
HAL Id: inria-00543933
https://inria.hal.science/inria-00543933v2

Submitted on 1 Sep 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A reconstruction of the tables of Pitiscus’ Thesaurus
Mathematicus (1613)

Denis Roegel

To cite this version:
Denis Roegel. A reconstruction of the tables of Pitiscus’ Thesaurus Mathematicus (1613). [Research
Report] LORIA (Université de Lorraine, CNRS, INRIA). 2021. �inria-00543933v2�

https://inria.hal.science/inria-00543933v2
https://hal.archives-ouvertes.fr


A reconstruction of the tables of

Pitiscus’ Thesaurus mathematicus

(1613)

Denis Roegel

11 January 2011

(last version: 2 September 2021)

This document is part of the LOCOMAT project:
http://locomat.loria.fr





[The ‘Thesaurus Mathematicus’], the ‘Opus Palatinum,’
and Vlacq’s ‘Arithmetica Logarithmica,’ 1628

and ‘Trigonometria Artificialis,’ 1633,
may be said to be the four fundamental tables

of the mathematical sciences.

Glaisher, 1873 [27, p. 45]

This document introduces Bartholomäus Pitiscus’s Thesaurus mathematicus [48] pub-
lished in 1613, and in particular the three main trigonometric tables contained in that
work. Pitiscus revised Rheticus and Otho’s work published in 1596 in the Opus palati-
num [51]. Rheticus’s work is itself part of a long lineage which goes back to Regiomon-
tanus and even before. For a detailed survey of the context of 15th and 16th century
fundamental trigonometric tables, I refer the reader to my survey [61].

1 Pitiscus’ initial work on trigonometry
Bartholomäus Pitiscus1 was born in Silesia in 1561. Throughout his life, his main field
was theology. He had however an interest for mathematics and he first published in 1595
an appendix on trigonometry to Scultetus’ treatise on spherical astronomy [64]. This was
the first time the word “trigonometry” appeared in print [31, 33]. An expanded version
of this appendix was published in 1600 [45], a second edition appeared in 1608 [46], and
a third one in 1612 [47], and I describe them below.2 In 1613, Pitiscus published his
Thesaurus mathematicus , and died that same year.

The initial appendix published in 1595 did not contain any trigonometric table, but
the expanded version published in 1600 contained a table of sines, tangents and secants
for every minute of the quadrant and to five decimal places [45, pp. 123–213]. The
table only had the headers for these three functions,3 but it of course also gave the
cosines, cotangents and cosecants without naming them.4 The first table giving the
six trigonometric functions was published by Georg Joachim Rheticus (1514–1574) in
1551 [50].

2 Corrections to the Opus palatinum (ca. 1603–1607)

2.1 Rheticus’ Opus palatinum (1596)

After having published his first trigonometric table in 1551, Rheticus started to work
on a much larger table, giving the six trigonometric functions for a radius of 1010 and
at intervals of 10 seconds. Rheticus was the first to compute sine tables with intervals

1Outlines of Pitiscus’ life were given by Gerhardt [24, pp. 93–99], Zeller [69], and Archibald [3].
2More detailed descriptions of the various editions and translations of Pitiscus’ works can be found

in Archibald’s notice [3] and Miura’s articles [41, 42]. See also Gravelaar’s article [28]. Miura’s second
article [42] compares in particular Pitiscus’ pre-logarithmic trigonometry with Norwood’s logarithmic
trigonometry published in 1631.

3It was Thomas Fincke who in 1583 first used the names “tangent” and “secant” [20, 18]. See also [27,
p. 42].

4The names “cosine” and “cotangent” were first used by Gunter in 1620 [29].
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smaller than one minute [24, p. 98]. However, he was not able to complete this table, and
it was his disciple Valentinus Otho who continued the work and eventually published the
table in 1596, the Opus palatinum [51], more than twenty years after Rheticus’ death.5

2.2 The errors

The Opus palatinum unfortunately contained an important error. After Rheticus and
Otho’s work had been in circulation in every part of Europe, it was found that the
beginnings of the tables of cotangents and cosecants were corrupted by a very important
error [39, p. 280]. Adrianus Romanus (Adriaan van Roomen)6 (1561–1615) was the first
to notice the flaw [8]. In order to examine the accuracy of the table, Romanus made use
of the formula

sec a+ tan a = tan
(a
2
+ 45◦

)
.

For instance, in the first cotangent, the last nine places were incorrect. Rheticus had

cot 10′′ = 20626.4670574694

csc 10′′ = 20626.4670327177,

the correct values being

cot 10′′ = 20626.48060854917 . . .

csc 10′′ = 20626.48063278986 . . . .

But the way in which the values were computed, namely by using the sines, made
this error gradually vanish. The sines become larger and larger and the cotangents and
cosecants become more and more accurate. The error discovered in the first pages of the
Opus palatinum eventually vanished in the 86th page.

Romanus did not only find the error, but he also went into a deeper error analysis,
establishing rules about the number of necessary extra decimals for a correct computa-
tion [8, p. 59]. He understood that Rheticus had not computed the sines with enough
digits to ensure an accuracy of 10 places in the last tangents and secants.

5For more details on Rheticus’ first tables and work on the Opus palatinum, see my studies [57, 58]. For
biographical details on Rheticus, see in particular Burmeister [11], Danielson [15], and Schöbi-Fink [63].

6Romanus was one of the mathematicians who had embarked on the calculation of trigonometric
tables. In 1593, he mentioned in particular Rheticus’ letter from 1568 (reproduced in [25, p. 228]), and
he was aware of the planned completion of the Opus palatinum [8, pp. 55–56]. Romanus’ own plans were
to compute a sine table for the radius 1016, but he did not have calculators to second him. Romanus
was probably one of the first persons to buy the Opus palatinum, as he eagerly awaited its publication.
As he was corresponding with Clavius, he also sent him a copy, and they exchanged about the accuracy
of the tables. The correspondence with Clavius also reveals that Christoph Grienberger [27, p. 45] was
preparing a table of sines, but this table was not immediately published perhaps as a consequence of
Romanus’ insights (a manuscript of that table, De tabula sinuum is presumably found in Biblioteca
nazionale centrale Vittorio Emanuele II, Roma, cc. 531, Fondo Gesuitico 2729, and is probably the one
published in 1630).

4



2.3 Pitiscus’ recomputations

When the errors were found, Otho was ill and no longer capable of correcting them. It
was Pitiscus who undertook the recomputation of the 86 incorrect pages, probably taking
into account Romanus’ analysis. This apparently only happened after the death of Lucius
Valentinus Otho in 1603, as Pitiscus first tried to obtain a manuscript copy of Rheticus’
sine table to 15 decimal places, thinking that Rheticus’ unpublished tables might help
for the correction.

Either by his own analysis or as a consequence of Romanus’ analysis, Pitiscus under-
stood that Rheticus’ computations were not sufficient and he decided to compute new
tables.

Pitiscus first recomputed to twenty decimal places all the sines up to 7◦ and all the
tangents and secants between 83◦ and 90◦ to eleven decimal places. 86 pages of the Opus
palatinum were reprinted incorporating Pitiscus’ corrections. A new edition, with new
title page, was reissued in 1607.7

Pitiscus’ corrections were studied in detail by Prony [52, 53]8 and then by Mollweide,
who was unaware of Prony’s work [43].

3 The new editions of Pitiscus’ trigonometry (1608–
1612)

In the second and third editions of his trigonometry [46, 47], Pitiscus continued to expand
his tables.9 These improvements were mainly a consequence of Pitiscus’ work on the Opus
palatinum, and Pitiscus explains how his computations were done. Pitiscus first computed
the sines of 30◦, 15◦, 5◦, 1◦, 30′, 10′, 5′, 1′, 30′′, 10′′, 5′′, 1′′, all for the radius 1025 [46,
p. 62], [47, p. 71]. The computations were later detailed by Bernoulli [7, pp. 28–30].
After that, Pitiscus used the sines to compute the tangents and secants. As observed by
Gerhardt, the accuracy of the computations can be checked with the formulæ given by
Pitiscus, or by using the first, second and third differences. In these tables, Pitiscus does
not give the differences, but the proportional parts for 1′ or 1′′ [7, p. 33].

Finally, Pitiscus’ book contained a table of sines, tangents and secants for every second
of the first and last minutes of the quadrant, for every two seconds from 0◦1′ to 0◦10′ and
from 89◦50′ to 89◦59′, for every ten seconds from 0◦10′ to 1◦ and from 89◦ to 89◦50′, and
for every minute from 1◦ to 89◦ with 5 to 12 decimal places. The values were given with
their differences. The tables in the 1608 and 1612 editions are mostly identical, differing

7The corrected edition is very rare, but can easily be identified without looking at the actual values,
first because the new pages are of a lower paper quality, and then as there is a small layout error at the
bottom of page 7 of the corrected copies, where the words basis and hypothenusa have been interchanged.
Copies of the 1607 edition seem to be located at Göttingen and Jena. In 1949, Archibald had also located
three copies and there are probably a few more [4, pp. 558–559]. Prony bought one copy which is now
in the library of the Ponts et chaussées, Fol. 415, see [52, 53].

8Some drafts of Prony’s analysis are kept at the library of the Ponts et chaussées, Ms. 1745. See also
Archibald [3, pp. 394–396].

9Among the changes, we can note that Pitiscus published some results due to Bürgi. See Leopold for
the exact references to the 1608 and 1612 editions [40, p. 33], [24, pp. 94–95], [14, pp. 619, 646–647]. One
should however be cautious concerning the claims of some authors that Pitiscus used a decimal point in
his tables. An examination of his tables shows that this is not true. See my article on Napier [59].
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only by the headers, and in some rare cases by the number of decimal places, which is
sometimes one less in the 1612 version.

4 Pitiscus’ Thesaurus mathematicus (1613)
Finally, Pitiscus began to work on a new project incorporating his own work with that
of Rheticus. The Thesaurus mathematicus [48] was eventually published in 1613 and
contained the new tables on which the corrected Opus palatinum was resting. It contained

1. a table of sines by Rheticus calculated for every 10′′ to fifteen decimal places, with
first, second, and third differences (270 pages of tables);

2. a calculation of the sines at 1′′ intervals for the first and last degrees of the quadrant,
with first and second differences, again by Rheticus to fifteen decimal places (60
pages of tables);

3. values for the basic sines from which the others were calculated to 22 decimal places
by Pitiscus; these sines were given to 25 places and already included in Pitiscus’
Trigonometriæ mentioned above (8 pages of tables); this section also contains tables
for each basic sine, for instance for the angle 15◦:

0 56414 33335 51156 24855 31186
0 51763 80902 05041 52469 77977
1 14020 67661 22214 48822 73383
1 03527 61804 10083 04939 55954
1 62445 02006 73461 64888 25580
1 55291 42706 15124 57409 33931

. . .

The second line above is the chord of 30◦ (0.51763 . . .), and the fourth and sixth
lines are multiples of this chord.10

What however is not clear at first sight are the odd lines. The meaning of these lines
was not given by Pitiscus, and the problem eluded both Jean Bernoulli [7, p. 30]
and Kaestner [38, pp. 619–620] who admitted that they could not find exactly what
Pitiscus meant. Kaestner assumed that it was some kind of proof by nine. In fact,
each digit of an odd line is equal to the sum modulo 9 of the digit which is left to
it and to the one below it.11 The first digit on the left is always equal to the digit
below it.

The odd lines were used to check the multiplications. If the multiplication is correct,
the last digit of the odd line 2n− 1 is equal (modulo 9) to n times the last digit of
the first odd line. In the above example, 6 × 2 = 12 ≡ 3 (mod 9), 6 × 3 = 18 ≡ 0
(mod 9).

10Since the multiples are no recomputations, the last digits can be slightly wrong, which is the case
for the last line above.

11This was found by my colleague Vincent Lefèvre on December 8, 2010.
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4. The fourth part was a table of sines to 22 decimal places by Pitiscus for 10′′, 30′′,
50′′, 1′10′′, 1′30′′, 1′50′′, etc., until 35′, with the first five differences, together with
the sines of the complements with the first four differences (4 pages of tables); these
sines were needed for the corrections to the Opus palatinum [7, p. 27].

There are three sets of paginations, one for the first table, one for the second table,
and one for the last two parts together. As a consequence, some copies may be bound
differently and give the tables in a different order.12

Pitiscus seems to have computed several other tables, such as tables of tangents and
secants at intervals of 10′′ for the first two degrees, but these tables were not published [16,
p. 300].

Partial lists of errors in the corrected Opus palatinum and the Thesaurus mathe-
maticus have been established, and Archibald gives several references which should be
consulted [3, pp. 395–396].

Lalande’s description of the Thesaurus mathematicus in 1771 [16] was incomplete and
it was completed by Bernoulli [7]. Additional information on the Thesaurus mathematicus
was given by Archibald [4, p. 558].

Pitiscus’ Thesaurus mathematicus was published the year before Napier’s logarithms.
Logarithms were going to change the way computations were done, and natural tables
of sines were less needed than accurate tables of logarithms. This may explain why
Rheticus and Pitiscus’ tables remained unsuperseded until Henri Andoyer’s 17-place13
tables published in 1915–1918 [2].

5 Further editions and erratas
Pitiscus’ Thesaurus mathematicus was used by Vlacq to compute the trigonometric table
appended to his Arithmetica logarithmica in 1628 [66], [26, pp. 442–443].

Later, in 1897, Wilhelm Jordan (1842–1899) published sine and cosine tables excerpted
from the Opus palatinum, with the title Opus Palatinum : Sinus- u. Cosinus-Tafeln von
10′′ zu 10′′ [36]. This was not, however, a reprint of the Opus palatinum.14 For errors in
the Opus palatinum and later derived editions, see Fletcher et al. [21].

12The above order is the one at the École Nationale des Ponts et Chaussées, but the copy at the
University of Goettingen, for instance, is different.

13van Brummelen mistakenly writes that Andoyer’s tables are 20-place tables, but only a small part
of the tables are to 20 places. The general tables are to 17 places.

14At least five more editions were published in 1913, 1923, 1925, 1929, and 1936. The sines and cosines
were only given to seven places, with differences, with 10 minutes per page, from 0◦ to 45◦, like in
the Opus palatinum. The angles are also given in the centesimal division. In the five pages preface,
Jordan announced his plans for the inclusion of tangents, cotangents, secants and cosecants in a second
edition, but Jordan’s death has probably canceled these plans. These tables would presumably also have
been derived from the Opus palatinum. Jordan cites Regiomontanus, Rheticus, Otho and Pitiscus, but
Regiomontanus’ work was actually not used. Jordan seems to have translated in German the introduction
of the Opus palatinum, and perhaps planned to publish it in the future, what apparently never happened.
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6 Structure of the tables and recomputation
The three main tables were recomputed using the GNU mpfr multiple-precision floating-
point library developed at INRIA [22], and give the exact values. The comparison of my
table and Pitiscus’ will therefore immediately show where Pitiscus’ table contains errors.

In his tables, Pitiscus had omitted some values and I supplied the correct ones: in the
first table, the differences were not given for 0◦, the second difference of the sine was not
given for 0◦10′′ and the third differences were not given for 0◦10′′; in the second table,
the second differences for 0◦0′1′′ and 89◦59′59′′ were not given; and in the third table,
the first difference of the sines was not given for 34′50′′, the second differences of the
sines were not given for 0′10′′ and 34′50′′, the third differences of the sines were not given
for 0′10′′, 34′30′′, and 34′50′′, the fourth differences of the sines were not given for 0′10′′,
0′30′′, 34′30′′, and 34′50′′, the fifth differences of the sines were not given for 0′10′′, 0′30′′,
34′10′′, 34′30′′, and 34′50′′; the first differences of the cosines was not given for 0′10′′ and
34′50′′, the second differences of the cosines were not given for 0′10′′, 34′30′′, and 34′50′′,
the third differences of the cosines were not given for 0′10′′, 0′30′′, 34′30′′, and 34′50′′, the
fourth differences of the cosines were not given for 0′10′′, 0′30′′, 34′10′′, 34′30′′, and 34′50′′.

As explained above, the three tables have separate paginations, but the third part’s
first ten pages are not reproduced here. I have decided to keep the original page numbers,
for easy reference, but as a consequence, there is currently a gap before the last table.
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AD DECADES SCRUPULO-

RUM SECUNDORUM,
Et ad partes Radij

1 00000 00000 00000.

Unà cum differentiis primis, secundis, tertiis.

PRIMVS ET POSTREMVS NVMERVS
VNIVS CVIVS QVE PAGINÆ GRADVS DENOTAT:

secundus scrupula prima reliquorum maiores, scrupula prima ;

minores, scrupula secunda.
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8 ..   ..   52
9 ..   ..   51
10 ..   ..   50
11 ..   ..   49
12 ..   ..   48
13 ..   ..   47
14 ..   ..   46
15 ..   ..   45
16 ..   ..   44
17 ..   ..   43
18 ..   ..   42
19 ..   ..   41
20 ..   ..   40
21 ..   ..   39
22 ..   ..   38
23 ..   ..   37
24 ..   ..   36
25 ..   ..   35
26 ..   ..   34
27 ..   ..   33
28 ..   ..   32
29 ..   ..   31
30 ..   ..   30
31 ..   ..   29
32 ..   ..   28
33 ..   ..   27
34 ..   ..   26
35 ..   ..   25
36 ..   ..   24
37 ..   ..   23
38 ..   ..   22
39 ..   ..   21
40 ..   ..   20
41 ..   ..   19
42 ..   ..   18
43 ..   ..   17
44 ..   ..   16
45 ..   ..   15
46 ..   ..   14
47 ..   ..   13
48 ..   ..   12
49 ..   ..   11
50 ..   ..   10
51 ..   ..   9
52 ..   ..   8
53 ..   ..   7
54 ..   ..   6
55 ..   ..   5
56 ..   ..   4
57 ..   ..   3
58 ..   ..   2
59 ..   ..   1
60 ..   ..   0
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 AD RADIVM 1.00000.00000.00000
 Sinus Diff. I. II. Sinus Diff. I. II.
1 ..   ..   59
2 ..   ..   58
3 ..   ..   57
4 ..   ..   56
5 ..   ..   55
6 ..   ..   54
7 ..   ..   53
8 ..   ..   52
9 ..   ..   51
10 ..   ..   50
11 ..   ..   49
12 ..   ..   48
13 ..   ..   47
14 ..   ..   46
15 ..   ..   45
16 ..   ..   44
17 ..   ..   43
18 ..   ..   42
19 ..   ..   41
20 ..   ..   40
21 ..   ..   39
22 ..   ..   38
23 ..   ..   37
24 ..   ..   36
25 ..   ..   35
26 ..   ..   34
27 ..   ..   33
28 ..   ..   32
29 ..   ..   31
30 ..   ..   30
31 ..   ..   29
32 ..   ..   28
33 ..   ..   27
34 ..   ..   26
35 ..   ..   25
36 ..   ..   24
37 ..   ..   23
38 ..   ..   22
39 ..   ..   21
40 ..   ..   20
41 ..   ..   19
42 ..   ..   18
43 ..   ..   17
44 ..   ..   16
45 ..   ..   15
46 ..   ..   14
47 ..   ..   13
48 ..   ..   12
49 ..   ..   11
50 ..   ..   10
51 ..   ..   9
52 ..   ..   8
53 ..   ..   7
54 ..   ..   6
55 ..   ..   5
56 ..   ..   4
57 ..   ..   3
58 ..   ..   2
59 ..   ..   1
60 ..   ..   0
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(The first 10 pages of the third part have not been reconstructed.)
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SINUS DECIMORUM,
TRICESIMORUM, ET QUIN-

QUAGESIMORUM QUORUMQUE

scrupulorum secundorum, in prioribus triginta quinq;

scrupulis primis contentorum.

UNA CUM SINIBUS COM-
PLEMENTORUM

Ad Radium.

1. 00000. 00000. 00000. 00000. 00.

ADDITIS DIFFERENTIIS PRIMIS,
secundis, tertiis, quartis, quintis.
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Sinus complementi Diff. I. II. III. IV.
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I. II. Sinus Diff. I. II. III. IV. V.
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Sinus complementi Diff. I. II. III. IV.
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