❤❡ ❡①✐t ❞✐st❛♥❝❡
✐s n+ 5✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❡✛❡❝t ♦❢ ❢❡❡❞✐♥❣ ❚❤❡♦r❡♠ ✷ ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧✲♦♣t✐♠❛❧ ♣❧❛♥
P+(sI)✳ ❈❧❡❛r❧②✱ t❤❡ ♦♣t✐♠❛❧ r♣❧❛♥ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ oDG+ ❝♦♥str✉❝t❡❞ ❢♦r
P+(sI) ❝♦♥s✐sts ♦❢ x ❛♥❞ ❛❧❧ t❤❡ vi ✈❛r✐❛❜❧❡s✱ ❜✉t ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ y ♥♦r z✳
❚❤✉s t❤❡ t❤❡♦r❡♠ ❛♣♣❧✐❡s✱ ❛♥❞ ✐t ✇r♦♥❣❧② ❝♦♥❝❧✉❞❡s t❤❛t sI ✐s ♥♦t ❛ ❧♦❝❛❧ ♠✐♥✲
✐♠✉♠✳ ❚❤❡ ❡①✐t ❞✐st❛♥❝❡ ❜♦✉♥❞ ❝♦♠♣✉t❡❞ ✐s (−1) + costd∗(oDG+) = (−1) +

1[costd∗(x)] +
∑n+2
i=1 (1 ∗ 1)[costd∗(x) ∗ diam(DTGvi

)] = n+ 2✳ ❚❤✐s ✐s ❧❡ss t❤❛♥
t❤❡ ❛❝t✉❛❧ ❞✐st❛♥❝❡ ed(sI) = n+ 5✱ ❛♥❞ t❤✉s t❤✐s r❡s✉❧t ✐s ❛❧s♦ ✇r♦♥❣✳

❙❛② ✇❡ ♠♦❞✐❢② ❊①❛♠♣❧❡ ✽ ❜② ♠❛❦✐♥❣ t❤❡ ❧❛st tr❛♥s✐t✐♦♥ ♦❢ z ✉♥❞✐r❡❝t❡❞✱
❜✉t ♠❛❦✐♥❣ ♦♥❡ ♦❢ t❤❡ vi tr❛♥s✐t✐♦♥s ✉♥✐❞✐r❡❝t✐♦♥❛❧ t♦ t❤❡ r✐❣❤t✳ ❚❤❡♥ t❤❡
v1, . . . , vn+2 ♦♣t✐♦♥ ❧❡❛❞s ✐♥t♦ ❛ ❞❡❛❞ ❡♥❞✱ ✇❤❡r❡❛s t❤❡ y, z ♦♣t✐♦♥ s✉❝❝❡❡❞s✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❚❤❡♦r❡♠ ✷ ❞♦❡s ♥♦t ❛♣♣❧② t♦ oDG+ ❝♦♥str✉❝t❡❞ ❢♦r t❤❡ ♣❛r❛❧❧❡❧✲
♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ P+(sI)✱ ❛♥❞ t❤✉s t❤✐s ✐s ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ ✉s✐♥❣ ♥♦♥✲
♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥s r❡s✉❧ts ✐♥ ❛ ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥✳

❆✳✺ ❇❡♥❝❤♠❛r❦ P❡r❢♦r♠❛♥❝❡ ●✉❛r❛♥t❡❡s

❲❡ ❣✐✈❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ 7 ❞♦♠❛✐♥s ♠❡♥t✐♦♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷✳ ❋♦r ❡❛❝❤
❞♦♠❛✐♥✱ ✇❡ ❡①♣❧❛✐♥ ✇❤② t❤❡ r❡s♣❡❝t✐✈❡ ♣r♦♣❡rt② ❝❧❛✐♠❡❞ ❤♦❧❞s tr✉❡✳ ■♥ ♠♦st ♦❢
t❤❡ ❞♦♠❛✐♥s✱ ✇❡ ❛ss✉♠❡ s♦♠❡ st❛t✐❝ ♣r♦♣❡rt✐❡s ❛s ❛r❡ ✉s❡❞ ✐♥ P❉❉▲ t♦ ❝❛♣t✉r❡
✉♥❝❤❛♥❣✐♥❣ t❤✐♥❣s ❧✐❦❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ r♦❛❞ ♥❡t✇♦r❦ ✐♥ ❛ tr❛♥s♣♦rt❛t✐♦♥ ❞♦♠❛✐♥✳
❲❡ ❛ss✉♠❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❛t s✉❝❤ st❛t✐❝ ♣r❡❞✐❝❛t❡s ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ♣r✐♦r
t♦ t❤❡ ❛♥❛❧②s✐s✱ ✐✳❡✳✱ ♣r✐♦r t♦ t❡st✐♥❣ t❤❡ ♣r❡r❡q✉✐s✐t❡s ♦❢ ❚❤❡♦r❡♠ ✹✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✻✸

❉❡✜♥✐t✐♦♥ ✺✳ ❚❤❡ ▲♦❣✐st✐❝s ❞♦♠❛✐♥ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣❧❛♥♥✐♥❣ t❛s❦s Π =
(V,O, sI , sG) ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ V = P ∪ V ✇❤❡r❡ P
✐s ❛ s❡t ♦❢ ✏♣❛❝❦❛❣❡✲❧♦❝❛t✐♦♥✑ ✈❛r✐❛❜❧❡s p✱ ✇✐t❤ Dp = L ∪ V ✇❤❡r❡ L ✐s s♦♠❡ s❡t
r❡♣r❡s❡♥t✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❧♦❝❛t✐♦♥s✱ ❛♥❞ V ✐s ❛ s❡t ♦❢ ✏✈❡❤✐❝❧❡✲❧♦❝❛t✐♦♥✑ ✈❛r✐❛❜❧❡s
v✱ ✇✐t❤ Dv = Lv ❢♦r ❛ s✉❜s❡t Lv ⊆ L ♦❢ ❧♦❝❛t✐♦♥s✳ O ❝♦♥t❛✐♥s t❤r❡❡ t②♣❡s ♦❢ ♦♣❡r✲
❛t♦rs✿ ✏♠♦✈❡✑✱ ✏❧♦❛❞✑✱ ❛♥❞ ✏✉♥❧♦❛❞✑✱ ✇❤❡r❡ move(v, l1, l2) = ({v = l1}, {v = l2})
❢♦r l1 6= l2✱ load(v, l, p) = ({v = l, p = l}, {p = v})✱ ❛♥❞ unload(v, l, p) = ({v =
l, p = v}, {p = l})✳ sI ❛ss✐❣♥s ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ t♦ ❡❛❝❤ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✱ ❛♥❞
sG ❛ss✐❣♥s ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ t♦ s♦♠❡ s✉❜s❡t ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳

❊✈❡r② ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ gDG ✐♥ ▲♦❣✐st✐❝s ❡✐t❤❡r ❤❛s ❛ ♣❛❝❦❛❣❡ p ❛s
t❤❡ ❧❡❛❢ ✈❛r✐❛❜❧❡ x0✱ ♦r ❤❛s ❛ ✈❡❤✐❝❧❡ ✈❛r✐❛❜❧❡ v ❛s t❤❡ ❧❡❛❢ ✈❛r✐❛❜❧❡ x0✳ ■♥ t❤❡
❧❛tt❡r ❝❛s❡ gDG ❝♦♥s✐sts ♦❢ ♦♥❧② x0✱ ✇✐t❤ ♥♦ ❛r❝s✳ ■♥ t❤❡ ❢♦r♠❡r ❝❛s❡✱ o0 ✐s
♣r❡❝♦♥❞✐t✐♦♥❡❞ ♦♥ ❛ s✐♥❣❧❡ ✈❡❤✐❝❧❡ v ♦♥❧②✱ ❧❡❛❞✐♥❣ t♦ ❛ s✐♥❣❧❡ ♥♦♥✲❧❡❛❢ ✈❛r✐❛❜❧❡ v✳
■♥ ❜♦t❤ ❝❛s❡s✱ gDG ✐s ❛❝②❝❧✐❝✱ ❛❧❧ ✐♥✈♦❧✈❡❞ tr❛♥s✐t✐♦♥s ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts✱ ❛♥❞
❛❧❧ ✐♥✈♦❧✈❡❞ tr❛♥s✐t✐♦♥s ❛r❡ ✐♥✈❡rt✐❜❧❡✳ ❚❤✉s ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✹✳ ❲❡ ❤❛✈❡
costD∗(gDG) = 1 + 1 ∗ 1 ❢♦r ♣❛❝❦❛❣❡s ❛♥❞ costD∗(gDG) = 1 ❢♦r ✈❡❤✐❝❧❡s✱ t❤✉s
♦✈❡r❛❧❧ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦rr❡❝t ❜♦✉♥❞ 1✳

❉❡✜♥✐t✐♦♥ ✻✳ ❚❤❡ ▼✐❝♦♥✐❝✲❙❚❘■P❙ ❞♦♠❛✐♥ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣❧❛♥♥✐♥❣ t❛s❦s
Π = (V,O, sI , sG) ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ V = O ∪D ∪ B ∪
S ∪ {e} ✇❤❡r❡ |O| = |D| = |B| = |S| ❛♥❞✿ O ✐s ❛ s❡t ♦❢ ✏♣❛ss❡♥❣❡r✲♦r✐❣✐♥✑
✈❛r✐❛❜❧❡s o✱ ✇✐t❤ Do = L ✇❤❡r❡ L ✐s s♦♠❡ s❡t r❡♣r❡s❡♥t✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❧♦❝❛t✐♦♥s
✭✢♦♦rs✮❀ D ✐s ❛ s❡t ♦❢ ✏♣❛ss❡♥❣❡r✲❞❡st✐♥❛t✐♦♥✑ ✈❛r✐❛❜❧❡s d ✇✐t❤ Dd = L❀ B ✐s ❛
s❡t ♦❢ ✏♣❛ss❡♥❣❡r✲❜♦❛r❞❡❞✑ ✈❛r✐❛❜❧❡s b ✇✐t❤ Db = {1, 0}❀ S ✐s ❛ s❡t ♦❢ ✏♣❛ss❡♥❣❡r✲
s❡r✈❡❞✑ ✈❛r✐❛❜❧❡s s ✇✐t❤ Ds = {1, 0}❀ e ✐s t❤❡ ✏❡❧❡✈❛t♦r✲❧♦❝❛t✐♦♥✑ ✈❛r✐❛❜❧❡ ✇✐t❤
De = L✳ O ❝♦♥t❛✐♥s t❤r❡❡ t②♣❡s ♦❢ ♦♣❡r❛t♦rs✿ ✏♠♦✈❡✑✱ ✏❜♦❛r❞✑✱ ❛♥❞ ✏❞❡♣❛rt✑✱
✇❤❡r❡ move(l1, l2) = ({e = l1}, {e = l2}) ❢♦r l1 6= l2✱ board(l, i) = ({e = l, oi =
l}, {bi = 1})✱ ❛♥❞ depart(l, i) = ({e = l, di = l, bi = 1}, {bi = 0, si = 1})✳ sI
❛ss✐❣♥s ❛r❜✐tr❛r② ❧♦❝❛t✐♦♥s t♦ t❤❡ ✈❛r✐❛❜❧❡s O✱ D✱ ❛♥❞ e✱ ❛♥❞ ❛ss✐❣♥s 0 t♦ t❤❡
✈❛r✐❛❜❧❡s B ❛♥❞ S✳ sG ❛ss✐❣♥s 1 t♦ t❤❡ ✈❛r✐❛❜❧❡s S✳

P❛ss❡♥❣❡r✲♦r✐❣✐♥ ❛♥❞ ♣❛ss❡♥❣❡r✲❞❡st✐♥❛t✐♦♥ ✈❛r✐❛❜❧❡s ❛r❡ st❛t✐❝✱ ✐✳❡✳✱ ♥♦t ❛❢✲
❢❡❝t❡❞ ❜② ❛♥② ♦♣❡r❛t♦r✳ ❚❤✉s t❤❡ ❝♦♠♠♦♥ ♣r❡✲♣r♦❝❡ss❡s ✇✐❧❧ r❡♠♦✈❡ t❤❡s❡ ✈❛r✐✲
❛❜❧❡s✱ ✉s✐♥❣ t❤❡♠ ♦♥❧② t♦ st❛t✐❝❛❧❧② ♣r✉♥❡ t❤❡ s❡t ♦❢ ♦♣❡r❛t♦rs t❤❛t ❛r❡ r❡❛❝❤❛❜❧❡✳
❲❡ ❛ss✉♠❡ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❛t s✉❝❤ r❡♠♦✈❛❧ ❤❛s t❛❦❡♥ ♣❧❛❝❡✳

❊✈❡r② ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ gDG ✐♥ ▼✐❝♦♥✐❝✲❙❚❘■P❙ ❤❛s ❛ ♣❛ss❡♥❣❡r✲
s❡r✈❡❞ ✈❛r✐❛❜❧❡ si ❛s t❤❡ ❧❡❛❢ ✈❛r✐❛❜❧❡ x0✳ ❚❤✐s ❧❡❛❞s t♦ ♥♦♥✲❧❡❛❢ ✈❛r✐❛❜❧❡s bi ❛♥❞
e✱ ✇✐t❤ ❛r❝s ❢r♦♠ e t♦ ❜♦t❤ ♦t❤❡r ✈❛r✐❛❜❧❡s ❛♥❞ ❢r♦♠ bi t♦ si✳ ❈❧❡❛r❧②✱ gDG
✐s ❛❝②❝❧✐❝✳ ❚❤❡ tr❛♥s✐t✐♦♥s ♦❢ e ❛r❡ ❛❧❧ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts✳ ❚❤❡
tr❛♥s✐t✐♦♥ (0, 1) ♦❢ bi ✭✐s ♥♦t ✐♥✈❡rt✐❜❧❡ s✐♥❝❡ ❞❡♣❛rt✐♥❣ ❤❛s ❛ ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥ ♦♥
e ❜✉t✮ ❤❛s ❛♥ ✐rr❡❧❡✈❛♥t ♦✇♥✲❞❡❧❡t❡ ✕ bi = 0 ❞♦❡s ♥♦t ♦❝❝✉r ❛♥②✇❤❡r❡ ✐♥ t❤❡ ❣♦❛❧
♦r ♣r❡❝♦♥❞✐t✐♦♥s ✕ ❛♥❞ ❤❛s ♥♦ s✐❞❡ ❡✛❡❝ts ❛♥❞ t❤✉s ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳
❚❤❡ tr❛♥s✐t✐♦♥ (1, 0) ♦❢ bi ✭✐s ♥♦t ✐♥✈❡rt✐❜❧❡ ❜✉t✮ ✐s ✐rr❡❧❡✈❛♥t ✕ bi = 0 ❞♦❡s♥✬t
♦❝❝✉r ❛♥②✇❤❡r❡✳ ❚❤❡ tr❛♥s✐t✐♦♥ (0, 1) ♦❢ t❤❡ ❧❡❛❢ ✈❛r✐❛❜❧❡ si ❤❛s s❡❧❢✲✐rr❡❧❡✈❛♥t
s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s ✕ bi = 1 ♦❝❝✉rs ♦♥❧② ✐♥ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥✬s ♦✇♥
r❡s♣♦♥s✐❜❧❡ ♦♣❡r❛t♦r rop(0, 1) = depart(ld, i)✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✹✳
❚❤✐s ❞❡❧✐✈❡rs t❤❡ ❜♦✉♥❞ costD∗(gDG) − 1 = −1 + 1[si] + (1 ∗ 1)[costD∗(si) ∗
maxPath(DTGbi

)] + (2 ∗ 1)[(costD∗(si) + costD∗(bi)) ∗ diam(DTGe)] = 3✳

❉❡✜♥✐t✐♦♥ ✼✳ ❚❤❡ ❙✐♠♣❧❡✲❚❙P ❞♦♠❛✐♥ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣❧❛♥♥✐♥❣ t❛s❦s Π =
(V,O, sI , sG) ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ V = {p} ∪ V ✇❤❡r❡✿

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✻✹

p ✐s t❤❡ ✏♣♦s✐t✐♦♥✑ ✈❛r✐❛❜❧❡✱ ✇✐t❤ Dp = L ✇❤❡r❡ L ✐s s♦♠❡ s❡t r❡♣r❡s❡♥t✐♥❣ ❛❧❧
♣♦ss✐❜❧❡ ❧♦❝❛t✐♦♥s❀ ❛♥❞ V ✱ ✇✐t❤ |V | = |L|✱ ✐s ❛ s❡t ♦❢ ✏❧♦❝❛t✐♦♥✲✈✐s✐t❡❞✑ ✈❛r✐❛❜❧❡s
v✱ ✇✐t❤ Dv = {1, 0}✳ O ❝♦♥t❛✐♥s ❛ s✐♥❣❧❡ t②♣❡ ♦❢ ♦♣❡r❛t♦rs✿ move(l1, l2) = ({p =
l1}, {p = l2, vl2 = 1}) ❢♦r l1 6= l2✳ sI ❛ss✐❣♥s ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ t♦ p ❛♥❞ ❛ss✐❣♥s
0 t♦ t❤❡ ✈❛r✐❛❜❧❡s V ✳ sG ❛ss✐❣♥s 1 t♦ t❤❡ ✈❛r✐❛❜❧❡s V ✳

❊✈❡r② ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ gDG ✐♥ ❙✐♠♣❧❡✲❚❙P ❤❛s ❛ ❧♦❝❛t✐♦♥✲✈✐s✐t❡❞
✈❛r✐❛❜❧❡ vi ❛s t❤❡ ❧❡❛❢ ✈❛r✐❛❜❧❡ x0✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ s✐♥❣❧❡ ♥♦♥✲❧❡❛❢ ✈❛r✐❛❜❧❡ p✳
❈❧❡❛r❧②✱ gDG ✐s ❛❝②❝❧✐❝✳ ❊✈❡r② tr❛♥s✐t✐♦♥ (0, 1) ♦❢ vi ❝♦♥s✐❞❡r❡❞✱ ✐♥❞✉❝❡❞ ❜② o0 =
move(l1, li)✱ ❤❛s r❡♣❧❛❝❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❆♥② ♦♣❡r❛t♦r o = move(l1, x)
❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❡q✉✐✈❛❧❡♥t ♦♣❡r❛t♦r move(li, x) ✉♥❧❡ss x = li✳ ■♥ t❤❡
❧❛tt❡r ❝❛s❡✱ ✇❡ ❤❛✈❡ o0 = o ✇❤✐❝❤ ✐s ❡①❝❧✉❞❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡♣❧❛❝❛❜❧❡
s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❊✈❡r② tr❛♥s✐t✐♦♥ (l1, l2) ♦❢ p ❝❧❡❛r❧② ✐s ✐♥✈❡rt✐❜❧❡❀ ✐t ❤❛s t❤❡
✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡ vl2 = 0❀ ✐ts s✐❞❡ ❡✛❡❝t ✐s ♦♥❧② ♦♥ vl2 ✇❤✐❝❤ ✐s ♥♦t ❛
♥♦♥✲❧❡❛❢ ✈❛r✐❛❜❧❡ ♦❢ gDG✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✹✳ ❚❤✐s ❞❡❧✐✈❡rs t❤❡
❜♦✉♥❞ costD∗(gDG)− 1 = −1 + 1[vi] + (1 ∗ 1)[costD(vi) ∗ diam(DTGp)] = 1✳

❲❡ ❝♦♥s✐❞❡r ❛♥ ❡①t❡♥❞❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ▼♦✈✐❡ ❞♦♠❛✐♥✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t✱
✇❤❡r❡❛s t❤❡ ♦r✐❣✐♥❛❧ ❞♦♠❛✐♥ ✈❡rs✐♦♥ ❝♦♥s✐❞❡rs ♦♥❧② ❛ ✜①❡❞ r❛♥❣❡ ♦❢ s♥❛❝❦s ✭❛♥❞
t❤✉s t❤❡ st❛t❡ s♣❛❝❡ ✐s ❝♦♥st❛♥t ❛❝r♦ss ❛❧❧ ❞♦♠❛✐♥ ✐♥st❛♥❝❡s✮✱ ✇❡ ❛❧❧♦✇ t♦ s❝❛❧❡
t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t s♥❛❝❦s✳✷✷

❉❡✜♥✐t✐♦♥ ✽✳ ❚❤❡ ▼♦✈✐❡ ❞♦♠❛✐♥ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣❧❛♥♥✐♥❣ t❛s❦s Π = (V,O,
sI , sG) ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ V = {c0, c2, re} ∪ H✳ ❍❡r❡✱
c0 ✐s t❤❡ ✏❝♦✉♥t❡r✲❛t✲③❡r♦✑ ✈❛r✐❛❜❧❡✱ ✇✐t❤ Dc0 = {1, 0}❀ c2 ✐s t❤❡ ✏❝♦✉♥t❡r✲❛t✲
t✇♦✲❤♦✉rs✑ ✈❛r✐❛❜❧❡✱ ✇✐t❤ Dc2 = {1, 0}❀ re ✐s t❤❡ ✏♠♦✈✐❡✲r❡✇♦✉♥❞✑ ✈❛r✐❛❜❧❡✱ ✇✐t❤
Dre = {1, 0}❀ H ❛r❡ ✏❤❛✈❡✲s♥❛❝❦✑ ✈❛r✐❛❜❧❡s h ✇✐t❤ Dh = {1, 0}✳ O ❝♦♥t❛✐♥s
❢♦✉r t②♣❡s ♦❢ ♦♣❡r❛t♦rs✿ ✏r❡✇✐♥❞❚✇♦✑✱ ✏r❡✇✐♥❞❖t❤❡r✑✱ ✏r❡s❡t❈♦✉♥t❡r✑✱ ❛♥❞ ✏❣❡t✲
❙♥❛❝❦✑✱ ✇❤❡r❡ rewindTwo = ({c2 = 1}, {re = 1})✱ rewindOther = ({c2 =
0}, {re = 1, c0 = 0})✱ resetCounter = (∅, {c0 = 1})✱ ❛♥❞ getSnack(i) =
(∅, {hi = True})✳ sI ❛ss✐❣♥s ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ t♦ ❛❧❧ ✈❛r✐❛❜❧❡s✳ sG ❛ss✐❣♥s
t❤❡ re✱ c0✱ ❛♥❞ H ✈❛r✐❛❜❧❡s t♦ 1✳

◆♦t❡ t❤❛t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ st❛t✐❝ ✈❛r✐❛❜❧❡ c2✱ t❤❡ ♦♣❡r❛t♦r s❡t
✇✐❧❧ ❜❡ ❞✐✛❡r❡♥t✿ ✐❢ sI(c2) = 1 t❤❡♥ rewindOther ✐s r❡♠♦✈❡❞✱ ✐❢ sI(c2) = 0 t❤❡♥
rewindTwo ✐s r❡♠♦✈❡❞✳ ❲❡ r❡❢❡r t♦ t❤❡ ❢♦r♠❡r ❛s ❝❛s❡ ✭❛✮ ❛♥❞ t♦ t❤❡ ❧❛tt❡r ❛s
❝❛s❡ ✭❜✮✳

❊✈❡r② ❣❧♦❜❛❧ ❞❡♣❡♥❞❡♥❝② ❣r❛♣❤ gDG ❝♦♥s✐sts ♦❢ ❛ s✐♥❣❧❡ ✭❧❡❛❢✮ ✈❛r✐❛❜❧❡✳
❚❤❡ tr❛♥s✐t✐♦♥s ♦❢ ❡❛❝❤ h ✈❛r✐❛❜❧❡ ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts ❛♥❞ t❤✉s ❤❛✈❡ ✐rr❡❧❡✈❛♥t
s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❚❤❡ tr❛♥s✐t✐♦♥ (0, 1) ♦❢ c0 ❤❛s ♥♦ s✐❞❡ ❡✛❡❝ts ❛♥❞ t❤✉s ❤❛s
✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✳ ❚❤❡ tr❛♥s✐t✐♦♥ (1, 0) ♦❢ c0 ✐s ✐rr❡❧❡✈❛♥t✳ ❋♦r ❝❛s❡ ✭❛✮✱
t❤❡ tr❛♥s✐t✐♦♥ (0, 1) ♦❢ re ❤❛s ♥♦ s✐❞❡ ❡✛❡❝ts ❛♥❞ t❤✉s ❤❛s ✐rr❡❧❡✈❛♥t s✐❞❡ ❡✛❡❝t
❞❡❧❡t❡s s♦ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✹✳ ❋♦r ❝❛s❡ ✭❜✮✱ t❤❡ tr❛♥s✐t✐♦♥ (0, 1) ♦❢ re ❤❛s
t❤❡ s✐❞❡ ❡✛❡❝t c0 = 0✳ ❖❜s❡r✈❡ t❤❛t ✭✶✮ t❤✐s ❢❛❝t ✐ts❡❧❢ ✐s ✐rr❡❧❡✈❛♥t❀ ❛♥❞ ✭✷✮ t❤❛t
t❤❡ ♦♥❧② ψ ∈ ctx(0, 1) ✐s {c0 = 1}✱ ❛♥❞ o := resetCounter s❛t✐s✜❡s ∅ = preo ⊆

✷✷❚❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❧❧♦✇s t♦ s❝❛❧❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t♦rs ❛❞❞✐♥❣
t❤❡ s❛♠❡ s♥❛❝❦✳ ❆❧❧ t❤❡s❡ ♦♣❡r❛t♦rs ❛r❡ ✐❞❡♥t✐❝❛❧ ❡①❝❡♣t ❢♦r t❤❡✐r ♥❛♠❡ ✭t❤❡✐r ♣❛r❛♠❡t❡r
✐♥st❛♥t✐❛t✐♦♥✮ ❛❝❝♦r❞✐♥❣ t♦ P❉❉▲✳ ❖❜✈✐♦✉s❧②✱ ❛❧❧ ❜✉t ♦♥❡ ♦❢ t❤❡ ♦♣❡r❛t♦rs ✇✐t❤✐♥ ❡❛❝❤ ♦❢
t❤❡s❡ ♦♣❡r❛t♦r s❡ts ❝❛♥ ❜❡ r❡♠♦✈❡❞✱ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ t❛s❦✳ ❆❧❧ ♣❧❛♥♥✐♥❣
♣r❡✲♣r♦❝❡ss♦rs ✭✇❡ ❛r❡ ❛✇❛r❡ ♦❢✮ ❞♦ ♣❡r❢♦r♠ s✉❝❤ r❡♠♦✈❛❧✳ ❲❡ ❛ss✉♠❡ ❤❡r❡ t❤❛t t❤❡ r❡♠♦✈❛❧
❤❛s ❛❧r❡❛❞② t❛❦❡♥ ♣❧❛❝❡ ✕ ♥♦t❡ t❤❛t ♦✉r ♣❧❛♥♥✐♥❣ t❛s❦ ❢♦r♠❛❧✐s♠ ❞♦❡s♥✬t ❡✈❡♥ ❛❧❧♦✇ s✉❝❤
❞✉♣❧✐❝❛t❡ ♦♣❡r❛t♦rs✱ s✐♥❝❡ O ✐s ❛ s❡t ♦❢ ♦♣❡r❛t♦rs ✐❞❡♥t✐✜❡❞ ♦♥❧② t❤r♦✉❣❤ t❤❡✐r ♣r❡❝♦♥❞✐t✐♦♥
❛♥❞ ❡✛❡❝t✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✻✺

(prevrop(0,1) ∪ effrop(0,1)) = {re = 1, c0 = 0}✱ {c0 = 1} = effo ⊆ ψ = {c0 = 1}✱
❛♥❞ {c0 = 1} = effo ⊇ {(y, d) | (y, d) ∈ ψ, (y, d) ∈ sG ∪

⋃

rop(c,c′) 6=o′∈O preo′} =

{c0 = 1}✳ ❚❤✉s t❤❡ tr❛♥s✐t✐♦♥ ❤❛s r❡❝♦✈❡r❛❜❧❡ s✐❞❡ ❡✛❡❝t ❞❡❧❡t❡s✱ ❛♥❞ ❛❣❛✐♥ ✇❡
❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✹✳ ■♥ ❝❛s❡ ✭❛✮✱ ❢♦r ❛❧❧ gDGs t❤❡ ❜♦✉♥❞ costD(gDG) − 1
❛♣♣❧✐❡s✳ ❖❜✈✐♦✉s❧②✱ costD(gDG) = 1 ❛♥❞ t❤✉s ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦rr❡❝t ❜♦✉♥❞ 0✳
■♥ ❝❛s❡ ✭❜✮✱ t❤❡ ❜♦✉♥❞ costD(gDG) ❛♣♣❧✐❡s✱ ❛♥❞ ❛❣❛✐♥ costD(gDG) = 1 s♦ ✇❡
♦❜t❛✐♥ t❤❡ ❝♦rr❡❝t ❜♦✉♥❞ 1✳

❉❡✜♥✐t✐♦♥ ✾✳ ❚❤❡ ❋❡rr② ❞♦♠❛✐♥ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣❧❛♥♥✐♥❣ t❛s❦s Π =
(V,O, sI , sG) ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ V = C ∪ {f, e} ✇❤❡r❡✿
C ✐s ❛ s❡t ♦❢ ✏❝❛r✲❧♦❝❛t✐♦♥✑ ✈❛r✐❛❜❧❡s c✱ ✇✐t❤ Dc = L ∪ {f} ✇❤❡r❡ L ✐s s♦♠❡ s❡t
r❡♣r❡s❡♥t✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❧♦❝❛t✐♦♥s❀ f ✐s t❤❡ ✏❢❡rr②✲❧♦❝❛t✐♦♥✑ ✈❛r✐❛❜❧❡ ✇✐t❤ Df = L❀
e ✐s t❤❡ ✏❢❡rr②✲❡♠♣t②✑ ✈❛r✐❛❜❧❡ ✇✐t❤ De = {1, 0}✳ O ❝♦♥t❛✐♥s t❤r❡❡ t②♣❡s ♦❢ ♦♣❡r✲
❛t♦rs✿ ✏s❛✐❧✑✱ ✏❜♦❛r❞✑✱ ❛♥❞ ✏❞❡❜❛r❦✑✱ ✇❤❡r❡ sail(l1, l2) = ({f = l1}, {f = l2})
❢♦r l1 6= l2✱ board(l, c) = ({f = l, c = l, e = 1}, {c = f, e = 0})✱ ❛♥❞
debark(l, c) = ({f = l, c = f}, {c = l, e = 1})✳ sI ❛ss✐❣♥s 1 t♦ ✈❛r✐❛❜❧❡ e✱
❛ss✐❣♥s ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ t♦ ✈❛r✐❛❜❧❡ f ✱ ❛♥❞ ❛ss✐❣♥s ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ ♦t❤❡r
t❤❛♥ f t♦ t❤❡ ✈❛r✐❛❜❧❡s C✳ sG ❛ss✐❣♥s ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ 6= f t♦ ✭s♦♠❡ s✉❜s❡t
♦❢✮ t❤❡ ✈❛r✐❛❜❧❡s C ❛♥❞ f ✳

▲❡t s ❜❡ ❛♥ ❛r❜✐tr❛r② r❡❛❝❤❛❜❧❡ st❛t❡ ✇❤❡r❡ 0 < h+(s) <∞✱ ❛♥❞ ❧❡t P+(s) ❜❡
❛♥ ❛r❜✐tr❛r② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✳ ❚❤❡♥ ✇❡ ❝❛♥ ❛❧✇❛②s ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳
❚♦ s❤♦✇ t❤✐s✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s✿ ✭❛✮ s(e) = 1✱ o0 = board(l, c) ✐s t❤❡
✜rst ❜♦❛r❞ ♦♣❡r❛t♦r ✐♥ P+(s)✱ ❛♥❞ ✇❡ s❡t x0 = c❀ ✭❜✮ s(e) = 0✱ o0 = debark(l, c)
✐s t❤❡ ✜rst ❞❡❜❛r❦ ♦♣❡r❛t♦r ✐♥ P+(s)✱ ❛♥❞ ✇❡ s❡t x0 = c❀ ✭❝✮ P+(s) ❝♦♥t❛✐♥s ♥♦
❜♦❛r❞ ♦r ❞❡❜❛r❦ ♦♣❡r❛t♦r ❛♥❞ ✇❡ s❡t o0 t♦ ❜❡ t❤❡ ✜rst ♦♣❡r❛t♦r✱ sail(l1, l2)✱ ✐♥
P+(s)✱ ✇✐t❤ x0 = f ✳ ❖❜✈✐♦✉s❧②✱ ❡①❛❝t❧② ♦♥❡ ♦❢ t❤❡s❡ ❝❛s❡s ✇✐❧❧ ❤♦❧❞ ✐♥ s✳ ▲❡t
oDG+ = (V,A) ❜❡ t❤❡ s✉❜✲❣r❛♣❤ ♦❢ SG ✐♥❝❧✉❞✐♥❣ x0 ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡s✴❛r❝s
✐♥❝❧✉❞❡❞ ❛s ♣❡r ❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t t0 ❜❡ t❤❡ tr❛♥s✐t✐♦♥ t❛❦❡♥ ❜② o0✳

■♥ ❝❛s❡ ✭❛✮✱ ♦❜✈✐♦✉s❧② ✇❡ ❝❛♥ r❡♦r❞❡r P+(s) s♦ t❤❛t ❡✐t❤❡r board(l, c) ✐s t❤❡
✜rst ♦♣❡r❛t♦r ✐♥ P+(s)✱ ♦r ❛❧❧ ✐ts ♣r❡❞❡❝❡ss♦rs ❛r❡ sail ♦♣❡r❛t♦rs✳ oDG+ t❤❡♥
❡✐t❤❡r ✭✶✮ ✐♥❝❧✉❞❡s ♥♦ ♥❡✇ ✭♥♦♥✲❧❡❛❢✮ ✈❛r✐❛❜❧❡s ❛t ❛❧❧✱ ♦r ✭✷✮ ✐♥❝❧✉❞❡s ♦♥❧② f ✳ ❆s
❢♦r f ✱ ❝❧❡❛r❧② ❛❧❧ ✐ts tr❛♥s✐t✐♦♥s ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts✳ ❚❤❡ tr❛♥✲
s✐t✐♦♥ t0 ❤❛s t❤❡ ♦✇♥ ❡✛❡❝t (c, f) ❞❡❧❡t✐♥❣ (c, l) ✇❤✐❝❤ ❝❧❡❛r❧② ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ t❤❡
r❡st ♦❢ P+(s)✳ ■t ❤❛s t❤❡ s✐❞❡ ❡✛❡❝t e = 0 ❞❡❧❡t✐♥❣ e = 1✳ ❚❤❛t ❧❛tt❡r ❢❛❝t ♠❛② ❜❡
♥❡❡❞❡❞ ❜② ♦t❤❡r ❜♦❛r❞ ♦♣❡r❛t♦rs ✐♥ P+(s)✳ ❍♦✇❡✈❡r✱ ♥❡❝❡ss❛r✐❧② P+(s) ❝♦♥t❛✐♥s
❛♥ ♦♣❡r❛t♦r ♦❢ t❤❡ ❢♦r♠ debark(l′, c)✱ ✇❤✐❝❤ ✐s ❛♣♣❧✐❝❛❜❧❡ ❛❢t❡r board(l, c) ❛♥❞ ❛
s❡q✉❡♥❝❡ ♦❢ ♠♦✈❡s t❤❛t P+(s) ♠✉st ❝♦♥t❛✐♥ ❢r♦♠ l t♦ l′❀ debark(l′, c) r❡❝♦✈❡rs
e = 1✳ ❚❤✉s t❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+

>0(s)✲r❡❝♦✈❡r❛❜❧❡✳ ■♥ ❝❛s❡
✭❜✮✱ s✐♠✐❧❛r❧② ✇❡ ❝❛♥ r❡♦r❞❡r P+(s) s♦ t❤❛t ❡✐t❤❡r ✭✶✮ debark(l, c) ✐s t❤❡ ✜rst
♦♣❡r❛t♦r ✐♥ P+(s)✱ ♦r ✭✷✮ ❛❧❧ ✐ts ♣r❡❞❡❝❡ss♦rs ❛r❡ sail ♦♣❡r❛t♦rs✳ ❚❤❡ tr❛♥s✐t✐♦♥
t0 ❤❛s t❤❡ ♦✇♥ ❡✛❡❝t (c, l) ❞❡❧❡t✐♥❣ (c, f) ✇❤✐❝❤ ❝❧❡❛r❧② ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ t❤❡ r❡st
♦❢ P+(s)❀ ✐t ❤❛s t❤❡ s✐❞❡ ❡✛❡❝t e = 1 ❞❡❧❡t✐♥❣ e = 0 ✇❤✐❝❤ ❝❧❡❛r❧② ✐s ♥♦t ♥❡❡❞❡❞
✐♥ t❤❡ r❡st ♦❢ P+(s)✳ ❚❤✉s✱ ❛❣❛✐♥✱ t❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+

>0(s)✲
r❡❝♦✈❡r❛❜❧❡✳ ■♥ ❝❛s❡ ✭❝✮✱ ✜♥❛❧❧②✱ oDG+ ❝♦♥t❛✐♥s ♦♥❧② f ✱ t0 ❤❛s ♥♦ s✐❞❡ ❡✛❡❝ts✱
❛♥❞ ✐ts ♦✇♥ ❞❡❧❡t❡ (f, l1) ✐s ♥♦t ♥❡❡❞❡❞ ❛♥②♠♦r❡ ✭✐♥ ❢❛❝t✱ ✐♥ t❤✐s ❝❛s❡ l2 ♠✉st ❜❡
t❤❡ ❣♦❛❧ ❢♦r f ✱ ❛♥❞ P+(s) ❝♦♥t❛✐♥s ♦♥❧② t❤❡ s✐♥❣❧❡ ♦♣❡r❛t♦r o0✮✳ ❍❡♥❝❡✱ ✐♥ ❛❧❧
❝❛s❡s✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳ costd∗(oDG+) = 1 ✐♥ ❝❛s❡s ✭❛✶✮✱ ✭❜✶✮✱ ❛♥❞ ✭❝✮
s♦ t❤❡r❡ ✇❡ ❣❡t t❤❡ ❜♦✉♥❞ 0✳ costd∗(oDG+) = 1 + diam(DTGf ) = 2 ✐♥ ❝❛s❡s
✭❛✷✮ ❛♥❞ ✭❜✷✮ s♦ t❤❡r❡ ✇❡ ❣❡t t❤❡ ❜♦✉♥❞ 1✳

❘❘ ♥➦ ✼✺✵✺



❲❤❡r❡ ■❣♥♦r✐♥❣ ❉❡❧❡t❡ ▲✐sts ❲♦r❦s✱ P❛rt ■■✿ ❈❛✉s❛❧ ●r❛♣❤s ✻✻

❉❡✜♥✐t✐♦♥ ✶✵✳ ❚❤❡ ●r✐♣♣❡r ❞♦♠❛✐♥ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣❧❛♥♥✐♥❣ t❛s❦s Π = (V,O,
sI , sG) ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ V = {ro, f1, f2} ∪ B✳ ❍❡r❡✱
ro ✐s t❤❡ ✏r♦❜♦t✲❧♦❝❛t✐♦♥✑ ✈❛r✐❛❜❧❡✱ ✇✐t❤ Dro = {L,R}❀ f1, f2 ❛r❡ ✏❣r✐♣♣❡r✲❢r❡❡✑
✈❛r✐❛❜❧❡s✱ ✇✐t❤ Df1 = Df2 = {1, 0}❀ ❛♥❞ B ❛r❡ ✏❜❛❧❧✲❧♦❝❛t✐♦♥✑ ✈❛r✐❛❜❧❡s✱ ✇✐t❤
Db = {L,R, 1, 2}✳ O ❝♦♥t❛✐♥s t❤r❡❡ t②♣❡s ♦❢ ♦♣❡r❛t♦rs✿ ✏♠♦✈❡✑✱ ✏♣✐❝❦✉♣✑✱ ❛♥❞
✏❞r♦♣✑✱ ✇❤❡r❡ move(l1, l2) = ({ro = l1}, {ro = l2}) ❢♦r l1 6= l2✱ pickup(g, b, l) =
({ro = l, b = l, fg = 1}, {b = g, fg = 0})✱ ❛♥❞ drop(g, b, l) = ({ro = l, b =
g}, {b = l, fg = 1})✳ sI ❛ss✐❣♥s L t♦ ro✱ ❛ss✐❣♥s 1 t♦ f1 ❛♥❞ f2✱ ❛♥❞ ❛ss✐❣♥s L
t♦ t❤❡ ✈❛r✐❛❜❧❡s B✳ sG ❛ss✐❣♥s R t♦ t❤❡ ✈❛r✐❛❜❧❡s B✳

▲❡t s ❜❡ ❛♥ ❛r❜✐tr❛r② r❡❛❝❤❛❜❧❡ st❛t❡ ✇❤❡r❡ 0 < h+(s) <∞✱ ❛♥❞ ❧❡t P+(s) ❜❡
❛♥ ❛r❜✐tr❛r② ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ ❢♦r s✳ ❚❤❡♥ ✇❡ ❝❛♥ ❛❧✇❛②s ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳
❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿ ✭❛✮ t❤❡r❡ ❡①✐sts b ∈ B s♦ t❤❛t s(b) = g ❢♦r g ∈ {1, 2}✱
o0 = drop(g, b, R)✱ ❛♥❞ ✇❡ s❡t x0 = b❀ ✭❜✮ t❤❡r❡ ❡①✐sts ♥♦ b ∈ B s♦ t❤❛t s(b) = g

❢♦r g ∈ {1, 2}✱ o0 = pickup(g, b, L) ❢♦r s♦♠❡ b ∈ B ✐s ✐♥ P+(s)✱ ❛♥❞ ✇❡ s❡t
x0 = b✳ ❖❜✈✐♦✉s❧②✱ ❡①❛❝t❧② ♦♥❡ ♦❢ t❤❡s❡ ❝❛s❡s ✇✐❧❧ ❤♦❧❞ ✐♥ s✳ ▲❡t oDG+ = (V,A)
❜❡ t❤❡ s✉❜✲❣r❛♣❤ ♦❢ SG ✐♥❝❧✉❞✐♥❣ x0 ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡s✴❛r❝s ✐♥❝❧✉❞❡❞ ❛s ♣❡r
❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t t0 ❜❡ t❤❡ tr❛♥s✐t✐♦♥ t❛❦❡♥ ❜② o0✳

■♥ ❝❛s❡ ✭❛✮✱ ♦❜✈✐♦✉s❧② ✇❡ ❝❛♥ r❡♦r❞❡r P+(s) s♦ t❤❛t ❡✐t❤❡r drop(g, b, R) ✐s
t❤❡ ✜rst ♦♣❡r❛t♦r ✐♥ P+(s)✱ ♦r ✐ts ♦♥❧② ♣r❡❞❡❝❡ss♦r ✐s move(L,R)✳ oDG+ t❤❡♥
❡✐t❤❡r ✭✶✮ ✐♥❝❧✉❞❡s ♥♦ ♥❡✇ ✭♥♦♥✲❧❡❛❢✮ ✈❛r✐❛❜❧❡s ❛t ❛❧❧✱ ♦r ✭✷✮ ✐♥❝❧✉❞❡s ♦♥❧② ro✳
❆s ❢♦r ro✱ ❝❧❡❛r❧② ❛❧❧ ✐ts tr❛♥s✐t✐♦♥s ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ♥♦ s✐❞❡ ❡✛❡❝ts✳ ❚❤❡
tr❛♥s✐t✐♦♥ t0 ❤❛s t❤❡ ♦✇♥ ❡✛❡❝t (b, R) ❞❡❧❡t✐♥❣ (b, g) ✇❤✐❝❤ ❝❧❡❛r❧② ✐s ♥♦t ♥❡❡❞❡❞
✐♥ t❤❡ r❡st ♦❢ P+(s)❀ ✐t ❤❛s t❤❡ s✐❞❡ ❡✛❡❝t fg = 1 ❞❡❧❡t✐♥❣ fg = 0 ✇❤✐❝❤ ❝❧❡❛r❧②
✐s ♥♦t ♥❡❡❞❡❞ ✐♥ t❤❡ r❡st ♦❢ P+(s)✳ ❚❤✉s t❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡
P+
>0(s)✲r❡❝♦✈❡r❛❜❧❡✳ ■♥ ❝❛s❡ ✭❜✮✱ s✐♠✐❧❛r❧② ✇❡ ❝❛♥ r❡♦r❞❡r P+(s) s♦ t❤❛t ❡✐t❤❡r

✭✶✮ pickup(g, b, L) ✐s t❤❡ ✜rst ♦♣❡r❛t♦r ✐♥ P+(s)✱ ♦r ✭✷✮ ✐ts ♦♥❧② ♣r❡❞❡❝❡ss♦r ✐s
move(R,L)✳ ❚❤❡ tr❛♥s✐t✐♦♥ t0 ❤❛s t❤❡ ♦✇♥ ❡✛❡❝t (b, g) ❞❡❧❡t✐♥❣ (b, L) ✇❤✐❝❤
❝❧❡❛r❧② ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ t❤❡ r❡st ♦❢ P+(s)✳ ■t ❤❛s t❤❡ s✐❞❡ ❡✛❡❝t fg = 0 ❞❡❧❡t✐♥❣
fg = 1❀ t❤❛t ❧❛tt❡r ❢❛❝t ♠❛② ❜❡ ♥❡❡❞❡❞ ❜② ♦t❤❡r ♣✐❝❦✉♣ ♦♣❡r❛t♦rs ✐♥ P+(s)✳
❍♦✇❡✈❡r✱ ♥❡❝❡ss❛r✐❧② P+(s) ❝♦♥t❛✐♥s t❤❡ ♦♣❡r❛t♦rsmove(L,R) ❛♥❞ drop(g, b, R)✱
✇❤✐❝❤ ❛r❡ ❛♣♣❧✐❝❛❜❧❡ ❛❢t❡r board(l, c)❀ drop(g, b, R) r❡❝♦✈❡rs fg = 1✳ ❚❤✉s✱ ❛❣❛✐♥✱
t❤❡ oDG+✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+

>0(s)✲r❡❝♦✈❡r❛❜❧❡✳ ❍❡♥❝❡✱ ✐♥ ❜♦t❤ ❝❛s❡s✱
✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳ costd∗(oDG+) = 1 ✐♥ ❝❛s❡s ✭❛✶✮ ❛♥❞ ✭❜✶✮✱ s♦ t❤❡r❡
✇❡ ❣❡t t❤❡ ❜♦✉♥❞ 0✳ costd∗(oDG+) = 1 + diam(ro) = 2 ✐♥ ❝❛s❡s ✭❛✷✮ ❛♥❞ ✭❜✷✮
s♦ t❤❡r❡ ✇❡ ❣❡t t❤❡ ❜♦✉♥❞ 1✳

❉❡✜♥✐t✐♦♥ ✶✶✳ ❚❤❡ ❚r❛♥s♣♦rt ❞♦♠❛✐♥ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣❧❛♥♥✐♥❣ t❛s❦s Π =
(V,O, sI , sG) ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ V = P ∪ V ∪ C ✇❤❡r❡✿
P ✐s ❛ s❡t ♦❢ ✏♣❛❝❦❛❣❡✲❧♦❝❛t✐♦♥✑ ✈❛r✐❛❜❧❡s p✱ ✇✐t❤ Dp = L ∪ V ✇❤❡r❡ L ✐s
s♦♠❡ s❡t r❡♣r❡s❡♥t✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❧♦❝❛t✐♦♥s❀ V ✐s ❛ s❡t ♦❢ ✏✈❡❤✐❝❧❡✲❧♦❝❛t✐♦♥✑ ✈❛r✐✲
❛❜❧❡s v✱ ✇✐t❤ Dv = L❀ ❛♥❞ C ✐s ❛ s❡t ♦❢ ✏✈❡❤✐❝❧❡✲❝❛♣❛❝✐t②✑ ✈❛r✐❛❜❧❡s cv✱ ✇✐t❤
Dcv

= {0, . . . ,K} ✇❤❡r❡ K ✐s t❤❡ ♠❛①✐♠✉♠ ❝❛♣❛❝✐t②✳ O ❝♦♥t❛✐♥s t❤r❡❡ t②♣❡s
♦❢ ♦♣❡r❛t♦rs✿ ✏❞r✐✈❡✑✱ ✏♣✐❝❦✉♣✑✱ ❛♥❞ ✏❞r♦♣✑✱ ✇❤❡r❡✿ drive(v, l1, l2) = ({v =
l1}, {v = l2}) ❢♦r (l1, l2) ∈ A ✇❤❡r❡ GR = (V,A) ✐s ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❢
r♦❛❞s ♦✈❡r L❀ pickup(v, l, p, c) = ({v = l, p = l, cv = c}, {p = v, cv = c − 1})✱
❛♥❞ drop(v, l, p, c) = ({v = l, p = v, cv = c}, {p = l, cv = c + 1})✳ sI ❛ss✐❣♥s
❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ ✐♥ L t♦ ❡❛❝❤ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s P ∪ V ✱ ❛♥❞ ❛ss✐❣♥s K t♦ t❤❡
✈❛r✐❛❜❧❡s C✳ sG ❛ss✐❣♥s ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ ✐♥ L t♦ s♦♠❡ s✉❜s❡t ♦❢ t❤❡ ✈❛r✐❛❜❧❡s
P ∪ V ✳
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◆♦t❡ ❤❡r❡ t❤❡ ✉s❡ ♦❢ ♥✉♠❜❡rs ❛♥❞ ❛❞❞✐t✐♦♥✴s✉❜tr❛❝t✐♦♥✳ ❚❤❡s❡ ❛r❡✱ ♦❢ ❝♦✉rs❡✱
♥♦t ♣❛rt ♦❢ t❤❡ ♣❧❛♥♥✐♥❣ ❧❛♥❣✉❛❣❡ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡✳ ❍♦✇❡✈❡r✱ t❤❡② ❝❛♥ ❜❡ ❡❛s✐❧②
❡♥❝♦❞❡❞ ✭♦♥ t❤❡ ✜♥✐t❡ s❡t ♦❢ ♥✉♠❜❡r {0, . . . ,K}✮ ✈✐❛ st❛t✐❝ ♣r❡❞✐❝❛t❡s✳ ❆❢t❡r ♣r❡✲
♣r♦❝❡ss✐♥❣✱ ✐♥ ❡✛❡❝t t❤❡ r❡s✉❧t✐♥❣ t❛s❦ ✇✐❧❧ ❜❡ ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❜②
t❤❡ s✐♠♣❧❡ ❛r✐t❤♠❡t✐❝ ❛❜♦✈❡✱ ✇❤✐❝❤ ✇❡ t❤✉s ❝❤♦♦s❡ t♦ r❡❞✉❝❡ ♥♦t❛t✐♦♥❛❧ ❝❧✉tt❡r✳

▲❡t s ❜❡ ❛♥ ❛r❜✐tr❛r② r❡❛❝❤❛❜❧❡ st❛t❡ ✇❤❡r❡ 0 < h+(s) < ∞✳ ❚❤❡♥ t❤❡r❡
❡①✐sts ❛♥ ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥ P+(s) ❢♦r s s♦ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳
❲❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s✿ ✭❛✮ t❤❡r❡ ❡①✐sts p ∈ P s♦ t❤❛t s(p) = v ❢♦r v ∈ V ✱
o0 = drop(v, l, p, c) ✇❤❡r❡ s(cv) = c ✐s ✐♥ P+(s)✱ ❛♥❞ ✇❡ s❡t x0 = p❀ ✭❜✮ t❤❡r❡
❡①✐sts ♥♦ p ∈ P s♦ t❤❛t s(p) = v ❢♦r v ∈ V ✱ o0 = pickup(v, l, p,K) ❢♦r s♦♠❡
p ∈ P ✐s ✐♥ P+(s)✱ ❛♥❞ ✇❡ s❡t x0 = p❀ ✭❝✮ P+(s) ❝♦♥t❛✐♥s ♥♦ ❞r♦♣ ♦r ♣✐❝❦✉♣
♦♣❡r❛t♦r ❛♥❞ ✇❡ s❡t o0 t♦ ❜❡ t❤❡ ✜rst ♦♣❡r❛t♦r✱ drive(v, l1, l2)✱ ✐♥ P+(s)✱ ✇✐t❤
x0 = v✳ ❖❜✈✐♦✉s❧②✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ P+(s) s♦ t❤❛t ❡①❛❝t❧② ♦♥❡ ♦❢ t❤❡s❡ ❝❛s❡s ✇✐❧❧
❤♦❧❞ ✐♥ s ✭t❤❡ ❝❤♦✐❝❡ ♦❢ P+(s) ✐s ❛r❜✐tr❛r② ❢♦r ✭❜✮ ❛♥❞ ✭❝✮✱ ❜✉t ✐♥ ✭❛✮ t❤❡r❡ ♠❛②
❡①✐st ♦♣t✐♠❛❧ r❡❧❛①❡❞ ♣❧❛♥s ✇❤❡r❡ s(cv) 6= c✮✳ ▲❡t oDG+ = (V,A) ❜❡ t❤❡ s✉❜✲
❣r❛♣❤ ♦❢ SG ✐♥❝❧✉❞✐♥❣ x0 ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡s✴❛r❝s ✐♥❝❧✉❞❡❞ ❛s ♣❡r ❉❡✜♥✐t✐♦♥ ✶✳
▲❡t t0 ❜❡ t❤❡ tr❛♥s✐t✐♦♥ t❛❦❡♥ ❜② o0✳

■♥ ❝❛s❡ ✭❛✮✱ ♦❜✈✐♦✉s❧② ✇❡ ❝❛♥ r❡♦r❞❡r P+(s) s♦ t❤❛t ❡✐t❤❡r o0 = drop(v, l, p, c)
✐s t❤❡ ✜rst ♦♣❡r❛t♦r ✐♥ P+(s)✱ ♦r ❛❧❧ ✐ts ♣r❡❞❡❝❡ss♦rs ❛r❡ drive ♦♣❡r❛t♦rs✳ oDG+

t❤❡♥ ❡✐t❤❡r ✭✶✮ ✐♥❝❧✉❞❡s ♥♦ ♥❡✇ ✭♥♦♥✲❧❡❛❢✮ ✈❛r✐❛❜❧❡s ❛t ❛❧❧✱ ♦r ✭✷✮ ✐♥❝❧✉❞❡s
♦♥❧② v✳ ❆s ❢♦r v✱ ❝❧❡❛r❧② ❛❧❧ ✐ts tr❛♥s✐t✐♦♥s ❛r❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❤❛✈❡ ♥♦ s✐❞❡
❡✛❡❝ts✳ ❚❤❡ tr❛♥s✐t✐♦♥ t0 ❤❛s t❤❡ ♦✇♥ ❡✛❡❝t (p, v) ❞❡❧❡t✐♥❣ (p, l) ✇❤✐❝❤ ❝❧❡❛r❧②
✐s ♥♦t ♥❡❡❞❡❞ ✐♥ t❤❡ r❡st ♦❢ P+(s)✳ ■t ❤❛s t❤❡ s✐❞❡ ❡✛❡❝t cv = c + 1 ❞❡❧❡t✐♥❣
cv = c✳ ❚❤❛t ❧❛tt❡r ❢❛❝t ♠❛② ❜❡ ♥❡❡❞❡❞ ❜② ♦t❤❡r ♦♣❡r❛t♦rs ✐♥ P+(s)✱ ❡✐t❤❡r
t❛❦✐♥❣ t❤❡ ❢♦r♠ drop(v, l′, p′, c) ♦r t❤❡ ❢♦r♠ pickup(v, l′, p′, c)✳ ❈❧❡❛r❧②✱ ✐❢ P+(s)
❝♦♥t❛✐♥s t❤❡s❡ ♦♣❡r❛t♦rs t❤❡♥ ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡♠ ✇✐t❤ drop(v, l′, p′, c + 1)
❛♥❞ pickup(v, l′, p′, c + 1) r❡s♣❡❝t✐✈❡❧② ✕ t❤❡ ✈❛❧✉❡ (cv, c + 1) ✇✐❧❧ ❜❡ tr✉❡ ❛t
t❤❡✐r ♣♦✐♥t ♦❢ ✭r❡❧❛①❡❞✮ ❡①❡❝✉t✐♦♥✳ ❚❤✉s ✇❡ ❝❛♥ ❝❤♦♦s❡ P+(s) s♦ t❤❛t t❤❡
P+(s)✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+(s)✲r❡❝♦✈❡r❛❜❧❡ ♦♥ V \ {x0}✳ ■♥ ❝❛s❡ ✭❜✮✱
s✐♠✐❧❛r❧② ✇❡ ❝❛♥ r❡♦r❞❡r P+(s) s♦ t❤❛t ❡✐t❤❡r ✭✶✮ o0 = pickup(v, l, p,K) ✐s
t❤❡ ✜rst ♦♣❡r❛t♦r ✐♥ P+(s)✱ ♦r ✭✷✮ ❛❧❧ ✐ts ♣r❡❞❡❝❡ss♦rs ❛r❡ drive ♦♣❡r❛t♦rs✳
❚❤❡ tr❛♥s✐t✐♦♥ t0 ❤❛s t❤❡ ♦✇♥ ❡✛❡❝t (p, v) ❞❡❧❡t✐♥❣ (p, l) ✇❤✐❝❤ ❝❧❡❛r❧② ✐s ♥♦t
♥❡❡❞❡❞ ✐♥ t❤❡ r❡st ♦❢ P+(s)✳ ■t ❤❛s t❤❡ s✐❞❡ ❡✛❡❝t cv = K − 1 ❞❡❧❡t✐♥❣
cv = K✳ ❚❤❛t ❧❛tt❡r ❢❛❝t ♠❛② ❜❡ ♥❡❡❞❡❞ ❜② ♦t❤❡r ♦♣❡r❛t♦rs ✐♥ P+(s)✱ t❛❦✐♥❣
t❤❡ ❢♦r♠ pickup(v, l′, p′,K)✳ ❍♦✇❡✈❡r✱ ♥❡❝❡ss❛r✐❧② P+(s) ❝♦♥t❛✐♥s ❛♥ ♦♣❡r❛t♦r
♦❢ t❤❡ ❢♦r♠ drop(v, l′, p, c′)✳ ■❢ c′ 6= K − 1 t❤❡♥ ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤✐s ♦♣❡r❛t♦r
✇✐t❤ drop(v, l′, p,K − 1) s✐♥❝❡✱ ❝❧❡❛r❧②✱ t❤❡ ✈❛❧✉❡ (cv,K − 1) ✇✐❧❧ ❜❡ tr✉❡ ❛t
t❤❡ ♣♦✐♥t ♦❢ ✭r❡❧❛①❡❞✮ ❡①❡❝✉t✐♦♥✳ ◆♦✇✱ drop(v, l′, p,K − 1) ✐s ❛♣♣❧✐❝❛❜❧❡ ❛❢t❡r
pickup(v, l, p,K) ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ❞r✐✈❡ ♦♣❡r❛t♦rs t❤❛t P+(s) ♠✉st ❝♦♥t❛✐♥
❢r♦♠ l t♦ l′❀ drop(v, l′, p,K − 1) r❡❝♦✈❡rs cv = K✳ ❚❤✉s✱ ❛❣❛✐♥✱ ✇❡ ❝❛♥ ❝❤♦♦s❡
P+(s) s♦ t❤❛t t❤❡ P+(s)✲r❡❧❡✈❛♥t ❞❡❧❡t❡s ♦❢ t0 ❛r❡ P+(s)✲r❡❝♦✈❡r❛❜❧❡ ♦♥ V \{x0}✳
■♥ ❝❛s❡ ✭❝✮✱ ✜♥❛❧❧②✱ oDG+ ❝♦♥t❛✐♥s ♦♥❧② v✱ t0 ❤❛s ♥♦ s✐❞❡ ❡✛❡❝ts✱ ❛♥❞ ✐ts ♦✇♥
❞❡❧❡t❡ (v, l1) ✐s ♥♦t ♥❡❡❞❡❞ ❛♥②♠♦r❡✳ ❍❡♥❝❡✱ ✐♥ ❛❧❧ ❝❛s❡s✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦✲
r❡♠ ✷✳ costd∗(oDG+) = 1 ✐♥ ❝❛s❡s ✭❛✶✮✱ ✭❜✶✮✱ ❛♥❞ ✭❝✮ s♦ t❤❡r❡ ✇❡ ❣❡t t❤❡ ❜♦✉♥❞
0✳ costd∗(oDG+) = 1 + min(diam(oDTG+

v ),diam(DTGv)) ✐♥ ❝❛s❡s ✭❛✷✮ ❛♥❞
✭❜✷✮ s♦ t❤❡r❡ t❤❡ ❜♦✉♥❞ ✐s ❛t ♠♦st t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ r♦❛❞ ♠❛♣ GR✳

❲❤❡♥ ✐❣♥♦r✐♥❣ ❛❝t✐♦♥ ❝♦sts✱ t❤❡ ❊❧❡✈❛t♦rs ❞♦♠❛✐♥ ♦❢ ■P❈ ✷✵✵✽ ✐s ❡ss❡♥t✐❛❧❧②
❛ ✈❛r✐❛♥t ♦❢ ❚r❛♥s♣♦rt✳ ❚❤❡ ✈❛r✐❛♥t ✐s ♠♦r❡ ❣❡♥❡r❛❧ ✐♥ t❤❛t ✭❛✮ ❡❛❝❤ ✈❡❤✐❝❧❡ ✭❡❛❝❤
❡❧❡✈❛t♦r✮ ♠❛② ❤❛✈❡ ✐ts ♦✇♥ ♠❛①✐♠❛❧ ❝❛♣❛❝✐t②✱ ❛♥❞ ✭❜✮ ❡❛❝❤ ✈❡❤✐❝❧❡ ❝❛♥ r❡❛❝❤
♦♥❧② ❛ s✉❜s❡t ♦❢ t❤❡ ❧♦❝❛t✐♦♥s✱ ✐✳❡✳✱ ❡❛❝❤ ✈❡❤✐❝❧❡ ❤❛s ❛♥ ✐♥❞✐✈✐❞✉❛❧ r♦❛❞ ♠❛♣✳
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❊❧❡✈❛t♦rs ✐s ♠♦r❡ r❡str✐❝t❡❞ t❤❛♥ ❚r❛♥s♣♦rt ✐♥ t❤❛t ✭❝✮ ❡❛❝❤
✈❡❤✐❝❧❡ r♦❛❞ ♠❛♣ ✐s ❢✉❧❧② ❝♦♥♥❡❝t❡❞ ✭❡✈❡r② r❡❛❝❤❛❜❧❡ ✢♦♦r ❝❛♥ ❜❡ ♥❛✈✐❣❛t❡❞ t♦
❞✐r❡❝t❧② ❢r♦♠ ❡✈❡r② ♦t❤❡r r❡❛❝❤❛❜❧❡ ✢♦♦r✮✱ ❛♥❞ ✭❞✮ ❣♦❛❧s ❡①✐st ♦♥❧② ❢♦r ♣❛❝❦❛❣❡s
✭♣❛ss❡♥❣❡rs✱ t❤❛t ✐s✮✱ ♥♦t ❢♦r ✈❡❤✐❝❧❡s✳ ❊✈❡♥ ✇❤❡♥ ✐❣♥♦r✐♥❣ r❡str✐❝t✐♦♥s ✭❝✮ ❛♥❞
✭❞✮✱ ✐t ✐s tr✐✈✐❛❧ t♦ s❡❡ t❤❛t t❤❡ ❛r❣✉♠❡♥ts ❣✐✈❡♥ ❛❜♦✈❡ ❢♦r ❚r❛♥s♣♦rt st✐❧❧ ❤♦❧❞
tr✉❡✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥❡✈❡r s ✐s ❛ r❡❛❝❤❛❜❧❡ st❛t❡ ✇✐t❤ 0 < h+(s) < ∞✱ t❤❡r❡
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❜❡❢♦r❡✱ t❤❡ ❜♦✉♥❞ ✐s ❛t ♠♦st t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ r♦❛❞ ♠❛♣✳ ❉✉❡ t♦ ✭❝✮✱ t❤✐s
❞✐❛♠❡t❡r ✐s 1✳
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