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❝♦♥❞✐t✐♦♥ ❈❋▲ ❞✉ s❝❤é♠❛✳ ◆♦✉s ♥♦✉s r❡str❡✐❣♥♦♥s ❛✉ ❝❛s ❞❡ ❢✉♥❝t✐♦♥s ❞❡ ❜❛s❡
❞❡ ❞❡❣rés ✶ à ✺ ♠❛✐s ❝❡tt❡ ét✉❞❡ ♣❡✉t êtr❡ ét❡♥❞✉❡ à ❞❡s ❞❡❣rés ♣♦❧②♥♦♠✐❛✉①
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r❛❞❛r✱ ❡❛rt❤q✉❛❦❡s s✐♠✉❧❛t✐♦♥s✱ ♦♥❡ r❡q✉✐r❡s t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ t♦ ❛❝♦✉st✐❝✱
❡❧❛st♦❞②♥❛♠✐❝ ♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❲❛✈❡ ❊q✉❛t✐♦♥s✳ ■♥ ♠❛♥② ❝❛s❡s✱ t❤❡ ❡q✉❛t✐♦♥s
❤❛✈❡ t♦ ❜❡ s♦❧✈❡❞ ✐♥ ✈❡r② ❧❛r❣❡ ❞♦♠❛✐♥s ✇✐t❤ str♦♥❣ ❤❡t❡r♦❣❡♥❡✐t✐❡s✳ ❚❤❡r❡❢♦r❡✱
♦♥❡ ❤❛s t♦ ✉s❡ s♦♣❤✐st✐❝❛t❡❞ s♣❛❝❡ ❛♥❞ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡
t❤❡ ♠♦st ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ s♠❛❧❧❡st ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳

❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡s ▼❡t❤♦❞s✱ ✇❤✐❝❤ ❛r❡ ✇✐❞❡❧② ✉s❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r s♠❛❧❧
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❛♥❞ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤❡✐r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛r❡ ♥♦t ❛❞❛♣t❡❞
t♦ ❞❡❛❧ ✇✐t❤ str♦♥❣ ❤❡t❡r♦❣❡♥❡✐t✐❡s✳ ■♥❞❡❡❞✱ t❤❡② r❡❧② ♦♥ str✉❝t✉r❡❞ ❣r✐❞s✱ ✇❤✐❝❤
❝❛♥ ♥♦t ❛❝❝✉r❛t❡❧② ❛♣♣r♦①✐♠❛t❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✈❛r✐♦✉s ❧❛②❡rs ♦❢ t❤❡ ❞♦♠❛✐♥✳
❋✐♥✐t❡ ❊❧❡♠❡♥ts ▼❡t❤♦❞s ✭❋❊▼✮ ❛r❡ ♠♦r❡ ❛❞❛♣t❡❞ t♦ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠s
s✐♥❝❡ t❤❡② ❛❧❧♦✇ ❢♦r t❤❡ ✉s❡ ♦❢ ✉♥str✉❝t✉r❡❞ ❣r✐❞s✳ ❆♠♦♥❣ ❛❧❧ ❡①✐st✐♥❣ ❋❊▼✱ t❤❡
❙♣❡❝tr❛❧ ❊❧❡♠❡♥t ▼❡t❤♦❞ ❬✶✷✱ ✻✱ ✶✶❪✱ ✐s ♣r♦❜❛❜❧② ♦♥❡ ♦❢ t❤❡ ♠♦st ❡✣❝✐❡♥t t♦
s♦❧✈❡ t❤❡ ❲❛✈❡ ❊q✉❛t✐♦♥ s✐♥❝❡ t❤❡ r❡s✉❧t✐♥❣ ♠❛ss ♠❛tr✐① ✐s ❞✐❛❣♦♥❛❧✳ ❍❡♥❝❡✱ ✐t
❝❛♥ ❜❡ ❡❛s✐❧② ❝♦✉♣❧❡❞ t♦ ❡①♣❧✐❝✐t t✐♠❡✲s❝❤❡♠❡s ✇❤✐❝❤ r❡q✉✐r❡s t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡
♠❛ss ♠❛tr✐① ❛t ❡❛❝❤ t✐♠❡ st❡♣✳ ❍♦✇❡✈❡r✱ ❙❊▼ r❡q✉✐r❡s t❤❡ ✉s❡ ♦❢ q✉❛❞r✐❧❛t❡r❛❧
✭✐♥ ✷❉✮ ♦r ❤❡①❛❤❡❞r❛❧ ✭✐♥ ✸❉✮ ♠❡s❤❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐✣❝✉❧t t♦ ❣❡♥❡r❛t❡ ❢♦r
r❡❛❧✐st✐❝ ❛♣♣❧✐❝❛t✐♦♥s✳ ▲❡t ✉s ❤♦✇❡✈❡r ♠❡♥t✐♦♥ t❤❛t ❙❊▼ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦
❤❛♥❞❧❡ tr✐❛♥❣✉❧❛r ♠❡s❤❡s ❬✺❪✱ ❜✉t ✐t r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛♥❞
t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ♠♦r❡ ❝♦♠♣❧❡①✳ ▼♦r❡♦✈❡r✱ ❛s ❢❛r ❛s ✇❡ ❦♥♦✇✱ t❤❡ ❡①t❡♥s✐♦♥
t♦ t❡tr❛❤❡❞r❛❧ ♠❡s❤❡s ❤❛s ♥♦t ❜❡❡♥ ♣r♦♣♦s❡❞ ②❡t✳

❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ▼❡t❤♦❞s ❛r❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ♣♦♣✉❧❛r ❢♦r s♦❧✈✐♥❣
t❤❡ ❲❛✈❡ ❊q✉❛t✐♦♥ s✐♥❝❡ t❤❡② ❧❡❛❞ t♦ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ♠❛ss ♠❛tr✐❝❡s ✇✐t❤♦✉t
t❤❡ ❤❡❧♣ ♦❢ q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛✳ ▼♦r❡♦✈❡r✱ t❤❡② ❝❛♥ ❜❡ ✉s❡❞ ✇✐t❤ ❛♥② t②♣❡
♦❢ ♠❡s❤❡s ❛♥❞ ❡✈❡♥ ❛❧❧♦✇ ❢♦r t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs ✐♥s✐❞❡
t❤❡ ❝❡❧❧s ♦❢ t❤❡ ♠❡s❤ ✭♣r♦✈✐❞❡❞ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ✐s ♣♦❧②♥♦♠✐❛❧✮✳ ❉●▼ ❛r❡ ❛❧s♦
♥❛t✉r❛❧❧② ❛❞❛♣t❡❞ t♦ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ s✐♥❝❡ ❛❧❧ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧s ❛r❡ ❝♦♠♣✉t❡❞
❧♦❝❛❧❧② ❛♥❞ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❝❡❧❧s ❛r❡ ❡♥s✉r❡❞ ❜② ✐♥t❡❣r❛❧s ♦✈❡r
t❤❡ ❢❛❝❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts✳ ■♥ ❬✷❪✱ t❤❡ ❛✉t❤♦rs ♣r♦✈✐❞❡ ❛ ❞❡t❛✐❧❡❞ r❡✈✐❡✇ ♦❢ t❤❡
✈❛r✐♦✉s ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✳ ❚❤❡②
❛❧s♦ s❤♦✇ t❤❛t t❤❡ s♦✲❝❛❧❧❡❞ ■♥t❡r✐♦r P❡♥❛❧t② ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ▼❡t❤♦❞
✭■P❉●▼✮✱ ❛❧s♦ ❦♥♦✇♥ ❛s ❙②♠♠❡tr✐❝ ■♥t❡r✐♦r P❡♥❛❧t② ✭❙■P✮ ❬❄❪✱ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st
s✉✐t❛❜❧❡ s✐♥❝❡ ✐t ✐s st❛❜❧❡ ❛♥❞ ❛❞❥♦✐♥t ❝♦♥s✐st❡♥t✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❡ ♦♣t✐♠❛❧
♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡✳ ❚❤✐s ❡①♣❧❛✐♥s ✇❤② t❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥
s✉❝❝❡s❢✉❧❧② ✉s❡❞ t♦ s♦❧✈❡ ❍❡❧♠❤♦❧t③ ❊q✉❛t✐♦♥ ❬✶✱ ✹❪ ❛♥❞ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ❬✾✱ ✶✵✱
✶❪✳ ❈♦♠♣❛r✐s♦♥s ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ■P❉●▼ ❛♥❞ ❙❊▼ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✼❪
❛♥❞ ❬✸❪✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ✜rst ♣❛♣❡r ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡s
♦❢ ❙❊▼ ❛r❡ ❜❡tt❡r t❤❛♥ ■❉P●▼ ✇❤❡♥ ■P❉●▼ ✐s ❛♣♣❧✐❡❞ t♦ str✉❝t✉r❡❞ ❣r✐❞s
❝♦♠♣♦s❡❞ ♦❢ sq✉❛r❡s✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♣❛♣❡r s❤♦✇ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢
■P❉●▼ ❛r❡ ❜❡tt❡r ✇❤❡♥ ✐t ✐s ❛♣♣❧✐❡❞ t♦ tr✐❛♥❣✉❧❛r ♠❡s❤❡s✳

◆❡✈❡rt❤❡❧❡ss✱ ✐♥ s♣✐t❡ ♦❢ ❛❧❧ ✐ts ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s✱ ■P❉●▼ st✐❧❧ s✉✛❡rs
❢r♦♠ t✇♦ ❞✐✣❝✉❧t✐❡s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥
♣❛r❛♠❡t❡r✱ ✇❤✐❝❤ ♣❡♥❛❧✐③❡s t❤❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥ t❤r♦✉❣❤ t❤❡ ❢❛❝❡s✳
❚❤❡ ❛❝❝✉r❛t❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡r ✐s ❝r✉❝✐❛❧✱ s✐♥❝❡ ❛ t♦♦
s♠❛❧❧ ✈❛❧✉❡ ❧❡❛❞s t♦ ✐♥st❛❜✐❧✐t✐❡s ✇❤✐❧❡ ❛ t♦♦ ❧❛r❣❡ ✈❛❧✉❡ ❝♦✉❧❞ ✭str♦♥❣❧②✮ ❤❛♠♣❡r
t❤❡ ❈❋▲ ✭❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✇②✮ ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ♠❛①✐♠❛❧ t✐♠❡
st❡♣ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡♥s✉r❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡✳ ■♥ ❬✶❪✱ t❤❡ ❛✉t❤♦rs
❝♦♥❥❡❝t✉r❡❞ ❛ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ ❞❡♣❡♥❞✐♥❣ ♦♥ p✱
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❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✹

t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❡❧❡♠❡♥ts✳
❚❤❡② ♣r♦✈❡❞ t❤❡✐r ❝♦♥❥❡❝t✉r❡ ✉♣ t♦ p = 3✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s r❡s✉❧t t♦
p > 3 ❛♥❞ t♦ ✉♥str✉❝t✉r❡❞ ♠❡s❤❡s✱ ✐s st✐❧❧ t♦ ❜❡ ❞♦♥❡✳ ❚❤❡ s❡❝♦♥❞ ❞✐✣❝✉❧t② ✐s
t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥
❞❡❝r❡❛s❡s ✇❤❡♥ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ✐♥❝r❡❛s❡s✱ ❜✉t ♥♦ ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛
❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ②❡t✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s ❛✮ t♦ ♣r♦✈❡ t❤❡ ❝♦♥❥❡❝t✉r❡ ♦❢
❆✐♥s✇♦rt❤✱ ▼♦♥❦ ❛♥❞ ▼✉♥✐③ ✉♣ t♦ p = 5❀ ❜✮ t♦ ♣r♦♣♦s❡ ❛ s♦❧✉t✐♦♥ ♠❡t❤♦❞♦❧♦❣②
t♦ ♣r♦✈❡ ✐t ❢♦r ❛ ❣✐✈❡♥ p❀ ❛♥❞ ❝✮ t♦ ♣r♦✈✐❞❡ ❛♥ ❛♥❛❧②t✐❝ ❢♦r♠✉❧❛ ❧✐♥❦✐♥❣ t❤❡ ❈❋▲
❝♦♥❞✐t✐♦♥ t♦ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✳ ❲❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡s ♦❢
str✉❝t✉r❡❞ ♠❡s❤❡s ❝♦♠♣♦s❡❞ ♦❢ s❡❣♠❡♥ts ✭✐♥ ✶❉✮✱ sq✉❛r❡s ✭✐♥ ✷❉✮ ♦r ❝✉❜❡s ✭✐♥
✸❉✮✳ ■♥ s❡❝t✐♦♥ ✶✱ ✇❡ r❡❝❛❧❧ t❤❡ ■P❉● ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❲❛✈❡ ❊q✉❛t✐♦♥✳ ■♥
s❡❝t✐♦♥ ✷✱ ✇❡ ♣r♦♣♦s❡ t✇♦ t❤❡♦r❡♠s✱ t❤❡ ✜rst ♦♥❡ ♣r♦✈✐❞❡s ♥❡❝❡ss❛r② st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ❛♥❞ t❤❡ t✐♠❡ st❡♣ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞
♦♥❡ ♣r♦✈✐❞❡s t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ♣r♦♦❢ ♦❢
t❤❡s❡ t❤❡♦r❡♠s ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐s ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✸✳ ❙❡❝t✐♦♥ ✹ ✐s
❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛♥❞ ❝♦♥t❛✐♥s ❛ ❞✐s❝✉ss✐♦♥
♦♥ t❤❡ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠s t♦ str✉❝t✉r❡❞ ♠❡s❤❡s ❝♦♠♣♦s❡❞ ♦❢ r❡❝t❛♥❣❧❡s
♦r ♣❛r❛❧❧❡❧❡♣✐♣❡❞s✳ ❲❡ ❞♦ ♥♦t ♣r❡s❡♥t t❤❡ ♣r♦♦❢ ✐♥ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱
❜✉t ✐t ❝❛♥ ❜❡ ❛❞❛♣t❡❞ ✇✐t❤♦✉t ❛♥② ❞✐✣❝✉❧t✐❡s ❢r♦♠ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳
❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐♥ s❡❝t✐♦♥ ✺ t❤❛t ✐❧❧✉str❛t❡ t❤❡ ✈❛❧✐❞✐t② ♦❢
♦✉r ❝♦♥❞✐t✐♦♥s✳

✷ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ s♦ ❝❛❧❧❡❞ ■♥t❡r✐♦r P❡♥❛❧t② ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥
♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❡❞ ♠❡❞✐❛
Ω ⊂ R

d, d = 1, 2, 3✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✐♠♣♦s❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❜♦✉♥❞❛r② Γ := ∂Ω ❜✉t t❤✐s st✉❞② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞
t♦ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐t❤♦✉t ♠❛❥♦r ❞✐✣❝✉❧t✐❡s✳











































❋✐♥❞ u : Ω × [0, T ] 7→ R s✉❝❤ t❤❛t ✿

1

µ

∂2u

∂t2
− ❞✐✈

(

1

ρ
∇u

)

= f ✐♥ Ω × ]0, T ] ,

u (x, 0) = u0,
∂u

∂t
(x, 0) = u1 ✐♥ Ω,

u = 0 ♦♥ ∂Ω.

✭✶✮

✇❤❡r❡ u st❛♥❞s ❢♦r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t✱ µ ✐s t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠♦❞✉❧✉s✱ ρ ✐s t❤❡
❞❡♥s✐t② ❛♥❞ f ✐s t❤❡ s♦✉r❝❡ t❡r♠✳
❲❡ ✐♥tr♦❞✉❝❡ ❛ tr✐❛♥❣✉❧❛t✐♦♥ Th ♦❢ Ω ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥
✇✐t❤ ♣✐❡❝❡✇✐s❡ ❞✐s❝♦♥t✐♥✉♦✉s ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ✿

Vh :=
{

v ∈ L2 (Ω) : v|K ∈ P p (K) ,∀K ∈ Th, p ≥ 3
}

.

❚❤❡ s❡t ♦❢ t❤❡ ♠❡s❤ ❢❛❝❡s ❛r❡ ❞❡♥♦t❡❞ Fh ✇❤✐❝❤ ✐s ♣❛rt✐t✐♦♥♥❡❞ ✐♥t♦ t✇♦ s✉❜s❡ts
F i

h ❛♥❞ Fb
h ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♣❡❝t✐✈❡❧② t♦ t❤❡ ✐♥t❡r✐♦r ❢❛❝❡s ❛♥❞ t❤♦s❡ ❧♦❝❛t❡❞ ♦♥

t❤❡ ❜♦✉♥❞❛r②✳ ❋♦r F ∈ F i
h✱ ✇❡ ♥♦t❡ ❛r❜✐tr❛r✐❧② K+ ❛♥❞ K− t❤❡ t✇♦ ❡❧❡♠❡♥ts

s❤❛r✐♥❣ F ❛♥❞ ✇❡ ❞❡✜♥❡ ν ❛s t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r ♣♦✐♥t✐♥❣ ❢r♦♠ K+

t♦ K−✳ ▼♦r❡♦✈❡r✱ v± r❡♣r❡s❡♥ts t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ v t♦ t❤❡ ❡❧❡♠❡♥t
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❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✺

K± ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❥✉♠♣ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♦❢ ❛ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥
v ∈ Vh ♦✈❡r F ∈ F i

h s✉❝❤ t❤❛t✿

[[v]] = v+ − v−, {{v}} =
v+ + v−

2
✭✷✮

❛♥❞ ❢♦r F ∈ Fb
h s✉❝❤ t❤❛t [[v]] = v ❛♥❞ {{v}} = v✳

❚❤❡ ■P❉● ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✶✮ r❡❛❞s ❛s














❋✐♥❞ uh ∈ Vh s✉❝❤ t❤❛t✱ ∀vh ∈ Vh :

∑

K∈Th

∫

K

1

µ
∂2

t uhvh dx = −ah (uh, vh) +
∑

K∈Th

∫

K

fvh dx.
✭✸✮

✇❤❡r❡ ah ✐s ❛ ❜✐❧✐♥❡❛r ❢♦r♠ ❞❡✜♥❡❞ ❜②

ah (uh, vh) = BTh
(uh, vh) − I (uh, vh) − I (vh, uh) + BS (uh, vh) ,

✇✐t❤

BTh
(uh, v) =

∑

K∈Th

∫

K

1

ρ
∇uh∇v, I (uh, v) =

∑

F∈Fi
h

∫

F

[[v]]

{{

1

ρ
∇uh · ν

}}

,

BS (uh, v) =
∑

F∈Fi
h

∫

F

γ [[uh]] [[v]] .

❚❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ BS ✐s ❞❡✈♦t❡❞ t♦ ❡♥❢♦r❝❡ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ ah ❛♥❞ t❤❡ ♣❡♥❛❧✲
✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ γ ✐s ❞❡✜♥❡❞ ♦♥ ❡❛❝❤ ✐♥t❡r✐♦r ❢❛❝❡ F ❜②

γ =
α

ξF

✇❤❡r❡ α ✐s ❛ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ξF

✐♥ t❤❡ ❧✐tt❡r❛t✉r❡✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ❛r❡✿

❼ ξF = h (F ) ✇❤❡r❡ h (F ) ❞❡♥♦t❡s t❤❡ ❞✐❛♠❡t❡r F ✳ ❙❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✱ ✶✱ ✶✵❪✳
■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t ♠❛❦❡ s❡♥s❡ ✐♥ ✶❉✳

❼ ξF = min(h (K+) , h (K−)) ✇❤❡r❡ h (K±) ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ K±✳ ❙❡❡ ❢♦r
✐♥st❛♥❝❡ ❬✾❪✳

❼ ξF = min(ρK+ , ρK−) ✇❤❡r❡ ρ (K±) ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ✐♥s❝r✐❜❡❞ ❝✐r❝❧❡
✭♦r s♣❤❡r❡✮ ♦❢ K±✳ ❙❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✸❪✳

❲❤❛t❡✈❡r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ξF ✱ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ ah ✐s ❡♥s✉r❡❞ ❢♦r α ≥ α0✳
❖❜✈✐♦✉s❧②✱ t❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡r α0 ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s
♦❢ Vh✱ ❜✉t ❛❧s♦ ♦♥ ξF ✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ ❜② ❙❤❛❜❛③✐ ✐♥ ❬✶✸❪ t❤❛t t❤❡ t❤✐r❞
❞❡✜♥✐t✐♦♥ ✇❛s t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ ❢♦r tr✐❛♥❣✉❧❛r ♠❡s❤❡s✳
❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❝❤♦♦s❡ ♥♦t t♦ ❡①♣❧✐❝✐t t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ξF ✳ ❚❤✐s ✇✐❧❧ ❜❡ ❞♦♥❡
✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳
❲❡ r❡❢❡r t♦ ❬✷✱ ✶✱ ✾❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ah✳

❈♦♥s✐❞❡r✐♥❣ {ϕi}i=1,...,m t❤❡ ❝❧❛ss✐❝❛❧ ❞✐s❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ❜❛s✐s ❢✉♥❝t✐♦♥s

❘❘ ♥➦ ✼✹✾✹



❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✻

♦❢ ❞❡❣r❡❡ p ♦❢ Vh✱ ✇❤❡r❡ m ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡
♣r♦❜❧❡♠✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r s②st❡♠✿

∂2
t U = M−1KU + M−1F ✭✹✮

✇❤❡r❡

(M)i,j =
∑

K∈Th

∫

K

ϕiϕj , (K)i,j = ah (ϕi, ϕj) , (F )i =
∑

K∈Th

∫

K

fϕi.

◆♦✇✱ ✇❡ ❤❛✈❡ t♦ ❞✐s❝r❡t✐③❡ ✐♥ t✐♠❡✳ ❯s✐♥❣ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡✱
✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉❧❧② ❞✐s❝r❡t✐③❡❞ s❝❤❡♠❡✿

Un+1 − 2Un + Un−1

∆t2
= −M−1KUn + M−1Fn. ✭✺✮

✸ ❙t❛❜✐❧✐t② ❛♥❛❧②s✐s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst ♣r♦♣♦s❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ♦✈❡r γ ❛♥❞ ∆t ❡♥s✉r✐♥❣ t❤❡
L2✲ st❛❜✐❧✐t② ♦❢ s❝❤❡♠❡ ✭✺✮✳ ❚❤✐s t❤❡♦r❡♠ ♣r♦✈✐❞❡s ❛♥ ❡①♣❧✐❝✐t ❞❡♣❡♥❞❛♥❝❡ ♦❢ ∆t
✇✐t❤ r❡s♣❡❝t t♦ γ ❛♥❞ h✳ ◆❡①t ✇❡ ♣r♦♣♦s❡ ❛ s✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥✳ ■♥ t❤✐s s❡❝♦♥❞ t❤❡♦r❡♠✱ t❤❡ ❞❡♣❡♥❞❛♥❝❡ ♦❢ ∆t ✇✐t❤ r❡s♣❡❝t t♦ γ ✐s ♥♦
❧♦♥❣❡r ❡①♣❧✐❝✐t✳ ❍♦✇❡✈❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣✉t❡❞ ✉s✐♥❣
t❤❡ r♦♦ts ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ 2p✳ ❲❡ ❛ss✉♠❡ ❤❡r❡ t❤❛t t❤❡ ❞♦♠❛✐♥ Ω ✐s
✉♥❜♦✉♥❞❡❞

(

Ω = R
d
)

❛♥❞ ✉♥✐❢♦r♠❧② ♠❡s❤❡❞ ❜② s❡❣♠❡♥ts ✭✐❢ d = 1✮✱ sq✉❛r❡s ✭✐❢
d = 2✮ ♦r ❝✉❜❡s ✭✐❢ d = 3✮✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts ✐s ❞❡♥♦t❡❞
❜② h✳

❚❤❡ ♥❡❝❡ss❛r② st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✶✳ ❚❤❡ s❝❤❡♠❡ ✭✺✮ ✐s L2✲st❛❜❧❡ ♦♥❧② ✐❢✱ ❢♦r p ≤ 5✱

γ ≥ p(p + 1)

2h
; ✭✻✮

❛♥❞✱ ❞❡♥♦t✐♥❣ α = γ/h✱

√
d
c∆t

h
≤







C1,p ✐❢ α ≤ α1,p

C2,p (α) ✐❢ α > α1,p.
✭✼✮

❘❘ ♥➦ ✼✹✾✹
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✇❤❡r❡ α1,p✱ C1,p ❛♥❞ C2,p (α) ❛r❡ ❞❡✜♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡
p s✉❝❤ t❤❛t✿

p α1,p C1,p C2,p (α)

1 2

√
3

3
≃ 0.577

1
√

3 (α − 1)

2
27

5
= 5.4

1√
15

≃ 0.258

√

2

−15 + 6α + (405 − 240α + 36α2)
1/2

3
2
√

1605 + 393

49
≃ 9.65

√

2

45 +
√

1605
≃ 0.153

√

2

−45 + 10α + (4545 − 1320α + 100α2)
1/2

4 α1,4 ≃ 14.7

√

2

3
(

35 +
√

805
) ≃ 0.103

√

1

2
√

5g4,1 (α) g4,2 (α) + 5α − 35

5 α1,5 ≃ 20.8

√

1

10
√

133 cos (g5) + 70
≃ 0.074

√

1

2
√

7g5,1 (α) g5,2 (α) + 7 (α − 10)

✇❤❡r❡✱ ❢♦r t❤❡ ❝❛s❡ p = 4✱ ✇❡ ❤❛✈❡



























g4,1 (α) =
(

518 − 98α + 5α2
)

1
2 ,

g4,2 (α) = cos

(

1

3
arccos

(

1

10
g4,3 (α)

√
5

g3
4,1 (α)

))

,

g4,3 (α) = −47705 + 14574α − 1470α2 + 50α3

❛♥❞ ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ✺✱











































g5 =
1

3
arccos

(

10447

126350

√
133

)

g5,1 (α) =
(

1555 − 200α + 7α2
)

1
2 ,

g5,2 (α) = cos

(

1

3
arccos

(

1

14
g5,3 (α)

√
7

g3
5,1 (α)

))

,

g5,3 (α) = −299825 + 61440α − 4200α2 + 98α3.

❘❡♠❛r❦ ✸✳✷✳ ❼ ❆s ✐t ✐s ✇❛s ♥♦t❡❞ ✐♥ ❬✶✵❪✱ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦♥ ∆t

❜❡❤❛✈❡s ❛s C/
√

α ❢♦r ❧❛r❣❡ α✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ C =

√

2

(p + 1) (p + 2)
✳

❼ ❚❤✐s st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ❝♦♥st❛♥t ❢♦r
p (p + 1)

2
≤ α ≤ α1

p✳ ❚❤✐s s❤♦✇s

t❤❛t ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ❝❤♦♦s❡ α t♦♦ ❝❧♦s❡ ❢r♦♠ α0 t♦ ✐♠♣r♦✈❡ t❤❡ ❈❋▲
❝♦♥❞✐t✐♦♥✳

❍♦✇❡✈❡r✱ t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥ ✐s ♦♥❧② ♥❡❝❡ss❛r②✳ ❚♦ ♦❜t❛✐♥ t❤❡ ❛❝t✉❛❧ ❈❋▲✱
✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✳

❘❘ ♥➦ ✼✹✾✹
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❚❤❡♦r❡♠ ✸✳✸✳ ❚❤❡ s❝❤❡♠❡ ✭✺✮ ✐s L2✲st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r p ≤ 5✱ ✭✻✮ ❛♥❞
✭✼✮ ❛r❡ s❛t✐s✜❡❞ ❛♥❞

√
d
c∆t

h
≤ C3,p (α) ✭✽✮

✇❤❡r❡ C3,p (α) = ♠✐♥
{

λ ∈ R : Qp,α (λ) = 0 ❛♥❞ |Q̃p,α (λ) | ≤ 1
}

✇❤❡r❡ Qp,α (λ)

✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ 2p ❛♥❞ Q̃p,α (λ) ✐s ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥✳ ❲❡ ❣✐✈❡ ✐♥ ❛♣✲
♣❡♥❞✐① ❆ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡s❡ t✇♦ ❢✉♥❝t✐♦♥s ❢♦r 1 ≤ p ≤ 5✳

❘❡♠❛r❦ ✸✳✹✳ ❛

❼ ❚❤✐s t❤❡♦r❡♠ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛♥ ❡①♣❧✐❝✐t ❈❋▲ ❝♦♥❞✐t✐♦♥✳ ❍♦✇❡✈❡r ✐t ❝❛♥
❜❡ ❝♦♠♣✉t❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✿

✶✳ ❈♦♠♣✉t❡ ❛❧❧ t❤❡ r♦♦ts ♦❢ Qp,α✱

✷✳ ❙❡❧❡❝t t❤❡ r❡❛❧ r♦♦ts s✉❝❤ t❤❛t |Q̃p,α (λ) | ≤ 1✱

✸✳ ❈❤♦♦s❡ t❤❡ ♠✐♥✐♠✉♠✳

❼ ❚❤❡ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ ❝♦♥❞✐t✐♦♥ ✭✽✮ t❤❛t ✇❡ ♣r❡s❡♥t ❛t s❡❝t✐♦♥ ✻ s❤♦✇s
t❤❛t t❤❡ s❡t Vα ✐s ❛❝t✉❛❧❧② ❡♠♣t② ❡①❝❡♣t ✇❤❡♥ α ❜❡❧♦♥❣s t♦ ❛ s♠❛❧❧ s❡❣✲
♠❡♥t ❛r♦✉♥❞ αp

1✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡♦r❡♠ ✸✳✶ ♣r♦✈✐❞❡s ❛ s✉✣❝✐❡♥t ❛♥❞
♥❡❝❡ss❛r② st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✇❤❡♥ α ✐s ♥♦t ✐♥ t❤✐s s❡❣♠❡♥t✳ ▼♦r❡♦✈❡r t❤❡
r❡♠❛r❦s ✸✳✷ ❛r❡ st✐❧❧ ✈❛❧✐❞✳

❼ ■♥ ❬✶❪✱ t❤❡② ❛✉t❤♦rs ♣r♦✈❡❞ ✭✻✮ ❢♦r p = 0, . . . , 3 ❛♥❞ ❝♦♥❥❡❝t✉r❡❞ t❤✐s r❡❧❛t✐♦♥
❢♦r ❛♥② p✳ ❚❤❡♦r❡♠ ✭✸✳✸✮ ❡①t❡♥❞s ✐ts ✈❛❧✐❞✐t② ✉♥t✐❧ p = 5✳

❼ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✻✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ d✳ ❚❤✐s ✇♦✉❧❞ ♥♦t
❤❛✈❡ ❜❡❡♥ t❤❡ ❝❛s❡ ✐❢ ✇❡ ❤❛❞ ❡①♣r❡ss❡❞ γ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝✐r❝✉♠❝✐r❝❧❡
✭♦r ❝✐r❝✉♠s♣❤❡r❡✮ ❞✐❛♠❡t❡r ✇❤✐❝❤ ✐s

√
dh✳ ❙✐♥❝❡ h ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡

✐♥s❝r✐❜❡❞ ❝✐r❝❧❡ ♦r s♣❤❡r❡✱ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ t❤✐r❞ ❞❡✜♥✐t✐♦♥ ♦❢ ξF ✐s
t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡✳ ❲❡ ✇✐❧❧ str❡♥❣t❤❡♥ ✇❤❡♥ ✇❡ ❞✐s❝✉ss t❤❡ ❡①t❡♥s✐♦♥
♦❢ t❤✐s t❤❡♦r❡♠ t♦ ♠❡s❤❡s ❝♦♠♣♦s❡❞ ♦❢ r❡❝t❛♥❣❧❡s ♦r ♣❛r❛❧❧❡❧❡♣✐♣❡❞s✳

❲❡ ✇❡r❡ ✉♥❢♦rt✉♥❛t❡❧② ✉♥❛❜❧❡ t♦ ❡st❛❜❧✐s❤ t❤✐s t❤❡♦r❡♠ ❢♦r ❛♥② p ❛♥❞ ✇❡
❤❛✈❡ r❡str✐❝t❡❞ ♦✉rs❡❧✈❡s t♦ p ≤ 5✳ ❚❤❡ ♣r♦♦❢s ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛r❡
❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✹ ✇❤✐❧❡ ✐ts ❡①t❡♥s✐♦♥ t♦ d = 3 ✐s t❤❡ s✉❜❥❡❝t ♦❢ s❡❝t✐♦♥ ✺✳ ❚❤❡
♣r♦♦❢ ❢♦r d = 2 ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❝❛s❡ d = 3✳

✹ ❙t✉❞② ✐♥ t❤❡ ✶✲❉✐♠❡♥s✐♦♥❛❧ ❝❛s❡

❚❤✐s s❡❝t✐♦♥ ❝♦♥t❛✐♥s t❤❡ ♣r♦♦❢s ♦❢ t❤❡♦r❡♠s ✸✳✶ ❛♥❞ ✸✳✸ ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧
❝❛s❡✳ ■t ❝♦♥s✐sts ♦❢ t❤r❡❡ st❡♣s✳ ❚❤❡ ✜rst st❡♣ ✐s ❛ ❋♦✉r✐❡r ❛♥❛❧②s✐s ♣r❡s❡♥t❡❞
✐♥ s❡❝t✐♦♥ ✹✳✶❀ t❤❡ s❡❝♦♥❞ st❡♣ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❝♦♥❞✐t✐♦♥s ✭✻✮ ❛♥❞ ✐s
♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✷❀ t❤❡ ❧❛st st❡♣ ❝♦♥❝❡r♥s t❤❡ ♣r♦♦❢ ♦❢ ✭✼✮ ❛♥❞ ✭✽✮ ✐♥ s❡❝t✐♦♥
✹✳✸✳ ❚❤❡ ♣r♦♦❢s ❛r❡ ❞❡t❛✐❧❡❞ ❢♦r p = 3 ❛♥❞ t❤❡ ♠❛✐♥ st❡♣s ♦❢ t❤❡ ♣r♦♦❢s ✐♥ t❤❡
❝❛s❡s 1 ≤ p ≤ 5 ❛r❡ ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐① ❆✳
❍❡r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞♦♠❛✐♥ ✐s Ω = R ❛♥❞ ✐s ♠❡s❤❡❞ ❜② s❡❣♠❡♥ts ♦❢ ❧❡♥❣t❤
h✳ ❲❡ ❝♦♥s✐❞❡r ❛ ✈❡❧♦❝✐t② c2 = µ/ρ = 1 ❜✉t ✇❡ ❝❛♥ ❡❛s✐❧② ❡①t❡♥❞ t❤❡ ♣r♦♦❢

❘❘ ♥➦ ✼✹✾✹



❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✾

t♦ ♦t❤❡r ✈❡❧♦❝✐t✐❡s ❜② s❡tt✐♥❣ ∆t′ = ∆t/c✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❝❤❡♠❡ ✭✺✮ ✇✐t❤♦✉t
s♦✉r❝❡ t❡r♠ t❤❛t ✐s t♦ s❛②

M
Un+1 − 2Un + Un−1

∆t2
+ KUn = 0. ✭✾✮

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦♥ ♦♥❡ ❡❧❡♠❡♥t J ♦❢ t❤❡ ♠❡s❤✱ ✇❡ ❤❛✈❡ ∀J ∈ Th

M1,p
Un+1

J − 2Un
J + Un−1

J

∆t2
+
(

KW
1,p

)T
Un

J−1 + K1,pU
n
J + KW

1,pU
n
J+1 = 0 ✭✶✵✮

✇❤❡r❡ UJ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✈❡❝t♦r ♦❢ ✉♥❦♥♦✇♥s U r❡str✐❝t❡❞ t♦ t❤❡ ❡❧❡♠❡♥t
J ❛♥❞ M1,p✱ K1,p ❛♥❞ KW

1,p ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♠❛ss ❛♥❞ st✐✛♥❡ss ♠❛tr✐❝❡s ✐♥
❞✐♠❡♥s✐♦♥ ✶ ❝♦♥s✐❞❡r✐♥❣ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ p ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧②✱

M1,p (i, j) = h

∫

[0,1]

ϕ̂i (x̂) ϕ̂j (x̂) dx̂

K1,p (i, j) =
1

h

∫

[0,1]

∂ϕ̂i

∂x̂
(x̂)

∂ϕ̂j

∂x̂
(x̂) dx̂ +

1

2h
ϕ̂i (1)

∂ϕ̂j

∂x̂
(1) +

1

2h
ϕ̂j (1)

∂ϕ̂i

∂x̂
(1)

+γϕ̂i (1) ϕ̂j (1) − 1

2h
ϕ̂i (0)

∂ϕ̂j

∂x̂
(0) − 1

2h
ϕ̂j (0)

∂ϕ̂i

∂x̂
(0)

+γϕ̂i (0) ϕ̂j (0)

KW
1,p (i, j) = − 1

2h
ϕ̂i (1)

∂ϕ̂j

∂x̂
(0) +

1

2h
ϕ̂j (0)

∂ϕ̂i

∂x̂
(1) − γϕ̂i (1) ϕ̂j (0)

✭✶✶✮
✇❤❡r❡ {ϕ̂i}i=1,...,p+1 ❛r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❞✐s❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ♦♥
t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t [0, 1]✳

✹✳✶ ❋♦✉r✐❡r ❆♥❛❧②s✐s ♦❢ t❤❡ ■P❉● s❝❤❡♠❡ ✐♥ ✶❉

■♥ ♦r❞❡r t♦ st✉❞② t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ■P❉● s❝❤❡♠❡✱ ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ t❤❡
❞✐s❝r❡t❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠

Fh : L2
h → L2 (Kh)

U → Ũ = Fh (U) (k) =
h

2π

∑

J∈Z

UJe−ikJh

✇✐t❤ Kh =
[

−π
h , π

h

]

❛♥❞ L2
h =

{

U = (UJ)J∈Z
,
∑

J∈Z

‖UJ‖2 < +∞
}

✳

◆♦✇✱ ❛♣♣❧②✐♥❣ t❤✐s ❞✐s❝r❡t❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ t♦ ✭✶✵✮✱ ✇❡ ♦❜t❛✐♥✱ ∀β ∈ [−π, π]

M1,p
Ũn+1

J (β) − 2Ũn
J (β) + Ũn−1

J (β)

∆t2
+ KβŨn

J (β) = 0 ✭✶✷✮

✇❤❡r❡ β = hk ❛♥❞ Kβ =
(

KW
1,p

)T
e−iβ + K1,p + KW

1,pe
iβ ✳

❚❤❡ L2✲st❛❜✐❧✐t② ♦❢ ✭✶✷✮✱ ❢♦r ❛❧❧ β✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ L2✲st❛❜✐❧✐t② ♦❢ ✭✾✮✱ t❤❛♥❦s
t♦ t❤❡ P❛rs❡✈❛❧ ❡q✉❛❧✐t✐❡s✳
❙✐♥❝❡ M1,p ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ Kβ ✐s ❤❡r♠✐t✐❛♥✱ ❛❧❧ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Nβ =
M−1Kβ ❛r❡ r❡❛❧✳ ▼♦r❡♦✈❡r✱ ❛ ❝❧❛ss✐❝❛❧ st❛❜✐❧✐t② ❛♥❛❧②s✐s s❤♦✇s t❤❛t ✭✾✮ ✐s st❛❜❧❡
✐❢ ❛♥❞ ♦♥❧② ✐❢

0 ≤ λ ≤ 4

∆t2

❘❘ ♥➦ ✼✹✾✹



❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✶✵

❢♦r λ ∈ Λ (β) ❛♥❞ ❢♦r ❛❧❧ β ∈ [−π, π]✱ ✇❤❡r❡ Λ (β) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ t❤❡ ❡✐❣❡♥✲
✈❛❧✉❡s ♦❢ Nβ ✳ ❚❤❡♥✱ ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐t② ♦❢ ✭✼✮
✐s

λ♠✐♥ ≥ 0 and ∆t ≤ 2√
λ♠❛①

✇✐t❤ λ♠✐♥ = min
β∈[−π,π]

[min (Λ (β))] ❛♥❞ λ♠❛① = max
β∈[−π,π]

[max (Λ (β))]✳

■♥ s❡❝t✐♦♥ ✹✳✷✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ λmin ≥ 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✻✮ ❛♥❞ ✐♥
s❡❝t✐♦♥ ✹✳✸✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ λmax ≤ 4

∆t2 ✐♠♣❧✐❡s ✭✼✮ ❛♥❞ ✐s ❡q✉✐✈❛❧❡♥t
t♦ ✭✼✮ ❛♥❞ ✭✽✮✳

✹✳✷ ❙t✉❞② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ λ♠✐♥ ≥ 0

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ α = hγ t♦ s✐♠♣❧✐❢② t❤❡
♣r❡s❡♥t❛t✐♦♥✳
❚♦ s❤♦✇ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭✺✮ ❛♥❞ λmin ≥ 0✱ ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ Nβ ✿

qα (λ, β) = (−1)
p+1

λp+1 +

p
∑

i=0

ci (α, β) λi.

❚❤❡ ❝♦❡✣❝✐❡♥ts ci (α, β) ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ❛ s②♠❜♦❧✐❝ ❝❛❧❝✉❧✉s s♦❢t✇❛r❡ s✉❝❤
❛s ▼❛♣❧❡✳ ❲❡ ♣r❡s❡♥t t❤❡♠ ✐♥ ❛♣♣❡♥❞✐① ❇ ❢♦r 1 ≤ p ≤ 5✳
■♥ ♦r❞❡r t♦ st✉❞② t❤❡ s✐❣♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Nβ ✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✶✳ ▲❡t P ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n ✇✐t❤ n r❡❛❧ r♦♦ts s✉❝❤ t❤❛t

P (X) =
n
∑

i=0

ciX
i✳ ❆❧❧ t❤❡ r♦♦ts ♦❢ P ❛r❡ ♥♦♥ ♥❡❣❛t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

(−1)
i
ci ≥ 0.

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛ ✐s ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐① ❈✳

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t♦ ✜♥❞ ❛ ❝♦♥❞✐t✐♦♥ ♦✈❡r α s✉❝❤ t❤❛t✱ ∀i ∈ {0, . . . , p + 1}✱
∀β ∈ [−π, π]✱

(−1)
i
ci (α, β) ≥ 0.

❍❡r❡ ✇❡ ♦♥❧② ❞❡t❛✐❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ❝❛s❡ p = 3 ❛♥❞ ✇❡ ❣✐✈❡ t❤❡ ❡①♣r❡s✲
s✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧s ❢♦r p 6= 3 ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❈✳ ❋♦r p = 3✱
✇❡ ❤❛✈❡















































c3 (α, β) =
8

h2
((15 − α) cos (β) − 4α)

c2 (α, β) =
240

h4

(

cos2 (β) − (23 + α) cos (β) + (18α − 65)
)

c1 (α, β) =
2880

h6

(

4 cos2 (β) + (65 − 3α) cos (β) + (141 − 32α)
)

c0 (α, β) =
100800

h8

(

3 cos2 (β) + 2 (3 − α) cos (β) + (2α − 9)
)

.

❘❘ ♥➦ ✼✹✾✹
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❼ ▲❡t ✉s ✜rst st✉❞② t❤❡ ❝♦♥❞✐t✐♦♥ ♦✈❡r c3✳ ❲❡ ❤❛✈❡✱ ∀β ∈ [−π, π]✱

−c3 (α, β) ≥ 0 ⇔ (α − 15) cos (β) + 4α ≥ 0.

■t ✐s ❝❧❡❛r t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ β ✐❢ ❛♥❞ ♦♥❧② ✐❢
{

(α − 15) + 4α ≥ 0,
(15 − α) + 4α ≥ 0

✭✶✸✮

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
{

α ≥ 3,
α ≥ −5.

✭✶✹✮

❈♦♥s❡q✉❡♥t❧②✱ −c3 (α, β) ≥ 0✱ ✇❤❛t❡✈❡r t❤❡ ❝❤♦✐❝❡ ♦❢ β✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢

α ≥ 3 ✭✶✺✮

❼ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ♦✈❡r c2✳
❙❡tt✐♥❣ X = cos (β)✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦✱

fα (X) := X2 − (23 + α) X + (18α − 65) ≥ 0, ∀X ∈ [−1, 1]. ✭✶✻✮

❚❤✐s s❡❝♦♥❞ ♦r❞❡r ❡q✉❛t✐♦♥ ❛❞♠✐ts t✇♦ r♦♦ts✿















X1 =
1

2

(

23 + α +
(

(α − 13)
2

+ 620
)1/2

)

,

X2 =
1

2

(

23 + α −
(

(α − 13)
2

+ 620
)1/2

)

.

❲❡ ❦♥♦✇ t❤❛t fα (X) ✐s ❛ s❡❝♦♥❞✲♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ X ❛♥❞
✐ts ❤❡❛❞ ❝♦❡✣❝✐❡♥t ✐s ♣♦s✐t✐✈❡✳ ❚❤✉s✱ t♦ ❤❛✈❡ fα ♥♦♥ ♥❡❣❛t✐✈❡ ∀X ∈ [−1; 1]✱
✇❡ ♥❡❡❞ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✶✳ t❤❡ t✇♦ r♦♦ts ❛r❡ ✐♥ ] −∞;−1] ✐✳❡✳ X1 ≤ −1✱

✷✳ t❤❡ t✇♦ r♦♦ts ❛r❡ ✐♥ ]1;+∞[ ✐✳❡✳ X2 ≥ 1✱

✸✳ X1 = X2✳

❙✐♥❝❡ (α − 13)
2

+ 620 > 0✱ X1 > X2 ❛♥❞ ✸✳ ✐s ✐♠♣♦ss✐❜❧❡✳

❚❤❡ ❝❛s❡ X1 ≤ −1 ✐s ❛❧s♦ ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ X1 ≥ 0 ✇❤❡♥ α ≥ 0 s♦ ✇❡ ❥✉st
❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ X2 ≥ 1✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ✐♥❡q✉❛❧✐t②

23 + α −
(

(α − 13)
2

+ 620
)1/2

≥ 2,

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

α ≥ 87

17
. ✭✶✼✮

❋✐♥❛❧❧②✱ c2 (α, β) ≥ 0✱ ✇❤❛t❡✈❡r t❤❡ ❝❤♦✐❝❡ ♦❢ β✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✶✼✮ ❤♦❧❞s✳

❘❘ ♥➦ ✼✹✾✹
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❼ ◆♦✇✱ ❧❡t ✉s st✉❞② t❤❡ s✐❣♥ ♦❢ c1 (α, β)✳
▼❛❦✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ X = cos (β)✱ t❤❡ ❝♦♥❞✐t✐♦♥ −c1 (α, β) ≥
0,∀β ∈ [−π, π] ✐s ❡q✉✐✈❛❧❡♥t t♦

fα (X) := −4X2 + (3α − 65) X + (32α − 141) ≥ 0, ∀X ∈ [−1, 1].

❚❤❡ ♣♦❧②♥♦♠ fα ❛❞♠✐ts t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ r♦♦ts✿






























X1 =
−1

8



65 − 3α +

(

(

3α +
61

3

)2

+
14000

9

)1/2


 ,

X2 =
−1

8



65 − 3α −
(

(

3α +
61

3

)2

+
14000

9

)1/2


 .

❙✐♥❝❡✱ t❤❡ ❤❡❛❞ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♣♦❧②♥♦♠ fα ✐s ♥❡❣❛t✐✈❡✱ ✇❡ ♥❡❡❞ X1 ≤ −1
❛♥❞ X2 ≥ 1✳
❚❤❡ ❝♦♥❞✐t✐♦♥ X1 ≤ −1 ✐♠♣❧✐❡s t❤❛t

65 − 3α +

(

(

3α +
61

3

)2

+
14000

9

)1/2

≥ 8

✇❤✐❝❤ ❧❡❛❞s t♦

α ≥ 80

29
. ✭✶✽✮

■♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❡ ❝♦♥❞✐t✐♦♥ X2 ≥ 1 ✐s ❡q✉✐✈❛❧❡♥t t♦

α ≥ 6. ✭✶✾✮

❈♦♥s❡q✉❡♥t❧②✱ −c1 (α, β) ≥ 0, ∀β ∈ [−π, π] ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ≥ 6✳

❼ ❋✐♥❛❧❧②✱ ❧❡t ✉s ❧♦♦❦ ❛t t❤❡ ♣♦s✐t✐✈✐t② ♦❢ c0 (α, β) ,∀β ∈ [−π, π]✳
❖♥❝❡ ❛❣❛✐♥✱ ✉s✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ X = cos (β)✱ ✇❡ ❤❛✈❡

fα (X) := 3X2 + 2 (3 − α) X + 2α − 9 ≥ 0.

❚❤✐s ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ fα ❛❞♠✐ts t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ r♦♦ts✿










X1 =
1

3
(2α − 9) ,

X2 = 1.

■♥ t❤❡ s❛♠❡ ✇❛② t❤❛♥ ♣r❡✈✐♦✉s❧②✱ ✇❡ ♥❡❡❞ X1 ≥ 1 ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡
❝♦♥❞✐t✐♦♥

α ≥ 6. ✭✷✵✮

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥❞✐t✐♦♥s ✭✶✺✮✱ ✭✶✼✮✱ ✭✶✽✮✱ ✭✶✾✮ ❛♥❞ ✭✷✵✮✱
✇❡ ❤❛✈❡

λ♠✐♥ ≥ 0 ⇔ α ≥ 6. ✭✷✶✮

❲❡ ✉s❡❞ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ t♦ ❞❡r✐✈❡ ❛ ❝♦♥❞✐t✐♦♥ ♦✈❡r α ❢♦r ❛❧❧ ♣♦❧②♥♦♠✐❛❧
❞❡❣r❡❡s p ❢r♦♠ p = 1 t♦ p = 5✳ ❙✐♥❝❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ✈❡r② s✐♠✐❧❛r✱ ✇❡ ❞♦
♥♦t ❞❡t❛✐❧ t❤❡♠ ❤❡r❡ ❛♥❞ ✇❡ ❥✉st ♣r❡s❡♥t t❤❡♠ ✐♥ ❚❛❜✳ ✶✳

❘❘ ♥➦ ✼✹✾✹
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p c0 c1 c2 c3 c4 c5

1 α ≥ 1 α ≥ 1

2 α ≥ 3 α ≥ 30

11
α ≥ 2

3 α ≥ 6 α ≥ 6 α ≥ 87

17
α ≥ 3

4 α ≥ 10 α ≥ 543

55
α ≥ 325

34
α ≥ 581

73
α ≥ 4

5 α ≥ 15 α ≥ 15 α ≥ 336

23
α ≥ 1185

86
α ≥ 124

11
α ≥ 5

❚❛❜❧❡ ✶✿ ❈♦♥❞✐t✐♦♥s ♦✈❡r α ❢♦r ❡❛❝❤ ❝♦❡✣❝✐❡♥t ci ❛♥❞ ❡❛❝❤ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ p

❋r♦♠ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❡ s♠❛❧❧❡st ♣❡♥❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs
❡♥s✉r✐♥❣ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡ ✭s❡❡ ❚❛❜✳ ✷✮✳ ■t ✐s ❝❧❡❛r t❤❛t✱ ❢♦r 1 ≤ p ≤ 5✱
t❤❡ st❛❜✐❧✐t② ✐s ❣✉❛r❛♥t❡❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

α ≥ p (p + 1)

2h
.

p 1 2 3 4 5

α ≥ 1 α ≥ 3 α ≥ 6 α ≥ 10 α ≥ 15

❚❛❜❧❡ ✷✿ ❙t❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦✈❡r α ❢♦r ❡❛❝❤ ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ p

✹✳✸ ❚❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥

❍❡r❡✱ ✇❡ ♣r♦♣♦s❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥

∆t ≤ 2√
λmax

✐♠♣❧✐❡s ✭✼✮ ❛♥❞ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✼✮ ❛♥❞ ✭✽✮✳ ❚♦ ❝♦♠♣✉t❡ λmax✱ ✇❡ ✉s❡ t❤❡
✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✳ ■♥❞❡❡❞✱ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ λ ∈ Λ (β) ✐s ❛♥ ✐♠♣❧✐❝✐t
❢✉♥❝t✐♦♥ λ (β) ❞❡✜♥❡❞ ❜② pα (λ (β) , β) = 0✳ ❙✐♥❝❡ pα (λ, β) ✐s ❛ ❝♦♥t✐♥✉♦✉s
❛♥❞ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ♦❢ β✱ s♦ ✐s λ (β) ❛♥❞ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ✜♥❞ ❛❧❧ t❤❡ ✈❛❧✉❡s
β0 ∈ [−π;π] s✉❝❤ t❤❛t λ′ (β0) = 0✳ ❯s✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥s t❤❡♦r❡♠✱ ✇❡
❤❛✈❡

∂pα

∂λ
λ′ (β) +

∂pα

∂β
= 0.

❍❡♥❝❡ β0 s❛t✐s✜❡s
∂pα

∂β
(λ (β0) , β0) = 0 ❛♥❞ t❤❡ t✇♦ st❡♣s ♦❢ t❤❡ ♣r♦♦❢s ❛r❡✱ ❢♦r

❛ ❣✐✈❡♥ α✿

❘❘ ♥➦ ✼✹✾✹
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✶✳ ❋✐♥❞ ❛❧❧ t❤❡ β0 s❛t✐s❢②✐♥❣
∂pα

∂β
(λ (β0) , β0)

✷✳ ❋✐♥❞ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ❛♠♦♥❣ ❛❧❧ t❤❡ λ (β0)✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♦♥❧② ❞❡t❛✐❧ t❤❡ ❝❛s❡ p = 3✱ s✐♥❝❡ t❤❡ ♣r♦♦❢s ❛r❡ s✐♠✐❧❛r ❢♦r
❛❧❧ p = 1, . . . , 5✳

❲❡ ❤❛✈❡

∂pα

∂β
(α, β) = sin (β)

[

8

h2
(α − 15) λ3 +

240

h4
(23 + α − 2 cos (β))λ2

+
2880

h6
(3α − 65 − 8 cos (β))λ +

100800

h8
(−6 cos (β) + 2 (α − 3))

]

:= sin (β) p̃α (λ, β) .

❈♦♥s❡q✉❡♥t❧②✱

∂pα

∂β
(β0) = 0 ⇔















sin (β0) = 0

♦r

p̃α (λ, β0) = 0.

✭✷✷✮

❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝♦♥❞✐t✐♦♥ sin (β0) = 0 ❛♥❞ ✇❡ s❤♦✇ t❤❛t ✐t ✐s ❡q✉✐✈✲
❛❧❡♥t t♦ ✭✼✮✳ ❚❤❡♥✱ t♦ ♦❜t❛✐♥ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✭✽✮✱ ✇❡ t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥❞✐t✐♦♥ q̃α (λ, β) = 0✳

❼ ■❢ β0 = 0✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✐❣❡♥✈❛❧✉❡s✿

0;
60

h2
;
90 + 20α + 2g1 (α)

h2
;
90 + 20α − 2g1 (α)

h2

✇❤❡r❡ g1 (α) =
(

4545 − 1320α + 100α2
)

1
2 ✳

■t ✐s ❝❧❡❛r t❤❛t✱ ❢♦r α ≥ 0✱ t❤❡ t✇♦ ❣r❡❛t❡st ❡✐❣❡♥✈❛❧✉❡s ❛r❡ λ1 =
60

h2
❛♥❞

λ2 =
1

h2
(90 + 20α + 2g1 (α))✳ ❙t✉❞②✐♥❣ t❤❡ s✐❣♥ ♦❢ t❤❡ q✉❛♥t✐t②

h2 (λ1 − λ2) = −150 + 20α + 2g1 (α)

✇❡ ❝❛♥ ❡❛s✐❧② ♦❜t❛✐♥
{

λ♠❛①,0 = λ2 ✐❢ α ≥ 6

λ♠❛①,0 = λ1 ✐❢ α < 6.
✭✷✸✮

❲❡ ❤❛✈❡ ♣r♦✈❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✷ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ α ≥ 6 ✐s ❛ ♥❡❝❡ss❛r②
st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝♦♥s✐❞❡r λmax,0 = λ2✳

❼ ■❢ β0 = π✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✐❣❡♥✈❛❧✉❡s✿

2

h2

(

45 +
√

1605
)

;
2

h2

(

45 −
√

1605
)

;
2

h2
(−15 + 6α + g2 (α)) ;

2

h2
(−15 + 6α − g2 (α))

✇❤❡r❡ g2 (α) =
(

405 − 240α + 36α2
)

1
2 ✳

❚❤❡ t✇♦ ❣r❡❛t❡st ❡✐❣❡♥✈❛❧✉❡s ❛r❡ λ3 = 2
h2

(

45 +
√

1605
)

❛♥❞ λ4 = 2
h2 (−15 + 6α + g2 (α))✳

❘❘ ♥➦ ✼✹✾✹
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❚❤❡ st✉❞② ♦❢ t❤❡ s✐❣♥ ♦❢ λ3 − λ4 ✐♠♣❧✐❡s
{

λ♠❛①,π = λ3 ✐❢ α ≤ 10

λ♠❛①,π = λ1 ✐❢ α ≥ 10.
✭✷✹✮

◆♦✇ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣❛r❡ λmax,0 ❛♥❞ λmax,π✳ ❲❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t














λ♠❛①,0 ≥ λ♠❛①,π ✐❢ α ≥ 2
√

1605 + 393

49
,

λ♠❛①,π > λ♠❛①,0 ✐❢
2
√

1605 + 393

49
≤ α.

✭✷✺✮

❈♦♥s❡q✉❡♥t❧②✱ ❝♦♥s✐❞❡r✐♥❣ ✭✷✸✮ ❛♥❞ ✭✷✺✮

∆t

h
≤



















C1,3 ✐❢ 6 ≤ α ≤ 2
√

1605 + 393

49
,

C2,3 (α) ✐❢
2
√

1605 + 393

49
< α

✭✷✻✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ✭✻✮✳

❼ ▲❡t ✉s ♥♦✇ ✜♥❞ β0 s✉❝❤ t❤❛t p̃ (λ, β0) = 0✳
❲❡ ❝❛♥ ❡❛s✐❧② ♦❜t❛✐♥ t❤❛t

cos (β0) =
(α − 15) h6λ3 + 30 (23 + α) h4λ2 + 360 (3α − 65) h2λ + 25200 (α − 3)

60 (h4λ2 + 48h2λ + 1260)
:= Q̃α (λ) .

❯s✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ♦❢ cos (β0) ✐♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ✭✸✼✮ ✇❡
♦❜t❛✐♥ t❤❛t λ = λ (β0) ✐s s♦❧✉t✐♦♥ t♦

qα (λ, β0) = − 1

15h8 (h4λ2 + 48h2λ + 1260)

6
∑

i=0

λih2ic̃i (α) = 0

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱

Q̃p,α (λ) =

6
∑

i=0

λih2ic̃i (α) = 0

✇✐t❤










































































c0 (α) = 635040000
(

α2 − 12α + 36
)

,

c1 (α) = 3628800
(

15α2 + 70α − 96
)

,

c2 (α) = 86400
(

31α2 − 447α + 5316
)

,

c3 (α) = 14400
(

8α2 − 135α − 1728
)

,

c4 (α) = 180
(

17α2 − 442α + 7740
)

,

c5 (α) = 60
(

α2 + 16α − 357
)

,

c6 (α) = α2 − 30α + 210.

❋✐♥❛❧❧②✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s λ ♠✉st s❛t✐s❢② Qα (λ) = 0 ❛♥❞ |Q̃α (λ) | ≤ 0 ❛♥❞ λmax =
min (C1,3, C2,3 (α) , C3,3 (α))✳

❘❘ ♥➦ ✼✹✾✹
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✺ ❚❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ t♦ ❛❞❛♣t t❤❡ t❡❝❤♥✐q✉❡ ♣r♦♣♦s❡❞ ✐♥ ❬✽❪ t♦ ❡①t❡♥❞
t❤❡ ❛♥❛❧②s✐s ❢r♦♠ t❤❡ ✶❉ ❝❛s❡ t♦ t❤❡ d❉ ❝❛s❡✳ ❍❡r❡✱ ✇❡ ♦♥❧② ❞❡t❛✐❧ t❤❡ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ s✐♥❝❡ t❤❡ t❡❝❤♥✐q✉❡ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❢♦r t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧
❝❛s❡✳
❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✜♥✐t❡ ❤♦♠♦❣❡♥❡♦✉s 3❉ ❞♦♠❛✐♥ Ω ❛♥❞ ✇❡ ♠❡s❤ ✐t
✉♥✐❢♦r♠❧② ❜② ❝✉❜❡s ♦❢ ❡❞❣❡ h✳
◆♦✇✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ ❬✽❪✳

❼ Ω =
⋃

KJ∈Th

KJ ✇❤❡r❡ KJ =
3
∏

k=1

SJk
=

3
∏

k=1

[Jkh, (Jk + 1)h] ❛♥❞ J =

(Jk)k=1,...,3✳

❼ ❖♥ K̂ [0, 1]
d✱ ✇❡ ❞❡✜♥❡ t❤❡ ▲❛❣r❛♥❣❡ ❜❛s✐s ❢✉♥❝t✐♦♥s (ϕ̂l)l∈{1,...,p+1}3 ❜②

ϕ̂l (x) =

3
∏

k=1

ϕ̂lk (xk)

✇❤❡r❡ ϕ̂lk ❛r❡ t❤❡ ✶❉ ▲❛❣r❛♥❣❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✳

❼ ❙✐♥❝❡ t❤❡ ♠❡s❤ ✐s ✉♥✐❢♦r♠✱ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞ t❤❛♥❦s t♦ t❤❡
❢✉♥❝t✐♦♥s (ϕ̂l)l∈{1,...,p+1}3 ❜②

ϕJ
m (x) = ϕ̂m

(

x − Jh

h

)

1Kj
(x)

✇❤❡r❡ 1KJ
✐s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ KJ ✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥

❛s ❛ ♣r♦❞✉❝t ♦❢ d ✶❉ ❜❛s✐s ❢✉♥❝t✐♦♥s✿

ϕJ
m (x) =

3
∏

k=1

ϕ̂mk

(

x − Jkh

h

)

1SJk
(xk)

❼ ❚❤❡ ❞✐✛❡r❡♥t ❢❛❝❡s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t K̂ ❛r❡ ❞❡♥♦t❡❞ ❜② ❛♥ ❡①♣♦♥❡♥t
C ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢❛❝❡✿ ◆♦rt❤ ✭◆✮✱ ❙♦✉t❤ ✭❙✮✱ ❊❛st
✭❊✮✱ ❲❡st ✭❲✮✱ ✐♥ ❋r♦♥t ♦❢ ✭❋✮ ❛♥❞ ✐♥ t❤❡ ❇❛❝❦ ✭❇✮ ✭❝❢✳ ❋✐❣ ✶✮✳

❋✐❣✉r❡ ✶✿ ◆♦t❛t✐♦♥s ♦❢ t❤❡ ❢❛❝❡s ✐♥ ✸❉

❘❘ ♥➦ ✼✹✾✹
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❙✐♥❝❡ t❤❡ ♠❡s❤ ✐s ✉♥✐❢♦r♠✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ♣r♦❜❧❡♠ ♦♥ ❛♥ ❡❧❡♠❡♥t I =
{I1, I2, I3}✿

M3,pδ
nUI1,I2,I3

= K3,pUI1,I2,I3
+ KE

3,pUI1+1,I2,I3
+ KW

3,pUI1−1,I2,I3

+KF
3,pUI1,I2+1,I3

+ KB
3,pUI1,I2−1,I3

+ KN
3,pUI1,I2,I3+1

+KS
3,pUI1,I2,I3−1

✭✷✼✮
✇❤❡r❡

❼ δnUI1,I2,I3
=

Un+1
I1,I2,I3

− 2Un
I1,I2,I3

+ Un−1
I1,I2,I3

∆t2

❼ M3,p ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ♠❛ss ♠❛tr✐① M ✱

M3,p (i, j) = h3

∫

K̂

ϕ̂iϕ̂j, i, j ∈ {1, . . . , p + 1}3

❼ K3,p ✐s ❛ ❞✐❛❣♦♥❛❧ ❜❧♦❝❦ ♦❢ t❤❡ ♠❛tr✐① K

K3,p (i, j) = h

∫

K̂

∇ϕ̂i · ∇ϕ̂j −
∑

C∈{N,S,E,W,B,F}

h

2

∫

ΓC

(ϕ̂i∇ϕ̂j + ϕ̂j∇ϕ̂i) νC

+
∑

C∈{N,S,E,W,B,F}
h2

∫

ΓC

αϕ̂iϕ̂j, i, j ∈ {1, . . . , p + 1}3

✇❤❡r❡ νC ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r t♦ t❤❡ ❢❛❝❡ ΓC ✳

❼ KC
3,p ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ♠❛tr✐① K ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥

❛♥ ❡❧❡♠❡♥t I ❛♥❞ ✐ts ♥❡✐❣❤❜♦✉rs ♦♥ t❤❡ ❢❛❝❡ ΓC ✿

KE
3,p (i, j) =

∫

[0,1]2

1

2
(ϕ̂i (1, x2, x3)∇ϕ̂j (0, x2, x3) + ϕ̂j (0, x2, x3)∇ϕ̂i (1, x2, x3)) νE

−ϕ̂i (1, x2, x3) ϕ̂j (0, x2, x3)

KF
3,p (i, j) =

∫

[0,1]2

1

2
(ϕ̂i (x1, 1, x3)∇ϕ̂j (x1, 0, x3) + ϕ̂j (x1, 0, x3)∇ϕ̂i (x1, 1, x3)) νF

−ϕ̂i (x1, 1, x3) ϕ̂j (x1, 0, x3)

KN
3,p (i, j) =

∫

[0,1]2

1

2
(ϕ̂i (x1, x2, 1)∇ϕ̂j (x1, x2, 0) + ϕ̂j (x1, x2, 0)∇ϕ̂i (x1, x2, 1)) νN

−ϕ̂i (x1, x2, 1) ϕ̂j (x1, x2, 0)

KW
3,p (i1, i2, i3, j1, j2, j3) = KE

3,p (j1, i2, i3, i1, j2, j3)

KB
3,p (i1, i2, i3, j1, j2, j3) = KF

3,p (i1, j2, i3, j1, i2, j3)

KB
3,p (i1, i2, i3, j1, j2, j3) = KN

3,p (i1, i2, j3, j1, j2, i3)

❘❘ ♥➦ ✼✹✾✹



❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✶✽

❚❤❡♥✱ ♠✉❧t✐♣❧②✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭✷✼✮ ❜② t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠❛ss ♠❛tr✐① M3,p✱ ✇❡
♦❜t❛✐♥

δnUI1,I2,I3
= N3,pUI1,I2,I3

+ NE
3,pUI1+1,I2,I3

+ NW
3,pUI1−1,I2,I3

+NF
3,pUI1,I2+1,I3

+ NB
3,pUI1,I2−1,I3

+ NN
3,pUI1,I2,I3+1

+NS
3,pUI1,I2,I3−1

✭✷✽✮

✇❤❡r❡ N3,p = M−1
3,pK3,p ❛♥❞ NC

3,p = M−1
3,pKC

3,p.

◆♦✇✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ r❡✇r✐t✐♥❣ t❤❡ ♠❛tr✐❝❡s N3,p ❛♥❞ NC
3,p ✇✐t❤ r❡s♣❡❝t

t♦ t❤❡ ♠❛tr✐❝❡s ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥♥❛❧ ❝❛s❡✳

✺✳✶ ❋r♦♠ t❤❡ ✸ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ t♦ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧

❝❛s❡

❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ M3,p✱ K3,p✱ KC
3,p✱ N3,p ❛♥❞ NC

3,p ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ M1,p✱ K1,p✱ KW

1,p✱ N1,p ❛♥❞ NW
1,p t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳✶✳ ❋♦r ❛❧❧ m = (mk)k=1,...,3 ∈ {1, . . . , p + 1}3
❛♥❞ n = (nk)k=1,...,3 ∈

{1, . . . , p + 1}3
✱ ✇❡ ❤❛✈❡

1. M3,p (m,n) =

3
∏

i=1

M1,p (mi, ni) ,

2. K3,p (m,n) =
3
∑

i=1



K1,p (mi, ni)
3
∏

k=1, k 6=i

M1,p (mk, nk)





3. KC
3,p (m,n) = KW

1,p (mpC
, npC

)
3
∏

k=1, k 6=pC

M1,p (mk, nk)

4. N3,p (m,n) =
3
∑

p=1

N1,p (mp, np)
3
∏

k=1, k 6=p

δmk,nk

5. NC
3,p (m,n) = NW

1,p (mpC
, npC

)

3
∏

k=1, k 6=pC

δmk,nk

✭✷✾✮

✇❤❡r❡ pC =



















1 ✐❢ C ∈ {E,W} ,

2 ✐❢ C ∈ {N,S} ,

3 ✐❢ C ∈ {B,F} ,

❛♥❞ N1,p = M−1
1,pK1,p ❛♥❞ NC

1,p = M−1
1,pKC

1,p✳

Pr♦♦❢✳ ❛

❘❘ ♥➦ ✼✹✾✹



❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✶✾

❼ Pr♦♦❢ ♦❢ ✶✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ t❤❡ s❡❝t✐♦♥ ✺✱ ✇❡ ❤❛✈❡

M3,p (m,n) = h3

∫

K̂

ϕ̂mϕ̂ndx

= h3

∫

K̂

3
∏

i=1

ϕ̂mi
(xi)

3
∏

i=1

ϕ̂ni
(xi)

3
∏

i=1

dxi

=

3
∏

i=1

h

∫

[0,1]

ϕ̂mi
(xi) ϕ̂ni

(xi) dxi

=
3
∏

i=1

M1,p (mi, ni)

❼ Pr♦♦❢ ♦❢ ✷✳
❲❡ ✜rst ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❢♦r t❤❡ ✈♦❧✉♠ t❡r♠✳

▲❡♠♠❛ ✺✳✷✳ ❋♦r ❛❧❧ m = (mk)k=1,...,3 ∈ {1, . . . , p + 1}3
❛♥❞ n = (nk)k=1,...,3 ∈

{1, . . . , p + 1}3
✱ ✇❡ ❤❛✈❡

∫

K̂

∇ϕ̂m·∇ϕ̂ndx =

3
∑

i=1





∫

[0,1]

∂ϕ̂mi

∂xi
(xi)

∂ϕ̂ni

∂xi
(xi) dxi

3
∏

k=1, k 6=i

M1,p (mk, nk)



 .

Pr♦♦❢✳ ▲❡t ✉s ❧♦♦❦ ❛t t❤❡ t❡r♠ h3

∫

K̂

∇ϕ̂m · ∇ϕ̂ndx✳

❲❡ ❦♥♦✇ t❤❛t✱ ∀m ∈ {1, . . . , p + 1}d

ϕ̂m (x) =

3
∏

k=1

ϕ̂mp
(xp)

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

∂ϕ̂m

∂xk
(x) =

∂ϕ̂mk

∂xk
(xk)

3
∏

i=1, i 6=k

ϕ̂mi
(xi) .

❚❤❡♥✱ ✉s✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ♣r❡✈✐♦✉s❧②✱

h3

∫

K̂

∇ϕ̂m · ∇ϕ̂ndx =

3
∑

i=1

h

∫

[0,1]

∂ϕ̂mi

∂xi
(xi)

∂ϕ̂ni

∂xi
(xi) dxi

3
∏

k=1, k 6=i

h

∫

[0,1]

ϕ̂mk
(xk) ϕ̂nk

(xk) dxk

=

3
∑

i=1



h

∫

[0,1]

∂ϕ̂mi

∂xi
(xi)

∂ϕ̂ni

∂xi
(xi) dxi

3
∏

k=1, k 6=i

M1,p (mk, nk)





✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

◆♦✇✱ ✇❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ s✉r❢❛❝❡ t❡r♠s✳
▲❡t ✉s ✜rst r❡♠❛r❦ t❤❛t

∇ϕ̂m · ν|ΓC =
∂ϕ̂mpC

∂xpC

(xpC
) ν1,C

3
∏

k=1, k 6=pC

ϕ̂mk
(xk) ✭✸✵✮

❘❘ ♥➦ ✼✹✾✹



❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✷✵

✇❤❡r❡ ν1,C ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡
❞❡✜♥❡❞ ❜②

ν1,C =







1 ✐❢ C ∈ {E,N, F} ,

−1 ✐❢ C ∈ {W,S, B}
❛♥❞ xpC

✐s ❞❡✜♥❡❞ ❜②

xpC
=







1 ✐❢ C ∈ {E,N, F} ,

0 ✐❢ C ∈ {W,S, B} .

❚❤❡♥✱ ✇❡ ❝❛♥ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✸✳ ❋♦r ❛❧❧ 2✲❉ s✉r❢❛❝❡✱ ✇❡ ❤❛✈❡ ∀m,n ∈ {1, . . . , p + 1}d

h2

∫

ΓC

ϕ̂m (∇ϕ̂n · ν) dσ = ϕ̂mpC
(xpC

)
∂ϕ̂npC

∂xpC

(xpC
) ν1,C

3
∏

k=1, k 6=pC

M1,p (mk, nk)

h2

∫

ΓC

αϕ̂mϕ̂ndσ = αϕ̂mpC
(xpC

) ϕ̂npC
(xpC

)
3
∏

k=1, k 6=pC

M1,p (mk, nk)

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ✉s✐♥❣ ✭✸✵✮✱ ✇❡ ❤❛✈❡

h2

∫

ΓC

ϕ̂m (∇ϕ̂n · ν) dσ = h2

∫

ΓC

3
∏

k=1

ϕ̂mk
(xk)

∂ϕ̂npC

∂xpC

(xpC
) ν1,C

3
∏

k=1, k 6=pC

ϕ̂nk
(xk)

3
∏

k=1,k 6=pC

dxk

= ϕ̂mpC
(xpC

)
∂ϕ̂npC

∂xpC

(xpC
) ν1,C

3
∏

k=1, k 6=pC

h2

∫

[0,1]

ϕ̂mk
(xk) ϕ̂nk

(xk) dxk

✇❤✐❝❤ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

∫

ΓC

ϕ̂m (∇ϕ̂n · ν) dσ = ϕ̂mpC
(xpC

)
∂ϕ̂npC

∂xpC

(xpC
) ν1,C

3
∏

k=1, k 6=pC

M1,p (mk, nk) .

■♥ t❤❡ s❛♠❡ ✇❛②✱ ❢♦r t❤❡ ♣❡♥❛❧✐③❛t✐♦♥ t❡r♠✱ ✇❡ ❤❛✈❡✿

h2

∫

ΓC

αϕ̂mϕ̂ndσ = ϕ̂mpC
(xpC

) ϕ̂npC
(xpC

) h2

∫

ΓC

α

3
∏

k=1, k 6=pC

ϕ̂mk
(xk)

3
∏

k=1, k 6=pC

ϕ̂nk
(xk)

3
∏

k=1, k 6=pC

dσk

= αϕ̂mpC
(xpC

) ϕ̂npC
(xpC

)

3
∏

k=1, k 6=pC

h2

∫

[0,1]

ϕ̂mk
(xk) ϕ̂nk

(xk) dxk

✇❤✐❝❤ ❝❧❡❛r❧② ✐♠♣❧✐❡s t❤❛t

∫

ΓC

αϕ̂mϕ̂ndσ = αϕ̂mpC
(xpC

) ϕ̂npC
(xpC

)

3
∏

k=1, k 6=pC

M1,p (mk, nk)

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

❘❘ ♥➦ ✼✹✾✹



❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✷✶

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ t✇♦ ❧❡♠♠❛s✱ ✇❡ ♦❜t❛✐♥

K3,p (m,n) =
3
∑

i=1



K1,p (mi, ni)
3
∏

k=1, k 6=i

M1,p (mk, nk)



 . ✭✸✶✮

❼ Pr♦♦❢ ♦❢ ✸✳
❚♦ r❡✇r✐t❡ t❤❡ t❡r♠s KC

3,p (m,n) ❢♦r ❛❧❧ m, n✱ ✇❡ ✉s❡ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣
❛s ❢♦r K3,p✳

❼ Pr♦♦❢ ♦❢ ✹✳
❚♦ ♣r♦✈❡ ✹✳ ❛♥❞ ✺✳✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✹✳ ▲❡t m = (mp)p=1,...,3 ❛♥❞ n = (np)p=1,...,3✳
❲❡ ❤❛✈❡

M−1
3,p (m,n) =

3
∏

k=1

M−1
1,p (mk, nk) .

Pr♦♦❢✳ ▲❡t A ❜❡ t❤❡ ♠❛tr✐① ❞❡✜♥❡❞ ∀m,n ∈ {1, . . . , p + 1}d ❜②

A (m,n) =

3
∏

k=1

M−1
1,p (mk, nk) .

❲❡ ❤❛✈❡

(AM) (m,n) =

3
∑

l1,...,l3=1

3
∏

k=1

M−1
1,p (mk, lk)

3
∏

k=1

M1,p (lk, nk)

=

3
∑

l1,l2=1

2
∏

k=1

M−1
1,p (mk, lk)

2
∏

k=1

M1,p (lk, nk)

3
∑

l3=1

M−1
1,p (m3, l3) M1,p (l3, n3)

=

3
∏

k=1

(

3
∑

lk=1

M−1
1,p (mk, lk) M1,p (lk, nk)

)

❇✉t✱

3
∑

lk=1

M−1
1,p (mk, lk) M1,p (lk, nk) =

(

M−1
1,pM1,p

)

(mk, nk) = δmk,nk

s♦ t❤❛t

(AM) (m,n) =

3
∏

k=1

δmk,nk
= I (m,n)

✇❤❡r❡ I ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♠❛tr✐① N3,p = M−1
3,pK3,p✳

❋✐rst✱ ✇❡ r❡✇r✐t❡ K3,p ❛s

K3,p =

3
∑

q=1

Tq,

❘❘ ♥➦ ✼✹✾✹



❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✷✷

✇✐t❤ Tq (m,n) = K1,p (mq, nq)

3
∏

k=1, k 6=q

M1,p (mk, nk)✳

❚❤❡♥✱ M−1
3,pK3,p =

3
∑

q=1

M−1
3,pTq ❛♥❞✱ ✉s✐♥❣ ❧❡♠♠❛ ✺✳✹

(

M−1
3,pT1

)

(m,n) =

p+1
∑

l1,...,l3=1

(

3
∏

k=1

M−1
1,p (mk, lk) K1,p (l1, n1)

3
∏

k=2

M1,p (lk, nk)

)

=

p+1
∑

l1,...,l3=1

M−1
1,p (m1, l1) K1,p (l1, n1) M−1

1,p (m2, l2) M1,p (l2, n2) M−1
1,p (m3, l3) M1,p (l3,

=

p+1
∑

l1=1

M−1
1,p (m1, l1) K1,p (l1, n1)

3
∏

k=2

(

p+1
∑

lk=1

M−1
1,p (mk, lk) M1,p (lk, nk)

)

.

❙♦ t❤❛t
(

M−1
3,pT1

)

(m,n) = N1,p (m1, n1) δm2,n2
δm3,n3

.

P❡r❢♦r♠✐♥❣ t❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r T2 ❛♥❞ T3✱ ✇❡ ♦❜t❛✐♥

N3,p (m,n) =

3
∑

p=1

N1,p (mp, np)

3
∏

k=1, k 6=p

δmk,nk
.

❼ Pr♦♦❢ ♦❢ ✺✳
❲❡ ❛♣♣❧② t❤❡ t❡❝❤♥✐q✉❡ ✉s❡❞ t♦ ♣r♦✈❡ ✹✳ t♦ s❤♦✇ t❤❛t

NC
3,p (m,n) = NW

1,p (mpC
, npC

)
3
∏

k=1, k 6=pC

δmk,nk

✺✳✷ ❈♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s

▲❡t ✉s ❦♥♦✇ ❛♣♣❧② ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ t❤❡ t❤r❡❡ ❞✐r❡❝t✐♦♥s t♦ ✭✷✽✮ t♦ ♦❜t❛✐♥✱
❢♦r β = [−π, π]

3✱
δnŨβ1,β2,β3

= NβŨβ1,β2,β3
✭✸✷✮

✇❤❡r❡ t❤❡ ♠❛tr✐① Nβ ✐s ❞❡✜♥❡❞ ❜②

Nβ (m,n) =

3
∑

j=1

N1,p (mj , nj)

3
∏

q=1, q 6=1

δmq,nq

+eiβj NW
1,p (mj , nj)

3
∏

q=1, q 6=1

δmq,nq

+e−iβj NW
1,p (nj ,mj)

3
∏

q=1, q 6=1

δmq,nq

❘❘ ♥➦ ✼✹✾✹
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✇❤✐❝❤ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿

Nβ (m,n) =

3
∑

j=1





(

N1,p (mj , nj) + eiβj NW
1,p (mj , nj) + e−iβj NW

1,p (nj ,mj)
)

3
∏

q=1, q 6=1

δmq,nq





=

3
∑

j=1

Nβj
(mj , nj)

3
∏

q=1, q 6=1

δmq,nq
.

❯s✐♥❣ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ❛s ✐♥ s❡❝t✐♦♥ ✹✳✶✱ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡ ✐s
❡♥s✉r❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

λmin,3 ≥ 0 ❛♥❞ λmax,3 ≤ 4

∆t2

✇❤❡r❡ λmin,3 = min
β∈[−π,π]3

(minΛ (Nβ))✱ λmax,3 = max
β∈[−π,π]3

(max Λ (Nβ)) ❛♥❞

Λ (Nβ) ✐s t❤❡ s❡t ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Nβ✳
❚♦ ❝♦♠♣✉t❡ t❤❡s❡ ✈❛❧✉❡s✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✺✳ ▲❡t
(

λβ
i

)

i=1,...,p+1
❞❡♥♦t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Nβ ❛♥❞

(

vβ
i

)

i=1,...,p+1

t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦rs✳ ❚❤❡♥✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Nβ ❛r❡ ❣✐✈❡♥ ❜②

λβ
i =

3
∑

k=1

λβk

ik

✇❤❡r❡ λβk

ik
❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Nβk

✱ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦rs ❜②

vβ
i (m) =

3
∏

k=1

vβk

ik
(mk) . ✭✸✸✮

Pr♦♦❢✳ ▲❡t vβ
i ❞❡✜♥❡❞ ❜② ✭✸✸✮✱ t❤❡♥

(

Nβvβ
i

)

(m) =

p+1
∑

n1,...,n3=1





3
∑

q=1

Nβq
(mq, nq)

3
∏

k=1, k 6=q

δmk,nk

3
∏

k=1

vβk

ik
(nk)





=

3
∑

q=1









p+1
∑

nq=1

Nβq
(mq, nq) v

βq

iq
(nq)





3
∏

k=1, k 6=q

vβk

ik
(mk)





=

3
∑

q=1



λ
βq

iq
v

βq

iq
(mq)

3
∏

k=1, k 6=q

vβk

ik
(mk)





=

(

3
∑

q=1

λ
βq

iq

)

vβ
i (m)

■t ✐s t❤❡♥ ❝❧❡❛r t❤❛t

λmin,3 = 3λmin ❛♥❞ λmax,3 = 3λmax.

❍❡♥❝❡✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ s❝❤❡♠❡ ✭✸✸✮ ✐s st❛❜❧❡✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢

λmin ≥ 0 ❛♥❞
c∆t

h
≤ 1√

3

√

2

λmax

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✻✮✱ ✭✼✮ ❛♥❞ ✭✽✮✳
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✺✳✸ ❊①t❡♥s✐♦♥ t♦ r❡❝t❛♥❣✉❧❛r ♦r ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ♠❡s❤

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ r❡str✐❝t❡❞ ♦✉r t❤❡♦r❡♠ t♦ t❤❡ ❝❛s❡ ♦❢ sq✉❛r❡❞ ♦r
❝✉❜✐❝ ♠❡s❤✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ♣r♦♦❢ t♦ t❤❡ ❝❛s❡ ♦❢ r❡❝t❛♥❣✉❧❛r ♦r
♣❛r❛❧❧❡❧❡♣✐♣❡❞s ♠❡s❤❡s t♦ s❤♦✇ t❤❛t ❛ ♥❡❝❡ss❛r② st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ✐♥ ✷❉✿

α ≥ p (p + 1)

2 min (hx, hy)

❛♥❞ ✐♥ ✸❉✿

α ≥ p (p + 1)

2 min (hx, hy, hz)
.

❍❡r❡✱ hx✱ hy ❛♥❞ hz ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts
✐♥ t❤❡ x✱ y ❛♥s z ❞✐r❡❝t✐♦♥✳ ❚❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦❢ hx✱ hy ❛♥❞ hz ✐s ❛❝t✉❛❧❧② t❤❡
❞✐❛♠❡t❡r ♦❢ t❤❡ ✐♥s❝r✐❜❡❞ s♣❤❡r❡ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t✳ ❚❤✐s r❡♠❛r❦ ❝♦♥✜r♠s t❤❛t
t❤❡ t❤✐r❞ ❞❡✜♥✐t✐♦♥ ♦❢ ξF ✉s✐♥❣ t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ✐♥s❝r✐❜❡❞ s♣❤❡r❡ ♦r ❝✐r❝❧❡ ✐♥
✷❉ ✐s t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡✳
❚❤❡ ♣r♦♦❢ ❝♦✉❧❞ ❛❧s♦ ❜❡ ❡①t❡♥❞❡❞ t♦ ♦❜t❛✐♥ ❛ ❈❋▲ ❝♦♥❞✐t✐♦♥✱ ❜✉t ✐ts ❡①♣r❡ss✐♦♥
✐s ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ ❞♦❡s ♥♦t ❛❞❞ ♠✉❝❤ ✐♥s✐❣❤t✳

✻ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst r❡♣r❡s❡♥t t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✇✐t❤
r❡s♣❡❝t t♦ α ✭s❡❝t✐♦♥ ✻✳✶✮✳ ❚❤✐s ✐❧❧✉str❛t❡ t❤❡ ❢❛❝t t❤❛t t❤❡♦r❡♠ ✸✳✶ ✐s ❛❝t✉❛❧❧②
♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❢♦r ♠♦st ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ α✳ ❚❤❡♥✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r
❛♥❛❧②t✐❝❛❧ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐♥ ✐♥✜♥✐t❡ ❞♦♠❛✐♥ t♦ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ❝♦♠♣✉t❡❞
♥✉♠❡r✐❝❛❧❧② ♦♥ ✜♥✐t❡ ♠❡s❤❡s ✐♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡♦r❡♠ ✸✳✸
✭s❡❝t✐♦♥ ✻✳✷✮✳

✻✳✶ ❇❡❤❛✈✐♦✉r ♦❢ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ α

■♥ ❋✐❣✳ ✷✱ ✹✱ ✻✱ ✽ ❛♥❞ ✶✵ ✇❡ ♣❧♦t t❤❡ ❢✉♥❝t✐♦♥s C1,p ✭❜❧✉❡ ❧✐♥❡ ✇✐t❤ ❞✐❛♠♦♥❞s✮✱
C2,p (α) ✭r❡❞ ❧✐♥❡ ✇✐t❤ ❝✐r❝❧❡s✮ ❛♥❞ C3,p (α) ✭❜❧❛❝❦ ❧✐♥❡✮ r❡s♣❡❝t✐✈❡❧② ❢♦r p =
1, 2, 3, 4 ❛♥❞ 5✳

❋✐❣✉r❡ ✷✿ ❚❤❡ ✸ ❝♦♥❞✐t✐♦♥s ❢♦r p = 1 ❋✐❣✉r❡ ✸✿ ❩♦♦♠ ♦♥ t❤❡ ✸ ❝♦♥❞✳ ❢♦r p = 1
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❋✐❣✉r❡ ✹✿ ❚❤❡ ✸ ❝♦♥❞✐t✐♦♥s ❢♦r p = 2 ❋✐❣✉r❡ ✺✿ ❩♦♦♠ ♦♥ t❤❡ ✸ ❝♦♥❞✳ ❢♦r p = 2

❋✐❣✉r❡ ✻✿ ❚❤❡ ✸ ❝♦♥❞✐t✐♦♥s ❢♦r p = 3 ❋✐❣✉r❡ ✼✿ ❩♦♦♠ ♦♥ t❤❡ ✸ ❝♦♥❞✳ ❢♦r p = 3

❋✐❣✉r❡ ✽✿ ❚❤❡ ✸ ❝♦♥❞✐t✐♦♥s ❢♦r p = 4 ❋✐❣✉r❡ ✾✿ ❩♦♦♠ ♦♥ t❤❡ ✸ ❝♦♥❞✳ ❢♦r p = 4

✻✳✷ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ♣r❡✈✐♦✉s❧② ✇✐t❤ ♥✉✲
♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥
❤♦♠♦❣❡♥❡♦✉s ✶❉ ❞♦♠❛✐♥ Ω = [0, 10] ✇✐t❤ ❛ ✈❡❧♦❝✐t② c = (µ/ρ)

1/2
= 1 ♠s−1✳ ❲❡

✐♠♣♦s❡ ❛❧s♦ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ❜♦t❤ ❡♥❞s ♦❢ t❤❡ ❞♦♠❛✐♥ ❛♥❞
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s♣❛❝❡ st❡♣ ✐s h = 0.1✳
❲❡ ❝♦♠♣✉t❡❞ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❣r❡❛t❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ♠❛tr✐① M−1K ❛♥❞ ✇❡
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❋✐❣✉r❡ ✶✵✿ ❚❤❡ ✸ ❝♦♥❞✐t✐♦♥s ❢♦r p = 5
❋✐❣✉r❡ ✶✶✿ ❩♦♦♠ ♦♥ t❤❡ ✸ ❝♦♥❞✳ ❢♦r
p = 5

❞❡❞✉❝❡❞ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡✳ ■♥ ❋✐❣✳ ✶✷✱ ✶✸✱ ✶✹✱ ✶✺ ❛♥❞ ✶✻ ✇❡
❝♦♠♣❛r❡ t❤❡ ❛♥❛❧②t✐❝❛❧ ❈❋▲ ✭r❡❞ ❧✐♥❡✮ ♦❜t❛✐♥❡❞ ❜② t❤❡♦r❡♠ ✸✳✸ t♦ t❤❡ ♥✉♠❡r✐✲
❝❛❧ ❈❋▲ ✭tr✐❛♥❣❧❡s✮✱ r❡s♣❡❝t✐✈❡❧② ❢♦r p = 1, 2, 3, 4 ❛♥❞ 5✳ ❆❧❧ ✜❣✉r❡s s❤♦✇ ❛ ✈❡r②
❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❛♥❛❧②t✐❝❛❧ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❈❋▲✳
❚❤❡ ❢✉♥❝t✐♦♥ C3,p (α) ♦♥❧② ♠♦❞✐✜❡s t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐♥ ❛ s♠❛❧❧ s❡❣♠❡♥t ❛r♦✉♥❞
α1,p✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ✐s ❝♦♥✜r♠❡❞ ✐♥ ❋✐❣✳ ✸✱ ✺✱ ✼✱ ✾ ❛♥❞ ✶✶ ✇❤✐❝❤ r❡♣r❡s❡♥t ❛
③♦♦♠ ❛r♦✉♥❞ α1,p✳ ❚❤❡s❡s ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❝♦♥✜r♠ t❤❡ ❢❛❝t t❤❛t t❤❡♦r❡♠ 3.1
♣r♦✈✐❞❡s ❛❝t✉❛❧❧② ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❡①❝❡♣t ❢♦r ❛ s♠❛❧❧ r❛♥❣❡

♦❢ α✳ ▼♦r❡♦✈❡r✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ r❡♠❛✐♥s ❝♦♥st❛♥t ❢♦r α ❢r♦♠
p (p + 1)

2
t♦ ❛

❝❧♦s❡ ✈❛❧✉❡ ♦❢ α1
p✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ❝❤♦♦s❡ α =

p (p + 1)

2
t♦ ♦♣t✐♠✐③❡ t❤❡ t✐♠❡ st❡♣✳

❋✐❣✉r❡ ✶✷✿ ◆✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ✐♥ P 1 ❋✐❣✉r❡ ✶✸✿ ◆✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ✐♥ P 2

✼ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ s✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ♦❢ L2✲
st❛❜✐❧✐t② ♦❢ ❛♥ ■P❉● ♠❡t❤♦❞ ✉s✐♥❣ r❡❣✉❧❛r ♠❡s❤❡s✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝♦♥✜r♠
t❤❡ ❝♦♥❥❡❝t✉r❡ ♦❢ ❆✐♥s✇♦rt❤✱ ▼♦♥❦ ❛♥❞ ▼✉♥✐③ ✉♣ t♦ p = 5✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡
♦❜s❡r✈❡❞ t❤❛t t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐s ❝♦♥st❛♥t ✇✐t❤ r❡s♣❡❝t t♦ α ♦♥ ❛ s❡❣♠❡♥t

❘❘ ♥➦ ✼✹✾✹
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❋✐❣✉r❡ ✶✹✿ ◆✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ✐♥ P 3 ❋✐❣✉r❡ ✶✺✿ ◆✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ✐♥ P 4

❋✐❣✉r❡ ✶✻✿ ◆✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ✐♥ P 5

[

p (p + 1)

2
, α̃

]

❛♥❞ ✐s ❞❡❝r❡❛s✐♥❣ ❛s α−1/2 ❢♦r α > α̃✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐t ✐s ♥♦t

♥❡❝❡ss❛r② t♦ ❝❤♦♦s❡ α t♦ ❝❧♦s❡ t♦
p (p + 1)

2
t♦ ✐♠♣r♦✈❡ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✳ ❋✐✲

♥❛❧❧②✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t ❛ ❣♦♦❞ ❝❤♦✐❝❡ ❢♦r ξF s❤♦✉❧❞ ❜❡ t❤❡ ❞✐❛♠❡t❡r ♦❢
t❤❡ ✐♥s❝r✐❜❡❞ ❝✐r❝❧❡ ✭♦r s♣❤❡r❡✮✳ ❚❤✐s s❤♦✉❧❞ ❜❡ ❝♦♥✜r♠❡❞ ❜② ❛♥ ❛♥❛❧②s✐s ♦♥
tr✐❛♥❣✉❧❛r ♠❡s❤❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ t❤❡ t♦♣✐❝ ♦❢ ❛ ❢✉t✉r❡ ✇♦r❦✳

❆ ❉❡✜♥✐t✐♦♥ ♦❢ Qp,α ❛♥❞ Q̃p,α

❲❡ ♣r❡s❡♥t ❤❡r❡ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ Qp,α ❛♥❞ t❤❡ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥
Q̃p,α ❢♦r 1 ≤ p ≤ 5✳

❼ ❋♦r t❤❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ✶✱ Q̃p,α ✐s ❞❡✜♥❡❞ ❜②

Q̃p,α (λ) =
h2λ

2

(α

3
− 1
)

+ α.

❲❡ ❤❛✈❡✱

Qp,α (λ) =

2
∑

i=0

λih2ic̃i (α)

❘❘ ♥➦ ✼✹✾✹
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✇✐t❤






















c̃0 (α) = 36
(

α2 − 2α + 1
)

,

c̃1 (α) = 12
(

α2 − α
)

,

c̃2 (α) = α2 − 6α + 6,

❼ ■♥ t❤❡ ❝❛s❡ p = 2✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Q̃p,α ✐s

Q̃p,α (λ) = − (α − 1) h4λ2 + 4 (15 + 4α) h2λ + 240 (α − 3)

24 (h2λ + 20)
.

❚❤❡ ♣♦❧②♥♦♠✐❛❧ Qp,α ✐s s✉❝❤ t❤❛t

Qp,α (λ) =

4
∑

i=0

λih2ic̃i (α)

✇✐t❤














































c̃0 (α) = 57600
(

α2 − 2α + 1
)

,

c̃1 (α) = 1920
(

4α2 − 43α + 39
)

,

c̃2 (α) = 16
(

46α2 − 342α + 1521
)

,

c̃3 (α) = 8
(

4α2 + α − 140
)

,

c̃4 (α) = α2 − 16α + 56.

❼ ❋♦r p = 3✱ ✇❡ ❤❛✈❡

Qp,α (λ) =

6
∑

i=0

λih2ic̃i (α)

✇✐t❤










































































c̃0 (α) = 635040000
(

α2 − 12α + 36
)

,

c̃1 (α) = 3628800
(

15α2 + 70α − 96
)

,

c̃2 (α) = 86400
(

31α2 − 447α + 5316
)

,

c̃3 (α) = 14400
(

8α2 − 135α − 1728
)

,

c̃4 (α) = 180
(

17α2 − 442α + 7740
)

,

c̃5 (α) = 60
(

α2 + 16α − 357
)

,

c̃6 (α) = α2 − 30α + 210.

❛♥❞ Q̃p,α ✐s ❞❡✜♥❡❞ ❜②

Q̃p,α (λ) =
(α − 15) h6λ3 + 30 (23 + α) h4λ2 + 360 (3α − 65) h2λ + 25200 (α − 3)

60 (h4λ2 + 48h2λ + 1260)
.

❘❘ ♥➦ ✼✹✾✹
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❼ ❋♦r t❤❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ✹✱ Q̃p,α ✐s ❞❡✜♥❡❞ ❜②

Q̃p,α (λ) = − Ãp,α (λ)

120 (169344 + h6λ3 + 84h4λ2 + 5040h2λ)

✇✐t❤

Ãp,α (λ) = λ4h8 (α − 24) + 12λ3h6 (4α + 287) + 1008λ2h4 (3α − 305)

+20160λh2 (8α − 165) + 5080320 (α − 1)

❆♥❞✱ ✇❡ ❤❛✈❡

Qp,α (λ) =

8
∑

i=0

λih2ic̃i (α) .

✇✐t❤






































































































c̃0 (α) = 25809651302400 (α − 6)
2
,

c̃1 (α) = 204838502400
(

8α2 − 357α + 1854
)

,

c̃2 (α) = 81285120
(

698α2 + 3882α + 292185
)

,

c̃3 (α) = 203212800
(

72α2 − 13791α − 328
)

,

c̃4 (α) = 48384
(

719α2 − 12750α + 2419275
)

,

c̃5 (α) = 8064
(

76α2 − 972α − 286209
)

,

c̃6 (α) = 144
(

58α2 − 5282α + 201609
)

,

c̃7 (α) = 24
(

4α2 + 241α − 6972
)

,

c̃8 (α) = α2 − 48α + 55.

❼ ❋♦r p = 5✱ Q̃p,α ✐s s✉❝❤ t❤❛t

Q̃p,α (λ) =
Ãp,α (λ)

210 (39916800 + λ4h8 + 128λ3h6 + 12960λ2h4 + 967680λh2)

✇✐t❤

Ãp,α (λ) = λ5h10 (α − 35) + 70λ4h8 (α + 168) + 6720λ3h6 (α − 351)

+302400λ2h4 (2α + 385) + 8467200λh2 (5α − 303) + 1676505600 (α − 1)

❛♥❞ ✇❡ ❤❛✈❡

Qp,α (λ) =

10
∑

i=0

λih2ic̃i (α)

❘❘ ♥➦ ✼✹✾✹
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✇✐t❤


































































































































c̃0 (α) = 2810671026831360000 (α − 15)
2
,

c̃1 (α) = 28390616432640000 (5α + 168) (α − 15) ,

c̃2 (α) = 10241925120000
(

373α2 − 35067α + 855423
)

,

c̃3 (α) = 3072577536000
(

24α2 − 895α − 159240
)

,

c̃4 (α) = 1016064000
(

1151α2 − 11360α + 24379995
)

,

c̃5 (α) = 67737600
(

257α2 − 3570α − 9096540
)

,

c̃6 (α) = 2822400
(

76α2 − 2417α + 2988895
)

,

c̃7 (α) = 67200
(

32α2 + 2383α − 974820
)

,

c̃8 (α) = 140
(

131α2 − 37062α + 2285235
)

,

c̃9 (α) = 140
(

α2 + 151α − 5912
)

,

c̃10 (α) = α2 − 70α + 1190.

❇ ◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ st❛❜✐❧✐t②

❼ ■♥ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ❜❛s✐s ❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ ✶✱ ✇❡ ❝❛♥ ❡❛s✐❧②
♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♦♠✐❛❧ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠❛tr✐① Aβ

pα (λ, β) = λ2 + c1 (α, β) λ + c0 (α, β) ✭✸✹✮

✇✐t❤














c1 (α, β) =
4

h2
((3 − α) cos (β) − 2α)

c0 (α, β) =
12

h4

(

cos2 (β) − 2α cos (β) + 2α − 1
)

.

❼ ■♥ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ❜❛s✐s ❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ ✷✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
♣♦❧②♦♠✐❛❧ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠❛tr✐① Aβ ✐s

pα (λ, β) = −λ3 + c2 (α, β) λ2 + c1 (α, β) λ + c0 (α, β) ✭✸✺✮

✇✐t❤






























c2 (α, β) = − 6

h2
((α − 8) cos (β) − 3α)

c1 (α, β) =
12

h4

(

−6 cos2 (β) − 2 (15 + 4α) cos (β) + 4 (24 − 13α)
)

c0 (α, β) = −1440

h6

(

cos2 (β) + (α − 3) cos (β) + 2 − α
)

.

❼ ■♥ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ❜❛s✐s ❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ ✹✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
♣♦❧②♦♠✐❛❧ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠❛tr✐① Aβ ✐s

pα (λ, β) = −λ5+c4 (α, β) λ4+c3 (α, β) λ3+c2 (α, β) λ2+c1 (α, β) λ+c0 (α, β)
✭✸✻✮

❘❘ ♥➦ ✼✹✾✹
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✇✐t❤






























































c4 (α, β) = −10

h2
((α − 24) cos (β) − 5α)

c3 (α, β) = −120

h4

(

5 cos2 (β) + (4α + 287) cos (β) + 10 (15α − 88) α
)

c2 (α, β) = −10080

h6

(

5 cos2 (β) + (3α − 305) cos (β) + 990 − 133α
)

c1 (α, β) = −201600

h8

(

15 cos2 (β) + (8α + 165) cos (β) + 2 (59α − 468)
)

c0 (α, β) = −50803200

h10

(

2 cos2 (β) + (α − 10) cos (β) + 8 − α
)

.

❼ ■♥ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ❜❛s✐s ❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ ✺✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
♣♦❧②♦♠✐❛❧ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠❛tr✐① Aβ ✐s

pα (λ, β) = λ6+c5 (α, β) λ5+c4 (α, β) λ4+c3 (α, β) λ3+c2 (α, β) λ2+c1 (α, β) λ+c0 (α, β)
✭✸✼✮

✇✐t❤














































































c5 (α, β) = −12

h2
((α − 35) cos (β) + 6α)

c4 (α, β) = −420

h4

(

−3 cos2 (β) + (2α + 336) cos (β) + 1155 − 134α
)

c3 (α, β) = −40320

h6

(

−4 cos2 (β) + (2α − 702) cos (β) + 256α − 2849α
)

c2 (α, β) = −1814400

h8

(

−9 cos2 (β) + (4α770) cos (β) + 9343 − 326α
)

c1 (α, β) = −101606400

h10

(

−12 cos2 (β) + (5α − 303) cos (β) + 94α − 1170
)

c0 (α, β) = −10059033600

h12

(

−5 cos2 (β) + (2α − 20) cos (β) + 25 − 2α
)

.
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❍❡r❡✐♥✱ ✇❡ ❥✉st ♣r❡s❡♥t t❤❡ ❝❛s❡ ✇❤❡r❡ n ✐s ❡✈❡♥ ❜✉t ✇❡ ❝❛♥ ❡❛s✐❧② ❡①t❡♥❞ t❤✐s
♣r♦♦❢ t♦ t❤❡ ♦❞❞ ❝❛s❡ ✇✐t❤♦✉t ❛♥② ❞✐✣❝✉❧t②✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❧❡❛r❧② ❤❛✈❡ ✿


































































σn
0 =

n
∏

i=1

λi

σn
p =

n
∑

i1=1















n
∑

i2>i1

. . .

n
∑

ip+1>ip

n
∏

j = 1
j 6= ip, ∀p ∈ {1, . . . , p + 1}

λk















✐❢ 1 ≤ p ≤ n − 2

σn
n−1 =

n
∑

i=1

λi
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❈♦♥❞✐t✐♦♥ ❈❋▲ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ ✸✷

✇❤❡r❡ λi✱ i = 1, . . . , n ❞❡♥♦t❡ t❤❡ r♦♦ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ P ✳
❲❡ ❝❛♥ r❡♠❛r❦ t❤❛t ci = (−1)

i
σn

i ❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t

λi ≥ 0 ⇐⇒ σn
i ≥ 0, ∀i

❼ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ ❛❧❧ t❤❡ r♦♦ts λi ❛r❡ ♣♦s✐t✐✈❡ t❤❡♥ ❢♦r ❛❧❧ i

σn
i ≥ 0.

❼ ◆♦✇✱ ✇❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛❧❧ i ∈ {0, . . . , n − 1}✱ σn
i ≥ 0✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ r♦♦t str✐❝❧② ♥❡❣❛t✐✈❡✱ ✇❡ ❞❡♥♦t❡ t❤✐s r♦♦t
λn✳
❚❤❡♥✱ ✇❡ ❤❛✈❡

σn−1
0 ≤ 0.

▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❡❛s✐❧② r❡♠❛r❦ t❤❛t

σn
p = σn−1

p−1 + λnσn−1
p .

▲❡t ✉s ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t σn−1
p ≤ 0 ❢♦r 0 ≤ p ≤ n − 2✳

❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❛t t❤❡ ♣r♦♣❡rt② ✐s ❝❤❡❝❦❡❞ ❢♦r p = 0✳
▲❡t ✉s s✉♣♣♦s❡ t❤❛t σn−1

p−1 ≤ 0✳ ❚❤❡♥✱ ❛s λn < 0 ❛♥❞ σn
p ≥ 0 ❜② ❤②♣♦t❤❡s✐s✱

✇❡ ❤❛✈❡
σn−1

p ≤ 0.

❈♦♥s❡q✉❡♥t❧②✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

σn−1
n−2 ≤ 0,

❜✉t σn−1
n−2 =

n
∑

i=1

λi ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

σn
n−1 < 0

✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❜② ❤②♣♦t❤❡s✐s t❤❡♥ ❛❧❧ t❤❡ r♦♦ts λi ❛r❡ ♣♦s✐t✐✈❡✳

❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✸

✷ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✹

✸ ❙t❛❜✐❧✐t② ❛♥❛❧②s✐s ✻

✹ ❙t✉❞② ✐♥ t❤❡ ✶✲❉✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✽

✹✳✶ ❋♦✉r✐❡r ❆♥❛❧②s✐s ♦❢ t❤❡ ■P❉● s❝❤❡♠❡ ✐♥ ✶❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✹✳✷ ❙t✉❞② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ λ♠✐♥ ≥ 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✹✳✸ ❚❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✺ ❚❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✶✻

✺✳✶ ❋r♦♠ t❤❡ ✸ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ t♦ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✶✽
✺✳✷ ❈♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✺✳✸ ❊①t❡♥s✐♦♥ t♦ r❡❝t❛♥❣✉❧❛r ♦r ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ♠❡s❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
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✻ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✷✹

✻✳✶ ❇❡❤❛✈✐♦✉r ♦❢ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ α ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✻✳✷ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✼ ❈♦♥❝❧✉s✐♦♥ ✷✻

❆ ❉❡✜♥✐t✐♦♥ ♦❢ Qp,α ❛♥❞ Q̃p,α ✷✼

❇ ◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ st❛❜✐❧✐t② ✸✵
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❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳ ❆✐♥s✇♦rt❤✱ P✳ ▼♦♥❦✱ ❛♥❞ ❲✳ ▼✉♥✐③✳ ❉✐s♣❡rs✐✈❡ ❛♥❞ ❞✐ss✐♣❛t✐✈❡ ♣r♦♣❡r✲
t✐❡s ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ❣❛❧❡r❦✐♥ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r t❤❡ s❡❝♦♥❞✲♦r❞❡r
✇❛✈❡ ❡q✉❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t✐♥❣✱ ✷✼✱ ✷✵✵✻✳

❬✷❪ ❉✳ ◆✳ ❆r♥♦❧❞✱ ❋✳ ❇r❡③③✐✱ ❇✳ ❈♦❝❦❜✉r♥✱ ❛♥❞ ▲✳❉✳ ▼❛r✐♥✐✳ ❯♥✐✜❡❞ ❛♥❛❧②s✐s
♦❢ ❞✐s❝♦♥✐t♥✉♦✉s ❣❛❧❡r❦✐♥ ♠❡t❤♦❞s ❢♦r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳
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❬✸❪ ❈✳ ❇❛❧❞❛ss❛r✐✳ ▼♦❞é❧✐s❛t✐♦♥ ❡t s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡ ♣♦✉r ❧❛ ♠✐❣r❛t✐♦♥
t❡rr❡str❡ ♣❛r éq✉❛t✐♦♥ ❞✬♦♥❞❡s✳ P❤❉ ❚❤❡s✐s✱ ✷✵✵✾✳
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❆✳ ❆❧✈❡s ❘♦❝❤✐♥❤❛✳ ❆ ❞✐s❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ❢♦r
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❬✻❪ ❙✳ ❈♦❤❡♥✱ P✳ ❏♦❧②✱ ❛♥❞ ◆✳ ❚♦r❞❥♠❛♥✳ ❍✐❣❤❡r✲♦r❞❡r ✜♥✐t❡ ❡❧❡♠❡♥ts ✇✐t❤
♠❛ss✲❧✉♠♣✐♥❣ ❢♦r t❤❡ ✶❞ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❋✐♥✐t❡ ❊❧❡♠❡♥ts ✐♥ ❆♥❛❧②s✐s ❛♥❞
❉❡s✐❣♥✱ ❱♦❧✳ ✶✻✱ ■ss✉❡s ✸✲✹✿✸✷✾✕✸✸✻✱ ✶✾✾✹✳
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❢♦r ❛❝♦✉st✐❝ ♦r ❡❧❛st✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✇✐t❤ ❤✐❣❤✲♦r❞❡r t✐♠❡ st❡♣♣✐♥❣✳
●❡♦♣❤②s✳ ❏✳ ■♥t✳✱ ✶✽✶✿✺✼✼✕✺✾✵✱ ✷✵✶✵✳

❬✽❪ ❙✳ ❋❛✉q✉❡✉①✳ ❊❧è♠❡♥ts ✜♥✐s ♠✐①t❡s s♣❡❝tr❛✉① ❡t ❝♦✉❝❤❡s ❛❜s♦r❜❛♥t❡s ♣❛r✲
❢❛✐t❡♠❡♥t ❛❞❛♣té❡s ♣♦✉r ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✬♦♥❞❡s é❧❛st✐q✉❡s ❡♥ ré❣✐♠❡ tr❛♥✲
s✐t♦✐r❡✳ P❤❉ ❚❤❡s✐s✱ ✷✵✵✸✳
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