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A Nash bargaining solution for Cooperative NetworkFormation GamesRésumé : Le problème de formation des réseaux a reçu une attention roissante esdernières années. Les travaux préédents ont abordé e problème ompte tenu que les réseauxsoient réés par des utilisateurs égoïstes, qui peuvent être onstamment sous-optimales.Cet artile aborde la question de formation des réseaux en utilisant la théorie des jeuxoopératifs, qui permet d'étudier les moyens de faire respeter et de soutenir la oopérationentre des agents. Les deux solutions de Nash bargaining et la valeur de Shapley sontlargement appliable pour résoudre es jeux. Cependant, nous montrons que la valeurde Shapley présente trois inonvénients majeurs dans e ontexte : (1) il est non-trivialde dé�nir des fontions aratéristiques signi�atives pour le jeu de formation que nousetudions, (2) il peut déterminer des alloations qui sont plus élevés que elles à l'équilibrede Nash (et don, si les joueurs refusent de oopérer), et (3) le temps de alul est très long.Pour ette raison, nous résolvons le jeu oopératif de formation de réseau en utilisant leonept de Nash bargaining solution (NBS). Plus spéi�quement, nous étendons l'approheNBS pour le as de plusieurs joueurs, et nous donnons une expression expliite pour larépartition des oûts des utilisateurs. En outre, nous omparons la NBS à la valeur deShapley et à l'équilibre de Nash, montrant ses avantages et ses propriétés attrayantes entermes de répartition des oûts pour les utilisateurs et de temps de alul pour obtenir lasolution.Les résultats numériques montrent que l'approhe proposée permet de répartir les oûtsde manière équitable pour les utilisateurs ave un temps de alul raisonnables, e quireprésente une solution très e�ae pour la oneption de réseaux e�aes et stables.Mots-lés : Formation de Réseau, Théorie des Jeux Coopératifs, Coalition, Nash bargainingsolution, valeur de Shapley



A Nash bargaining solution for Cooperative Network Formation Games 31 IntrodutionThe Network Formation problem has beome inreasingly important given the ontinuedgrowth of omputer networks suh as the Internet. The design of suh networks is generallyarried out by a large number of self-interested ators (users, Internet Servie Providers . . .)all of whom seek to optimize the quality and ost of their own operation.Over the past years, the network formation problem has been takled almost exlusivelyfrom a non-ooperative point of view. Reent works [?, ?, ?, ?, ?℄ have modeled howindependent sel�sh agents an build or maintain a large network by paying for possibleedges. Nash equilibria in suh games, however, an be muh more expensive than theoptimal, entralized solution. This is mainly due to the lak of ooperation among networkusers, whih leads to design ostly networks. The underlying assumption in all the aboveworks is that agents are ompletely non-ooperative, isolated entities.However, this assumption ould be not entirely realisti, for example when network designinvolves long-term deisions (e.g., in the ase of Autonomous Systems peering relations). It ismore natural that agents will disuss possible strategies and, as in other eonomi markets,form oalitions taking strategi ations that are bene�ial to all members of the group.Moreover, inentives ould be introdued by some external authority (e.g., the networkadministrator, the government authority) in order to inrease the users' ooperation level.Preliminary works, like [?, ?℄, tried to overome this limitation by inorporating asoially-aware omponent in the users' utility funtions. This solution, though, an beinsu�ient to obtain ost-e�ient networks in all senarios. In fat, it has been demon-strated in [?℄ that, quite surprisingly, highly soially-aware users an form stable networksthat are muh more expensive than the networks designed by purely sel�sh users.To address the above issues, in this paper we formulate the network formation problemas a ooperative game, where groups of players (named oalitions) oordinate their ationsand pool their winnings; onsequently, one of the problems is how to divide the ost savingsamong the members of the formed oalition.The Shapley value and the Nash bargaining solution are widely appliable solution on-epts for ooperative games. The former has appealing properties, sine it provides a uniqueand fair solution [?℄. The Nash bargaining approah, on the other hand, studies situationswhere two or more agents need to selet one of the many possible outomes of a joint ol-laboration [?, ?℄. Examples inlude wage negotiation between an employer and a potentialemployee, or trade negotiation between two ountries. Eah party in the negotiation hasthe option of leaving the table, in whih ase the bargaining will result in a disagreementoutome. The Nash bargaining solution (NBS) is a very e�etive tool to model intera-tions among negotiators, and is unique for bargaining games satisfying Pareto optimality,symmetry, sale independene, and independene of irrelevant alternatives [?, ?℄.However, we will show that the Shapley value presents several drawbaks in this ontext:(1) it is non-trivial to de�ne meaningful harateristi funtions for the ooperative networkformation game, (2) the ost alloation determined by the Shapley value an be, in someases, even ostlier than that obtained at some Nash equilibrium, and (3) for our networkformation game, it annot be determined in a reasonable omputation time.RR n° 7480



4 Avrahenkov & Elias & Martignon & Neglia & PetrosyanFor these reasons, we propose a Nash bargaining approah to solve the ooperative net-work formation problem. More spei�ally, as a key ontribution, we extend the Nashbargaining solution for the ooperative network formation problem to the ase of multipleplayers with linear onstraint, and give expliit expressions for users' ost alloations. Tothe best of our knowledge, the derived expliit expressions are new.Furthermore, we perform a thorough omparison of the proposed Nash bargaining solu-tion with other lassi approahes like the Shapley value and the Nash equilibrium solutions,using di�erent network senarios.Numerial results demonstrate that the proposed Nash bargaining solution an omputee�ient ost alloations in a short omputing time, thus representing a very e�etive toolto plan e�ient and stable networks.The main ontributions of this work an therefore be summarized as follows:� the formulation of the network formation problem as a ooperative game, where playersooperate to redue their osts.� The proposition of a novel Nash bargaining solution for the n-person ooperative net-work formation problem, whih has appealing properties in terms of planning e�ientnetworks and ost alloations in a reasonable omputation time.� A omparison of the proposed approah with lassi solutions, like the Shapley valueand the Nash equilibrium onepts, in large-size network topologies.The paper is organized as follows: Setion 2 disusses related work. Setion 3 introduesthe proposed ooperative network formation game, the proposed Nash bargaining solutionalong with a distributed approah we propose for its omputation. Setion 4 presents nu-merial results that demonstrate the e�etiveness of the NBS approah in di�erent realistinetwork senarios. Finally, Setion 5 onludes this paper.2 Related WorkThe network formation problem has been addressed in several reent works, mainly in theontext of non-ooperative games [?, ?, ?℄. The works in [?, ?, ?, ?℄ have further onsideredoordination issues among players.The so-alled Shapley network design game is proposed in [?℄. In this non-ooperativenetwork formation game, eah player hooses a path from its soure to its destination, andthe overall network ost is shared among the players in the following way: eah player paysfor eah edge a proportional share ce

xe

of the edge ost ce, where xe is the number of playersthat hoose suh edge. In [?℄, the Shapley network design game is extended, adding asoially-aware omponent to users' utility funtions.The survey artile in [?℄ presents the most notable works on network formation in oop-erative games ; furthermore, the existene of networks that are stable against hanges in linkhoies by any oalition is studied in [?℄. In [?℄, Andelman et al. analyze strong equilibria
INRIA



A Nash bargaining solution for Cooperative Network Formation Games 5with respet to players' sheduling as well as a di�erent lass of network reation games inwhih links may be formed between any pair of agents. For these latter games, strong Nashequilibria (i.e., equilibria where no oalition an improve the ost of eah of its members)ahieve a onstant Prie of Anarhy, whih is de�ned as the ratio between the ost of theworst Nash equilibrium and the soial optimum. Strong Nash equilibria ensure stabilityagainst deviations by every oneivable oalition of agents. A similar problem is onsideredin [?℄, where nodes an ollaborate and share the ost of reating any edge in the host graph.The works in [?, ?℄ study the existene of strong Nash equilibria in network design gamesunder di�erent ost sharing mehanisms. More spei�ally, the authors in [?℄ show that thereare graphs that do not admit strong Nash equilibria, and then give su�ient onditions forthe existene of approximate strong Nash equilibria.The idea of using the Nash bargaining solution in the ontext of teleommuniationnetworks has been onsidered in di�erent networking senarios. Suh approah was �rstpresented for paket-swithed data networks by Mazumdar et al. [?℄. Yaihe et al. [?℄ usethe onept of Nash bargaining solution to derive a prie-based resoure alloation shemethat an be applied to the available bit rate servie in ATM networks. In [?℄ the authorspropose a sheme to alloate subarrier, rate, and power for multiuser orthogonal frequeny-division multiple-aess systems. The approah onsiders a fairness riterion, whih is ageneralized proportional fairness based on Nash bargaining solutions and oalitions.The reader is referred to the next setion, to the book by Muthoo [?℄ and the paper byNash [?℄ for a general introdution to the Nash bargaining solution onept.3 Cooperative Network Formation Game: Formulationand SolutionsThis setion illustrates the ooperative network formation game onsidered in this work,and desribes the proposed Nash bargaining solution (NBS). A review of the Shapley valueapproah is preliminarily proposed for omparison reasons.3.1 Network ModelWe are given a direted graph G = (V, E), where eah edge e has a nonnegative ost ce; eahplayer i ∈ I = {1, 2, . . . n} is identi�ed with a soure-destination pair (si, ti), and wants toonnet his soure to the destination node with the minimum possible ost. Note that cerepresents the total edge ost, whih is shared among the players aording to the alloationalgorithms we will desribe in the following.We onsider a ooperative game in strategi form G = 〈I, A, {J i}〉, where I is the setof players, Ai is the set of ations for player i, A = A1 × . . . × An, and J i is the objetive(ost) funtion, whih player i wishes to optimize (minimize).In a ooperative game, players bargain with eah other before the game is played. Ifan agreement is reahed, players at aording to the agreement reahed, otherwise players
RR n° 7480



6 Avrahenkov & Elias & Martignon & Neglia & Petrosyanat in a non-ooperative or antagonisti way. Note that the agreements reahed must bebinding, so players are not allowed to deviate from what is agreed upon.3.2 The Shapley value solutionWe now review the Shapley value solution approah, and disuss meaningful de�nitions forthe harateristi funtion.The Shapley value is a widely applied onept for solving ooperative games. It isa possible way to alloate the total osts among the members of a oalition, taking intoaount their di�erent importane for the oalition. The main advantage of the Shapleyvalue is that it provides a solution that is both unique and fair: it is unique in the lass ofsubadditive ooperative games (see de�nition below); it is fair in a sense that it satis�es aseries of axioms intuitively assoiated with fairness (see [?℄). However, while these are bothdesirable properties, the Shapley value has one major drawbak: for many oalition games,inluding our network formation game, it annot be determined in a reasonable time. Weshall disuss omputation aspets in more detail below.A Shapley funtion φ is a funtion that assigns to eah possible harateristi funtion
v a vetor of real numbers, i.e.,

φ(v) = [φ1(v), . . . , φi(v), . . . , φn(v)], (1)where φi(v) represents the ost of player i in the game.The harateristi funtion, v, is a real-valued funtion that assoiates with every non-empty subset S of I (i.e., a oalition) a real number v(S), the ost of S; v(S) must satisfythe following properties1:1. v(∅) = 0.2. (Subadditivity) if S and T are disjoint oalitions (S ∩ T = ∅), then v(S) + v(T ) ≥
v(S ∪ T ).This latter property means that ooperation an only help but never hurt.Note that de�ning the harateristi funtion is not straightforward for the ooperativenetwork formation game onsidered in this work, sine a �natural� de�nition an violate thesubadditivity property, as we will disuss in the following.The three de�nitions reported hereafter �naturally� arise in our networking problem asandidate harateristi funtions:1. Players in S and players in I − S form two separate oalitions. Eah oalition triesto minimize the total ost for its members, taking into aount the sel�sh behavior ofthe other oalition. A Nash equilibrium is reahed, and v(S) is de�ned as the totalost for members in S at this equilibrium.1 The seond one is required to guarantee the uniqueness of the Shapley value solution.

INRIA



A Nash bargaining solution for Cooperative Network Formation Games 72. The value of the oalition S is de�ned as its seurity level, i.e. as the minimum totalost that S an guarantee to itself when members in I − S at olletively in order tomaximize the ost for the oalition S.3. The value of oalition S is equal to the minimum ost that its members would inurif players in I − S would be absent.We note that, in our spei� game, these three de�nitions give inreasing value to aoalition S. In fat, when players in I − S minimize their own ost (�rst de�nition), theirpath hoies annot be as bad for S as when they try to maximize the ost for S (seondde�nition). Still, when players in I − S are present, they are obliged to selet paths toonnet their soure-destination pairs, and some of these links may be used also by playersin S, so that v(S) is smaller in the seond de�nition than in the third.To better illustrate the di�erenes underlying these de�nitions, let us onsider the hexagonnetwork senario of Figure 1, with 6 links and 3 players having the following soure-destination pairs: (s1, t1), (s2, t2) and (s3, t3). All link osts are equal to 1, exept forlink t3 → t2, whih has a ost equal to 1 − ǫ, ǫ being a very small onstant.
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Figure 1: Hexagon network topology: the 3 players must onnet their soure-destinationnodes (si, ti). The optimal solution, whih in this ase oinides with both the Nash equi-librium point and the Nash bargaining solution, is also illustrated with dashed lines.Table 1 reports, for eah of the three above de�nitions, the orresponding harateristifuntion values.It an be easily heked that de�nition (1) does not lead to a harateristi funtion, sinethe subadditivity property is not satis�ed (for example, v(12)+v(3) < v(123)), and thereforeit annot be used to ompute Shapley values. Indeed, with suh de�nition, ooperationamong players an lead to ostlier solutions. On the other hand, de�nitions (2) and (3) leadto harateristi funtions.Theorem 1 In the Cooperative Network Formation Game, the seurity level and the mini-mal ost of oalition satisfy the axioms of harateristi funtion.RR n° 7480



8 Avrahenkov & Elias & Martignon & Neglia & PetrosyanProof: See the Appendix.Table 1: Hexagon network senario: harateristi funtion values, v(S), for de�nitions (1),(2) and (3). Charateristi Funtion value (v(S))Coalition (S) De�nition (1) De�nition (2) De�nition (3)
∅ 0 0 01 1 1 12 2.5-ǫ 2.5 - ǫ 3-ǫ3 0.5 1 112 3 3 313 1.5 1.5 223 3-ǫ 3-ǫ 3-ǫ123 4-ǫ 4-ǫ 4-ǫTo alulate the Shapley funtion, suppose we form the grand oalition (the oalitionontaining all n players) by entering the players into this oalition one at a time. As eahplayer enters the oalition, he is harged the ost by whih his entry inreases the ost ofthe oalition he has entered. The ost a player pays by this sheme depends on the order inwhih the players enter. The Shapley value is just the average ost harged to the players ifthey enter in a ompletely random order, i.e.

φi =
∑

S⊂I,i∈S

(|S| − 1)!(n − |S|)!

n!
(v(S) − v(S − {i})). (2)It an be proved that the problem of omputing the Shapley value is an NP-ompleteproblem. Polynomial methods, based on sampling theory, have been proposed in [?℄ forapproximating the Shapley value; these estimations, though, are e�ient only if the worthof any oalition S an be alulated in polynomial time, whih is not the ase for our problem.In fat, even using the approximation methods proposed for example in [?℄, it is neessaryto ompute the worth of an extremely large number of oalitions, whih is omputationallyvery umbersome, while as we see next, our proposed Nash bargaining solution needs onlyomputing the worth of the grand oalition.3.3 The Nash bargaining solution (NBS)Sine the omputation ost of the Shapley value an be extremely high in network senarioswith many players, in this paper we onsider another approah to ooperative game: Nashbargaining. We will show that the omputation of the Nash bargaining solution is very light.Let ui denote the maximal aeptable ost that user i is willing to pay. In the presentwork we suggest the following three options: INRIA



A Nash bargaining solution for Cooperative Network Formation Games 91. the ost for user i to onnet its soure-destination nodes in a purely non-ooperativegame (i.e., the Nash equilibrium solution);2. the ost for user i to onnet its soure-destination nodes in a zero-sum game whereall the other players are trying to maximize the ost of user i;3. the ost for user i to onnet its soure-destination nodes when there is no other player.The vetor u = {u1, u2, . . . un} is also denoted as the disagreement point of the oopera-tive network formation game (i.e., what will happen if players annot ome to an agreement).Clearly, the ost ahieved by every player at any agreement point (every possible outomeof the bargaining game) has to be at most equal to the ost ahieved at the disagreementpoint.We now derive a Nash bargaining solution for alloating the total network ost to users.To this aim, we extend the well-known two-player NBS onept to the n-player networkformation game, onsidering transferable network osts, providing expliit expressions. Thisassumption means that the players or the system administrator an redistribute the totalost among the players.Let usoc denote the total network ost resulting from soial optimization. This an beomputed, for example, formulating the generalized Steiner Tree problem [?℄ with an IntegerLinear Program, using a mathematial programming model (like AMPL [?℄), and solving itwith a ommerial solver (like CPLEX [?℄). Solving suh problem provides the least-ostnetwork topology that onnets all soure-destination pairs.Then, the Nash bargaining solution an be given in expliit form.Theorem 2 The Nash bargaining solution for player i, αi is given by the following expres-sion:
αi = ui −

∑

k uk − usoc

m
, (3)where m oinides with the number of players n (i.e., m ≡ n) if we allow for negative osts(i.e., some αi values are negative, whih means that some players are atually paid to ensuretheir partiipation). Otherwise, if only non-negative osts are allowed (or equivalently, if nopositive transfers are permitted), m is de�ned as the largest integer for whih the followinginequality is satis�ed:

1

m − 1
(
m−1
∑

i=1

ui − usoc) < um (4)having assumed, without loss of generality, that players are ordered suh that u1 ≥ u2 ≥
. . . ≥ un.Proof: See the Appendix.We would like to emphasize that in the �rst ase α values an be positive or negative,while in the seond ase α values are non-negative. In partiular, m gives the number of non-zero α values, i.e., α1, α2, . . . αm are positive and given by expression (3), while αm+1, . . . αnare equal to zero.RR n° 7480



10 Avrahenkov & Elias & Martignon & Neglia & Petrosyan3.4 Distributed algorithm for omputing the NBSWe now outline a distributed algorithm for omputing the Nash bargaining solution. Theminimal requirements ui, ∀i ∈ I, de�ned in the previous setion, an be easily omputed.In the �rst two ases, it an be observed that the omputation of the Nash equilibriumsolution for a non-ooperative network formation game an be performed in a distributedway, sine the best-response dynamis is guaranteed to onverge to a pure Nash equilibrium.As for the third de�nition, the problem is simply to ompute the least-ost path between allsoure-destination pairs, for whih there exist several distributed algorithms.In order to ompute the Nash bargaining solution given by expression (3), it is neessaryto �nd the ost of the soially optimal network (usoc). To this aim, the tehnique proposed in[?℄ an be used. This is one of the �rst distributed algorithms proposed for the GeneralizedSteiner tree problem; it is a probabilisti algorithm with O(log n) expeted approximation,based on a probabilisti tree embedding due to Fakharoenphol et al. [?℄.Then, eah player i to alulate the NBS solution αi needs only to know the disagreementpoint u of the ooperative game; this an be simply ahieved by eah player broadastingits minimal requirement ui to all other players.4 Numerial ResultsThis setion reports the numerial results obtained applying our proposed Nash bargainingsolution (NBS) to ooperative network design games played in di�erent network senarios,inluding simple network instanes and more omplex random topologies. The NBS, om-puted as illustrated in the previous setion, is ompared both to the ost alloation providedby the Shapley value, as well as to a Nash equilibrium solution. This latter is determinedin the non-ooperative network formation framework proposed in [?℄, revised in Setion2, starting from the empty network and using a best response algorithm where eah usergreedily minimizes its path ost until an equilibrium is reahed.We assume that positive transfers are allowed. To ompute the Shapley value, we furtherassume that the worth of a oalition S is the minimum ost that its members would inur ifplayers in I − S would be absent (de�nition 3). This allows us to onsider the �worst ase�,i.e. the ostlier de�nition for a oalition, as disussed before. As for the disagreement point
ui in the NBS, we reasonably assume that it is the ost for user i to onnet its soure-destination nodes in a purely non-ooperative game (i.e., the Nash equilibrium solution).However, we underline that our proposed NBS approah is general and an be applied toany problem setting. The investigation of the impat of other harateristi funtion anddisagreement point hoies is left as future researh issue.Let us �rst onsider the simple network senario already illustrated in Figure 1, with 6links and 3 players. The optimal network ost is here usoc = 4 − ǫ, and oinides with theost of the network formed at the Nash Equilibrium Point (NEP). The Nash equilibriumand the Shapley value solutions for this senario are reported in Table 2, together with theNash bargaining solution, whih in this ase oinides with the NEP.

INRIA



A Nash bargaining solution for Cooperative Network Formation Games 11Table 2: Hexagon network senario with 3 players. The table reports the ost paid by eahplayer at the Nash Equilibrium Point, the Shapley value and the Nash bargaining solution.The total network ost is equal to 4 − ǫ for all alloation algorithms.Algorithm (s1, t1) (s2, t2) (s3, t3)NEP 1 2.5 - ǫ 0.5Shapley value 5+ǫ
6 ≈ 0.83 14−5ǫ

6 ≈ 2.33 5−2ǫ
6 ≈ 0.83NBS 1 2.5 - ǫ 0.5Numerial results show that the solution given by the Shapley value for player 3 ( 5−2ǫ

6 ≈
0.83) is ostlier than that of the Nash equilibrium, 0.5. We further observe that even de�ningthe value of a oalition as its seurity level (de�nition 2, Setion 3.2) leads to the sameShapley values reported in Table 2. As a onsequene, the Shapley value solution is somehowunstable for all the onsidered de�nitions of the harateristi funtion, sine some players(i.e., player 3 in this senario) an deviate to redue their ost. This is surprising, beausethe Shapley value satis�es the individual rationality property, so that the Shapley valuealloation is always preferable for eah player than playing alone. The apparent paradoxoriginates from the fat that the value of the single player oalition has been de�ned eitheras the ost inurred if all other players are absent (de�nition 3), or as its seurity value,onsidering that all the other players are trying to maximize its ost (de�nition 2). In reality,at the Nash equilibrium, the ost of player i is smaller than suh values and, as we haveshown, it an be even smaller than the Shapley value imputation.The same behavior an be observed also in more general topologies. To show this,we onsidered random network senarios generated as follows: we randomly extrat theposition of N nodes, uniformly distributed on a square area with edge equal to 1000. As forthe network links, whih an be bought by players to onnet their endpoints, we onsiderrandom geometri graphs, where links exist between any two nodes loated within a range
R. The link ost is set to its length.Tables 3, 4 and Figure 2 illustrate the results obtained in a random geometri graphsenario with 50 nodes, range R = 500 (whih means approximately more than 1200 links)and, respetively, 5, 10 and 15 soure-destination pairs (players). The tables and �gurereport the osts for the players reahed at the Nash equilibrium, the Shapley value as well asour proposed Nash bargaining solution. The total network ost is reported in the last olumn;note that suh values orresponds, for the Shapley value and the Nash bargaining alloationalgorithms, to the soially optimal solution (usoc parameter), whih an be obtained asexplained in Setion 3.)It an be observed that, in all senarios, at least 2 players (marked in bold in the tables,with arrows in Figure 2) have a Shapley value that is higher than the Nash equilibrium ost.However, the ost saving between the NEP and the optimal ost (whih is approximately700 and 1250 for the n = 10 and n = 15 senarios, respetively) ould be re-distributed,
RR n° 7480



12 Avrahenkov & Elias & Martignon & Neglia & Petrosyanwhih is what the Nash bargaining solution does, inreasing the appeal of the ost sharingsolution.Table 3: Random geometri network senario with 5 players. The table reports the ost paidby eah player at the Nash Equilibrium Point, the Shapley value and the Nash bargainingsolution. The total network ost is also reported.Algorithm P1 P2 P3 P4 P5 Total ostNEP 299.1 149.4 400.0 824.4 580.3 2253.1Shapley value 298.9 167.5 380.4 817.3 589.0 2253.1NBS 299.1 149.4 400.0 824.4 580.3 2253.1Table 4: Random geometri network senario with 10 players. The table reports the ost paidby eah player at the Nash Equilibrium Point, the Shapley value and the Nash bargainingsolution. The total network ost is also reported.Algorithm P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 Total ostNEP 283.0 149.4 235.3 824.4 714.8 450.5 674.0 195.6 186.0 266.9 3979.9Shapley value 260.5 170.6 253.9 717.1 472.8 387.5 508.0 142.5 183.8 175.6 3272.2NBS 212.3 78.6 164.6 753.6 644.0 379.7 603.2 124.8 115.3 196.2 3272.2Obviously, sine both the Shapley value and the NBS distribute the soial ost (usoc)among the players, there will be players whose alloation is ostlier under the NBS thanwith the Shapley value alloation. This happens, in the numerial example we onsidered,for players that have a large ost at the Nash equilibrium. However, every player is alwaysbetter o� under the NBS alloation than at the Nash equilibrium, sine ost savings areredistributed.Furthermore, we observe that omputing the Shapley value for n = 15 players took sev-eral weeks of omputation on the workstation used to obtain the numerial results reportedin this paper, i.e., an Intel Pentium 4 (TM) proessor with CPUs operating at 3 GHz andwith 1024 Mbyte of RAM. Therefore, omputing the Shapley value for a larger number ofplayers is pratially infeasible in suh network senario. On the other hand, our proposed
n-person Nash bargaining solution is very simple to alulate, and ould be omputed withina few minutes in all onsidered network senarios, thus representing a pratial and e�ientsolution to the network formation problem.
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A Nash bargaining solution for Cooperative Network Formation Games 13
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Figure 2: Random geometri network senario with 15 players. The �gure reports the ostpaid by eah player at the NEP, the Shapley value and the NBS. The total network ost isequal to 5076.0 at the NEP and to 3802.7 for the Shapley value and NBS alloations.5 ConlusionIn this paper we proposed a novel and e�ient Nash bargaining solution for the ooperativenetwork formation problem with n players. Our solution has very appealing propertiesin terms of planning e�ient networks and determining ost alloations in a very shortomputation time.We ompared our proposed solution to lassi approahes, like the Shapley value and theNash equilibrium onepts, in simple and large-size network topologies, with an inreasingnumber of players.Numerial results demonstrate that our approah permits to ahieve very e�etive ostalloations, thus representing an e�ient an promising framework for the planning of stablenetworks.A Proof of Theorem 1We need to prove that de�nitions (2) and (3) lead to subadditive harateristi funtions.Let us �rst onsider the harateristi funtion de�ned as in (2). We prove the resultdiretly for pure strategy games, i.e. when players annot use more paths aording to aprobability distribution.Let µS be a strategy available to players in S, i.e. µS ∈ ×i∈SAi. Observe that given astrategy for the oalition S ∪ T , µ(S ∪ T ), it an be expressed as produt of a strategy ofoalition S and a strategy of oalition T . We denote CS the total ost paid by users in S
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14 Avrahenkov & Elias & Martignon & Neglia & Petrosyanfor a given outome of the game (for a given set of strategies of the players). Then, we anexpress de�nition (2) as follows:
v(S) = min

µS

max
µ(I−S)

CS(µS , µ(I − S)).Let us onsider then the value of the oalition S ∪T , we denote by V the set I − (S ∪T ):
v(S ∪ T ) = min

µ(S∪T )
max
µV

CS∪T (µS∪T , µV) =

= min
µS ,µT

max
µV

(CS(µS , µT , µV) + CT (µS , µT , µV )) ≤

≤ min
µS ,µT

(

max
µV ,µ̃T

CS(µS , µ̃T , µV) + max
µV ,µ̃S

CT (µ̃S , µT , µV)

)

=

= min
µS

max
µV ,µ̃T

CS(µS , µ̃T , µV) + min
µT

max
µV ,µ̃S

CT (µ̃S , µT , µV) =

= min
µS

max
µI−S

CS(µS , µI−S) + min
µT

max
µI−T

CT (µT , µI−T ) =

= v(S) + v(T ).If we onsider also mixed strategies, then the result follows immediately from the follow-ing theorem in [?℄.Theorem 3 Denote by CS(µS , νI−S) the ost of the oalition S in the zero-sum game be-tween oalition S and I −S, where µS is the strategy of oalition S and νI−S is the strategyof oalition I − S. Then the funtion
v(S) = inf

µS

sup
νI−S

CS(µS , νI−S) (5)is subadditive.The fat that the funtion de�ned by (2) is subadditive in the ase of mixed strategiesfollows immediately from the above theorem.In order to prove that the funtion de�ned by (3) is also subadditive we modify thenetwork, so that the harateristi funtion aording to (3) in the original game oinideswith the harateristi funtion aording to (2) in the modi�ed network. In partiular, weintrodue auxiliary links with in�nite ost onneting soure and destination nodes of eahplayer. Now, the best strategy for the oalition I−S in the setting (2) is just to hoose theseauxiliary links, that is equivalent to remove the players in I −S from the game (as requiredby de�nition (3)). Thus, subadditivity of the harateristi funtion (3) follows from aboveresults for funtion (2).B Proof of Theorem 2We onsider a Nash bargaining solution for the n-players ooperative game with transferableost. The assumption about the transferable ost means that the players or the systemadministrator an redistribute the total ost among the players. INRIA



A Nash bargaining solution for Cooperative Network Formation Games 15Then, the Nash bargaining solution is given by the following optimization problem:
max

αi

n
∏

i=1

(ui − αi), (6)subjet to
n

∑

i=1

αi = usoc. (7)Below we onsider two ases: (a) individual osts αi an be negative (this an be interpretedas the oalition pays some members to ensure their partiipation) and (b) osts annot benegative, i.e., no positive transfers are allowed; this preludes paying players to partiipateto the network.Both senarios make pratial sense.B.1 The ase without the requirement on the positivity of ostsIf there are no positivity onstraints on αi, the Lagrangian is given by
LNP =

n
∏

i=1

(ui − αi) + µ(

n
∑

i=1

αi − usoc),and the Karush-Kuhn-Tuker ondition takes the form:
∂LNP

∂αj

= −
∏

i6=j

(ui − αi) + µ = 0, (8)plus onstraint (7). Multiplying (8) by (uj − αj) and dividing by µ, we obtain
uj − αj =

1

µ

n
∏

i=1

(ui − αi).Hene, the di�erene uj − αj for the optimal solution does not depend on the index j andwe an denote its value by δ. Thus, we have
αi = ui − δ, (9)where the value of δ an be found from ondition (7):

δ =
1

n
(

n
∑

i=1

ui − usoc).It is interesting to observe that in this ase every player gains an equal share of the di�erenebetween the total ost of the Nash equilibrium and the total soially optimal ost. Someplayer might atually be reimbursed.RR n° 7480



16 Avrahenkov & Elias & Martignon & Neglia & PetrosyanB.2 The ase with the requirement on the positivity of ostsIn this ase, in addition to the equality onstraint (7), we have n inequality onstraints
αi ≥ 0, i = 1, ..., n. (10)This formulation orresponds to the following Lagrangian

LP =

n
∏

i=1

(ui − αi) +

n
∑

i=1

λiαi + µ(

n
∑

i=1

αi − usoc).The Karush-Kuhn-Tuker ondition takes the form:
∂LP

∂αj

= −
∏

i6=j

(ui − αi) + λj + µ = 0, (11)
λi ≥ 0, λiαi = 0, i = 1, ..., n, (12)plus onditions (7) and (10).Without loss of generality, we have ordered the players suh that u1 ≥ u2 ≥ ... ≥ un.It follows that α1 ≥ α2 ≥ ... ≥ αn. In fat, let us assume that ui > uj (then i < j) and

αj > αi: the vetor of osts (α1, · · · , αi−1, αi, · · · , αj−1, αj , · · · , αn) annot be a solutionof the problem (6), sine the vetor (α1, · · · , αi−1, αj , · · ·αj−1, αi, · · · , αn) orresponds to ahigher value of the optimization funtion, being that (ui −αj)(uj −αi) > (ui −αi)(uj −αj).Let us denote by m the number of non-zero α's. In partiular, it may happen that m = n.We shall now illustrate how to determine m.If α1, ..., αm > 0, by the omplementarity slakness ondition λiαi = 0, we have λi = 0for i = 1, ..., m. Similarly to the �rst ase, multiplying (11) by (uj − αj) and dividing by µ,we onlude that
uj − αj = δ̂, j = 1, ..., m.In addition, from (11) we have:

µ = (u1 − α1)(u3 − α3)...(um − αm)um+1...un = δ̂m−1um+1...un.Then, for k suh that m + 1 ≤ k ≤ n, the equation (11) gives
∂LP

∂αk

= −
∏

i6=k

(ui − αi) + λk + µ = 0,

−(u1 − α1)...(um − αm)um+1...uk−1uk+1...un + λk + µ = 0,

λk = δ̂mum+1...uk−1uk+1...un − δ̂m−1um+1...un,

λk = [δ̂ − uk]δ̂m−1um+1...uk−1uk+1...un.
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A Nash bargaining solution for Cooperative Network Formation Games 17Sine aording to the Karush-Kuhn-Tuker ondition λi must be non-negative, we obtainthe following ondition
δ̂ ≥ uk, k = m + 1, ..., n.This ondition allows us to determine m. Before proeeding towards this goal, we determine

δ̂ from ondition (7), whih gives uŝ
δ =

1

m
(

m
∑

i=1

ui − usoc).Then, we have the following algorithm to determine m: �rst, hek if
1

n − 1
(

n−1
∑

i=1

ui − usoc) < un. (13)If it is the ase, then all αi are positive. We note that
1

n
(

n
∑

i=1

ui − usoc) < unis an equivalent ondition. If ondition (13) is not satis�ed, �nd the largest m for whih thefollowing ondition holds
1

m − 1
(

m−1
∑

i=1

ui − usoc) < um. (14)This m gives the number of non-zero α's.
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