. Rheticus died during a visit in Košice, now in Slovakia, in 1574.

3 Rheticus's first canon (1551)

.

Rheticus was the first to provide a uniform treatment of the six trigonometric functions. He was in particular the first to publish a table of secants. 3 Rheticus did not consider angles in circles, but considered triangles of which one of the side was constant, and he gave the lengths of the other sides as a function of the angle at the center. The name of "sine" was not used by Rheticus, nor those of tangent and secant, the latter two having not yet been introduced. 4 The sides were called "base," "perpendicular," and "hypothenuse." The tables span 14 pages, with 7 degrees on each double page. The last double page is not totally filled, with only the degrees 42 to 44. Each double page is split in three groups of two columns. The first group (hypothenuse = 10 7 ) gives the sines and cosines, with their differences. The second group (base = 10 7 ) gives the secants and the tangents. And the third group (perpendicular = 10 7 ) gives the cosecants and the cotangents.

The heading of the tables means "Canon of the doctrine of triangles in which in a plane triangle with right angle 10 7 parts are taken for 1) the (side) subtending the right angle, 2) the greatest of the two sides including the right angle, and 3) the smallest of the two sides including the right angle" [10, p. 13].

The structure of the table was first described by De Morgan [24, 23]. A similar layout was used in Rheticus and Otho's Opus palatinum [55]. 5 Rheticus actually only computed two thirds of his table. The table of sines was taken from Regiomontanus [36, p. 152], but the tangents and secants were recomputed from the sines [36, p. 193]. Rheticus had therefore to compute about 1080 ratios (90 × 6 × 2). More precisely, the sines in Rheticus's table were copied from Regiomontanus's table for R = 10 7 [68], [36, p. 152]. Most of the values were not changed, but some of the

Trigonometric tables before Rheticus

As told by Gerhardt in his history of mathematics in Germany, Peuerbach (1423-1461) and his pupil Regiomontanus (1436Regiomontanus ( -1476) ) [START_REF] Folkerts | Regiomontanus als Mathematiker[END_REF][START_REF] Kaunzner | Über Regiomontanus als Mathematiker[END_REF][START_REF] Zinner | Regiomontanus: His life and work[END_REF] woke up the study of astronomy and built the necessary tables [33, p. 87]. Regiomontanus calculated tables of sines for every minute of arc for radiuses of 6000000 and 10000000 units. 1Regiomontanus had also computed a table of tangents [50], but with the smaller radius R = 10 5 and at intervals of 1 • . There were no printed tables of secants, but an ever growing number of tables copied from those of Regiomontanus or derived from his tables.

2 Rheticus (1514-1574) Georg Joachim was born in 1514 in Feldkirch (Austria) in what was formerly the Roman province of Raetia, from which the name Rheticus is derived. His father was a doctor. 2 After studying in Zurich from 1528 to 1532, Rheticus went to Wittenberg to complete his education. Wittenberg was then the center of the sciences. He obtained his doctorate in 1536, went to Nuremberg and Tübingen, then was called back to Wittenberg as professor of mathematics in 1536, along with Erasmus Reinhold. In 1539, he went to Frauenburg in order to assist Copernicus and pushed him to publish the details of his theory.

The first account of the Copernican system was not published by Copernicus, but in Rheticus's Narratio prima in 1540 [START_REF] Joachim | Ad clarissimum virum D. Ioannem Schonerum, de libris revolutionum eruditissimi viri & mathematici excellentissimi, reuerendi D. Doctoris Nicolai Copernici Torunnaei, canonici varmiensis[END_REF][START_REF] Rosen | Three Copernican treatises: The Commentariolus of Copernicus, the Letter against Werner, the Narratio prima of Rheticus[END_REF][START_REF] Beckmann | Rhetikus über Preußen und seine Gönner in Preußen[END_REF][START_REF] Beckmann | Zur Geschichte des kopernikanischen Systems[END_REF][START_REF] Beckmann | Zur Geschichte des kopernikanischen Systems[END_REF][START_REF] Beckmann | Zur Geschichte des kopernikanischen Systems[END_REF][START_REF] Beckmann | Zur Geschichte des kopernikanischen Systems[END_REF][START_REF] Tredwell | Michael Maestlin and the fate of the Narratio prima[END_REF]. In fact, Rheticus was more zealous than Copernicus, insisting on the physical truth of the motion of the earth. Rheticus's books were condemned by the catholic church in 1550 and put on the Index Expurgatorius, and this condemnation applied to his works on trigonometry. As observed by De Morgan, this severity was not so remarkable, if we remember that Rheticus held the chair of mathematics at Wittenberg, where Luther had taught theology [23, p. 518].

Rheticus resumed his teaching in Wittenberg in 1541 and in 1542, Copernicus's De lateribus et angulis triangulorum [START_REF] Copernicus | De lateribus et angulis triangulorum[END_REF][START_REF] Stamm | La géométrie de Nicolas Copernic[END_REF] was published by Rheticus in Wittenberg. This short treatise on trigonometry contains a table of sines for every minute of the quadrant and for a radius of 10 7 . This table was copied from Regiomontanus's decimal table [START_REF] Roegel | A survey of the main fundamental European trigonometric tables printed in the 15th and 16th centuries[END_REF].

Copernicus's De Revolutionibus (1543), whose printing was partly overseen by Rheticus, contained the same chapter on trigonometry, but with a simpler table [16, book 1, chapter 12, ff. [START_REF] Cantor | Vorlesungen über Geschichte der Mathematik[END_REF][START_REF] Copernicus | De revolutionibus orbium coelestium[END_REF][START_REF] Copernicus | De lateribus et angulis triangulorum[END_REF][START_REF] Curtze | Zur Biographie des Rheticus[END_REF][START_REF] Richard | The first Copernican: Georg Joachim Rheticus and the rise of the Copernican Revolution[END_REF]. The sines were only given every 10 and for a radius of 100000. This table is also derived from Regiomontanus's works [36, pp. 178-179], [START_REF] Roegel | A survey of the main fundamental European trigonometric tables printed in the 15th and 16th centuries[END_REF].

In 1542, Rheticus went to Nuremberg and Philip Melanchton [START_REF] Westman | The Melanchthon circle, Rheticus, and the Wittenberg interpretation of the Copernican theory[END_REF] then helped him to obtain a position at Leipzig University where he remained from 1542 to 1551. Rheticus typos were corrected, for instance the cosine of 38 • 40 whose value was still incorrect (as Sin 51 • 20 ) in Rheticus's 1542 table.

But Rheticus made new computations for the tangents and the secants using these sines. According to Glowatzki and Göttsche [36, p. 185], Rheticus merely computed the ratios for the tangents, but things are actually a bit more complicated.

First, it appears that the secants and cosecants were computed by dividing 1 (or rather 10 14 ) by the values of the cosines or sines, and truncating the results. This can readily be observed on the secants of 17 • 20 , 29 • , 29 • 50 , 43 • , etc., and practically every ratio whose decimal part is greater than 0.5. This is also true for the cosecants, an example being 35 • 30 .

But the tangents and cotangents are another story. I don't know exactly how Rheticus computed these values, but a close examination of Rheticus's values reveals that the tangents are more accurate than the cotangents and consequently one cannot have been computed from the other. They must have been computed differently. The tangents may have been computed by dividing the sines by the cosines, but this cannot have been the case for the cotangents. 6It appears that the values of the cotangents are close to those obtained when computing

Cot x = Csc 2 x -R 2
but they are not totally identical. The agreement is however much better than that obtained by merely dividing the values of the cosines by the sines of Regiomontanus, and it may even be a little better if Csc 2 x is rounded to seven or eight significant digits. This hypothesis may need to be tested further, but it parallels a suggestion by van Brummelen and Byrne for the computation of secants by Maurolico [START_REF] Van Brummelen | Maurolico, Rheticus, and the birth of the secant function[END_REF][START_REF]Theodosii Sphaericorvm Elementorvm Libri[END_REF], although I argue in my survey [START_REF] Roegel | A survey of the main fundamental European trigonometric tables printed in the 15th and 16th centuries[END_REF] that their suggestion is in fact not applicable to Maurolico's computations. However, in my survey I also suggest that Fincke used a similar procedure to compute his secants in 1583.

The 1551 canon has been reprinted in 1565 in Basel [36, p. 185]. 7Rheticus's work remains based on Regiomontanus's tables, and although he was the first to construct a table giving all six triangle ratios, he did not compute the cosecants and cotangents sufficiently accurately for small angles, and does not yet seem to have understood that more accurate sines were needed. He has no problem giving cosecants and cotangents to 10 figures, when the sine is only given to 5 figures. This understanding of the need for more accurate sines only came later, and even the Opus palatinum [START_REF] Joachim | Opus palatinum de triangulis[END_REF] published in 1596 is still marred by this problem which will only fully be solved by Pitiscus in the early 17th century [48].

Rheticus's heirs and influence

After Rheticus's 1551 table, other authors such as Reinhold in 1554 [START_REF] Reinhold | Primus liber tabularum directionum[END_REF], [36, pp. 152-153], or Fincke in 1583 [START_REF] Fincke | Geometriae Rotundi Libri XIIII[END_REF], still continued to give simpler tables based on Regiomontanus's tables, but some authors were directly influenced by Rheticus. The first of them was François Viète.

Viète's Canon mathematicus (1579)

Inspired by Rheticus's table [START_REF] Hunrath | Des Rheticus Canon doctrinae triangulorum und Vieta's Canon mathematicus[END_REF], François Viète (1540-1603) constructed a new table, which he called the Canon mathematicus [START_REF] Viète | Canon mathematicus seu ad triangula cum appendicibus[END_REF]. The printing of the table was started in 1571 but it was only completed in 1579 [74, p. 205].

The Canon mathematicus contained a typographically sophisticated table of the six trigonometric functions for every minute of the quadrant and with a radius of 100000, with sometimes one or two additional figures (figure 1) [41] [26, pp. 455-456]. This was the first published canon giving the trigonometric functions every minute, but on the other hand it gave them to less places than Rheticus's first table. Viète took the sines from Regiomontanus, except for some parts which have been recomputed [36, pp. 154-155], [START_REF] Roegel | A survey of the main fundamental European trigonometric tables printed in the 15th and 16th centuries[END_REF]. The tangents and secants were recomputed, not from Regiomontanus's values as suggested by Glowatzki and Göttsche [36, pp. 189, 196], but using Viète's own values, either in his table of sines, or from more accurate values, for instance for Sin 1 [START_REF] Roegel | A survey of the main fundamental European trigonometric tables printed in the 15th and 16th centuries[END_REF].

Otho's Opus palatinum (1596)

After the publication of the 1551 canon, Rheticus continued to work on a more extensive project, where the six trigonometric functions would be given every 10 and for a radius of 10 10 . This work was only completed after Rheticus's death by Lucius Valentinus Otho and published in 1596 [START_REF] Joachim | Opus palatinum de triangulis[END_REF][START_REF] Roegel | A reconstruction of the tables of Rheticus's Opus Palatinum[END_REF]. It was further corrected by Pitiscus, in particular in his Thesaurus mathematicus published in 1613 [48].

Structure of the tables and recomputation

In addition to the tables described above, Rheticus's book contained a cover page, an introductory poem, and six pages of explanations which are not reproduced here. The original tables used two colors, and there are some overlaps between the red and black figures. Viète's tables also use two colors but their layout is much more successful. Some values were omitted and I have added them in my reconstruction. The sine, secant, and tangent values for 0 • , as well as the first difference of the tangents, were given as "....." or "........," and the value of the last cosecant of the table was merely left blank.

Rheticus's tables were recomputed using the GNU mpfr multiple-precision floatingpoint library developed at INRIA [START_REF] Fousse | MPFR: A multiple-precision binary floating-point library with correct rounding[END_REF], and give the exact values. The comparison of my table and Rheticus's will therefore immediately show where Rheticus's table contains errors. Differen: Hypotenusa Differen: Perpendicu: Differen:

Figure 1 :

 1 Figure 1: A page from Viète's Canon mathematicus (1579). This page gives (from left to right) the sines, cosines, tangents, secants, cotangents, and cosecants for angles from 4 • to 4 • 30 and from 85 • 30 to 86 • . (source: http://www.christies.com, book auctioned on June 17, 2008 in New York)

For a summary of fundamental trigonometric tables printed in the 15th and 16th centuries, see my survey[START_REF] Roegel | A survey of the main fundamental European trigonometric tables printed in the 15th and 16th centuries[END_REF]. The present report was first written in

2011, but it has been updated and corrected in light of this survey.2 For extensive biographies of Rheticus, see Burmeister[START_REF] Heinz | Eine bio-bibliographie[END_REF][START_REF] Heinz | Georg Joachim Rhetikus, zwischen Paracelsus und Kopernikus[END_REF], Kraai[START_REF] Kraai | Rheticus' heliocentric providence: a study concerning the astrology, astronomy of the sixteenth century -Die heliozentrische Providentia des Rheticus[END_REF], Danielson[START_REF] Richard | The first Copernican: Georg Joachim Rheticus and the rise of the Copernican Revolution[END_REF], and Schöbi-Fink et al 's collections[START_REF]Rheticus, Wegbereiter der Neuzeit (1514-1574[END_REF][START_REF]Wegbereiter der Neuzeit: Eine Würdigung[END_REF].

In 1819, Delambre, unaware of Rheticus's 1551 table, still wrote that Viète was the first to put together all these functions in 1579[26, p. 

456].[START_REF] Clare | The Canon Doctrinae Triangvlorvm (1551) of Rheticus (1514-1576)[END_REF] It was Thomas Fincke who in 1583 first used the names "tangent" and "secant"[START_REF] Fincke | Geometriae Rotundi Libri XIIII[END_REF][START_REF] De | On the first introduction of the words Tangent and Secant[END_REF]. See also[35, p. 42].[START_REF] Beckmann | Zur Geschichte des kopernikanischen Systems[END_REF] De Morgan considers that the semi-quadrantal arrangement of the tables finds its roots in Rheticus's three cases of triangles. In the first case, the greatest side of the triangle is the cosine, and the smallest side is the sine. The divisions would not have been the same if Rheticus had given the sines for the whole quadrant. Rheticus's arrangement led to consider the duality of sine and cosine, tangent and cotangent, and secant and cosecant[23, pp. 523-524].

It will be interesting to see to what conclusions came[START_REF] Brooke | Determining the sine tables underlying early European tangent tables[END_REF] who seems to have conducted a similar investigation, but whose result is not yet published at the time I am writing this.

De Morgan wrote earlier that it had been reprinted in 1580[23, p. 521].

Note on the titles of the works: Original titles come with many idiosyncrasies and features (line splitting, size, fonts, etc.) which can often not be reproduced in a list of references. It has therefore seemed pointless to capitalize works according to conventions which not only have no relation with the original work, but also do not restore the title entirely. In the following list of references, most title words (except in German) will therefore be left uncapitalized. The names of the authors have also been homogenized and initials expanded, as much as possible.The reader should keep in mind that this list is not meant as a facsimile of the original works. The original style information could no doubt have been added as a note, but I have not done it here.
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