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Abstract:  An interacting particle system (IPS) approach is virtually applicable to estimate rare event
for switching diffusions, since these processes own the strong Markov property. Nevertheless, in practice the
straightforward application of this approach to switching diffusions fails to produce reasonable estimates within a
reasonable amount of simulation time. This happens because each resampling step tends to sample more "heavy"
particles from modes with higher probabilities, thus "light" particles in the modes with small probability tend
to be discarded. To avoid this, a conditional "sampling per mode" algorithm has been proposed by Krystul
(2006): instead of starting the algorithm with N particles randomly distributed, we draw in each mode j, a
fixed number N7 of particles and at each resampling step, the same number of particles is sampled for each
visited mode. In this paper, we establish a law of large numbers theorem as well as a central limit theorem
(CLT) for the estimate of the rare event probability.
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theorem (CLT).
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Echantillonnage par mode pour la simulation d’événements rares
dans les diffusions a paramétre markovien

Résumé : Un algorithme de branchement multi-niveaux peut en principe étre utilisé pour estimer des
événements rares dans des diffusions a paramétre markovien, puisque ces processus vérifient la propriété de
Markov forte. En pratique, l'application directe de cet algorithme peut échouer & produire une estimation
raisonnable en un temps de simulation raisonnable. En effet, chaque étape de ré—échantillonnage tend a favoriser
les particules dans les modes de forte probabilité, de sorte que les particules dans les modes de faible probabilité
tendent & étre éliminées. Pour éviter cet écueil, un algorithme de ré—échantillonnage par mode a été proposé
par Krystul (2006) : au lieu de démarrer 'algorithme avec N particules distribuées aléatoirement, on génére
dans chaque mode j un nombre fixé N7 de particules, et & chaque étape de ré—échantillonnage, le méme nombre
de particules est généré dans chaque mode visité. Dans cet article, on établit une loi des grands nombres et un
théoréme central limite (TCL) pour 'estimation de la probabilité de ’événement rare.

Mots-clés : simulation d’événement rare, diffusion & paramétre markovien, branchement multi-niveaux,
stratification, théoréme central limite (TCL).
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1 Introduction

Rare event simulation requires acceleration techniques to speed up the occurrence of the rare events under
consideration, otherwise it may take unacceptably large sample sizes to get enough positive realizations, or even
a single one, on average. A well known technique is importance sampling, whose idea is to change the probability
laws driving the model in order to make the events of interest more likely, and to correct the bias by multiplying
the estimator by the suitable likelihood ratio [13]. An alternative technique called multilevel splitting does
not need to modify the probability laws that drive the system; this means that the computer program that
implements the simulation model can just be a black box [I2]. The idea of the splitting is to express the small
probability of rare event to be estimated as the product of a certain number of larger probabilities, which can
be efficiently estimated by the Monte Carlo methods. This can be achieved by introducing sets of intermediate
states that are visited by stochastic process one after the other, in an ordered sequence, before reaching the
final set of rare event states. The probability of rare event is then given by the product of the conditional
probabilities of reaching a set of intermediate states given that the previous set of intermediate states have been
reached. Each conditional probability is estimated by simulating in parallel several copies of the system, i.e.
each copy is considered as a particle following the trajectory generated through the system dynamics. Each
particle branches (i.e. the trajectory splits into a number of independent subpaths, which subsequently evolve
independently of each other) as soon as it enters the intermediate states, which is usually characterized by the
crossing of a threshold defined by an importance function. Reaching intermediate states is more likely than
reaching the rare event states, and by splitting at each threshold the chances to reach the rare event states are
increasing. Several strategies have been designed to determine the importance function, to decide the number
of splits at each level, and to handle the trajectories that tend to go in the wrong direction (away from the rare
event of interest). The most difficulty is to find an appropriate importance function, a poor choice can easily
lead to bad results [0, [7, [I0]. One of the best-know versions of splitting is the RESTART method [14] [I5] [16].

The multilevel splitting technique can also be considered as an interacting particle interpretation (IPS) of
the Feynman-Kac models, a general framework presented in [4]. This abstract Feynman-Kac formulation gives
a powerful tool which in particular allows to establish a Strong law of large numbers and a central limit theorem
for the estimate of the rare event probability [4] [5] [3].

Owing to the increasing demands for modelling large-scale and complex systems, switching diffusions (a
subclass of hybrid processes) are lately receiving growing attention [II, [0, 17, 2]. A distinctive feature of these
systems is the coexistence of continuous dynamics and discrete events; they also satisfy the strong Markov
property. While in theory the IPS approach is virtually applicable to any strong Markov process, in practice
the straightforward application of this approach to switching diffusions fails to produce reasonable estimates
within a reasonable amount of simulation time. The reason is that there may be few if no particles in modes
with small probabilities (i.e. "light" modes). This happens because each resampling step tends to sample more
"heavy" particles from modes with higher probabilities, thus, "light" particles in the "light" modes tend to
be discarded. By increasing the number of particles the IPS estimates should improve but only at the cost of
substantially increased simulation time which makes the performance of IPS approach in switching diffusions
similar to one of the standard Monte Carlo. To avoid this, a conditional "sampling per mode" algorithm has
been proposed in [9]; instead of starting the algorithm with N particles randomly distributed, we draw in each
mode j, a fixed number N7 particles and at each resampling step, the same number of particles is sampled for
each visited mode. Using the techniques introduced in [4] [IT], we recently established a law of large numbers
theorem as well as a central limit theorem for the estimate of the rare event probability as the number of
particles increase to infinity.

The rest of the paper is arranged as follows. In Section 2, we introduce the abstract of Feynman-Kac
and particle theory in the context of multilevel splitting and we adapt this framework to take into account
the discrete modes of the switching diffusion. In particular, we detail the conditional "sampling per mode"
algorithm. The Section 3 is devoted to the asymptotic behaviour of algorithm as the number of particles tends
to infinity. Using an approach based on a martingale decomposition, as presented in [4], we establish a law of
large numbers and a central limit theorem for the particle approximation of the rare event probability. Finally,
Section 4 summarizes the paper and outlines a number of directions for future research.

RR n° 7499
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2 Multilevel Feynman-Kac distributions

2.1 Formulation

We consider a switching diffusion Z = {(Xy,6;);t > 0} taking values in R x M for some d > 0 and M =
{1,---, M}. More precisely, Z; is a two-component Markov process such that (X;) is a continuous component
taking values in R? and (6;) is a jump process taking values in the finite set M; it can be described by

dXt = b (Xt, 915) dt + o (Xt, Qt) dBt7
and
P(et—i-At = ]|9t = i,Xt = Z‘) = A”(.Z‘)At + O(At), Z 75 ]

where B; is a d-dimensional standard Brownian motion, b(-,-) : R® x M — R™ and o(-,-) : R" x M — R"*4,

Throughout the paper, we assume that Z is a strong Markov process and we denote by 7y the law of Zj.
Let D € R be some closed critical region, in which the continuous component of Z could enters but with a
very small probability. Let us introduce an embedded sequence of closed regions

[0,00) x D=D,, C---C Dy C Dy C [0,00) x R,

which are usually defined by
Dy = {(t,z) € [0,00) x R?: h(t,z) < cx},

where h is some lower semi-continuous function, called the importance function, and the cylinders B = D x M
and Ay = Dy x M. Set the corresponding hitting times

T, = inf{t >0: (t, Zt) S Ak} = inf{t >0: (t,Xt) € Dk},

which satisfy
0=To<Th <---<T,=Tp.

To capture the precise behaviour of the process Z in each region, we consider the random excursions Zj of
7 between the successive random times T;_1 and Tj. More precisely, we introduce the discrete-time Markov
chain Z = {Zy,k =1, -+ ,n} with value in the excursion set E, defined by

Zp = ((t, X4,0:), Te .1 NT <t <Tp AT),

with t AT = inf{T,t} and T a deterministic or stopping time. We observe that these excursions can be
decomposed in a string of diffusions, one by discrete mode; each of them having a random length. The non-
homogeneous Markov kernels My, which describe the Markovian transitions of the Markov chain Z, are defined
for all excursion e and all functions f on E by

My fe) = E[f(Zr)[Zh—1 = €].

To check whether or not a given path e = ((¢,Z;),t1 <t < t3), starting at (¢1,Z,) € Ax—1 at time ¢; , has
succeeded to reach the level Ay at time t5, it is convenient to introduce the terminal point 7(e) = (t2, Z;,) of
the excursion and the indicator functions g defined by

9:(€) = Un(e) € Ax}
and to capture the discrete component, we introduce the potential functions
gile) =1 : jeEM
HE) = Un(e) € Dy x (5} ’

giving the following decomposition

ge(e) = > gl(e). (2.1)

JEM
With these notations, and for each k, we have T}, < T if and only if g;(Zx) = 1, and we have T}, < T with
Or, = j if and only if gi(Zx) = 1, hence
1 = gx(Zg), and 1 o =g (Z).
{T, <1} = IRk {1 <T,01, =35} — Jk\~F

RR n° 7499
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Now define for k = 1, - -+ , n the so-called unnormalized Feynman-Kac measures, 73 and 7 on the path space
F in such a way that the integral of all bounded measurable functions f relatively to these measures are given
by

(F) = BIf ()91 (Ze-1)] = B [F(6 X000, Teor S¢S TAD gy <1y
T(F) = E[f(Z)ge(Za)] = E [ (4. Xe,00), Timy < ¢ < Typ, < 7y
In particular, when f is the constant function 1, we obtain
V(1) =P[Tp—1 <T], and k(1) =P[T, <T].

The Feynman-Kac distributions n, and 7y are derived by normalizing these measures,

me(f) = 28 g (4 X0 00), Teoy <1< T AT T < T1,
(1)

()= 20 (s, %00, Ty <t <TOT <),
k(1)

and using the convention 7_; = 0 leads to the observation that vy = 7.
We observe that

Yn <1y =Yy <71 < T}
or equivalently
96(Zk) = gr—1(Zk—1) 9k (Zk),
hence

PN nd Pl f) — e (foe) — me(fogr)
Y (foe) =(f), and  Mk(f) = @) (o) (2.2)

and more interestingly, how the probabilities of transition from one region to the following are related to the
Feynman-Kac distributions,

m(gr) =P[Te S T|Tpoy < T):= P, mi(g]) =PI < T,0g, = j|Th—y < T] := P].
From now on, we assume that not only Py # 0 for all &, but also that P,z are non zero all modes j € M.

Furthermore, the “unnormalized models” (v, %) are related to the Feynman-Kac distribution flow (1,)p<k ,
by the following key formula

k—1 k
() =m(f) [ molgp)  and () =0(f) [ molgp)- (2.3)
p=0 p=0

In order to keep trace of the discrete mode, we construct for any j € M the unnormalized Feynman-Kac
measures 7y, and 73, defined by

A =B [F@R)gf ()] =B [£((6, X000, Tea SLSTAD g | <700 =y

T =B [FZ0)gl(20)] = E [ £((t X1,00), Teer << TOg, <79, — 3 -

The Feynman-Kac distributions ni and ﬁi are derived by normalizing these measures, respectively

Ui(f) = Wi(f) =E [f((t7Xt79t)7 Tk’—l S t S Tk A T)|Tk—1 S Ta 0Tk71 = ]] )
vi_(l)
o () _ Ny
m(f) = (1) =E[f((t,X:,01), The1r <t <Tp)|Ti < T, 01, =j].
k

We observe that
1{Tk <T,0p, =3}~ 1{Tk71 <T, T, <T,0p, =3}

RR n° 7499
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or equivalently , 4
91 (Zk) = gr—1(Zk-1)g7.(Zk),

hence

_wlfgl) _ m(fah) (2.4)

w(fgh) =70(f), and () 7 I
Y (g1) (91,

Clearly, we have the decompositions

Te= D Wil k1= Y Wiy (2.5)
jEM jeM
where 4 4
o mklg) ) .
wy, = k(gh) = =12 POy, = j|T <T). 26

2.2 Feynman-Kac semigroups

Previously, we have introduced the Feynman-Kac distributions 7. Now, we will investigate the time evolution
of the Feynman-Kac flow (n; 0 < k < n). In fact, from the Markov property of the process Z, we see that

Ve(f) = E[gk—1(Ze-1)E [f (Z6)| 2 -1]] = ve-1 (ge 1Mk f) = Fp—1 (Mi f) (2.7)
and in the context of switching jump diffusions, for any j € M
) = E |ghoy (B DE [0 Z]] = w1 (g2M0 ) = Fhy OV ). (2.8)
These formulas suggest the introduction of the linear operators Q; and Qi defined respectively by
Qrf=ge 1M f and Qf f =gl M f. (2.9)
An immediate consequence of and is that 7, and ’yi, satisfy linear equations of the form
Yo =-1Qr and v =y%_1Q1. (2.10)
Nevertheless, we seek the evolution of the normalized Feynman-Kac measures 7 and nﬂ that we suscept to

be nonlinear. To establish it, we introduce the mappings ®j, from the set of measures Pr(E) = {n: n(gx) > 0}
into the set P(E) of measure on F defined by

n(fagr)
n(ge)

Qr(n)(f) = Yr—1(n) My f), with Wr(n)(f) =

It can now be easily verified that the Feynman-Kac flow is the solution of a nonlinear measure-valued dynamical
system
Nk = Pp(Mk—1), (2.11)

Since Wy (nr) = Nk, we see that the recursion (2.11)) involves two separate selection/mutation transitions

M € Ppo(B) 22U 5 Uy (ny) € P(E) 22U 1 = My € P(E). (2.12)

In the specific case of switching jump diffusions, we introduce for any j € M the following transformations

j j I n(9if)
PLON(F) = Wy () M f) with Wi (n)(f) = ——,
n (gk-)
and from ([2.4), we check that
ﬁi = ‘I’i(nk), and 77@1 - @i“(mc) = ﬁiMk—&-l- (213)

RR n° 7499
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Furthermore, the operator ®; can be written as the weighted sum

Do) = 3 W) i) (2.14)

S0 1(gk-1)

and from ([2.6)), we deduce the particular case

k(Mk—1) Zwk 1 le 1)-

JjEM

We have seen how the measure 7, is related to the previous measure 7,1, but we will need to express 7,
in terms of n, for all 0 < p < n. Nevertheless, the evolution being nonlinear it is easier to start by considering
the evolution of v, and 7, since a straightforward iteration of leads us to introduce for any j € M, the
linear semigroups @, and @ , , defined respectively by

p,n’
Qp,n = Qp+1Qp+2 o Qn, Qg),n = Qp+1Qp+2 T anlQ?rlz = Qp,nlezw (215)
with the convention @, , = Id. We remark firstly that
Qp,n 1= Qp,n—l In—1, Qp, Qp n—1 gn 1
Secondly, we get
1 (f) = Tp (Qp,n f) _ (Qp,n f) (2.16)

Yp (Qpn 1) B Np (Qpn 1) ’
and, for any j € M

M) =w (@) W) =T (2.17)
Np (Qp,n 1)

Note that an immediate consequence of (2.16]) and (2.17) is that

M (Qpn 1) = = || 74(94), and m,(Qy,1) = : (2.18)
P P 'Yp(l) H a\Jq P( P, ) ’Yp(l)
We obtain also ]
, Jo1

W = M (2.19)

1p (Qpn 1)

2.3 Interacting particle system approximations
2.3.1 Introduction

From a pure mathematical point of view, particles methods can be interpreted as a kind of stochastic linearization
technique for solving nonlinear equations in measure space. The idea is to associate to the nonlinear dynamical
structure a sequence & = (¢1,---  €N), of N excursion-valued particles, such that the empirical measure
of the configurations converge as N — oo to the desired distribution 7.

More precisely, at time k, we consider the particles

& = ((t,X},0), ;Ti, <t <T{AT) € EU{A},

& = (%10, 5 Ti_, <t < Ti) e BU{A},
where A stands for a cemetery point that we introduce here to take into account the possible stopping of the
algorithm. The random lengths of the corresponding excursions §k and f L are Tk ANT — Tk ; and Tk Tk 1
respectively.

The interacting particle system (IPS) approach consists in approximating the two step transitions (2.12) of
the system (2.11)) by the two step transitions

N
1 selection  ~ mutation
N N .
= — i — : —n = — 2.2
Mk N Z 6§k Mk N Z 6§k Nk+1 = N g k+1 (2.20)

i=1

RR n° 7499
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So, starting from an approximation 7Y to 79, during the mutation transition EA;C — &k41, each selected particle
E;; evolves randomly according to the Markov transition Mg, independently of each other. The selection
transition &x41 — Ekﬂ is defined as follows: only some of the particles &1 have succeeded in reaching the
desired set Aj.1; unless the amount of these is equal to zero (in this case, the algorithm is stopped), we sample,
randomly and independently, the N particles fAkH distributed according to the distribution \I/k+1(n,]cv+1).

The IPS is nothing else that a sequence of nonhomogeneous Markov chains on the product space EV with
transition kernels given by

N
P(& € dorlér) = [ @r(nd)(da?),
1=1

N
P(& € dzlgh—1) = [ [ Mr(&h_y. d2").

i=1

Nevertheless, the classical IPS algorithm is not really suitable for switching jump diffusion, mainly because
of the potential existence of discrete modes with very small initial probability. To avoid the particles never been
drawn in these “light” modes, a conditional “sampling per mode” algorithm has been proposed in [9]; instead
of starting the algorithm with Ny particles randomly distributed in Ag \ A; according to 79, we draw in each
mode j, a fixed number N7 particles in (D \ D1) x {j}, randomly distributed according to the conditional law
n3. Resampling per mode allows us to avoid loss of “light” particles in “light modes”, and so helps to maintain
fixed number of particles in each mode. We will see hereafter, that the empirical measure 77,J€V is a weighted sum

of the conditional empirical measure nk"N (see (2.5))

, ) , 1
N _ iN 3N _ K : N
n, = g wp My = g 51«551';’ with 7" = N E 651?’
Vi K K

where the three sums are taken over, respectively, all discrete modes containing at least one particle, all particles
and finally all particles in the discrete mode j. Nevertheless, the total number of particles can decrease, typically
if one or several modes become empty at some time, and it can also increase, typically if one or several of these
empty modes become non empty at a later time. That means we have to introduce the total number Ny of
particles, at each step k.

2.3.2 Detailed description

Prior to the detailed description of the IPS, it is convenient to introduce some notations. Let J; be the set of
non empty discrete modes after the end of the step k, with the convention Jy = M, and for each j € Jy, let

Ji={k : m(&) € D x {j}},
Tl ={k : m(&) € Dy x {j}},
N=1\J 7.

j€JK

be respectively the set of (labels of) particles £ which have reached before the final time T the set Ay = Dy x M
in the discrete mode j, the set of (labels of) selected particles & whose terminal point is in the discrete mode

Jj, and the set of (labels of) all the selected particles &
As the total number of particles can decrease as soon as none of the particles have succeeded to reach the
desired level in some mode, we need to introduce the following sequence of integers

R )= X v = SR,

JjE€Jk JEM

where ]\Afg = NJ if j € J, and NIZ = 0 otherwise. Thus, our model is not restricted to a fixed population size
but it takes values in the state space

E = | J({p} x [0,00)" x E?)

peEN

RR n° 7499
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with the convention E® = {A}; the parameter p represents the size of the system. It is advisable to observe
that we can have N,g = = N7 while N i =0, then the size of the population can increase or decrease by jumps.

We associate with the time evolution of this model
lection 505 0 m ion
(Nk, Bror ) 2 (N, By €) T2 (Njei1, Brts Ex1) (2.21)
the canonical filtrations Fj, C F\k C Fyy1. Then the IPS algorithm is conducted inductively as follows:

Initialization: For each j € Joy, we sample N7 particles & = & = (0, (X&,5)) ~ 1. Let wl = P(6y = 7),
then the empirical measures of particles 7}’ and 7}’ are given by

No
o . 1
N 7.3, N K . N
ny = E wpmy T = g 56 553, with 7" = N7 g 653’

JEM k=1 KEJ]
No
SN _ J~i N _ : ~,N _
Mo = E Wollo = E 50 Srm with 7 NJ E gm
JEM KEJJ

where 85 = B = w) /N7, for each k € JI = JI.
At each step k, the empirical measure ﬁfcv will be given by

Z ﬂk Z ‘*’kNAJN’ with ﬁiN = % Z 02,

wEIN Jedy KET]

and the weights wk"N are nonnegative and such that Z] A wk = 1. Clearly, ﬂk = wj N/NJ for each Kk € JJ
We notice that the particles in the same discrete mode have the same weight, or in other words, the weight of
a particle depends only on the mode, i.e. on its discrete component.

The mutation transition fk — &k41 at time k + 1 is defined as follows. If Nk = 0, the particle system

dies and we set Ni41 = 0. Otherwise during mutation, independently of each other, each selected particle fk
evolves randomly according to the Markov transition My 1; in other words,

ferl = ((t7X570?)7 TI? <t< TI?+1 /\T)a

is a random variable with distribution M4 (EAZ, -). More precisely, we set T}* = ’T\,j and the path ((¢, X[, 07), t > T{)
advances randomly as a copy of the process ((t, Xy, 0;),t > T}), i.e. according to the dynamic of the switching
diffusion, starting at (7}, )A(T:,gT;) and up to the first time T}, | it visits Ay, or up to T', whichever occurs
first. During this transition, the total number of particles does not change, so we set N1 = ]Vk

The weight of each particle is set as 37, | = EZ and the N-particle approximation measure is given by

; 1
N o — " 0ek = w]NJN with A — ek
Mke+1 EA, Br+1 & E , ko M1 Met+1 = 75 EA &
HGI,iV JEJIk HGJ,JC

We easily verify that
E [Uljcvﬂ(f )

ﬁk} = Y Mg f- (2.22)

The selection transition &1 — E,M is defined as follows. From the Nyy; particles §,i+1, only some of
them have succeeded to reach the desired set Ay, 1; we recall that

J1g+1 ={r : 7(&41) € Diy1 x {j}}

and we set

N J
= U e
JjEJk

If I 1 = = (), then none of the particles have succeeded to reach the desired region; the algorithm is stopped

and §k+1 = A. Otherwise, it may happen that there are some j for which Jk-',-l = (), but as long as Ik+1 is not
empty, we still continue the algorithm.

RR n° 7499
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For each mode j such that J,z g F (), we need to sample N7 particles in this mode. Nevertheless, more
or less than N7 particles may have reached the set Dyi1 % {j}, so we need to resample N J particles among
the particles &, |, with x € J,iH. If |Jlg+1| < N7, then not enough particles have managed to reach the set

Dy41 x {j} before the final time T, and these successful particles should be replicated, whereas if \J,i al>N 7,
then too many particles have managed to reach the set Dy x {j} before the final time T, and some of these
successful particles should be eliminated. R N

More precisely, we choose randomly the N7 particles £ 1 K E T 41, identically distributed according to the

distribution
; Bi
o/ N )= E L 2 S— I Y
b1 () , (Z,{eﬂ Bri1 St

J
wEJ) L, k1

By construction ka is the copy of a successful particle {f | with 7 € Jkﬂ, necessarily T, k=T < T Each

particle {7, | for k € le+1 branches into a random number of offsprings MJ’ +1 and the sequence (M]iﬂ, K € Jk+1)
is distributed according to a

. . K )
(Mf,, k € Ji,,) = Multinomial | N7, 6167“,{ wedi ).
ENEJ ﬁk+1

k+1

For each j € Ji4+1, we obtain

1
N _
st = NJ 2.0 &y N Z k+15§k+1

reJy KEJ]

k+1 k+1

namely, we approximate the empirical measure \I/k +1(7711<V+1) by a new probability measure whose atom weights
are integer multiples of 1/N7.
Furthermore, the mechanism is such that for any bounded test function f, we have

E (N (DI ) = W ) (), (2.23)

and

. 2 . 2
E ([0 - W ()] Vi) = v (1.9 att) < L (2:24)

where var(f, pn) = u[(f — p(f))?] and || ]| = sup [f ()]

The total number J/\\TkH of particles E;; 1 and the weights wij_vl are given respectively by

77k+1( ] )

]vk+1 = N7, and wi™, =7 g .
Z k+1 — k-‘rl( k:-l—l) nk+1(gk+1)

J€Jk+1

It follows that

/8/{
‘*’k+1 Z 3k+1 Z (M)

KET) KEJ] RELT

As the particles Zg 1 in the same mode have the same weight, we deduce that for any x € j,z 11
5 1 B
koo T +1
ﬁk+1 - Nj Z (Z ﬂ[{/ .
KEJ] €I, PRt

Using (2.3) and (2.6)), we also introduce the measures 7Y and 77" defined respectively by

n—1

W) = () T 0 (gp) and 2N (f) = NN O N (f),

p=0
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as approximations of v, and 77 . In particular for f = 1, the IPS algorithm provides

() =TT @) =11 D 8
p=0

p=0rerlN

as an estimate of the rare event probability P(T}, < T) = yn41(1). In other words, v ;(1) is the product of
proportions of excursions having entered levels Ay,--- | A,.

3 Asymptotic behavior

In this section, our aim is to examine the asymptotic behavior of particle approximation models as the number
of particles tends to infinity. We start with the analysis of the unnormalized measure ;Y and we show that this
approximation has no bias. We follow the approach used in [4] which is based on a martinagle decomposition.
Finally, we establish a central limit theorem for unnormalized particle approximation measures.

3.1 Law of large numbers
We begin by introducing some useful formulae and inequalities. Firstly, on the event {Nj > 0}, we have
E@r (DIF) = Y B i (AIF) = D wp el () = L)), (3.1)
Jj€Jk j€Jk
7,N

since wy" = ng(gi)/n{cv(gk) € F}.. Introducing the integer Ny, defined by Niye = inf{N7 : j=1,--- M}, we
deduce that

B ([0 - w05 = 3 G g wiay < i 3 CEL ST g
k k , NJ PR o ! Ni o mf
jeJT* JEJk
Secondly, when Jj, # 0 we obtain by that
E(nI]cVJrl( Fkak> Zw{cNE (A]N (Myg1 f) Fk:)
JE€EJk
= > WML mY) (Mygr f)
J€Jk
= Z Wy N(I)i-u (m)(f)
J€Jk
’)7 .
J€Jk 7716
= @1 (i) (),
where we used for the last line. It follows easily that
E (01 (N)1Fx) = @rra (i) (f)- (3.3)
As the particles £ | are independent conditionally to ﬁk, we get
. . 2| . 1 . .
E <[ni’+N1(f) — 0, ) ()] ) = Y (Vialf = @], )N)?)
E [],N(f) (I)] (N 2F _ 1(1)] N —‘bj N 2
M1 E+1\"k )(f) k] = NJ ]{;+1(77k )(Lf k+1(77k YOI7) -
Hence, we deduce the following
9 wj,N 2 f 2
([ () - o)) 1) = 3 Ch D (10, ) < (3.4

J€Jk
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Now, we study the difference between the particle measure 7Y and the limiting Feynman-Kac measures ~,,.
Following the approach given in [4], we use the decomposition for each bounded function f

LN, > 0}% =y [ (N, > o}%ﬁv(Qp,n H=YN, ;> O}Wﬁl(Qp—l,n f)}
p=1
+ [0 (Qon £) = %0(Qon f)] - (35)
In other respects, since
v, soy=4n,_ >0 N, >0 =N, >0 ~ YN, >0, N, =0}
and

N _
N, 1 >0,N, =01 =0,

we conclude that
LN, > 011 @1 ) =Ly s 01 %i (D (Qp(Qpin 1)
=N,y > 037 D851 (@pin £),
and
LN, > O}W;J,V(Qp,n )= LN, > o}ﬁév(Qp,n )
=N, > 0% W (@pn f)-
This yields the formula
LN, > 03% @ D) = LN s 03 %1 (@o1n ) (3.6)
=1y, > 01 O 1) Qe /) = 2000 1) Qo £)]
On taking expectation and using we thus deduce that

IE[’yéV(me f)— 7;1;\/—1(6217—1,71 f)le—l} =0
Proposition 3.1 For any n > 0 and bounded function f, the R-valued process T'. ,(f) defined by

F:Dm(f) = 1{]\7p > ()}’Y;jav(Qp,n f)— ’Yp(Qp,n ), p<n,

is an F-martingale with increasing process given by the formula

ol = DN, 4 > 03 0 D) E ([ Qi ) = @40} ) (@Qun ) 1Py )

2
+E ([ (Qon /) = m0(Qon 1)) . (37)
ProOF. For all function ¢, we deduce from (3.5)) and (3.6)) that

P

LiN, > 0y (¢ Z DN, > 0y [0 (@Qup @) = 240 1)(Quyp 0)]

+ [W(J)V(QO,p ¢) —n0(Qop ¢)] .
Therefore by choosing ¢ = Qp.n f, we get

Z Ny > 0}7q ( ) [név(Qq,n f) - cI)q(77¢]1\£1)(Qq7n f)] + [néV(QO,n ) = m0(Qon f)] )

and (3.7)) is a clear consequence of the above decomposition.
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Remark 3.2 We can also express I', ,(f) as Tpn(f) = > e I3, (f), with

JEM
F%,n(f) = 1{|JZJ)'_1| > 0}'7;7N(fp) - ’Y;J;(fp)v

since
N N
— 1. . Js ’
and
1 g =15 j =1y :
{Np >0 [Jp_al >0} H{Np—1 > 03 y_4| > 0} {|Jp—11 > 0}
Furthermore, from (3.5) we deduce that

p . . .
Fgm(f) = § :1{|Jj > O}VZ’N(U [né’N(Qq,n ) — <I>§(77(§V_1)(Qq,n f)] + wp [W(j)’N(QO,n ) =m(Qon f)] .
q=1 -

We also can check that for each j € M, the process I‘Jn(f) is an F-martingale.

Corollary 3.3 For any n > 0 and any bounded function f, we have
E(’Y'r]zv(f)l{]\]n > 0}) =T (f);

and
b*(n)

sup E (|1 N — Y 2) < 2

f:\|f|P§1 ([ {N,, > 0}"n (f) = ()] ) < o

PrOOF.  The first assertion follows from the martingale property of (I', ,(f)), whereas the second follows
from the martingale property of (I'2,,(f) — (I'..n(f))p)p and the observation that in view of (3.4)

b(n)

2
e A1

E (T n(f))n) < (n+ 1>%n FlI2 =

This corollary shows that the IPS approximation ;¥ of the unnormalized Feynman-Kac measure +,, has zero
bias and mean-square error (or variance) of order 1/Nj,s. The end of this section is devoted to showing that
similar results hold for the IPS approximation 72 of the normalized Feynman-Kac distribution 7,, as well: the
bias is of order 1/Nj,s and the mean square error is also of order 1/Nj,¢. The second statement follows readily
from the decomposition

LN, > 0y (F) = m(f) LN, > 037 (1) = m(1)
1, 5 o () = m(f) = =00 g, s gy (02O ,

which implies

1/2 o 1/2

[E ’1{Nn >0y (f) = nn(f)ﬂ < LN, > o1 (F) = m(f)

Yn(1)

v, > () =5[]

+ 1141 |E oy 7

using the triangle inequality, hence

1/2 2b2(n)

sup [E‘l{Nn>o}7h]zV(f)_77n(f)ﬂ Sm'

FIfFlI<1

Now, we address the estimation of the bias. Firstly, using Chebyshev’s inequality, we also deduce the
following corollary
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Corollary 3.4 We have

P (WO, > 0 2 m(1/2) 2 1= 5
for some constant a(n).

Now, we use these results in the analysis of the normalized particle model. Arguing as in the proof of
Theorem 7.4.3 in [4], we write the following decomposition

() = ) 1, > 0) = 2R DI, > o) (38)

1
where f, = (f = nn(f)). Since v, (frn) = 0, then lj also reads

Yn(1)

(' () = m(H) Ly, > 0y = 35((11)) (%V(fn)l{Nn S0y vn(fn)) LN, > o1

Now by Corollary we have (%11\/ (fu)l (N, > 0}> = Y, (fn) this implies that

E [ () - D) 1, > 0]

- [ng((ll)) <1 - 7jv((ll))) LN, > 0} (’Viv(fnﬂ{Nn >0}~ vn(fn))} .

If we set h,, = , we get the formula

1
Yn(1)

B[00~ 1) 1, > 0y) = —E| B (1, 5 0y = 2m0) (39

N
X ('Yn (fn)l{Nn >0}~ 'Yn(fn)) I{Nn > ()}:|
Now, let QY be the set of events defined by

(1
Q) = {75(1)1{]\[” >0} 2 n(1)/2} = {’ZN((l)) <2and N, >0} C {N,, > 0}

n

which satisfies P(Q) > 1 — a?(n) /Nyt according to Corollary If we combine this estimate with (3.9), we
find that for any f with ||f]| <1

’E [ (5 = ma(5) 1, > 0y ‘

<le [ ()~ mat) 1 ]| + 2P (02)

)5

<2E <‘7£V(hn)1{Nn > 0} - 'Yn(hn) Vg(fn)l{Nn > 0} - ’Yn(fn)

By Corollary [3.9] and the Cauchy-Schwarz inequality, this implies that

‘]E {(nﬁ’(f) — 1 (f)) Len, > 0}} ’ = ij(i:f).

Finally, we get that

B[ (1, 5 0y~ (]| < T+ BN, =0

Now, we need to estimate the extinction probability of the algorithm. In [4, Theorem 7.4.1], a tricky proof
gives the following bound for the extinction time 7V of the general particle algorithm

P(rN > n) < a(n)e N/,
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Nevertheless, we can apply this bound with Nj,¢ instead of IV, since the extinction time of our algorithm, defined
by the first time n such that all the set JJ are empty, is greater than the extinction time for a classical IPS
algorithm. Actually, we can imagine a classical IPS algorithm with only N7 particles starting all in the mode
J, whose extinction time is clearly less than the extinction time of our algorithm (remember that a mode could
be empty at some time, and non empty again at a later time). Hence, we have obtained the following result

Theorem 3.5 For each n € N and for any bounded function f, we have

sup
fellfII<t

and
1/2 202(n)

sup [E’l{Nn>0}m]y(f)_77n(f)’2] Sm

felfli<t

3.2 Central limit theorem

We now tackle the central limit theorem (CLT) whose importance for stochastic algorithms is well known. We
will follow the approach based on the CLT for triangular arrays introduced in [4]. Nevertheless, as the number
of particles is random, we will need to adapt this approach according to [I1].

In order to introduce a triangular array of random variables, we split up the terminal term of the martingale
(T...(f)) as a sum over the particles, so we obtain

Ng

\/Nrn,n(f) = Zzﬁﬁgl{]\fq_l > 0}7?{(1) [fq(f:;) - (I)q(név—l)(fq)] + \/N [U(J)v(fo) - WO(fO)] )

q=1 r=1

with fy := Qq.n f for 0 < ¢ < n. Introducing the random variables

Xow = VN BN s oyve () [fal€)) — e )(f)], 1< g <m,
X0 = VN BELfo(&5) — no(fo),

we can rewrite VN T, ,(f) in the following form

n Nq

VNTun(f)=>_> XN

q=0 k=1

Furthermore, we can write also

VN Tou(f) = D VN/NIVNIT), (),

JEM

We recall that |jg_1 |= N7, and by introducing the random variables

X = el oYW LAE) - o ()] 1< a<n,
.

X4 = [ 1065~ )]
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we obtain the following form

VNI T ( Z Z XIN Y g,
T

1 KREJ]

Finally, let us mention that Xé\,[n = /N/Ni Xg:,{y for k € jgfl
Henceforth, at the end of each selection /resampling step, the indices of each particle will be ordered according
to the order induced by the modes. More precisely, setting N, = ZJGMN with NJ = N7 if j € J,—1 and

Ng = 0 otherwise, we label the N, = Nq,1 particles (Agtl) in such a way that x € J;_l if and only if the
interval

J—1 J
[ZN;H, ZN;] with NY =0
i=1 i=1

is not empty and x € I;. We remind the reader that for x € (7;71 a particle 7 is an excursion started in
Dy_1 x {j} with j € J,_1. Now, let us introduce some new notations: firstly, we set

Ijl

Ky =No+--+Ng, 0<q<n,

with the convention K, = 0. Secondly, we subdivide each interval [K é\i 1+1, K, éV ] in a the reunion of the
mutually disjoint sub-intervals [K; | +1, K] (j € M), where

KY,=K),+N;+---+N], K)y=K) and K}, =K},

Obviously, for any j ¢ J,_1, such an interval is empty.
We notice that the x-th particle within the ¢-th generation can be associated in a unique way with an integer
k between 1 and KV and a mode j € J,_q: clearly ky . = K ", +rand j =inf{i: Ké\fi > k}. Conversely, for

a fixed integer 1 < k < K., the random integers g, x; and ji are defined by
gr =inf{g>0 : KéVZk}, kp =k — KN

a1 and i =inf{j: K| ; >k},

q

or in other words ¢y = ¢ and ki = & if and only if

KN +1<k=KY,+r<K].

We also check that the set of particles ; such that x € JJ 1 for any j € Jy_1 is the set of particles whose index
% belongs to the interval [KN 1 +1 Ké\fj] which is non empty as soon as j € Jy_1.

Now, we introduce a filtration 9N = {GN k > 1} in such a way that K} is a stopping time w.r.t. §¥. For
any ¢ =0,1,--- ,n and any integer £ > 1, let 2, = FNy v o(&l, -+ &), where 5y = {0,Q} and F)y = F, 4
(forg=1,---,n). Since {Ny, =p} € S"éYp by definition, the random number N, is a stopping time w.r.t. the
filtration ”J"N = { # > 0}, which allows to define the g-algebra J'y = F,. Therefore, the random variable

Kév is measurable w.r.t. Fy.

q;K?

For any ¢ =0,1,--- ,n and any integer x > 1,
{ov =g re=r}y={k =K} +rr<N}CFN T,

since {k = KN, +k} e Fyyand {x < N} € FY, ;. Then, we can define in the usual way the o-algebra
Sy = q;« . by A € GV if and only if AN {qx = ¢,k = K} € T, qm for any ¢ = 0,1,--- ,n and any integer
k > 1. Using this new labelling of the particle system yields

Ky

=2 U,

k=1

where U} : Xé\]: x, 18 measurable w.r.t. GV for any k=1,--- , KY: indeed for any Borel subset B

{Uk GB}ﬂ{qk—q,nkf/i}f{X € B}Yn{qr = q,kx = K},

hence {U}Y € B} € G, since {X[Y, € B} € T} and {qx = ¢,k = s} € FY, .
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Moreover, the random variable K2 is a stopping time w.r.t. GV, since
(KY =k} {gr=qrr=r} ={K) =k}n{k=K) +k 1<r<Ng},
0 if ¢ # n,
{k=KY , +k}nN{N, =k} ifqg=n,

hence {K)' = k} € G since {k = K\ |, + k} € F,_y and {N,, = s} € FY_. We also obtain the following
expression

Now, since K¥ < oo a.s., to apply the Theorem VIIL.3.33 in [8] we need to check the following three
conditions

(1) E(UISR,) =0,

KN

(i) Y E(UNPISN) 5 o,
k=1
K
P
(iii) for all € > 0, I;E (|U,ﬁv|21{|UéV| S 5}|9{€V1) = 0.

However, since U = X

ar.re 18 @ time changed random variable, we need the following result [11, Lemma 4,
Corollaries 1 and 2]

Lemma 3.6 If for any ¢ =0,1,--- ,n and any integer k > 1

]E[Fq,nwr(];\,fn—l] = Fq’

where the random variable ﬁq 18 measurable w.r.t. S"é\fo, then for any integer k > 1, the time changed random

variables Gy, = Fy, ., and Gi = ﬁqk satisfy
E[Gk|Sh 1] = G
If for any ¢ =0,1,--- ,n and any integer kK > 1
Fq,rc S F;7

where the random variable F; is measurable w.r.t. ITL]]YO, then for any integer k > 1, the time changed random
variables Gy = Fy, 1, and Gy = Fy, satisfy

E[Gy|S4] < G-
Firstly, for any k = 1,--- , Ny, the random variable Xé\f,{ is measurable w.r.t. S"é\fn. Moreover,
E [X(J)Yﬁ‘?é\fn—l] = 07

and for any k € Jg
, 1 . ,
E[IXGY 21581 ] = 5 @) var (fom) = Vil
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Notice that 1
N
1 X0 | < —==2llfoll,

VN

hence for any € > 0

XN N < fo =Y (e).
| 0,k | {|Xj | N 6} NJ( H ||) { 1 2Hf0|| S 6} 0,3( )
vV NI
For any ¢ = 1,--- ,n, and any j € J,_1, the random weight vjN(l) is measurable w.r.t. F,_; = 9'(]1\,’0. Fur-
thermore, for any x € jj ; the random variable Xg: is measurable w.r.t. 3"(]1\7 .., Where conditionally w.r.t. the
o-algebra Fj;_1, the partlcles &y with K € J _1, are L.i.d. with common distribution ®(nX ;). Moreover,
B [X](7, 1] =0,

7J
and for k € J,_4

1 ) 2 )
HXJ N|2| q,k— 1] Nj]'{|JJ 1‘ > 0} (’yz’N(]')) Var(fqaq){](név—l)) Vvq]\g,
q—

where the random variables qu’vj are measurable w.r.t. I, f]\fo. Notice that

N (1)
L

X770 < 2|\ fall,

hence for any € > 0,
(™ (1))?
g >ep = = G )
TN
where the random variable Yq]\g (¢) is measurable w.r.t. ;. It follows from Lemma [3.6| that

N |2 N
R =Y, ;(e),

2|\ fall > 6}

E(Ulfzv|9kal) =0

E (JUFPISKC)) = (N/NTR)VT L it we € I3

q—1
and
B (0P Ly o o182 ) < (VNI Y, (/)
hence,
KY n
SE(UPISY) =Y N5 Y. Y NV
k=1 jEM g=1 jeJ, 1
and
KY n
;E <|U,§V|2 LiuN| > 6}|9,1€V_1) < qz::() %;HN Y N.(ey/Ni/N).

We deduce from Corollaryand Theoremthat ”YZ’N(l)l{Uj 1>0 — 73 (1) and var (fg, ®J(n)})) —
o

var (fq, ®7(ng-1)). Now, let p; := N7/N and let N — oo in such a way that for any j € M, the ratio p; is
preserved, or at least the ratio N7/N — p;. Then, we deduce that

72 )
NVOAQ — Mvar (foﬂ?é) ,
; 0
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and )
(v3(1))?

NVHN —
q,J pj

var (fq,né)

in probability. We remark also that |.J; | >0if and only if né\i 1(92_1) > 0, but this probability converges
to PJ _, as N tends to infinity, so if we assume P’

q—1
Zk:"l]E (|Uk |2|9k—1) — Wy (f), with

- ’Yq )? ()
Wn(f Z Z V&I‘(fq,nq) 0 Var(f()ano)

q=1 J

# 0 (a reasonable assumption), we can conclude that

. L (wg_1)2var(fq,773)
= (m(1)) q;) I

J

To obtain the last line, we used the formula ~7(1) = wg_lfyn(l)/nq(Qq)nl) valid for ¢ > 1, and the convention
w’ | = wl. Moreover, we can check that > g=0 2jem N Y N.(e\/N/N7) — 0 in probability. So, we have proved
the CLT.

Theorem 3.7 Let N tends to oo in such a way that the ratios pj = N7 /N are preserved for all j € M. Then,
the sequence of random variables

\/N (1{]\]” > O}’Yr]y(gn) - ]P(Tn < T))
converges in law to a Gaussian random variable with mean 0 and variance W, := W, (gn).

Remark 3.8 The asymptotic variance of the classical algorithm i.e. without sampling per mode is given by [3]

= ()2 S YU )

But, we have

var(fq,nq) = Zw —jvar fqa77q +qu 1 774 fq)) Ug(fq)]a

JjEM JjEM

then V,,(f) can be written as

Valf) - J Var(fq»ﬂé) 1 - j ! [Wé(fq)*ﬂé(fq)]Q
) = 2 2 B(Qunl) | 2 2e 2“1t Th G Ty

Consequently, we check that
wl
Wo(f) < max max <q> Vo (f),

0<g<n—1 jeM Pj

hence, if we are able to adapt, at each step ¢, the number of resampled particles Ng in order that wg R Ng /N,
we will obtain an asymptotic variance less than the asymptotic variance of the classical algorithm.

Remark 3.9 For any ¢ > 0, the function g4, := Qq,n gn is defined for any excursion e = (z(u), s < u < t) by
gq,n(e) = gq(e) P<Tn < T|(Tqa ZTq) = W(e))-

Setting
Ag(t,z) =P(T, <T|T, =t,Zr, = 2),

and introducing the entrance distribution ju, := 7, o 7! give the following identities, since gg = Gq»

nq(gq,n) =Tlq (gq A 077) = ( q ( ) Py p1q ( )
nq[gg,n] =Mq (gq [AZ © W] ) Nq ( ) ([ © 7T]2) Py pq ([An] )
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Moreover, from (2.1]), we also get

o(Gan) = D PIpd (A7), mglgl,) =Y PJ i (177,

JjEM JjEM

with i := 7 o w1, We also notice that, since A" | om = M gq,n, we obtain
My (9a.m) = My (Mg gg.n) =ty 1 (A7 ).

However, we have no so simple expression for 7 (g2 ,), except perhaps by introducing the Markov kernel Rt(ln)
defined by [, Proposition 2.7.1], for any function f, acting on excursions e such that w(e) € A;_1

M, (gq,nfq)
Mg 9g,n

b

R™ f, =

q

so that we can write _ _ _
14 Gpn) = Mp-a (A1 07 B gn) = i1 (A1 B 94.0)-

As with stratified sampling, a small asymptotic variance can be obtained only if the function g, ,, is relatively
homogeneous for each measure 77, i.e. if var(gq n, nq) is relatively small for each j and each g. This is possible if
and only if we have a great variability between the values (nq (9g,n))jem for each g; but the sampling per mode
algorithm has been introduced precisely in order to improve the classical algorithm in that case.

4 Conclusion

In this paper we considered the rare event simulation problem for a switching diffusion, using a multilevel
splitting method adapted to the discrete modes: the conditional "sampling per mode" algorithm. Using the
Feynman-Kac and interacting particle theory, we established a law of large numbers and a central limit theorem
for the estimate of the rare event probability and thus we confirmed that this algorithm has a better asymptotic
variance as soon as the probability to hit the target set fluctuates according to the mode. We also observe that
an adaptive algorithm which will update the number of resampled particles Ng , at each step ¢, in order that
w{l' ~ N. g /N, will give a lower asymptotic variance.

It will also be valuable to deduce from the expression of the asymptotic variance some informations about
the tuning of the algorithm; for example the optimal number N7 of particles in each mode. To improve again
the quality of our estimate, an importance sampling technique can be added in order to make the rare switches
more frequent. This idea has already been explored in [9], and now we think that it will be possible to obtain
a central limit theorem also for this kind of algorithm. Let also mention that a possible Rao-Blackwellisation
strategy could be investigated, based on a partition of the state space in the continuous component and the
discrete modes.
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