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Data Assimilation is a well-known mathematical technic used, in environmental sciences, to improve, thanks to observation data, the forecasts obtained by meteorological, oceanographic or air quality simulation models. It aims to solve the evolution equations, describing the dynamics of the state variables, and an observation equation, linking at each space-time location the state vector and the observations. Data Assimilation allows to get a better knowledge of the actual system's state, named the reference. In this article, we rst describe various strategies that can be applied in the framework of variational data assimilation to study various image processing issues. Second, we detail the mathematical setting and the analysis of pros and cons of each strategy for the issue of motion estimation. Last, results are provided on synthetic images and satellite acquisitions.

Simulation models and image data are simultaneously available for numerous scientic domains such as meteorology, oceanography, glaciology, atmosphere chemistry, engineering, biology and medicine. In all cases, complex ow models have been settled on the one hand, and huge amounts of dierent kinds of data, including image acquisitions, provide, on the other hand, a deep insight on the observed phenomenon. Models and images are indeed two complementary descriptions of the same reality. Two questions arise from that remark. From the model viewpoint: how to improve the forecast obtained by a simulation model with a better use of the image information? From the image viewpoint:

how to derive accurate characteristic features from images by making an optimal use of the model? This paper is concerned by the description, formalization and analysis of various strategies that can be applied from the image viewpoint. The discussion is illustrated on the issue of motion estimation.

As explained in [START_REF] Béréziat | Solving ill-posed image processing problems using data assimilation[END_REF], an ill-posed Image Processing problem, such as estimating a motion eld W(x, t) from a sequence of images I(x, t), is solved in the data assimilation framework if the following components are available or derived from heuristics: a dynamic model, also named evolution equation, for W(x, t),

an equation linking W(x, y) and I(x, t), even in an implicit way: I(W(x, t), (I(x, t)) = 0.

However, several formulations can be derived from these two equations, which correspond to various denitions of the state vector and observation operator involved in the data assimilation system. Each formulation may be viewed as a strategy for optimally combining images and model, whose performances depend on image properties.

The article is organized as follows. Section 2 briey describes the variational data assimilation method known as weak formulation of 4D-Var. For a complete understanding of the method, its application to motion estimation is provided in Section 3. Section 4 discusses, in a generic way, several strategies, with the corresponding choices of state vector and observation operator. References from the literature are classied according to these strategies. Illustrations are given on the motion estimation issue in Section 5. Experimental results are displayed and analyzed in the same section. Section 6 ends the paper with some perspectives to this research study.

Variational Data Assimilation

Let us rst summarize the major principles of the weak formulation of variational data assimilation.

Mathematical setting

Let X being a state vector depending on the spatial location x (x = (x, y) for 2D image data) and time t. X is dened on A = Ω × [t 0 , t 1 ], Ω being a bounded spatial domain and [t 0 , t 1 ] a temporal domain.
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We assume X is evolving in time according to:

∂X ∂t

(x, t) + M(X)(x, t) = E m (x, t) (1) 
M, named evolution model, is supposed dierentiable. As M only approximates the eective evolution of the state vector, a model error E m is introduced to quantify the deviation in space and time. The existence of this model error corresponds to the weak formulation of data assimilation.

Observations Y(x, t), obtained for instance from satellite acquisitions, are available at location x and date t. They are linked to the state vector through an observation equation:

Y(x, t) = H(X(x, t)) + E o (x, t) (2) 
H is named the observation operator and supposed dierentiable. Equation [START_REF] Apte | Data assimilation: Mathematical and statistical perspectives[END_REF] is the standard form of the observation equation used in the Data Assimilation literature. However, this formulation is quite restrictive to describe the complex links existing between the observations and the state vector. To be more general, the following, which includes the previous one, is used in the paper:

H(X, Y)(x, t) = E o (x, t) (3) 
The observation error E o simultaneously represents the imperfection of the observation operator H and the measurement errors.

We consider having some knowledge on the initial condition of the state

vector at t = t 0 : X(x, t 0 ) = X b (x) + E b (x) (4) 
X b is named the background and E b , the background error, expresses the uncertainty on the initial state value.

E m , E o and E b are assumed to be Gaussian and fully characterized by their covariance matrices Q, R and B [START_REF] Tarantola | Inverse Problem Theory and Methods for Model Parameter Estimation[END_REF].

Variational formulation

In order to solve the System (1), ( 4), (3) with respect to X having a maximal a posteriori probability given the observations, the following functional is dened and has to be minimized:

E(X) = 1 2 A A ∂X ∂t + M(X) T (x, t)Q -1 ∂X ∂t + M(X) (x , t )dxdtdx dt + A A H(X, Y) T (x, t)R -1 (x, t, x , t )H(X, Y)(x , t )dxdtdx dt + Ω Ω X(x, t 0 ) -X b (x) T B -1 (x, x ) X(x , t 0 ) -X b (x ) dxdx (5) 
As E m , E o and E b are assumed to be independent, the functional E represents the log-density of the joint probability law [START_REF] Apte | Data assimilation: Mathematical and statistical perspectives[END_REF]. 

and introducing an auxiliary variable λ, named adjoint variable in the literature of Data Assimilation, dened by:

λ(x, t) = A Q -1 (x, t, x , t ) ∂X ∂t + M(X) (x , t )dx dt (7) 
The determination of the Euler-Lagrange equation associated to Equation [START_REF] Cohen | Optical ow and phase portrait methods for environmental satellite image sequences[END_REF] leads to the following so-called Optimality System [START_REF] Dimet | Second-order information in data assimilation[END_REF]:

λ(x, t 1 ) = 0 (8) - ∂λ ∂t + ∂M ∂X * λ = - A ∂H ∂X * (x, t)R -1 H(X, Y)(x , t )dx dt (9) X(x, t 0 ) = Ω Bλ(x , t 0 )dx + X b (x) (10) 
∂X ∂t

+ M(X) = A Qλ(x , t )dx dt (11) 
As the initial condition for λ is given at time t 10) and (11) using the adjoint variable and the adjoint variable is determined from Equations ( 8) and (9) using the state vector. To break this deadlock, an incremental method is applied and summarized in the next subsection.

Incremental algorithm

The underlying idea comes from the following lemma:

min w∈V(w0) E(w) = min δw∈V(0) E(w 0 + δw)
where w 0 denotes a local minimum of E and V(w 0 ) a neighborhood of w 0 . The state vector X is therefore replaced by X b + δX in Equations ( 9), ( 10) and [START_REF] Tarantola | Inverse Problem Theory and Methods for Model Parameter Estimation[END_REF]. X b is the background variable and δX the incremental variable. As M and H are non linear (for the applications described in the paper), a rst order development is applied:

M(X) M(X b + δX) = M(X b ) + ∂M ∂X X b δX (12) H(X, Y) H(X b + δX, Y) = H(X b , Y) + ∂H ∂X X b δX (13) 
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Equations ( 8) to [START_REF] Tarantola | Inverse Problem Theory and Methods for Model Parameter Estimation[END_REF] are rewritten as:

λ(x, t 1 ) = 0

(14) - ∂λ ∂t + ∂M ∂X * X b λ = - A ∂H ∂X * X b R -1 H(X b , Y) + ∂H ∂X X b δX dx dt (15) X b (x, t 0 ) = X b (x) (16) ∂X b ∂t + M(X b ) = 0 (17) δX(x, t 0 ) = Ω Bλ(x , t 0 )dx (18) ∂δX ∂t + ∂M ∂X X b δX(x, t) = A Q(x, t, x , t )λ(x , t )dx dt (19) 
The background variable X b is calculated from Equations ( 16) and (17). The adjoint variable λ is then obtained with Equations ( 14) and (15). Last, the incremental variable δX is computed using Equations ( 18) and (19). However this only produces an approximate solution X b +δX due to the rst order Taylor developments applied in [START_REF] Titaud | Assimilation of image sequences in numerical models[END_REF] and ( 13). An iterative method is then applied until convergence.

Section 3 directly illustrates this method on the issue of motion estimation. This allows the Reader to better understand the discussion of Section 4 about the various strategies, which can be applied for image assimilation.

Motion estimation

Having described the mathematical setting of variational data assimilation and the incremental algorithm used to derive the solution for the weak formulation, this section addresses their application to motion estimation from a discrete image sequence. The illustration concerns the retrieval of ocean surface currents from Sea Surface Temperature data (SST).

During the last twenty years, many visible and infrared sensors have been launched on dierent satellites and acquire SST data with a spatial resolution ranging from a few hundred meters to a few kilometers. They display the impact of the mesoscale dynamics on the ocean surface. Structures such as eddies, jets, laments are visible on such image sequences (see for instance Figure 1 1 ).

However, as clouds are not transparent in visible and infrared bands, no data is available if the surface is covered by clouds. As explained in [START_REF] Béréziat | Solving ill-posed image processing problems using data assimilation[END_REF], variational data assimilation allows an optimal framework to retrieve a dense motion eld from the images, without applying neither a preprocessing nor a spatial regularization, even in case of missing data and cloudy acquisitions, thanks to the dynamic model involved in the mathematical setting and the observation error covariance matrix R.

The next two subsections describe the observation Equation ( 3), the covariance matrix R and the evolution Equation (1) used in [START_REF] Béréziat | Solving ill-posed image processing problems using data assimilation[END_REF] to retrieve motion from image data. The implementation is further described in Subsection 5.1. 1 Data have been provided by E. Plotnikov and G. Korotaev from the Marine Hydrophysical Institute of Sevastopol, Ukraine. 
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Observation equation

Advection of the grey level values by the motion eld is the assumption commonly used by most authors of the image processing community studying the issue of motion estimation. This was rst proposed by Horn and Schunk [START_REF] Horn | Determining optical ow[END_REF].

This heuristic is applied in the context of processing satellite images (see, for example [START_REF] Béréziat | Solving ill-posed image processing problems using data assimilation[END_REF][START_REF] Béréziat | A generalized optical ow constraint and its physical interpretation[END_REF][START_REF] Cohen | Optical ow and phase portrait methods for environmental satellite image sequences[END_REF][START_REF] Corpetti | Dense estimation of uid ows[END_REF][START_REF] Isambert | A multiscale vector spline method for estimating the uids motion on satellite images[END_REF][START_REF] Mémin | Optical ow estimation and object-based segmentation with robust techniques[END_REF][START_REF] Vigan | Sea surface velocities from Sea Surface Temperature image sequences[END_REF]). The advection equation is also used, without specic physical justication, by authors retrieving motion from image data with a data assimilation approach. However, in case of the ocean surface circulation, images acquired by satellite sensors, within a short time interval, support the physical assumption of a transport-diusion of the contrasts induced by the ocean mesoscale processes on the sea surface.

Let I be the sequence of images dened on Ω. Let W(x, t) be the velocity vector of a point x ∈ Ω between t and t + t. The advection assumption corresponds to:

I(x + W(x, t) t, t + t) = I(x, t) (20)
This equation is non linear with respect to W and its left member is often linearized using a rst order Taylor development around (x, t). This provides the so-called optical ow constraint [START_REF] Horn | Determining optical ow[END_REF], which corresponds to a transport equation: By identifying (21) and (3), we have:

∂I ∂t (x, t) + ∇I(x, t) • W(x, t) = 0 ∀x ∈ Ω
X(x, t) = W(x, t) Y(x, t) = I(x, t) H(X, Y)(x, t) = ∂I ∂t (x, t) + ∇I(x, t) • W(x, t)
An appropriate observation error E o has to be dened. Its covariance matrix R weights the contribution of the observations in Equation [START_REF] Cohen | Optical ow and phase portrait methods for environmental satellite image sequences[END_REF]. Its inverse should
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then have values close to zero when observations should be discarded, which is the case for missing and cloudy data. Using a Dirac covariance formalism, R is written as: R(x, t, x , t ) = r(x, t)δ (x -x ) δ (t -t ) with r a real matrix, whose size being to the number of components of the operator H. Its inverse is:

R -1 (x, t, x , t ) = δ (x -x ) δ (t -t ) r -1 (x, t) (22) 
The matrix r -1 characterizes the quality of the observation: a high value indicates that the observation value is relevant while a value close to zero indicates an irrelevant one, which should be given a low weight. Assuming the availability of a function f measuring the condence in the observation data (f ∈ [0, 1], f = 0 for no condence), one admissible formulation of r -1 is:

r -1 (x, t) = r -1 0 (1 -f (x, t)) + r -1 1 f (x, t) (23) 
r -1 (x, t) is equal to the minimal value r -1 0 if condence is 0 and equal to the maximal value r -1

1
if condence is 1. Matrices r 0 and r 1 are chosen to be constant in space and time, and invertible. For completeness, f is modeled as:

f (x, t) = f sensor (x, t)f H (x, t) (24)
f sensor indicates the quality of the observation values and is obtained from the metadata provided simultaneously with the image acquisitions in case of satellite data. f H measures the condence in the observation model; its value is 0 if the observation equation (Equation (21)) is not veried.

With such denition of the covariance matrix R, observation values with a low condence have a low weight during the computation of the solution.

Evolution equation

A simple heuristic on the dynamics is to assume X = W being constant over time along a pixel trajectory, which is expressed by:

dX dt = 0 or: ∂X ∂t + (X • ∇)X = 0 (25)
This is a transport equation of X. Identifying Equations ( 25) and ( 1), the

evolution model is M(X)(x, t) == (X(x, t) • ∇)X(x, t).
The covariance matrix Q, associated to the model error E m , is used in Functional [START_REF] Cohen | Optical ow and phase portrait methods for environmental satellite image sequences[END_REF] for weighting the term ∂X ∂t +M(X). X being a two-component vector, the Q matrix is of size 2 × 2 and chosen as:

Q(x, t, x , t ) = val Q (x -x , t -t ) 1 0 0 1 (26) with val Q (x, t) = exp(-1 σ ( x + |t|))
for ensuring a rst-order regularization of ∂X ∂t + M(X) or val Q (x, t) = δ(x)δ(t) for a zero-order one [START_REF] Béréziat | Solving ill-posed image processing problems using data assimilation[END_REF]. In such a way, we force the temporal evolution of X = W to be coherent with the heuristics modeled by M. Alternatives for image assimilation

Having shortly described what is variational data assimilation and its application to the issue of motion estimation, we come to the core of the paper, which concerns the discussion on the various strategies which can be applied.

First strategy

As stated in Section 2, the aim is to retrieve some quantity X from an image sequence I. This is the usual objective of image processing problems, such as optical ow estimation, image registration, curves or surfaces matching, tracking of multiple objects, segmentation, restoration, deconvolution, denoising and shape from shading.

The rst strategy of image assimilation solves the System {( 1), ( 4), (3)}, to retrieve the state vector X on the space-time domain A by directly assimilating image observations Y = I in the dynamic model M.

As the evolution equation (Equation ( 1)) involves a model error E m (x, t), the energy function ( 5) includes a term E 1 (X) (the rst one) to minimize this error over the space-time domain A:

E 1 (X) = 1 2 A A ∂X ∂t + M(X) T Q -1 (x, t, x , t ) ∂X ∂t + M(X) dxdtdx dt (27) 
This is the weak formulation of 4D-Var, due to the average condence in the dynamics expressed by M, which is often derived from heuristics. In the best case M is obtained by simplifying physical models such as atmosphere or ocean models, but does not correctly represent the small scales non linear phenomena visible on the image data. As the model and the image data are two complementary views of the reality, this formulation forces the condence in data and may be viewed as an image-driven process.

In the initial condition equation (Equation ( 4)), X b is taken null or computed from the image data.

Image data and particularly satellite data may be corrupted by noise: the acquisition may be missing on a pixel or a region, or part of the image may be occluded by a cloud. Applying a preprocessing on the image data is not an optimal solution, due to the diculty to assess the uncertainty on the result. As described in [START_REF] Béréziat | Solving ill-posed image processing problems using data assimilation[END_REF] and summarized in Section 3, a better solution is to include the preprocessing in the denition of the covariance matrix R, in order to discard the noisy data or give them a low weight during the computation.

The links between the vector state X and the image observations Y = I may be complex and result in an implicit observation equation: H(X, Y) = 0. This limits the range of admissible comparisons of the state vector X and the observations Y to this unique equation. The observation term, E 2 (X), measuring the discrepancy of X and Y, in Equation ( 5), is:

E 2 (X) = A A H(X, Y) T (x, t)R -1 (x, t, x , t )H(X, Y)(x , t )dxdtdx dt
Alternatives to this rst strategy are described in the following.
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We note I(X, I) = 0 the equation that links the image sequence I to the quantity X to be retrieved. In Section 2, the state vector has been chosen as X, the observation vector Y as I, and the observation operator H has been dened as H(X, Y) = I(X, I). Alternatives are obtained by dening in a dierent way the state vector and the observation operator. An extended state vector X e is dened as X e (x, t) = (X(x, t) q(x, t)) T with q(x, t) being a mathematical quantity similar to the image value I(x, t). This allows the features of q(x, t) to be directly compared with those of I(x, t). Y(x, t) is again chosen equal to I(x, t).

The second strategy of image assimilation directly measures the discrepancy of the extended state vector and the observation by the dierence of q(x, t) and Y(x, t): the observation operator becomes q(x, t) -Y(x, t). The term E 2 (X)

is replaced by:

E 2 (X e ) = A A (q -Y) T (x, t)R -1 (x, t, x , t )(q -Y)(x , t )dxdtdx dt
computed on the space-time domain. This strategy is equivalent to the assimilation of image values I(x, t) in an extended model with state vector X e .

In the third strategy of image assimilation, a transformation T is rst applied to the observation Y, such as Fourier transform, wavelet or curvelet [START_REF] Titaud | Assimilation of image sequences in numerical models[END_REF] transform. The discrepancy is then measured in the space of the transform coecients and E 2 (X) becomes:

E 2 (X e ) = t1 t0 t1 t0 (T (q) -T (Y)) T (t)R -1 (t, t )(T (q) -T (Y))(t

)dtdt

The aim of the transform T is to extract the characteristics, that have to be considered by the model to improve forecasts. Consequently, the data that are assimilated in the model are no more the raw observations acquired by the sensor, but pseudo-observations computed by the numerical process associated with T , whose performances strongly impact the result of the assimilation process. The characteristics of this numerical process have to be taken into account in order to estimate the uncertainties involved in the data assimilation process.

Even if attractive, these second and third strategies include a strong requirement: the design of a dynamic model F for q(t):

∂q ∂t (x, t) + F(q)(x, t) = E f (x, t) (28) 
A transport equation is often chosen, as in [START_REF] Titaud | Assimilation of image sequences in numerical models[END_REF], that corresponds to the optical ow constraint [START_REF] Horn | Determining optical ow[END_REF] applied in image processing. However, when studying satellite acquisitions, this transport equation and the evolution displayed on the image data may be incompatible: e.g., the appearance and disappearance of clouds on image data represent physical processes which are not modeled by a simple advection.

The design of the observation error covariance matrix R has also to be considered in a dierent way for the three strategies.

In the rst strategy, R has been dened in [START_REF] Béréziat | Solving ill-posed image processing problems using data assimilation[END_REF] and shortly described in Subsection 3.1 from the metadata provided with images and from the observation equation itself.
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In the second strategy, a covariance matrix satisfying Equations ( 22) and ( 23) is dened by taking the quality measure f equal to f sensor computed from the metadata provided with images.

In the third strategy, the observation error covariance matrix has to be dened according to the transformation that is applied to the image sequence and to its numerical implementation. This is the major weakness of this strategy.

Application to motion estimation

We designed two methods for motion estimation, corresponding to the rst two strategies. The third one is no more discussed in the paper because we focus on the impact of adding the quantity q to the original state vector X in order to obtain an extended state vector X e . The two methods are fully described in Subsections 5.1 and 5.2. They are applied on synthetic data, to quantify the dierences in Subsection 5.3, and on satellite data, for a qualitative discussion in Subsection 5.4.

First strategy: direct assimilation of the observation

The aim of this subsection is to summarize the main components of the rst strategy that has been discussed in Section 3 and to describe its implementation. This is mandatory to better understand the dierences with the second strategy, explained the next subsection, involving the quantity q and the extended state vector X e . I denotes the sequence of images dened on the bounded domain Ω. The state vector X(x, t) is the velocity vector W(x, t) of a point x ∈ Ω between t and t + t. The transport equation of the image value by the velocity vector, the so-called optical ow constraint equation [START_REF] Horn | Determining optical ow[END_REF], is considered:

∂I ∂t (x, t) + ∇I(x, t) • W(x, t) = 0 ∀x ∈ Ω (29) 
In this case, the image I(x, t) constitutes the observation vector Y(x, t) and the

observation model H is: H(X, Y)(x, t) = H(W, I)(x, t) = ∂I ∂t (x, t) + ∇I(x, t) • W(x, t) (30) 
Equations ( 22) and ( 23) are used to dene the inverse of the observation error matrix R and locate the observation values which must be discarded. The observation model H being scalar, the matrices r -1 0 and r -1 1 are scalar and respectively set to and 1with 10 -6 . Equation ( 24) is used as the observation condence. f sensor is set to 0 if data are not or wrongly acquired and to 1 otherwise. f H is chosen from the following remark: the spatio-temporal gradient is null on regions of uniform grey level values and Equation ( 29) is then reduced to 0 = 0 on these pixels. For avoiding further considering them, f H is dened by:

f H (x, t) = 1 -exp(-∇ 3 I(x, t) 2 ) (31)
where ∇ 3 denotes the spatio-temporal gradient operator.
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The transport of the velocity is taken as evolution equation:

∂W ∂t + (W • ∇)W = 0 (32)
This equation is rewritten as a two-component system:

∂U ∂t + U ∂U ∂x + V ∂U ∂y = 0 (33) ∂V ∂t + U ∂V ∂x + V ∂V ∂y = 0 (34)
and the evolution model is:

M(X) = M(W) = M 1 (W) M 2 (W) T = U ∂U ∂x + V ∂U ∂y U ∂V ∂x + V ∂V ∂y
T W being a two-component vector, the Q matrix is of size 2 × 2 and chosen as:

Q(x, t, x , t ) = val Q (x -x , t -t ) Q U 0 0 Q V (35) with val Q (x, t) = exp(-1 σ ( x + |t|)) or val Q (x, t) = δ(x)δ(t).
We tested both without noticing signicant dierences on the results.

The background value at t = t 0 (Equation ( 4)) is given a null value. We consider the background error B(x, x ) = δ(x -x ) B U 0 0 B V for measuring the quadratic discrepancy between X(x, t 0 ) = W(x, t 0 ) and X b (x) = W b (x).

Adjoint operators

In order to determine the adjoint operators for M and H, the directional derivatives are rst established. Using the Equation ( 6), we obtain:

∂M ∂X (η) = ∂M 1 ∂X (η) ∂M 2 ∂X (η) 
T and:

∂M 1 ∂X (η) = U x η 1 + U η 1 x + V η 1 y + U y η 2 (36) ∂M 2 ∂X (η) = V x η 1 + V y η 2 + U η 2 x + V η 2 y ( 37 
)
with η = η 1 η 2 T . The subscripts x and y stand for partial derivatives with respect to x and y. Using the denition of the adjoint operator, integration by parts and considering boundary terms equal to zero, the adjoint operator of M is dened by:

∂M 1 ∂X * (λ) = -U λ 1 x -V y λ 1 -V λ 1 y + V x λ 2 (38) ∂M 2 ∂X * (λ) = U y λ 1 -U x λ 2 -U λ 2 x -V λ 2 y (39) INRIA with λ = λ 1 λ 2 T
. In a compact form, the adjoint operator of M is written:

∂M ∂X * (λ) = - λ 1 x λ 2 x λ 1 y λ 2 y T U V - V y -U y -V x U x T λ 1 λ 2 = -∇λ 1 ∇λ 2 T W -∇ ⊥ V -∇ ⊥ U T λ with ∇ ⊥ U = U y -U x T .
The directional derivative of the observation operator is:

∂H ∂X (η) = ∇I • η
Let µ be a scalar function, we have:

∂H ∂X * (µ) = µ∇I 5.1.

Discretization

In this context, the three PDEs (( 17),( 15),( 19)) become:

∂W ∂t + (W • ∇)W = 0 (40) - ∂λ ∂t -(λ • ∇)W -(W • ∇ ⊥ )λ = -∇IR -1 L (41) ∂δW ∂t + (δW • ∇)W + (W • ∇)δW = Q λ (42) 
with L = I t + ∇I T (W + δW). The right members of Equations ( 41) and ( 42) are expressed as a convolution product. For their evaluation, the knowledge of L and λ over the whole temporal domain is required. However, choosing a Dirac matrix for R and Q reduces the convolution products to a simple multiplication. In this case, the computation of λ(t) depends on values at t+1 in (41) and δX(t) is obtained from variables at t -1 in (42). The algorithm expresses a frameby-frame process: the whole sequence of state and observation vectors, adjoint and incremental variables may be left on the mass storage, except the frames involved in the computation.

These three equations are discretized using a nite dierence technique. 34). The rst one combines a term of linear advection in direction y and non linear one in direction x and is expressed as a two-equation system using the splitting method:

∂U ∂t + U ∂U ∂x = 0 (43) ∂U ∂t + V ∂U ∂y = 0 (44)
Equation ( 43) is rewritten in a conservative form as

∂U ∂t + ∂F (U ) ∂x = 0 with F (U ) = 1 2
U 2 and discretized with a Lax-Friedrich scheme:

U k+1 i,j = 1 2 (U k i+1,j + U k i-1,j ) - t 2 x (F k i+1,j -F k i-1,j ) RR n°7495 with U k i,j = U (x i , y i , t k ), F k i,j = F (U (x i , y i , t k )). The term 1 2 (U k i+1,j + U k i-1,j )
stabilizes the scheme by adding a diusive eect while t veries the Courant-Friedrich-Levy condition. The linear advection (44) is discretized using a rstorder upwind scheme [START_REF] Ames | Numerical Methods for Partial Dierential Equations[END_REF]:

U k+1 i,j = U k i,j - t x max(V k i,j , 0) U k i,j -U k i,j-1 + min(V k i,j , 0) U k i,j+1 -U k i,j
In the same way, it can be seen that the second component of (40) (Equation 34) contains a linear advection term in the direction x and a non linear one in the direction y. The same discretization strategy is then applied. Equation (41) combines a linear advection ((λ • ∇)W), a term of reaction ((W • ∇)λ) and a forcing term (∇I R -1 L). Its rst component is -

∂λ 1 ∂t - U λ 1 x -V y λ 1 -V λ 1 y + V x λ 2 = -I x R -1 L.
It is split into two parts. The rst part contains the linear advection in the direction x and the reaction term:

-∂λ 1 ∂t -U λ 1

x -V y λ 1 = 0 and is discretized as (44) with an upwind scheme. However, the equation is retrograde and its initial condition is given at time t 1 :

(λ 1 ) k-1 i,j = 1 + t 2 x (V k i,j+1 -V k i,j-1 ) (λ 1 ) k i,j + t x max(U k i,j , 0)((λ 1 ) k i,j -(λ 1 ) k i-1,j ) + min(U k i,j , 0)((λ 1 ) k i+1,j -(λ 1 ) k i,j )
The second part contains the linear advection term in the direction y and the forcing term: -

∂λ 1 ∂t -V λ 1 y = -V x λ 2 -I x R -1 L.
Again, an upwind scheme is used:

(λ 1 ) k-1 i,j = (λ 1 ) k i,j - t 2 x V k i+1,j -V k i-1,j (λ 2 ) k i,j + t(-I x R -1 L) k i,j + t x max(V k i,j , 0)((λ 1 ) k i,j -(λ 1 ) k i,j-1 ) + min(V k i,j , 0)((λ 1 ) k i,j+1 -(λ 1 ) k i,j )
The second component of ( 41) is discretized with the same method.

The last equation, (42), is similar to Equation (41), we therefore use the same discretization technique.

Second strategy: assimilation by comparison with a pseudo-quantity

This subsection has the same structure than Subsection 5.1 in order to highlight similarities and dierences of both methods and better understand the impact on the results described in the following.

The extended state vector X e (x, t) is dened as X e (x, t) = (W(x, t) q(x, t)) T . It includes a quantity q which belongs to the same space than the image observations I. The observation vector Y is again dened as:

Y(x, t) = I(x, t) (45) 
INRIA and the observation equation, used to measure the discrepancy between the state vector X e and the observation Y becomes:

q(x, t) -Y(x, t) = 0 (46)
The observation operator H is:

H

(X e , Y)(x, t) = q(x, t) -Y(x, t) (47) 
The discussion of Subsection 5.1 on the observation error matrix R is still valid. However, the condence function f reduces to f sensor .

The evolution system for X e is taken as:

∂W ∂t + (W • ∇)W = 0 (48) ∂I ∂t + W • ∇I = 0 (49)
and the evolution model is

M(X e ) = M 1 (X e ) M 2 (X e ) M 3 (X e ) T = U U x + V U y U V x + V V y U q x + V q y T with M 1 (X e ) = M 1 (W) and M 2 (X e ) = M 2 (W) of Section 5.1.
X e being a three-component vector, the matrix Q is of size 3 × 3 and chosen as:

Q(x, t, x , t ) = val Q (x -x , t -t )   Q U 0 0 0 Q V 0 0 0 Q q   (50) 
with val Q (x, t) = δ(x)δ(t).

The background value at t = t 0 (Equation ( 4)), X eb (x), is given a null value for W and the rst observation for q. The background error is chosen as

B(x, x ) = δ(x -x )   B U 0 0 0 B V 0 0 0 B q 
 for measuring the quadratic discrepancy between X e (x, t 0 ) and X eb (x).

Adjoint operators and discretization

Given η = (η 1 η 2 η 3 ) 

∂M 3 ∂X e (η) = q x η 1 + q y η 2 + U η 3 x + V η 3 y Considering λ = (λ 1 λ 2 λ 3
) T , the adjoint operators are given by :

∂M 1 ∂X e * (λ) = -U λ 1 x -V y λ 1 -V λ 1 y + V x λ 2 + q x λ 3 ∂M 2 ∂X e * (λ) = U y λ 1 -U x λ 2 -U λ 2 x -V λ 2 y + q y λ 3 ∂M 3 ∂X e * (λ) = -U x λ 3 -U λ 3 x -V y λ 3 -V λ 3 y

RR n°7495

The same schemes than in Subsubsection 5.1.2 are used to compute U and V . For the component q of the extended state vector an explicit Euler integration is applied with an upwind scheme:

q k+1 i,j = q k i,j -∆t max(U k i,j , 0) q k i,j -q k i-1,j + min(U k i,j , 0) q k i+1,j -q k i,j ∆x + max(V k i,j , 0) q k i,j -q k i,j-1 + min(V k i,j , 0) q k i,j+1 -q k i,j ∆x 5.

Comparison of the two strategies on synthetic data

A synthetic image sequence is obtained from the initial conditions, displayed in Figure 2, using the transport of brightness and advection of velocity equations.

Part of the sequence is used for the image assimilation process and displayed on vector). For both methods, the same images have been used for the assimilation process. The background value of velocity is W b = 0. For IMI, the background value q b is the rst image.

Results of motion estimation are displayed on Figure 4 and compared to the real motion eld. Statistics are given in Table 1. The rst column is the average of the relative error on the euclidian norm. The second column is the average of the absolute error on orientation. Slightly better results are obtained with IMI, due to the richness of the comparison of the state vector with the observations. 

Conclusion

The paper describes and analyses various strategies that can be applied for deriving the dynamics from an image sequence and an image model with a variational data assimilation method.

In a rst attempt, the data assimilation system, designed to retrieve a quantity X(x, t) linked by the equation I(X(x, t), I(x, t)) = 0 to image data I(x, t), uses X as state vector, I(x, t) as observation Y(x, t) and H(X, Y) = I(X, I) as observation operator. This is a direct assimilation of image acquisition.

The alternative is to include a pseudo-image, similar to the image acquisition, in an extended state vector. This allows an easier comparison between the state vector and the observations. Dierent methods are then be derived, depending on the transformation applied to the real observations and pseudo-images. The main drawbacks are:

the increase of the memory required for computation, due to the huge size of satellite image sequences.

the diculty to correctly handle the dynamics of the pseudo-image and design the observation error covariance matrix.

However results obtained on synthetic and real data show an improvement compared to those obtained with the direct assimilation. Moreover, large displacements can be better handled, because q is integrated in time with an adaptive time-step value, allowing a more precise quantication of transport.

As a rst perspective of this work, a comparison will be done for various dynamic equations of W within IME and IMI formulations. In a second step, the two strategies will be implemented for a new application such as curve tracking.
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 1 Figure 1: Sea Surface Temperature data acquired over the Black Sea. Black pixels correspond to clouds or ground area.

T

  and the operator • denoting the dot product of two vectors.

INRIA

  

4

 4 

t
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 2 Figure 2: Left: initial motion eld; Right: initial value of q.
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Figure 3 :

 3 Figure 3: Sequence of images used for assimilation.

Figure 4 :

 4 Figure 4: Left: Ground truth; Center: IME; Right: IMI..
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 5 Figure 5: Satellite acquisitions.

Figure 6 :

 6 Figure 6: Left: result of IME, Right: result of IMI. Up: motion elds. Center: motion elds superposed to acquisition 3. Bottom: motion elds superposed to acquisition 4.
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 1 Error statistics.
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