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Abstract

In this paper, the numerical differentiation by integration method based on Jacobi polynomials originally introduced
by Mboup, Fliess and Join @, @] is revisited in the central case where the used integration window is centered.
Such a method based on Jacobi polynomials was introduced through an algebraic approach [E, E] and extends the
numerical differentiation by integration method introduced by Lanczos (1956) [@] The method proposed here, rooted
in [@, @], is used to estimate the nth (n € N) order derivative from noisy data of a smooth function belonging to at
least C" 174 (¢ € N). In [id, B}, where the causal and anti-causal cases were investigated, the mismodelling due to
the truncation of the Taylor expansion was investigated and improved allowing a small time-delay in the derivative
estimation. Here, for the central case, we show that the bias error is O(h?"?) where h is the integration window length

+1
for f € C"T972 in the noise free case and the corresponding convergence rate is O(8 nilﬂ) where ¢ is the noise level for
a well-chosen integration window length. Numerical examples show that this proposed method is stable and effective.

Keywords: Numerical differentiation, Ill-pose problems, Jacobi orthogonal polynomials, Orthogonal series

1. Introduction

Numerical differentiation is concerned with the numerical estimation of derivatives of an unknown function (defined
from R to R) from its noisy measurement data. It has attracted a lot of attention from different points of view: observer
design in the control literature [[, E, E], digital filter in signal processing [E, E], the Volterra integral equation of the first
kind [, fi] and identification [} [f]. The problem of numerical differentiation is ill-posed in the sense that a small error
in measurement data can induce a large error in the approximate derivatives. Therefore, various numerical methods
have been developed to obtain stable algorithms more or less sensitive to additive noise. They mainly fall into five
categories: the finite difference methods [[Ld, @, ], the mollification methods [B, , E], the regularization methods
[E, E, , the algebraic methods [@, that are the roots of the results reported here and the differentiation by
integration methods , @, , i.e. using the Lanczos generalized derivatives.

The Lanczos generalized derivative Dy, f, defined in [@] by

3 (" 3 [
th(z):ﬁ[htf(z+t)dt:ﬁ 71tf(x+ht)dt,

is an approximation to the first derivative of f in the sense that Dy, f(x) = f’ (z) + O(h?). It is aptly called a method
of differentiation by integration. Rangarajana and al. [@] generalized it for higher order derivatives with

D) =5 |

1
YnLn(t) f(x + ht)dt, n €N,
1

where f is assumed to belong to C"2(I) with I being an open interval of R and L, is the nth order Legendre

polynomial. The coefficient 7, is equal to w and 2h > 0 is the length of the integral window on which

the estimates are calculated. By applying the scalar product of the Taylor expansion of f at x with L,, they showed
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that D,(ln) f(x) = £ (z) + O(h?). Recently, by using Richardson extrapolation Wang and al. [23] have improved the
convergence rate for obtaining high order Lanczos derivatives with the following affine schemes for any n € N

1
DY) fla) = — / La(t) (an f(z + ht) + by f(z + Aaht)) dt,

) g
n e

where f is assumed to belong to C"*4(I), a,, b, and )\, are chosen such that D,(L";nf(ac) = ") (x) + O(hY).

Very recently an algebraic setting for numerical differentiation of noisy signals was introduced in [@] and analyzed
in [[L9, @] The reader may find additional theoretical foundations in [@, @] The algebraic manipulations used in
[E, are inspired by the one used in the algebraic parametric estimation techniques [E, @, @] Let us recall that
[IL9, RJ] analyze a causal and an anti-causal version of numerical differentiation by integration method based on Jacobi
polynomials
1

(£h)"

1
n d"
D f(x) = /O o {5+ (1 — t)*7) fx+ ht)dt, n €N,

where f is assumed to belong to C"(I) with I being an open interval of R. The coefficient vy, is equal to

(71)”%, where k, ¢ are two integer parameters and h > 0 is the length of the integral window on which

the estimates are calculated. In the authors show that the mismodelling due to the truncation of the Taylor
expansion is improved allowing small time-delay in the derivative estimation. Here in this article, we propose to
extend these differentiation by integration methods by using as in [E, @] Jacobi polynomials: for this we use a central
estimator (the integration window is now [—1,1]) and the design parameters are now allowed to be reals which are
strictly greater than —1. It is worth to mention that in most of the practical applications the noise can be seen as an
integrable bounded function (which noise level is § as is considered in this paper). Another point of view concerning
the noise definition/characterization is given in [@] for which unbounded noise may appear. Let us mention that
the Legendre polynomials are one particular class of Jacobi polynomials, that were used in [@] and [@] to obtain
higher order derivative estimations. Moreover, it can be seen that these so obtained derivative estimators correspond
to truncated terms in the Jacobi orthogonal series. In fact, the choice of the Jacobi polynomials comes from algebraic
manipulations introduced in the recent papers by M. Mboup, C. Join and M. Fliess [@, @], where the derivative
estimations were given by some parameters in the causal and anti-causal cases. Here, we give the derivative estima-
tions in the central case with the same but extended parameters used in [[d, P0). If f € C"*9+2 then we show that
the bias error is O(h?+2) in the noise free case (where 2h is the integration window length). We also show that the

corresponding convergence rate is O(¢ %llﬂ) for a well-chosen integration window length in the noisy case, where §
is the noise level. One can see that the obtained causal estimators in , @] are well suited for on-line estimation
(which is of importance in signal processing, automatic control, etc.) whereas here the proposed central estimators
are only suited for off-line applications. Let us emphasize that those techniques exhibit good robustness properties
with respect to corrupting noises (see [@, for more theoretical details). These robustness properties have already
been confirmed by numerous computer simulations and several laboratory experiments. Hence, the robustness of the
derivative estimators presented in this paper can be ensured as shown by the results and simulations reported here.

This paper is organized as follows: in SectionE firstly a family of central estimators of the derivatives for higher
orders are introduced by using the nth order Jacobi polynomials. The corresponding convergence rate is O(h) and
can be improved to O(h?) when the Jacobi polynomials are ultraspherical polynomials (see [@]) Secondly, a new
family of estimators are given. They can be written as an affine combination of the estimators proposed previously.
Consequently, we show that if f € C"T1+9(I) with ¢ € N the corresponding convergence rate is improved to O(h?+1).
Moreover, when the Jacobi polynomials are ultraspherical polynomials, if f € C"*274(I) for any even integer q the
corresponding convergence rate can be improved to O(h972). Numerical tests are given in Section E to verify the
efficiency and the stability of the proposed estimators.

2. Derivative estimations by using Jacobi orthogonal series
Let fo = f + @ be a noisy function defined in an open interval I C R, where f € C"*!(I) with n € N and the

noisef] @ is bounded and integrable with a noise level &, i.e. § = sup|w(z)|. Contrary to [PJ] where the nth order
xel

IMore generally, the noise is a stochastic process, which is bounded with certain probability and integrable in the sense of convergence
in mean square.



Legendre polynomials were used, we propose to use, as in [E, ], the nth order Jacobi polynomial so as to obtain
estimates of the nth order derivative of f. The nth order Jacobi polynomials (see [B1]) are defined as follows

=S ()7 (8

where o, 3 €]—1, +oc[. Let us denote Vg1, g2 € C°([-1,1]), (91():92()) 0.5 = f_ll W, (t)g1(t)g2(t)dt, where wq, g(t) =
(1 —t)%(1 +t)? is the weight function. Hence, we can denote its associated norm by || - ||a,5.
We assume in this article that the parameter h > 0 and we denote Ij, := {z € I;[x — h,z + h] C I}.

2.1. Minimal estimators

In this subsection, let us ignore the noise w for a moment. Then we can define a family of central estimators of

fom,
Proposition 2.1 Let f € C"* (1), then a family of central estimators of F™) can be given as follows

1 1
Vz € I, Mﬁf() —n/ Pr,a,8(t) f(x + ht)dt, (2)

2 (et p(a)
B(n-i—oz-i—l n+B+1)

Moreover, we have D( sl (@) = ™ (z) + O(h).

(t) wa”(-}(t) 'LUZth B(n+0{+1,n+6+ 1) — F(n+a+1)r(n+ﬁ+1)'

where pna.p(t) = T(2n+atp+2)

Remark 1 In order to compute pp, .5, we should calculate pieP

the computational effort of pn.a.p is O(n?).

whose computational complezity is O(n?). Hence,

Proof. By taking the Taylor expansion of f, we obtain for any 2 € I}, that there exists 6 €|z — h, x + h[ such that

hn+1tn+1
(n+1)!

fle+ht) = f(z) +htf' (@) +-- + FrRo). (3)

Substituting (E) in (E), we deduce from the classical orthogonal properties of the Jacobi polynomials (see [@]) that
1
/ Prapst)t™dt =0, 0 <m <n, (@)
-1

/_ s (17 dt = () (5)

Using (f)), @) and (fl), we can conclude that

1

1
DI @) =15 [ bnnslt) fla+ he)it = £ (2) + O,

Hence, this proof is completed. O

In fact, we have taken an nth order truncation in the Taylor expansion of f in Proposition m where n is the order
of the estimated derivative. Thus, we call these estimators minimal estimators (see , E]) Then, we can deduce
the following corollary.

Corollary 2.2 Let f € C"FL(I), then by assuming that there exists M, 11 > 0 such that for any x € I, ’f("*‘l)(ac)’ <
M, 41, we have

| D st @) = 1@ < e, (6)

where Cy = (nﬁl, o Lt Lon.a.p(t)] dt.

When a = § the Jacobi polynomials are called ultraspherical polynomials (see ) In this case, we can improve
the convergence rate to O(h?) by using the following lemma.



Lemma 2.3 Let P,ﬁa’”‘) be the nth order ultraspherical polynomials, then we have

1
/ P (g o (1) 1T dt = 0, (7)
-1

where [ is an odd integer.
Proof. Recall the Rodrigues formula (see [B1])

(=p" d"
2nn! dtn

Pr(zaﬁ)(t)wa,ﬂ (t) = [Wartn,g4+n(t)], (8)

we get, by substituting (E) in (ﬂ) and applying n times integrations by parts, that

(n+1)!
27 (nl)?

1 1
[ e s = SR [ o ®
1 -1

If @ = B and [ is an odd number then wan 4r(t) ' is an odd function and the integral in ([]) is equal to zero. Hence,
this proof is completed. O

Consequently, we can deduce from Proposition @ and Lemma @ the following corollary.
Corollary 2.4 Let f € C"*2(I) and o = B in Proposition @, then we obtain
Vo € I, Dy f(z) = f™)(x) + O(h?). (10)

Moreover, if we assume that there exists My, 42 > 0 such that for any x € I, ’f(”JrQ)(:c)‘ < M, 42, then we have

|pinaf@ = r@)| < G, ()

o0

where Cy = (nj’rgz, f L2 0 asa(B)] dE.

We can see in the following proposition the relation between minimal estimators of f and minimal estimators of

o,

Proposition 2.5 Let f € C""1(I), then we have

n

1 T(a+B+2n+2) ) (0)
Vo € In, DY) ,f(z) = S Tt Brnt D ]Z +J(,) Dy o 15,1 (@), (12)

where o, j = o +n—j and B; = 5+ 7.

In order to prove this proposition, we give the following lemma.

Lemma 2.6 For any i € N, we have

PO, f (@ + ht)) i

aﬁi 1yit+g 7 2i+0[+ﬂ+1 (0)
el 1212 7;0( ! <J) iTat 1 Phens @) (13)

where o; j = a+i—j and B; =+ j.

Proof. Observe from the expression of the Jacobi polynomials given in ([]) that

P 1)) = — 3 G ] G [V ) (14)

(=2 \J J\i—j



we get

<Pi(aﬁ)(t)7f(x+ht)> L io (”,O‘) (“@)(1)]’ /_11 Wan, 5, (t) f(a + ht) dt. (15)

af  (=2) =\ =]

Then, by using Proposition P.1] with n = 0 and Po(ai’j’ﬁj)(t) = 1 we obtain

(@,8) . ‘
<Pz (t)a f(-’L' + ht)>a,B B 7 (’L + CY) (’L + B) (_1)] B(Oéi,j + 1, Bj + 1)2ai7j+5j+1 D(O) f(x) (16)
«, - ; P _9\i «, h,eu 5,85 :
1P AN AV VA 12212 5
Recall that (see [B]])

ez = o Hed i UTE it D ()

il T it arB+1T(a+B+i+ DG +1)
then the proof is completed by using (E) in (E) O

Proof of Proposition E From (H), it is easy to show after some calculations that

(er,3) >
DO ) = L (a+ﬂ+2n+1)<P O, fl+ht) as)
o @h)" T(a+B+n+1) 12212,

Hence, this proof can be completed by using Lemma P.d and ([Lg). O

Now, we can see in the following proposition that the estimates given in Proposition E are also equal to the first
term in the Jacobi orthogonal series expansion of f(™)(z + ht) at point t = 0.

Proposition 2.7 Let f € C""(I), then the minimal estimators of ) given in Proposition @ can be also written
as follows

(P @), 100+ )

Vo € I, D}(ﬁi,ﬁf(z) = (e E atn,f4n Péa+n7ﬂ+n)(0)- (19)
HP ||a+n7ﬂ+n
Moreover, we have
n 0 n
Va € I, DY) 5f(@) = Dihn 5nf (@), (20)

Proof. By using the Rodrigues formula in (E) and applying n times integrations by parts we get

_1\no—(2n+a+pB+1) 1 n
S [l 1o e e

D(") - -
noa,sf (@) hn B(n+a+1,n+p+1) ), din
2—(2n+a+ﬂ+1) 1 (n)
= atn,gin(t) f1 ht) dt
B(n+o¢+1n+ﬂ+1)/_1w+”6+()f (@ +ht)
0) n
:D}(L a+n,ﬂ+nf( )( )

PB4y = 1 and ||PTA)2

Then, by using = 22ntetBHIB(n + o+ 1,n+ B+ 1), we can achieve

this proof.

a+n,B+n

O

2.2. Affine estimators

It is shown in Proposition E that the minimal estimators of f (”)(ac) given in Proposition are equal to the value
of the 0 order truncated Jacobi orthogonal series expansion of f(")(z + ht) at t = 0. Let us assume that f € C"T1(I),
then we define now the gth (¢ € N) order truncated Jacobi orthogonal series of f(")(z 4 ht) by the following operator

o (P, FO @+ )

Vo e I, D\ . f(x+th): Z

+n.f+ +n,8+
motaf EREE P ), (21)

+n,8+ g
||P(O‘ P n)||a+n B+n

1=



Take t = 0 in (RI]), we obtain a family of estimators of f(™(x) with

<Pi(a+n,ﬁ+n)(.)7f(n) (z + h)>
a+n,B+n P'(aJrn,ﬁJrn) (0) (22)

[Pt '

q
Vo € I, D;:Lﬁyqf(x) = Z
L a+n,B+n

To better explain our method, let us recall some well-known facts. We consider the subspace of C°([—1, 1]), defined
by
71, = span {Péori-mﬂ-‘rm7 P1(a+n7ﬂ+n), . 7Pq(a+n7ﬂ+n)} ) (23)

Equipped with the inner product (- Hq is clearly a reproducing kernel Hilbert space [@], [@], with the

reproducing kernel

) '>a+n7ﬂ+n’

q P(aJrn,ﬁJrn)( )P(aJrn,ﬁJrn) (t)

Kq (r,1) = Z P(aJrn B+n) 2 (29)
=0 || ||a+n B+n
The reproducing property implies that for any function f(™ (z + h-) belonging to C°([—1,1]), we have
Ko(-1 1), (")z+h-> = D™ fx o+ th), 25
(Kol 0. 70 @+R)) =D f (et th) (25)

where D,(lnc)Y 3.4/ (x4 h-) stands for the orthogonal projection of f(™)(x 4 h-) on H,. Thus, the estimators given in (2Z))
can be obtained by taking ¢ = 0.

We will see in the following proposition that the estimators D,(I ; B f(z) can be written as an affine combination
of different minimal estimators. These estimators are called affine estimators as in [

Proposition 2.8 Let f € C"1(I), then we have

q . 7
n a+n,f+n 2Z+O‘+ﬂ+2n+1 i n
Vi € I, DY) 5, (@) = S0 PO )2 S (), i@, e

= z+a+ﬁ+2n+1]20

where ¢ €N, a; j =a+1—j and B; = B+ j. Moreover, we have

q . i .
2i+a+p+2n+1 i1
E P.(a"l_naB""n) E — 1)t =1. 2
— (O)i+a+6+2n+1j:0( ) J (27)

Proof. By replacing a by a+n, 8 by 8+n and f(x + ht) by ) (z + ht) in Lemma P.4, we obtain

P_(O‘+n7ﬂ+") t , (n) —+ ht i ) )
(P, s b)) S0 () e ey o IEICRIED

G ) hyo j+n,Bi+n
n)HaJrnaJrn =0 i+a+8+2n+1 J i

Then (Rd) can be obtained by using (20) and (BJ). By using the Binomial relation, (27) can be easily obtained. [

Hence, by using Proposition @ an explicit formulation of these affine estimators is obtained in the following
corollary.

Corollary 2.9 Let f € C"(I), then the affine estimators of ) can be written as

Vo € In, D), fla / Qapmq(t) fla+ ht)dt, (29)
where _
q % . .
" 2i+a+B8+2n+1
o Bnat) = P.(oz-l-n,B-i-n)O —1)itI ¢ na 8. (1 30
Qunalt) =3P O ) e e (30)

with ¢ €N, pp.a, ;.5 given in Proposition and oy j =a+i—3, B =0+7.



Consequently these affine estimators are also differentiation by integration estimators.

Remark 2 Q. gn.q is a sum of %(q +1)(q+2) terms. According to Remark E, the computational effort of each term
is O(n?). Hence, the computational effort of Qu. g.n.q is also O(n?).

It is shown in Proposition P.J that the convergence rate of minimal estimators is O(h). We will see in the following
proposition that the convergence rate of affine estimators can be improved to O(h?™1).

Proposition 2.10 Let f € C"TF9(I) with ¢ € N, then we have
Vo € In, DV 5 f(@) = f™(z) + O(hTH). (31)
Moreover, if we assume that there exists My114q > 0 such that for any x € I, |f(”+1+q) (:c)‘ < Myti4q, then we have
[P st @) = 1 @) < conett, (32)

where Co = (nj;ﬁrf]‘;, f [t 9Qaq 5,04 (t)] dt.

Proof. By taking the Taylor expansion of f, we get for any x € I, there exists £ €]z — h, x + h[ such that

" " prtltayntl+q (n+1+4q)
= f, T [ MR , 33
Fla ) = fusala -+ ht) 4 S fIRH () (33)
2 witd
where fpiq(x+ ht) = Z —f )(z) is the (n + ¢)th order truncated Taylor series expansion of f(z + ht).
j=0 :

Let us take the Jacobi orthogonal series expansion of f, (n +q(ac + ht). Then by taking ¢t = 0, we obtain

(PP (1), 100, (o + ht))

q
fr(li)q( )= Z e a+n,B+n Pi(aJrn,ﬁJrn)(O)_ (34)
=0 ||P ||o¢+n a+n
Similarly to (R2) we obtain
n e
10D = / Quuirglt)fsala + h) (35)

from (R9) where Q. 5.n,q is given in Corollary P by (B().
By calculating the value of the nth order derivative of f,(ﬁr)q at t = 0, we obtain f,(ﬂ)q(x) = f")(z). Then by using

(E) and (@) we obtain

Di(lna)z B, qf( ) f(n h" / Qo B, n,q f(.%' + ht) fn+q($ 4 ht)] dt
7’”7“ T
g [ Qa0 e
:O(thrl).

Consequently, if for any z € T ’f("“*‘q) (m)‘ < My 4144, then we have

Mg
D _ r(n) H < hq+1 n+1+q / n+1+q - dt.
| DA st @) = 0@ < hert o [ Qa0 (0)
O
We can deduce that the affine estimator for f(™ (x) obtained by taking the gth order truncated Jacobi orthogonal
series expansion of f(")(z + h-) can be also obtained by taking the (n + ¢)th order truncated Taylor series expansion
of f with a scalar product of Jacobi polynomials.



n+q
h it
Moreover, let fr4q(z+ht) = fo(z+ht)+re(x+ht) where rq(z+ht) = Z f(J)( ) for ¢ > 1 and ry(z+ht) =
j=n+1 '
for ¢ =0, then (B4) becomes

<P§a*"ﬁ*”><t>, " ( + ht))

+n, B+
”Iﬂa " nma+na+n

a+n,[+n a+n,B+n
RRAE pLtAE (0) 4 R,

|
@MQ

q <Pi(oz+n,5+n) (t), T(n) (:L' I ht)>
where R = atn,B+n Pl(oz-i-n,B-',-n)(O).
HP (a+n,B+n) [

1=0 Ha+na+n

Observe that f{"™ (z+ h-) is a 0th order polynomial, then by using the orthogonal properties of Pi(a+n”6+")

we have

(PP @), (1 (@ + ht))

a+n,f+n  plat+n,B+n)
B (0)
HP(Ol-i-mﬂ-‘rﬂ) H

-
o

a+n,x+n
P 1), £ a4 )

atn,B+n  pH(atn,S4+n) _ r(n)

a+na+n

By calculating the value of the nth order derivative of f q and f(") at t = 0, we obtain fT(ﬁ_)q( )= 7(1") () = i (x).
Hence, we get R = 0. Hence, we can deduce that

1 1
= / ) Qa.p.n,q(t)rq(x + ht)dt =0, (36)

where Qa,4,n,q is given in Corollary P.9 by (B0).

Consequently, () explains why the convergence rate can be improved from O(h) to O(h?*1): the price to pay is
some more smoothness hypotheses on the function f.

If we consider the noisy function f9, then it is sufficient to replace f(z + h-) in (B9) by f%(z 4 h-) so as to estimate
f(z). Then we have the following definition.

Definition 2.11 Let f = f + @ be a noisy function, where f € C**Y(I) and w is a bounded and integrable noise
with a noise level 6. Then a family of estimators of f) is defined as follows

5(
Vo € I, D](l"CY B, qf = / Qa.p.nq (x + ht) dt, (37)
where Qa,B,n,q 1S given by )
In the following proposition we study the estimation error for these estimators.

Proposition 2.12 Let f° be a noisy function where f € C"T1T(I) and w is a bounded and integrable noise with a
noise level §, then

|52 @) ~ 1@ < o0y (38)

where Cy is given in Proposition and Cs = fil |Qa.8,n,q(t)] dt.

1
. a1
Moreover, if we choose h = [ nCs 5} " then we have

(g+1)C2
DI 50t @) = £ @) = 067H), (39)
Proof. Since
|52 07 @) = D 1@ = |20 177 @) — £ < o 1|Qaﬁnq()| dt,



by using Proposition we get

D 7@ = £ @)|| <[P . @) = D g ff @)+ [ Ph s o @) = £

]
< Cth+1 + CB hn’

o0

where O3 = fil |Qa.8,n,q(t)| dt. Let us denote the error bound by ¢(h) = Coh?™! + C5.%. Consequently, we can

1
calculate its minimum value. Tt is obtained for h* = | %5 """ and
(¢+1)C>
1 1\ n+ita n PEEI
’l/)(h*) — n ++ ‘1” q <q + ) C2n+1+q 03n+1+q 5—n,+tiq . (40)
q n
Then, the proof is completed. O

In Proposition .g, we improve the convergence rate from O(h) to O(h9t1) (¢ € N) for the exact function f by
taking an affine combination of minimal estimators of f("). Here, the convergence rate is also improved for noisy

functions. It passes from 0(6#1) to O(6n+1+q) if we choose h = ¢ 7177, where c is a constant.

Remark 3 Usually, the sampling data are given in discrete case. We should use a numerical integration method to
approximate the integrals in our estimators. This numerical method will produce a numerical error. Hence, we always
set the value of h larger than the optimal one calculated in the previous proof.

We have seen in the previous subsection that the convergence rate of minimal estimators can be improved to O(h?)
when a = 8. Let us then study the convergence rate of affine estimators in this case.

Corollary 2.13 Let f € C"T2%9(I) where q is an even integer. If we set o = 3 in @), then we have
Va € I, Dy o of (@) = (@) + O(h7+?). (41)

Moreover, if we assume that there exists M, 1244 > 0 such that for any x € I, ’f(”J””Q) (m)‘ < My 4044, then we have

[P st @ = £ @) < Cone, (42)
where Cy = Zbszse, (1 |n+at2Q, o ()] dt and
2% . .
(atn, a+n) 20\ 41+ 2a+2n+ 1
an Py —1) oo 3. (T 4
Qo §: 03 7 () St s () (13)

with pn,a., ;.8; given in Proposition @ and o5 = a+2i— 7, Bj = o+ 7.
Proof. Observe that Pq(i;r" atn)(_t) = (—1)(’1*1)P;f_f"’a+n)(t) for any t € [~1,1] (see [BI] p.80), we obtain

Pq(j‘_irn’mr") (0) = 0. Hence, (D) becomes

g+1 <Pi(a+n,a+n) (ﬁ), f(n) (.T + ht)>
D(”) a+n,a+n P(a+n,a+n)

h,o 0, f(.’L') = a+n,a+n i (0)
! 1=0 HP( * * )Hoz-i-n a+n

If f € C™2%4(1), then let us take f,, 4411 as the (n+ ¢+ 1)th order truncated Taylor series expansion of f(z + ht).
By taking the Jacobi orthogonal series expansion of ffﬁr)q 11

" % <Pi(a+n,oz+n)( ), fTSTq+1($+ht)>
fn1q+1( )7

e atn,otn platn,atn) (0),
1=0 ||P ||a+n a+n

7




we obtain

DI f(@) = [ (@) =D fa) = £ (@)
1 (P01 @ ) e+ )

a+n,a+n (a+n,a+n)
P (0)
| Ptz

a+n,x+n

iTO X
= ﬁ /_1 Qavaﬁnyq(t) [f(:r + ht) - fn+q+1(£E + ht)] dt

hat2 1
= T 5.\ a,o,m t tn+2+q (nt2+9) ¢/ dt ! —h h
tr ], Qe SN, ¢ o
= O(h?*?).
Consequently, (@) follows directly from the hypothesis on ‘f(n+q+2) (z) ’ Since P_(a+n,a+n)(0) — 0 for any odd integer

K2

i, (i) can be obtained by using (B{). Then this proof is completed. O

Remark 4 According to @/, we can deduce the asymptotic behavior of the number & when h — 0T

|§—= 1
h—ot h  n+q+3

(44)
Similarly to Proposition , we can obtain the following corollary.

Corollary 2.14 Let f € C"2T4(I) where q is an even integer. If a = 3 in Definition , then the estimation error
for pi™ fo(x) is given by

h,o,a,q

HD(”) fo(z) — f(n)(x)Hoo < Cyhtt? Jrcgf%’

h,a,a,q

where Cy is given in Corollary and C5 is given in Proposition .

1

. 7 nFqt2

Moreover, if we choose h = [ nCs_ 6}
i (¢+2)C>

, then we have

q+2

[0 o o7 @) — f O @) = 0,

hoonag -
In the following proposition, if we assume that f € C™~*(I) then we can define the generalized derivative of f(™).
We can see that if the right and left hand derivatives for the nth order exist, then this generalized derivative converges

to the average value of these one-sided derivatives.

Proposition 2.15 Let f € C"~Y(I), then we define the generalized derivative of f™ by
(n) e
Vo € By DN of @) = 5 [ Qunalt) Slo+ )t (45)
where Qa,n,q 15 defined by (@) Moreover, if f_s_n) (z) and fﬁn)(z) exist at any point x € I, then we have

tim DI f) = 3 (@) + 1) (46)

h—0t

where fJ(r") (resp. fﬁ")) denotes the right (resp. left) hand derivative for the nth order.

Before proving this proposition, let us give the following lemma.

Lemma 2.16 Letn € N and Qq n,q be the function defined on [—1,1] by @) where q is an even integer. If n is even
then Qa,n,q 5 also even, odd else.
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Proof. By taking a = 8 in (@), we obtain

q P(aJrn aJrn)

Va € I, D;ﬁi,ayqf(x) = Z (a4n,04n) 12
im0 155 Ha+n a+n

/ P(aJrn OHrn)( DWartn.atn(t)f™ (z + ht)dt. (47)

By using (14) and replacing a, 8 by a +n, we get for | =0,--- ,n — 1
dl (a+n,a+n) 1 ‘ i+a+n I1+a+n . dl
= [~ () watnatn(t)] = e ) G B (0]
§=0

where aj1pnj =a+1i4+n—7, aj;n = @+ j+n. Then, by applying the Rodrigues formula, we get

dl ar+rn,xr+n
i {Pi( et )(t) woz-i-n,a-i-n(t)}

0o/ ) o _ o
- (z + 04. + n> <z + oY +. n) (—1)HiH P7(Law+n—l,11aj+nfl) (1) Warr 1 s et (£),
Z j ,
7=0

t=1J

where i1 j=a+i+n—j—1, ajn_ =a+j+n—1. Hence, we get that ;tl [P(OHF" atn)

0 at —1 and 1. Thus, by applying n times integrations by parts in (@), we obtain

Watn,a+n) are equal to

(71)ni P(oz-i—n,a—i—n)(o) /1 d_"|: (cbrm,atm)

Vz € Iy, DY) | fla) = Pl Pk (t)wm,m(t)} Flz+ ht)dt.  (48)
a+n,a+n ¥ T

=0

By using Corollary E with o = 3, we get

q (at+n,a+n) n
NP (0) 4" [platnatn
Qunal® = (=" 3oy —am [P (g an(?)] (49)

1=0 a+n,a+n

Since P{*T™*™) () = 0 for any odd integer i, (A9 becomes

q

B 2 P(q—i—n a+n) (0) dr atnadn
Qa,n,q(t) = (71) Z (a-|2-zn,o¢+n) _n |:P2(z e )( )w(lJrnanrn (t):| : (50)
=0 ||P21 ||a+n a+n

Since P2(?+n’a+n)(7t) = P2(?+",C¥+n) (t) (See I@]) and waJrn,aJrn(*t) = Wotn,a+n (t), we have

ar (a+n,a+n) o n d" (a+n,a+n)
i |:P21 (t )wa-‘rn,a-‘rn(t)} =(-1) din |:P2i (=t)Watn,a+tn( t)} .

Thus, we have Qu n,q(t) = (—=1)"Qa,n.q(—t). Then this proof is completed. O

Proof of Proposition 2.15. Let us recall the local Taylor formula with the Peano remainder term [BJ]. For any
given & > 0, there exists 6 > 0 such that

(n)
‘f(m + ht) = fu—1(x + ht) — 1= ( )(ht) < &'|ht]™, for 6 < ht <0, (51)
and
S (@)
f(x+ht) — fo1(z + ht) — *T(ht)" < &'(ht)", for 0 < ht < 6, (52)

where f,,_1(x + ht) is the (n — 1)th order truncated Taylor series expansion of f(z + ht). Let us consider the function
g(z) = 2™ the nth order derivative of which is equal to (n!). Thus, by using (R2) we have

Vo € I, DY), 9(x) = (nl).

11



Thus, by applying Corollary @ with a = 3, we get
Vo € I, D) g(x hn/ Qang(t) g(a + ht) dt = (n!).

In particular, by taking z = 0 we get 7+ f_ll Qanq(t) (ht)"dt = (n!). According to Lemma R.16, t"Qa.n 4(t) with
t € [~1,1] is an odd function. Hence, we have ;- f81 Qanyg(t) (Rt)"dt = 75 fol Qon,q(t) (ht)™ dt. Thus, we get

(n)
/ Quna®T=E ity ar = L5 ), (53)
and
/ Qangl ( )(ht) dt:% ™) (). (54)

By using (@) and Corollary P.d with o = 3 we get
Vo € I, haaqfn 1 h"/ Qozn,q fn 1($+ht)d (55)

Hence, by using (5J), (f4) and (F3) we obtain

n 1 n n
Dl = 3 (170 + 1)
1 0 f(")( )
<m | Qa,n,q(t) (f(x +ht) = fa-r(@ + ht) = ———(ht)" ) dt (56)
1 (n)
hln Qa,nq(t) <f(:c +ht) — fa_1(z + ht) — *n!m (ht)”) dt.
By using (), we get
(tmatn) 20\ 4i + 20+ 2n+1 [
/ [Qana |dt<Z‘P ‘Z< )22+2a+2n+1/ ’p”’a%f"ﬁf(t)’dt' (57)

Then, according to () and ([[4) we can obtain that fol |Pnai .8, ()] dt < co. Hence,

1 1
/ |Qa,n,q(t) tn| dt < / |Qa,n,q(t)| dt < oo.
0 0

Consequently, for any ¢ > 0, by using (p), (FI) and (2) with ¢ = 2¢’ fol |Qean,q(t) t"| dt, there exists ¢ such that
0<h<dand

<e.

D el () = % ( (@) + £ (z))

Then, this proof can be completed. O

3. Numerical tests

In order to demonstrate the efficiency and the stability of the previously proposed estimators, we present some
numerical results in this section. First of all, we analyze the choice of parameters for these estimators.

12
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Figure 2: Values of log;q C4 and log;q C3.

3.1. Analysis for parameters’ choice for the bias term error and the noise error

As is shown previously, the proposed estimators contain two sources of errors: the bias term error which is produced
by the truncation of the Jacobi orthogonal series expansion and the noise error contribution. The error bounds for
these errors are given in Corollary . We are going to use the knowledge of the parameters’ influence to these error

b)g=4,n=1,--- 4and a=0,1,---

,10.

bounds. This will help us to obtain a tendency on the influence of these parameters on the estimation errors.

According to Corollary , we set @ = [ and choose the truncation order g to be an even integer. On the
one hand, it is clear that we should set ¢ as large as possible so as to improve the convergence rate and reduce the
bias term error. On the other hand, the noise error contribution is bounded in Corollary by Broise = Cgh%
where C3 = fil |Qan,qg(t)] dt. We can see in Figure El the different values of C5 where n = 1,2, ¢ = 0,2,---,8 and
a=0,1,---,10. It is clear that with the same values for n and «, C3 increases with respect to g.
easy to verify that Cs increases with respect to ¢, independently of n and «. Hence, in order to reduce the bias term
error and to avoid a large noise error, we set ¢ = 4 in our estimators. With this value, according to Corollary the

. i
convergence rate is O(67+9 ).

The bias term error is bounded by Bpias = éghq+2 in Corollary where ég = Tntgt2)!

Let us introduce Cy = f_ll "+ 9+2Q,, 1, (1) dt. We can see in Figure ] the different values of log;o Cy and log;, C3
whenn=1,---,4, g=4and a =0,1,---,10. It is clear that C; decreases with respect to o while C'5 increases with

13
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respect to a. Thus, in order to reduce the bias term error, we should set « as large as possible. However, a large value
of a may produce a large noise error contribution. Here, we choose av = 5.

Until here, we have chosen ¢ = 4 and a = 5. The noise error decreases with respect to h and the bias term error
increases with respect to h. In the next subsection we are going to choose an appropriate value for h by using the
knowledge of function f and by taking into account the numerical integration method error.

—— )

_ _ . pW
6r Dr5.541%)

(a) n=1,a=5,¢g=4and h =5917T%s.

3001 20007
—— )

_ _ . p®
200 Dh,5,5,4

10x) 1500

1000 -

100
500

-500
-100

—1000 -

-200
—-1500

-300 1 1 1 1 1 1 1 , ~2000
-2 -15 -1 -0.5 0 0.5 1 15 2 -2
X

(c) n=3,a=5,¢g=4and h="777T;. (d) n=4,a=5,qg=4 and h = 8507.

Figure 3: The exact values of fl(n)(:vl) and the estimated values D{") f1(z;) for § = 0.15.

h,o,00q

3.2. Simulation results

The tests are performed by using Matlab R2007b. Let f%(x;) = f(x;) + cw(z;) be a generated noise data with an
equidistant sampling period Ts = 103 where ¢ > 0. The noise cw(z;) are simulated from a zero-mean white Gaussian
iid sequence by the Matlab function randn’ with STATE reset to 0. By using the well-known three-sigma rule, we
can assume that the noise level for cw is equal to 3c. We use the trapezoidal method to approximate the integrals in
our estimators with 2m + 1 values. The estimated derivatives of f at the point x; € T = [—2,2] are calculated from
the noise data f°(x;) with z; € [~2; — h,x; + h], where h = mTy and 2m + 1 is the number of sampling data used
to calculate our estimation inside the sliding integration windows. When all the parameters are chosen, Qg n,q in
the integrals of our estimators can be calculated explicitly by off-line work with the O(n?) complexity. Hence, our
estimators can be written like a discrete convolution product of these pre-calculated coefficients. Thus, we only need
2m + 1 multiplications and 2m additions to calculate each estimation.

The numerical integration method has an approximation error. Thus, the total error for our estimators can be

14
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Figure 4: The exact values of fQ(n) (z;) and the estimated values D,(Ln(i o qu (z;) for 6 = 0.15.

bounded by

[T Qg () S ) = O @)| < [T (Qang) £+ 1)) = T (Quig(0) f i + )|

| T (Quona?) S (@i + 1)) = DI F (@) + | DY o () = £ (a2)
< Bnoise + Bnum + Bbias = Btotala

where Ty, (Qa,n,q(-) f(zi +h)) (vesp. T (Qaynyg(-) fO(z; + h-))) is the numerical approximation to D,(L"; gl (1)
(resp. D;ln(la g fo(x;)) with the trapezoidal method and By, is the well-known error bound for the numerical

integration error [Bg|:

sup  (Qung(t) f(mi + 1) ® = Brum. (58)

23
< -
’ ‘ - 12(2m)2 te[—1,1]

D (@) = T Qg () fl@i + 1)

We are going to set the value of m such that Bi,tq reaches its minimum and consequently the total errors in the
following two examples can be minimized. For this, we need to calculate some Values of f*) withk =0, ,n+q+2.
According to Remark @, we calculate the value of M, 4244 in the interval [—2 2+ However, in practice,

n+q+3]
the function f is unknown.

n+q+3’
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Figure 5: The estimation errors for the estimated values D,(Ln(i a,qf? (z;) for 6 = 0.15.

Example 1. We choose fi(z) = sin(2ﬂ'x)e_”“'2 as the exact function. The numerical results are shown in Figure E,

where the noise level ¢ is equal to 0.15. The solid lines represent the exact derivative values of fl(n) forn=1,2,3,4
(n)

h,a,a,q

and the dash-dotted lines represent the estimated derivative values D fi(x;). Moreover, we give in Table EI the

total 1 D™ D) — F (@
otal error values m?el[a;.,{Q] hooog1(@i) — f17(20)

also the total error values produced with a larger sampling period T! = 107, = 102

for the following noise levels: § = 0.15 and § = 0.015. We can see

Table 1: m?x : ’Dé"g s af1(xi) — 1(")(12)
5 15,5,

x;€(2,
) n=1(m) n=2(m) n =3 (m) n=4 (m)
0.15 9.45¢ — 002 (591) 1.1 (698) 1.258¢ + 001 (777) | 1.278e + 002 (850)
0.015 1.85¢ — 002 (425) | 2.051e — 001 (523) 3.888 (601) 1.588¢ + 001 (675)
0.015(T, =0.01) | 4.06e—002 (47) | 5.645¢ — 001 (55) 7.359 (62) 9.686e + 001 (69)

Example 2. When f5(z) = e”“'2, we give our numerical results in Figure Ewith the noise level § = 0.15, where the cor-

responding errors are given in Figure[]. In Table ], we also give the total error values m?x] D,(L"; angf2(i) — 2(") (x;)
cief22 aa,

for § = 0.15 and § = 0.015, where the total error values are produced with T, and a larger sampling period 77 = 10~2.
We can see in Figure ﬂ that the maximum of the total error for each estimation (solid line) is produced nearby
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Figure 6: Errors for improved estimations with varying values of h;.
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Figure 7: The estimation errors and their corresponding error bounds for D,(:L)5 5 4f2(zi) with varying values of h; for § = 0.15.

Table 2 max D 5 afated) = 157 @)
4] n=1(m) n =2 (m) n =3 (m) n=4 (m)
0.15 1.42¢ — 001 (442) 2.152 (549) 2.082¢ + 001 (643) | 3.756¢ 1 002 (733)
0.015 5.22¢ — 002 (346) | 4.435¢ — 001 (423) 5.973 (510) 8.769¢ + 001 (505)
0.015 (17 = 0.01) | 3.404¢ — 001 (54) 3.425 (61) 3.63%¢ + 001 (63) | 5.235¢ + 002 (79)

the extremities where the bias term error plus the numerical error (dash line) are much larger than the noise error.
The noise error (dash-dotted line) is much larger elsewhere. This is due to the fact that the total error bound Biotar
is calculated globally in the interval [—h — 2,2 + h]. The value of m with which Bitq reaches its minimum is used
for all the estimations D;l";a o2 (z;) with 2; € [—2,2]. This value is only appropriate for the estimations nearby the
extremities, but not for the others. In fact, when the bias term error and the numerical integration error decrease, we
should increase the value of m so as to reduce the noise errors. In order to improve our estimations, we can choose

locally the value of m = my, i.e. we search the value m; which minimizes Biotq; 00 [—h; + 24, x; + h;| where h; = m;Ts.
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Figure 8: The exact values of f?E")(:ci) and the estimated values Df(:(i,a,qu’ ().
We can see in Figure H the errors for these improved estimations D,(f_)g) 5.4/ (xi). The different values of m; are also
given in Figure E The corresponding error bounds are given in Figure []. We can observe that the error bounds
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proposed in this paper are correct but not optimal. However, the parameters’ influence to these error bounds can
help us to know the tendency of errors so as to choose parameters for our estimations. On the one hand, the chosen
parameters may not be optimal, but as we have seen in our examples, they give good estimations. On the other hand,
the optimal parameters q,p, oop and my, with which the total error bound reaches its minimum may not give the best
estimation. That is why we only use these error bounds to choose the value of m.

Example 3. Let us consider the following function

1
——x 422, ifzr<o,
fs(x) =

6z3+2z, if x >0,

which is C2 on I = [~2,2]. The second derivative of f3 is equal to |z|. Consequently, 353) does not exist at x = 0. If
n > 1, then this function does not satisfy the condition f € C™*2+4(I) of Corollary . The numerical results are
shown in Figure E, where the sampling period is 7 = 1073 and the noise level § is equal to 0.15 and 0.015 respectively.

The solid lines represent the exact derivative values of fé") for n = 1,2,3 and the dash-dotted lines represent the
estimated derivative values D,(:;@,qu(zi). For the estimations of f(!) and f®, we set « = 5 and ¢ = 4. When we
estimate f(3), the noise error increases. Hence, we need to decrease the values of & and ¢ to o = 2 and ¢ = 2. In Table
forn=1,2 and § = 0.015,0.15.

B, we give also the total error values max ’D,(L"; o f3(Ti) — ) ()
wie[2,2) |

Table 3: x}g?;?] ’D2?§,5,4f3(93i) - ?En) (z3)

) n=1(m) n=2(m)
0.15 | 9.7¢ — 003 (1700) | 9.65¢ — 002 (1700)
0.015 | 4.7¢ — 003 (1200) | 7.23¢ — 002 (1200)

References

[1] Y. Chitour, Time-varying high-gain observers for numerical differentiation, IEEE Trans. Automat. Control 47
(2002) 1565-1569.

[2] S. Ibrir, Linear time-derivatives trackers, Automatica 40 (2004) 397-405.

[3] A. Levant, Higher-order sliding modes, differentiation and output-feedback control, Internat. J. Control 76 (2003)
924-941.

[4] C.K. Chen, J.H. Lee, Design of high-order digital differentiators using L1 error criteria, IEEE Trans. Circuits
Syst. 1T 42(4) (1995) 287-291.

[5] C.M. Rader, L.B. Jackson, Approximating noncausal IIR digital filters having arbitrary poles, including new
Hilbert transformer designs, via forward/backward block recursion, IEEE Trans. Circuits Syst. I 53(12) (2006)
2779-2787.

[6] J. Cheng, Y.C. Hon, Y.B. Wang, A numerical method for the discontinuous solutions of Abel integral equations,
in: Inverse Problems and Spectral Theory, vol. 348, Contemp. Math. Amer. Math. Soc., Providence RI, 2004, pp.
233-243.

[7] R. Gorenflo, S. Vessella, Abel integral equations: Analysis and applications, in: Lecture Notes in Mathematics,
vol. 1461, Springer-Verlag, Berlin, 1991.

[8] M. Hanke, O. Scherzer, Error analysis of an equation error method for the identification of of the diffusion
coefficient in a quasi-linear parabolic differentical equation, STAM J. Appl. Math. 59 (1999) 1012-1027. (electronic).

[9] Z. Wang, J. Liu, Identification of the pollution source from one-dimensional parabolic equation models, Appl.
Math. Comput. (2008) doi:10.1016/j.amc.2008.03.014.

[10] I.R. Khan, R. Ohba, New finite difference formulas for numerical differentiation, J. Comput. Appl. Math. 126
(2000) 269-276.

19



[11] R. Qu, A new approach to numerical differentiation and integration, Math. Comput. 24 (10) (1996) 55-68.
[12] A.G. Ramm, A.B. Smirnova, On stable numerical differentiation, Math. Comput. 70 (2001) 1131-1153.

[13] D.N. Hao, A. Schneider, H.J. Reinhardt, Regularization of a non-characteristic Cauchy problem for a parabolic
equation, Inverse Probl. 11 (1995) 1247-1264.

[14] D.A. Murio, The Mollification Method and the Numerical Solution of Ill-Posed Problems, John Wiley & Sons
Inc., New York, 1993.

[15] D.A. Murio, C.E. Mejia, S. Zhan, Discrete mollification and automatic numerical differentiation, Comput. Math.
Appl. 35 (1998) 1-16.

[16] G. Nakamura, S. Wang, Y. Wang, Numerical differentiation for the second order derivatives of functions of two
variables, J. Comput. Appl. Math. 212 (2008) 341-358.

[17] T. Wei, Y.C. Hon, Y. Wang, Reconstruction of numerical derivatives from scattered noisy data, Inverse Probl. 21
(2005) 657-672.

[18] Y. Wang, X. Jia, J. Cheng, A numerical differentiation method and its application to reconstruction of disconti-
nuity, Inverse Probl. 18 (2002) 1461-1476.

[19] M. Mboup, C. Join, M. Fliess, Numerical differentiation with annihilators in noisy environment, Numer. Algo-
rithms 50, 4 (2009) 439-467.

[20] M. Mboup, C. Join, M. Fliess, A revised look at numerical differentiation with an application to nonlinear feedback
control, in: 15th Mediterranean Conference on Control and Automation, MED’07, Athenes, Greece 2007.

[21] C. Lanczos, Applied Analysis, Prentice-Hall, Englewood Cliffs, NJ, 1956.

[22] S.K. Rangarajana, S.P. Purushothaman, Lanczos’ generalized derivative for higher orders, J. Comput. Appl.
Math. 177 (2005) 461-465.

[23] Z. Wang, R. Wen, Numerical differentiation for high orders by an integration method, J. Comput. Appl. Math.
234 (2010) 941-948.

[24] M. Fliess, C. Join, M. Mboup, and H. Sira-Ramirez, Compression différentielle de transitoires bruités, C.R. Acad.
Sci. T 339 (2004) 821-826. Paris.

[25] M. Fliess, Analyse non standard du bruit, C.R. Acad. Sci. Paris Ser. I, 342 (2006) 797-802.

[26] M. Fliess and H. Sira-Ramirez, An algebraic framework for linear identification, ESAIM Control Optim. Calc.
Variat., 9 (2003) 151-168.

[27] M. Fliess, M. Mboup, H. Mounier, H. Sira-Ramirez, Questioning some paradigms of signal processing via concrete
examples, in: H. Sira-Ramirez, G. Silva-Navarro (Eds.), Algebraic Methods in Flatness, Signal Processing and
State Estimation, Editiorial Lagares, México, 2003, pp. 1-21.

[28] M. Mboup, Parameter estimation for signals described by differential equations, Appl. Anal. 83 (2009) 29-52.

[29] D.Y. Liu, O. Gibaru, W. Perruquetti, M. Fliess, M. Mboup, An error analysis in the algebraic estimation of a
noisy sinusoidal signal, in: 16th Mediterranean Conference on Control and Automation, MED’08, Ajaccio, 2008.

[30] M. Fliess, Critique du rapport signal & bruit en communications numériques - Questioning the signal to
noise ratio in digital communications, in: International Conference in Honor of Claude Lobry, ARIMA
(Revue africaine d’informatique et de Mathématiques appliquées), vol. 9, 2008, pp. 419-429, (available at
http://hal.inria.fr/inria-00311719/en/).

[31] G. Szego, Orthogonal polynomials, 3rd edn. AMS, Providence, RI 1967.
[32] N. Aronszajn, Theory of reproducing kernels. Trans. AMS 68(3), (1950) 337-404.

[33] S. Saitoh, Theory of reproducing kernels and its applications, in: Pitman Research Notes in Mathematics, Long-
man Scientic & Technical, UK 1988.

20



[34] E.L. Poffald, The Remainder in Taylor’s Formula, Amer. Math. Monthly, 97 (3) (1990), 205-213.
[35] Vladimir A. Zorich, Mathematical Analysis I, Springer-Verlag, Berlin, 2004, 219-232.

[36] A. Ralston, A first course in numerical analysis, McGraw-Hill, New York, 1965.

21



