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❇✳✹ ❊①❛♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

❈ Pr♦♣♦s❡❞ ❞❛t❛ str✉❝t✉r❡ ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✶✶✸
❈✳✵✳✶ Pr♦♣♦s❡❞ ❢✉♥❝t✐♦♥s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

❉ ❍❛♥❞✇r✐tt❡♥ ❡①❛♠♣❧❡ ♦❢ ❖♥❡ st❡♣ ❛❧❣♦r✐t❤♠ ✶✷✸

❇✐❜❧✐♦❣r❛♣❤② ✶✸✸

■♥❞❡① ✶✸✸

❘❘ ♥➦ ✼✹✼✶
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■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✼

■♥tr♦❞✉❝t✐♦♥

✵✳✶ ●❡♥❡r❛❧ ❝♦♥t❡①t

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s ♣❛rt ♦❢ ❛ ♣r♦❥❡❝t ❝❛❧❧❡❞ ■❉❊❆▲ ✐♥ ✇❤✐❝❤ t❤r❡❡ ❧❛❜♦r❛t♦r✐❡s ❝♦♦♣❡r❛t❡✿ t❤❡ ❚❤❡ ❣❧♦❜❛❧ ♣r♦❥❡❝t

t❡❛♠ ❊❱❆❙■❖◆ ♦❢ ■◆❘■❆ ✭❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ■♥st✐t✉t❡ ❢♦r ❘❡s❡❛r❝❤ ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❛♥❞
❈♦♥tr♦❧✮ ❘❤ô♥❡✲❆❧♣❡s ✭▼♦♥t❜♦♥♥♦t✮✱ t❤❡ ❧❛❜♦r❛t♦r② ●✲❙❈❖P ✭▲❛❜♦r❛t♦r② ♦❢ ●r❡♥♦❜❧❡ ❢♦r
❙❝✐❡♥❝❡s ♦❢ ❈♦♥❝❡♣t✐♦♥✱ ❖♣t✐♠✐s❛t✐♦♥ ❛♥❞ Pr♦❞✉❝t✐♦♥✮ ✭●r❡♥♦❜❧❡✮ ❛♥❞ ❉■❙■ ✭❉✐♣❛rt✐♠❡♥t♦
❞✐ ■♥❢♦r♠❛t✐❝❛ ❡ ❙❝✐❡♥③❡ ❞❡❧❧✬■♥❢♦r♠❛③✐♦♥❡✮ ✭●❡♥♦✈❛✱ ■t❛❧②✮✳

❚❤❡ ❣❡♥❡r❛❧ ❣♦❛❧ ♦❢ t❤❡ ■❉❊❆▲ ♣r♦❥❡❝t ✐s t♦ ✜♥❞ ♦✉t ❝❤❛r❛❝t❡r✐st✐❝s t♦ ❝❧❛ss✐❢② ❣❡♦♠❡tr✐❝ ❚❤❡ ♠♦t✐✈❛t✐♦♥

♠♦❞❡❧s ❛♥❞ ❝r✐t❡r✐❛ t♦ ❞❡t❡r♠✐♥❡ ♣❛rt✐❝✉❧❛r ❢❡❛t✉r❡s ♦❢ t❤❡ s❤❛♣❡ ♦❢ t❤❡s❡ ♠♦❞❡❧s✳ ❚❤❡ ❣♦❛❧
✐s t♦ st✉❞②✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♥♦♥✲♠❛♥✐❢♦❧❞ s♣❛❝❡s s✉❝❤ ❛s ✐❞❡❛❧✐③❡❞ ✐♥❞✉str✐❛❧ ❈❆❉ ♠♦❞❡❧s ✭s❡❡
✜❣✉r❡ ✶✮✱ s✐♥❝❡ t❤❡② ❛r❡ st✐❧❧ ✐❧❧✲✉♥❞❡rst♦♦❞ ❡✈❡♥ ✐❢ t❤❡② ❛r❡ ❢r❡q✉❡♥t❧② ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✳

❋✐❣✉r❡ ✶✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ♥♦♥✲♠❛♥✐❢♦❧❞ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳ ❆✉t❤♦r✿ ❏❡❛♥✲❈❧❛✉❞❡ ▲é♦♥

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s r❡♣♦rt ✇❛s t♦ ♣r♦♣♦s❡ ❛ ♠❡t❤♦❞ ❢♦r ❝♦♠♣✉✲ ❚❤❡ ❣♦❛❧

t❛t✐♦♥ t❤❡ ❤♦♠♦❧♦❣② ♦❢ ❛ ♥♦♥✲♠❛♥✐❢♦❧❞ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✇❤✐❝❤ ❤❛s ❜❡❡♥ ♣r❡✈✐♦✉s❧② ❞❡❝♦♠✲
♣♦s❡❞ ✐♥t♦ ❛ s❡t ♦❢ ▼❈✲❝♦♠♣♦♥❡♥ts ✭♠❛♥✐❢♦❧❞✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✮ ✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠
❞❡✈❡❧♦♣❡❞ ✐♥ ❉■❙■✱ ❬❉❋P❍✵✾❪ ✭s❡❡ ✜❣✉r❡ ✷✮✳

❘❘ ♥➦ ✼✹✼✶
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❋✐❣✉r❡ ✷✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ▼❈✲❞❡❝♦♠♣♦s✐t✐♦♥✳ ❋r♦♠ ❆ s❡t ♦❢ t♦♦❧s ❢♦r r❡♣r❡s❡♥t✐♥❣✱ ❞❡❝♦♠♣♦s✐♥❣

❛♥❞ ✈✐s✉❛❧✐③✐♥❣ ♥♦♥✲♠❛♥✐❢♦❧❞ ❝❡❧❧✉❧❛r ❝♦♠♣❧❡①❡s ▲❡✐❧❛ ❉❡ ❋❧♦r✐❛♥✐✱ ❉❛♥✐❡❧❡ P❛♥♦③③♦✱ ❆♥♥✐❡ ❍✉✐✳

❉■❙■✱ ❯♥✐✈❡rs✐t② ♦❢ ●❡♥♦✈❛✱ ■t❛❧②

✵✳✷ ❲❤② ❤♦♠♦❧♦❣②

■♥ r❡❝❡♥t ②❡❛rs✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ♦❢ ❛ s♣❛❝❡ ❤❛s ❞r❛✇♥ ♠✉❝❤
❛tt❡♥t✐♦♥ ❜❡❝❛✉s❡ ✐t ❤❛s ❢♦✉♥❞ r❡❛❧✲✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♠❛♥② ❝♦♠♣✉t❛t✐♦♥❛❧ ❞✐s❝✐♣❧✐♥❡s✳
❯♥❧✐❦❡ ❣❡♦♠❡tr✐❝❛❧ ❢❡❛t✉r❡s ✇❤✐❝❤ ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r r✐❣✐❞ tr❛♥s❢♦r♠❛t✐♦♥s✱ s✉❝❤ ❛s t❤❡
❝✉r✈❛t✉r❡ ♦❢ ❛ s✉r❢❛❝❡✱ t♦♣♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r ❝♦♥t✐♥✉♦✉s ❞❡❢♦r♠❛t✐♦♥s ❛♥❞
♣r♦✈✐❞❡ ♠♦r❡ q✉❛❧✐t❛t✐✈❡ ❛♥❞ ❣❧♦❜❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✉♥❞❡r❧②✐♥❣ s♣❛❝❡✱ s✉❝❤ ❛s t❤❡
♥✉♠❜❡r ♦❢ ✐ts ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛♥❞ ❤♦❧❡s✱ ❢♦r ❡①❛♠♣❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ♣r♦❜❧❡♠s
✐♥✈♦❧✈✐♥❣ t❤❡ s❤❛♣❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♦❜❥❡❝ts✱ t♦♣♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ♦✛❡r ❛ ♠♦r❡ ♠❡❛♥✐♥❣❢✉❧
❞❡s❝r✐♣t✐♦♥ t❤❛♥ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡s ❛♥❞ t❡♥❞ t♦ ❜❡ ♠♦r❡ r♦❜✉st✳

❙✐♠♣❧✐❝✐❛❧ ❤♦♠♦❧♦❣② ❝❤❛r❛❝t❡r✐③❡s ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ♦❢ ❞✐♠❡♥s✐♦♥ n ❜② ✐ts ❤♦♠♦❧♦❣②
❣r♦✉♣s ❛♥❞ t❤❡✐r ❞❡s❝r✐♣t♦rs✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❤♦♠♦❧♦❣✐❝❛❧ ❞❡s❝r✐♣t♦r ✐s ❞❡✜♥❡❞ ✐♥ ❛♥② ❞✐♠❡♥✲
s✐♦♥ k ∈ [0, n] ❛♥❞ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥♦♥✲tr✐✈✐❛❧ ❦✲❝②❝❧❡s ✐♥ t❤❡ ❝♦♠♣❧❡①✳ ❯♣ t♦ ❞✐♠❡♥s✐♦♥
✸✱ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❞❡s❝r✐♣t♦rs ❤❛✈❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ❣❡♦♠❡tr✐❝❛❧ ♠❡❛♥✐♥❣s✳ ❚❤❡ ❤♦♠♦❧♦❣✐❝❛❧
❞❡s❝r✐♣t♦rs ✐♥ ❞✐♠❡♥s✐♦♥ ✵ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝♦♠♣❧❡①✱ ✐♥ ❞✐✲
♠❡♥s✐♦♥ ✶ t❤❡② ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♥♦♥✲❝♦♥tr❛❝t✐❜❧❡ ✶✲❝②❝❧❡s s✉rr♦✉♥❞✐♥❣ t✉♥♥❡❧s ❛♥❞ ❤♦❧❡s✱
❛♥❞✱ ✐♥ ❞✐♠❡♥s✐♦♥ ✷✱ t❤❡② ❞❡s❝r✐❜❡ t❤❡ s❤❡❧❧s ✭✷✲❝②❝❧❡s✮ s✉rr♦✉♥❞✐♥❣ ✈♦✐❞s ♦r ❝❛✈✐t✐❡s✳ ❋♦r
❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✱ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❞❡s❝r✐♣t♦rs ❤❛✈❡ ❛♥❛❧♦❣♦✉s ✐♥t❡r♣r❡t❛t✐♦♥s✳

❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❝♦♠♣✉t✐♥❣ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣ ♦❢ ❞✐♠❡♥s✐♦♥ k ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ ❛❧❧
♥♦♥✲tr✐✈✐❛❧ k✲❝②❝❧❡s✱ ✐✳❡✳✇❤✐❝❤ ❛r❡ ♥♦t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ❛♥② (k + 1)✲s✐♠♣❧❡①❡s✳ ❚❤❡♥✱ t❤❡
kth✲❇❡tt✐ ♥✉♠❜❡r ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛ss❡s ♦❢ s✉❝❤ ♥♦♥✲❝♦♥tr❛❝t✐❜❧❡ k✲❝②❝❧❡s✳ ❚❤❡
r❡♣r❡s❡♥t❛t✐✈❡ k✲❝②❝❧❡s ♦❢ t❤❡s❡ ❝❧❛ss❡s ❛r❡ ❝❛❧❧❡❞ ❣❡♥❡r❛t♦rs ❛♥❞ ❧♦❝❛❧✐③❡ t❤❡ ❝②❝❧❡s ✇✐t❤✐♥ t❤❡
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳ ❚❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts ❤❛✈❡ ❛ ✈❡r② ♣❛rt✐❝✉❧❛r ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ❛♣♣❡❛r
♦♥❧② ❢♦r s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❡♠❜❡❞❞❡❞❛❜❧❡ ✐♥ R

3✱ s✉❝❤ ❛s s♦♠❡ ✐♥❞✉str✐❛❧
❈❆❉ ♠♦❞❡❧s✱ ❢♦r ❡①❛♠♣❧❡✳ ❚❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s ✇❤✐❝❤
❛r❡ k✲❝②❝❧❡s t❤❛t ❛r❡ ♥♦t ❜♦✉♥❞❛r✐❡s ❜② t❤❡♠s❡❧✈❡s ❜✉t ❜❡❝♦♠❡ ❜♦✉♥❞❛r✐❡s ✇❤❡♥ t❤❡② ❛r❡
❝♦♥s✐❞❡r❡❞ t t✐♠❡s✱ ✇✐t❤ t > 1 ❜❡✐♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥t✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✾

✵✳✸ ❈♦♠♣✉t✐♥❣ ❤♦♠♦❧♦❣②✿ r❡❧❛t❡❞ ✇♦r❦

❙✐♠♣❧✐❝✐❛❧ ❤♦♠♦❧♦❣② ❡①♣❧♦✐ts t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ str✉❝t✉r❡ ♦❢ t❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛♥❞ r❡✲
❢♦r♠✉❧❛t❡s t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ♣r♦❜❧❡♠ ✐♥t♦ ❛♥ ❛❧❣❡❜r❛✐❝ ♦♥❡✳ ■t st✉❞✐❡s t❤❡ ✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥s
❜❡t✇❡❡♥ s✐♠♣❧✐❝❡s ✇❤♦s❡ ❞✐♠❡♥s✐♦♥s ❞✐✛❡r ❜② ♦♥❡ ❛♥❞ ❡♥❝♦❞❡s t❤❡s❡ r❡❧❛t✐♦♥s ✐♥t♦ ✐♥t❡❣❡r
✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❛♣♣r♦❛❝❤ ❢♦r ❝♦♠♣✉t✐♥❣ ❛❧❧ ❤♦♠♦❧♦❣✐❝❛❧ ❞❡s❝r✐♣t♦rs ✭✐♥✲
❝❧✉❞✐♥❣ ❇❡tt✐ ♥✉♠❜❡rs✱ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ ❣❡♥❡r❛t♦rs✮ ❢r♦♠ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✐s
❜❛s❡❞ ♦♥ t❤❡ ❢❛♠♦✉s ❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠ ✭❙◆❋✮ ❛❧❣♦r✐t❤♠ ❬▼✉♥✾✾✱ ❍❛t✵✷❪✳ ❚❤❡ ❛❧❣♦r✐t❤♠
✉s❡s ❛ ●❛✉ss✐❛♥✲❧✐❦❡ ❡❧✐♠✐♥❛t✐♦♥ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ❡❛❝❤ ♠❛tr✐① ✐♥t♦ ❛ s♣❡❝✐❛❧ ❞✐❛❣♦♥❛❧ ❢♦r♠
✇❤✐❝❤ ✐s ✈❡r② ❝♦♥✈❡♥✐❡♥t t♦ ✜♥❞ ♦✉t t❤❡ ❇❡tt✐✲♥✉♠❜❡rs ❛♥❞ t❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ■♥ ❛❞✲
❞✐t✐♦♥✱ ✐❢ t❤❡ ❛❧❣♦r✐t❤♠ ❦❡❡♣s tr❛❝❦ ♦❢ ❛❧❧ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ❞✉r✐♥❣ t❤❡ r❡❞✉❝t✐♦♥ ✱ ✐t ✐s
❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ✇✐t❤✐♥ t❤❡ ✐♥♣✉t s✐♠♣❧✐❝✐❛❧
❝♦♠♣❧❡①✱ ❬❆❣♦✼✻❪✳

❆❧t❤♦✉❣❤ t❤✐s ❛❧❣♦r✐t❤♠ ✐s t❤❡♦r❡t✐❝❛❧❧② ❞❡✜♥❡❞ ✐♥ ❛♥② ❞✐♠❡♥s✐♦♥ ❛♥❞ ❢♦r ❛♥② ❦✐♥❞ ♦❢ s✐♠✲
♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ✐t ❢❛❝❡s s♦♠❡ str♦♥❣ ♣r❛❝t✐❝❛❧ ✐♠♣❡❞✐♠❡♥ts✳ ❚❤❡ ♣r♦❜❧❡♠s ❛r❡ ♠❛✐♥❧② ❧✐♥❦❡❞
t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ❛♥❞ t❤❡ ❤✐❣❤ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠✳
❚❤❡ ❜❡st ❛✈❛✐❧❛❜❧❡ r❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠s ❤❛✈❡ s✉♣❡r✲❝✉❜✐❝❛❧ ❝♦♠♣❧❡①✐t② ❬❙t♦✾✻✱ ❉❍❙❲✵✸❪
❛♥❞ t❤❡② ❛r❡ s✉✐t❛❜❧❡ ♦♥❧② ❢♦r r❡❧❛t✐✈❡❧② s♠❛❧❧ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✳ ❍♦✇❡✈❡r✱ r❡❛❧✲✇❛r❞ ❛♣✲
♣❧✐❝❛t✐♦♥s ✉s✉❛❧❧② ❞❡❛❧ ✇✐t❤ ✈❡r② ❧❛r❣❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡✐r ❤♦♠♦❧♦❣②
✈✐❛ t❤❡ ❝❧❛ss✐❝❛❧ ❙◆❋ ❛❧❣♦r✐t❤♠ ❝❛♥ ❡❛s✐❧② ❧❡❛❞ t♦ ❝♦♠♣✉t❛t✐♦♥s ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❤❛♥❞❧❡❞
♦♥ ♠♦❞❡r♥ ❡q✉✐♣♠❡♥t✳ ❆♥ ♦t❤❡r ✇❡❧❧✲❦♥♦✇♥ ♣r♦❜❧❡♠ ✐s t❤❡ ♣♦ss✐❜❧❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❤✉❣❡
✐♥t❡❣❡rs ❞✉r✐♥❣ t❤❡ r❡❞✉❝t✐♦♥ ✇❤✐❧❡ ❝♦♠♣✉t✐♥❣ ♦✈❡r t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣❡rs Z✱ ❬❍▼✾✶❪✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✈❛r✐♦✉s ♦♣t✐♠✐③❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ②❡❛rs ✇❤✐❝❤ tr② t♦
❣❛✐♥ ✐♥ ❡✣❝✐❡♥❝② ❜② ♠✐♥✐♠✐③✐♥❣ ♦r ❡♥t✐r❡❧② ❛✈♦✐❞✐♥❣ t❤❡ ❛❧❣❡❜r❛✐③❛t✐♦♥✱ ✐✳❡✳ t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✉s❡❞ ❜② t❤❡ ❙◆❋ ❛❧❣♦r✐t❤♠✳ ❚❤❡r❡❢♦r❡✱ ♠♦st ♦❢ t❤❡s❡ ❛❧t❡r♥❛t✐✈❡
♠❡t❤♦❞s r❡str✐❝t t❤❡ t②♣❡ ♦❢ t❤❡ ✐♥♣✉t ♠♦❞❡❧s ❛♥❞ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❛ttr✐❜✉t❡s ✇❤✐❝❤ ❛r❡
❛❝t✉❛❧❧② ❝♦♠♣✉t❡❞✳

❚❤❡r❡ ❛r❡ r♦✉❣❤❧② ✸ ♠❛✐♥ ❛♣♣r♦❛❝❤❡s✳
❋✐rst✱ ♠❛♥② ✇♦r❦ ❤❛s ❜❡❡♥ ❞♦♥❡ ♦♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❙♠✐t❤ r❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ✐t✲

s❡❧❢✳ ❚❤❡r❡ ❛r❡ st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥s ❬●✐❡✾✻❪ ✇❤✐❝❤ ❛r❡ ❡✣❝✐❡♥t ♦♥ s♣❛rs❡ ✐♥t❡❣❡r ♠❛tr✐❝❡s
❜✉t ❞♦ ♥♦t ♣r♦✈✐❞❡ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❣❡♥❡r❛t♦rs✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ❞❡t❡r♠✐♥✐st✐❝ ♠❡t❤♦❞s ❬❑❆✼✾❪
✇❤✐❝❤ ✉s✉❛❧❧② ❣❛✐♥ ✐♥ ❡✣❝✐❡♥❝② ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♠♦❞✉❧♦ ❛♥ ✐♥t❡❣❡r ❝❤♦s❡♥
❜② ❛ ❞❡t❡r♠✐♥❡❞ ❝r✐t❡r✐❛ ❬❙t♦✾✻❪✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts ✐s ❧♦st
✇✐t❤ t❤✐s str❛t❡❣② ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠s ❛r❡ st✐❧❧ ♥♦t ❡♥♦✉❣❤ ❡✣❝✐❡♥t t♦ ❜❡ ❛♣♣❧✐❡❞ ♦♥ ❧❛r❣❡
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✳ ❆ ♣❛rt✐❝✉❧❛r st✉❞② ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❢♦r t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♦❢ t❤❡
❙♠✐t❤ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝♦♥t❡①t ♦❢ ❤♦♠♦❧♦❣②✱ ❬❉❍❙❲✵✸❪✱ ❤♦✇❡✈❡r✱ t❤❡ ♣r♦♣♦s❡❞
❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ❝♦♠♣✉t❡ t❤❡ ❣❡♥❡r❛t♦rs ❛♥❞ ✐ts ♣r❛❝t✐❝❛❧ ✈❛❧✐❞✐t② ✐s ♥♦t ②❡t ❛✈❛✐❧❛❜❧❡✳

❆♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡s❡ s♦❧✉t✐♦♥s ✐s t❤❡ r❡❞✉❝t✐♦♥ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ✐t❡r❛t✐✈❡❧② r❡❞✉❝❡s t❤❡
✐♥♣✉t ❝♦♠♣❧❡① ✐♥t♦ ❛ s♠❛❧❧❡r ♦♥❡ ✇✐t❤ t❤❡ s❛♠❡ ❤♦♠♦❧♦❣②✱ ❛♥❞ ❝♦♠♣✉t❡s t❤❡ ❤♦♠♦❧♦❣② ✇❤❡♥
♥♦ ♠♦r❡ r❡❞✉❝t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡ ❬❑▼❙✾✽✱ ▼P❩✵✽✱ P■❑+✵✾❪✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ♠❛✐♥❧②
✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝✉❜✐❝❛❧ ❝♦♠♣❧❡①❡s ❛♥❞ ♠❛♥② ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞
❢♦r t❤❡ ❤♦♠♦❧♦❣② ❝♦♠♣✉t❛t✐♦♥ ❢r♦♠ t❤✐s s♣❡❝✐❛❧ ❦✐♥❞ ♦❢ ♠♦❞❡❧s✳

❘❘ ♥➦ ✼✹✼✶



✶✵ ▼❡r✐♥♦ ❡t ❛❧✳

❋✐♥❛❧❧②✱ t❤❡r❡ ✐s ❛❧s♦ ♦♥❡ ♠♦r❡ ❛❧❣♦r✐t❤♠✐❝ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❤♦♠♦❧♦❣② ❝♦♠♣✉t❛t✐♦♥ ✇❤✐❝❤
❡♥t✐r❡❧② ❛✈♦✐❞s t❤❡ ❛❧❣❡❜r❛✐③❛t✐♦♥ ❛♥❞ ②✐❡❧❞s ✐♥❝r❡♠❡♥t❛❧ ❛❧❣♦r✐t❤♠s✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡
✉s✉❛❧❧② ❞❡s✐❣♥❡❞ ❢♦r s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ✇✐t❤ ❞✐♠❡♥s✐♦♥❛❧ r❡str✐❝t✐♦♥s ✐♥ t❤❡ ♠♦st ❝❛s❡s✳ ❋♦r
❡①❛♠♣❧❡✱ t❤❡r❡ ✐s ❛ ❢❛st ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❇❡tt✐ ♥✉♠❜❡rs ♦❢ s✐♠♣❧✐❝✐❛❧ ✸✲❝♦♠♣❧❡①❡s✱
❬❉❊✾✸❪✳ ▼❛♥② ♠❡t❤♦❞s ❛r❡ r❡str✐❝t❡❞ t♦ ✷✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳ ■♥ ❬❊❲✵✺✱ ❈❞❱▲✵✺❪ ✐s s❤♦✇♥
❤♦✇ t♦ ❝♦♠♣✉t❡ ❜❛s✐s ❢♦r t❤❡ ♥♦♥✲tr✐✈✐❛❧ ✶✲❝②❝❧❡s ✐♥ ❛ ❝♦♠♣❛❝t ✷✲♠❛♥✐❢♦❧❞ ✇❤✐❝❤ ❛r❡ ♦♣t✐♠❛❧
❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ❣❡♦♠❡tr✐❝❛❧ ♠❡❛s✉r❡s✳ ❙✐♠✐❧❛r ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ❬●❲✵✶❪ t♦
r❡♠♦✈❡ t♦♣♦❧♦❣✐❝❛❧ ♥♦✐s❡ ♦❢ ✷✲❞✐♠❡♥s✐♦♥❛❧ tr✐❛♥❣✉❧❛t❡❞ s✉r❢❛❝❡s✳

■♥ ♣❡rs✐st❡♥t ❤♦♠♦❧♦❣② ❬❊❍✶✵❪ ❬❊▲❩✵✵✱ ❈❙❊❍✵✼✱ ❈❙❊❍▼✵✾✱ ❩❈✵✺❪✱ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡
❣❧♦❜❛❧ s♣❛❝❡ ❛s ❛ s❡t ♦❢ ♥❡st❡❞ s♣❛❝❡s ✭✜❧tr❛t✐♦♥✮ ❛♥❞ st✉❞✐❡s ✇❤✐❝❤ ❤♦♠♦❧♦❣✐❝❛❧ ❛ttr✐❜✉t❡s
❛♣♣❡❛r✱ ❞✐s❛♣♣❡❛r ❛♥❞ ❛r❡ ♠❛✐♥t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ♥❡st✐♥❣✳ ■♥ ❬❆●❍+✵✾❪ ❛ ♣❡rs✐st❡♥❝❡✲
s❡♥s✐t✐✈❡ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ♦♥ s✉r❢❛❝❡s ✐♥ ❧✐♥❡❛r t✐♠❡ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞✳ ❚❤❡
♠❡t❤♦❞ ♣r♦✈✐❞❡❞ ✐♥ ❬❉▲❙❈❙✵✽❪ ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ t②♣❡s ♦❢ ♣♦ss✐❜❧❡ ✶✲❝②❝❧❡s ♦♥
✷✲♠❛♥✐❢♦❧❞ s✉r❢❛❝❡s t❤❛t ❧♦❝❛❧✐③❡ ❤❛♥❞❧❡s ♦r t✉♥♥❡❧s✳ ■♥ ❬❩❈✵✽❪ ❛ ♠❡t❤♦❞ ✐s ❡①♣❧❛✐♥❡❞ t♦
✜♥❞ ♦✉t ❣♦♦❞ s❤❛♣❡ ❣❡♥❡r❛t♦rs ♦✈❡r ❛ ❝♦✈❡r ♦❢ t❤❡ s♣❛❝❡✳ ❆ ▼❛②❡r✲❱✐❡t♦r✐s ❢♦r♠✉❧❛ ❢♦r
♣❡rs✐st❡♥t ❤♦♠♦❧♦❣② ✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ s❤❛♣❡ r❡❝♦❣♥✐t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦❝❝❧✉s✐♦♥s
✐s ❛❧s♦ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❋▲▼✵✾❪✳

❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ ♥♦♥❡ ♦❢ t❤❡ ❡①✐st✐♥❣ ♠❡t❤♦❞s ✐s ❜❛s❡❞ ♦♥ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♣♣r♦❛❝❤
✇❤✐❝❤ ✜rst s♣❧✐ts t❤❡ ✐♥t♣✉t ❝♦♠♣❧❡① ✐♥t♦ s♠❛❧❧❡r ♣✐❡❝❡s✱ ❢♦r ✇❤✐❝❤ t❤❡ ❤♦♠♦❧♦❣② ✐s t✐♠❡❧②
❝♦♠♣✉t❛❜❧❡ ✇✐t❤ t❤❡ ❙◆❋ ❛❧❣♦r✐t❤♠✱ ❛♥❞ t❤❡♥ ❝♦♠♣✉t❡s t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♠♣❧❡①
✉s✐♥❣ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ♣✐❡❝❡s✳ ❆♥ ♦❜✈✐♦✉s ❛❞✈❛♥t❛❣❡ ♦❢ s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❜❡ t❤❛t
t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ♣✐❡❝❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ♣❛r❛❧❧❡❧ ❛♥❞ ♠❛② ❡✈❡♥ ❜❡ ♣r❡✲❝♦♠♣✉t❡❞ ❛♥❞
st♦r❡❞ ✐❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛❧❧♦✇s t❤✐s ♣r❡✲♣r♦❝❡ss✐♥❣✳

✵✳✹ ❈♦♥tr✐❜✉t✐♦♥

■♥ t❤✐s r❡s❡❛r❝❤ r❡♣♦rt✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠✐❝ ❛♣♣r♦❛❝❤ ❛❧❧♦✇✐♥❣ t♦ ❝♦♠♣✉t❡ t❤❡
❤♦♠♦❧♦❣② ♦❢ ❛ ❧❛r❣❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❢r♦♠ t❤❡ ❤♦♠♦❧♦❣✐❡s ♦❢ ✐ts s✉❜✲❝♦♠♣❧❡①❡s✳

❚❤❡ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ▼❛②❡r✲❱✐❡t♦r✐s ❡①❛❝t s❡q✉❡♥❝❡
✇❤✐❝❤ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ t♦♦❧ r❡❧❛t✐♥❣ t❤❡ ❤♦♠♦❧♦❣② ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ t♦ t❤❡ ❤♦♠♦❧♦❣✐❡s ♦❢
✐ts s✉❜✲s♣❛❝❡s ❛♥❞ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥✱ ❬❙❘✵✻❪✳

❚❤❡ ♠❡t❤♦❞ st❛rts ❜② ❞❡❝♦♠♣♦s✐♥❣ t❤❡ ✐♥♣✉t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✐♥t♦ s♠❛❧❧❡r s✉❜✲❝♦♠♣❧❡①❡s✱
❢♦r ✇❤✐❝❤ t❤❡ ❤♦♠♦❧♦❣② ✐s ❝♦♠♣✉t❛❜❧❡ ✇✐t❤ t❤❡ ❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠ ❛❧❣♦r✐t❤♠✳ ❚❤❡♥✱ t❤❡
♠❡t❤♦❞ ✉s❡s t❤❡ ▼❛②❡r✲❱✐❡t♦r✐s s❡q✉❡♥❝❡ ❛♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❣r❛♣❤ ❛♥❞ ❝♦♠♣✉t❡s t❤❡
❤♦♠♦❧♦❣② ♦❢ t❤❡ ✐♥♣✉t ❝♦♠♣❧❡① ❜② r❡❝✉rs✐✈❡❧② ♠❡r❣✐♥❣ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❛ttr✐❜✉t❡s ♦❢ t❤❡
s✉❜✲❝♦♠♣❧❡①❡s✳

❚❤❡ ❣❡♥❡r❛❧ s❝❤❡♠❡ ♦❢ ♦✉r ♠❡t❤♦❞ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✸ ❛♥❞ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❼ ❉❡❝♦♠♣♦s❡ t❤❡ ✐♥♣✉t ♥♦♥✲♠❛♥✐❢♦❧❞ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡ ✐♥t♦ ▼❈✲❝♦♠♣♦♥❡♥ts ✭✇✐t❤
t❤❡ ❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❉❋P❍✵✾❪✮✱

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✶

❼ ❈♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❛ttr✐❜✉t❡s ♦❢ ❡❛❝❤ ▼❈✲❝♦♠♣♦♥❡♥t ✉s✐♥❣ t❤❡ ❙♠✐t❤ ◆♦r♠❛❧
❋♦r♠ ❛❧❣♦r✐t❤♠✱

❼ ❈♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ✐♥♣✉t ❝♦♠♣❧❡① ❜② ♠❡r❣✐♥❣ ✐t❡r❛t✐✈❡❧② t❤❡ ❤♦♠♦❧♦❣✐❝❛❧
❛ttr✐❜✉t❡s ♦❢ t❤❡ ▼❈✲❝♦♠♣♦♥❡♥ts ✉s✐♥❣ t❤❡ ❝♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s s❡q✉❡♥❝❡✱

❼ ❙t✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❤♦♠♦❧♦❣② ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss ♦❢ ♠❡r❣✐♥❣ ♦❢ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧
❛ttr✐❜✉t❡s ♦❢ t❤❡ s✉❜❝♦♠♣❧❡①❡s✳

❋✐❣✉r❡ ✸✿ ❆ ❣❡♥❡r❛❧ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞✳

❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ♦✉t♣✉ts ❛❧❧ ❤♦♠♦❧♦❣✐❝❛❧ ❛ttr✐❜✉t❡s ✭✐♥❝❧✉❞✐♥❣ ❇❡tt✐ ♥✉♠❜❡rs✱ t♦r✲
s✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ ❣❡♥❡r❛t♦rs✮ ❛♥❞ ♠❛② ❜❡ ❛♣♣❧✐❡❞ t♦ ❛♥② ❦✐♥❞ ♦❢ ✜♥✐t❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠✲
♣❧❡①❡s ✭♠❛♥✐❢♦❧❞✴♥♦♥✲♠❛♥✐❢♦❧❞✱ ♦r✐❡♥t❛❜❧❡ ♦r ♥♦t✱ ❡♠❜❡❞❞❛❜❧❡ ♦r ♥♦t✱ ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s
❞✐♠❡♥s✐♦♥❛❧✐t②✱ ❡t❝✳✮

■♥ t❤✐s r❡♣♦rt✱ ✇❡ ❛❧s♦ ❣✐✈❡✿

❼ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✭s❡❝t✐♦♥ ✽✳✸✮✳

❼ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❞❛t❛ str✉❝t✉r❡ ❛♥❞ ❢✉♥❝t✐♦♥s ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✭❛♥♥❡① ❈✮✳

❼ ❆♥ ✐♥t✉✐t✐✈❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❝♦♥❝❡♣t ♦❢ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬❙❘✵✻❪ ✭s❡❝t✐♦♥
✺✳✶✮✳

❼ ❆ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ ❝♦♥❝❡♣ts ✉s❡❞ ✐♥ ♦✉r ❛❧❣♦r✐t❤♠✱ ♥❛♠❡❧②✿ t❤❡
r❡❞✉❝t✐♦♥ ✺ ❛♥❞ t❤❡ ❝♦♥❡ ♦❢ ❛ ♠♦r♣❤✐s♠ ✻✳✷❀

❘❘ ♥➦ ✼✹✼✶



✶✷ ▼❡r✐♥♦ ❡t ❛❧✳

❼ ❲❡ ❛❧s♦ s❤♦✇ ❤♦✇ t♦ ❜✉✐❧❞ ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠ ♦❢ t❤❡ ✐♥❝✐❞❡♥❝❡
♠❛tr✐❝❡s ❛♥❞ ♣r♦✈❡ t❤❛t ✐t ✐s ❛ r❡❞✉❝t✐♦♥ ✭s❡❝t✐♦♥ ✺✳✸✳✹✮✳

❼ ❆ ❤❛♥❞✇r✐tt❡♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❖♥❡✲st❡♣ ❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❛❧❣♦r✐t❤♠ ✭❛♥♥❡①
❉✮✳

❚❤❡ ❡✛❡❝t✐✈❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❜② ❉♦❜r✐♥❛ ❇♦❧t❝❤❡✈❛
✭♣♦st✲❞♦❝t♦r❛❧ r❡s❡❛r❝❤❡r ❛t ❊❱❆❙■❖◆✲■◆❘■❆✮ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❉❛✈✐❞ ❈❛♥✐♥♦ ✭P❤❉
st✉❞❡♥t ❛t ❉■❙■✮✳

✵✳✺ ❘❡♣♦rt str✉❝t✉r❡

❚❤❡ r❡♣♦rt ✐s ❞✐✈✐❞❡❞ ✐♥ t❤r❡❡ ♣❛rts ❛♥❞ s♦♠❡ ❛♥♥❡①❡s✳ ❚❤❡ ✜rst ♣❛rt ♣r♦✈✐❞❡s ❛ ❜❛❝❦❣r♦✉♥❞
♦♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥❝❡♣ts ♦❢ ❆❧❣❡❜r❛✐❝ ❚♦♣♦❧♦❣②✳ ■t ✐s t❤❡ t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠ ✇❡ tr② t♦ s♦❧✈❡ ✭t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♠♦❞❡❧ t❤❛t ✇❡ ❝♦♥s✐❞❡r✱ t❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s❀
t❤❡ ♣r♦♣❡rt✐❡s t❤❛t ✇❡ ✇❛♥t t♦ st✉❞②✱ ❙✐♠♣❧✐❝✐❛❧ ❍♦♠♦❧♦❣②❀ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡
❤♦♠♦❧♦❣② ❛♥❞ t❤❡✐r ❧✐♠✐t❛t✐♦♥s✮✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ✐s ❛ ♣r❡s❡♥t❛t✐♦♥ ♦♥ t❤❡ ❝♦♥❝❡♣ts ♦❢ ❈♦♥str✉❝t✐✈❡ ❍♦♠♦❧♦❣② t❤❛t ✇✐❧❧ ❜❡
✉s❡❞ ✐♥ t❤❡ ❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❛❧❣♦r✐t❤♠✳ ❋✐♥❛❧❧②✱ ✐♥ t❤❡ t❤✐r❞ ♣❛rt✱ t❤❡ ❛❧❣♦r✐t❤♠
✐s ❡①♣❧❛✐♥❡❞✳

❋♦❧❧♦✇✐♥❣ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❡r❡ ❛r❡ s♦♠❡ ❛♥♥❡①❡s✳ ❚❤❡s❡ ❛♥♥❡①❡s ❝♦♥t❛✐♥ r❡❧❛t❡❞ ✐♥❢♦r✲
♠❛t✐♦♥ t❤❛t✱ ✐❢ ♣✉t ✐♥s✐❞❡ t❤❡ r❡♣♦rt ✐ts❡❧❢✱ ✇♦✉❧❞ ❤❛✈❡ ❜r♦❦❡♥ t❤❡ r❤②t❤♠ ♦❢ ❧❡❝t✉r❡✳

❘❡♠❛r❦ ✵✳✺✳✶✳ ❲❡ ❤❛✈❡ ♥♦t ✐♥❝❧✉❞❡❞ t❤❡ ♣r♦♦❢s t❤❛t ❛r❡ ✐♥ t❤❡ ✐♥❞✐❝❛t❡❞ r❡❢❡r❡♥❝❡s✳ ❚❤❡
♦♥❧② ♣r♦♦❢s ♦❢ t❤❡ ❞♦❝✉♠❡♥t ❛r❡ t❤❡ ♦♥❡s ❞♦♥❡ ❜② ♦✉rs❡❧✈❡s ❛♥❞ t❤❛t ✇❡ ❤❛✈❡ ♥♦t ❢♦✉♥❞ ✐♥
t❤❡ r❡❢❡r❡♥❝❡s✳
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❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✺

■♥ t❤✐s ♣❛rt✱ t❤❡ ❜❛s✐❝ t♦♣♦❧♦❣✐❝❛❧ ❝♦♥❝❡♣ts ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥s ✐♥tr♦❞✉❝t✐♦♥

❛r❡ ❛♥s✇❡r❡❞✿

❼ ❲❤✐❝❤ ❛r❡ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♠♦❞❡❧s ❝♦♥s✐❞❡r❡❞❄

❙✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ✭❝❤❛♣t❡r ✶✮✳

❼ ❍♦✇ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❝❛♥ ❜❡ r❡❧❛t❡❞ ❜❡t✇❡❡♥ t❤❡♠❄

❙✐♠♣❧✐❝✐❛❧ ♠❛♣s ✭s❡❝t✐♦♥ ✶✳✷✮✳

❼ ❍♦✇ ❣❡♦♠❡tr✐❝❛❧ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛r❡ ✐♥t❡r♣r❡t❡❞❄

❊♠❜❡❞❞✐♥❣s ✭s❡❝t✐♦♥ ✶✳✹✮✳

❼ ❍♦✇ ❛♥ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❄

❖r✐❡♥t❡❞ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✱ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s ❛♥❞ ❜♦r❞❡r ♦♣❡r❛t♦r ✭❝❤❛♣t❡r ✷✮✳

❼ ❲❤✐❝❤ ❛r❡ t❤❡ ♣r♦♣❡rt✐❡s st✉❞✐❡❞ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❄

❙✐♠♣❧✐❝✐❛❧ ❤♦♠♦❧♦❣② ✭❝❤❛♣t❡r ✷✮✳

❼ ❲❤✐❝❤ ❛r❡ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞s t♦ ✜♥❞ ♦✉t t❤❡ s✐♠♣❧✐❝✐❛❧ ❤♦♠♦❧♦❣②❄

❊①❛❝t ❧♦♥❣ s❡q✉❡♥❝❡ ♦❢ ❤♦♠♦❧♦❣②✱ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s ❛♥❞ ❙♠✐t❤ r❡❞✉❝t✐♦♥ ✭❝❤❛♣t❡r ✸✮✳

❼ ❲❤✐❝❤ ❛r❡ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ♠❡t❤♦❞s❄

❚❤❡ ❡①t❡♥s✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✭❝❤❛♣t❡r ✸✮✳

❚❤❡ ❝♦♥❝❡♣ts ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ ❤❡❛✈✐❧② ❜♦rr♦✇❡❞ ✭❛♥❞ ♠♦st ♦❢ t❤❡ t✐♠❡ ❧✐t❡r❛❧❧② ❡①tr❛❝t❡❞✮
❢r♦♠ ❬▼✉♥✾✾❪✳

❚❤❡ ✜❣✉r❡ ✹ ♣r❡s❡♥ts ❛ s❝❤❡♠❛ ♦❢ t❤❡ ❝♦♥❝❡♣ts ❞❡t❛✐❧❡❞ ✐♥ t❤✐s ♣❛rt✳
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GEOMETRICAL MODEL:
  SIMPLICIAL COMPLEX

Simplicial
 Maps

Simplex

Oriented
simplicial
complex

Embedding

ABSTRACT 
SIMPLICIAL 
COMPLEX

Chain complex

HOMOLOGY

Chain complex morphism

Long exact
sequence

Short exact 
sequence

Spectral	
sequence

Smith 
reduction

relation
between them

interpretation

generalisation:
vertex scheme

combinatorial nature

 
relation between chains                                            

built upon
Oriented simplex

vertex ordering

Boundary operator  
  
 
 

                                algebraic structure

                induce

Mayer-Vietoris

boundary

cycles

Extension problem
Computational 

complexity

❋✐❣✉r❡ ✹✿ ❉✐❛❣r❛♠ ♦❢ ❝♦♥❝❡♣ts ✐♥ t❤❡ ♣r♦❜❧❡♠ ❝♦♥❝❡♣t✐♦♥
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❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✼

❈❤❛♣t❡r ✶

❙✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s

✶✳✶ ❉❡✜♥✐t✐♦♥

❚❤❡ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ❛r❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✱ t❤♦s❡ ❛r❡
❜✉✐❧t ✉♣♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ s✐♠♣❧❡①✿
❉❡✜♥✐t✐♦♥ ✶✳ ❙✐♠♣❧❡①✳
▲❡t {v0, v1, . . . , vn} ❜❡ ❛ ❣❡♦♠❡tr✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ ♣♦✐♥ts ✐♥ R

N ✳ ❲❡ ❞❡✜♥❡ t❤❡ ✉♥✐t❛r② ❡❧❡♠❡♥t✿
s✐♠♣❧❡①n✲s✐♠♣❧❡① σ s♣❛♥♥❡❞ ❜② v0, v1, . . . , vn t♦ ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦✐♥ts x ♦❢ R

N s✉❝❤ t❤❛t
x =

∑n
i=0 tiai✱ ✇❤❡r❡

∑n
i=0 ti = 1 ❛♥❞ ti ≥ 0 ❢♦r ❛❧❧ i✳

❉❡✜♥✐t✐♦♥ ✷✳ ❱❡rt✐❝❡s✱ ❢❛❝❡✱ ♣r♦♣❡r ❢❛❝❡✱ ❜♦✉♥❞❛r②✳
❼ ❱❡rt✐❝❡s ♦❢ σ✿ ♣♦✐♥ts v0, v1, . . . , vn t❤❛t s♣❛♥ σ✳

❼ n ✐s t❤❡ ❞✐♠❡♥s✐♦♥✳

❼ ❋❛❝❡ ✭♦r ❝❡❧❧s✮ ♦❢ ❛ s✐♠♣❧❡①✿ ❆♥② s✐♠♣❧❡① s♣❛♥♥❡❞ ❜② t❤❡ s✉❜s❡t ♦❢ {v0, v1, . . . , vn}
✕ Pr♦♣❡r ❢❛❝❡s✿ t❤❡ ❢❛❝❡s ♦❢ σ ❞✐✛❡r❡♥t ❢r♦♠ σ ✐ts❡❧❢✳

✕ ❇♦✉♥❞❛r② ✭❇❞ σ✿ ✉♥✐♦♥ ♦❢ t❤❡ ♣r♦♣❡r ❢❛❝❡s ♦❢ σ✮✳

◆♦✇ ♦♥❡ ❝❛♥ ❞❡✜♥❡✿
❉❡✜♥✐t✐♦♥ ✸✳ ❙✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳
❆ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✭s❡❡ ✜❣✉r❡ ✶✳✶ ❛t ♣❛❣❡ ✶✽✮ X ✐♥ R

N ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✐♠♣❧✐❝❡s ✐♥ ❚❤❡ ❣❡♦♠❡tr✐❝❛❧
♠♦❞❡❧s✿ s✐♠♣❧✐❝✐❛❧
❝♦♠♣❧❡①❡s

R
N s✉❝❤ t❤❛t✿
✶✳ ❊✈❡r② ❢❛❝❡ ♦❢ ❛ s✐♠♣❧❡① ♦❢ X ✐s ✐♥ X✳

✷✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛♥② t✇♦ s✐♠♣❧✐❝❡s ♦❢ X ✐s ❛ ❢❛❝❡ ♦❢ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠✳

❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ♥❡①t ❧❡♠♠❛✿

▲❡♠♠❛ ✶✳✶✳✶ ✭❊q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥ ♦❢ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✮✳ ❆ ❝♦❧❧❡❝t✐♦♥ X ♦❢ s✐♠♣❧✐❝❡s ✐s
❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

❘❘ ♥➦ ✼✹✼✶



✶✽ ▼❡r✐♥♦ ❡t ❛❧✳

✶✳ ❊✈❡r② ❢❛❝❡ ♦❢ ❛ s✐♠♣❧❡① ♦❢ X ✐s ✐♥ X✳

✷✳ ❊✈❡r② ♣❛✐r ♦❢ ❞✐st✐♥❝t s✐♠♣❧✐❝❡s ♦❢ X ❤❛✈❡ ❞✐s❥♦✐♥t ✐♥t❡r✐♦rs✳

❋✐❣✉r❡ ✶✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❙♦✉r❝❡✿ ❲✐❦✐♣❡❞✐❛ ❡♥tr② ❵❙✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✬

❙✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛r❡ ❛ ♥❛t✉r❛❧ ❝❤♦✐❝❡ t♦ r❡♣r❡s❡♥t ❣❡♦♠❡tr✐❝❛❧ ♦❜❥❡❝ts ❝♦♠♣✉t❛t✐♦♥✲❈♦♠♣✉t❛t✐♦♥❛❧
✐♥t❡r❡st ❛❧❧② ❜❡❝❛✉s❡ t❤❡② ❝❛♥ ❜❡ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ❝♦♠♣✉t❡r ❜② ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ t❤❡ ❢❛❝❡s

❛t ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ✜❧❡ t②♣❡ t❤❛t ❝❛♥ ❞❡s❝r✐❜❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ✐s t❤❡
❖❋❋ ✜❧❡✶✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛r❡ ♣r♦✈✐❞❡❞ ✇✐t❤ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ str✉❝t✉r❡✱ ❛s
❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

❆ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜❥❡❝ts✿❘❡❧❛t❡❞ str✉❝t✉r❡s
❼ ❙✉❜❝♦♠♣❧❡①✿ s✉❜❝♦❧❧❡❝t✐♦♥✱ Y ✱ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X t❤❛t ❝♦♥t❛✐♥s ❛❧❧ ❢❛❝❡s ♦❢

✐ts ❡❧❡♠❡♥ts✳ Y ✐s ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✐♥ ✐ts❡❧❢✳

❼ P♦❧②t♦♣❡ ♦❢ X✱ |X|✿ ✐s t❤❡ s✉❜s❡t ♦❢ R
N t❤❛t ✐s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ s✐♠♣❧✐❝❡s ♦❢ X✳t♦♣♦❧♦❣② ♦❢ t❤❡

s✐♠♣❧✐❝✐❛❧
❝♦♠♣❧❡①❡s

●✐✈✐♥❣ ❡❛❝❤ s✐♠♣❧❡① ✐ts ♥❛t✉r❛❧ t♦♣♦❧♦❣② ❛s ❛ s✉❜s♣❛❝❡ ♦❢ R
N ✱ |X| ✐s ♣r♦✈✐❞❡❞ ✇✐t❤ ❛

t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡ ❜② ❞❡❝❧❛r✐♥❣ ❛ s✉❜s❡t A ♦❢ |X| t♦ ❜❡ ❝❧♦s❡❞ ✐♥ |X| ✐❢ ❛♥❞ ♦♥❧② ✐❢
A ∩ σ ✐s ❝❧♦s❡❞ ✐♥ σ✱ ❢♦r ❡❛❝❤ σ ✐♥ X✳

❚❤❡ ♣♦❧②t♦♣❡ ❝♦♥❝❡♣t ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ t❤❛t ❤❛s t❤❡ ✐♥♥❡r str✉❝t✉r❡ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧
❝♦♠♣❧❡①✳ ■t ✐s t❤r♦✉❣❤ t❤✐s ✐♥♥❡r str✉❝t✉r❡ t❤❛t ❛♥ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡
t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳

✶✳✷ ❙✐♠♣❧✐❝✐❛❧ ♠❛♣s

▲❡♠♠❛ ✶✳✷✳✶ ✭❙✐♠♣❧✐❝✐❛❧ ♠❛♣✮✳ ▲❡t X ❛♥❞ Y ❜❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✱ ❛♥❞ ❧❡t f : X(0) →
Y (0) ❜❡ ❛ ♠❛♣✳ ❙✉♣♣♦s❡ t❤❛t ✇❤❡♥❡✈❡r t❤❡ ✈❡rt✐❝❡s v0, . . . , vn ♦❢ X s♣❛♥ ❛ s✐♠♣❧❡① ♦❢ X✱

✶❙❡❡ ❤tt♣✿✴✴♣❡♦♣❧❡✳s❝✳❢s✉✳❡❞✉✴ ❜✉r❦❛r❞t✴❞❛t❛✴♦✛✴♦✛✳❤t♠❧ ❢♦r ❛ ❢♦r♠❛t ❞❡s❝r✐♣t✐♦♥ ♦❢ ❖❋❋ ✜❧❡s

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✾

t❤❡ ♣♦✐♥ts f(v0), . . . , f(vn) ❛r❡ ✈❡rt✐❝❡s ♦❢ ❛ s✐♠♣❧❡① ♦❢ Y ✳ ❚❤❡♥ f ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛
❝♦♥t✐♥✉♦✉s ♠❛♣ g : |X| → |Y | s✉❝❤ t❤❛t

x =
n∑

i=0

tivi ⇒ g(x) =

n∑

i=0

tif(vi)

❲❡ ❝❛❧❧ g t❤❡ ✭❧✐♥❡❛r✮ s✐♠♣❧✐❝✐❛❧ ♠❛♣ ✐♥❞✉❝❡❞ ❜② t❤❡ ✈❡rt❡① ♠❛♣ f ✳

❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ s✐♠♣❧✐❝✐❛❧ ♠❛♣s ✐s ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳
❚❤✐s ❝♦♥❝❡♣t ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡✿

❼ ❚❤❡s❡ ♠❛♣s ✐♥❞✉❝❡ ❛❧s♦ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡s t❤❛t ✇❡ ❛r❡ ❣♦✐♥❣
t♦ ❛ss♦❝✐❛t❡ ❛t ❡❛❝❤ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳

❼ ❋r♦♠ t❤❡s❡ r❡❧❛t✐♦♥s ✇❡ ❝❛♥ ❝♦♥str✉❝t ♥❡✇ ♦❜❥❡❝ts ✭❧✐❦❡ t❤❡ ❝♦♥❡ ♦❢ ❛ ♠♦r♣❤✐s♠ ✻✮ ❛♥❞
♦❜t❛✐♥ ♥❡✇ ✐♥❢♦r♠❛t✐♦♥ ✭❧✐❦❡ ✐♥ ✸✳✶✮✳

✶✳✸ ❆❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①

❙✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐s❡❞ ❜② st✉❞②✐♥❣ ✐ts ❝♦♠❜✐♥❛t♦r✐❛❧ ♥❛t✉r❡✳ ❆ ♥❡✇ ♦❜❥❡❝t
✐s t❤❡♥ ❞❡✜♥❡❞✱ t❤❡ ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳

✶✳✸✳✶ ❈♦♠❜✐♥❛t♦r✐❛❧ str✉❝t✉r❡

❚❤✐s ♣❛rt ✐s ♥❡❛r❧② ❝♦♠♣❧❡t❡❧② ❡①tr❛❝t❡❞ ❢r♦♠ ❬▼✉♥✾✾❪✳ ❋✐rst❧②✱ ❛♥ ❛❜str❛❝t str✉❝t✉r❡ ✐s
❞❡✜♥❡❞ ❛♥❞✱ ❛❢t❡r✇❛r❞s✱ ✐ts r❡❧❛t✐♦♥ ✇✐t❤ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ✐s st✉❞✐❡❞✳
❉❡✜♥✐t✐♦♥ ✹✳ ❆❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳
❆♥ ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✐s ❛ ❝♦❧❧❡❝t✐♦♥ Σ ♦❢ ✜♥✐t❡ ♥♦♥✲❡♠♣t② s❡ts✱ s✉❝❤ t❤❛t ✐❢

A ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Σ✱ s♦ ✐s ❡✈❡r② ♥♦♥❡♠♣t② s✉❜s❡t ♦❢ A✳
❚❤❡ ❡❧❡♠❡♥t A ♦❢ Σ ✐s ❝❛❧❧❡❞ ❛ simplex ♦❢ Σ❀ ✐ts ❞✐♠❡♥s✐♦♥ ✐s ♦♥❡ ❧❡ss t❤❛t t❤❡ ♥✉♠❜❡r

♦❢ ✐ts ❡❧❡♠❡♥ts✳ ❊❛❝❤ ♥♦♥❡♠♣t② s✉❜s❡t ♦❢ A ✐s ❝❛❧❧❡❞ ❛ ❢❛❝❡ ♦❢ A✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Σ ✐s t❤❡
❧❛r❣❡st ❞✐♠❡♥s✐♦♥ ♦❢ ♦♥❡ ♦❢ ✐ts s✐♠♣❧✐❝❡s✱ ♦r ✐s ✐♥✜♥✐t❡ ✐❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ ❧❛r❣❡st ❞✐♠❡♥s✐♦♥✳
❚❤❡ ✈❡rt❡① s❡t V ♦❢ Σ ✐s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ♦♥❡✲♣♦✐♥t ❡❧❡♠❡♥ts ♦❢ Σ❀ ✇❡ s❤❛❧❧ ♠❛❦❡ ♥♦
❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✈❡rt❡① v ∈ V ❛♥❞ t❤❡ ✵✲s✐♠♣❧❡① {v} ∈ Σ✳ ❆ s✉❜❝♦❧❧❡❝t✐♦♥ ♦❢ Σ t❤❛t
✐s ✐ts❡❧❢ ❛ ❝♦♠♣❧❡① ✐s ❝❛❧❧❡❞ ❛ s✉❜❝♦♠♣❧❡① ♦❢ Σ✳

❆♥ ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢r♦♠ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❜② ❣✐✈✐♥❣ ✐ts
✈❡rt❡① s❝❤❡♠❛✿
❉❡✜♥✐t✐♦♥ ✺✳ ❱❡rt❡① s❝❤❡♠❡✳
■❢ X ✐s ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✱ ❧❡t V ❜❡ t❤❡ ✈❡rt❡① s❡t ♦❢ X✳ ▲❡t R ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❘❡♣r❡s❡♥t❛t✐♦♥

❛❧❧ s✉❜s❡ts {a0, . . . , an} ♦❢ V s✉❝❤ t❤❛t t❤❡ ✈❡rt✐❝❡s a0, . . . , an s♣❛♥ ❛ s✐♠♣❧❡① ♦❢ X✳ ❚❤❡
❝♦❧❧❡❝t✐♦♥ R ✐s ❝❛❧❧❡❞ t❤❡ ✈❡rt❡① s❝❤❡♠❡ ♦❢ ❳✳

❚❤❡ ❝♦❧❧❡❝t✐♦♥ R ✐s ❛ ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡ ♦❢ ❛♥ ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳

❘❘ ♥➦ ✼✹✼✶



✷✵ ▼❡r✐♥♦ ❡t ❛❧✳

✶✳✸✳✷ ❘❡❧❛t✐♦♥ ✇✐t❤ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s

❼ ❊✈❡r② ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① Σ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ✈❡rt❡① s❝❤❡♠❡ ♦❢ s♦♠❡ s✐♠✲
♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X✳

❼ ❚✇♦ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛r❡ ❧✐♥❡❛r❧② ✐s♦♠♦r♣❤✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡✐r ✈❡rt❡① s❝❤❡♠❡s
❛r❡ ✐s♦♠♦r♣❤✐❝ ❛s ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✳

❉❡✜♥✐t✐♦♥ ✻✳ ●❡♦♠❡tr✐❝ r❡❛❧✐③❛t✐♦♥✳
■❢ t❤❡ ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① Σ ✐s ✐s♦♠♦r♣❤✐❝ ✇✐t❤ t❤❡ ✈❡rt❡① s❝❤❡♠❡ ♦❢ t❤❡ s✐♠♣❧✐❝✐❛❧
❝♦♠♣❧❡① X✱ ✇❡ ❝❛❧❧ X ❛ ❣❡♦♠❡tr✐❝ r❡❛❧✐③❛t✐♦♥ ♦❢ Σ✳ ■t ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ✉♣ t♦ ❛ ❧✐♥❡❛r
✐s♦♠♦r♣❤✐s♠✳ ✭❙❡❡ ✜❣✉r❡ ✶✳✷ ❛t ♣❛❣❡ ✷✵✮✳

❋✐❣✉r❡ ✶✳✷✿ ❆ ❣❡♦♠❡tr✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛♥ ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① t❤❛t ✐s ♥♦t ❛ ✈❛❧✐❞
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❙♦✉r❝❡✿ ❲✐❦✐♣❡❞✐❛ ❡♥tr② ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①

✶✳✹ ❊♠❜❡❞❞✐♥❣ ♦❢ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s

■♥ t❤✐s ♣r♦❥❡❝t✱ t♦ ✜♥❞ ♦✉t s❤❛♣❡ ❢❡❛t✉r❡s ♦❢ ❣❡♦♠❡tr✐❝❛❧ ♠♦❞❡❧s✱ t❤❡② ❛r❡ ♠♦❞❡❧❡❞ ✉s✐♥❣
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✐t ✐s ❡①♣❧❛✐♥ ❤♦✇ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ✏❧♦st✑ ✇❤❡♥ t❤❡
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ s♦❧❡❧②✳

❲❤❡♥ ♦♥❡ t❤✐♥❦s ♦♥ ❛ ❣❡♦♠❡tr✐❝❛❧ ♦❜❥❡❝t✱ ♦♥❡ ❝♦♥s✐❞❡rs ✐t ❵✐♥ t❤❡ s♣❛❝❡✬✱ ✐✳❡✱ ♥♦t ♦♥❧② t❤❡
♦❜❥❡❝t ❜✉t ❛❧s♦ t❤❡ ❵s♣❛❝❡ s✉rr♦✉♥❞✐♥❣ ✐t✬✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ st✉❞② ♦❢ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ✭♦r
❛♥② t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✮✱ ♦♥❧② t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ✐s ❝♦♥s✐❞❡r❡❞❀ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ✐ts ✐♥tr✐♥s✐❝
♣r♦♣❡rt✐❡s✱ ✇❤✐❝❤ ❛r❡ ♥♦t r❡❧❛t❡❞ t♦ t❤❡ ❛♠❜✐❡♥t s♣❛❝❡ ✭♥♦r♠❛❧❧② ♦♥❡ ✇♦✉❧❞ t❤✐♥❦ ✐♥ R

3✮✳
❚♦ ❝♦♥s✐❞❡r ❛♥ ♦❜❥❡❝t ❵✐♥s✐❞❡✬ ❛♥♦t❤❡r s♣❛❝❡ ✐s ❝❛❧❧❡❞ ❛♥ ❡♠❜❡❞❞✐♥❣✳
❉❡✜♥✐t✐♦♥ ✼✳ ❊♠❜❡❞❞✐♥❣✳
✭❋r♦♠ ❲✐❦✐♣❡❞✐❛ ❡♥tr② ❵❡♠❜❡❞❞✐♥❣✬✮ ■♥ ❣❡♥❡r❛❧ t♦♣♦❧♦❣②✱ ❛♥ ❡♠❜❡❞❞✐♥❣ ✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠
♦♥t♦ ✐ts ✐♠❛❣❡✳ ▼♦r❡ ❡①♣❧✐❝✐t❧②✱ ❛ ♠❛♣ f : X −→ Y ❜❡t✇❡❡♥ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s X ❛♥❞ Y ✐s
❛♥ ❡♠❜❡❞❞✐♥❣ ✐❢ f ②✐❡❧❞s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ X ❛♥❞ f(X) ✭✇❤❡r❡ f(X) ❝❛rr✐❡s t❤❡

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✷✶

s✉❜s♣❛❝❡ t♦♣♦❧♦❣② ✐♥❤❡r✐t❡❞ ❢r♦♠ Y ✮✳ ■♥t✉✐t✐✈❡❧② t❤❡♥✱ t❤❡ ❡♠❜❡❞❞✐♥❣ f : X −→ Y ❧❡ts ✉s
tr❡❛t X ❛s ❛ s✉❜s♣❛❝❡ ♦❢ Y ✳

❍♦✇❡✈❡r✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❞✐✣❝✉❧t✐❡s ✜♥❞ ✐♥ t❤❡ st✉❞② ♦❢ ❡♠❜❡❞❞❡❞ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s
❛r❡ ❝♦♥s✐❞❡r❛❜❧② ❤✐❣❤✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s r❡♣♦rt✱ ♦♥❧② t❤❡ ❛❜str❛❝t ❝❛s❡ ✐s ❝♦♥s✐❞❡r❡❞❀ ✐✳❡✱
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛r❡ st✉❞✐❡❞ ✇✐t❤♦✉t ❝♦♥s✐❞❡r t❤❡♠ ❡♠❜❡❞❞❡❞ ✐♥ ❛ s♣❛❝❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❣❡♦♠❡tr✐❝❛❧ ♦❜❥❡❝ts✱ t❤❛t ❝♦♥s✐❞❡r❡❞ ❡♠❜❡❞❞❡❞ ✐♥ R
3 ❛r❡ ✐♥t✉✐t✐✈❡❧②

❞✐✛❡r❡♥t✱ ❝❛♥ ❜❡❝♦♠❡ ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ✐♥ ❛ t♦♣♦❧♦❣✐❝❛❧ s❡♥s❡✳
❊①❛♠♣❧❡ ✶✳ ❊♠❜❡❞❞✐♥❣ ✐♥ R

2

▲❡t X ❜❡ t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ❢♦r♠❡❞ ❜② t✇♦ ❞✐s❥♦✐♥t ❝✐r❝❧❡s X = S1 ⊔ S1 ❛♥❞ t❤❡ ♥❡①t
❡♠❜❡❞❞✐♥❣s ♦❢ X ✐♥ R

2 ✭✜❣✉r❡ ✶✮✿

❋✐❣✉r❡ ✶✳✸✿ ❚✇♦ ❞✐✛❡r❡♥t ❡♠❜❡❞❞✐♥❣s ♦❢ S1 ⊔ S1 ✐♥ R
2

■♥ ✜❣✉r❡ ✶✳✸✭❛✮✱ ♦♥❡ ✇♦✉❧❞ s❛② t❤❛t t❤❡ t✇♦ ❛ ❝✐r❝❧❡s ❛r❡ ❵s❡♣❛r❛t❡❞✬ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞
❡♠❜❡❞❞✐♥❣✱ t❤❛t ♦♥❡ ✐s ✐♥s✐❞❡ t❤❡ ♦t❤❡r✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ s♣❛❝❡ X ✐s ❝♦♥s✐❞❡r❡❞ ❛❜str❛❝t❧②✱ t❤❡
❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❡♠❜❡❞❞✐♥❣s ♣r❡s❡♥t❡❞ ✐♥ ✶✳✸✭❛✮ ❛♥❞ ✶✳✸✭❜✮ ❛r❡ ♥♦t ♠❛❞❡✳

❊①❛♠♣❧❡ ✷✳ ❆♥♦t❤❡r ❡♠❜❡❞❞✐♥❣
◆♦✇✱ ❛s ❛♥♦t❤❡r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ♠❛♣ ♦♥ ❛ s♣❤❡r❡ t❤❛t ❝♦♥s✐sts ✐♥ ✐❞❡♥t✐❢②✐♥❣ ✭♦r

❝♦❧❧❛♣s✐♥❣✮ t✇♦ ❞✐✛❡r❡♥t ♣♦✐♥ts✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡r❡ ❛r❡ ❵t✇♦ ♣♦ss✐❜❧❡ ✇❛②s✬ ♦❢ ❝♦❧❧❛♣s✐♥❣ t❤❡ ♣♦✐♥ts✳
❖♥❡ ✇❛② ✐s t♦ ❝♦❧❧❛♣s❡ t❤❡ t✇♦ ♣♦✐♥ts ❝♦✈❡r✐♥❣ t❤❡ s❡❣♠❡♥t ✐♥s✐❞❡ t❤❡ s♣❤❡r❡ t❤❛t ✉♥✐t❡s t❤❡♠✳
❚❤❡ ♦t❤❡r ✐s t♦ ❝♦✈❡r t❤❡ ♦✉t❡r s♣❛❝❡ ♦❢ t❤❡ s♣❤❡r❡✳

❚❤❡ t✇♦ ✜❣✉r❡s ♦❜t❛✐♥❡❞ ❛r❡ ✈✐s✉❛❧❧② ❞✐✛❡r❡♥t✱ ❜✉t t♦♣♦❧♦❣✐❝❛❧❧② ✐❞❡♥t✐❝❛❧ ❜❡❝❛✉s❡ t❤❡② ❛r❡
t❤❡ r❡s✉❧t ♦❢ t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥✳ ❚❤❡ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s ✭❡♠❜❡❞❞✐♥❣s✮ ❛r❡ ❞✐✛❡r❡♥t✱ ❜✉t
❛❜str❛❝t❧②✱ t❤❡② ❛r❡ t❤❡ s❛♠❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳

❘❘ ♥➦ ✼✹✼✶



✷✷ ▼❡r✐♥♦ ❡t ❛❧✳
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❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✷✸

❈❤❛♣t❡r ✷

❙✐♠♣❧✐❝✐❛❧ ❤♦♠♦❧♦❣②

✷✳✶ ❈❤❛✐♥ ❝♦♠♣❧❡①❡s

❚❤❡ ♣♦❧②t♦♣❡ ✇❛s ❞❡✜♥❡❞ ✭s❡❝t✐♦♥ ✮ ❛s t❤❡ ✉♥❞❡r❧②✐♥❣ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠✲
♣❧❡①✳ ❚❤r♦✉❣❤ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♥❞ ❞✐s❝r❡t❡ ♥❛t✉r❡ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✱ ❛♥ ❛❧❣❡❜r❛✐❝
str✉❝t✉r❡ ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞ t♦ t❤❡s❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s✳ ❚❤✐s ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ✐s ❝❛❧❧❡❞
❝❤❛✐♥ ❝♦♠♣❧❡①✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ❢♦✉♥❞ ✐♥ ❬❙❘✵✻✱ ♣❛❣❡ ✷❪✳
❉❡✜♥✐t✐♦♥ ✽✳ ❈❤❛✐♥ ❝♦♠♣❧❡①✳
■t ✐s ❛ s❡q✉❡♥❝❡ (Ck, dk)k∈Z ✇❤❡r❡✿

✶✳ ∀k ∈ Z, Ck ✐s ❛ V ✲♠♦❞✉❧❡ ❝❛❧❧❡❞ ❝❤❛✐♥ ❣r♦✉♣ ♦❢ ❞❡❣r❡❡ k✳

✷✳ ∀k ∈ Z, dk ✐s ❛ ♠♦❞✉❧❡ ♠♦r♣❤✐s♠ dk : Ck −→ Ck−1✱ ❝❛❧❧❡❞ ❞✐✛❡r❡♥t✐❛❧ ♠❛♣✳

✸✳ ∀k ∈ Z, dkdk+1 = 0

(C∗, d) : . . .
dk−2
←− Ck−2

dk−1
←− Ck−1

dk←− Ck

dk+1
←− Ck+1

dk+2
←− Ck+2

dk+3
←− . . .

❉❡✜♥✐t✐♦♥ ✾✳ s✉❜❝❤❛✐♥ ❝♦♠♣❧❡①✱ ❞❡✜♥✐t✐♦♥✳
▲❡t (C∗, d) ❜❡ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡①✳ ❆ s✉❜❝❤❛✐♥ ❝♦♠♣❧❡① D ♦❢ C∗ ✐s ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ✇❤♦s❡

kt❤ ❝❤❛✐♥ ❣r♦✉♣ ✐s ❛ s✉❜❣r♦✉♣ ♦❢ Ck✱ ❛♥❞ ✇❤♦s❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ k ✐s
t❤❡ r❡str✐❝t✐♦♥ ♦❢ dk

❚♦ ❜❡ ❛❜❧❡ t♦ ❛ss♦❝✐❛t❡ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ✇✐t❤ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✱ ♦♥❡ ♠✉st✿

✶✳ ♦r✐❡♥t t❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✭✇❤✐❝❤ ✇✐❧❧ ❝♦♥s✐st ✐♥ ❛♥ ♦r❞❡r✐♥❣ ♦❢ t❤❡ ✈❡rt✐❝❡s✮✱

✷✳ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♠♦❞✉❧❡s ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ♠♦❞✉❧❡ ❝❤❛✐♥s✮✱

✸✳ ❞❡✜♥❡ ❛ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r d s♦ t❤❛t ∀k ∈ Z, dkdk+1 = 0 ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞
❜♦✉♥❞❛r② ♦♣❡r❛t♦r✮✳

❘❘ ♥➦ ✼✹✼✶



✷✹ ▼❡r✐♥♦ ❡t ❛❧✳

❖r✐❡♥t❡❞ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①

❉❡✜♥✐t✐♦♥ ✶✵✳ ❖r✐❡♥t❡❞ s✐♠♣❧❡①✳

▲❡t σ ❜❡ ❛ s✐♠♣❧❡① ✭❡✐t❤❡r ❣❡♦♠❡tr✐❝ ♦r ❛❜str❛❝t✮✳ ❉❡✜♥❡ t✇♦ ♦r❞❡r✐♥❣s ♦❢ ✐ts ✈❡rt❡① s❡t t♦
❜❡ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡② ❞✐✛❡r ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r ❜② ❛♥ ❡✈❡♥ ♣❡r♠✉t❛t✐♦♥✳ ■❢ dim(σ) > 0✱ t❤❡
♦r❞❡r✐♥❣s ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ σ t❤❡♥ ❢❛❧❧ ✐♥t♦ t✇♦ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✳ ❊❛❝❤ ♦❢ t❤❡s❡ ❝❧❛ss❡s ✐s
❝❛❧❧❡❞ ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ σ✳ ✭■❢ σ ✐s ❛ ✵✲s✐♠♣❧❡①✱ t❤❡♥ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❝❧❛ss ❛♥❞ ❤❡♥❝❡ ♦♥❧②
♦♥❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ σ✮✳ ❆♥ ♦r✐❡♥t❡❞ s✐♠♣❧❡① ✐s ❛ s✐♠♣❧❡① σ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢
σ✳ ✭❙❡❡ ✜❣✉r❡ ✷✳✶✳✮

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✳✶✿ ✭❛✮ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❀ ✭❜✮ ♦r✐❡♥t❡❞ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①

▼♦❞✉❧❡ ♦❢ ❝❤❛✐♥s ❛♥❞ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r

❉❡✜♥✐t✐♦♥ ✶✶✳ ❈❤❛✐♥ ❛♥❞ ♠♦❞✉❧❡ ♦❢ k✲❝❤❛✐♥s✳

▲❡t X ❜❡ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳ ❆ k✲❝❤❛✐♥ ♦♥ X ✐s ❛ ❢✉♥❝t✐♦♥ c ❢r♦♠ t❤❡ s❡t ♦❢ ♦r✐❡♥t❡❞
k✲s✐♠♣❧✐❝❡s ♦❢ X t♦ t❤❡ ✐♥t❡❣❡rs✱ s✉❝❤ t❤❛t✿

✶✳ c(σ) = −c(σ′) ✐❢ σ ❛♥❞ σ′ ❛r❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥s ❢♦r t❤❡ s❛♠❡ s✐♠♣❧❡①✳

✷✳ c(σ) = 0 ❢♦r ❛❧❧ ❜✉t ✜♥✐t❡❧② ♠❛♥② ♦r✐❡♥t❡❞ k✲s✐♠♣❧✐❝❡s σ✳

❲❡ ❛❞❞ k✲❝❤❛✐♥s ❜② ❛❞❞✐♥❣ t❤❡s❡ ✈❛❧✉❡s❀ t❤❡ r❡s✉❧t✐♥❣ ♠♦❞✉❧❡ ✐s ❞❡♥♦t❡❞ Cp(X) ❛♥❞ ✐s
❝❛❧❧❡❞ t❤❡ ♠♦❞✉❧❡ ♦❢ ✭♦r✐❡♥t❡❞✮ ♣✲❝❤❛✐♥s ♦❢ X✳ ■❢ k < 0 ♦r k > ❞✐♠X✱ ✇❡ ❧❡t Cp(X)
❞❡♥♦t❡ t❤❡ tr✐✈✐❛❧ ❣r♦✉♣✳

❇② ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ♦❢t❡♥ ✉s❡ t❤❡ s②♠❜♦❧ σ t♦ ❞❡♥♦t❡ ♥♦t ♦♥❧② ❛ s✐♠♣❧❡①✱ ♦r ❛♥
♦r✐❡♥t❡❞ s✐♠♣❧❡①✱ ❜✉t ❛❧s♦ t♦ ❞❡♥♦t❡ t❤❡ ❡❧❡♠❡♥t❛r② k✲❝❤❛✐♥ c ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦r✐❡♥t❡❞
s✐♠♣❧❡① σ✳ ❲✐t❤ t❤✐s ❝♦♥✈❡♥t✐♦♥✱ ✐❢ σ ❛♥❞ σ′ ❛r❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ s✐♠♣❧❡①✱
t❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ σ′ = −σ✱ ❜❡❝❛✉s❡ t❤✐s ❡q✉❛t✐♦♥ ❤♦❧❞s ✇❤❡♥ σ ❛♥❞ σ′ ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s
❡❧❡♠❡♥t❛r② ❝❤❛✐♥s✳

▲❡♠♠❛ ✷✳✶✳✶✳ ❈♦♥s✐❞❡r❡❞ ❛s ❛ ❣r♦✉♣✱ Ck(X) ✐s ❢r❡❡ ❛♥❞ ❝♦♠♠✉t❛t✐✈❡✳ ❆ ❜❛s❡ ❢♦r Ck(X)
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♦r✐❡♥t✐♥❣ ❡❛❝❤ p✲s✐♠♣❧❡① ❛♥❞ ✉s✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥t❛r② ❝❤❛✐♥s
❛s ❛ ❜❛s✐s✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✷✺

◆♦✇ ❧❡ts ❞❡✜♥❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♠♦r♣❤✐s♠ ❝❛❧❧❡❞ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r✿
❉❡✜♥✐t✐♦♥ ✶✷✳ ❇♦✉♥❞❛r② ♦♣❡r❛t♦r✳
❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ❤♦♠♦♠♦r♣❤✐s♠

dk = Ck(X) −→ Ck−1(X)

❝❛❧❧❡❞ t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r✳ ■❢ σ = [v0, . . . , vk] ✐s ❛♥ ♦r✐❡♥t❡❞ s✐♠♣❧❡① ✇✐t❤ k > 0✱ ✇❡
❞❡✜♥❡✿

dkσ = dk[v0, . . . , vk] =

k∑

i=0

(−1)i[v0, . . . , vi−1, vi+1, . . . , vk]

◆♦t❡ t❤❛t✱ s✐♥❝❡ Ck(X) ✐s t❤❡ tr✐✈✐❛❧ ❣r♦✉♣ ❢♦r k < 0✱ t❤❡ ♦♣❡r❛t♦r dk ✐s t❤❡ tr✐✈✐❛❧ ❤♦♠♦✲
♠♦r♣❤✐s♠ ❢♦r k ≤ 0✳

▲❡♠♠❛ ✷✳✶✳✷✳ dk−1 ◦ dk = 0

❙✉♠♠❛r✐③✐♥❣✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t ❛❧❧ t❤❡s❡ str✉❝t✉r❡s ✐♥ t❤❡ ♥❡①t ❞✐❛❣r❛♠✿

(C∗, d) : 0
0
←− C0

d1←− C1
d2←− . . .

dn−1
←− Cn−1

dn←− Cn
0
←− 0

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t✱ ✐❢ n ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✱ Ck = 0 ❢♦r k > n✳

✷✳✶✳✶ ❈❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s

❆ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠ ✐s ❛ ♠❛♣ t❤❛t r❡❧❛t❡s t✇♦ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s ❛♥❞ ♣r❡s❡r✈❡s t❤❡✐r
❛❧❣❡❜r❛✐❝ str✉❝t✉r❡✳
❉❡✜♥✐t✐♦♥ ✶✸✳ ❈❤❛✐♥ ❝♦♠♣❧❡① ♠♦r♣❤✐s♠✳
❬❙❘✵✻✱ ♣❛❣❡ ✶✵❪ ▲❡t C∗ = {Ck, dk} ❛♥❞ D∗ = {Dk, dk} ❜❡ t✇♦ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s✳ ❆ ❝❤❛✐♥✲
❝♦♠♣❧❡① ♠♦r♣❤✐s♠ f : C∗ −→ D∗ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❧✐♥❡❛r ♠♦r♣❤✐s♠s f = {fk : Ck −→
Dk}k s❛t✐s❢②✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✐t✐♦♥✿ ❢♦r ❡✈❡r② k✱ t❤❡ r❡❧❛t✐♦♥ fk−1 dk = dk fk❀ (df =
fd)✳

❆ s✐♠♣❧✐❝✐❛❧ ♠❛♣ ❜❡t✇❡❡♥ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ✐♥❞✉❝❡s ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥
t❤❡✐r r❡s♣❡❝t✐✈❡ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s✳

❉❡✜♥✐t✐♦♥ ✶✹✳ ❈❤❛✐♥ ❝♦♠♣❧❡① ♠♦r♣❤✐s♠ ✐♥❞✉❝❡❞ ❜② ❛ s✐♠♣❧✐❝✐❛❧ ♠❛♣✳
▲❡t f : X → Y ❜❡ ❛ s✐♠♣❧✐❝✐❛❧ ♠❛♣✳ ■❢ v0, . . . , vk ❛r❡ ❛ s✐♠♣❧❡① ♦❢ X✱ t❤❡♥ t❤❡ ♣♦✐♥ts

f(v0), . . . , f(vk) s♣❛♥ ❛ s✐♠♣❧❡① ♦❢ Y ✳ ❲❡ ❞❡✜♥❡ ❛ ❤♦♠♦♠♦r♣❤✐s♠ f# : Ck(X)→ Ck(Y ) ❜②
❞❡✜♥✐♥❣ ✐t ♦♥ ♦r✐❡♥t❡❞ s✐♠♣❧✐❝❡s ❛s ❢♦❧❧♦✇s✿

f#([v0, . . . , vp]) =

{
[f(v0), . . . , f(vp)] ✐❢ f(v0), . . . , f(vp) ❛r❡ ❞✐st✐♥❝t;
0 otherwise.

❚❤✐s ♠❛♣ ✐s ❝❧❡❛r❧② ✇❡❧❧✲❞❡✜♥❡❞❀ ❡①❝❤❛♥❣✐♥❣ t✇♦ ✈❡rt✐❝❡s ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ [v0, . . . , vk]
❝❤❛♥❣❡s t❤❡ s✐❣♥ ♦❢ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ❢❛♠✐❧② ♦❢ ❤♦♠♦♠♦r♣❤✐s♠ {f#}❀ ♦♥❡
✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥✱ ✐s ❝❛❧❧❡❞ t❤❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠ ✐♥❞✉❝❡❞ ❜② t❤❡ s✐♠♣❧✐❝✐❛❧
♠❛♣ f ✳

❘❘ ♥➦ ✼✹✼✶



✷✻ ▼❡r✐♥♦ ❡t ❛❧✳

▲❡♠♠❛ ✷✳✶✳✸✳ ❚❤❡ ❤♦♠♦♠♦r♣❤✐s♠ f# ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ❜♦r❞❡r ♦♣❡r❛t♦r d✱ t❤❡r❡❢♦r❡✱ f#

✐s ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠✳

❊①❛♠♣❧❡ ✸✳ ▼❛②❡r✲❱✐❡t♦r✐s ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s
▼❛②❡r✲❱✐❡t♦r✐s r❡❧❛t❡s t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s (A∩B)∗✱ A∗⊕B∗✱ (A∪B)∗✳ ❚❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡①

A∗ ⊕ B∗ ✐s ❝❛❧❧❡❞ s✉♠ ♦❢ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s ♦❢ A∗ ❛♥❞ B∗ ❛♥❞ ✐ts ❝❤❛✐♥s ❛r❡ (σ, σ̃) ✇✐t❤ σ ∈ A
❛♥❞ σ̃ ∈ B✳ ❚❤❡ ❝❤❛✐♥ A∗⊕B∗ ✐s ♦r✐❣✐♥❛t❡❞ ❢r♦♠ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t❤❡ s✉❜❝♦♠♣❧❡①❡s A ❛♥❞
B✱ A ⊔B✳

❋♦r t❤❡s❡ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s ❛r❡ ❞❡✜♥❡❞✿
i = iA ⊕ iB : (A ∩B)∗ −→ A∗ ⊕B∗

σ 7−→ (σ, σ)

j = jA ⊖ jB : A∗ ⊕B∗ −→ (A ∪B)∗
(σ, σ̃) 7−→ σ − σ̃

❖❜s❡r✈❡ t❤❛t i ✐s t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ❝❤❛✐♥ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ A∩B ♦♥ A ❛♥❞ B✳ ❚❤❡ ❝❤❛✐♥✲
❝♦♠♣❧❡① ♠♦r♣❤✐s♠ j t❛❦❡s ❛ ❝❤❛✐♥ ❢r♦♠ A∗ ⊕ B∗ ❛♥❞ ❜✉✐❧❞s ❛ ❝❤❛✐♥ ♦❢ (A ∪ B)∗ ❜② ❝❤❛♥❣✐♥❣
t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ s✉❜❝❤❛✐♥ σ̃ ∈ B ❛♥❞ ❝♦♠❜✐♥✐♥❣ ✐t ✇✐t❤ t❤❡ s✉❜❝❤❛✐♥ σ ∈ A✳
❉❡✜♥✐t✐♦♥ ✶✺✳ ❈❤❛✐♥ ❤♦♠♦t♦♣②✳
▲❡t f, g : X → Y ❜❡ s✐♠♣❧✐❝✐❛❧ ♠❛♣s✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❡❛❝❤ k✱ ♦♥❡ ❤❛s ❛ ❤♦♠♦♠♦r♣❤✐s♠

S : Ck(X)→ Ck+1(Y )

s❛t✐s❢②✐♥❣ t❤❡ ❡q✉❛t✐♦♥
dS + Sd = g# − f#

t❤❡♥ ❙ ✐s s❛✐❞ t♦ ❜❡ ❛ ❝❤❛✐♥ ❤♦♠♦t♦♣② ❜❡t✇❡❡♥ f# ❛♥❞ g#✳

❉❡✜♥✐t✐♦♥ ✶✻✳ ❍♦♠♦t♦♣② ♦♣❡r❛t♦r✳
❬❙❘✵✻✱ ♣❛❣❡ ✶✶❪ ▲❡t C∗ = {Ck, dk} ❛♥❞ D∗ = {Dk, dk} ❜❡ t✇♦ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s✳ ❆

❤♦♠♦t♦♣② ♦♣❡r❛t♦r h : C∗ −→ D∗ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ h = {hk : Ck −→ Bk+1}k ✭♥♦t❡❞
h : C∗ −→ D∗✮ ♦❢ ❧✐♥❡❛r ♠❛♣s✳

✷✳✷ ❍♦♠♦❧♦❣②

❉❡✜♥✐t✐♦♥ ✶✼✳ ❈②❝❧❡s✱ ❇♦✉♥❞❛r✐❡s✱ ❍♦♠♦❧♦❣②✳
❚❤❡ ❦❡r♥❡❧ ♦❢ dk : Ck(X)→ Ck−1(X) ✐s ❝❛❧❧❡❞ t❤❡ ♠♦❞✉❧❡ ♦❢ k✲❝②❝❧❡s ❛♥❞ ❞❡♥♦t❡❞ Zk(X)✳
❚❤❡ ✐♠❛❣❡ ♦❢ dk+1 : Ck+1(X) → Ck(X) ✐s ❝❛❧❧❡❞ t❤❡ ♠♦❞✉❧❡ ♦❢ k✲❜♦✉♥❞❛r✐❡s ❛♥❞ ✐s
❞❡♥♦t❡❞ Bk(X)✳ ❊❛❝❤ ❜♦✉♥❞❛r② ♦❢ ❛ k + 1 ❝❤❛✐♥ ✐s ❛ k✲❝②❝❧❡✳ ❚❤❛t ✐s Bk(X) ⊂ Zk(X)✳ ❲❡
❞❡✜♥❡

Hk(X) = Zk(X)/Bk(X)

❛♥❞ ❝❛❧❧ ✐t t❤❡ kt❤ ❤♦♠♦❧♦❣② ❣r♦✉♣ ♦❢ X✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✷✼

❋✐❣✉r❡ ✷✳✷✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ♦❢ ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❤❛✐♥✲❝♦♠♣❧❡①
❆✉t❤♦r✿ ❆❢r❛ ❩♦♠♦r♦❞✐❛♥ ❬❩♦♠✵✶❪

✷✳✷✳✶ ❇❡tt✐ ♥✉♠❜❡rs ❛♥❞ ❣❡♥❡r❛t♦rs

❍❡r❡✱ ♦♥❧② ✜♥✐t❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ t❤❛t ♠❡❛♥s t❤❛t t❤❡ ♠♦❞✉❧❡s ♦❢ t❤❡✐r
❝❤❛✐♥ ❝♦♠♣❧❡①❡s ❛r❡ ❛❧✇❛②s ✜♥✐t❡✳ ❚❤♦s❡ ♠♦❞✉❧❡s ❛r❡ ❛❧s♦ ❢r❡❡ ❜② ❝♦♥str✉❝t✐♦♥ ✭❝❛♥♦♥✐❝❛❧
❜❛s❡ ❢♦r♠❡❞ ❜② t❤❡ ❝❡❧❧s ❛t ❡❛❝❤ ❞✐♠❡♥s✐♦♥✮✳

❍♦✇❡✈❡r✱ ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ q✉♦t✐❡♥t t♦ ♦❜t❛✐♥ t❤❡ ❤♦♠♦❧♦❣②✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ ❛ ❣r♦✉♣
t❤❛t ✐s ♥♦t ❢r❡❡✱ ✐✳❡✱ Hk ✇✐❧❧ ❜❡ ♦❢ t❤❡ ❢♦r♠✿

Hk(X) =

❢r❡❡ ❣r♦✉♣︷ ︸︸ ︷
Z[γ1]⊕ . . . Z[γs]⊕

t♦rs✐♦♥ ❣r♦✉♣︷ ︸︸ ︷
Z/λ1Z[γs+1]⊕ . . .⊕ Z/λpZ[γp]

✇❤❡r❡ γi ❛r❡ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❡❧❡♠❡♥t ♦❢ t❤❡ ❝❧❛ss ❡q✉✐✈❛❧❡♥❝❡✳
❉❡✜♥✐t✐♦♥ ✶✽✳ ❇❡tt✐ ♥✉♠❜❡rs ❛♥❞ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts✳
■❢ t❤❡ ❤♦♠♦❧♦❣② ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❣r♦✉♣✿

Hk =

s︷ ︸︸ ︷
Z⊕ . . . Z⊕

p︷ ︸︸ ︷
Z/λ1Z⊕ . . .⊕ Z/λpZ

✐s ❝❛❧❧❡❞ ❇❡tt✐ ♥✉♠❜❡rs t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❢r❡❡ ♣❛rt ♦❢ t❤❡ ❤♦♠♦❧♦❣② ✭s ✐♥ ♦✉r ♥♦t❛t✐♦♥✮
❢♦r ❡❛❝❤ k✳ λ1, . . . , λp ❛r❡ t❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts

❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ❤♦♠♦❧♦❣② ✐s ✐♥t❡r♣r❡t❡❞ ❛s ❢♦❧❧♦✇s✿ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ H0(X) ✐♥❞✐❝❛t❡s
t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s♣❛❝❡ X✱ t❤❡ ❇❡tt✐ ♥✉♠❜❡r ♦❢ H1(X) ✐s t❤❡
♥✉♠❜❡r ♦❢ ❝❧❛ss❡s ♦❢ ♥♦♥✲❝♦♥tr❛❝t✐❜❧❡ ❝②❝❧❡✱ ✐✳❡✱ ✇❤❛t ✐♥t✉✐t✐✈❡ ❝♦rr❡s♣♦♥❞s t♦ ❵❤♦❧❡s✬ ♦♥ X✳
❚❤❡ ❇❡tt✐ ♥✉♠❜❡r ♦❢ H2(X) t❡❧❧s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲❝♦♥tr❛❝t✐❜❧❡ s✉r❢❛❝❡s❀ ✐✳❡✱ t❤❡ ♥✉♠❜❡r
♦❢ ❵✈♦✐❞s✬ ✐♥ X✳ Hk(X) ❤❛✈❡ ❛♥❛❧♦❣♦✉s ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r k > 2✳

❚❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥t ❤❛s ✈❡r② ♣❛rt✐❝✉❧❛r ✐♥t❡r♣r❡t❛t✐♦♥✱ ✐❢ ❛ ❝②❝❧❡ σ ✐s ✐♥ ❛ ❝❧❛ss ♦❢ t❤❡
t♦rs✐♦♥ s✉❜❣r♦✉♣ ♦❢ Hk ✇✐t❤ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥t λ > 1✱ ✐t ♠❡❛♥s t❤❛t σ ✐s ♥♦t ❛ ❜♦✉♥❞❛r②✱ ❜✉t
λσ ✐s ❛ ❜♦✉♥❞❛r②✳ ■♥ t❤❡ ❝❛s❡✱ ♦❢ ❝❧♦s❡❞ ♠❛♥✐❢♦❧❞ t❤❡② ❤❛✈❡ ❛♥ ✐♠♠❡❞✐❛t❡ ✐♥t❡r♣r❡t❛t✐♦♥❀
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✷✽ ▼❡r✐♥♦ ❡t ❛❧✳

✐❢ ❛ ❝❧♦s❡❞ ♠❛♥✐❢♦❧❞ ❤❛s ❛♥ ❤♦♠♦❧♦❣② ❣r♦✉♣ ✇✐t❤ ❛ t♦rs✐♦♥ s✉❜❣r♦✉♣✱ t❤❡♥ t❤❡ ♠❛♥✐❢♦❧❞ ✐s
♥♦♥✲♦r✐❡♥t❛❜❧❡ ✭❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❑❧❡✐♥ ❜♦tt❧❡ ♦r t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡✮✳
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❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✷✾

❈❤❛♣t❡r ✸

❈❧❛ss✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❤♦♠♦❧♦❣②

❝♦♠♣✉t❛t✐♦♥

✸✳✶ ▲♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡

❚❤✐s s❡❝t✐♦♥ ✐s ❣r❡❛t❧② ✐♥s♣✐r❡❞ ♦♥ ❬❙❘✵✻✱ ♣❛❣❡ ✶✸✲✶✹❪

✸✳✶✳✶ ❙❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

❉❡✜♥✐t✐♦♥ ✶✾✳ ❙❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✳
❆ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ✐s ❢♦r♠❡❞ ❜② t❤r❡❡ ♠♦❞✉❧❡s A, B,C ❛♥❞ t✇♦ ♠❛♣s i : C −→ B ❛♥❞
j : B −→ A s♦ t❤❛t✿

✶✳ i ✐s ✐♥❥❡❝t✐✈❡✳

✷✳ j ✐s s✉r❥❡❝t✐✈❡✳

✸✳ ✐♠ i = ker j

■t ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❞✐❛❣r❛♠✿

0←− A
j
←− B

i
←− C ←− 0

❚❤❡s❡ ♣r♦♣❡rt✐❡s ✐♠♣❧② t❤❡ ♥❡①t r❡❧❛t✐♦♥s✿

C ∼= ker j

A ∼= ❝♦❦❡r i = B/✐♠ i ∼= B/C (✶)

✶✐❢ f : C → C′ ✐s ❛ ♠❛♣ ❜❡t✇❡❡♥ t✇♦ ♠♦❞✉❧❡s C ❛♥❞ C′✱ t❤❡♥ ✐t ✐s ❞❡✜♥❡❞ ❝♦❦❡r f := C′/✐♠ f

❘❘ ♥➦ ✼✹✼✶



✸✵ ▼❡r✐♥♦ ❡t ❛❧✳

■t ✐s s❛✐❞ t❤❛t B ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ A ❛♥❞ C✳ ■♥ ❣❡♥❡r❛❧ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣♦ss✐❜❧❡
❡①t❡♥s✐♦♥s✳ ■t ✐s ❝❛❧❧❡❞ ❡①t❡♥s✐♦♥ ♣r♦❜❧❡♠ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ r✐❣❤t ❡①t❡♥s✐♦♥
B ✇❤❡♥ t❤❡ ♠♦❞✉❧❡s A ❛♥❞ C ❛r❡ ❦♥♦✇♥✳
❊①❛♠♣❧❡ ✹✳ ❊①t❡♥s✐♦♥ ♣r♦❜❧❡♠

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✿

0←− Z2 ←− B ←− Z2 ←− 0

t♦ ✇❤✐❝❤ t❤❡ ♠♦r♣❤✐s♠ i, j ❛r❡ ✉♥❦♥♦✇♥✳ ❚❤❡♥✱ t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ❢♦r B❀ Z2⊕Z2

❛♥❞ Z4 ✇❤✐❝❤ ❛r❡ ♥♦t ✐s♦♠♦r♣❤✐❝✳

✸✳✶✳✷ ❉❡✜♥✐t✐♦♥

❉❡✜♥✐t✐♦♥ ✷✵✳ ✭▲♦♥❣✮ ❡①❛❝t s❡q✉❡♥❝❡✳
❆ s❡q✉❡♥❝❡

...
ik−1
←− Ck−1

ik←− Ck

ik+1
←− Ck+1

ik+2
←− ...

♦❢ ♠♦❞✉❧❡s ❛♥❞ ❤♦♠♦♠♦r♣❤✐s♠s ♦❢ ♠♦❞✉❧❡s ✐s ❡①❛❝t ✐❢ ✐♠ ik = ❦❡r ik−1 ∀k✳
❋r♦♠ ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ❝❛♥ ❜❡ ❜✉✐❧t✿

❚❤❡♦r❡♠ ✸✳✶✳✶ ✭▲♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ❢r♦♠ ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✮✳ ●✐✈❡♥ ❛ s❤♦rt ❡①❛❝t
s❡q✉❡♥❝❡ ♦❢ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s✿

0←− A∗

j
←− B∗

i
←− C∗ ←− 0

❛ ❝❛♥♦♥✐❝❛❧ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐s ❞❡✜♥❡❞✿

. . .←− Hk−1(C∗)
∂
←− Hk(A∗)

j
←− Hk(B∗)

i
←− Hk(C∗)

∂
←− Hk+1(A∗)←− . . .

✇❤❡r❡ ∂ ✐s ✇❤❛t ✐s ❝❛❧❧❡❞ ❝♦♥♥❡❝t✐♦♥ ♠♦r♣❤✐s♠✳

■♥ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠✱ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♠♦r♣❤✐s♠ ∂ ✐s ❜✉✐❧t ✉s✐♥❣ ❛ ❝♦♠♠♦♥ t❡❝❤✲
♥✐q✉❡ ✐♥ t♦♣♦❧♦❣② ❝❛❧❧❡❞ ❞✐❛❣r❛♠ ❝❤❛s✐♥❣ ✭s❡❡ ❬❙❘✵✻✱ ♣❛❣❡ ✶✺❪✮
❊①❛♠♣❧❡ ✺✳ ▼❛②❡r✲❱✐❡t♦r✐s s❡q✉❡♥❝❡

❈♦♥s✐❞❡r ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ✇✐t❤ t✇♦ s✉❜❝♦♠♣❧❡①❡s A ❛♥❞ B ✇✐t❤ A ∩ B 6= ∅ ❛♥❞
A∪B = X ✳ ❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧✐❝✐❛❧ ♠❛♣s✿ i : A∩B −→ A⊔B ❛♥❞ j : A⊔B −→ A∪B
✭s❡❡ ♣r❡❝❡❞❡♥t ❡①❛♠♣❧❡✮✳

❲❡ ❦♥♦✇ t❤❛t s✐♠♣❧✐❝✐❛❧ ♠❛♣s ✐♥❞✉❝❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s✳ ◆♦t❛t✐♥❣ t❤❡♠ ✐♥ t❤❡ s❛♠❡
♠❛♥♥❡r✱ ✇❡ ♦❜t❛✐♥ ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✿

0←− (A ∪B)∗
j=jA⊖jB

←−−−−−−−−−− A∗ ⊕B∗

i=iA⊕iB

←−−−−−−−−−− (A ∩B)∗ ←− 0

✇❤✐❝❤✱ ❜② t❤❡ ♣r❡❝❡❞❡♥t ♣r♦♣♦s✐t✐♦♥✱ ✐♥❞✉❝❡s ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡✿

. . .←− Hk−1((A ∩B)∗)
∂
←− Hk((A ∪B)∗)

j
←− Hk(A∗ ⊕B∗)

i
←− Hk((A ∩B)∗)

∂
←− Hk+1((A ∪B)∗)←− . . .

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✸✶

✸✳✶✳✸ ❚❡❝❤♥✐q✉❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣②

❋✐rst✱ ❧❡t ✉s s❡❡ ❤♦✇ t♦ ❜✉✐❧❞ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡s ❢r♦♠ ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡✳ ❈♦♥s✐❞❡r
t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡✿

...
ik−1
←− Ck−1

ik←− Ck

ik+1
←− Ck+1

ik+2
←− ...

t❤❡♥ t❤❡ s❤♦rt s❡q✉❡♥❝❡

0←− Ck−1
ik←− Ck

ik+1
←− Ck+1 ←− 0

✐s ♥♦t ❡①❛❝t ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦ r❡❛s♦♥ ❢♦r ik+1 t♦ ❜❡ ✐♥❥❡❝t✐✈❡ ❛♥❞ ik t♦ ❜❡ s✉r❥❡❝t✐✈❡✳ ❚❤❡s❡
♣r♦♣❡rt✐❡s ♠✉st ❜❡ ❢♦r❝❡❞❀ ♦♥❡ ♦❜t❛✐♥s ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

0←− ✐♠ ik
ik←− Ck

ik+1
←− Ck+1/ ker ik+1 ←− 0

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

0←− ker ik−1
ik←− Ck

ik+1
←− ❝♦❦❡r ik+2 ←− 0

❚❤❡r❡❢♦r❡✱ ✐❢ ♦♥❡ ❦♥♦✇s t❤❡ ❢♦✉r ♠♦❞✉❧❡s s✉rr♦✉♥❞✐♥❣ ❛ ♠♦❞✉❧❡ ✭t❤❡ t✇♦ ❛t ❧❡❢t✱ Ck+1, Ck+2✱
❛♥❞ t❤❡ t✇♦ ❛t r✐❣❤t✱ Ck−1, Ck−2✮✱ t❤❡ ❦❡r♥❡❧ ♦❢ ik−1✱ ❛♥❞ t❤❡ ❝♦❦❡r♥❡❧ ♦❢ ik+2✱ t❤❡♥✱ t❤❡
♣r❡✈✐♦✉s ❡①❛❝t s❡q✉❡♥❝❡ ❝❛♥ ❜❡ ❜✉✐❧t✳ ❆❢t❡r✇❛r❞s✱ t♦ ❞❡❞✉❝❡ Ck✱ t❤❡r❡ ✐s st✐❧❧ ❛♥ ❡①t❡♥s✐♦♥
♣r♦❜❧❡♠ t❤❛t ♠✉st ❜❡ s♦❧✈❡❞✳

◆♦✇✱ t❤❡ ❣❡♥❡r❛❧ t❡❝❤♥✐q✉❡ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❤♦♠♦❧♦❣② ♦❢ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① B∗ ✉s✐♥❣ ❛
❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐s ❛s ❢♦❧❧♦✇s✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s A∗ ❛♥❞ C∗

✇✐t❤ ❦♥♦✇♥ ❤♦♠♦❧♦❣② ❛♥❞ ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✿

0←− A∗

j
←− B∗

i
←− C∗ ←− 0

❚❤❡♥✱ ❜② t❤❡ t❤❡♦r❡♠ ✸✳✶✳✶✱ ♦♥❡ ❦♥♦✇s t❤❛t ❛ ❝❛♥♦♥✐❝❛❧ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ❡①✐sts✿

. . .←− Hk−1(C∗)︸ ︷︷ ︸
known

∂
←− Hk(A∗)︸ ︷︷ ︸

known

j
←− Hk(B∗)︸ ︷︷ ︸

unknown

i
←− Hk(C∗)︸ ︷︷ ︸

known

∂
←− Hk+1(A∗)︸ ︷︷ ︸

known

←− . . .

❲❡ ❤❛✈❡ s✉♣♣♦s❡❞ t❤❛t Hk(C∗) ❛♥❞ Hk(A∗) ❛r❡ ❦♥♦✇♥ ❢♦r ❛❧❧ k✳ ❚❤❡♥ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡s
❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ❡①♣❧❛✐♥❡❞ ♣r❡✈✐♦✉s❧②✳ ■❢ ♦♥❡ ❤❛s ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❝❛♥ s♦❧✈❡ t❤❡
❡①t❡♥s✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡s❡ s❡q✉❡♥❝❡s✱ t❤❡♥ Hk(B∗) ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞✳

❘❡♠❛r❦ ✸✳✶✳✷✳ ❲❡ ❤❛✈❡ s✉♣♣♦s❡❞ t❤❛t B∗ ✐s t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✐♥✐t✐❛❧
s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0←− A∗

j
←− B∗

i
←− C∗ ←− 0

❍♦✇❡✈❡r✱ t❤❡ ♠❡t❤♦❞ ✇♦r❦s ✐♥ t❤❡ s❛♠❡ ✇❛② ✐❢ ♦♥❡ ✇❛♥ts t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ A∗

♦r C∗ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ♦t❤❡r t✇♦ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s ❛r❡ ❦♥♦✇♥✳

❘❘ ♥➦ ✼✹✼✶



✸✷ ▼❡r✐♥♦ ❡t ❛❧✳

❊①❛♠♣❧❡ ✻✳ ❉❡t❡r♠✐♥❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ s♣❤❡r❡ ✉s✐♥❣ ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡

▲❡t Sn ❜❡ t❤❡ n✲s♣❤❡r❡✱ n > 1 ✭Sn ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ t❤❡ n✲s✐♠♣❧❡① ∆n✮✳ ❚❤❡ ❣♦❛❧ ✐s t♦
❝♦♠♣✉t❡ ✐ts ❤♦♠♦❧♦❣②✳ ▲❡t Sn

+ t❤❡ s✉♣❡r✐♦r ❤❡♠✐s♣❤❡r❡ ♦❢ Sn ❛♥❞ Sn
− ✐ts ✐♥❢❡r✐♦r ❤❡♠✐s♣❤❡r❡✳

❖❜s❡r✈❡ t❤❛t Sn = Sn
+∪Sn

− ❛♥❞ Sn−1 = Sn
+∩Sn

−✳ ❚❤❡♥ ∀n > 0 Sn
+ ❛♥❞ Sn

− ❛r❡ ❤♦♠❡♦♠♦r♣❤✐❝
t♦ ❛ ❞✐s❝✱ t❤❡r❡❢♦r❡ t❤❡② ❛r❡ ❝♦♥tr❛❝t✐❧❡ ✭✐✳❡✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❤♦♠♦❧♦❣② ♦❢ ❛ ♣♦✐♥t✮❀ Hk(Sn

+) =
Hk(Sn

−) = 0 ∀k > 0 ❛♥❞ Hk(Sn
+) = Hk(Sn

−) = Z ❢♦r k = 0✱ ❛♥❞ H0(S
n) = Z ∀n > 0 ❜❡❝❛✉s❡

Sn ✐s ❝♦♥♥❡❝t❡❞ ❢♦r n > 0
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ▼❛②❡r✲❱✐❡t♦r✐s✿

0←− C(Sn)∗
j
←− C(Sn

+)∗ ⊕ C(Sn
−)∗

i
←− C(Sn−1)∗ ←− 0

❆♣♣❧②✐♥❣ t❤❡ t❤❡♦r❡♠ ✸✳✶✳✶✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡✿

. . . Hk−1(C(Sn
+)∗ ⊕ C(Sn

−)∗)︸ ︷︷ ︸
known

i
←− Hk−1(C(Sn−1)∗)︸ ︷︷ ︸

unknown

∂
←− Hk(C(Sn)∗)︸ ︷︷ ︸

unknown

j
←− Hk(C(Sn

+)∗ ⊕ C(Sn
−)∗)︸ ︷︷ ︸

known

i
←− . . .

■❢ t❤❡ ❦♥♦✇♥ ❤♦♠♦❧♦❣✐❡s ❛r❡ s✉❜st✐t✉t❡❞✿

0←− H0(S
n) = Z

j
←− H0(C(Sn

+)∗⊕C(Sn
−)∗) = Z

2 i
←− H0(C(Sn−1)) = Z

∂
←− H1(S

n)
j
←− 0

i
←− . . .

j
←− 0

i
←− Hk−1(C(Sn−1)∗)

∂
←− Hk(C(Sn)∗)

j
←− 0 . . .

0
i
←− Hn−1(C(Sn−1)∗)

∂
←− Hn(C(Sn)∗)

j
←− 0 . . .

❚❤❡r❡❢♦r❡ ∀ k > 1 t❤❡r❡ ✐s ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✿

0
i
←− Hk−1(C(Sn−1)∗)

∂
←− Hk(C(Sn)∗)

j
←− 0

t❤✐s ✐♠♣❧✐❡s t❤❛t Hk−1(C(Sn−1)∗) = Hk(C(Sn)∗)✳
❋✐♥❛❧❧②✱ ♦♥❡ ♦♥❧② ♥❡❡❞s t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡✿

0←− H0(S
n) = Z

j
←− H0(C(Sn

+)∗⊕C(Sn
−)∗) = Z

2 i
←− H0(C(Sn−1)) = Z

∂
←− H1(S

n)
j
←− 0

❙✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ♣r♦✈❡♥✿

✐♠ i = ker j = {(σ, σ̃), j((σ, σ̃) = σ − σ̃ = 0} = Z

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✿

✐♠ i = Z
i
←− H0(C(Sn−1)) = Z

∂
←− H1(S

n)
j
←− 0

■♥ t❤✐s ❝❛s❡ t❤❡ ❡①t❡♥s✐♦♥ ♣r♦❜❧❡♠ ✐s tr✐✈✐❛❧ ❛♥❞ H1(S
n) = 0✳ ❙✉♠♠❛r✐③✐♥❣✱ ❢♦r n > 1✱

Hk−1(C(Sn−1)∗) = Hk(C(Sn)∗) ❢♦r k > 1 ❛♥❞ H1(S
n) = 0✳

❋✐♥❛❧❧②✱ ❢♦r n = 1✿

0←− H0(S
1) = Z

j
←− H0(C(S1

+)∗ ⊕ C(S1
−)∗) = Z

2 i
←− H0(C(S0)) = Z

2 ∂
←− H1(S

1)
j
←− 0

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✸✸

❣✐✈❡s t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✿

ker j = Z
i
←− H0(C(S0)) = Z

2 ∂
←− H1(S

1)
j
←− 0

t❤❡r❡❢♦r❡ H1(S
1) = Z✳

Hn(C(Sn)∗) = Z

✸✳✶✳✹ ▲✐♠✐t❛t✐♦♥s✿ t❤❡ ❡①t❡♥s✐♦♥ ♣r♦❜❧❡♠

❚❤❡ t❡❝❤♥✐q✉❡ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❤♦♠♦❧♦❣② ❜❛s❡❞ ♦♥ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ t❤❡ t❤❡♦r❡♠
✸✳✶✳✶ ✐s ♥♦t ❛♥ ❛❧❣♦r✐t❤♠✳ ■t ✐s ♥♦t ❛ ❝♦♥str✉❝t✐✈❡ ♠❡t❤♦❞✳ ❉✉❡ t♦ t❤❡ ❡①t❡♥s✐♦♥
♣r♦❜❧❡♠✱ ❣❡♥❡r❛❧❧② t❤❡ ✉♥❦♥♦✇♥ ❤♦♠♦❧♦❣② ❣r♦✉♣ ❝❛♥♥♦t ❜❡ ♦❜t❛✐♥❡❞✳ ✳

▼♦r❡♦✈❡r✱ ❡✈❡♥ ✐❢ s♦♠❡t✐♠❡s t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞✱ ❣❡♥❡r❛❧❧② t❤❡ ❣❡♥✲
❡r❛t♦rs ❝❛♥♥♦t✳

❚❤✐s ♠❡t❤♦❞ ✐s ✈❡r② ✉s❡❢✉❧ ❢♦r ✜♥❞✐♥❣ ♦✉t t❤❡ ❤♦♠♦❧♦❣② ♦❢ ♣❛rt✐❝✉❧❛r s♣❛❝❡s✱ ❜✉t ❞♦❡s
♥♦t s♦❧✈❡ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❤♦♠♦❧♦❣② ❛♥❞ t❤❡ ❣❡♥❡r❛t♦rs ❢♦r ❛ ❣✐✈❡♥
s♣❛❝❡✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ t❤❡ ❡①t❡♥s✐♦♥ ♣r♦❜❧❡♠ ❝❛♥♥♦t ❜❡ s♦❧✈❡❞✱ ♦t❤❡r t❡❝❤♥✐q✉❡s ♠✉st ❜❡
s♦✉❣❤t✳

■♥ t❤❡ ♥❡①t ♣❛rt✱ t❤❡ t❤❡♦r② ♦❢ ❈♦♥str✉❝t✐✈❡ ❍♦♠♦❧♦❣② ✐s ✐♥tr♦❞✉❝❡❞✳ ❆ ❝♦♥str✉❝t✐✈❡
✈❡rs✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠ ♦❢ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✸✳✶✳✶ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✱ ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ ✐t
t♦ ✇r✐t❡ ❛ ❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❛❧❣♦r✐t❤♠✳

✸✳✷ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠

✸✳✷✳✶ Pr❡s❡♥t❛t✐♦♥

❚❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ♠❡t❤♦❞ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❤♦♠♦❧♦❣② ♦❢ ❛ ❝❤❛✐♥✲❝♦♠♣❧❡①✳
❲✐t❤ t❤✐s ♠❡t❤♦❞✱ t❤❡ ❤♦♠♦❧♦❣② ♦❢ ❛♥② ✜♥✐t❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
✭❛t ❧❡❛st t❤❡♦r❡t✐❝❛❧❧②✮✳

❚❤✐s ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s t❤❡ ❇❡tt✐ ♥✉♠❜❡rs✱ t❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ t❤❡ ❤♦♠♦❧♦❣②
❣❡♥❡r❛t♦rs✳ ❋♦r ❡❛❝❤ k✱ ✐t ✐s ♦❜t❛✐♥❡❞✿

Hk(X) = Z[γ1]⊕ ...⊕ Z[γr]⊕ Z/λ1Z[β1]⊕ ...⊕ Z/λsZ[βs]

✇❤❡r❡ r ✐s t❤❡ ❇❡tt✐ ♥✉♠❜❡r ❛♥❞ λ1, ..., λs ❛r❡ t❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts✳ γ1, ..., γr ❛r❡ r❡♣r❡✲
s❡♥t❛t✐✈❡s ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❢r❡❡ ♣❛rt ♦❢ Hk ✭t❤❡ ♣❛rt ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ Z✮ ❛♥❞ β1, ..., βs

❛r❡ r❡♣r❡s❡♥t❛t✐✈❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ t♦rs✐♦♥ ♣❛rt ♦❢ Hk ✭t❤❡ ♣❛rt ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ Z/λjZ

❢♦r s♦♠❡ λj > 1✮✳
■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ♠❡t❤♦❞ ✐s ♣r❡s❡♥t❡❞ ❛❧❣❡❜r❛✐❝❛❧❧②✳ ❋♦r ❛ s♣❡❝✐✜❝ ❡①♣❧✐❝❛t✐♦♥ ♦♥

t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❢✉rt❤❡r ❞❡t❛✐❧s✱ s❡❡ ❛♥♥❡① ❇ ❛t ♣❛❣❡ ✶✵✶✳

❘❘ ♥➦ ✼✹✼✶



✸✹ ▼❡r✐♥♦ ❡t ❛❧✳

❚❤❡ ❣♦❛❧ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s t♦ ❝♦♠♣✉t❡ ❞✐r❡❝t❧② t❤❡ q✉♦t✐❡♥t ❜❡t✇❡❡♥ t❤❡ s✉❜♠♦❞✉❧❡s
ker dk ❛♥❞ ✐♠ dk+1 t❤❛t ❞❡✜♥❡s t❤❡ ❤♦♠♦❧♦❣②✿

Hk(X) = ker dk/✐♠ dk+1

❚♦ ❝♦♠♣✉t❡ t❤❡ q✉♦t✐❡♥t Hk✱ ♦♥❡ ♠✉st ❜❡ ❝❛♣❛❜❧❡ ♦❢✿

✶✳ ❞❡t❡r♠✐♥❡✿

❼ t❤❡ ker dk ❢♦r ❡❛❝❤ k✱

❼ t❤❡ ✐♠ dk+1 ❢♦r ❡❛❝❤ k✱

✷✳ ♣❡r❢♦r♠ t❤❡ q✉♦t✐❡♥t ❜❡t✇❡❡♥ t❤❡♠ ❜♦t❤✳

❚❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❞❡t❡r♠✐♥❡s ❡①♣❧✐❝✐t❧② t❤❡ s✉❜♠♦❞✉❧❡s ✐♠ dk+1 ❛♥❞ ker dk

♦❢ ❡❛❝❤ k✳ ▼♦r❡♦✈❡r✱ ✐♠ dk+1 ❛♥❞ ker dk ❛r❡ ❡①♣r❡ss❡❞ ✐♥ ❛ ❜❛s❡ t❤❛t ❛❧❧♦✇s ✉s t♦ ♣❡r❢♦r♠
t❤❡ q✉♦t✐❡♥t✳

✸✳✷✳✷ ●❡♥❡r❛❧ ❞❡s❝r✐♣t✐♦♥

■♥ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠✱ t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r dk ✐s ❡①♣r❡ss❡❞ ❛s ❛ ♠❛tr✐① Dk ✐♥
❛ ❝❛♥♦♥✐❝❛❧ ❜❛s❡ ♦❢ t❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ k✳ ❚❤❡♥✱ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s❡
✐s ❛♣♣❧✐❡❞ t♦ ♦❜t❛✐♥ ❛ ♠❛tr✐① Nk ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝t✉r❡✿

Nk =




0 λ 0
0 0 Id

0 0 0




✇❤❡r❡

λ =




λr 0 0 0
0 λr−1 0 0

0 0
✳ ✳ ✳ 0

0 0 0 λ1




✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ λr, ..., λ1 ✐♥ t❤❡ ❞✐❛❣♦♥❛❧ ✭λi ∈ Z ❛♥❞ λi > 1 ❛♥❞ λi ❞✐✈✐❞❡s λi+1)✳
Nk ✐s s❛✐❞ t♦ ❜❡ ✐♥ ❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠ ✭❙❡❡ ❬▼✉♥✾✾✱ ❆❣♦✼✻✱ P❡❧✵✻❪✮

❲✐t❤ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✱ t❤❡ s❛♠❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ✐s ♦❜t❛✐♥❡❞ ❜✉t ❡①♣r❡ss❡❞ ✐♥ ❛ ❞✐✛❡r✲

❡♥t ❜❛s❡ ❛t ❡❛❝❤ ❞✐♠❡♥s✐♦♥❀ ✇❡ ❝❛❧❧ t❤✐s ♥❡✇ ❜❛s❡ ❙♠✐t❤ ❜❛s❡ ✳ ❚❤❡ r♦✇s ♦❢ t❤❡ ♠❛tr✐①

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✸✺

Nk+1 ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s❛♠❡ ❜❛s❡ t❤❛♥ t❤❡ ❝♦❧✉♠♥s ♦❢ Nk✱ ❢♦r ❡❛❝❤ k✳ ❲❡

❞❡♥♦t❡ t❤❡ ♠❛tr✐① ♦❢ ❝❤❛♥❣❡ ♦❢ ❜❛s❡ ❛s Pk : Ck → Ck✿

Dk = (Pk−1)Nk(Pk)
−1

❘❡♠❛r❦ ✸✳✷✳✶✳ ❚❤❡ ♠❡t❤♦❞ ✭♦♥❡ ♦❢ t❤❡♠✮ t♦ ♦❜t❛✐♥ t❤❡ ❝❤❛♥❣❡ ♦❢ ❜❛s❡ ♠❛tr✐❝❡s Pk ✐s
❡①♣❧❛✐♥❡❞ ✐♥ ❛♥♥❡① ❇✳

❲❡ ❤❛✈❡ t❤❡ ❞✐❛❣r❛♠✿

. . . Xk−1=[σk−1]oo Xk=[σk]
Dk

oo Xk+1=[σk+1]
Dk+1

oo . . .oo

. . . Xk−1
oo

Pk−1

OO

Xk

Pk

OO

Nk

oo Xk+1Nk+1

oo

Pk+1

OO

. . .oo

✇❤❡r❡ σk = [σk
1 , . . . , σk

l(k)] ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s❡ ♦❢ X ❛t ❞✐♠❡♥s✐♦♥ k✳ ❚❤❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ❛t
t❤❡ ❜♦tt♦♥ ✐s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❙♠✐t❤ ❜❛s❡✳

❍♦✇ t♦ ✜♥❞ ♦✉t t❤❡ ❤♦♠♦❧♦❣②

❯s✐♥❣ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✐♥ ❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠✱ Nk✱ Nk+1✱ ♦♥❡ ❝❛♥ ❞❡t❡r✲
♠✐♥❡ t❤❡ ❇❡tt✐ ♥✉♠❜❡rs ❛♥❞ t❤❡ ❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs✿

❼ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ker Nk ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r p ♦❢ ③❡r♦✲❝♦❧✉♠♥s ♦❢ Nk✳ ❙✉♣♣♦s❡ t❤❛t
t❤❡s❡ ❝♦❧✉♠♥s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❜❛s❡ {γk

1 , . . . , γk
p}

❼ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ✐♠ Nk+1 ✐s ❡q✉❛❧ t♦ ♥✉♠❜❡r q ♦❢ ♥♦♥✲③❡r♦✲r♦✇s ♦❢ Nk+1✳ ❙✉♣♣♦s❡
t❤❛t t❤❡ r♦✇s ✇✐t❤ t❤❡ λ > 1 ❝♦❡✣❝✐❡♥ts ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❜❛s❡ {γk

1 , . . . , γk
q } ❛♥❞

t❤❡ r♦✇s ✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥t ✶ ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❜❛s❡ {γk
q+1, . . . , γ

k
t }

❚❤❡r❡❢♦r❡✱ t❤❡ ❇❡tt✐ ♥✉♠❜❡r ♦❢ Hk ✐s t❤❡ ❞✐✛❡r❡♥❝❡ p− (t− q) ❛♥❞

ker Nk = [γk
1 , . . . , γk

p ]

✐♠ Nk+1 = [λqγ
k
1 , . . . , λ1γ

k
q , γk

q+1, . . . , γ
k
t ]

❖❜s❡r✈❡ t❤❛t ker dk = kerNk ❛♥❞ ✐♠ Nk+1 = ✐♠ dk+1 ❛r❡ ❡①♣r❡ss❡❞ ❡①♣❧✐❝✐t❧② ❛♥❞ ✐♥ t❤❡
s❛♠❡ ❜❛s❡ ✭✐♠ dk+1 ⊂ ker dk✮✳ ❚❤❡r❡❢♦r❡✱ t♦ ♣❡r❢♦r♠ t❤❡ q✉♦t✐❡♥t ✐s tr✐✈✐❛❧✿

Hk = ker Nk/✐♠ Nk+1 = Z/λqZ[γk
1 ]⊕ . . .⊕ Z/λ1Z[γk

q ]⊕ Z[γk
(t−q+1)]⊕ . . . Z[γk

p ]

❘❘ ♥➦ ✼✹✼✶



✸✻ ▼❡r✐♥♦ ❡t ❛❧✳

✸✳✷✳✸ ▲✐♠✐t❛t✐♦♥s

❚❤❡♦r❡t✐❝❛❧❧② t❤❡ ❙♠✐t❤ ❛❧❣♦r✐t❤♠ s♦❧✈❡s ❝♦♠♣❧❡t❡❧② ♦✉r ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❤♦♠♦❧✲
♦❣② ♦❢ ❛ ✜♥✐t❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ♠❛❦❡s ✐t
✐♠♣♦ss✐❜❧❡ t♦ ✉s❡ ✐t ✐♥ ♣r❛❝t✐❝❡✳ ❋✐rst❧②✱ t❤❡ ♣r♦❝❡ss ♦❢ tr❛♥s❢♦r♠✐♥❣ ❛ ♠❛tr✐① ✐♥t♦ ✐ts ❙♠✐t❤
◆♦r♠❛❧ ❋♦r♠ r❡q✉✐r❡s ❛ ❧♦t ♦❢ ♦♣❡r❛t✐♦♥s✳ ❙❡❝♦♥❞❧②✱ ✇❤❡♥ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤ s✐♠♣❧✐❝✐❛❧
❝♦♠♣❧❡①❡s ✇✐t❤ t❤♦✉s❛♥❞s ♦❢ ✈❡rt✐❝❡s✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♠❛tr✐❝❡s ♦✈❡r✢♦✇s t❤❡ ♠❡♠♦r②✳

❈♦♥s❡q✉❡♥t❧②✱ t❤✐s ♠❡t❤♦❞ ❝❛♥ ♦♥❧② ❜❡ ✉s❡❞ ✐♥ ❵s♠❛❧❧✬ ❝❛s❡s✳ ❚❤❛t ✐s ✇❤② ✐s ✐♠♣♦rt❛♥t t♦
❤❛✈❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s t❤❡ ✉♥✐♦♥ ♦❢ s✐♠♣❧✐❝❡s ✇✐t❤♦✉t r❡♣❡❛t✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳

❋♦r ❛ s✉r✈❡② ♦❢ t❤❡ ❡①✐st✐♥❣ ♦♣t✐♠✐③❛t✐♦♥s r❡❢❡r t♦ ❙❡❝t✐♦♥ ✵✳✸✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✸✼

❈♦♥❝❧✉s✐♦♥ ♦❢ ♣❛rt ■

■❢ ✇❡ r❡t❛❦❡ t❤❡ s❝❤❡♠❛ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ✜❣✉r❡ ✹✱ ✇❡ ❤❛✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ r❡❧❛t✐♦♥s ♦❢ ❛❧❧
t❤❡ ❝♦♥❝❡♣ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛rt✳

❚❤❡ ❝♦♥❝❡♣t ♦❢ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❤❛s ❜❡❡♥ ❞❡✜♥❡❞✳ ❙✐♠♣❧✐❝✐❛❧ ❤♦♠♦❧♦❣②✱ ✇❤✐❝❤ ✐s t❤❡
♣r♦♣❡rt② ♦❢ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s t❤❛t ✇❡ ✇❛♥t t♦ ✜♥❞ ♦✉t✱ ❤❛s ❜❡❡♥ ❡①♣❧❛✐♥❡❞✳ ❚❤❡ ❝❧❛ss✐❝❛❧
♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ❤❛s ❜❡❡♥ ❞❡s❝r✐❜❡❞✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢
t❤❡s❡ ♠❡t❤♦❞s✳

■♥ t❤❡ ♥❡①t ♣❛rt✱ ❛ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐s ♣r❡s❡♥t❡❞ ✇❤✐❝❤
✇✐❧❧ s♦❧✈❡ t❤❡ ❡①t❡♥s✐♦♥ ♣r♦❜❧❡♠✱ ❛♥❞ ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✐s
♣r♦♣♦s❡❞✱ ✇❤✐❝❤ ✇✐❧❧ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ✐♥ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠✳

❆s ❛ ✜♥❛❧ r❡♠❛r❦✱ t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ❝❛❧❧❡❞
s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳ ■t ✇❛s ✐♥✈❡♥t❡❞ ❛❢t❡r t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♠❡t❤♦❞✱ ❜✉t ❛s ✐t
♣r❡❞❡❝❡ss♦r✱ ✐t ✐s ♥♦t ❛ ❝♦♥str✉❝t✐✈❡ ♠❡t❤♦❞✳ ❲❡ ❞♦ ♥♦t ❡①♣❧❛✐♥ ❤❡r❡ t❤❡ ♥♦t✐♦♥ ♦❢ s♣❡❝tr❛❧
s❡q✉❡♥❝❡ ❜❡❝❛✉s❡ ✐t ✐s ♥♦t ✉s❡❞ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ ✐ts t❤❡♦r❡t✐❝❛❧ ❜❛s✐s ❛r❡ ♥♦t ✐♥✈♦❧✈❡❞
✐♥ ♦✉r ♠❡t❤♦❞s✳ ❋♦r ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ s♣❡❝tr❛❧ s❡q✉❡♥❝❡s s❡❡ ❬❙❘✵✻✱ ❙❡❝t✐♦♥ ✸✳✷❪✳

❘❘ ♥➦ ✼✹✼✶
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❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✸✾

P❛rt ■■

❈♦♥str✉❝t✐✈❡ ❍♦♠♦❧♦❣②

❘❘ ♥➦ ✼✹✼✶





❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✹✶

■♥ t❤✐s ♣❛rt✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦♥❝❡♣ts ♦❢ ❈♦♥str✉❝t✐✈❡ ❍♦♠♦❧♦❣② ✉s❡❞ ✐♥ t❤❡❈♦♥str✉❝t✐✈❡
▼❛②❡r✲❱✐❡t♦r✐s ❛❧❣♦r✐t❤♠✱ ♥❛♠❡❧②✿ t❤❡ r❡❞✉❝t✐♦♥✱ t❤❡ ❝♦♥❡ ♦❢ ❛ ♠♦r♣❤✐s♠✱ ❛♥❞ t❤❡
❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ▼❛②❡r✲❱✐❡t♦r✐s✳

■♥ t❤❡ ♣r❡✈✐♦✉s ♣❛rt✱ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣②
♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❤❛✈❡ ❜❡❡♥ ❡①♣❧❛✐♥❡❞✳ ❖♥ ♦♥❡ ❤❛♥❞✱ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐s
♥♦t ❝♦♥str✉❝t✐✈❡ ❛♥❞✱ ❞✉❡ t♦ t❤❡ ❡①t❡♥s✐♦♥ ♣r♦❜❧❡♠✱ t❤❡ ♠❡t❤♦❞ ✐s✱ ✐♥ ❣❡♥❡r❛❧✱ ✐♥❡✛❡❝t✐✈❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ ❛♥②
✜♥✐t❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❜✉t ✐ts ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♠❛❦❡s ✐t ❛♣♣❧✐❝❛❜❧❡ ♦♥❧② t♦ s♠❛❧❧
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✳

■♥ t❤✐s ♣❛rt✱ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞s ♦❢ ❈♦♥str✉❝t✐✈❡ ❍♦♠♦❧♦❣②✿

❼ ❛ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐s ♣r❡s❡♥t❡❞✱ ✇❤✐❝❤ ✇✐❧❧ s♦❧✈❡ t❤❡ ❡①✲
t❡♥s✐♦♥ ♣r♦❜❧❡♠✱ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ❛ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ▼❛②❡r✲❱✐❡t♦r✐s
❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐s ♣r♦♣♦s❡❞ ✭❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ❛♥❞ ▲❡♠♠❛
✽✷✮✳

❼ ❛ ♠❡t❤♦❞ t♦ r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✐s ❡①♣❧❛✐♥❡❞ ✭❍♦♠♦❧♦❣✐❝❛❧
❙♠✐t❤ ❘❡❞✉❝t✐♦♥✮ t♦ ♠❛❦❡ ❛♣♣❧✐❝❛❜❧❡ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠✳

❚❤❡ s❝❤❡♠❡ ✐♥ t❤❡ ✜❣✉r❡ ✸✳✶ ♣r❡s❡♥ts t❤❡ ♠❛✐♥ ❝♦♥❝❡♣ts ♦❢ t❤✐s ♣❛rt✳

CONSTRUCTIVE 
HOMOLOGY

Study of the problem
of constructivism in

homology

Reduction BPL theorem Cone construction

Trivial
reduction

Homological
Smith

Reduction

Reduction on 
short exact
sequences
(lemma 82)

Cone 
of a reduction

origin

 
main tools

Cone reduction theorem

used in 

Effective short exact sequence

❋✐❣✉r❡ ✸✳✶✿ ❉✐❛❣r❛♠ ♦❢ ❝♦♥❝❡♣ts ♦❢ ❈♦♥str✉❝t✐✈❡ ❍♦♠♦❧♦❣②✳ ❚❤❡ ❇P▲ t❤❡♦r❡♠ ✭❇❛s✐❝ P❡r✲
t✉r❜❛t✐♦♥ ▲❡♠♠❛✮ ✐s t❤❡ ❦❡② r❡s✉❧t t♦ ♣r♦✈❡ t❤❡ ❈♦♥❡ ❘❡❞✉❝t✐♦♥ ❚❤❡♦r❡♠ ❛♥❞ ▲❡♠♠❛ ✽✷✳

❘❘ ♥➦ ✼✹✼✶
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❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✹✸

❈❤❛♣t❡r ✹

❚❤❡ ❝♦♥str✉❝t✐✈❡♥❡ss ♣r♦❜❧❡♠

❈♦♥str✉❝t✐✈❡ ❍♦♠♦❧♦❣② ✐s ❜♦r♥ ❢r♦♠ t❤❡ st✉❞② ♦❢ t❤❡ ❝♦♥str✉❝t✐✈❡♥❡ss ♣r♦❜❧❡♠ ♦❢ ❤♦♠♦❧♦❣②✳
❚❤❡ ❧❛❝❦ ♦❢ ❝♦♥str✉❝t✐✈❡♥❡ss ✐♥ ❤♦♠♦❧♦❣② ❤❛s ✐ts r♦♦ts ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥s t❤❛t ✉s❡ ❡①✐st❡♥t✐❛❧
q✉❛♥t✐✜❡rs ✭∃✮ ❬❙❘✵✻❪✱ ❧✐❦❡ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❜♦✉♥❞❛r②✿

c ∈ Ck ✐s ❛ ❜♦✉♥❞❛r② ✐❢ ∃c′ ∈ Ck+1 s♦ t❤❛t dk+1(c
′) = c

❚❤✐s ❞❡✜♥✐t✐♦♥ r❡q✉✐r❡s t♦ ♣r♦♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ❝❤❛✐♥ c′ t♦ st❛t❡ t❤❛t c ✐s ❛
❜♦✉♥❞❛r②✳ ❍♦✇❡✈❡r✱ t❤✐s ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t r❡q✉✐r❡ t♦ ✜♥❞ ❛ ♣❛rt✐❝✉❧❛r ❝❤❛✐♥ c′✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ♠❡t❤♦❞s ✐♥ ❝❧❛ss✐❝❛❧ ❤♦♠♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛✱ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝❤❛✐♥ c′ ✇✐t❤♦✉t
❣✐✈✐♥❣ ❛♥ ❡✛❡❝t✐✈❡ ♠❡t❤♦❞ t♦ ✜♥❞ ✐t✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❡ ♥♦♥✲❝♦♥str✉❝t✐✈❡♥❡ss ♦❢ t❤❡
♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣②✱ ❧✐❦❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡✳

■♥ ❬❙❘✵✻✱ s❡❝t✐♦♥ ✹✳✶❪ t❤❡r❡ ✐s ❛ ❜❡❛✉t✐❢✉❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❝♦♥str✉❝t✐✈❡ ♠❛t❤❡♠❛t✐❝s✳ ❇②
❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✱ ✐t ✐s ❡①♣❧❛✐♥❡❞ ❤♦✇ ❝❧❛ss✐❝❛❧ ❤♦♠♦❧♦❣② ✐s ❜❛s❡❞ ✐♥ t❤❡ ❧♦❣✐❝ ❛①✐♦♠s ♦❢
❩❡r♠❡❧♦✲❋r❛❡♥❦❡❧ ❛♥❞ ✇❤② ♥♦♥✲❝♦♥str✉❝t✐✈❡ t❤❡♦r✐❡s ❛r❡ ❜♦r♥ ❢r♦♠ t❤❡♠✳

❈♦♥str✉❝t✐✈❡ ❍♦♠♦❧♦❣② st✉❞✐❡s ✇❤② ❝❧❛ss✐❝❛❧ ❤♦♠♦❧♦❣② ✐s ♥♦t ❝♦♥str✉❝t✐✈❡ ❛♥❞ ♣r♦✈✐❞❡s
t❤❡ ❡❧❡♠❡♥ts t♦ ♠❛❦❡ ✐t ❝♦♥str✉❝t✐✈❡✳ ❚❤❡ ❝♦♥str✉❝t✐✈❡♥❡ss r❡q✉✐r❡♠❡♥ts ❛r❡ ❣❛t❤❡r❡❞ ✐♥ t❤❡
s♦❧✉t✐♦♥ ❙ ♦❢ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ♣r♦❜❧❡♠ ❢♦r ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ✭s❡❡ ❬❙❘✵✻❪✮❀ ❢r♦♠ ✐t✱
t❤❡ ❝♦♥❝❡♣t ♦❢ r❡❞✉❝t✐♦♥✱ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ✐s ❞❡r✐✈❡❞✳

❚❤❡ r❡❞✉❝t✐♦♥ ❝♦♥❝❡♣t ❣♦❡s ❜❡②♦♥❞ t♦ ✇❤❛t ✐t ✐s ❡①♣❧❛✐♥❡❞ ✐♥ t❤✐s ❞♦❝✉♠❡♥t✳ ■♥ ❢❛❝t✱
✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ r❡❞✉❝t✐♦♥✱ ❙❡r❣❡r❛❡rt ❡t✳ ❛❧✳ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣②
♦❢ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s ✇✐t❤ ♠♦❞✉❧❡s ♦❢ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥✳

■♥ t❤✐s ♣r♦❥❡❝t✱ ❛ ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❝♦♥str✉❝t✐✈❡ ❤♦♠♦❧♦❣② ✐s ♣r❡s❡♥t❡❞✳ ❍♦✇❡✈❡r✱
t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤✐s t❤❡♦r② ❣♦❡s ❢❛r ❜❡②♦♥❞✳

▲❡t ✉s ✜♥✐s❤ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝✐t❛t✐♦♥✱ ❢r♦♠ ❙❡r❣❡r❛❡rt✬s ✜rst ♣❛♣❡r ❬❙❡r✾✹❪ ♦♥ t❤❡
❝♦♠♣✉t❛❜✐❧✐t② ♣r♦❜❧❡♠ ♦❢ ❤♦♠♦❧♦❣②✿

✏❍✐❧❜❡rt✬s ❞r❡❛♠ ❛❝t✉❛❧❧② ✇❛s ❛ ❞r❡❛♠✳ ❇✉t ❛ ♥❡✇ s✉❜❥❡❝t ❢♦r r❡s❡❛r❝❤ ✇❛s t❤✉s ♦♣❡♥❡❞✿
st✉❞②✐♥❣ ✇❤❛t ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r✐❡s ❛r❡ ✐♥ ❢❛❝t ♦♣❡♥❡❞ t♦ ❛❧❣♦r✐t❤♠✐❝ ♣r♦❝❡ss❡s✳❬✳✳✳❪ ❚❤✐s
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♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ s✉❝❤ ❛ r❡s✉❧t✳ ❍❡r❡ ✐t ✐s ♣r♦✈❡❞ t❤❛t ❛❧♠♦st ❡✈❡r② r❡❛s♦♥❛❜❧❡ ❝♦♠♣✉t❛❜✐❧✐t②
♣r♦❜❧❡♠ ✐♥ ❤♦♠♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛ ❛♥❞ ❛❧❣❡❜r❛✐❝ t♦♣♦❧♦❣② ❤❛s ❛ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥✳✑

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✹✺

❈❤❛♣t❡r ✺

❘❡❞✉❝t✐♦♥

✺✳✶ ■♥t✉✐t✐✈❡ ✐♥tr♦❞✉❝t✐♦♥

❚❤❡ r❡❞✉❝t✐♦♥ ❝♦♥❝❡♣t ✐s ✐♥tr♦❞✉❝❡❞ ✐♥t✉✐t✐✈❡❧② ❛s ❛ s✐♠♣❧✐✜❝❛t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❙✐♠♣❧✐✜❝❛t✐♦♥

s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X̃✱ ❛ s✐♠♣❧✐✜❝❛t✐♦♥ ♠❡❛♥s t♦ ♦❜t❛✐♥❡❞ ❛ r❡❞✉❝❡❞ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ❜②
❡❧✐♠✐♥❛t✐♦♥ ♦❢ ❝❡❧❧s t❤❛t ♣r❡s❡r✈❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ X̃❀ ✐✳❡✱ X ❛♥❞ X̃ ❤❛✈❡ ❡q✉✐✈❛❧❡♥t ❤♦♠♦❧♦❣②✳
❈❧❛ss✐❝❛❧❧②✱ t❤❡ ❜❛s✐❝ ♦♣❡r❛t✐♦♥ t♦ ❵s✐♠♣❧✐❢②✬ ❛ s♣❛❝❡ ✐s t♦ ♣❡r❢♦r♠ ❝♦♥s❡❝✉t✐✈❡ r❡tr❛❝t✐♦♥s
✭s❡❡ ✜❣✉r❡ ✺✳✶✮✳

❋✐❣✉r❡ ✺✳✶✿ ❘❡tr❛❝t✐♦♥ ♦❢ t❤❡ ❝②❧✐♥❞❡r ♦♥t♦ ❛ ❝✐r❝❧❡

❍♦✇❡✈❡r✱ ❛ r❡❞✉❝t✐♦♥ ♦♣❡r❛t❡s ❞✐r❡❝t❧② ♦♥ t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① ❛♥❞ ♥♦t ♦♥ t❤❡ s✐♠♣❧✐❝✐❛❧
❝♦♠♣❧❡①❀ ✐✳❡✱ ❛ r❡❞✉❝t✐♦♥ ♦❢ ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① C̃∗ ✐s ❛♥♦t❤❡r ❝❤❛✐♥✲❝♦♠♣❧❡① C∗ ✇✐t❤ ❡q✉✐✈❛❧❡♥t
❤♦♠♦❧♦❣② ✭❛♥❞ ✇✐t❤ ♠♦❞✉❧❡s ♦❢ ✐♥❢❡r✐♦r ❞✐♠❡♥s✐♦♥ t❤❛t C̃∗✮✳ ❍♦✇ s✉❝❤ ❛ r❡❞✉❝t✐♦♥ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞❄

❖♥ ♦♥❡ ❤❛♥❞✱ ❛ ♠❡t❤♦❞ ♦❢ s✐♠♣❧✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥❝❡✐✈❡❞ ❜② ❛♥s✇❡r✐♥❣ t❤❡ ♥❡①t q✉❡st✐♦♥✿ ❋✐rst ✈✐❡✇♣♦✐♥t

❲❤❛t ✐s ✐t ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❤♦♠♦❧♦❣② Hk ❛t ❛ ❣✐✈❡♥ ❞✐♠❡♥s✐♦♥ k❄
❆ ❣r♦✉♣ ♦❢ ❣❡♥❡r❛t♦rs ❛♥❞ t❤❡✐r ❝♦❡✣❝✐❡♥t s♣❛❝❡s✳
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❈♦♥❝r❡t❡❧②✱ ♦♥❡ ♥❡❡❞s t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❢r❡❡ ♣❛rt ♦❢ Hk ✭t❤❛t ❤❛✈❡ ❝♦❡✣❝✐❡♥ts ✐♥
Z✮ ❛♥❞ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ t♦rs✐♦♥ ❣r♦✉♣ ♦❢ Hk ✭t❤❛t ❤❛✈❡ ❝♦❡✣❝✐❡♥ts ✐♥ Z/λZ ❢♦r s♦♠❡
t♦rs✐♦♥ ❝♦❡✣❝✐❡♥t λ > 1✮ ❛❧♦♥❣ ✇✐t❤ t❤❡✐r t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts✳
❉❡✜♥✐t✐♦♥ ✷✶✳ ❍♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s✱ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s ✭♥♦t❛t✐♦♥✮✳
❲❡ ✇✐❧❧ ❝❛❧❧ ❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❢r❡❡ ♣❛rt ♦❢ Hk ❛♥❞ ✇❡❛❦ ❜♦✉♥❞✲
❛r✐❡s t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ t♦rs✐♦♥ ♣❛rt ♦❢ Hk✳

■❢ t❤❡ ♠♦❞✉❧❡s ♦❢ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① C̃∗ ❛r❡ ❡①♣r❡ss❡❞ ✐♥ ❜❛s❡s ✇❤❡r❡ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s
❛♥❞ t❤❡ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s ❛r❡ ❡①♣❧✐❝✐t ❛♥❞ ❝❧♦s❡❞ ❜② t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ✭✐✳❡✱ t❤❡✐r ✐♠❛❣❡ ❜②
t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ❛r❡ ❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s ❛♥❞ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s ♦❢ ✐♥❢❡r✐♦r ❞✐♠❡♥s✐♦♥✮✱
t❤❡♥ ❛ ♥❡✇ ❝❤❛✐♥✲❝♦♠♣❧❡① C∗ ❝❛♥ ❜❡ ❜✉✐❧t ❢♦r♠❡❞ ❜② t❤❡ s✉❜❜❛s❡s γ ❝♦♥st✐t✉t❡❞ ❜② t❤❡
❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s ❛♥❞ t❤❡ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s✳ ❚❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ♦❢ C∗ ✇♦✉❧❞ ❜❡ t❤❡
❜♦✉♥❞❛r② ♦♣❡r❛t♦r ♦❢ C̃∗ r❡str✐❝t❡❞ t♦ t❤❡ s✉❜❜❛s❡s γ✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥♦t❤❡r ♠❡t❤♦❞ ♦❢ s✐♠♣❧✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥❝❡✐✈❡❞ ❜② ❛♥s✇❡r✐♥❣ t❤❡❙❡❝♦♥❞ ✈✐❡✇♣♦✐♥t

♥❡①t q✉❡st✐♦♥✿
❍♦✇ ❤♦♠♦❧♦❣② Hk ✐s ❞❡✜♥❡❞ ❢♦r ❛ ❣✐✈❡♥ ❞✐♠❡♥s✐♦♥ k❄

Hk = ker dk/✐♠ dk+1

✇❤❡r❡ d∗ ✐s t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r✳
❉❡✜♥✐t✐♦♥ ✷✷✳ ❇♦✉♥❞❛r②✱ ♣✉r❡✲❜♦✉♥❞❛r②✳
❲❡ ❞❡✜♥❡❞ ✐♥ ♣❛rt ■ ♦❢ t❤✐s ❞♦❝✉♠❡♥t ❛ ❜♦✉♥❞❛r② ❛s ❛ ❝❤❛✐♥ σ t❤❛t σ ∈ Bk+1 := ✐♠ dk+1✳
❍❡r❡ ✇❡ ❛❜✉s❡ ♥♦t❛t✐♦♥ ❛♥❞ ❝❛❧❧ ❛ ❜♦✉♥❞❛r② ❛♥ ❡❧❡♠❡♥t ♦❢ Bk+1 t❤❛t ✐s ♥♦t ❛ ✇❡❛❦✲
❜♦✉♥❞❛r②❀ ✐✳❡✱ ❛ ❜♦✉♥❞❛r② ✐s ❛ ❝❤❛✐♥ σ ∈ Bk+1 := ✐♠ dk+1 s♦ t❤❛t ♥♦t ❡①✐st ❛ ❝❤❛✐♥
σ̃ ❛♥❞ ❛λ ∈ Z, λ > 1, σ = λσ̃✳ ■♥ t❤❡ ❝❛s❡s✱ ✇❤❡r❡ ✐t ❝❛♥ ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡ ❝❧❛ss✐✲
❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❜♦✉♥❞❛r② ✐t ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ♣✉r❡✲❜♦✉♥❞❛r②✳

❲❤❡♥ t❤❡ q✉♦t✐❡♥t Hk = ker dk/✐♠ dk+1 ✐s ♣❡r❢♦r♠❡❞✱ t❤❡ ❝②❝❧❡s t❤❛t ❛r❡ ❜♦✉♥❞❛r✐❡s ❛r❡
❵❝❛♥❝❡❧❡❞✬✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ❝♦♥s✐sts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❣✐✈❡♥ ❛❧❧ t❤❡ ❝②❝❧❡s✱ ✐❣♥♦r❡
t❤♦s❡ t❤❛t ❛r❡ ❜♦✉♥❞❛r✐❡s ❛♥❞ t❤❡♥ ♣❡r❢♦r♠ t❤❡ q✉♦t✐❡♥t ♦❢ ♠♦❞✉❧❡s t♦ ♦❜t❛✐♥ Hk✳ ❲✐t❤
t❤❡ ♣r❡✈✐♦✉s s✐♠♣❧✐✜❝❛t✐♦♥✱ t❤❡ q✉♦t✐❡♥t ✇✐❧❧ ♦♥❧② ❜❡ ♣❡r❢♦r♠❡❞ ♦✈❡r t❤❡ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s
❜❡❝❛✉s❡ t❤❡ ❜♦✉♥❞❛r✐❡s ✇♦✉❧❞ ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ❡❧✐♠✐♥❛t❡❞✳

❙✉♠♠✐♥❣ ✉♣✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ✐❞❡❛ ✐s t♦ s✐♠♣❧✐❢② ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① C̃∗ ❜② ❵❡❧✐♠✐♥❛t✐♥❣✬ ✐ts
❜♦✉♥❞❛r✐❡s✳

❚❤❡s❡ ❛r❡ ✐♥t✉✐t✐✈❡ ❛♣♣r♦❛❝❤❡s ♦❢ ✇❤❛t ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs❀ ❛ s♣❡❝✐❛❧ ❦✐♥❞
♦❢ r❡❞✉❝t✐♦♥ ✭s✐♠♣❧✐✜❝❛t✐♦♥✮ ✉s✐♥❣ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✱ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✳

❋✐rst✱ ❧❡t ✉s ❢♦r♠❛❧✐s❡ t❤❡ ❝♦♥❝❡♣t ♦❢ r❡❞✉❝t✐♦♥ ❛s ❞❡✜♥❡❞ ❜② ❙❡r❣❡r❛❡rt ❡t✳ ❛❧✳ ✐♥ ❬❙❘✵✻❪✳

✺✳✷ ❋♦r♠❛❧ ❞❡✜♥✐t✐♦♥

❚❤❡ r❡❞✉❝t✐♦♥ ❝♦♥❝❡♣t ✐s ❢♦r♠❛❧✐s❡❞✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♣♦s✐t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥ ❛r❡ ❢r♦♠
❬❙❘✵✻✱ ❙❡❝t✐♦♥ ✹✳✻❪✳

❉❡✜♥✐t✐♦♥ ✷✸✳ ❘❡❞✉❝t✐♦♥✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✹✼

❆ r❡❞✉❝t✐♦♥ ρ : Ĉ∗ ⇛ C∗ ✐s ❛ ❞✐❛❣r❛♠✿

ρ = Ĉ∗

f

��

hhh

C∗

g

OO

✇❤❡r❡✿

✶✳ Ĉ∗ ❛♥❞ C∗ ❛r❡ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s✳

✷✳ f ❛♥❞ g ❛r❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s ✭❞❡❢✳ ✐♥ ♣❛❣❡ ✷✺✮✳

✸✳ h ✐s ❛ ❤♦♠♦t♦♣② ♦♣❡r❛t♦r ✭❞❡❢✳ ✐♥ ♣❛❣❡ ✷✻✮✳

✹✳ ❚❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭❛✮ fg = idC∗

✭❜✮ gf + dh + hd = id bC∗

✭❝✮ fh = hg = hh = 0

❆ r❡❞✉❝t✐♦♥ ✐s ❛ ♣❛rt✐❝✉❧❛r ❤♦♠♦❧♦❣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❛ ❜✐❣ ❝❤❛✐♥✲❝♦♠♣❧❡① Ĉ∗

❛♥❞ ❛ s♠❛❧❧ ♦♥❡ C∗✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✳ ▲❡t ρ : Ĉ∗ ⇛ C∗ ❜❡ ❛ r❡❞✉❝t✐♦♥✳ ❚❤✐s r❡❞✉❝t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛
❞❡❝♦♠♣♦s✐t✐♦♥✿ Ĉ∗ = A∗ ⊕B∗ ⊕ C ′

∗✿

✶✳ Ĉ∗ ⊃ C ′
∗ = ✐♠ g ✐s ❛ s✉❜❝♦♠♣❧❡① ♦❢ Ĉ∗

✷✳ A∗ ⊕B∗ = ker f ✐s ❛ s✉❜❝♦♠♣❧❡① ♦❢ Ĉ∗✳

✸✳ Ĉ∗ ⊃ A∗ = ker f ∩ ker h ✐s ♥♦t ✐♥ ❣❡♥❡r❛❧ ❛ s✉❜❝♦♠♣❧❡① ♦❢ Ĉ∗✳

✹✳ Ĉ∗ ⊃ B∗ = ker f ∩ ker d ✐s ❛ s✉❜❝♦♠♣❧❡① ♦❢ Ĉ∗ ✇✐t❤ ♥✉❧❧ ❞✐✛❡r❡♥t✐❛❧s✳

✺✳ ❚❤❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s f ❛♥❞ g ❛r❡ ✐♥✈❡rs❡ ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ C ′
∗ ❛♥❞ C∗✳

✻✳ ❚❤❡ ❛rr♦✇s d ❛♥❞ h ❛r❡ ♠♦❞✉❧❡ ✐s♦♠♦r♣❤✐s♠s ♦❢ r❡s♣❡❝t✐✈❡ ❞❡❣r❡❡s ✲✶ ❛♥❞ ✰✶ ❜❡t✇❡❡♥
A∗ ❛♥❞ B∗✳

❖❜s❡r✈❡ t❤❛t✿
❼ Bk ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝②❝❧❡s s♦ t❤❛t Bk ⊂ ✐♠ dk✱

❼ t❤❡r❡ ❡①✐sts ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ Ak+1 ❛♥❞ Bk t❤r♦✉❣❤ d ❛♥❞ h✱

❼ t❤❡ ❝♦♠♣♦♥❡♥t C ′

k ✐s ❛ ❝♦♣② ♦❢ Ck ❛♥❞ t❤❡✐r ❤♦♠♦❧♦❣✐❝❛❧ ♥❛t✉r❡s t❤❡r❡❢♦r❡
❛r❡ t❤❡ s❛♠❡✳

❘❘ ♥➦ ✼✹✼✶



✹✽ ▼❡r✐♥♦ ❡t ❛❧✳

❋✐❣✉r❡ ✺✳✷✿ ❘❡❞✉❝t✐♦♥ ❞✐❛❣r❛♠ ✭❢r♦♠ ❬❙❘✵✻❪✮

❊①❛♠♣❧❡ ✼✳ ❚r✐✈✐❛❧ ❡①❛♠♣❧❡ ♦❢ ❛ r❡❞✉❝t✐♦♥
❚❤❡r❡ ✐s ❛ r❡❞✉❝t✐♦♥ t❤❛t ❢✉❧✜❧❧s tr✐✈✐❛❧❧② ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s t♦ ❜❡ ❛ r❡❞✉❝t✐♦♥✱ ✐✳❡✱ ❛ r❡❞✉❝t✐♦♥

t❤❛t ❞♦❡s ❵♥♦t❤✐♥❣✬✿
❉❡✜♥✐t✐♦♥ ✷✹✳ ❚r✐✈✐❛❧ r❡❞✉❝t✐♦♥✳
●✐✈❡♥ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① C∗✱ ✐ts tr✐✈✐❛❧ r❡❞✉❝t✐♦♥ ρ ✐s ❛ r❡❞✉❝t✐♦♥ ✇❤❡r❡ t❤❡ s♠❛❧❧ ❝❤❛✐♥ ✐s C∗

✐ts❡❧❢✱ f ❛♥❞ g ❛r❡ ♠♦r♣❤✐s♠s ✐❞❡♥t✐t② ❛♥❞ h ❛r❡ 0 ♠♦r♣❤✐s♠s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✷✳ ❚❤❡ tr✐✈✐❛❧ r❡❞✉❝t✐♦♥ ♦❢ ❛ ❝❤❛✐♥ ✐s ❛ r❡❞✉❝t✐♦♥✳

Pr♦♦❢✳ ❚r✐✈✐❛❧❧② ❛❧❧ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ r❡❞✉❝t✐♦♥ ❛r❡ ❢✉❧✜❧❧❡❞✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ r❡❞✉❝t✐♦♥ ✐s q✉✐t❡ ❛❜str❛❝t✳ ◆❡①t✱ ✇❡ ♣r❡s❡♥t ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢
r❡❞✉❝t✐♦♥ ❝❛❧❧❡❞ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✳

✺✳✸ ❙♣❡❝✐❛❧ ❝❛s❡✿ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥

❆s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ✐♥t✉✐t✐✈❡ ✐♥tr♦❞✉❝t✐♦♥✱ s✉♣♣♦s❡❞ t❤❛t✱ ❢♦r ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① Ĉ∗✱ t❤❡r❡ ❡①✐st
❜❛s❡s ✐♥ ✇❤✐❝❤ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s ❛♥❞ t❤❡ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s ❛r❡ ❡①♣r❡ss❡❞ ❡①♣❧✐❝✐t❧② ✭❛♥❞
t❤❡s❡ ❡❧❡♠❡♥ts ❛r❡ ❝❧♦s❡❞ ❜② t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r✮✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❛ ♥❡✇ ❝❤❛✐♥

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✹✾

❝♦♠♣❧❡① C∗✱ ✐ts ♠♦❞✉❧❡s ✇♦✉❧❞ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❜❛s❡s γ ❝♦♥st✐t✉t❡❞ ❜② t❤❡ ❤♦♠♦❧♦❣✐❝❛❧
❝②❝❧❡s ❛♥❞ t❤❡ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s✳ ❚❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ♦❢ C∗ ✇♦✉❧❞ ❜❡ t❤❡ ❜♦✉♥❞❛r②
♦♣❡r❛t♦r ♦❢ Ĉ∗ r❡str✐❝t❡❞ t♦ t❤❡ s✉❜❜❛s❡s γ✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❢♦❧❧♦✇ t❤✐s ✐❞❡❛✳

✺✳✸✳✶ ❇❛s❡ ❝❧❛ss✐✜❝❛t✐♦♥

❙✉♣♣♦s❡ t❤❛t t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s (Dk)k=1,...,n ♦❢ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① Ĉ∗ ❛r❡ ❡①♣r❡ss❡❞ ✐♥
❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠ Nk ❢♦r ❡❛❝❤ k ✭❛s ❡①♣❧❛✐♥❡❞ ✐♥ ✸✳✷✮✳ ❚❤❡♥✱ ✇❡ ♣❡r❢♦r♠ ❛ ❝❧❛ss✐✜❝❛t✐♦♥
♦❢ t❤❡ ❜❛s❡s ✐♥ ✇❤✐❝❤ t❤❡ ♠❛tr✐❝❡s Nk ❛r❡ ❡①♣r❡ss❡❞✳

❈♦♥s✐❞❡r t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✐♥ ❙♠✐t❤ ♥♦r♠❛❧ ❢♦r♠✱ Nk✱ Nk+1✳ ❙✉♣♣♦s❡
t❤❛t {γ1, . . . , γl(k)} ✐s t❤❡ ❜❛s❡ ✐♥ ✇❤✐❝❤ ❛r❡ ✇r✐tt❡♥ t❤❡ ❝♦❧✉♠♥s ♦❢ Nk ❛♥❞ t❤❡ r♦✇s ♦❢ Nk+1✳

❙✉♣♣♦s❡ t❤❛t✿
❼ t❤❡ ③❡r♦ ❝♦❧✉♠♥s ♦❢ Nk ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s✉❜❜❛s❡ {γ1, . . . , γ•}✳ ❚❤❡♥ ker Nk =

ker dk = [γ1, . . . , γ•]✱

❼ t❤❡ ❝♦❧✉♠♥s ♦❢ Nk ✇✐t❤ ❛ ❝♦❡✣❝✐❡♥t 1 ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s✉❜❜❛s❡ pbk = {pbk
1 , . . . , pbk

•}✱
❛♥❞ t❤❛t t❤❡ ❝♦❧✉♠♥s ✇✐t❤ ❛ λ > 1 ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s✉❜❜❛s❡ ♦❢ pwk = {pwk

1 , . . . , pwk
•}✳

❲❡ s♣❧✐t ♥♦✇ t❤❡ s✉❜❜❛s❡ ker dk = [γ1, . . . , γ•]✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ♠❛tr✐① Nk+1✱ ❧❡t t❤❡ r♦✇s ♦❢
Dk+1 ✇✐t❤ ❛ ❝♦❡✣❝✐❡♥t 1 ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s✉❜❜❛s❡ b = {bk

1 , . . . , bk
•}✱ ❛♥❞ t❤❡ r♦✇s ✇✐t❤

❛ λ > 1 ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s✉❜❜❛s❡ w = {wk
1 , . . . , wk

•}✱ t❤❡ r❡st ♦❢ t❤❡ s✉❜❜❛s❡ ♦❢ ker dk ✐s
t❤❡ s✉❜❜❛s❡ ♦❢ c = {ck

1 , . . . , ck
•}

❉❡✜♥✐t✐♦♥ ✷✺✳ ❲❡❛❦✲❜♦✉♥❞❛r✐❡s✱ ❜♦✉♥❞❛r✐❡s✱ ❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s✱ ♣r❡✲✇❡❛❦✲
❜♦✉♥❞❛r✐❡s✱ ♣r❡✲❜♦✉♥❞❛r✐❡s✳
❲✐t❤ t❤❡ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✱ t❤❡ ❝❤❛✐♥s ♦❢ s✉❜♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜② w ✐s ❝❛❧❧❡❞ ✇❡❛❦✲
❜♦✉♥❞❛r✐❡s❀ t❤♦s❡ ❣❡♥❡r❛t❡❞ ❜② b ❛r❡ ❝❛❧❧❡❞ ❜♦✉♥❞❛r✐❡s❀ t❤♦s❡ ❣❡♥❡r❛t❡❞ ❜② c ❛r❡ ❝❛❧❧❡❞
❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s❀ t❤♦s❡ ❣❡♥❡r❛t❡❞ ❜② pw ❛r❡ ❝❛❧❧❡❞ ♣r❡✲✇❡❛❦✲❜♦✉♥❞❛r✐❡s❀ ❛♥❞ ✜♥❛❧❧②✱
t❤♦s❡ ❣❡♥❡r❛t❡❞ ❜② pb ❛r❡ ❝❛❧❧❡❞ ♣r❡✲❜♦✉♥❞❛r✐❡s✳

❊①❛♠♣❧❡ ✽✳ ❜❛s❡ ❝❧❛ss✐✜❝❛t✐♦♥

Nk =




γ1 γ2 γ3 γ4 γ5 γ6 γ7 γ8 γ9 γ10

0 0 0 0 0 0 0 3 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0




Nk+1 =




γ1 0 0 6 0 0 0 0
γ2 0 0 0 2 0 0 0
γ3 0 0 0 0 1 0 0
γ4 0 0 0 0 0 1 0
γ5 0 0 0 0 0 0 1
γ6 0 0 0 0 0 0 0
γ7 0 0 0 0 0 0 0
γ8 0 0 0 0 0 0 0
γ9 0 0 0 0 0 0 0
γ10 0 0 0 0 0 0 0




■♠❛❣✐♥❡ t❤❛t t❤❡ ❝♦❧✉♠♥s ♦❢ Nk ❛♥❞ t❤❡ r♦✇s ♦❢ Nk+1 ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❜❛s❡ {γ1, . . . , γ10}✳
❚❤❡♥✿

❘❘ ♥➦ ✼✹✼✶



✺✵ ▼❡r✐♥♦ ❡t ❛❧✳

❼ ❖❜s❡r✈❡ t❤❡ ♠❛tr✐① Nk+1

✕ ❚❤❡ r♦✇s ✇✐t❤ ❛ ✶ ✐♥ t❤❡♠ ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❜❛s❡ {γ3, γ4, γ5} ⇒ b = {γ3, γ4, γ5}

✕ ❚❤❡ r♦✇s ✇✐t❤ ❛ λ > 1 ❛r❡ r♦✇s ✶ ❛♥❞ ✷ ✇✐t❤ λ = 2, 6✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s r♦✇s ❛r❡
❡①♣r❡ss❡❞ ✐♥ t❤❡ s✉❜❜❛s❡ {γ1, γ2} ⇒ w = {γ1, γ2}

❼ ❖❜s❡r✈❡ ♠❛tr✐① Nk✳

✕ ❚❤❡ ♥✉❧❧ ❝♦❧✉♠♥s ♦❢ Nk ✭t❤❡ ker dk✮ ✐s ❣❡♥❡r❛t❡❞ ❜② {γ1, . . . , γ7}✳ c ✐s ❢♦r♠❡❞ ❜②
{γ1, . . . , γ7}\(b ∪w) = {γ6, γ7}

✕ ❚❤❡ ❝♦❧✉♠♥s ♦❢ Nk ✇✐t❤ ❛ ✶ ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s✉❜❜❛s❡ {γ9, γ10, γ11} ⇒ pb =
{γ9, γ10}

✕ ❚❤❡ ❝♦❧✉♠♥s ♦❢ Dk ✇✐t❤ λ > 1 ✐s ♦♥❧② ❝♦❧✉♠♥ ✽ ✇✐t❤ λ = 3⇒ pw = {γ8}

❘❡s✉❧t

pb b pw w c
γ9, γ10 γ3, γ4, γ5 γ8 γ1, γ2 γ6, γ7

❚❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ 2 ❛♥❞ 6✳

❘❡♠❛r❦ ✺✳✸✳✶✳ ❚❤❡ ❜❛s❡ ♦❢ ✈❡rt✐❝❡s ❛♥❞ t❤❡ ❜❛s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ n ♦❢ t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡①
❛r❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s✳ ❖♥❡ ♠✉st ♣❡r❢♦r♠ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ✐♥ t❤❡ s❛♠❡ ✇❛② ❜✉t ❦❡❡♣✐♥❣ ✐♥
♠✐♥❞ t❤❛t t❤❡ ♠♦r♣❤✐s♠s ❛t ❞✐♠❡♥s✐♦♥ 0 ❛♥❞ ❛t ❞✐♠❡♥s✐♦♥ n + 1 ❛r❡ t❤❡ ③❡r♦ ♠♦r♣❤✐s♠s✳
❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❜❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ n t❤❡r❡ ❛r❡ ♦♥❧② ❝②❝❧❡s✱ ♣r❡✲❜♦✉♥❞❛r✐❡s ❛♥❞ ♣r❡✲✇❡❛❦✲
❜♦✉♥❞❛r✐❡s ❜✉t ♥♦t ✇❡❛❦✲❜♦✉♥❞❛r✐❡s ♥♦r ❜♦✉♥❞❛r✐❡s✳ ■♥ t❤❡ ✈❡rt✐❝❡s ❜❛s❡ t❤❡r❡ ❛r❡ ♥♦t ♣r❡✲
❜♦✉♥❞❛r✐❡s✱ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s ♥♦r ♣r❡✲✇❡❛❦✲❜♦✉♥❞❛r✐❡s✳ ❚❤❡r❡ ❛r❡ ♦♥❧② ❝②❝❧❡s ❛♥❞ ❜♦✉♥❞❛r✐❡s✳

✇❤❡r❡ pbk ✐s ✇❤❛t ✇❡ ❝❛❧❧❡❞ t❤❡ ❵♣r❡✲❜♦✉♥❞❛r✐❡s✬❀ bk✱ t❤❡ ❵❜♦✉♥❞❛r✐❡s✬❀ pwk✱ t❤❡ ♣r❡✲
✇❡❛❦✲❜♦✉♥❞❛r✐❡s❀ wk✱ t❤❡ ✇❡❛❦✲❜♦✉♥❞❛r✐❡s❀ ck✱ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s✳

✺✳✸✳✷ ❈❤❛✐♥✲❝♦♠♣❧❡① r❡❞✉❝t✐♦♥

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s Dk ✐♥ ❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠✱ Nk✱ ❛r❡ ❡①♣r❡ss❡❞ ✐♥
t❤❡ ❜❛s❡s {wk, bk, ck,pwk,pbk}✳ ❲❡ ❛❧s♦ ❦♥♦✇ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ s✉❜❜❛s❡s ✐♥ Nk✿

❙✉❜❜❛s❡ ♦♥ t❤❡ ❝♦❧✉♠♥s ❈♦rr❡s♣♦♥❞✐♥❣ ✐♠❛❣❡ s✉❜✲
❜❛s❡ ♦♥ t❤❡ r♦✇s

❙✉❜♠❛tr✐①

pbk bk−1 Id
pwk wk−1 ❉✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ t❤❡ t♦rs✐♦♥

❝♦❡✣❝✐❡♥ts λ

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✺✶

❚❤❡ ❢♦r♠ ♦❢ t❤❡ ❙♠✐t❤ ♠❛tr✐① ✐s ❛s ❢♦❧❧♦✇s✿

Nk =




wk bk ck pwk pbk

wk−1 0 0 0 λ 0
bk−1 0 0 0 0 Id
ck−1 0 0 0 0 0
pwk−1 0 0 0 0 0
pbk−1 0 0 0 0 0




❚❤❡ ❣♦❛❧ ✐s t♦ ❝♦♥str✉❝t ❛ ♥❡✇ ❝❤❛✐♥ ❝♦♠♣❧❡① EC∗ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ C∗ ❜② r❡❞✉❝t✐♦♥✳
❚♦ ❜✉✐❧❞ ❛ ♥❡✇ ❝❤❛✐♥ ❝♦♠♣❧❡① EC∗✱ ✇❡ ♥❡❡❞ ❛ ❜❛s❡ ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❛ ❜♦r❞❡r ♦♣❡r❛t♦r✳
❙✐♥❝❡ ✇❡ ✇❛♥t ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ✇✐t❤ ❡q✉✐✈❛❧❡♥t ❤♦♠♦❧♦❣②✱ ✇❡ ♥❡❡❞ t♦ t❛❦❡ t❤❡ ❡❧❡♠❡♥ts
wk, ck ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✭✇❡❛❦✲❜♦✉♥❞❛r✐❡s ❛♥❞ ❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s✮✳ ❍♦✇❡✈❡r✱ ♦❜s❡r✈✐♥❣
t❤❡ ♠❛tr✐①✱ ✇❡ s❡❡ t❤❛t wk−1 ✐s r❡❧❛t❡❞ t♦ pwk ❜② t❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts s✉❜♠❛tr✐① λ✳ ❲❡
♥❡❡❞ t♦ ❦❡❡♣ t❤✐s s✉❜♠❛tr✐① ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❛❧s♦ t❤❡ s✉❜❜❛s❡ pwk ❢♦r ❡❛❝❤ k✳
■♥ t❤❡ ❡♥❞✱ t❤❡ ♦♥❧② s✉❜❜❛s❡ t❤❛t ✇❡ ❛r❡ ♥♦t ❝♦♥s✐❞❡r✐♥❣ ❛r❡ pbk ❛♥❞ bk✳
❖❜s❡r✈❡ t❤❛t✿

❼ t❤❡ s✉❜♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜② pbk ✐s ✐s♦♠♦r♣❤ t♦ t❤❡ s✉❜♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜② bk−1

✭s✐♥❝❡ t❤❡ ✐❞❡♥t✐t② s✉❜♠❛tr✐① r❡❧❛t❡s t❤❡♠✮✱

❼ t❤❡ s✉❜❜❛s✐s wk, ck,pwk ❛r❡ ❝❧♦s❡❞ ❜② t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r❀ ✐✳❡✱ t❤❡ ✐♠❛❣❡ ♦❢ t❤✐s
s✉❜❜❛s✐s ❜② t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s✉❜❜❛s✐s wk−1, ck−1,pwk−1 ♦❢
✐♥❢❡r✐♦r ❞✐♠❡♥s✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✻✳ ❙♠❛❧❧ ❝❤❛✐♥✲❝♦♠♣❧❡① ♦❢ t❤❡ ❍♦♠♦❧♦❣② ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✳
❲✐t❤ t❤❡ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✱ t❤❡ r❡❞✉❝❡❞ ❝❤❛✐♥✲❝♦♠♣❧❡① EC∗ ♦❢ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤
❘❡❞✉❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❼ ❛t ❡❛❝❤ ❞✐♠❡♥s✐♦♥ k✱ t❤❡ k✲♠♦❞✉❧❡ ♦❢ EC∗ ✐s ❞❡✜♥❡❞ ❛s✿

ECk := [wk, ck, pwk]

❼ ❛t ❡❛❝❤ ❞✐♠❡♥s✐♦♥ k✱ ✐ts ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ✐s✿

ENk :=




wk ck pwk

wk−1 0 0 λ
ck−1 0 0 0
pwk−1 0 0 0




❘❡♠❛r❦ ✺✳✸✳✷✳ ■t ✐s ✐♠♠❡❞✐❛t❡ t♦ ♣r♦✈❡ t❤❛t Nk−1Nk = 0 ∀k✱ t❤❡r❡❢♦r❡✱ EC∗ ✐s✱ ❡✛❡❝t✐✈❡❧②✱
❛ ❝❤❛✐♥✲❝♦♠♣❧❡①✳

❘❘ ♥➦ ✼✹✼✶



✺✷ ▼❡r✐♥♦ ❡t ❛❧✳

❉❡✜♥✐t✐♦♥ ✷✼✳ ❙♠✐t❤ ❜❛s❡ ❛♥❞ ❘❡❞✉❝❡❞ ❙♠✐t❤ ❜❛s❡✳
❲❡ ❞❡✜♥❡✱ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✱ t❤❡ ❙♠✐t❤ ❜❛s❡ ❛s t❤❡ ❜❛s❡ {w, b, c,pw,pb} ❛♥❞
t❤❡ ❘❡❞✉❝❡❞ ❙♠✐t❤ ❜❛s❡ ❛s t❤❡ ❜❛s❡ {wk, ck,pwk}✳

✺✳✸✳✸ ❚❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠

❚❤❡ ❛❧❣♦r✐t❤♠ t♦ ♦❜t❛✐♥ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿

■♥♣✉t✿ ❛ ❧✐st ♦❢ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s (Dk)k=1,...,n ♦❢ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① Ĉ∗

✶✳ ❋♦r k ❢r♦♠ 1 t♦ n✱ tr❛♥s❢♦r♠ t❤❡ ♠❛tr✐① Dk ✐♥t♦ ✐ts ❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠ Nk ❛♥❞
❝♦♥str✉❝t t❤❡ ♠❛tr✐① ♦❢ ❝❤❛♥❣❡ ♦❢ ❜❛s❡ Pk✱ P−1

k ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❛♥♥❡① ❇✳

✷✳ P❡r❢♦r♠ t❤❡ ❙♠✐t❤ ❜❛s❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ Nk wk, bk, ck,pwk,pbk ❢♦r ❡❛❝❤ k✳

✸✳ ❯s✐♥❣ t❤✐s ❝❧❛ss✐✜❝❛t✐♦♥ ❝♦♥str✉❝t t❤❡ ♠❛tr✐❝❡s ENk ❢♦r ❡❛❝❤ k✳

❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡✿
❉❡✜♥✐t✐♦♥ ✷✽✳ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✳
❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✱ ❣✐✈❡♥ ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① C̃∗✱ ✐ts ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥
✐s✿

ρ = Ĉ∗

f

��

hhh

EC∗

g

OO

✇❤❡r❡ EC∗ ✐s t❤❡ s♠❛❧❧ ❝❤❛✐♥ ♦❢ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ✭❞❡✜♥✐t✐♦♥ ✷✻✮✿

EC∗ = [w∗, c∗, pw∗]

❛♥❞

f : Ĉ∗ → EC∗, f = {fk = rk(Pk)
−1 = (Pk)

−1|wk,ck,pwk}

g : EC∗ → Ĉ∗, g = {gk = Pkr
T
k = Pk|wk,ck,pwk}

h : Ĉ∗ → Ĉ∗+1, h = {hk = Pkh̃k(Pk−1)
−1}

✭❖❜s❡r✈❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♠❛tr✐❝❡s s♦♠❡t✐♠❡s ✐s ❝❛rr✐❡❞ ♦✉t ♦♥ t❤❡ ❝♦❧✉♠♥s ❛♥❞
s♦♠❡t✐♠❡s ♦♥ t❤❡ r♦✇s ✭✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ♦❢ t❤❡ ✐♥✈❡rs❡s✮✳✮

❚❤❡ ♠❛tr✐① rk ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❙♠✐t❤ ❜❛s❡ {wk, bk, ck,pwk,pbk} ✐♥t♦ t❤❡ ❘❡❞✉❝❡❞
❙♠✐t❤ ♦♥❡ {wk, ck,pwk}✳ ❙♦✱ ✐t ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ♦✈❡r t❤❡ ❙♠✐t❤ ❜❛s❡✿

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✺✸

r∗(u) =

{
0 ✐❢ u ∈ pb∗, b∗;
u ✐❢ u ∈ w∗, c∗,pw∗.

❛♥❞ ❡①t❡♥❞❡❞ ❧✐♥❡❛r❧②✳

■♥ ♠❛tr✐① ❢♦r♠✿✶

rk =




wk bk ck pwk pbk

wk Id 0 0 0 0
ck 0 0 Id 0 0
pwk 0 0 0 Id 0




❚❤❡ ♠♦r♣❤✐s♠ h ✐s ❞❡✜♥❡❞ ❜② t❤❡ ♠❛tr✐① r❡s✉❧t✐♥❣ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ♣r♦❞✉❝t✿

hk =




pbk

σk
1

✳

✳

✳ Pk|pb

σk
l(k)


 ∗

(σk−1
1 . . . σk−1

l(k−1)

bk−1 P−1
k−1|bk−1

)

■♥ ❢❛❝t✱

h̃k =




wk−1 bk−1 ck−1 pwk−1 pbk−1

wk 0 0 0 0 0
bk 0 0 0 0 0
ck 0 0 0 0 0
pwk 0 0 0 0 0
pbk 0 Id 0 0 0




✶❲❡ ❞❡✜♥❡ rT

k
❛s rT

k
=

0

B

B

B

B

@

wk ck pwk

wk Id 0 0
bk 0 0 0
ck 0 Id 0
pwk 0 0 Id
pbk 0 0 0

1

C

C

C

C

A

❘❘ ♥➦ ✼✹✼✶



✺✹ ▼❡r✐♥♦ ❡t ❛❧✳

Ĉk−1=[σk−1
1 ,...,σk−1

l(k−1)
]

hk //
Ĉk=[σk

1 ,...,σk
l(k)]

hk+1 //
Dk

oo Ĉk+1=[σk+1
1 ,...,σk+1

l(k+1)
]

Dk+1

oo

Ĉk−1=[wk−1,bk−1,ck−1,pwk−1,pbk−1]

h̃k //

rk−1

��

Pk−1

OO

Ĉk=[wk,bk,ck,pwk,pbk]

rk

��

Pk−1

OO

Nk

oo
h̃k+1 //

Ĉk+1=[wk+1,bk+1,ck+1,pwk+1,pbk+1]
Nk+1

oo

rk+1

��

Pk+1

OO

ECk−1=[wk−1,ck−1,pwk−1]

rT
k−1

OO

ECk=[wk,ck,pwk]

rT
k

OO

ENk

oo ECk+1=[wk+1,ck+1,pwk+1]
ENk+1

oo

rT
k+1

OO

❋✐❣✉r❡ ✺✳✸✿ ❙❝❤❡♠❛ ♦❢ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥

❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ✐s ❡✛❡❝t✐✈❡❧② ❛ r❡❞✉❝t✐♦♥✱ ρ =
(f, g, h) = Ĉ∗ ⇛ EC∗

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✸ ✭❚❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ✐s ❛ r❡❞✉❝t✐♦♥✮✳

Pr♦♦❢✳ ▲❡ts ♣r♦✈❡ t❤❛t t❤❡s❡ ❡❧❡♠❡♥ts ❢✉❧✜❧❧❡❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥✳

✶✳ Ĉ∗, EC∗ ❛r❡ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s✳
(Ĉ∗, d̂∗) ✐s ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① ❜② ❤②♣♦t❤❡s✐s✳
❲❡ ❞❡✜♥❡ Ck = [wk, ck,pwk] ❛♥❞ dk = fk−1d̂kgk✳

❇② ❝♦♥str✉❝t✐♦♥ dk(ECk) ⊂ dk−1✳ ❚❤❡♥✱ ECk ❞❡✜♥❡ ❛ ♠♦❞✉❧❡ ❢♦r ❡❛❝❤ k✱ ✐ts ❜♦✉♥❞❛r②
♦♣❡r❛t♦r d∗ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✭✐s ❝❧♦s❡❞✮ ❛♥❞ dk−1 ◦ dk = 0 ❢♦r ❡❛❝❤ k✳ ❙♦✱ EC∗, d∗ ✐s ❛
❝❤❛✐♥✲❝♦♠♣❧❡①✳✷

✷✳ f ❛♥❞ g ❛r❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s✳
❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t f = {fk : Ĉk → ECk} ✐s ❛ ❧✐♥❡❛r ♠♦r♣❤✐s♠ ❛♥❞ fk−1dk = dkfk✳
❆♥❛❧♦❣♦✉s❧② ❢♦r g✳

❼ f ✐s ❛ ❧✐♥❡❛r ♠♦r♣❤✐s♠ ❜❡❝❛✉s❡ ✐s ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❧✐♥❡❛r ♠♦r♣❤✐s♠ ✭❝❤❛♥❣❡ ♦❢
❜❛s❡ ❛♥❞ ♣r♦❥❡❝t✐♦♥✮✱ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❡①♣r❡ss❡❞ ✐t ❛s ❛ ♣r♦❞✉❝t ♦❢ ♠❛tr✐❝❡s✳
fk = rkP−1

k ✳
❼ ❖❜s❡r✈❡ t❤❛t✿

Ĉk−1 Ĉk

Dkoo

Ĉk−1

Pk−1

OO

ĈkNk

oo

Pk

OO

✷dk−1 ◦ dk = fk−2
bdk−1gk−1fk−1

bdkgk = fk−2
bdk−1(Pk−1)rT

k−1rk−1(Pk−1)−1
bdkgk = fk−2

bdk−1
bdkgk = 0✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✺✺

t❤❡ ❞✐❛❣r❛♠ ❝♦♠♠✉t❡s ❜② ❞❡✜♥✐t✐♦♥❀ Nk = (Pk−1)
−1DkPk ✭s✐♥❝❡ t❤❡ ❝❤❛♥❣❡ ♦❢

❜❛s❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ t❤❡ s❛♠❡ ❝❤❛✐♥✲❝♦♠♣❧❡①✮✳ ❙♦ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡
t❤❛t t❤❡ ♥❡①t ❞✐❛❣r❛♠ ❝♦♠♠✉t❡s ❛♥❞ ✇❡ ✇✐❧❧ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❣❡♥❡r❛❧ ❝♦♠♠✉t❛✲
t✐✈✐t②✿

Ĉk−1

rk−1

��

Ĉk

Nkoo

rk

��
ECk−1 ECk

ENk

oo

❲❡ ✇✐❧❧ s❡❡ t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ❢♦r t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛s❡ ✭❙♠✐t❤ ❜❛s❡ ♦❢ Ĉ∗✮✳
❲❡ ❦♥♦✇ t❤❛t ❢♦r u ∈ {pb∗, b∗,pw∗,w∗, c∗} ✿

N∗(u) =





b∗−1
j ✐❢ u = pb∗j ;

λiw∗−1
i ✐❢ u = pw∗

i ;
0 ❡❧s❡✇❤❡r❡.

r∗−1N∗(u) =

{
λiw∗−1 ✐❢ u = pw∗

i ;
0 ❡❧s❡✇❤❡r❡.

N∗r∗−1(u) =

{
λiw∗−1

i ✐❢ u = pw∗
i ;

0 ❡❧s❡✇❤❡r❡.

❙♦ r∗−1N∗(u) = N∗r∗−1(u) ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❛s❡✱ ❜② ❧✐♥❡❛r✐t②✱ ✇❡ ❤❛✈❡ t❤❡
❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ❞✐❛❣r❛♠✳ ❚❤❡♥✱ f ✐s ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠✳

❼ ❲❡ ♣r♦✈❡ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r t❤❛t g ✐s ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ♠♦r♣❤✐s♠✳ ❚❤✐s t✐♠❡
♣r♦✈✐♥❣ t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ❞✐❛❣r❛♠✿

Ĉk−1 Ĉk

Nkoo

ECk−1

rT
k−1

OO

ECk
ENk

oo

rT
k

OO

✸✳ h ✐s ❛ ❤♦♠♦t♦♣② ♦♣❡r❛t♦r✳

❚❤✐s ✐s tr✉❡ ❜② ❝♦♥str✉❝t✐♦♥ h∗ = P∗h̃∗(P∗−1)
−1 : Ĉ∗−1 −→ Ĉ∗+1

Ĉk−1
// Ĉk

ECk−1

Pk

OO

ehk+1 // ECk

Pk+1

OO

❘❘ ♥➦ ✼✹✼✶
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✹✳ ❚❤❡s❡ r❡❧❛t✐♦♥s❤✐♣s ❛r❡ s❛t✐s✜❡❞✿

✭❛✮ fg = idEC∗
❚❤✐s ✐s ❝❧❡❛r❧② tr✉❡✳ ❆♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❛s❡ EC∗ ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡

r❡❞✉❝❡❞ ❙♠✐t❤ ❜❛s❡✳ ❇② ❛♣♣❧②✐♥❣ g ✇❡ ❛r❡ ❡①♣r❡ss✐♥❣ ✐t ✐♥ ❝❛♥♦♥✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✱
✇❤❡♥ ❛♣♣❧②✐♥❣ f ✇❡ tr❛♥s❢♦r♠ ✐t ❛❣❛✐♥ ✐♥ t❤❡ ❙♠✐t❤ ❜❛s❡ ❛♥❞ r❡str✐❝t ✐t t♦ EC∗✳

fg = rk(P−1
k )(Pk)rT

k = rk(rT
k ) = Id

✭❜✮ gf + dh + hd = id bC∗

❖❜s❡r✈❡ t❤✐s ❞✐❛❣r❛♠✿

Ĉk−1

hk //
Ĉk

hk+1 //
Dk

oo Ĉk+1Dk+1

oo

Ĉk−1

ehk //

rk−1

��

Pk−1

OO

Ĉk

rk

��

Pk

OO

Nk

oo
ehk+1 //

Ĉk+1Nk+1

oo

rk+1

��

Pk+1

OO

ECk−1

rT
k−1

OO

ECk

rT
k

OO

ENk

oo ECk+1

rT
k+1

OO

ENk+1

oo

❖❜s❡r✈❡ t❤❛t ✭✯✮ h̃kNk + Nk+1h̃k+1 + rT
k rk = Id bCk

✱ ❜❡❝❛✉s❡✿

✐✳ rT
k rk ✐s ❛♥ ✐❞❡♥t✐t② ♦✈❡r t❤❡ r❡❞✉❝❡❞ ❜❛s❡✱ wk, ck,pwk❀

✐✐✳ h̃kNk ✐s t❤❡ ✐❞❡♥t✐t② ♦✈❡r pbk✱

✐✐✐✳ ❛♥❞ Nk+1h̃k+1 ✐s ❛ ✐❞❡♥t✐t② ♦✈❡r bk✳

❚❤❡r❡❢♦r❡✱ h̃kNk + Nk+1h̃k+1 + rT
k rk = Id|pbk + Id|bk + Id|pwk,wk,ck

= Id bCk
✳

◆♦✇✱

✐✳ hkDk = Pkh̃k(Pk−1)
−1Dk

(1)
= Pkh̃kNk(Pk)−1

✐✐✳ Dk+1hk+1 = Dk+1Pk+1h̃k+1(Pk)−1 (2)
= PkNk+1h̃k+1(Pk)−1

✐✐✐✳ gkfk = PkrT
k rk(Pk)−1

(i+ii+iii)

−−−−−−−−−−→

hkDk + Dk+1hk+1 + gkfk = Pk(h̃kNk + Nk+1h̃k+1 + rT
k rk)(Pk)−1 (3)

= Id bCk

✭✶✮✱✭✷✮ ❞❡✜♥✐t✐♦♥ ♦❢ Nk

✭✸✮ ❜② ♦❜s❡r✈❛t✐♦♥✭✯✮✳

✭❝✮ fh = hg = hh = 0

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✺✼

✐✳ fk+1hk = fk+1Pk+1h̃k+1(Pk)−1 = rk+1(Pk+1)
−1Pk+1h̃k+1(Pk)−1 = rk+1h̃k+1(Pk)−1 (1)

=
0✳

✭✶✮ ❜❡❝❛✉s❡ h̃k+1(Pk)−1 ❤❛s ✐ts ✐♠❛❣❡ ✐♥ [pbk+1]

✐✐✳ hg = 0 ✭✐❞❡♠✮

✐✐✐✳ hh = 0 ❜❡❝❛✉s❡ hk+1hk = (Pk+1 h̃k+1 P−1
k )(Pk h̃k P−1

k−1) = Pk+1 h̃k+1 h̃kP−1
k−1

❛♥❞ ❝❧❡❛r❧② h̃k+1 h̃k = 0✳

✺✳✸✳✹ ■♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ r❡❞✉❝t✐♦♥

❈❤❛✐♥ ❝♦♠♣❧❡①❡s ❛♥❞ ♠♦r♣❤✐s♠s f ❛♥❞ g

❚♦ ❞❡✜♥❡ ❛ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✱ ✇❡ ♥❡❡❞ t✇♦ ❝❤❛✐♥s✱ t❤❡ ❜✐❣ ♦♥❡ Ĉ∗✱ t❤❡ s♠❛❧❧
♦♥❡ EC∗✱ ❛♥❞ t✇♦ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡♠ f ❛♥❞ g✳ ❚❤❡ t✇♦ ❝❤❛✐♥s ❤❛✈❡ t❤❡ s❛♠❡ ❤♦✲
♠♦❧♦❣② ❛♥❞ t❤❡ ♠♦r♣❤✐s♠ f ❛♥❞ g ❡st❛❜❧✐s❤ ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ r❡❞✉❝❡❞ ❝❤❛✐♥ ❛♥❞
❛ s✉❜❝❤❛✐♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ ✇✐t❤ ❡q✉✐✈❛❧❡♥t ❤♦♠♦❧♦❣②✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥

▲❡t ✉s r❡✈✐s✐t t❤❡ ♣r♦♣♦s✐t✐♦♥ ✺✳✷✳✶ ❛♥❞ ✐♥t❡r♣r❡t ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧
❙♠✐t❤ ❘❡❞✉❝t✐♦♥✿

▲❡t ρ : Ĉ∗ → C∗ ❜❡ ❛ r❡❞✉❝t✐♦♥ ✭✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ s♠✐t❤ r❡❞✉❝t✐♦♥✮✳ ❚❤✐s
r❡❞✉❝t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥✿ Ĉ∗ = A∗ ⊕B∗ ⊕ C ′

∗✳ ■♥ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤
❘❡❞✉❝t✐♦♥✿

✶✳ Ĉ∗ ⊃ C ′
∗ = ✐♠ g ✐s ❛ s✉❜❝♦♠♣❧❡① ♦❢ Ĉ∗

Ĉ∗ ⊃ C ′
∗ = ✐♠ g = [w∗, c∗,pw∗]

✷✳ A∗ ⊕B∗ = ker f ✐s ❛ s✉♠❜❝♦♠♣❧❡① ♦❢ Ĉ∗✳
A∗ ⊕B∗ = ker f = [pb∗, b∗]

✸✳ Ĉ∗ ⊃ A∗ = ker f ∩ ker h ✐s ♥♦t ✐♥ ❣❡♥❡r❛❧ ❛ s✉❜❝♦♠♣❧❡① ♦❢ Ĉ∗✳
A∗ = ker f ∩ ker h = [pb∗]

✹✳ Ĉ∗ ⊃ B∗ = ker f ∩ ker d ✐s ❛ s✉❜❝♦♠♣❧❡① ♦❢ Ĉ∗ ✇✐t❤ ♥✉❧❧ ❞✐✛❡r❡♥t✐❛❧s✳
B∗ = ker f ∩ ker d = [b∗]

✺✳ ❚❤❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s f ❛♥❞ g ❛r❡ ✐♥✈❡rs❡ ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ C ′
∗ ❛♥❞ C∗✳

❊✛❡❝t✐✈❡❧②✱ r❡♠❡♠❜❡r t❤❛t fk = P−1
k |pwk,wk,ck ✱ gk = Pk|pwk,wk,ck ✭t❤❡ ✜rst r❡str✐❝t✐♦♥

❘❘ ♥➦ ✼✹✼✶
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✐s ♦♥ t❤❡ r♦✇s ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥ t❤❡ ❝♦❧✉♠♥s✮✳ ❈❧❡❛r❧② t❤❡✐r ❝♦♠♣♦s✐t✐♦♥ ✐♥ ❛♥② ♦r❞❡r
❣✐✈❡s t❤❡ ♠♦r♣❤✐s♠ ✐❞❡♥t✐t② ✐♥ C ′

∗ ♦r C∗✳

✻✳ ❚❤❡ ❛rr♦✇s d ❛♥❞ h ❛r❡ ♠♦❞✉❧❡ ✐s♦♠♦r♣❤✐s♠s ♦❢ r❡s♣❡❝t✐✈❡ ❞❡❣r❡❡s ✲✶ ❛♥❞ ✰✶ ❜❡t✇❡❡♥
A∗ ❛♥❞ B∗✳
❚❤✐s ♠❡❛♥s t❤❛t ❣✐✈❡♥ ❛♥ ❡❧❡♠❡♥t σ ♦❢ B∗ ✇❡ ❝❛♥ ✜♥❞✱ ❜② h ❛ ❝❤❛✐♥ ✇❤♦s❡ ❜♦r❞❡r ✐s
σ✳

❲❤② ✐s t❤❡ ❤♦♠♦t♦♣② h ♥❡❡❞❡❞❄

❚❤✐s ❤♦♠♦t♦♣② ♦♣❡r❛t♦r ♣❧❛②s ❛ ✈❡r② s♣❡❝✐❛❧ r♦❧❡✳ ❘❡♠❡♠❜❡r t❤❛t t❤❡ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡
❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ t❤❡ ❤♦♠♦❧♦❣② ♣r❡s❡♥ts ❡①t❡♥s✐♦♥s ♣r♦❜❧❡♠s t❤❛t ♣r❡✈❡♥t✱ ✐♥ ❣❡♥❡r❛❧✱
t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣②✳ ❖♥❡ ♦❢ t❤❡ r❡❛s♦♥s ✇❤② t❤❡ ❝❧❛ss✐❝❛❧ ❤♦♠♦❧♦❣② ✐s ♥♦t ❝♦♥str✉❝t✐✈❡
✐s ❞✉❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❜♦✉♥❞❛r②✿

c ∈ Ck ✐s ❛ ❜♦✉♥❞❛r②✱ ✐❢ ∃z ∈ Ck+1 s♦ t❤❛t dk+1(z) = c✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ♥♦t ❝♦♥str✉❝t✐✈❡❀ ♥♦ ♠❡t❤♦❞ ✐s ❣✐✈❡♥ t♦ ✜♥❞ ♦✉t t❤❡ ❝❤❛✐♥ z✳ ❚❤❛♥❦s t♦
t❤❡ ❤♦♠♦t♦♣② ♦♣❡r❛t♦r h✱ ✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ❞❡✜♥❡❞ ✐♥ t❤❡ r❡❞✉❝t✐♦♥✱ ❣✐✈❡♥ ❛ ❜♦✉♥❞❛r② c✱
✇❡ ❝❛♥ ✜♥❞ t❤❡ ❝❤❛✐♥ z t♦ ✇❤✐❝❤ ✐t ✐s t❤❡ ✐♠❛❣❡✳

❚❤✐s ✐s ❡ss❡♥t✐❛❧ t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ✉♥✐♦♥✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
❡①❛♠♣❧❡✿

❋✐❣✉r❡ ✺✳✹✿ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ✐♥ t✇♦ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✱ X = A∪B
✇✐t❤ A ∪B 6= ∅

■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ♣✐❝t✉r❡ t❤❛t ♥♦ ♦♥❡ ♦❢ t❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✱ A✱ B✱ A∩B✱ ❤❛s ❛♥
❤♦♠♦❧♦❣✐❝❛❧ ✶✲❝②❝❧❡✳ ❍♦✇❡✈❡r✱ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ❤❛s ♦❜✈✐♦✉s❧② ♦♥❡✳ ❲❤❡♥ ❝♦♠♣✉t✐♥❣
t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ✉♥✐♦♥ ✇❡ ♥❡❡❞ t♦ ✜♥❞ t❤✐s ✶✲❝②❝❧❡✳

■❢ ✇❡ ♣❡r❢♦r♠ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ♦♥ A∗✱ B∗✱ (A ∩B)∗✱ ✇❡ ❝❛♥♥♦t ♦❜t❛✐♥
t❤❡ ✶✲❝②❝❧❡ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ r❡❞✉❝❡❞ ❝❤❛✐♥s EA∗✱ EB∗✱ E(A ∩ B)∗❀ ♦❜s❡r✈❡ ♦♥ t❤❡ ✜❣✉r❡

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✺✾

✺✳✺ t❤❡ r❡❞✉❝❡❞ s✉❜❝♦♠♣❧❡①❡s Ã✱ B̃ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s♠❛❧❧ ❝❤❛✐♥s EA∗✱ EB∗ ✭❛❧❧ t❤❡ ❞❡t❛✐❧s
❛r❡ ✐♥ ❛♥♥❡① ❉✮✳ Ã✱ B̃ ❛r❡ r❡tr❛❝t✐♦♥s ♦❢ A ❛♥❞ B r❡s♣❡❝t✐✈❡❧②✿

❋✐❣✉r❡ ✺✳✺✿ ❙✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❙♠✐t❤ s♠❛❧❧ ❝❤❛✐♥s EA∗✱ EB∗✱ E(A∩B)∗

❖♥ t❤❡ ✜❣✉r❡ ✺✳✺✱ t❤❡r❡ ✐s ♥♦ ✶✲❝②❝❧❡✱ s♦✱ ✇❡ ♥❡❡❞ ❡①tr❛ ✐♥❢♦r♠❛t✐♦♥ t♦ ✜♥❞ t❤❡ ❝②❝❧❡
♦❢ A ∪ B ❢r♦♠ t❤❡ s♠❛❧❧ ❝❤❛✐♥s EA∗✱ EB∗✱ E(A ∩ B)∗✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ✐♥ t❤❡ ♦r✐❣✐♥❛❧
❝❤❛✐♥✳ ❲❡ ✇✐❧❧ ✜♥❞ ❛ ❝❤❛✐♥ ✐♥ A∗ t❤❛t ❤❛s ❛s ❜♦✉♥❞❛r② v1 − v2 ❛♥❞ ❛ ❝❤❛✐♥ ✐♥ B∗ ✇✐t❤ t❤❡
s❛♠❡ ❜♦✉♥❞❛r②✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ t✇♦ ❝❤❛✐♥s ✇✐❧❧ ❣✐✈❡ ✉s t❤❡ s❡❛r❝❤❡❞ ❝②❝❧❡✳ ❇✉t
❢♦r t❤✐s✱ ✇❡ ♥❡❡❞ ❛ ♠❡t❤♦❞ t♦ ✜♥❞ t❤❡ ♣r❡✲✐♠❛❣❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r✳ ❚❤❡ ❤♦♠♦t♦♣②
h ❣✐✈❡s ✉s t❤✐s ✐♥❢♦r♠❛t✐♦♥✳
■♥t✉✐t✐✈❡❧②✱ t❤❡ ❤♦♠♦t♦♣② ♦♣❡r❛t♦r ✐♥ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✱ ❝❛♣t✉r❡s ❛❧❧ t❤❡
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✭♣✉r❡✲✮❜♦✉♥❞❛r✐❡s ❛♥❞ t❤❡ ♣r❡✲❜♦✉♥❞❛r✐❡s ❛♥❞ ✐❣♥♦r❡s t❤❡ r❡st✳ ■t ✐s
t❤❡ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❜♦✉♥❞❛r② ✭✐♥ t❤❡ s❡♥s❡ ❣✐✈❡♥ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥
✷✷❀ ♣✉r❡✲❜♦✉♥❞❛r②✮✳

✺✳✹ ❈♦♠♣♦s✐t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥s

❋r♦♠ ❬❙❘✵✻✱ Pr♦♣✳ ✺✾ ♣❛❣❡ ✺✻❪

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶ ✭❈♦♠♣♦s✐t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥s✮✳ ▲❡t ρ = (f, g, h) : C∗ ⇛ D∗ ❛♥❞ ρ′ =
(f ′, g′, h′) : C ′

∗ ⇛ D′
∗ ❜❡ t✇♦ r❡❞✉❝t✐♦♥s✳ ❚❤❡s❡ r❡❞✉❝t✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣♦s❡❞✱ ♣r♦❞✉❝✐♥❣ t❤❡

r❡❞✉❝t✐♦♥ ρ′′ = (f ′′, g′′, h′′) : C∗ ⇛ C ′′
∗ ✇✐t❤✿

f ′′ = f ′f

g′′ = gg′

h′′ = h + gh′f

❙✐♥❝❡ ✐♥ ❬❙❘✵✻❪ t❤❡ ♣r♦♦❢ ✐s ❧❡❢t ❛s ❛♥ ❡①❡r❝✐s❡✱ ✇❡ ❣✐✈❡ ✐t ❤❡r❡✿

Pr♦♦❢✳ ✶✳ C∗ ❛♥❞ C ′′
∗ ❛r❡ ❜② ❤②♣♦t❤❡s✐s ❝❤❛✐♥✲❝♦♠♣❧❡①❡s✳

❘❘ ♥➦ ✼✹✼✶



✻✵ ▼❡r✐♥♦ ❡t ❛❧✳

✷✳ f ′′ ❛♥❞ g′′ ❛r❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s ❜❡❝❛✉s❡ t❤❡② ❛r❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝❤❛✐♥✲
❝♦♠♣❧❡① ♠♦r♣❤✐s♠s✳

✸✳ h′′ ✐s ♦❜✈✐♦✉s❧② ❛♥ ❤♦♠♦t♦♣② ♦♣❡r❛t♦r✳

✹✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❤♦❧❞✿

❼ f ′′g′′ = IdC′′❄
f ′′g′′ = f ′fgg′ = f ′IdC′g′ = f ′g′ = IdC′′

❼ g′′f ′′ + dh′′ + h′′d = IdC❄
g′′f ′′+dh′′+h′′d = g(IdC′−dh′+h′d)f +dh+hd+dgh′f +gh′fd = gf−g(dh′+
h′d)f + dh + hd + dgh′f + gh′fd = IdC

❼ f ′′h′′ = h′′g′′ = h′′h′′ = 0

✕ f ′′h′′ = f ′f(h + gh′f) = f ′(fh) + f ′(fg)h′f = 0 + f ′IdC′h′f = 0

✕ h′′g′′ = (h + gh′f)gg′ = (hg)g′ + gh′(fg)g′ = 0 + gh′(IdC′)g′ = 0

✕ h′′h′′ = (h + gh′f)(h + gh′f) = hh + (hg)h′f + gh′(fh) + gh′(fg)h′f = 0

✺✳✺ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ r❡❞✉❝t✐♦♥s

❬❙❘✵✻✱ ❙❡❝t✐♦♥ ✹✳✾✱ ♣❛❣❡ ✺✷❪
❉❡✜♥✐t✐♦♥ ✷✾✳ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ r❡❞✉❝t✐♦♥s ♦r str♦♥❣ ❤♦♠♦❧♦❣② ❡q✉✐✈❛❧❡♥❝❡✳
❆ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ r❡❞✉❝t✐♦♥s ♦r str♦♥❣ ❤♦♠♦❧♦❣② ❡q✉✐✈❛❧❡♥❝❡ ǫ : C∗ ⇐⇒ D∗ ❜❡t✇❡❡♥ t✇♦
❝❤❛✐♥✲❝♦♠♣❧❡①❡s C∗✱ D∗✱ ✐s ❛ ♣❛✐r ♦❢ r❡❞✉❝t✐♦♥s ❝♦♥♥❡❝t✐♥❣ C∗ ❛♥❞ D∗ t❤r♦✉❣❤ ❛ t❤✐r❞
❝❤❛✐♥✲❝♦♠♣❧❡① Ĉ∗✿

ǫ = C∗

ρl

⇚ Ĉ∗

ρr

⇛ D∗

❊①❛♠♣❧❡ ✾✳ ❘❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡
❲❡ ❝❛♥ ❝♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ♥❡①t r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡✿

C∗

lf~~||
||

||
||

rf

""DD
DD

DD
DD

lh 66 rhhh

C∗

lg
>>||||||||

EC∗

rg

bbDDDDDDDD

✇❤❡r❡✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❧❡❢t r❡❞✉❝t✐♦♥ ✐s t❤❡ tr✐✈✐❛❧ r❡❞✉❝t✐♦♥ ❛♥❞ t❤❡ r✐❣❤t r❡❞✉❝t✐♦♥ ✐s t❤❡
❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✳

❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡ ❈♦♥❡ ❊q✉✐✈❛❧❡♥❝❡ ❚❤❡♦r❡♠ ✉s❡s t❤✐s str✉❝t✉r❡✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✻✶

❈❤❛♣t❡r ✻

❈♦♥❡ ❝♦♥str✉❝t✐♦♥

❘❡♠❡♠❜❡r t❤❛t✱ ❣✐✈❡♥ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s A✱ B ❛♥❞ A ∩ B 6= ∅✱ ✇❡
✇❛♥t t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ✉♥✐♦♥ X = A ∪ B✳ ❆t s♦♠❡ ♣♦✐♥t ✇❡ ♥❡❡❞ t♦ ❵♠✐①✬
t❤❡ ❤♦♠♦❧♦❣② ✐♥❢♦r♠❛t✐♦♥ ♦❢ A✱ B ❛♥❞ A∩B ✐♥ ❛♥ ❵❛♣♣r♦♣r✐❛t❡✬ ✇❛② ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡
❤♦♠♦❧♦❣② ♦❢ t❤❡ ✉♥✐♦♥✳ ❚❤✐s ❛♣♣r♦♣r✐❛t❡ ✇❛② ♦❢ ❵♠✐①✐♥❣✬ t❤❡ ❤♦♠♦❧♦❣② ✐♥❢♦r♠❛t✐♦♥ ✐s t❤❡
❝♦♥❡ ❝♦♥str✉❝t✐♦♥❀ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❤♦♠♦❧♦❣② ✐♥❢♦r♠❛t✐♦♥ ♦❢ A✱ B ❛♥❞ A∩B ✐s ❡①♣r❡ss❡❞
❛s ❛ r❡❞✉❝t✐♦♥ ✭❢♦r ❡①❛♠♣❧❡✱ ❛ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ t❤❡ ❢♦r♠ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡
✾✮✳

❚❤❡ ❝♦♥❡ ✐s ❛ ❝♦♥❝❡♣t ✈❛st❧② ✉s❡❞ ❜❡❝❛✉s❡ ♦❢ ✐ts s✐♠♣❧✐❝✐t② ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s
t❤❛t ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ✐t✳ ■t ❛♣♣❡❛rs ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts ❛♥❞ ✇✐t❤ s❧✐❣❤t❧② ❞✐✛❡r❡♥t
♠❡❛♥✐♥❣ ❜✉t ❛❧✇❛②s ❜❛s❡❞ ✐♥ t❤❡ s❛♠❡ ✐❞❡❛✳

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❞❡✜♥❡❞ t❤❡ ❝♦♥❡ ❝♦♥❝❡♣t ❛♥❞ ✇❡ ✇✐❧❧ ❣✐✈❡ ✐ts ♣r♦♣❡rt✐❡s r❡❧❛t❡❞
✇✐t❤ t❤❡ r❡❞✉❝t✐♦♥ ❝♦♥❝❡♣t ❛♥❞ t❤❡ ✭❡✛❡❝t✐✈❡✮ s❤♦rt s❡q✉❡♥❝❡✳

✻✳✶ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ❝♦♥❡

✻✳✶✳✶ ❚♦♣♦❧♦❣✐❝❛❧ ❝♦♥❡

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥t❡①t✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦♥❡ ✐s ❞✐✛❡r❡♥t✱ ❜✉t ❛❧✇❛②s ❜❛s❡❞ ✐♥ t❤❡ s❛♠❡
✐❞❡❛✳ ▲❡ts t❛❦❡✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ❣❡♦♠❡tr✐❝ ❝♦♥❡✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦♥❡ ✇❡ ❛r❡ ✉s❡❞
t♦ ❞❡❛❧ ✇✐t❤✳
■♥ t♦♣♦❧♦❣② t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♥❡✳ ■❢ X ✐s ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✱ ✇❡ ❞❡✜♥❡
t❤❡ ❝♦♥❡ ♦❢ X ❛s✿

CX := (X × I)/(X × {0})

✇❤❡r❡ I = [0, 1]✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s ✇✐t❤ ❝r❡❛t✐♥❣ ❛ ❝②❧✐♥❞❡r ♦❢ ❜❛s❡ X ❛♥❞ ❝♦❧❧❛♣s✐♥❣ ♦♥❡ ♦❢
t❤❡ t✇♦ ❜❛s❡s✳
❚❤✐s ❝♦♥str✉❝t✐♦♥ ❤❛s t✇♦ ♠❛✐♥ ♣r♦♣❡rt✐❡s✿ ✐s s✐♠♣❧❡ ❛♥❞ ❤❛s tr✐✈✐❛❧ ❤♦♠♦❧♦❣② ✭♦❜s❡r✈❡ t❤❛t

❘❘ ♥➦ ✼✹✼✶



✻✷ ▼❡r✐♥♦ ❡t ❛❧✳

t❤❡ ❝♦♥❡ ✐s ❝♦♥tr❛❝t✐❜❧❡ t♦ t❤❡ ✈❡rt❡① ♣♦✐♥t ❜② ❤♦♠♦t♦♣②✮✳ ❚❤✐s ♠❛❦❡s ✐t ✈❡r② ✉s❡❢✉❧ ✐♥
❛❧❣❡❜r❛✐❝ t♦♣♦❧♦❣②✱ ✐t ❡♠❜❡❞s ❛ s♣❛❝❡ ❛s ❛ s✉❜s♣❛❝❡ ♦❢ ❛ ❝♦♥tr❛❝t✐❜❧❡ s♣❛❝❡✳

✻✳✶✳✷ ▼❛♣♣✐♥❣ ❝♦♥❡ ❛♥❞ ❝♦♥❡ ♦❢ ❛ ♠♦r♣❤✐s♠

❚❤❡r❡ ✐s ❛❧s♦ ❛ ❝♦♥str✉❝t✐♦♥ r❡❧❛t❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❝♦♥❡ ❦♥♦✇♥ ❛s ❛ ♠❛♣♣✐♥❣ ❝♦♥❡✱
❬❍❛t✵✷❪✳ ❈♦♥s✐❞❡r t✇♦ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s✱ ❢♦r ❡①❛♠♣❧❡✱ t✇♦ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s X ❛♥❞ Y
✇❤✐❝❤ ❛r❡ r❡❧❛t❡❞ ❜② ❛ ♠❛♣ f : X → Y ✳ ❋r♦♠ t❤❡s❡ t✇♦ s♣❛❝❡s ❛♥❞ f ✇❡ ❝♦♥str✉❝t ❛ ♥❡✇
t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✱ t❤❡ ♠❛♣♣✐♥❣ ❝♦♥❡✱ CX,Y

f ✳

❚❤❡ ♣r♦❝❡ss ♦❢ ❝♦♥str✉❝t✐♦♥ ✐s✿

✶✳ ❈r❡❛t❡ t❤❡ ❝②❧✐♥❞❡r ♦❢ ❜❛s❡ X❀ X × [0, 1]

✷✳ ❈♦❧❧❛♣s❡ t❤❡ ❡①tr❡♠❡ X × {0} ✐♥t♦ ❛ ♣♦✐♥t t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥❡❀ CX✳

✸✳ ❈♦♥s✐❞❡r X ×{1}✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡r❡ ✐s ❛ ♠❛♣ f : X ×{1} → Y t❤❛t (x, 1) 7→ f(x)✳
❈♦♥s✐❞❡r t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ CX ❛♥❞ Y ❛♥❞ ✐❞❡♥t✐❢② ❡❛❝❤ ♣♦✐♥t (x, 1) ♦❢ CX ✇✐t❤
f(x) ∈ Y ✳ ❚❤❡ r❡s✉❧t ♦❢ t❤✐s ♣r♦❝❡ss ✐s ❛ ♥❡✇ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✱ CX,Y

f ✳

▼♦r❡ ❝♦♥❝✐s❡❧②✱ ✇❡ ❞❡✜♥❡❞ t❤❡ ♠❛♣♣✐♥❣ ❝♦♥❡ ♦❢ f : X → Y ❛s✿

CX,Y
f = Y ⊔f CX = Y ⊔ ((X × [0, 1])/(X × {0}))

✇❤❡r❡ CX ✐s t❤❡ ❝♦♥❡ ♦❢ X ❛♥❞ ⊔f r❡♣r❡s❡♥ts ❛tt❛❝❤♠❡♥t ♦❢ Y ❛❧♦♥❣ X × 1 t❤r♦✉❣❤ t❤❡
✐❞❡♥t✐✜❝❛t✐♦♥s (x, 1) ≈ f(x)✳

❙✉♣♣♦s❡ t❤❛t ✇❡ ✇❛♥t t♦ st✉❞② t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ♠❛♣♣✐♥❣ ❝♦♥❡ ♦❢ ❛ ♠♦r♣❤✐s♠ f :
X → Y ✳ ❚❤❡ st❡♣s t♦ ❝❛rr② ♦✉t ❛r❡✿

❼ ❝♦♥s✐❞❡r t❤❡ ♠❛♣ f : X → Y r❡❧❛t✐♥❣ t❤❡ t✇♦ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✱

❼ ❝♦♥str✉❝t CX,Y
f ✱ t❤❡ ❝♦♥❡ ♦❢ t❤❡ ♠❛♣ f ✱

❼ ❝♦♥str✉❝t t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① ♦❢ t❤❡ ❝♦♥❡✱ (CX,Y
f )∗✱

❼ ✜♥❛❧❧②✱ ❝♦♠♣✉t❡ ✐ts ❤♦♠♦❧♦❣②✱ H∗(C
X,Y
f )✳

❲❤✐❝❤ ✐s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s X∗✱ Y∗ ❛♥❞ t❤❡ ❝❤❛✐♥✲❝♦♠♣❧❡① (CX,Y
f )∗

❚❤❡ ❝♦♥❡ t❤❡♦r❡♠ ❛♥s✇❡rs t❤✐s q✉❡st✐♦♥ ❛♥❞✱ ❛❧s♦✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿
❙✉♣♣♦s❡ t❤❛t t✇♦ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s✱ X∗ ❛♥❞ Y∗✱ ❛r❡ ❣✐✈❡♥ ❛♥❞ ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠

f : X∗ → Y∗✱ ❝❛♥ ✇❡ ❝♦♥str✉❝t t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① (CX,Y
f )∗ ❞✐r❡❝t❧② ✉s✐♥❣ ♦♥❧② t❤✐s ✐♥❢♦r♠❛✲

t✐♦♥ ✭✐✳❡✱ ✇✐t❤♦✉t r❡❢❡rr✐♥❣ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✮❄
✐✳❡✿

❼ ❲❡ ❤❛✈❡ t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s X∗✱ Y∗✱ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t✇♦ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✱ X✱
Y ✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✻✸

❼ ❲❡ ❤❛✈❡ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ♠♦r♣❤✐s♠ f : X∗ → Y∗ ✐♥❞✉❝❡❞ ❜② t❤❡ s✐♠♣❧✐❝✐❛❧ ♠❛♣
f : X → Y ✳

❼ ❲❡ ✇❛♥t t♦ ❝♦♥str✉❝t (CX,Y
f )∗ ✇✐t❤ t❤❡s❡ ❡❧❡♠❡♥ts ❛♥❞ ❝♦♠♣✉t❡ ✐ts ❤♦♠♦❧♦❣②✳

■♥ t❤✐s ❝❛s❡✱ ✇❤❡♥ t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① (CX,Y
f )∗ ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ t✇♦ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s

X∗ ❛♥❞ Y∗ ❛♥❞ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ♠♦r♣❤✐s♠ f : X∗ → Y∗✱ (CX,Y
f )∗ ✐s ❝❛❧❧❡❞ ❝♦♥❡ ♠♦r♣❤✐s♠

♦❢ f ❛♥❞ ✐s ❞❡♥♦t❡❞ Cone(f)✳

✻✳✷ ❈♦♥❡ ♦❢ ❛ ♠♦r♣❤✐s♠

❉❡✜♥✐t✐♦♥ ✸✵✳ ❈♦♥❡ ♦❢ ❛ ♠♦r♣❤✐s♠✳
✭❬❙❘✵✻❪✮ ❙✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ t✇♦ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s X∗✱ Y∗ ❛♥❞ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ♠♦r♣❤✐s♠
f : X∗ → Y∗ ❜❡t✇❡❡♥ t❤❡♠✳ ❋r♦♠ t❤❡s❡ ❝♦♠♣❧❡①❡s ❛♥❞ ♠♦r♣❤✐s♠ f ✇❡ ❞❡✜♥❡ ❛ ♥❡✇ ❝❤❛✐♥
❝♦♠♣❧❡①✱ ❞❡♥♦t❡❞ Cone(f) = C∗✳
❆t ❡❛❝❤ ❞✐♠❡♥s✐♦♥ Ck := Yk ⊕Xk−1 ❛♥❞ ✐ts ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ✐s✿

DC∗
:=

[
DY∗

f∗−1

0 −DX∗−1

]

❼ ❲❤❛t ❞♦❡s ✐t ♠❡❛♥ Yk ⊕Xk−1❄

❚❤❡ ❡❧❡♠❡♥ts ♦❢ Ck := Yk ⊕Xk−1 ❛r❡ ❡❧❡♠❡♥ts ♦❢ Yk ♦r ❡❧❡♠❡♥ts ♦❢ Xk−1 ♦r ❢♦r♠❛❧
s✉♠s ♦❢ t❤❡s❡ ❡❧❡♠❡♥ts✳ Yk ❛♥❞ Xk−1 ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ❵❞✐s❥♦✐♥t✬ ♠♦❞✉❧❡s✱ ✐✳❡✱ ✐❢✱ ❢♦r
❡①❛♠♣❧❡✱ ✇❡ ♠✉st ❣✐✈❡ ❛ ❜❛s❡ ♦❢ Ck✱ ✐t ✇✐❧❧ ❜❡ ❢♦r♠❡❞ ❜② ❛ ❜❛s❡ ♦❢ Yk ❛♥❞ ❛ ❜❛s❡
♦❢ Xk−1✳ ■♠❛❣✐♥❡ t❤❛t t❤❡r❡ ✐s ❛ ❝♦♠♠♦♥ ❡❧❡♠❡♥t t♦ t❤❡s❡ t✇♦ ❜❛s❡s❀ s❤♦✉❧❞ ✇❡
❡❧✐♠✐♥❛t❡ ♦♥❡ ♦❢ t❤❡♠ ❢r♦♠ t❤❡ ❜❛s❡ ♦❢ Ck❄ ❚❤❡ ❛♥s✇❡r ✐s ♥♦✳ ❊✈❡♥ ✐❢ Yk ❛♥❞ Xk−1

❤❛✈❡ ❡❧❡♠❡♥ts ✐♥ ❝♦♠♠♦♥✱ ✐♥ Ck t❤❡② ❛r❡ ❝♦♥s✐❞❡r❡❞ ❞✐s❥♦✐♥t❧②✳

❼ ■♥ Ck✱ ✇❤② ❞♦ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠♦❞✉❧❡ Xk−1 ♦❢ ✐♥❢❡r✐♦r ❞✐♠❡♥s✐♦♥ t❤❛♥ Yk❄
❚❤❡ ❛♥s✇❡r ✐s ✐♥ t❤❡ ❝♦♥❡ ❝♦♥str✉❝t✐♦♥✳ ❲❤✐❧❡ ♣❡r❢♦r♠✐♥❣ t❤❡ ❝♦♥❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠
✇❡ ❛r❡ ✐♠♣❧✐❝✐t❧② ♣❡r❢♦r♠✐♥❣ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❝♦♥❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s♣❛❝❡ X✳ ❈♦♥s✐❞❡r
t❤❡ ❜❛s✐s X × {1} ✐♥ t❤❡ ❝♦♥❡ CX❀ t❤✐s ✐s ❛ ❝♦♣② ♦❢ X✳ ❈♦♥s✐❞❡r ❛ ❢❛❝❡ σ ♦❢ X × {1}
❛❧♦♥❣ ✇✐t❤ ❛❧❧ t❤❡ ❧✐♥❡s t❤❛t ✉♥✐t❡ t❤❛t ❢❛❝❡ ✇✐t❤ t❤❡ ✈❡rt❡① ♣♦✐♥t ♦❢ t❤❡ ❝♦♥❡✱ ❝❛❧❧
✐t σC ✳ σC ✐s ♦❢ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❤✐❣❤❡r t❤❛♥ σ ❛♥❞ ✐s ❛ ❢❛❝❡ ♦❢ CX✳ ❚❤❛t ✐s ✇❤② ✇❡
❝♦♥s✐❞❡r Xk−1 ✐♥st❡❛❞ ♦❢ Xk✱ ❜❡❝❛✉s❡ ✐♠♣❧✐❝✐t❧② ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥❡ ♦❢ X ❛♥❞
✐♥ t❤❡ ❝♦♥❡✱ t❤❡ ❢❛❝❡s ♦❢ Xk−1 ❝♦rr❡s♣♦♥❞ t♦ ❢❛❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ k ✐♥ CX✳

❊①❛♠♣❧❡ ✶✵✳ ❈♦♥❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠ ✐♥❝❧✉s✐♦♥ ✐♥ ▼❛②❡r✲❱✐❡t♦r✐s
❲❡ ❤❛✈❡ t✇♦ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s A ❛♥❞ B ❛♥❞ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥ A∩B 6= ∅✳ ❲❡ ❝♦♥s✐❞❡r t❤❡

❛♣♣❧✐❝❛t✐♦♥ i : A∩B → A⊔B ✭t❤❡ s❡❝♦♥❞ ❡❧❡♠❡♥t ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ A ❛♥❞ B✮ t❤❛t s❡♥❞s

❘❘ ♥➦ ✼✹✼✶



✻✹ ▼❡r✐♥♦ ❡t ❛❧✳

σ 7→ (σ, σ)✳ ❚❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✐♥❞✉❝❡s ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠ iA⊕ iB : (A∩B)∗ → A∗⊕B∗✳
❚❤❡♥✱ t❤❡ Cone(i) = C∗ ✐s Ck = (Ak ⊕Bk)⊕ (A∩B)k−1✳ ❆ ❜❛s✐s ♦❢ Ck ✐s σA

k ⊕σB
k ⊕σA∩B

k−1

✐✳❡ t❤❡ ❵❞✐s❥♦✐♥t✬ ✉♥✐♦♥ ♦❢ t❤❡ ❜❛s✐s ♦❢ A✱ B ❛♥❞ A∩B✳ ❚❤❡ ❜♦r❞❡r ♦♣❡r❛t♦r ♠❛tr✐① ❡①♣r❡ss❡❞ ✐♥
t❤✐s ❜❛s❡ ✐s✿

Dk =




DAk
0 iAk−1

0 DBk
iBk−1

0 0 −D(A∩B)k−1




❖❜s❡r✈❡ t❤❛t iA ❛♥❞ iB ❛r❡ t❤❡ ♠❛tr✐❝❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠♦r♣❤✐s♠s iA✱ iB ✭❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✮✳

■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡✱ ✇❡ ❤❛✈❡✿

A∗ : 0←− A0 = [v0, v1, v2]←− A1 = [e1, e2, e3]←− A2 = [f ]←− 0

B∗ : 0←− B0 = [v1, v2, v3]←− B1 = [e4, e5]←− 0

(A ∩B)∗ : 0←− (A ∩B)0 = [v1, v2]←− 0

■♥ t❤❡ ❛♥♥❡① ❇ ✇❡ st✉❞② t❤✐s ❡①❛♠♣❧❡❀ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ❛r❡✿

DA
1 =




e1 e2 e3

v0 −1 −1 0
v1 1 0 −1
v2 0 1 1


 DA

2 =




f

e1 1
e2 −1
e3 1




■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✻✺

DB
1 =




e4 e5

v1 −1 0
v2 0 −1
v3 1 1




❚❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① ♦❢ t❤❡ Cone(iA ⊕ iB) ✐s

0←− A0 ⊕B0 ←− A1 ⊕B1 ⊕ (A ∩B)0 ←− A2 ←− 0

✱ ✐✳❡

Cone(iA⊕iB) : 0← C0 = [v0, v1, v2]⊕[v1, v2, v3]← C1 = [e1, e2, e3]⊕[e4, e5]⊕[v1, v2]← C2 = [f ]← 0

❛♥❞ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ❛r❡✿

DC
1 =




e1 e2 e3 e4 e5 v1 v2

v0 −1 −1 0 0 0 0 0
v1 1 0 −1 0 0 1 0
v2 0 1 1 0 0 0 1
v1 0 0 0 −1 0 1 0
v2 0 0 0 0 −1 0 1
v3 0 0 0 1 1 0 0




DC
2 =




f

e1 1
e2 −1
e3 1
e4 0
e5 0
v1 0
v2 0




❘❘ ♥➦ ✼✹✼✶



✻✻ ▼❡r✐♥♦ ❡t ❛❧✳

❋✐❣✉r❡ ✻✳✶✿ ❈♦♥❡ ♦❢ t❤❡ ❡①❛♠♣❧❡ ✐♥ t❤❡ ✜❣✉r❡ ✶✵

✻✳✸ ❈♦♥❡ ❛♥❞ r❡❞✉❝t✐♦♥s

■♠❛❣✐♥❡ t❤❛t ✇❡ ❤❛✈❡ t✇♦ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s C∗ ❛♥❞ C ′
∗ ✇✐t❤ r❡s♣❡❝t✐✈❡ r❡❞✉❝t✐♦♥s✿ ρ′ =

(f ′, g′, h′) : C ′
∗ ⇛ D′

∗✱ ρ = (f, g, h) : C∗ ⇛ D∗✳ ❙✉♣♣♦s❡ t♦♦✱ t❤❛t ✇❡ ❤❛✈❡ ❛ ❝❤❛✐♥✲♠♦r♣❤✐s♠
φ : C ′

∗ ⇛ C∗✱ r❡❧❛t✐♥❣ t❤❡s❡ t✇♦ ❝❤❛✐♥s✳
❲❡ ❝❛♥ ❝♦♥str✉❝t Cone(φ)✳ ❈❛♥ ✇❡ ♦❜t❛✐♥ ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤✐s ❝♦♥❡ ❢r♦♠ t❤❡ r❡❞✉❝t✐♦♥ ♦❢
C∗✱ C ′

∗❄ ❚❤❡ ❈♦♥❡ ❘❡❞✉❝t✐♦♥ ❚❤❡♦r❡♠ ❣✐✈❡s ❛ ♣♦s✐t✐✈❡ ❛♥s✇❡r ✭❬❙❘✵✻✱ ❙❡❝t✐♦♥ ✺✳✺❪✮✳

❚❤❡♦r❡♠ ✻✳✸✳✶ ✭❈♦♥❡ ❘❡❞✉❝t✐♦♥ ❚❤❡♦r❡♠✮✳ ▲❡t ρ = (f, g, h) : C∗ ⇛ D∗ ❛♥❞ ρ′ =
(f ′, g′, h′) : C ′

∗ ⇛ D′
∗ ❜❡ t✇♦ r❡❞✉❝t✐♦♥s ❛♥❞ φ : C ′

∗ ⇛ C∗ ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠✳
❚❤❡♥ t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ r❡❞✉❝t✐♦♥✿

ρ′′ = (f ′′, g′′, h′′) : Cone(φ) ⇛ Cone(fφg′)

✇✐t❤ f ′′ =

[
f −fφh′

0 f ′

]

g′′ =

[
g −hφg′

0 g′

]

h′′ =

[
h hφh′

0 −h′

]

❊①❛♠♣❧❡ ✶✶✳ ❈♦♥❡ r❡❞✉❝t✐♦♥ ❛♥❞ ▼❛②❡r✲❱✐❡t♦r✐s
❲❡ ✇♦r❦ ❛❣❛✐♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ▼❛②❡r✲❱✐❡t♦r✐s✱ ✐✳❡✱ ✇✐t❤ ❛ ✜♥✐t❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X = A∪B

✇❤✐❝❤ ✐s ✉♥✐♦♥ ♦❢ t✇♦ s✉❜❝♦♠♣❧❡①❡s✱ A ❛♥❞ B ✇✐t❤ ♥♦♥✲❡♠♣t② ✐♥t❡rs❡❝t✐♦♥ A∩B✳ ❈♦♥s✐❞❡r t❤❡
❝❤❛✐♥✲♠♦r♣❤✐s♠ iA ⊕ iB : (A ∩B)∗ −→ A∗ ⊕B∗✳ ❈♦♥s✐❞❡r t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥s
♦❢ (A ∩B)∗ ❛♥❞ A∗✱ B∗✳

ρA = (fA, gA, hA) : A∗ ⇛ EA∗

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✻✼

✱

ρB = (fB , gB , hB) : B∗ ⇛ EB∗

✱

ρA∩B : (fA∩B , gA∩B , hA∩B) = (A ∩B)∗ ⇛ E(A ∩B)∗

❖❜s❡r✈❡ t❤❛t ❢♦r A∗ ⊕ B∗✱ ✇❡ ❤❛✈❡ t❤❡ r❡❞✉❝t✐♦♥✿ ρA⊕B = (fA ⊕ fB , gA ⊕ gB , hA ⊕ hB) :
A∗ ⊕B∗ ⇛ EA∗ ⊕ EB∗✳
❲❡ ❤❛✈❡ t❤❡ ♥❡①t ❞✐❛❣r❛♠✿

(A ∩B)∗
iA⊕iB //

fA∩B

��

A∗ ⊕B∗

fA⊕B

��
E(A ∩B)∗ //

gA∩B

OO

EA∗ ⊕ EB∗

gA⊕B

OO

❚❤❡ ❈♦♥❡ ❘❡❞✉❝t✐♦♥ ❚❤❡♦r❡♠ t❡❧❧ ✉s t❤❛t t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ r❡❞✉❝t✐♦♥✿

ρC = (fC , gC , hC) : Cone(iA ⊕ iB) ⇛ Cone((fA ⊕ fB)(iA ⊕ iB)gA∩B)

❉❡✜♥❡✿

ECk := Cone((fA ⊕ fB)(iA ⊕ iB)gA∩B)k = EAk ⊕ EBk ⊕ E(A ∩B)k−1

✇✐t❤ ❜♦r❞❡r ♦♣❡r❛t♦r✿

dECk
=

[
dEAk

⊕ dEBk
(fA ⊕ fB)(iA ⊕ iB)g(A∩B)

0 −dE(A∩B)k−1

]

■♥ ♠❛tr✐① ❢♦r♠✿

DECk
=




ENA
k 0 φA

k−1

0 ENB
k φB

k−1

0 0 −ENA∩B
k−1




✇❤❡r❡

φA
k = fA iA gA∩B = (rA

k )(PA
k )−1iAk (PA∩B

k )(rA∩B
k )T

φB
k ✐s ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳ iA ✐s t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ (A ∩B)∗ ✐♥ A∗✳
❚❤❡ ♠♦r♣❤✐s♠ g t❤❛t ❣✐✈❡s t❤❡ ❤♦♠♦❧♦❣② ♦❢ Cone(iA⊕iB) ❢r♦♠ t❤❡ ❤♦♠♦❧♦❣② ♦❢ Cone((fA⊕

fB)(iA ⊕ iB)gA∩B) ✐s✿

g =

(
(gA ⊕ gB) −(hA ⊕ hB)(iA ⊕ iB)gA∩B

0 gA∩B

)
=




gA 0 −hA iA gA∩B

0 gB −hB iB gA∩B

0 0 gA∩B




❘❘ ♥➦ ✼✹✼✶



✻✽ ▼❡r✐♥♦ ❡t ❛❧✳

✻✳✹ ❈♦♥❡ ❡q✉✐✈❛❧❡♥❝❡s

❬❙❘✵✻✱ ❙❡❝t✐♦♥ ✻✳✷✱ ♣❛❣❡ ✼✵❪

❚❤❡♦r❡♠ ✻✳✹✳✶ ✭❈♦♥❡ ❊q✉✐✈❛❧❡♥❝❡ ❚❤❡♦r❡♠✮✳ ▲❡t φ : C ′
∗ −→ C∗ ❜❡ ❛ ❝❤❛✐♥✲❝♦♠♣❧❡①

♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t✇♦ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s✶✳ ❚❤❡♥ ❛ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s ❛ ✈❡rs✐♦♥ ♦❢
t❤❡ Cone(φ) ✭❛♥❞ t❤❡ ♠♦❞✉❧❡s ♦❢ t❤❡ ❝❤❛✐♥ ❛r❡ ♦❢ ✜♥✐t❡ t②♣❡✮✳

Ĉ ′
∗

lf ′

����
��

��
��

rf ′

!!B
BB

BB
BB

Blh′

66 rh′

hh Ĉ∗

lf
����

��
��

��
rf

!!B
BB

BB
BB

Blh 66 rhhh

C ′
∗

lg′
??��������

φ

77EC ′
∗

rg′

aaBBBBBBBB

C∗

lg
??��������

EC∗

rg

aaBBBBBBBB

❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡✿

Cone(C ′

∗

φ
−→ C∗)

ρl

⇚ Cone(Ĉ ′

∗

bφ
−→ Ĉ∗)

ρr

⇛ Cone(EC ′

∗

Eφ
−→ EC∗)

❘❡♠❛r❦ ✻✳✹✳✷✳ ❖❜s❡r✈❡ t❤❛t t❤❡ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❈♦♥❡ ❡q✉✐✈❛❧❡♥❝❡
✐s t❤❡ r❡s✉❧t ♦❢ ♣❡r❢♦r♠✐♥❣ t✇✐❝❡ t❤❡ ❈♦♥❡ ❘❡❞✉❝t✐♦♥ ❚❤❡♦r❡♠❀ ♦♥❝❡ ♦✈❡r t❤❡ ❧❡❢t r❡❞✉❝t✐♦♥s
❛♥❞ ❛♥♦t❤❡r t✐♠❡ ♦✈❡r t❤❡ r✐❣❤t r❡❞✉❝t✐♦♥s✳

❚❤❡ r❡s✉❧t ♦❢ t❤❡ ❝♦♥❡ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❛ ♥❡✇ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡✿

Cone(φ̂)∗

elfxxqqqqqqqqqq

frh




elh
��

frf

&&NNNNNNNNNN

Cone(φ)∗

elg
88qqqqqqqqqq

Cone(Eφ)∗

frg

ffNNNNNNNNNN

✇❤❡r❡ φ̂ = (lg) φ (lf ′) ❛♥❞ Eφ = (rf) (lg) φ (lf ′) (rg′)
❛♥❞

r̃g =

[
rg −(rh)φ̂(rg′)
0 rg′

]
r̃f =

[
rf −(rf)φ̂(rh′)
0 rf ′

]
r̃h =

[
rh (rh)φ̂(rh′)
0 −(rh′)

]

❆♥❛❧♦❣♦✉s❧②✿

l̃g =

[
lg −(lh)φ̂(lg′)
0 lg′

]
l̃f =

[
lf −(lf)φ̂(lh′)
0 lf ′

]
l̃h =

[
lh (lh)φ̂(lh′)
0 −(lh′)

]

✶❲❡ ❛r❡ ❛❧✇❛②s s✉♣♣♦s✐♥❣ t❤❛t t❤❡ ♠♦❞✉❧❡s ♦❢ t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s ❛r❡ ✜♥✐t❡

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✻✾

❈❤❛♣t❡r ✼

❊✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

❘❡♠❡♠❜❡r t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ▼❛②❡r✲❱✐❡t♦r✐s ♠❡t❤♦❞ ✐s t❤❡ r❡s✉❧t ♦❢ ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡
t❤❛t ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ k ✐s ♦❢ t❤❡ ❢♦r♠ ✭s❡❡ ❡①❛♠♣❧❡ ✸ ❛t ♣❛❣❡ ✷✻✮✿

0←− (A ∪B)k

jA⊖jB

←−−−−−−−−−− Ak ⊕Bk

iA⊕iB

←−−−−−−−−−− (A ∩B)k ←− 0

❋r♦♠ t❤✐s s❡t ♦❢ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡s✱ t❤❡ ❝❧❛ss✐❝❛❧ ▼❛②❡r✲❱✐❡t♦r✐s ❡①❛❝t ❧♦♥❣ s❡q✉❡♥❝❡ ✐s
❝♦♥str✉❝t❡❞ ✭♣❛❣❡ ✷✾✮✳ ❍♦✇❡✈❡r✱ t❤✐s ♠❡t❤♦❞ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❤♦♠♦❧♦❣② ✐s ♥♦t ❝♦♥str✉❝✲
t✐✈❡✳

■♥ ❝♦♥str✉❝t✐✈❡ ❤♦♠♦❧♦❣② ✐t ✐s ❞❡✜♥❡❞ t❤❡ ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ✇❤✐❝❤ ✐s ❛♥
❡①❛❝t s❤♦rt s❡q✉❡♥❝❡ ✇✐t❤ t✇♦ ❣r❛❞❡❞ ♠♦❞✉❧❡ ♠♦r♣❤✐s♠s✿
❉❡✜♥✐t✐♦♥ ✸✶✳ ❊✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✳
❆♥ ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❝❤❛✐♥✲❝♦♠♣❧❡①❡s ✐s ❛ ❞✐❛❣r❛♠✿

0 R∗
oo

ν //
S∗

j
oo

ρ //
T∗

i
oo 0oo

✇❤❡r❡ i ❛♥❞ j ❛r❡ ❝❤❛✐♥✲❝♦♠♣❧❡① ♠♦r♣❤✐s♠s✱ ρ ✭r❡tr❛❝t✐♦♥✮ ❛♥❞ ν ✭s❡❝t✐♦♥✮ ❛r❡ ❣r❛❞❡❞ ♠♦❞✉❧❡
♠♦r♣❤✐s♠s s❛t✐s❢②✐♥❣✿

❼ ρi = IdT∗

❼ iρ + νj = idS∗

❼ jν = idR∗

❊①❛♠♣❧❡ ✶✷✳ ▼❛②❡r✲❱✐❡t♦r✐s ✐s ❛ ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡
❚❤❡ ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ▼❛②❡r✲❱✐❡t♦r✐s ✐s ❞❡✜♥❡❞ ❛s✿

0 (A ∪B)∗oo
ν //

A∗ ⊕B∗
j

oo
ρ //

(A ∩B)∗
i

oo 0oo

❘❘ ♥➦ ✼✹✼✶



✼✵ ▼❡r✐♥♦ ❡t ❛❧✳

✇✐t❤✿
i = iA ⊕ iB : (A ∩B)∗ −→ A∗ ⊕B∗

σ 7−→ (σ, σ)

j = jA ⊖ jB : A∗ ⊕B∗ −→ (A ∪B)∗
(σ, σ̃) 7−→ σ − σ̃

ν : (A ∪B)∗ −→ A∗ ⊕B∗

σ 7−→ (σ|A,−σ|B + σ|A∩B)

ρ : A∗ ⊕B∗ −→ (A ∩B)∗
(σ, σ̃) 7−→ σ̃|A∩B

Pr♦♦❢✳ ▲❡ts ♣r♦✈❡ t❤❛t t❤❡ ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ❛r❡ s❛t✐s✜❡❞✿

❼ ρi = id(A∩B)∗

ρ(iA ⊕ iB)(σ) = ρ(σ, σ) = σ|A∩B = σ = idA∩B(σ)

❼ iρ + νj = id(A⊕B)∗ ✳
❙✉♣♣♦s❡ σ ∈ A∗ ❛♥❞ σ̃ ∈ B∗✿

✶✳ (iA ⊕ iB)ρ(σ, σ̃) = (σ̃|A∩B , σ̃|A∩B)

✷✳ ν(jA ⊖ jB)](σ, σ̃) = ν(σ − σ̃) = ((σ − σ̃)|A,−(σ − σ̃)|B + (σ − σ̃)|A∩B) = (σ −
σ̃|A,−σ|B + σ̃ + σ|B − σ̃|A∩B) = (σ − σ̃|A, σ̃ − σ̃|A∩B) = (σ − σ̃|A∩B , σ̃ − σ̃|A∩B)

=⇒ [(iA ⊕ iB)ρ + ν(jA ⊖ jB)](σ, σ̃) = (σ, σ̃)

❼ jν = id(A∪B)∗

[(jA ⊖ jB)ν](σ) = (jA ⊖ jB)(σ|A,−σB + σ|A∩B) = σ|A + σB − σ|A∩B = σ = idA∪B(σ)

✼✳✶ ❈♦♥❡✱ ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡s ❛♥❞ ▲❡♠♠❛ ✽✷

❚❤❡ ♥❡①t ❧❡♠♠❛ ✐s t❤❡ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡✱ ✐t ✐s t❤❡ ▲❡♠♠❛ ✽✷
✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❬❙❘✵✻✱ ❙❡❝t✐♦♥ ✻✳✷❪ ✇❤✐❝❤✱ ✐♥ t❤❡ s❛♠❡ r❡❢❡r❡♥❝❡✱ ✐s ❛ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✽✶
✭❙❊❙ t❤❡♦r❡♠s✮✳

▲❡♠♠❛ ✼✳✶✳✶ ✭▲❡♠♠❛ ✽✷✮✳ ❚❤❡ ❡✛❡❝t✐✈❡ ❡①❛❝t s❡q✉❡♥❝❡

0 R∗
oo

ν //
S∗

j
oo

ρ //
T∗

i
oo 0oo

♣r♦❞✉❝❡s ❛ r❡❞✉❝t✐♦♥✿ ρ = (f, g, h) : Cone(i) ⇛ R∗✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❜♦r❞❡r ♦♣❡r❛t♦r ♦❢ R∗

❣✐✈❡♥ ❜② t❤✐s r❡❞✉❝t✐♦♥ ✐s ❜② ❝❤❛♥❝❡ t❤❡ ♦r✐❣✐♥❛❧ ❜♦r❞❡r ♦♣❡r❛t♦r dR∗
♦❢ R∗✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✼✶

❼ f = j

❼ h = ρ

❼ g = ν − ρ dS∗
ν

❲❡ ✇✐❧❧ ❝❛❧❧ t❤✐s ❧❡♠♠❛✱ ▲❡♠♠❛ ✽✷
❊①❛♠♣❧❡ ✶✸✳ ▼❛②❡r✲❱✐❡t♦r✐s ❛♥❞ ▲❡♠♠❛ ✽✷

■♥ t❤❡ ▼❛②❡r✲❱✐❡t♦r✐s ❝❛s❡✱ t❤✐s ❧❡♠♠❛ t❡❧❧s ✉s ❤♦✇ t♦ ❝♦♥str✉❝t ❛ r❡❞✉❝t✐♦♥✿

ρ = (f, g, h) : Cone(iA ⊕ iB) ⇛ (A ∪B)∗

✇✐t❤ f = jA ⊖ jB ✳
❚❤✐s ♠❡❛♥s t❤❛t ✐❢ ✇❡ ❦♥♦✇ t❤❡ ❤♦♠♦❧♦❣② ♦❢ Cone(iA ⊕ iB)✱ t❤❡♥ ✇❡ ❝❛♥ ❡✈❛❧✉❛t❡ t❤❡

❤♦♠♦❧♦❣② ♦❢ (A∪B)∗✳ ❲❤❛t ✐s ♥❡❡❞❡❞ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✐♠❛❣❡ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡
❤♦♠♦❧♦❣② ♦❢ Cone(iA ⊕ iB) ❜② t❤❡ ♠♦r♣❤✐s♠ f = jA ⊖ jB ✳

0 (A ∪B)∗oo
ν //

A∗ ⊕B∗
jA⊖jB

oo
ρ //

(A ∩B)∗
iA⊕iB

oo 0oo

❘❘ ♥➦ ✼✹✼✶



✼✷ ▼❡r✐♥♦ ❡t ❛❧✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✼✸

❈♦♥❝❧✉s✐♦♥ ♦❢ ♣❛rt ■■

■♥ t❤✐s ♣❛rt✱ ✇❡ ❤❛✈❡ s❡❡♥ ❛ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ▼❛②❡r✲❱✐❡t♦r✐s ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡
✉s✐♥❣ t❤❡ ▲❡♠♠❛ ✽✷ ✭❡①❛♠♣❧❡ ✶✸✮ ❛♥❞ ❛ ♠❡t❤♦❞ ♦❢ r❡❞✉❝✐♥❣ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✇✐t❤♦✉t
♠♦❞✐❢②✐♥❣ t❤❡ ❤♦♠♦❧♦❣② ✭❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✮✳

❚❤❡s❡ ❛r❡ t❤❡ t♦♦❧s ✉s❡❞ ✐♥ t❤❡ ❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❛❧❣♦r✐t❤♠✳ ❙❡❡ ✐♥ t❤❡ s❝❤❡♠❛
♦❢ t❤❡ ✜❣✉r❡ ✼✳✶ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❈❧❛ss✐❝❛❧ ❍♦♠♦❧♦❣② ❛♥❞ ❈♦♥str✉❝t✐✈❡ ❍♦♠♦❧♦❣②✳

❘❘ ♥➦ ✼✹✼✶
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Long exact
sequence

Short exact 
sequence

Spectral	
sequence

Smith 
reduction

methods of computing

Mayer-Vietoris

Extension problem
Computational 

complexity

CONSTRUCTIVE 
HOMOLOGY

Reduction Cone construction

Trivial
reduction

Homological
Smith

Reduction

Reduction on 
short exact
sequences
(lemma 82)

Cone 
of a reduction

Cone reduction theorem
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Effective short exact sequence

based on
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SES (short exact sequence)
theorems

    
 
 

one of the

CONSTRUCTIVE 
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solves
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❉
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♣❛rt
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❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✼✺

P❛rt ■■■

❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s

❆❧❣♦r✐t❤♠

❘❘ ♥➦ ✼✹✼✶





❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✼✼

❈❤❛♣t❡r ✽

❚❤❡♦r❡t✐❝❛❧ ❛❧❣♦r✐t❤♠

◆♦✇ ✇❡ ❛r❡ ♣r❡♣❛r❡❞ t♦ ❡①♣❧❛✐♥ t❤❡ ❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠✳ ❋✐rst❧②✱ ✇❡
❡①♣❧❛✐♥ t❤❡ ♦♥❡ st❡♣ ❛❧❣♦r✐t❤♠✱ ✐✳❡✱ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ✉♥✐♦♥ ❤♦♠♦❧♦❣② ♦❢ t✇♦
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✳ ❚❤❡ ♦♥❡ st❡♣ ❛❧❣♦r✐t❤♠ ✐s ♥♦t ❛♥ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠✳ ❆❢t❡r✇❛r❞s✱ ✇❡
❡①♣❧❛✐♥ t❤❡ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠✳

❲❡ ♠❛❦❡ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤✐s t✇♦ ♠❡t❤♦❞s ❜❡❝❛✉s❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥s t❤❛t ❝❛♥
❜❡ ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ ♦♥❡ ❛r❡ ❞✐✛❡r❡♥t✳

❋✐rst✱ ❧❡t ✉s ❞❡✜♥❡✿

❉❡✜♥✐t✐♦♥ ✸✷✳ ❍♦♠♦❧♦❣✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✳

❲❡ ❝❛❧❧ ❤♦♠♦❧♦❣✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ❛ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ✇❤❡r❡
♦♥❡ ♦❢ t❤❡ r❡❞✉❝t✐♦♥s ✐s ♦❢ t②♣❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✱ ❛♥❞ t❤❡ s♠❛❧❧ ❝❤❛✐♥ ♦❢ t❤❡
♦t❤❡r r❡❞✉❝t✐♦♥ ✐s t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① X∗

Pr♦♣♦s✐t✐♦♥ ✽✳✵✳✷ ✭❍♦♠♦❧♦❣② ❢r♦♠ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✮✳
❚❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ ✐ts ❤♦♠♦❧♦❣② ❣❡♥❡r✲
❛t♦rs ❛♥❞ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts✳

Pr♦♦❢✳ ■♠♠❡❞✐❛t❡✱ ❜❡❝❛✉s❡ t❤❡ r❡❞✉❝t✐♦♥s ❡st❛❜❧✐s❤ ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t❤❡ ❤♦♠♦❧♦❣②
❣r♦✉♣s ❛♥❞ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❤♦♠♦❧♦❣② ♦❢ ♦♥❡ ♦❢ t❤❡ ❝❤❛✐♥s✳
✭❙❡❡ t❤❡ st❡♣ ✻ ♦❢ t❤❡ ♦♥❡ st❡♣ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳

❘❘ ♥➦ ✼✹✼✶



✼✽ ▼❡r✐♥♦ ❡t ❛❧✳

✽✳✶ ❖♥❡ st❡♣ ❛❧❣♦r✐t❤♠

❙✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X X ✐s ✉♥✐♦♥ ♦❢ s✉❜❝♦♠♣❧❡①❡s A ❛♥❞ B

■♥♣✉t ❆ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ❞❡❝♦♠♣♦s❡❞ ✐♥ t✇♦ s✉❜❝♦♠♣❧❡①❡s A ❛♥❞ B✱ s♦ t❤❛t X = A∪B
❛♥❞ A ∩B 6= ∅✳

❙t❡♣ ✶ ❖r❞❡r t❤❡ ✈❡rt✐❝❡s ♦❢ X ❛♥❞ ❡♥✉♠❡r❛t❡ t❤❡ ❝❡❧❧s ♦❢ X ❛t ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳

✭❛✮ ❖r❞❡r t❤❡ ✈❡rt✐❝❡s ♦❢ X ✭❜✮ ❊♥✉♠❡r❛t❡ t❤❡ ❢❛❝❡s ♦❢ X

❋✐❣✉r❡ ✽✳✶✿ ❙t❡♣ ✶

❙t❡♣ ✷ ❈♦♠♣✉t❡ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❢♦r A✱ B ❛♥❞ A ∩B✳

ρA = (fA, gA, hA) : A∗ ⇛ EA∗

ρB = (fB , gB , hB) : B∗ ⇛ EB∗

ρA∩B : (fA∩B , gA∩B , hA∩B) = (A ∩B)∗ ⇛ E(A ∩B)∗

❚❤❡ st❡♣s ❛r❡✿

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✼✾

✶✳ ❋♦r A✱ B ❛♥❞ A ∩ B ❝♦♠♣✉t❡ t❤❡ ❧✐st ♦❢ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✭❛ss♦❝✐❛t❡❞ t♦ t❤❡
❡♥✉♠❡r❛t✐♦♥ ❣✐✈❡♥ t♦ t❤❡ ❝❡❧❧s❀ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s {σk}k✮✳

Dk =




σk
1 . . . σk

l(k)

σk−1

✳✳✳ . . .
σk−1

l(k−1)




✷✳ P❡r❢♦r♠ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❛♥♥❡① ❇✳ ✭❖❜t❛✐♥ t❤❡ ♠❛tr✐❝❡s ♦❢
❝❤❛♥❣❡ ♦❢ ❜❛s❡ Pk✱ P−1

k ✱ ❛♥❞ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✐♥ ❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠ Nk

❢♦r ❡❛❝❤ k✮✳

Nk =

0

@

0 λ 0

0 0 Id

0 0 0

1

A Pk =

0

B

B

@

wk bk ck pwk pbk

σ
k
1

✳✳✳ . . .

σ
k

l(k)

1

C

C

A

P
−1
k

=

0

B

B

B

B

@

σ
k
1 . . . σ

k

l(k)

wk

bk

ck
. . .

pwk

pbk

1

C

C

C

C

A

✸✳ ❈♦♠♣✉t❡ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ✉s✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s
st❡♣✱ ✭s❡❡ s❡❝t✐♦♥ ✺✳✸✮✳

❖✉t♣✉t✿ ❋♦r • = A, B, A∩B t❤❡ ♠❛tr✐❝❡s t❤❛t r❡♣r❡s❡♥t t❤❡ ♠♦r♣❤✐s♠s ✐♥ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧
❙♠✐t❤ ❘❡❞✉❝t✐♦♥✿

(A ∩B)∗

fA∩B

��

hA∩B

��

E(A ∩B)∗

gA∩B

OO
A∗

fA

��

hA

��

EA∗

gA

OO B∗

fB

��

hB

��

EB∗

gB

OO

f• = {(Pk)−1|pwk,wk,ck}k

g• = {Pk|pwk,wk,ck}k

h• =








pbk

σk
1

✳✳✳ Pk|pb

σk
l(k)


 ∗

( σk−1
1 . . . σk−1

l(k−1)

bk−1 P−1
k−1|bk−1

)





k

❘❘ ♥➦ ✼✹✼✶



✽✵ ▼❡r✐♥♦ ❡t ❛❧✳

❛♥❞ t❤❡ ❧✐st ♦❢ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ♦❢ t❤❡ s♠❛❧❧ ❝❤❛✐♥s✿

ENk,• :=




wk ck pwk

wk−1 0 0 λ
ck−1 0 0 0
pwk−1 0 0 0




❙t❡♣ ✸ ❈♦♥s✐❞❡r t❤❡ ✐♥❝❧✉s✐♦♥ ♠♦r♣❤✐s♠ i : (A ∩B)∗ −→ A∗ ⊕B∗ ❛♥❞ ❝♦♥str✉❝t t❤❡ ❈♦♥❡
❘❡❞✉❝t✐♦♥ ✭❈♦♥❡ ❘❡❞✉❝t✐♦♥ ❚❤❡♦r❡♠✱ t❤❡♦r❡♠ ✻✳✸✳✶✮

ρC = (fC , gC , hC) : Cone(iA ⊕ iB) ⇛ Cone((fA ⊕ fB)(iA ⊕ iB)gA∩B)

✭s❡❡ ❡①❛♠♣❧❡ ✶✶✮✳ ❚❤❡ st❡♣s ❛r❡✿

✶✳ ❙✉♠✶ ♦❢ t❤❡ r❡❞✉❝t✐♦♥s ♦❢ A ❛♥❞ B✿

ρA⊕B = (fA ⊕ fB , gA ⊕ gB , hA ⊕ hB) : A∗ ⊕B∗ ⇛ EA∗ ⊕ EB∗

A∗ ⊕B∗

fA⊕B

��

hA⊕B

��

EA∗ ⊕ EB∗

gA⊕B

OO

✷✳ ❈♦♥s✐❞❡r t❤❡ ♠♦r♣❤✐s♠ ✐♥❝❧✉s✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❞✉❝t✐♦♥s ρA∩B ❛♥❞ ρA⊕B ✳

(A ∩B)∗
iA⊕iB //

fA∩B

��

hA∩B

��
A∗ ⊕B∗

fA⊕B

��

hA⊕B

��

E(A ∩B)∗

gA∩B

OO

EA∗ ⊕ EB∗

gA⊕B

OO

✸✳ ❈♦♠♣✉t❡ t❤❡ ❝♦♥❡ ♠♦r♣❤✐s♠ ♦❢ i = iA⊕ iB ✱ Cone(i) ❛♥❞ t❤❡ ❝❛♥♦♥✐❝❛❧ r❡❞✉❝t✐♦♥
❣✐✈❡♥ ❜② t❤❡ ❈♦♥❡ ❘❡❞✉❝t✐♦♥ ❚❤❡♦r❡♠✱ ✭s❡❡ t❤❡ ❢♦r♠✉❧❛s ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ♠♦r✲
♣❤✐s♠s fC ✱ gC ✱ hC ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❛t ♣❛❣❡ ✻✻✱ t❤❡♦r❡♠ ✻✳✸✳✶✮✳ ❚❤❡ s♠❛❧❧ ❝❤❛✐♥
✐s Cone(Ei)∗ := Cone((fA ⊕ fB)(iA ⊕ iB)gA∩B)∗ = EA∗ ⊕ EB∗ ⊕ E(A ∩B)∗−1

ρC = Cone(i)∗

fC

��

hC

��

Cone(Ei)∗

gC

OO

✶fA ⊕ fB =

»

fA 0
0 fB

–

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✽✶

❙t❡♣ ✹ ❈♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ (A ∪B)∗✳ ❚❤❡ st❡♣s ❛r❡

✶✳ ❈♦♠♣✉t❡ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ♦❢ Cone(Ei)

ρEC = Cone(Ei)∗

f ′

��

h′

��

E(Cone(Ei))∗

g′

OO

✷✳ ❈♦♠♣♦s❡ t❤❡ r❡❞✉❝t✐♦♥s ρC ❛♥❞ ρEC ✭s❡❝t✐♦♥ ✺✳✹✮✿

Cone(i)∗

fC

��

hC

��

Cone(Ei)∗

f ′

��

gC

OO

h′

��

E(Cone(Ei))∗

g′

OO

=⇒ ρr = Cone(i)∗

rf

��

rh

��

E(Cone(Ei))∗

rg

OO

✸✳ ❈♦♠♣✉t❡ t❤❡ r❡❞✉❝t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦✈❡r
Cone(i) ✭▲❡♠♠❛ ✽✷✱ ♣❛❣❡ ✼✵✱ s❡❝t✐♦♥ ✼✳✶✮✳

ρl = Cone(i)∗

lf

��

lh

��

(A ∪B)∗

lg

OO

❖✉t♣✉t✿ ❍♦♠♦❧♦❣✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ (A ∪B)∗❀ ✐✳❡✱ t❤❡ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡

ǫ : ρl ⇐⇒ ρr

Cone(i)∗

lfxxrrrrrrrrrr rf

''OOOOOOOOOOO

rh

��
lh

��

(A ∪B)∗

lg
88rrrrrrrrrr

E(Cone(Ei))∗

rg

ggOOOOOOOOOOO

❘❘ ♥➦ ✼✹✼✶



✽✷ ▼❡r✐♥♦ ❡t ❛❧✳

❙t❡♣ ✻ ❈♦♠♣✉t❡ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ Hk((A ∪ B)∗)✳ ❋♦r ❡❛❝❤ ❝②❝❧❡ c ∈ ck ❛♥❞ ❡❛❝❤ ✇❡❛❦✲
❜♦✉♥❞❛r② w ∈ wk✱ ❝♦♠♣✉t❡ ✐ts ✐♠❛❣❡ ❜② (lf) (rg)✳ (lf) (rg)(c) ✐s ❛ ❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡
♦❢ t❤❡ ✉♥✐♦♥ ❛♥❞ (lf) (rg)(w) ✐s ❛ ✇❡❛❦✲❜♦✉♥❞❛r② ♦❢ t❤❡ ✉♥✐♦♥✱ ✐ts t♦rs✐♦♥ ❝♦❡✣❝✐❡♥t
✐s t❤❡ ❝♦rr❡s♣♦♥❞❡♥t t♦rs✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ w ✐♥ E(Cone(Ei))✳

✽✳✶✳✶ ❈♦♠♣✉t❛t✐♦♥s s✐♠♣❧✐✜❝❛t✐♦♥

■♥ ♣r❛❝t✐❝❡✱ s♦♠❡ ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ♦♥❡ st❡♣ ❛❧❣♦r✐t❤♠ ✐s ♥♦t ✉s❡❞✳ ❲❡
❝❛♥✱ t❤❡r❡❢♦r❡✱ s✐♠♣❧✐❢② t❤❡ ❛❧❣♦r✐t❤♠✳ ❲❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❝♦♠♣✉t❡✿

✶✳ hA∩B

✷✳ ❚❤❡ ♠♦r♣❤✐s♠s fC ✱ hC ✐♥ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ρC : Cone(i) ⇛ Cone(Ei)✳

✸✳ ❚❤❡ ♠♦r♣❤✐s♠s h′, f ′ ✐♥ t❤❡ r❡❞✉❝t✐♦♥ ρEC : Cone(Ei) ⇛ E(Cone(Ei))✳

✹✳ ❚❤❡ ♠♦r♣❤✐s♠s rf ✱ rh ✐♥ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥s ρC ρEC : Cone(i) ⇛ Cone(Ei) ⇛

E(Cone(Ei))✳

✺✳ ❚❤❡ ♠♦r♣❤✐s♠ lg✱ lh ✐♥ t❤❡ r❡❞✉❝t✐♦♥ ρl : Cone(i) ⇛ (A ∪B)∗

❚♦ s❡❡ ❛ ❤❛♥❞✇r✐tt❡♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ s✐♠♣❧✐✜❡❞ ♦♥❡ st❡♣ ❛❧❣♦r✐t❤♠ s❡❡ ❛♥♥❡① ❉✳

✽✳✷ ■t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠

◆♦✇ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠✳ ❲❡ ♥❡❡❞ t♦ ❛❞❞ s♦♠❡ ❝❤❛♥❣❡s t♦ t❤❡ ♦♥❡ st❡♣
❛❧❣♦r✐t❤♠✳

❚❤❡ ♦✉t♣✉t ✐♥ t❤❡ ♦♥❡ st❡♣ ❛❧❣♦r✐t❤♠ ✐s ❛ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ✇❤✐❝❤ ✐s t❤❡ ❤♦♠♦❧♦❣✐❝❛❧
✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✉♥✐♦♥ A ∪B ♦❢ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s A✱ B✿

Cone(i)∗

lfxxrrrrrrrrrr rf

''OOOOOOOOOOO

rh

��
lh

��

(A ∪B)∗

lg
88rrrrrrrrrr

E(Cone(Ei))∗

rg

ggOOOOOOOOOOO

❆ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ✐s ♥♦t t❤❡ ✐♥♣✉t ♦❢ t❤❡ ♦♥❡ st❡♣ ❛❧❣♦r✐t❤♠✱ t❤❡r❡❢♦r❡✱ t❤❡ ✐t❡r❛t✐♦♥
✐s ♥♦t ♣♦ss✐❜❧❡✳ ❚♦ ❛❝❤✐❡✈❡ ❛♥ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠✱ ✇❡ ♥❡❡❞ t❤❡ ❈♦♥❡ ❊q✉✐✈❛❧❡♥❝❡ ❚❤❡♦r❡♠
✭t❤❡♦r❡♠ ✻✳✹✳✶✮

■♥♣✉t✿ ❆ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ❛♥❞ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ s✉❜❝♦♠♣❧❡①❡s A1, . . . , Ap✱ s♦ t❤❛t✱
X = A1 ∪ . . . ∪Ap ❛♥❞ ❢♦r ❛❧❧ r t❤❡r❡ ✐s ❛♥ s s♦ t❤❛t Ar ∩As 6= ∅✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✽✸

❙t❡♣ ✶ ❖r❞❡r t❤❡ ✈❡rt✐❝❡s ♦❢ X ❛♥❞ ❡♥✉♠❡r❛t❡ t❤❡ ❝❡❧❧s ♦❢ X ❛t ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✭t❤❡ s✉❜✲
❝♦♠♣❧❡①❡s (Ar)r ✐♥❤❡r✐t t❤❡ ✈❡rt❡① ♦r❞❡r✐♥❣ ❛♥❞ t❤❡ ❝❡❧❧s ❡♥✉♠❡r❛t✐♦♥✮✳

❙t❡♣ ✷ ❈♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❡❛❝❤ s✉❜❝♦♠♣❧❡① Ar✱ ✐✳❡✱ ❢♦r ❡❛❝❤ r✱
❝♦♠♣✉t❡ ❛ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡

ǫr : (Ar)∗
trivial

⇚ (Ar)∗
Smith

⇛ E(Ar)∗

✇❤❡r❡ t❤❡ r✐❣❤t r❡❞✉❝t✐♦♥ ✐s t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ♦❢ Ar ❛♥❞ t❤❡ ❧❡❢t
r❡❞✉❝t✐♦♥ ✐s ❛ tr✐✈✐❛❧ r❡❞✉❝t✐♦♥ ♦❢ Ar✭s❡❡ s❡❝t✐♦♥ ✼✮✳

❙t❡♣ ✸ ❈r❡❛t❡ ❛ ❧✐st ♦❢ ♥♦♥❴tr❡❛t❡❞❴s✐♠♣❧✐❝❡s ❛♥❞ ✐♥✐t✐❛❧✐③❡ ✐t ✇✐t❤ t❤❡ ❧✐st {Ar}r

▲♦♦♣ ❼ ■❢ ♥♦♥❴tr❡❛t❡❞❴s✐♠♣❧✐❝❡s ❝♦♥t❛✐♥s ❛ s✐♥❣❧❡ ❡❧❡♠❡♥t X✱ ❡♥❞ ♦❢ t❤❡ ❧♦♦♣✳

❼ ▲❡t Ar✱ As ❜❡ t✇♦ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ✐♥ t❤❡ ♥♦♥❴tr❡❛t❡❞❴s✐♠♣❧✐❝❡s ❧✐st s♦ t❤❛t
Ar ∩As 6= ∅✳ ❉♦✿

✶✳ ❈♦♠♣✉t❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ Ar✱ As✳

✷✳ ❈♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ✐♥❢♦r♠❛t✐♦♥✱ ǫrs ♦❢ Ar ∩As ✭❝♦♠♣✉t❡ ❛ r❡❞✉❝t✐♦♥ ❡q✉✐✈✲
❛❧❡♥❝❡ ❛s ✐♥ t❤❡ ❙t❡♣ ✶✱

ǫrs : (Ar ∩As)∗
trivial

⇚ (Ar ∩As)∗
Smith

⇛ E(Ar ∩As)∗

✮✳

✸✳ ❈♦♠♣✉t❡ t❤❡ ❝♦♥❡ ❡q✉✐✈❛❧❡♥❝❡ ✭s❡❡ s❡❝t✐♦♥ ✻✳✹✮ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡s ǫrs

❛♥❞ ǫr ⊕ ǫs✱ t❤r♦✉❣❤ t❤❡ ♠♦r♣❤✐s♠ ✐♥❝❧✉s✐♦♥ irs = iAr
⊕ iAs

✿

(Ar ∩As)∗

lfyyssssssssss rf

&&LLLLLLLLLL

rh

��
lh

��
(Âr)∗ ⊕ (Âs)∗

lf ′

vvnnnnnnnnnnnn rf ′

((RRRRRRRRRRRRR

lh′

��
rh′

��

(Ar ∩As)∗

lg

99ssssssssss

irs

44
E(Ar ∩As)∗

rg

ffLLLLLLLLLL

(Ar)∗ ⊕ (As)∗

lg′
66nnnnnnnnnnnn

E(Ar)∗ ⊕ E(As)∗

rg′

hhRRRRRRRRRRRRR

❚❤❡ r❡s✉❧t ✐s ❛ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡

ǫ̃ : Cone(irs)
ρl

⇚ Cone(̂irs)
ρr

⇛ Cone(Eirs)

ǫ̃ = Cone(̂irs)∗

elfwwppppppppppp

frh




elh
��

frf

''OOOOOOOOOOO

Cone(irs)∗

elg
77ppppppppppp

Cone(Eirs)∗

frg

ggOOOOOOOOOOO

❘❘ ♥➦ ✼✹✼✶



✽✹ ▼❡r✐♥♦ ❡t ❛❧✳

❘❡♠❡♠❜❡r t❤❛t î = (rg) irs (lf) ❛♥❞ Eirs = (rg) (rf) irs (lf) (lg)

✹✳ ❈r❡❛t❡ ❛ ♥❡✇ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① Ar ∪As❀ t❤❡ ✉♥✐♦♥ ♦❢ Ar ❛♥❞ As

✺✳ ❈♦♠♣✉t❡ t❤❡ r❡❞✉❝t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡s ✭✐❡✳ ❧❡♠♠❛
✽✷✮ ♦✈❡r Cone(irs)❀ ρlemma : Cone(irs) ⇛ (Ar ∪As)∗ ❛♥❞ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤
❘❡❞✉❝t✐♦♥ ♦✈❡r Cone(Eirs)❀ ρEC : Cone(Eirs) ⇛ E(Cone(Eirs))

✻✳ ❈♦♠♣♦s❡ t❤❡ r❡❞✉❝t✐♦♥s✿ ρl ✇✐t❤ ρlemma ❛♥❞ ρr ✇✐t❤ ρEC ✳ ❚❤❡ r❡s✉❧t ✐s t❤❡
r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ǫ∪ : (Ar ∪ As) ⇔ E(Cone(Eirs)) ✇❤✐❝❤ ✐s t❤❡ ❤♦♠♦❧♦❣②
✐♥❢♦r♠❛t✐♦♥ ♦❢ (Ar ∪As)✳

Cone(îrs)∗

elfxxppppppppppp

frh




elh
��

frf

((PPPPPPPPPPPP

Cone(irs)∗

elg
88ppppppppppp

ef

��

Cone(Ei)∗

ef ′

��

frg

hhPPPPPPPPPPPP

(Ar ∪As)∗

eg

OO

E(Cone(Eirs))∗

g′

OO

⇓ ❝♦♠♣♦s✐t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥s

ǫ∪ = Cone(îrs)∗

LFxxppppppppppp RF

((PPPPPPPPPPPP

RH




LH
��

(Ar ∪As)∗

LG

88ppppppppppp

E(Cone(Eirs))∗

RG

hhPPPPPPPPPPPP

✼✳ ❆ss♦❝✐❛t❡ t❤❡ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ǫ∪ ✇✐t❤ t❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① Ar ∪As✳

✽✳ ❘❡♠♦✈❡ Ar✱ As ❢r♦♠ t❤❡ ♥♦♥❴tr❡❛t❡❞❴s✐♠♣❧✐❝❡s ❧✐st ❛♥❞ ❛❞❞ Ar ∪As✳

▲❛st st❡♣ ❚❤❡ ❡❧❡♠❡♥t X ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧♦♦♣ ✐s t❤❡ ♦r✐❣✐♥❛❧ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✱ ✐t ❤❛s
❛ss♦❝✐❛t❡❞ ✐ts ❤♦♠♦❧♦❣② ✐♥❢♦r♠❛t✐♦♥✱ t❤❡r❡❢♦r❡✱ t❤❡ ❣❡♥❡r❛t♦rs ❛♥❞ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts
❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳

✽✳✷✳✶ ❘❡♠✐♥❞❡r ♦❢ t❤❡ ❢♦r♠✉❧❛s ✐♥ t❤❡ ❛❧❣♦r✐t❤♠

❈♦♥❡ ♦❢ ❛ ♠♦r♣❤✐s♠

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✽✺

■♥♣✉t✿ t✇♦ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s X∗✱ Y∗ ❛♥❞ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ♠♦r♣❤✐s♠ f : X∗ → Y∗

❖✉t♣✉t✿ ❈❤❛✐♥ ❝♦♠♣❧❡① Cone(f) = C∗ = Y∗ ⊕X∗−1 ✇✐t❤ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐①✿

DC∗
:=

[
DY∗

f∗−1

0 −DX∗−1

]

❈♦♥❡ ❡q✉✐✈❛❧❡♥❝❡

■♥♣✉t✿

Ĉ ′
∗

lf ′

����
��

��
��

rf ′

!!B
BB

BB
BB

Blh′

66 rh′

hh Ĉ∗

lf
����

��
��

��
rf

!!B
BB

BB
BB

Blh 66 rhhh

C ′
∗

lg′
??��������

φ

77EC ′
∗

rg′

aaBBBBBBBB

C∗

lg
??��������

EC∗

rg

aaBBBBBBBB

❖✉t♣✉t✿

Cone(φ̂)∗

elfxxqqqqqqqqqq

frh




elh
��

frf

&&NNNNNNNNNN

Cone(φ)∗

elg
88qqqqqqqqqq

Cone(Eφ)∗

frg

ffNNNNNNNNNN

✇❤❡r❡ φ̂ = (lg) φ (lf ′) ❛♥❞ Eφ = (rf) (lg) φ (lf ′) (rg′)
❛♥❞

r̃g =

[
rg −(rh)φ̂(rg′)
0 rg′

]
r̃f =

[
rf −(rf)φ̂(rh′)
0 rf ′

]
r̃h =

[
rh (rh)φ̂(rh′)
0 −(rh′)

]

❆♥❛❧♦❣♦✉s❧②✿

l̃g =

[
lg −(lh)φ̂(lg′)
0 lg′

]
l̃f =

[
lf −(lf)φ̂(lh′)
0 lf ′

]
l̃h =

[
lh (lh)φ̂(lh′)
0 −(lh′)

]

▲❡♠♠❛ ✽✷ ✭r❡❞✉❝t✐♦♥ ✐♥ ❛ ❡①❛❝t s❤♦rt s❡q✉❡♥❝❡✮

■♥♣✉t✿ ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0 Roo
ν //

S
j

oo
ρ //

T
i

oo 0oo

❖✉t♣✉t✿ ρ = (f, g, h) : Cone(i) ⇛ R∗

❘❘ ♥➦ ✼✹✼✶



✽✻ ▼❡r✐♥♦ ❡t ❛❧✳

❼ f = j

❼ h = ρ

❼ g = ν − ρ dS∗
ν

▲❡♠♠❛ ✽✷ ❛♥❞ ▼❛②❡r✲❱✐❡t♦r✐s

■♥♣✉t✿ ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ▼❛②❡r✲❱✐❡t♦r✐s✿

0 (A ∪B)∗oo
ν //

A∗ ⊕B∗
jA⊖jB

oo
ρ //

(A ∩B)∗
iA⊕iB

oo 0oo

i = iA ⊕ iB : (A ∩B)∗ −→ A∗ ⊕B∗

σ 7−→ (σ, σ)

j = jA ⊖ jB : A∗ ⊕B∗ −→ (A ∪B)∗
(σ, σ̃) 7−→ σ − σ̃

ν : (A ∪B)∗ −→ A∗ ⊕B∗

σ 7−→ (σ|A,−σ|B + σ|A∩B)

ρ : A∗ ⊕B∗ −→ (A ∩B)∗
(σ, σ̃) 7−→ σ̃|A∩B

❖✉t♣✉t ✐♥ ♠❛tr✐① ❢♦r♠✿

fk =
( σk

A σk
B σk−1

A∩B

σk
A∪B jA −jB 0

)

hk =




σk
A σk

B σk−1
A∩B

σk+1
A 0 0 0

σk+1
B 0 0 0

σk
A∩B ρ ρ 0




gk =




σk
A∪B

σk
A ν

σk
B ν

σk−1
A∩B −ρ dA∗⊕B∗

ν




❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✽✼

■♥♣✉t✿ ❛ ❝❤❛✐♥✲❝♦♠♣❧❡① Ĉ∗

❖✉t♣✉t✿ ❛ r❡❞✉❝t✐♦♥ ρ

ρ = Ĉ∗

f

��

hhh

EC∗

g

OO

ENk =




wk ck pwk

wk−1 0 0 λ
ck−1 0 0 0
pwk−1 0 0 0




gk := Pk =




wk ck pwk

σk
1

✳✳✳ . . .
σk

l(k)


 fk := P−1

k =




σk
1 . . . σk

l(k)

wk

ck . . .
pwk




hk =




pbk

σk
1

✳✳✳ Pk|pb

σk
l(k)


 ∗

( σk−1
1 . . . σk−1

l(k−1)

bk−1 P−1
k−1|bk−1

)

❙✉♠ ♦❢ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡s

■♥♣✉t✿ t✇♦ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡s

ǫA : A′

∗

ρ′
A

⇚ Â∗

ρA

⇛ A∗

ǫB : B′

∗

ρ′
B

⇚ B̂∗

ρB

⇛ B∗

❖✉t♣✉t✿ ǫA ⊕ ǫB : A′
∗ ⊕B′

∗

ρ′
A⊕ρ′

B

⇚ Â∗ ⊕ B̂∗

ρA⊕ρB

⇛ A∗ ⊕B∗

❚❤❡ s✉♠ ♦❢ r❡❞✉❝t✐♦♥s ρA ⊕ ρB ✐s t❤❡ s✉♠ ♦❢ t❤❡✐r ♠♦r♣❤✐s♠s ❛♥❞ t❤❡✐r ❝❤❛✐♥s ✭s✉♠ ♦❢ t❤❡
✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s✮✳ ■❢ fA✱ fB ❛r❡ ♠♦r♣❤✐s♠s ✭♦r ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s✮✱ t❤❡♥✿

fA ⊕ fB =

[
fA 0
0 fB

]

❈♦♠♣♦s✐t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥s

❘❘ ♥➦ ✼✹✼✶



✽✽ ▼❡r✐♥♦ ❡t ❛❧✳

■♥♣✉t✿ ρ = (f, g, h) : C∗ ⇛ D∗ ❛♥❞ ρ′ = (f ′, g′, h′) : C ′
∗ ⇛ D′

∗

❖✉t♣✉t✿ ρ′′ = (f ′′, g′′, h′′) : C∗ ⇛ C ′′
∗

f ′′ = f ′f

g′′ = gg′

h′′ = h + gh′f

✽✳✸ Pr♦♦❢ ♦❢ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❚❤❡ ♣r♦♦❢ ✐s ✐♠♠❡❞✐❛t❡ ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛s✐s✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ r❡❞✉❝t✐♦♥
❡q✉✐✈❛❧❡♥❝❡ ❝♦♠♣✉t❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ st❡♣ ♦❢ t❤❡ ❧♦♦♣ ✐s ❡✛❡❝t✐✈❡❧② ❛ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡✿

Cone(̂i)∗

LFxxqqqqqqqqqq RF

''OOOOOOOOOOO

RH
��

LH
��

(Ar ∪As)∗

LG

88qqqqqqqqqq

E(Cone(Ei))∗

RG

ggOOOOOOOOOOO

❜✉t t❤❡ ✐♥♣✉t ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛r❡ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ ❛❧❧ t❤❡ ♦♣❡r❛t✐♦♥s ♣❡r❢♦r♠❡❞
✭s✉♠ ♦❢ r❡❞✉❝t✐♦♥s✱ ❝♦♥❡ ❡q✉✐✈❛❧❡♥❝❡✱ ❝♦♠♣♦s✐t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥s✮ ♣r❡s❡r✈❡ t❤❡ str✉❝t✉r❡ ♦❢
r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡✳ ❚❤❡r❡❢♦r❡ ❛t ❡❛❝❤ st❡♣ ♦❢ t❤❡ ❧♦♦♣ ❛ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ✐s ♦❜t❛✐♥❡❞✳

▼♦r❡♦✈❡r✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝❤❛✐♥✲❝♦♠♣❧❡① (Ar∪As)∗ ❝♦♠❡s ❢r♦♠ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ▲❡♠♠❛
✽✷ ❛♥❞ t❤✐s ❧❡♠♠❛ ❛ss✉r❡s t❤❛t t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r
♦❢ (Ar ∪As)∗✳

❚❤❡♥✱ t❤❡ ❤♦♠♦❧♦❣② ♦❢ E(Cone(Ei))∗ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❤♦♠♦❧♦❣② ♦❢ (Ar ∪ As)∗✳ ❲❡
❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ E(Cone(Ei))∗ ❛♥❞ ❛ s✉❜❝❤❛✐♥ ♦❢ (Ar ∪As)∗ ✇✐t❤ ❡q✉✐✈❛❧❡♥t
❤♦♠♦❧♦❣②✳ ❚❤✐s ✐s♦♠♦r♣❤✐s♠ ✐s ❣✐✈❡♥ ❜② t❤❡ ♠❛♣s

(Ar ∪As)∗
(RF )(LG)

−−−−−−−−−−→ E(Cone(Ei))∗

❛♥❞

(Ar ∪As)∗
(LF )(RG)

←−−−−−−−−−− E(Cone(Ei))∗

■♥ t❤❡ s❛♠❡ ✇❛② t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ♦♥❡ st❡♣ ❛❧❣♦r✐t❤♠ ✐s ♣r♦✈❡❞✱ ❜❡❝❛✉s❡ ❛❧❧ t❤❡
♦♣❡r❛t✐♦♥s ♣❡r❢♦r♠❡❞ ❝♦♥s❡r✈❡ t❤❡ r❡❞✉❝t✐♦♥ str✉❝t✉r❡ ♦❢ t❤❡ ✐♥♣✉t✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✽✾

❈❤❛♣t❡r ✾

❖❜s❡r✈❛t✐♦♥s ♦♥ t❤❡ ❝♦♠♣❧❡①✐t②

❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♦♥❧② ❝❤❛✐♥✲❝♦♠♣❧❡① t❤❛t ✐s ❝♦♠♣✉t❡❞ ✐s t❤❡ s♠❛❧❧ ❝❤❛✐♥✲❝♦♠♣❧❡① ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ t❤❡ r✐❣❤t r❡❞✉❝t✐♦♥ ✭t❤❡ ❜✐❣ ❝❤❛✐♥✲❝♦♠♣❧❡① ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ t❤❡
s♠❛❧❧ ❝❤❛✐♥✲❝♦♠♣❧❡① ♦❢ t❤❡ ❧❡❢t r❡❞✉❝t✐♦♥ ❛r❡ ♥♦t ❝♦♠♣✉t❡❞✱ s✐♥❝❡ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ t❤❡♠✱
s❡❡ t❤❡ ♣r♦♣♦s❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❛♥♥❡① ❈✮✳
❖❜s❡r✈❛t✐♦♥s✿

✶✳ ❚❤❡ ♦♣❡r❛t✐♦♥s ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ❛r❡✿

❼ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✱

❼ ❜✉✐❧❞ ♠❛tr✐❝❡s ❜② ❜❧♦❝❦✱

❼ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ♠✉❧t✐♣❧② t❤❡✐r ♠❛tr✐❝❡s✳

✷✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ A∗ ❛♥❞ B∗ ✇❡ ❞♦ ♥♦t ♣❡r❢♦r♠ t❤❡ ❙♠✐t❤
❘❡❞✉❝t✐♦♥ ♦✈❡r t❤❡ ✉♥✐♦♥ ❜✉t ♦♥ t❤❡ Cone(Ei)∗ = EA∗ ⊕ EB∗ ⊕ E(A ∩ B)∗−1✳ ❚❤❡
✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ♦❢ t❤❡ Cone(Ei) ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s
♦❢ A✱ B ❛♥❞ A ∩B✳

❲❤❡♥ ✇❡ ♣❡r❢♦r♠ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ t♦ ♦❜t❛✐♥ EA∗✱ EB∗ ❛♥❞ E(A ∩
B)∗ ✇❡ ♦♥❧② ❦❡❡♣ t❤❡ s✉❜❜❛s✐s ❝♦rr❡s♣♦♥❞❡♥t t♦ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s✱ t❤❡ ✇❡❛❦✲
❜♦✉♥❞❛r✐❡s ❛♥❞ t❤❡ ♣r❡✲✇❡❛❦✲❜♦✉♥❞❛r✐❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ t❤❡ ✐♥❝✐❞❡♥❝❡
♠❛tr✐❝❡s ♦❢ Cone(Ei) ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡s❡ ❡❧❡♠❡♥ts✳

▲❡t nA
k ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ k✲❝❡❧❧s ♦❢ A ❛♥❞ mA

k ❜❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ❙♠✐t❤ ❜❛s✐s
♦❢ A ✭✐✳❡✱ t❤❡ ❜❛s✐s ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ {wk, ck,pwk}✮✳ ◆♦✇
❧❡t ♥♦t❛t❡ smith(m) t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s r❡q✉✐r❡❞ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❙♠✐t❤ ◆♦r♠❛❧
❋♦r♠ ♦❢ ❛ ♠❛tr✐① ✇✐t❤ m ❡❧❡♠❡♥ts✳

❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❤♦♠♦❧♦❣② ✐♥❢♦r♠❛t✐♦♥ ♦❢ A✱ B✱ ❛♥❞ A ∩ B ✐s ❛❧r❡❛❞② ❦♥♦✇♥✱ ✐✳❡✱
t❤❛t ✇❡ ❛❧r❡❛❞② ❤❛✈❡ t❤❡✐r ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥s✳ ❍♦✇ ♠❛♥② ♦♣❡r❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞
t♦ ❝♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ✉♥✐♦♥ ✉s✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥❄

❘❘ ♥➦ ✼✹✼✶



✾✵ ▼❡r✐♥♦ ❡t ❛❧✳

✶✳ ❈♦♠♣✉t❡ t❤❡ ❈♦♥❡ ❊q✉✐✈❛❧❡♥❝❡✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❝♦♠♣✉t❡ t✇♦ ❈♦♥❡ r❡❞✉❝t✐♦♥s✳
❆t ❡❛❝❤ ❞✐♠❡♥s✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥str✉❝t s✐① ♠♦r♣❤✐s♠s ❜② ❜❧♦❝❦ ❛♥❞ ♦♥❡ ✐♥❝✐❞❡♥❝❡
♠❛tr✐① ❜② ❜❧♦❝❦✳ ❚♦ ❝♦♥str✉❝t ❡❛❝❤ ♦♥❡ ♦❢ t❤❡ ❜❧♦❝❦ ♠❛tr✐❝❡s ✇❡ ♥❡❡❞ t♦ ♠✉❧t✐♣❧② t✇♦
♠❛tr✐❝❡s ❛♥❞ ❝♦♣② t❤r❡❡ ♠❛tr✐❝❡s✳

❚❤❡♥✿

2 ∗ 7 ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥s
3 ∗ 7 ♠❛tr✐❝❡s ❝♦♣✐❡❞

■♥ t❤❡ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛❧✇❛②s ♦♥❡ ♦❢ t❤❡ ♠❛tr✐❝❡s ❤❛s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❝♦❧✉♠♥s
❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ✭♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐♠❡♥s✐♦♥✮ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥✳
❚❤❡r❡❢♦r❡✱ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s r❡q✉✐r❡ ❛ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ♦r❞❡r ♦❢ O((nA

k +
nB

k )nA∩B
k ) ❢♦r t❤❡ ❧❡❢t r❡❞✉❝t✐♦♥s ❛♥❞ O((mA

k + mB
k )mA∩B

k ) ❢♦r t❤❡ r✐❣❤t r❡❞✉❝t✐♦♥s
❛♥❞ ❢♦r ❡❛❝❤ k✳

✷✳ ❈♦♠♣✉t❡ t❤❡ r❡❞✉❝t✐♦♥ ρlemma : Cone(φ̂rs) ⇛ (Ar ∪As) ♦❢ ▲❡♠♠❛ ✽✷✳

❼ ❲❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♠♦r♣❤✐s♠s i✱ j✱ ν ❛♥❞ ρ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s
s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❧✐♥❡❛❧ s❡❛r❝❤ ♦♥ t❤❡ ❝❡❧❧s ♦❢ Ar✱ As✱ Ar∪As✱
Ar ∩As✳

❼ ❲❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s❡s ♦❢ (Ar)∗⊕(As)∗✳

❼ ❲❡ ♥❡❡❞ t♦ ♣❡r❢♦r♠ ❝♦♣✐❡s ♦❢ t❤❡ ♠♦r♣❤✐s♠s i✱ j✱ ν ❛♥❞ ρ t♦ ❝♦♥str✉❝t t❤❡
♠♦r♣❤✐s♠s ♦❢ t❤❡ r❡❞✉❝t✐♦♥✳

❼ ❲❡ ❤❛✈❡ t♦ ♠✉❧t✐♣❧② ρ d(Ar)∗⊕(As)∗ ν

✸✳ ❈♦♠♣✉t❡ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ♦❢ Cone(Ei)✳ ❆s st❛t❡❞ ❜❡❢♦r❡✱ t❤✐s ✐s
♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ❛♥❞ t❤❡✐r t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts✳
❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ♣❛rt ✐s

∑n−1
k=0 smith((mA

k +mB
k +mA∩B

k )(mA
k+1+mB

k+1+mA∩B
k+1 ))✳

✹✳ ❈♦♠♣♦s✐t✐♦♥ ♦❢ r❡❞✉❝t✐♦♥s✳ ■♠♣❧✐❡s ✹ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♦❢ ♠❛tr✐❝❡s ❛♥❞ ❛ s✉♠✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡♣❡♥❞s ❤✐❣❤❧② ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦❢
t❤❡ ✐♥t❡rs❡❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
t❤❡ ✐♥t❡rs❡❝t✐♦♥✳

■❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✐s s♠❛❧❧ ❛♥❞ t❤❡ r❡❞✉❝❡❞ ❙♠✐t❤ ❜❛s❡s ♦❢ A✱ B✱
A ∩ B ❛r❡ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡✐r ♥✉♠❜❡r ♦❢ ❝❡❧❧s✱ t❤❡♥ t❤❡ ❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s
❛❧❣♦r✐t❤♠ ✐s ♠✉❝❤ ❢❛st❡r t❤❛♥ ❝♦♠♣✉t✐♥❣ ❞✐r❡❝t❧② t❤❡ ❙♠✐t❤ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ✉♥✐♦♥ ❜❡❝❛✉s❡
t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♠❛tr✐❝❡s ✐♥ ✇❤✐❝❤ t❤❡ ❙♠✐t❤ ◆♦r♠❛❧ ❋♦r♠ ♠✉st ❜❡ ❝♦♠♣✉t❡❞ ❛r❡
♠✉❝❤ s♠❛❧❧❡r✳

✾✳✶ ❉r❛✇❜❛❝❦s

❼ ❲❡ ♥❡❡❞ t♦ ✉s❡ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✱ ❡✈❡♥ ✐❢ ✐t ✐s ✇✐t❤ s♠❛❧❧ ♠❛tr✐❝❡s✱ ❛♥❞ t❤❡ ❝♦♠✲
♣❧❡①✐t② ♦❢ t❤❛t ❛❧❣♦r✐t❤♠ ✐s ✈❡r② ❤✐❣❤ ✭❛s s❤♦✇♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❛rt ■✮✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✾✶

❼ ▼❡♠♦r② ♦♣t✐♠✐③❛t✐♦♥s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜✉t ✐♥ ❛♥② ❝❛s❡ t❤❡ ♠❛tr✐① ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ❤♦♠♦t♦♣② ♦♣❡r❛t♦r ♦❢ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞✳ ❚❤❡
❞✐♠❡♥s✐♦♥s ♦❢ t❤✐s ♠❛tr✐① ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✉♠ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦❢ A✱ B✱ A∩B✳

❼ ❚❤❡ ❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs ♦❜t❛✐♥❡❞ ❛r❡ ✉s✉❛❧❧② ✐❧❧✲s❤❛♣❡❞✳

❘❘ ♥➦ ✼✹✼✶



✾✷ ▼❡r✐♥♦ ❡t ❛❧✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✾✸

❈❤❛♣t❡r ✶✵

❖♣t✐♠✐③❛t✐♦♥s

❲❡ ❝❛♥ ♦♣t✐♠✐③❡ t❤❡ ♠❡♠♦r② ✉s❡❞ ✐♥ t❤❡ ❧❡❢t r❡❞✉❝t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡✱ ✐✳❡✱ t❤❡
tr✐✈✐❛❧ r❡❞✉❝t✐♦♥s ❛♥❞ t❤❡ r❡❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ▲❡♠♠❛ ✽✷✳ ❋♦r t❤❡ r✐❣❤t r❡❞✉❝t✐♦♥s
✭❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ r❡❞✉❝t✐♦♥s✮ ✇❡ ❝❛♥♥♦t r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♠❛tr✐① ♠♦r♣❤✐s♠s ❛♥❞ ✐t
✐s ♥♦t ♥❡❝❡ss❛r② ✐❢ t❤❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s ❛r❡ ❵s♠❛❧❧✬✳

❍❡r❡ ✇❡ ❧✐st s♦♠❡ ♣♦ss✐❜❧❡ ♦♣t✐♠✐③❛t✐♦♥s✿

❼ ❚❤❡ ♠❛tr✐① ✐s ♥♦t t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♠♦r♣❤✐s♠✳ ❲❡ ❝❛♥ ❛❧s♦ r❡♣r❡✲
s❡♥t ❛ ♠♦r♣❤✐s♠ ❛s ❛ ❧✐t ♦❢ ✐♥str✉❝t✐♦♥s✳ ●✐✈❡♥ ❛♥ ✐♥♣✉t ✈❡❝t♦r ✐t ♣r♦❞✉❝❡s ❛♥❞ ♦✉t♣✉t
✈❡❝t♦r✳ ❙♦ ✇❡ ❝♦✉❧❞ r❡♣r❡s❡♥t t❤❡ tr✐✈✐❛❧ r❡❞✉❝t✐♦♥ ✐♥ t❤✐s ✇❛②✳ ❚❤❡ ♠♦r♣❤✐s♠s f ❛♥❞
g ❝♦✉❧❞ ❜❡ r❡♣r❡s❡♥t❡❞ ❧✐❦❡ ❢✉♥❝t✐♦♥s t❤❛t r❡t✉r♥ t❤❡✐r ✐♥♣✉t ✈❡❝t♦r✱ ❛♥❞ h r❡t✉r♥s t❤❡
③❡r♦✲✈❡❝t♦r✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ▼❛②❡r✲❱✐❡t♦r✐s ♠♦r♣❤✐s♠ i✱ j✱ ν
❛♥❞ ρ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r s✐♠♣❧✐❝✐t②✳ ❚❤✐s ✇❛②✱ t❤❡ ❡①♣❡♥s❡ ✐♥ ♠❡♠♦r② ✐s ♠✐♥✐♠❛❧ ✭❧✐♥❡❛r
♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s✮✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♠❛tr✐① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ✐♥❝❧✉s✐♦♥ i ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ♣❡r♠✉✲
t❛t✐♦♥ ✇❤✐❝❤ t❡❧❧s ✇❤❡r❡ t♦ ❝♦♣② t❤❡ ❡❧❡♠❡♥ts ❛♥❞ ✇❤❡r❡ t♦ ♣✉t ③❡r♦s✳ ❚♦ r❡♣r❡s❡♥t ❛
♣❡r♠✉t❛t✐♦♥ ✇❡ ♦♥❧② ♥❡❡❞ t♦ st♦r❡ ❛ ✈❡❝t♦r✳

❚❤❡♥✱ ❢♦r t❤❡ ❧❡❢t r❡❞✉❝t✐♦♥s ✇❡ s❤♦✉❧❞ ❜✉✐❧❞ ♥❡st❡❞ ❢✉♥❝t✐♦♥s ✐♥ s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡
♠❛tr✐❝❡s ❜② ❜❧♦❝❦✳

❼ ❚❤❡ ♠❛tr✐① ♦❢ t❤❡ ❤♦♠♦t♦♣② ♦♣❡r❛t♦r ♦❢ t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ✐s ✈❡r② ❜✐❣
✐♥ ❣❡♥❡r❛❧✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✇❡ ♥❡❡❞ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ st♦r❡❞ ✐♥ ✐t✳ ❍♦✇❡✈❡r✱ ✇✐t❤ ❛♥
❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❝❛♥ s✐♠♣❧✐❢② ✐ts s✐③❡✳

❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ t❤❛t ✇❡ ♥❡❡❞ ✐s t❤❛t ✇❡ ✇✐❧❧ ♥♦t ✐t❡r❛t❡ t❤❡ ❛❧❣♦r✐t❤♠ t♦
❝♦♠♣✉t❡✱ ❛❢t❡r✇❛r❞s✱ ❛ ♥❡✇ ✉♥✐♦♥ ❤♦♠♦❧♦❣②✳ ■❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥✱ ✇❡ ❝❛♥ ❦♥♦✇ ✐♥
❛❞✈❛♥❝❡ ❛❧❧ t❤❡ ❝❡❧❧s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥s✳ ❖❜s❡r✈❡ t❤❛t ✇❡ ❛♣♣❧② t❤❡ ❤♦♠♦t♦♣②
♦♣❡r❛t♦r h ❛ss♦❝✐❛t❡❞ t♦ ❛ r❡❞✉❝t✐♦♥ ♦♥❧② t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥s✳ ❚❤❡♥✱ t❤❡ ♦♥❧② r❡❧❡✈❛♥t
✐♥❢♦r♠❛t✐♦♥ ✐♥ rh ❛r❡ t❤❡ ❝♦❧✉♠♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❡❧❧s ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥s✱ t❤❡
r❡st ♦❢ t❤❡ ❝♦❧✉♠♥s ❛r❡ ♥♦t ✉s❡❞✳

❘❘ ♥➦ ✼✹✼✶



✾✹ ▼❡r✐♥♦ ❡t ❛❧✳

❼ ❚❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ♦❢ Cone(Ei) ❛r❡ s♣❛rs❡ ❛♥❞ ♠♦st ♦❢ t❤❡ ❝♦❧✉♠♥s ❛r❡ ③❡r♦✳ ❚❤✐s
❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❛♠❡❧✐♦r❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥✳

❼ ❚❤❡ ❧♦♦♣ ❝❛♥ ❜❡ ♣❛r❛❧❧❡❧✐③❡❞✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✾✺

❈❤❛♣t❡r ✶✶

❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❢✉t✉r❡ ✇♦r❦s

■♥ t❤❡ ❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❛❧❣♦r✐t❤♠✱ ✐♥ ♦r❞❡r t♦ ❜❡ ❡✣❝✐❡♥t✱ ✇❡ ♥❡❡❞ t❤❡ ✐♥t❡rs❡❝✲
t✐♦♥ t♦ ❜❡ ❵s♠❛❧❧✬❀ t❤✐s ♠❡❛♥s✱ ❜❛s✐❝❛❧❧②✱ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♠✉st
❜❡ r❛t❤❡r ✐♥❢❡r✐♦r t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦❢ t❤❡ t✇♦ s✉❜❝♦♠♣❧❡①❡s✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡
❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❜❛s✐❝❛❧❧② ✐♥ ♣r♦♣♦rt✐♦♥ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥✳

❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦♥❡ ♦❢ t❤❡ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥s ♦❢ t❤❡ ❧♦♥❣
❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❤♦♠♦❧♦❣②✱ t❤❡ ▲❡♠♠❛ ✽✷ ❬❙❘✵✻❪✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ♣❡r♠✐ts t♦ ❝♦♠♣✉t❡ t❤❡
❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs ❛♥❞ t❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s✳
❚❤❡ ❡①t❡♥s✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❛r❡✿

❼ ❚❤✐s ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛♥② ❡✛❡❝t✐✈❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ❧✐❦❡ t❤❡ ♦♥❡ ❞❡✜♥❡❞
❜② t❤❡ r❡❧❛t✐✈❡ ❤♦♠♦❧♦❣② ✭s❡❡ ❬▼✉♥✾✾❪✮✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❜❡ ❝♦♥❝❡✐✈❡
✐♥ ♠♦r❡ ❛❜str❛❝t❧②✳

❼ P♦ss✐❜❧❡ ♠❡♠♦r② ♦♣t✐♠✐③❛t✐♦♥s✳

❼ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ♦❢ Cone(Ei)✱ ❣✐✈❡♥ t❤❡ s♣❡✲
❝✐❛❧ ❢♦r♠ ♦❢ ✐ts ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s✳

❼ ❆❞❛♣t❛t✐♦♥ t♦ ♦t❤❡r ❝♦♠❜✐♥❛t♦r✐❛❧ ♦❜❥❡❝ts ❛s ❈❲✲❝♦♠♣❧❡① ✭s❡❡ ❬▼✉♥✾✾❪✮✳

❼ ❚♦ ✜♥❞ ✇❡❧❧✲s❤❛♣❡❞ ❣❡♥❡r❛t♦rs✳

❘❘ ♥➦ ✼✹✼✶
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❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✾✼

P❛rt ■❱

❆♥♥❡①❡

❘❘ ♥➦ ✼✹✼✶





❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✾✾

❆♣♣❡♥❞✐① ❆

▲✐st ♦❢ s②♠❜♦❧s

∗ ❛❞❞❡❞ ❛t t❤❡ ❡♥❞ ♦❢ s♦♠❡t❤✐♥❣ ♠❡❛♥s ❵❛❧❧ t❤❡ ❞✐♠❡♥s✐♦♥s ❝♦♥s✐❞❡r❡❞✬

C∗ ❝❤❛✐♥ ❝♦♠♣❧❡①
d ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ✭dk✱ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ♦❢ ❞❡❣r❡❡ k✱ dk : Ck → Ck−1)

(C∗, d∗) ❝❤❛✐♥ ❝♦♠♣❧❡① ✇✐t❤ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r d∗
C(A)∗ ❝❤❛✐♥ ❝♦♠♣❧❡① ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ A

A∗ ❝❤❛✐♥ ❝♦♠♣❧❡① ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ A
Dk ♠❛tr✐① ♦❢ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ♦❢ ❞✐♠❡♥s✐♦♥ k ❡①♣r❡ss❡❞ ✐♥ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s✳
Nk ♠❛tr✐① ♦❢ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ♦❢ ❞✐♠❡♥s✐♦♥ k ❡①♣r❡ss❡❞ ✐♥ ❙♠✐t❤ ♥♦r♠❛❧

❢♦r♠✳
Pk ♠❛tr✐① ♦❢ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ✇✐t❤ ✐♥♣✉t ❜❛s✐s t❤❡ ❙♠✐t❤ ❜❛s✐s ❛♥ ♦✉t♣✉t

❜❛s✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ✭✐♥ ❞✐♠❡♥s✐♦♥ k✮✳
ENk ❜♦✉♥❞❛r② ♠❛tr✐① ❛❢t❡r ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ r❡❞✉❝t✐♦♥
EC∗ r❡❞✉❝❡❞ ❝❤❛✐♥ ♦❢ C∗ ✭❝❤❛✐♥ ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ r❡❞✉❝✲

t✐♦♥ ♦❢ t❤❡ ❝❤❛✐♥ C∗✮
Cone(φ) ❝♦♥❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠ φ

ρ = (f, g, h) r❡❞✉❝t✐♦♥ ✇✐t❤ ♠♦r♣❤✐s♠ f ✱ g ❛♥❞ ❤♦♠♦t♦♣② ♦♣❡r❛t♦r h
f ✱ g ❝❤❛✐♥ ♠♦r♣❤✐s♠ ❛ss♦❝✐❛t❡❞ t♦ ❛ r❡❞✉❝t✐♦♥

h ❤♦♠♦t♦♣② ♦♣❡r❛t♦r ✭♥♦r♠❛❧❧② ❛ss♦❝✐❛t❡❞ t♦ ❛ r❡❞✉❝t✐♦♥✮
Ĉ ⇛ C r❡❞✉❝t✐♦♥

{σk
1 , ...σk

l(k)} ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ ❞✐♠❡♥s✐♦♥ k

{bk,wk, ck,pwk,pbk} ❙♠✐t❤ ❜❛s✐s ♦❢ ❞✐♠❡♥s✐♦♥ k ✭❜❛s✐s ✐♥ ✇❤✐❝❤ t❤❡ ❙♠✐t❤ ♥♦r♠❛❧ ❢♦r♠ ✐s
❡①♣r❡ss❡❞✮✱✭pbk = {pbk

1 , ...pbk
l(k)}✮

{wk, ck,pwk} ❘❡❞✉❝❡❞ ❙♠✐t❤ ❜❛s✐s ♦❢ ❞✐♠❡♥s✐♦♥ k ✭❜❛s✐s ✐♥ ✇❤✐❝❤ ENk ✐s ❡①♣r❡ss❡❞✮
Ck = [σk

1 , ..., σk
l(k)] ♠♦❞✉❧❡ Ck ❣❡♥❡r❛t❡❞ ❜② σk

1 , ...σk
k(l)

❘❘ ♥➦ ✼✹✼✶
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❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✵✶

❆♣♣❡♥❞✐① ❇

❍♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ❙♠✐t❤

◆♦r♠❛❧ ❋♦r♠

❇✳✶ ❘❡♠✐♥❞❡r ❛❜♦✉t ❝❤❛✐♥ ❝♦♠♣❧❡①

●✐✈❡♥ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ♦❢ ❞✐♠❡♥s✐♦♥ n ✭✜♥✐t❡✮✱ ❢♦r ❡❛❝❤ k < n t❤❡ ♠♦❞✉❧❡ ❢♦r♠❡❞ ❜②
t❤❡ k✲❢❛❝❡s✱ ✐s ❞❡♥♦t❡❞ Ck(X) ♦r s✐♠♣❧② Xk✳ ■❢ {σk

1 , . . . , σk
l(k)} ❛r❡ t❤❡ s❡t ♦❢ ❛❧❧ k✲❢❛❝❡s ✇✐t❤

❛ ❣✐✈❡♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ X✱ t❤❡♥✿

Xk = Zσ1 ⊕ . . .⊕ Zσl(k)

✳ ❙♦✱ {σk
1 , . . . , σk

l(k)} ✐s t❤❡ ❜❛s✐s ♦❢ t❤❡ ♠♦❞✉❧❡ Xk ❛♥❞ Z ✐s ✐ts r✐♥❣ ♦❢ ❝♦❡✣❝✐❡♥ts✳ ❙♦ Xk ✐s
❢♦r♠❡❞ ❜② ❛ ✜♥✐t❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ k✲❢❛❝❡s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ Z✳

▲❡t ✉s ♥♦t✐❝❡ t❤❛t ♥♦r♠❛❧❧② ❛♥ ❡❧❡♠❡♥t ♦❢ Xk ❤❛s ♥♦ ❣❡♦♠❡tr✐❝❛❧ ♠❡❛♥✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱
✐♥ t❤❡ ✜❣✉r❡ ❜❡❧♦✇ z = 4e1 − e2 ♠❛❦❡s ♥♦ ❣❡♦♠❡tr✐❝❛❧ s❡♥s❡✱ t❤♦✉❣❤ t❤✐s ✐s ❛❧❣❡❜r❛✐❝❛❧❧②
❝♦rr❡❝t✳ ❚❤❡r❡ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ✐♥t❡r❡st✿ ✇❤❡♥ ❛ ❝②❝❧❡ ✐s ❢♦r♠❡❞❀ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ s❛♠❡
✜❣✉r❡✱ t❤❛t ✇♦✉❧❞ ❧❡❛❞ t♦ e1 + e3 − e2✳

❘❘ ♥➦ ✼✹✼✶



✶✵✷ ▼❡r✐♥♦ ❡t ❛❧✳

❇✳✷ ❍♦✇ t♦ ❝♦♥str✉❝t t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① ❛♥❞ t❤❡ ❜♦r❞❡r

♦♣❡r❛t♦r✳

■♥♣✉t✿ ✜♥✐t❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ♦❢ ❞✐♠❡♥s✐♦♥ n✳ ❚♦ ❞❡✜♥❡ t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① ❛♥❞ ❝♦♥str✉❝t
t❤❡ ❜♦r❞❡r ♦♣❡r❛t♦r ♠❛tr✐① ✐s ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿

✶✳ ❖r✐❡♥t t❤❡ ❢❛❝❡s ♦❢ t❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✭❣✐✈❡ ❛♥ ♦r❞❡r t♦ t❤❡ ✈❡rt✐❝❡s✮✱

✷✳ ❉❡✜♥❡ t❤❡ ♠♦❞✉❧❡s ♦❢ t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① ❛t ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✉s✐♥❣ ❛ ❵❝❛♥♦♥✐❝❛❧✬ ❜❛s✐s✱

✸✳ ❊①♣r❡ss t❤❡ ❜♦r❞❡r ♦♣❡r❛t♦r ✐♥ ♠❛tr✐① ❢♦r♠ ✉s✐♥❣ t❤❡ ❵❝❛♥♦♥✐❝❛❧ ❜❛s✐s✬✳

❇✳✷✳✶ ❍♦✇ t♦ ❣✐✈❡ ❛♥ ♦r✐❡♥t❛t✐♦♥ t♦ t❤❡ ❢❛❝❡s ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①

❊❛❝❤ k✲❢❛❝❡ ✭k✲s✐♠♣❧❡①✱ k < n✮ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛ s❡t ♦❢ (k + 1) ✈❡rt✐❝❡s✱ s❛② {v0, . . . , vk}✳
❲❤❡♥ ❞❡✜♥✐♥❣ ❛ k✲❢❛❝❡✱ ♥♦t ♦♥❧② t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ✐s ✐♠♣♦rt❛♥t ❜✉t ❛❧s♦ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤
t❤❡② ❛r❡ ❣✐✈❡♥✳ ❋♦r ❡①❛♠♣❧❡✱ {v0, v1, v2, . . . , vk} ✐s t❤❡ s❛♠❡ s❡t ❛s {v1, v0, v2, . . . , vk} ❛♥❞
❞❡✜♥❡s t❤❡ s❛♠❡ k✲❢❛❝❡✱ ❜✉t ♥♦t t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r
♦r✐❡♥t❡❞ ❢❛❝❡s✳

❘❡♠❛r❦ ✵✳ ❚❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ ♦r✐❡♥t❛t✐♦♥s ❢♦r ❛ ❣✐✈❡♥ ❢❛❝❡✳ ❆ ♣❡r♠✉t❛t✐♦♥ ♦❢
t✇♦ ❡❧❡♠❡♥ts ❝❤❛♥❣❡s t❤❡ ♦r✐❡♥t❛t✐♦♥✳

❙♦✱ t♦ ❣✐✈❡ ❛♥ ♦r✐❡♥t❛t✐♦♥ t♦ t❤❡ ❢❛❝❡s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❣✐✈❡ ❛♥ ♦r❞❡r ♦❢ t❤❡
✈❡rt✐❝❡s✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❣❧♦❜❛❧❧②✳ ●✐✈❡♥ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① X ✇✐t❤ ❛ s❡t ♦❢ ✈❡rt✐❝❡s
δ✱ ✇❡ ❣✐✈❡ ❛♥ ♦r❞❡r t♦ t❤❡ ✈❡rt✐❝❡s✱ ✐✳❡✳✱ ∀u, v ∈ δ, u < v ♦r v < u✳ ❚❤✐s ♦r❞❡r ♦❢ t❤❡
✈❡rt✐❝❡s ✐♥❞✉❝❡s ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦♥ ❛❧❧ t❤❡ ❢❛❝❡s ❢♦r ❛❧❧ t❤❡ ❞✐♠❡♥s✐♦♥s s✐♥❝❡ ✇❡ ♦♥❧② ❤❛✈❡
t♦ ❝♦♥s✐❞❡r t❤❡ ✈❡rt✐❝❡s ❞❡✜♥✐♥❣ t❤❛t ❢❛❝❡✱ ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♣r❡s❝r✐❜❡❞ ✐♥ t❤❡ s❡t✳ ❋♦r
❡①❛♠♣❧❡✱ ✐❢ ❛ 3✲❢❛❝❡ t✱ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✈❡rt✐❝❡s [u, v, s, p]✱ t❤✐s ♠❡❛♥s t❤❛t u < v < s < p ✐♥
t❤❡ ♦r❞❡r ♦❢ δ✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✵✸

❘❡♠❛r❦ ✶✳ ❘❡♠❡♠❜❡r t❤❛t ❣✐✈✐♥❣ ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢❛❝❡s ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t t❤❡
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✐s ♦r✐❡♥t❡❞✳ ■♥ ❢❛❝t✱ t❤❡r❡ ❛r❡ s♦♠❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s t❤❛t ❛r❡ ♥♦t
❡✈❡♥ ♦r✐❡♥t❛❜❧❡✱ ❧✐❦❡ t❤❡ ▼♦❡❜✐✉s str✐♣✳

❘❡♠❛r❦ ✷✳ ❋❛❝❡s ♠✉st ❜❡ ♦r✐❡♥t❡❞ ❜❡❝❛✉s❡ ❛ ♠♦❞✉❧❡ ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡♠✳ ❚❤✐s
♠♦❞✉❧❡ ❤❛s t❤❡ ❢❛❝❡s ❛s ❡❧❡♠❡♥ts ❛♥❞ Z ❛s ❝♦❡✣❝✐❡♥ts✳ ●✐✈❡♥ ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢❛❝❡s✱
♠✉❧t✐♣❧②✐♥❣ ❜② (−1) ❛ ❢❛❝❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛♥✐♥❣✿ ✐t ♣r♦❞✉❝❡s ❛ ♦r✐❡♥t❛t✐♦♥ ❝❤❛♥❣❡ ♦❢
t❤❡ ❢❛❝❡✳

❇✳✷✳✷ ❍♦✇ t♦ ❞❡✜♥❡ ❛ ♠♦❞✉❧❡✿ ❣✐✈❡ ❛ ❜❛s✐s

❋♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ k ≤ dim(X)✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❞❡✜♥❡ Ck(X)✱ t♦ t❤✐s ❡♥❞✱ ♦♥❧② ❛ ❜❛s✐s
♥❡❡❞s ❜❡ s♣❡❝✐✜❡❞ s✐♥❝❡ ❤❡r❡ ✭✜♥✐t❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✮✱ Ck(X) ✐s ❢r❡❡✱ ✐✳❡✳✱ ✐s ❣❡♥❡r❛t❡❞ ❜②
❛ ✜♥✐t❡ ❜❛s✐s✳
❚❤❡ ♥❛t✉r❛❧ ❜❛s✐s ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜② t❤❡ ❢❛❝❡s ♦❢ t❤❛t ❞✐♠❡♥s✐♦♥✳ ❋✐rst✱
❛♥ ♦r❞❡r ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ X ♠✉st ❜❡ s❡t✱ t❤❛t ✐♥❞✉❝❡s ❛♥ ♦r❞❡r ✐♥ t❤❡ ❢❛❝❡s✳ ❋♦r ❡❛❝❤
❞✐♠❡♥s✐♦♥ k✱ t❤❡ s❡t ♦❢ ♦r✐❡♥t❡❞ k✲❢❛❝❡s ❣✐✈❡s ❛ ❜❛s✐s ♦❢ Ck(X) t❤❛t ✐s ❝❛❧❧❡❞ t❤❡ ❵❝❛♥♦♥✐❝❛❧✬
♦r ♥❛t✉r❛❧ ❜❛s✐s✳

❘❡♠❛r❦✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ✐s ♥♦t ✉♥✐q✉❡✱ ❣✐✈❡♥ ❛ ❞✐✛❡r❡♥t ♦r❞❡r ♦❢ t❤❡
❢❛❝❡s✱ ❛♥♦t❤❡r ❜❛s✐s ✐s ♣r♦❞✉❝❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s ❞♦❡s ♥♦t ❛❧t❡r ❛t ❛❧❧ t❤❡ ❤♦♠♦❧♦❣② ❛♥❞ ✐♥ ❛♥②
❝❛s❡✱ ❡✈❡♥ ✐❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ♦r❞❡r ✐s ♥♦t ✉♥✐q✉❡✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❜❛s✐s ✐s st✐❧❧ ❵♥❛t✉r❛❧✬✳
❙♦✱ ❢r♦♠ ♥♦✇ ♦♥✱ ✇❤❡♥ t❛❧❦✐♥❣ ❛❜♦✉t ❛ ❢❛❝❡✱ ✐♠♣❧✐❝✐t❧② ❛❜♦✉t ✐t ✐s ❛♥ ♦r✐❡♥t❡❞ ❢❛❝❡❀ ❛♥❞
✇❤❡♥ t❛❧❦✐♥❣ ❛❜♦✉t ❛ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ✐t ♠❡❛♥s ♦♥❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❝❛♥♦♥✐❝❛❧ ❜❛s❡s✳

❋♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ k✱ ❛ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s {σk
1 , ..., σk

l(k)} ✐s ❢♦r♠❡❞ ❜② t❤❡ ♦r✐❡♥t❡❞ k✲❢❛❝❡s ♦❢
X✳ ❘❡♠❡♠❜❡r t❤❛t ❛ ❜❛s✐s ✐s ♥♦t ♦♥❧② ❛ s❡t ❜✉t t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤✐s s❡t ✐s ❣✐✈❡♥
✐s ❛❧s♦ ✐♠♣♦rt❛♥t✱ ✐✳❡✳✱ ❛s ✐t ❤❛♣♣❡♥❡❞ ✇✐t❤ t❤❡ ✈❡rt✐❝❡s✱ t❤❡ ❜❛s✐s {σk

1 , σk
2 , σk

3 , . . . , σk
l(k)} ✐s

♥♦t t❤❡ s❛♠❡ ❛s {σk
2 , σk

1 , σk
3 , . . . , σk

l(k)} ❜❡❝❛✉s❡ t❤❡ t✇♦ ✜rst ❡❧❡♠❡♥ts ❤❛✈❡ ❜❡❡♥ ♣❡r♠✉t❡❞✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❢❛❝❡s ✐s ♥♦t r❡❧❛t❡❞ t♦ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❜✉t t♦ t❤❡ ✇❛② ♦❢ r❡♣r❡s❡♥t✐♥❣
❛♥ ❡❧❡♠❡♥t ♦❢ Ck(X)✳ ❚❤✐s ✐s ♦❢ ❝❛♣✐t❛❧ ✐♠♣♦rt❛♥❝❡ ✇❤❡♥ ❝♦♥str✉❝t✐♥❣ t❤❡ ❜♦✉♥❞❛r② ♠❛tr✐①
♦♥ t❤✐s ❜❛s✐s✳

❊①❛♠♣❧❡✳ ▲❡t✬s ❛ss✉♠❡ t❤❛t ❛ ❜❛s✐s ♦❢ C2(X) ✐s {e1, e2, e3, e4} ❛♥❞ s✉♣♣♦s❡ t❤❛t z =
4e1 − e2 + 5e4✱ t❤❡♥ z ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s z = (4,−1, 0, 5) ✐♥ t❤✐s ❜❛s✐s ❛♥❞ z ✐s r❡♣r❡s❡♥t❡❞
❛s ❛ ✈❡❝t♦r✳ ❖❜s❡r✈❡ t❤❛t z ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s z = 5e4 − e2 + 4e1✱ ✐✳❡✳✱ ❝❤❛♥❣✐♥❣ t❤❡ ♦r❞❡r
♦❢ t❤❡ s✉♠♠❛♥❞s ♣r♦❞✉❝❡s t❤❡ s❛♠❡ ❡❧❡♠❡♥t✳ ❍♦✇❡✈❡r✱ z = (4,−1, 0, 5) 6= (5,−1, 0, 4) =
5e1− e2 + 4e4✳ ❊❛❝❤ ❜❛s✐s ❝♦♠❡s ✇✐t❤ ❛♥ ♦r❞❡r ♦❢ t❤❡ ❡❧❡♠❡♥ts t❤❛t ♣❡r♠✐ts ✉s t♦ r❡♣r❡s❡♥t
t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠♦❞✉❧❡ ❛s ❛rr❛②s✳ ❚❤✐s ❧❡❛❞s ✉s t♦ r❡♣r❡s❡♥t t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ❛s
❛ ♠❛tr✐①✳

❇✳✷✳✸ ❇♦✉♥❞❛r② ♠❛tr✐❝❡s ♦❢ ❜♦r❞❡r ♦♣❡r❛t♦rs

❈♦♥s✐❞❡r✐♥❣ ❛❣❛✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ❣✐✈❡♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ ❛
❣✐✈❡♥ ❞✐♠❡♥s✐♦♥ k✱ {σk

1 , . . . , σk
l(k)}✱ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ♠♦❞✉❧❡ Ck(X)✱ z = a1σk

1 + a2σk
2 +

. . . + al(k)σk
l(k) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛♥ ❛rr❛②✿ (a1, a2, . . . , al(k))✳

❘❘ ♥➦ ✼✹✼✶



✶✵✹ ▼❡r✐♥♦ ❡t ❛❧✳

❚♦ ❝♦♥str✉❝t t❤❡ ❜♦r❞❡r ♠❛tr✐① ♦❢ ❞✐♠❡♥s✐♦♥ k✱ ❧❡t✬s ❝♦♥s✐❞❡r t❤❡ k✲❞✐♠❡♥s✐♦♥❛❧ ❝❛♥♦♥✐❝❛❧
❜❛s✐s ❛♥❞✱ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ ✐t✱ σk

i ✱ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ ✐ts ✈❛❧✉❡ ❜② t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r
dk(σk

i ) =
∑

j bj
iσ

k−1
j ✳ ❋✐♥❛❧❧②✱ t❤❡ ith✲❝♦❧✉♠♥ ♦❢ t❤❡ ❜♦r❞❡r ♠❛tr✐① ✇✐❧❧ ❜❡ (b1

i , . . . , b
l(k−1)
i )✳

❋♦r ❛ ❣✐✈❡♥ ✭♦r✐❡♥t❡❞✮ k✲❢❛❝❡ σk
i = [v0, . . . , vk] t❤❡ ❜♦r❞❡r ♦♣❡r❛t♦r ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

dk([v0, . . . , vk]) =

k∑

i=0

(−1)k[v0, . . . , vi−1, vi+1, . . . vk]

❢♦r ❡❛❝❤ i✳ [v0, . . . , vi−1, vi+1, . . . , vk] ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ Ck−1(X)✳ ■♥
♠❛tr✐① ❢♦r♠✱ ✐t ❝♦♠❡s✿

Dk =




σk
1 . . . σk

l(k)

σk−1
1

✳✳✳
✳✳✳ . . . ηk

j,i . . .

σk−1
l(k)

✳✳✳




✇❤❡r❡✿

ηk
j,i =





0 ✐❢ σk−1
j ✐s ♥♦t ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ σk

i ;

1 ✐❢ σk−1
j ✐s ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ σk

i ;

−1 ✐❢ −σk−1
j ✐s ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ σk

i .

❇✳✸ ❍♦✇ t♦ ✜♥❞ t❤❡ ❤♦♠♦❧♦❣✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥

❇✳✸✳✶ ❙♠✐t❤ ♥♦r♠❛❧ ❢♦r♠

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡r✐✈❡❞ ❢r♦♠ ❬▼✉♥✾✾❪✳ ❚❛❜❧❡s ❛r❡ ❢r♦♠ ❬P❡❧✵✻❪ ✭✇✐t❤ ❛ ♠✐♥♦r ❝♦rr❡❝t✐♦♥ ✐♥
♦♥❡ ♦❢ t❤❡♠✮✳

●❡♥❡r❛❧ ❛❧❣❡❜r❛✐❝ ❝♦♥t❡①t✿ ❡①✐st❡♥❝❡ ♦❢ ❛ ❙♠✐t❤ ♥♦r♠❛❧ ❢♦r♠ ✐♥ ❛ ♠♦❞✉❧❡

❘❡♠❡♠❜❡r t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❡①♣r❡ss t❤❡ ❜♦r❞❡r ♦♣❡r❛t♦r ♠❛tr✐① ✐♥ t❤❡ ❢♦r♠✿




0 λ 0
0 0 Id
0 0 0




✇❤❡r❡ λ ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ λr, . . . , λ1 ✐♥ t❤❡ ❞✐❛❣♦♥❛❧ ✭λi ∈ Z ❛♥❞ λi > 1 ❛♥❞ λi

❞✐✈✐❞❡s λi+1)✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✵✺

❍♦✇❡✈❡r✱ t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧t ♦❢ ❙♠✐t❤ ✐s t♦ ✜♥❞ ❛ ♠❛tr✐① ♦❢ t❤❡ ❢♦r♠✿



Id 0 0
0 λ 0
0 0 0




✳
❚❤❡ ❝❤❛♥❣❡s ❢r♦♠ ♦♥❡ t♦ t❤❡ ♦t❤❡r ❛r❡ ♠✐♥♦r✱ ❜✉t ❡ss❡♥t✐❛❧ t♦ ❤❛✈❡ t❤❡ ❣♦♦❞ ❜❛s✐s t♦ st✉❞②
❤♦♠♦❧♦❣②✳ ❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❤♦✇ t♦ ♦❜t❛✐♥ t❤❡ ❵❝❧❛ss✐❝❛❧✬ ❙♠✐t❤ ♥♦r♠❛❧ ❢♦r♠✳
❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s ❢♦r♠ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ t❤❡♦r❡♠✱ t❤❡ ♣r♦♦❢ ♦❢ ✐t ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❢♦r ❡①❛♠♣❧❡✱
✐♥ ❬▼✉♥✾✾❪
❚♦ ♦❜t❛✐♥ t❤✐s ♥♦r♠❛❧ ❢♦r♠✱ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ❤❛s t♦ ❜❡ ♣❡r❢♦r♠❡❞✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦
♣❡r❢♦r♠ ❝❤❛♥❣❡s ✐♥ t❤❡ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐①✳ ❍♦✇❡✈❡r✱ ❛tt❡♥t✐♦♥ ♠✉st ❜❡ ♣❛✐❞
t♦ ♣❡r❢♦r♠ ❵❧❡❣❛❧✬ ❝❤❛♥❣❡s✱ ✐✳❡✳✱ ❝❤❛♥❣❡s t❤❛t ❝❛♥ ❜❡ ❵✉♥❞♦♥❡✬ ✐♥ ♦✉r ❝♦❡✣❝✐❡♥t s♣❛❝❡ Z✳ ❋♦r
❡①❛♠♣❧❡✱ ✐❢ ❛ r♦✇ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ✷✱ t❤✐s ✐s ❛♥ ❛❝t✐♦♥ t❤❛t ❝❛♥♥♦t ❜❡ ✉♥❞♦♥❡ ✐♥ ❣❡♥❡r❛❧✱
s✐♥❝❡ t♦ ✉♥❞♦ ✐t t❤❡ r♦✇ s❤♦✉❧❞ ❜❡ ❞✐✈✐❞❡❞ ❜② ✷ ❜✉t 1/2 /∈ Z✳ ❍❡♥❝❡✱ t❤❡ ❡❧❡♠❡♥t❛r② r♦✇s
♦♣❡r❛t✐♦♥s ❛r❡✿

✶✳ ❊①❝❤❛♥❣❡ r♦✇s i ❛♥❞ j✱

✷✳ ▼✉❧t✐♣❧② ❛ r♦✇ i ❜② (−1) ✭♦❜s❡r✈❡ t❤❛t (−1) ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ Z✮✱

✸✳ ❘❡♣❧❛❝❡ ❛ r♦✇ i ❜② rowi + q rowj ✱ ✇❤❡r❡ q ✐s ❛♥ ✐♥t❡❣❡r ❛♥❞ j 6= i✳

❚❤❡ s❛♠❡ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t ♦♥ t❤❡ ❝♦❧✉♠♥s✳
❖❜s❡r✈❡ t❤❛t ❡❛❝❤ ♦♥❡ ♦❢ t❤❡s❡ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ♣r♦❞✉❝❡ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s✳ ❋♦r

❡①❛♠♣❧❡✱ ✐❢ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ♠❛tr✐① ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❜❛s✐s {σk
1 , . . . , σk

s } t❤❡♥✱ ♣❡r♠✉t✐♥❣
t✇♦ ❝♦❧✉♠♥s ♠❡❛♥s t♦ ♣❡r♠✉t❡ t❤❡ t✇♦ r❡s♣❡❝t✐✈❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛s✐s✳ ❍❡r❡✉♥❞❡r✱ ❛ t❛❜❧❡
s✉♠♠❡r✐③❡s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ♠❛tr✐①✳

❖♣❡r❛t✐♦♥ ♦♥ t❤❡ ♠❛tr✐① ❖♣❡r❛t✐♦♥ ♦♥ t❤❡ (k − 1)✲❜❛s✐s ❖♣❡r❛t✐♦♥ ♦♥ t❤❡ k✲❜❛s✐s

❊①❝❤❛♥❣❡✭rowi, rowj✮ ❊①❝❤❛♥❣❡✭γk−1
i , γk−1

j ✮
rowi ← −rowi γk−1

i ← −γk−1
i

rowi ← rowi + q rowj γk−1
i ← γk−1

j − q γk−1
i

coli ↔ colj γk
i ↔ γk

j

coli ← −coli γk
i ← −γk

i

coli ← coli + q colj γk
i ← γk

i + q γk
j

❋♦r ❡①❛♠♣❧❡✱ ✐♠❛❣✐♥❡ t❤❛t ❛ k ❜❛s✐s ✐s {γk
1 , γk

2 , γk
3 , γk

4} ❛♥❞ t❤❡ ♥❡①t ❝❤❛♥❣❡s ❛r❡ ♣❡r❢♦r♠❡❞

❝♦♥s❡❝✉t✐✈❡❧② ✐♥ t❤❡ ♠❛tr✐①✿

✶✳ ❊①❝❤❛♥❣❡✭column2, column4✮✱

✷✳ column2 ← column2 − 3column1✱

✸✳ column4 ← −column4✳

❘❘ ♥➦ ✼✹✼✶



✶✵✻ ▼❡r✐♥♦ ❡t ❛❧✳

❚❤❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❜❛s✐s ✇✐❧❧ ❜❡✿

✶✳ {γk
1 , γk

4 , γk
3 , γk

2}✱

✷✳ {γk
1 , γk

4 − 3γ1, γ
k
3 , γk

2}✱

✸✳ {γk
1 , γk

4 − 3γ1, γ
k
3 ,−γk

2}✳

■♥ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡r♠s✱ ✇❡ ♥❡❡❞ t♦ st♦r❡ ❛❧❧ t❤❡s❡ ❝❤❛♥❣❡s ♦❢ ❜❛s✐s ✐♥ ❛♥ ❡✛❡❝t✐✈❡ ✇❛②✳
❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ♠❛tr✐① Pk✳ ■♥ t❤✐s ♠❛tr✐①✱ t❤❡ ❝♦❧✉♠♥s ❛r❡
❡①♣r❡ss❡❞ ✐♥ t❤❡ ❙♠✐t❤ ❜❛s✐s ❛♥❞ t❤❡ r♦✇s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s✳

Pk =




s1 . . . sl(k)

σ1
✳✳✳
σl(k)




✳
❚❤✐s ♠❛tr✐① t❡❧❧s ❤♦✇ t♦ ❡①♣r❡ss ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❙♠✐t❤ ❜❛s✐s si ✐♥ t❡r♠s ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧

❜❛s✐s✳ ■❢ t❤❡ ith ❝♦❧✉♠♥ ❤❛s ❝♦❡✣❝✐❡♥ts (τi,1, τi,2, . . . , τi,l(k))✱ t❤❡♥ si = τi,1 σ1 + τi,2 σ2 +
. . . + τi,l(k) σi,l(k)✳

❊✈❡r② ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥ ✐♥ t❤❡ r♦✇s ♦r ❝♦❧✉♠♥s ♦❢ t❤❡ ❜♦r❞❡r ♠❛tr✐① ✇✐❧❧ ❜❡ tr❛♥s❧❛t❡❞
✐♥ ❛♥ ♦♣❡r❛t✐♦♥ ✐♥ t❤❡ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ♠❛tr✐①✳ Pk ✐s t❤❡ ♠❛tr✐① ♦❢ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ♦❢ ❞✐♠❡♥s✐♦♥
k✳ ❚❤❡ ♥❡①t t❛❜❧❡ ❡①♣r❡ss❡s t❤❡ ❝❤❛♥❣❡s t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤♦s❡ ♠❛tr✐❝❡s ✇❤❡♥ t❤❡ ❜♦r❞❡r
♠❛tr✐① ✐s ♠♦❞✐✜❡❞✿

❖♣❡r❛t✐♦♥ ♦♥ Nk ❖♣❡r❛t✐♦♥ ♦♥ Pk−1 ❖♣❡r❛t✐♦♥ ♦♥ Pk

rowi ↔ rowj coli ↔ colj
rowi ← −rowi coli ← −coli

rowi ← rowi + k rowj coli ← colj − k coli
coli ↔ colj coli ↔ colj

coli ← −coli coli ← −coli
coli ← coli + k colj coli ← coli + k colj

■♥✐t✐❛❧❧②✱ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ❜♦r❞❡r ♦♣❡r❛t♦r ♠❛tr✐① ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s✳
❙♦✱ ✐♥✐t✐❛❧❧② ♥♦ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ❤❛s ❜❡❡♥ ♣❡r❢♦r♠✳ ❚❤❛t ✐s ✇❤② ✐♥✐t✐❛❧❧② Pk = Id ❢♦r ❡❛❝❤ k✱
✇❤❡♥ ♣❡r❢♦r♠✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ t❤✐s ♠❛tr✐① ✇✐❧❧ ❜❡ tr❛♥s❢♦r♠❡❞ t♦♦✳

❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ t❤❡ k ❜❛s✐s ✐s {γk
1 , γk

2 , γk
3 , γk

4} ❛♥❞ t❤❡ ♥❡①t ❝❤❛♥❣❡s ❛r❡
♣❡r❢♦r♠❡❞ ❝♦♥s❡❝✉t✐✈❡❧② ✐♥ t❤❡ ♠❛tr✐①✿

✶✳ ❊①❝❤❛♥❣❡✭column2, column4✮✱

✷✳ column2 ← column2 − 3column1✱

✸✳ column4 ← −column4✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✵✼

❚❤❡♥✱ ✐❢ ✇❡ st❛rt ✇✐t❤ Pk ❛s t❤❡ ✐❞❡♥t✐t②✱ ✐t ❝♦♠❡s✿

■♥♣✉t✿

Pk =




γk
1 γk

2 γk
3 γk

4

γk
1 1 0 0 0

γk
2 0 1 0 0

γk
3 0 0 1 0

γk
4 0 0 0 1




❚❤❡ ❝❤❛♥❣❡s ♣❡r❢♦r♠❡❞ ♣r♦❞✉❝❡✿

✶✳ ❊①❝❤❛♥❣❡✭column2, column4✮

Pk =




1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0




✷✳ column2 ← column2 − 3column1

Pk =




1 0 0 0
0 0 0 1
0 −3 1 0
0 1 0 0




✸✳ column4 ← −column4

Pk =




1 0 0 0
0 0 0 −1
0 −3 1 0
0 1 0 0




❚❤❡ ❝♦❧✉♠♥s ♦❢ t❤✐s ♠❛tr✐① ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ♥❡✇ ❜❛s✐s✱ s❛② {α1, α2, α3, α4}✱ ❛♥❞ r❡❛❞✐♥❣
t❤❡ ❝♦❧✉♠♥s ✇❡ ✜♥❞ t❤❛t✿ α1 = γ1, α2 = −3 γ3 + γ4, α3 = γ3, α4 = −γ2✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧②
t❤❡ ❜❛s✐s ❢♦✉♥❞ ❜❡❢♦r❡✳

❙t❡♣s t♦ ♦❜t❛✐♥ t❤❡ ❙♠✐t❤ ♥♦r♠❛❧ ❢♦r♠ ✭❡①tr❛❝t❡❞ ❢r♦♠ ❬▼✉♥✾✾❪✮

❊①tr❛❝t❡❞ ❢r♦♠ ▼✉♥❦r❡s✿ ●✐✈❡♥ ❛ ♠❛tr✐① A = (aij) ♦❢ ✐♥t❡❣❡rs✱ ♥♦t ❛❧❧ ③❡r♦✱ ❧❡t α(A) ❞❡♥♦t❡
t❤❡ s♠❛❧❧❡st ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t ♦❢ ♥✉♠❜❡rs |aij |✳ aij ✐s ❝❛❧❧❡❞ ❛ ♠✐♥✐♠❛❧ ❡♥tr② ♦❢ ❆
✐❢ |aij | = α(A)✳
❚❤❡ r❡❞✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❝♦♥s✐sts ♦❢ t✇♦ st❡♣s✳ ❚❤❡ ✜rst ♦♥❡ ❜r✐♥❣s t❤❡ ♠❛tr✐① t♦ ❛ ❢♦r♠
✇❤❡r❡ α(A) ✐s ❛s s♠❛❧❧ ❛s ♣♦ss✐❜❧❡✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ r❡❞✉❝❡s t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♠❛tr✐①
✐♥✈♦❧✈❡❞✳

❘❘ ♥➦ ✼✹✼✶



✶✵✽ ▼❡r✐♥♦ ❡t ❛❧✳

✶✳ ❲❡ s❡❡❦ t♦ ♠♦❞✐❢② t❤❡ ♠❛tr✐① ❜② ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s s♦ ❛s t♦ ❞❡❝r❡❛s❡ t❤❡ ✈❛❧✉❡ ♦❢
t❤❡ ❢✉♥❝t✐♦♥ α✳ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

■❢ t❤❡ ♥✉♠❜❡r α(A) ❢❛✐❧s t♦ ❞✐✈✐❞❡ s♦♠❡ ❡♥tr② ♦❢ A✱ t❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡❝r❡❛s❡ t❤❡
✈❛❧✉❡ ♦❢ α ❜② ❛♣♣❧②✐♥❣ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s t♦ A❀ ❛♥❞ ❝♦♥✈❡rs❡❧②✳

❚❤❡ ❝♦♥✈❡rs❡ ✐s ❡❛s②✳ ■❢ t❤❡ ♥✉♠❜❡r α(A) ❞✐✈✐❞❡s ❡❛❝❤ ❡♥tr② ♦❢ A✱ t❤❡♥ ✐t ✇✐❧❧ ❞✐✈✐❞❡ ❡❛❝❤
❡♥tr② ♦❢ ❛♥② ♠❛tr✐① B ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s t♦ A✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱
✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ t❤❡ ✈❛❧✉❡ ♦❢ α ❜② ❛♣♣❧②✐♥❣ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s✳

❚♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ✐ts❡❧❢✱ ✇❡ s✉♣♣♦s❡ ai,j ✐s ❛ ♠✐♥✐♠❛❧ ❡♥tr② ♦❢ A t❤❛t ❢❛✐❧s t♦ ❞✐✈✐❞❡ s♦♠❡
❡♥tr② ♦❢ A✳ ■❢ t❤❡ ❡♥tr② ai,j ❢❛✐❧s t♦ ❞✐✈✐❞❡ s♦♠❡ ❡♥tr② ak.j ✐♥ ✐ts ❝♦❧✉♠♥✱ t❤❡♥ ✇❡ ♣❡r❢♦r♠
❛ ❞✐✈✐s✐♦♥✱ ✇r✐t✐♥❣ ak,j

ai,j
= q + r

ai,j
✇❤❡r❡ 0 < |r| < |ai,j |✳ ❙✐❣♥s ❞♦ ♥♦t ♠❛tt❡r ❤❡r❡❀ q ❛♥❞

r ♠❛② ❜❡ ❡✐t❤❡r ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡✳ ❲❡ t❤❡♥ r❡♣❧❛❝❡ ✭r♦✇ k✮ ♦❢ A ❜② (row k)− q(row i)✳
❚❤❡ r❡s✉❧t ✐s t♦ r❡♣❧❛❝❡ t❤❡ ❡♥tr② ak,j ✐♥ t❤❡ kth r♦✇ ❛♥❞ jth ❝♦❧✉♠♥ ♦❢ A ❜② akj − q aij = r✳
❚❤❡ ✈❛❧✉❡ ♦❢ α ❢♦r t❤✐s ♥❡✇ ♠❛tr✐① ✐s ❛t ♠♦st |r|✱ ✇❤✐❝❤ ✐s ❧❡ss t❤❛♥ α(A)✳

❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛♣♣❧✐❡s ✐❢ aij ❢❛✐❧s t♦ ❞✐✈✐❞❡ s♦♠❡ ❡♥tr② ✐♥ ✐ts r♦✇✳ ❋✐♥❛❧❧②✱ s✉♣♣♦s❡
aij ❞✐✈✐❞❡s ❡❛❝❤ ❡♥tr② ✐♥ ✐ts r♦✇ ❛♥❞ ❡❛❝❤ ❡♥tr② ✐♥ ✐ts ❝♦❧✉♠♥✱ ❜✉t ❢❛✐❧s t♦ ❞✐✈✐❞❡ t❤❡ ❡♥tr②
ast✱ ✇❤❡r❡ s 6= i ❛♥❞ t 6= j✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r ❡♥tr✐❡s ♦❢ A✿

aij . . . ait

✳✳✳
✳✳✳

asj . . . ast

❇❡❝❛✉s❡ aij ❞✐✈✐❞❡s ast✱ ✇❡ ❝❛♥ ❜② ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ❜r✐♥❣ t❤❡ ♠❛tr✐① t♦ t❤❡ ❢♦r♠
✇❤❡r❡ t❤❡ ❡♥tr✐❡s ✐♥ t❤❡s❡ ❢♦✉r ♣❧❛❝❡s ❛r❡ ❛s ❢♦❧❧♦✇s✿

aij . . . ait

✳✳✳
✳✳✳

0 . . . ast + lait

■❢ ✇❡ t❤❡♥ r❡♣❧❛❝❡ ✭r♦✇ i✮ ♦❢ t❤✐s ♠❛tr✐① ❜② ✭r♦✇ i✮✰✭r♦✇ s✮✱ ✇❡ ❛r❡ ❜❛❝❦ t♦ t❤❡ ♣r❡❝✐♦✉s
s✐t✉❛t✐♦♥✱ ✇❤❡r❡ aij ❢❛✐❧s t♦ ❞✐✈✐❞❡ s♦♠❡ ❡♥tr② ✐♥ ✐ts r♦✇✳

❙t❡♣ ✷✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s st❡♣✱ ✇❡ ❤❛✈❡ ❛ ♠❛tr✐① A ✇❤♦s❡ ♠✐♥✐♠❛❧ ❡♥tr② ❞✐✈✐❞❡s
❡✈❡r② ❡♥tr② ♦❢ A✳ ❆♣♣❧② ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s t♦ ❜r✐♥❣ ❛ ♠✐♥✐♠❛❧ ❡♥tr② ♦❢ A t♦ t❤❡ ✉♣♣❡r
❧❡❢t ❝♦r♥❡r ♦❢ t❤❡ ♠❛tr✐① ❛♥❞ t♦ ♠❛❦❡ ✐t ♣♦s✐t✐✈❡✳ ❇❡❝❛✉s❡ ✐t ❞✐✈✐❞❡s ❛❧❧ ❡♥tr✐❡s ✐♥ ✐ts r♦✇
❛♥❞ ❝♦❧✉♠♥✱ ✇❡ ❝❛♥ ❛♣♣❧② ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s t♦ ♠❛❦❡ ❛❧❧ t❤❡ ♦t❤❡r ❡♥tr✐❡s ✐♥ ✐ts r♦✇ ❛♥❞
❝♦❧✉♠♥ ✐♥t♦ ③❡r♦s✳ ◆♦t❡ t❤❛t ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s ♣r♦❝❡ss✱ t❤❡ ❡♥tr② ✐♥ t❤❡ ✉♣♣❡r ❧❡❢t ❝♦r♥❡r
❞✐✈✐❞❡s ❛❧❧ ❡♥tr✐❡s ♦❢ t❤❡ ♠❛tr✐①✳

❖♥❡ ♥♦✇ ❜❡❣✐♥s ❙t❡♣ ✶ ❛❣❛✐♥✱ ❛♣♣❧②✐♥❣ ✐t t♦ t❤❡ s♠❛❧❧❡r ♠❛tr✐① ♦❜t❛✐♥❡❞ ❜② ✐❣♥♦r✐♥❣ t❤❡
✜rst r♦✇ ❛♥❞ ✜rst ❝♦❧✉♠♥ ♦❢ ♦✉r ♠❛tr✐①✳

❙t❡♣ ✸✳ ❚❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ❡✐t❤❡r ✇❤❡♥ t❤❡ s♠❛❧❧❡r ♠❛tr✐① ✐s t❤❡ ③❡r♦ ♠❛tr✐① ♦r
✇❤❡♥ ✐t ❞✐s❛♣♣❡❛rs✳ ❆t t❤✐s ♣♦✐♥t ♦✉r ♠❛tr✐① ✐s ✐♥ ♥♦r♠❛❧ ❢♦r♠✳

▲❛st st❡♣✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ❣♦♦❞ ❜❛s✐s✱ ✇❡ ♥❡❡❞ ❛ ♠✐♥♦r ❝❤❛♥❣❡ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳
❲❡ ♠✉st ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❛❧❣♦r✐t❤♠ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✉♣♣❡r✲r✐❣❤t ❝♦r♥❡r ♦❢ t❤❡ ♠❛tr✐① ❛♥❞
❢♦❧❧♦✇✐♥❣ t❤❡ ❛♥t✐❞✐❛❣♦♥❛❧✳ ◆❡①t✱ ✇❡ ♥❡❡❞ t♦ ♣❡r♠✉t❡ t❤❡ ♥♦♥✲③❡r♦ r♦✇s✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✵✾

❘❡♠❛r❦✳ ❚❤❡ st❡♣s ❞❡s❝r✐❜❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❙♠✐t❤ ♥♦r♠❛❧ ❢♦r♠ ❛r❡ ♥♦t ❞❡t❡r♠✐♥✐st✐❝✱
✐✳❡✳✱ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t st❛❣❡s ✇❤❡r❡ t❤❡r❡ ✐s ♠♦r❡ t❤❛♥ ♦♥❡ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡✳ ❚❤✐s ❞♦❡s ♥♦t
❛❧t❡r t❤❡ ✜♥❛❧ ♠❛tr✐① s✐♥❝❡ ✐t ✐s ✉♥✐q✉❡✳ ❍♦✇❡✈❡r✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❙♠✐t❤ ❜❛s✐s ✭❛♥❞✱
s♦✱ t❤❡ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ♠❛tr✐❝❡s✮ ❛r❡ ♥♦t ✉♥✐q✉❡✳

❇✳✹ ❊①❛♠♣❧❡

❊①❛♠♣❧❡ ✶✹✳ ❚❤❡ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠

❚❛❜❧❡ ❇✳✶✿ ❈♦♠♣❧❡① ❞❡s❝r✐♣t✐♦♥

❚❛❜❧❡ ❇✳✷✿ ❙✉❜❝♦♠♣❧❡① ❞❡s❝r✐♣t✐♦♥

DA
1 =




e1 e2 e3

v0 −1 −1 0
v1 1 0 −1
v2 0 1 1




❋r♦♠ ❧❡❢t t♦ r✐❣❤t✿

❘❘ ♥➦ ✼✹✼✶



✶✶✵ ▼❡r✐♥♦ ❡t ❛❧✳

row1 ↔ row3 column2 ← column2 − column3




e1 e2 e3
v2 0 1 1
v1 1 0 −1
v0 −1 −1 0







e1 e2 − e3 e3
v2 0 0 1
v1 1 1 −1
v0 −1 −1 0




row2 ← row2 + row1 column1 ← column1 − column2




e1 e2 − e3 e3
v2 − v1 0 0 1
v1 1 1 0
v0 −1 −1 0







e1 − e2 + e3 e2 − e3 e3
v2 − v1 0 0 1
v1 0 1 0
v0 0 −1 0




row3 ← row3 + row2 row2 ↔ row1




e1 − e2 + e3 e2 − e3 e3
v2 − v1 0 0 1
v1 − v0 0 1 0
v0 0 0 0







e1 − e2 + e3 e2 − e3 e3
v1 − v0 0 1 0
v2 − v1 0 0 1
v0 0 0 0




NA
1 =




e1 − e2 + e3 e2 − e3 e3

v1 − v0 0 1 0
v2 − v1 0 0 1
v0 0 0 0




❍❡r❡ ✇❡ ❤❛✈❡ ♠❛❞❡ ❡①♣❧✐❝✐t t❤❡ ❝❤❛♥❣❡s ♦❢ ❜❛s✐s ✇❤✐❧❡ tr❛♥s❢♦r♠✐♥❣ t❤❡ ♠❛tr✐①✳ ❙♦ t❤❡
❝❤❛♥❣❡ ♦❢ ❜❛s✐s ♦❜t❛✐♥❡❞ ❛r❡✿ ❲❡ s❡❡ t❤❛t t❤❡ r♦✇s ♦❢ t❤❡ ❙♠✐t❤ ♠❛tr✐①✱ NA

1 ✱ ❛r❡ ❡①♣r❡ss❡❞ ✐♥
t❤❡ ❜❛s✐s {v1 − v0, v2 − v1, v0}✳ ❉❡♥♦t✐♥❣ ✐ts ❡❧❡♠❡♥ts ❛s x0 = v1 − v0, x1 = v2 − v1, x2 = v0

✇❡ ♦❜t❛✐♥ t❤❡ ♠❛tr✐① ♦❢ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ✐♥ A0✿

PA
0 =




x0 x1 x2

v0 −1 0 1
v1 1 −1 0
v2 0 1 0




■♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❡ ❙♠✐t❤ ❜❛s✐s ♦❢ A1 ✐s {α1 = e1 − e2 + e3, α2 = e2 − e3, α3 = e3} ❛♥❞
t❤❡ ♠❛tr✐① ♦❢ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ✐s✿

PA
1 =




α1 α2 α3

e1 1 0 0
e2 −1 1 0
e3 1 −1 1




■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✶✶

❲❡ s❡❡ t❤❛t ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss ♦❢ t❤❡ ❙♠✐t❤ ❛❧❣♦r✐t❤♠ ✇❡ ❝❛♥ ❛❧s♦ ♦❜t❛✐♥ t❤❡ ❝❤❛♥❣❡ ♦❢
❜❛s✐s ♠❛tr✐❝❡s✳ ■ t❤❡ s❛♠❡ ✇❛② ✇❡ ❝❛♥ ❛❧s♦ ♦❜t❛✐♥ t❤❡✐r ✐♥✈❡rs❡s✳

(PA
0 )−1 =




v0 v1 v2

x0 0 1 1
x1 0 0 1
x2 1 1 1


 (PA

1 )−1 =




e1 e2 e3

α1 1 0 0
α2 1 1 0
α3 0 1 1




◆❡①t✱ ✇❡ ❤❛✈❡ t♦ ♦❜t❛✐♥ t❤❡ ❙♠✐t❤ ♠❛tr✐① ♦❢ DA
2 ✳ ❋✐rst✱ ✇❡ ❝❤❛♥❣❡ t❤❡ ❜❛s✐s ♦❢ t❤❡ r♦✇s ♦❢

t❤❡ ♠❛tr✐❝❡s ❜② ♠✉❧t✐♣❧②✐♥❣ ❜② t❤❡ (PA
1 )−1✿

DA
2 =




f

e1 1
e2 −1
e3 1


 NA

2 = (PA
1 )−1DA

2 =




f

α1 1
α2 0
α3 0




❛♥❞ ✐♥ t❤✐s ❝❛s❡ ✇❡ ♦❜t❛✐♥ t❤❡ ♠❛tr✐① ✐♥ ❙♠✐t❤ ❢♦r♠ ❛♥❞ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ♣❡r❢♦r♠ ❛♥②
❛❞❞✐t✐♦♥❛❧ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s✳
PA

2 = 1 ✭1× 1 ✐❞❡♥t✐t② ♠❛tr✐①✮✳

❊①❛♠♣❧❡ ✶✺✳ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s

DB
1 =




e4 e5

v1 −1 0
v2 0 −1
v3 1 1


 PB

0 =




v1 v2 v3

v1 1 0 0
v2 0 1 0
v3 0 0 1


 PB

1 =

( e4 e5

e4 1 0
e5 0 1

)

❙♠✐t❤ ❛❧❣♦r✐t❤♠✿

❘❘ ♥➦ ✼✹✼✶



✶✶✷ ▼❡r✐♥♦ ❡t ❛❧✳

♦♣❡r❛t✐♦♥ ♦♥ ♠❛tr✐① ❈❤❛♥❣❡ ✐♥ PB
0 ❈❤❛♥❣❡ ✐♥ PB

1

row1 ↔ row3 col1 ↔ col3


1 1
0 −1
−1 0







0 0 1
0 1 0
1 0 0




col1 ← col1 − col2 col1 ← col1 − col2




0 1
1 −1

−1 0







β1 β2

e4 1 0
e5 −1 1




row2 ← row2 + row1 col1 ← col1 − col2


0 1
1 0

−1 0







0 0 1
−1 1 0
1 0 0




row3 ← row3 + row2 col2 ← col2 − col3


0 1
1 0
0 0







0 −1 1
−1 1 0
1 0 0




row2 ↔ row1 col2 ↔ col1




1 0
0 1
0 0







γ1 γ2 γ3

v1 −1 0 1
v2 1 −1 0
v3 0 1 0




■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✶✸

❆♣♣❡♥❞✐① ❈

Pr♦♣♦s❡❞ ❞❛t❛ str✉❝t✉r❡ ❢♦r t❤❡

✐♠♣❧❡♠❡♥t❛t✐♦♥

❈❍♦♠♦❧♦❣②
♣r✐✈❛t❡✿
❝❡❧❧s ✭❡♥✉♠❡r❛t❡❞✮ ❬s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❞❡s❝r✐♣t✐♦♥❪
❞✐♠❡♥s✐♦♥✿ ✐♥t❡❣❡r
✴✯ ❞✐♠❡♥s✐♦♥ ✯✴
r❡❞✉❝t✐♦♥s✿ ❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡
✴✯ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❝❤❛✐♥ ❝♦♠♣❧❡① ✯✴
❣❡♥❡r❛t♦rs❴❢r❡❡✿ ♣♦✐♥t❡rs t♦ ❝❡❧❧s❀
❣❡♥❡r❛t♦rs❴t♦rs✐♦♥✿ ♣♦✐♥t❡rs t♦ ❝❡❧❧s
♣✉❜❧✐❝✿
✴✯ ❈♦♥str✉❝t♦rs ✯✴
❈❍♦♠♦❧♦❣②✭✮❀
✴✯ ✐♥✐t✐❛❧✐s❡ ❡✈❡r②t❤✐♥❣ ✇✐t❤ ♥✉❧❧ ✯✴
❈❍♦♠♦❧♦❣②✭vector < cells >✮❀
✴✯ ✐♥✐t ❝❡❧❧s ❛♥❞ ❞✐♠❡♥s✐♦♥✯✴
❈❍♦♠♦❧♦❣②✭❈❍♦♠♦❧♦❣② ❆✱ ❈❍♦♠♦❧♦❣② ❇✮❀
✴✯ ✐♥✐t ❝❡❧❧s ❛♥❞ ❞✐♠❡♥s✐♦♥ ♦❢ ✉♥✐♦♥✯✴
✈♦✐❞ ✐♥✐t❴r❡❞✉❝t✐♦♥s✭✮❀
✴✯ ❧❡❢t❴r❡❞✉❝t✐♦♥ ✐s tr✐✈✐❛❧✱ r✐❣❤t❴r❡❞✉❝t✐♦♥ ✐s ❙♠✐t❤ ✯✴
▼❛tr✐① ❣❡t❴✐♥❝✐❞❡♥❝❡❴♠❛tr✐①❴♦❢❴❞✐♠❡♥s✐♦♥✭✐♥t❡❣❡r ❦✮❀
vector < Matrix > ❝♦♥str✉❝t❴❛❧❧❴✐♥❝✐❞❡♥❝❡❴♠❛tr✐①✭✮❀
❣❡t❴❞✐♠❡♥s✐♦♥✭✮❀
❣❡t❴r❡❞✉❝t✐♦♥s✭✮❀
✈♦✐❞ ❝♦♠♣✉t❡❴❣❡♥❡r❛t♦rs✭✮❀
✴✯❈♦♥❞✿ r✐❣❤t✲❤❛♥❞ r❡❞✉❝t✐♦♥ ♦❢ ❡q✉✐✈ ✐s ♦❢ ❙♠✐t❤ t②♣❡ ✯✴

❘❘ ♥➦ ✼✹✼✶



✶✶✹ ▼❡r✐♥♦ ❡t ❛❧✳

❞r❛✇❴❤♦♠♦❧♦❣②✭✮❀
✴✯❈♦♥❞✿ ❤♦♠ ✐s ✐♥✐t✐❛❧✐s❡❞ ✯✴
✄❙✐♠♣❧✐❝✐❛❧❴❝♦♠♣❧❡①✭✮❀

❈❘❡❞✉❝t✐♦♥
♣r✐✈❛t❡✿
s♠❛❧❧❴❝❤❛✐♥ ✿ vector < Matrix∗ > [dimension− 1]
❤ ✿ vector < Matrix∗ > [dimension]
❢ ✿ vector < Matrix∗ > [dimension]
❣ ✿ vector < Matrix∗ > [dimension]
t②♣❡ ✿ ❝❤❛r
✴✯ P♦ss✐❜❧❡ ✈❛❧✉❡s✿ ❝ ✭❝♦♥❡✮✱ t ✭tr✐✈✐❛❧✮✱ s ✭s♠✐t❤✮✱ ❧ ✭❧❡♠♠❛✮✱ ✉ ✭✉♥❦✇♦♥✮ ✯✴
✇✱♣✇✱❝ ✿ ♣❛✐r❴♦❢❴✐♥t❡❣❡rs
✴✯❈♦♥❞✿ t②♣❡❂s ✯✴
▼❛tr✐① ❣❡t❴s♠❛❧❧❴❝❤❛✐♥❴❛t✭✐♥t ✐✮❀
✈♦✐❞ s❡t❴s♠❛❧❧❴❝❤❛✐♥❴s✉♠✭vector < Matrix∗ > ❈❤✶✱ vector < Matrix∗ > ❈❤✷✮❀
✴✯s✉♠ ❈❤✶ ✇✐t❤ ❈❤✷ ✯✴
✈♦✐❞ s❡t❴s♠❛❧❧❴❝❤❛✐♥❴❝♦♥❡✭vector < Matrix∗ > ♠♦r♣❤✐s♠✱ vector < Matrix∗ > ❈❤✶✱
vector < Matrix∗ > ❈❤✷✮❀
✴✯ ❝♦♥❡ ♦❢ ❈❤✶✱ ❈❤✷ ✯✴
♣✉❜❧✐❝✿
❈❘❡❞✉❝t✐♦♥✭✮❀
✴✯ ✐♥✐t ❡✈❡r②t❤✐♥❣ ✇✐t❤ ♥✉❧❧ ✯✴
❈❘❡❞✉❝t✐♦♥✭vector < nbcells > [n]✮
✴✯tr✐✈✐❛❧ r❡❞✉❝t✐♦♥ ✯✴
❈❘❡❞✉❝t✐♦♥✭❈❘❡❞✉❝t✐♦♥✯ ❘✶✱ ❈❘❡❞✉❝t✐♦♥✯ ❘✷✱ vector < Matrix∗ > [n] ♠♦r♣❤✐s♠✮
✴✯ ❈♦♥❡ ✯✴
❈❘❡❞✉❝t✐♦♥✭❈❊①❛❝t❴s❡q✉❡♥❝❡✯ ❊❙✮❀
✴✯❧❡♠♠❛ ✽✷ ✯✴
❈❘❡❞✉❝t✐♦♥✭vector < Matrix∗ > ■♥❝✐❞❡♥❝❡❴♠❛tr✐①✮❀
✴✯❙♠✐t❤ r❡❞✉❝t✐♦♥ ✯✴
❈❘❡❞✉❝t✐♦♥✭❈❘❡❞✉❝t✐♦♥✯ ❘✶✱ ❈❘❡❞✉❝t✐♦♥✯ ❘✷✮❀
✴✯ s♦♠♠❡ ❘✶ ❛♥❞ ❘✷ ✯✴
✈♦✐❞ ❝♦♠♣♦s✐t✐♦♥❴♦❢❴r❡❞✉❝t✐♦♥s✭❈❘❡❞✉❝t✐♦♥✯ ❘✶✱ ❈❘❡❞✉❝t✐♦♥✯ ❘✷✮❀
✴✯❘✶ ✐s ♠♦❞✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❘✶ ❛♥❞ ❘✷ ✯✴

❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡
♣r✐✈❛t❡✿
r✐❣❤t❴r❡❞✉❝t✐♦♥ ✿ ❈❘❡❞✉❝t✐♦♥
❧❡❢t❴r❡❞✉❝t✐♦♥ ✿ ❈❘❡❞✉❝t✐♦♥

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✶✺

♣✉❜❧✐❝✿
❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✭✮❀
✴✯✐♥✐t ❡✈❡r②t❤✐♥❣ ✇✐t❤ ♥✉❧❧ ✯✴
❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✭❈❘❡❞✉❝t✐♦♥✯ ❘❧❡❢t✱ ❈❘❡❞✉❝t✐♦♥✯ ❘r✐❣❤t✮❀
❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✭❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✯ ❆✱ ❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✯ ❇✮❀
✴✯s✉♠ ♦❢ ❆✱ ❇ ✯✴
❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✭❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✯ ❆✱ ❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✯ ❇✱
vector < Matrix∗ > ■♥❝❧✉s✐♦♥✮❀
✴✯ ❝♦♥❡ ✯✴

❈❊①❛❝t❴s❡q✉❡♥❝❡
♣r✐✈❛t❡✿
❈❍✶✿ ❈❍♦♠♦❧♦❣②✯
❈❍✷✿ ❈❍♦♠♦❧♦❣②✯
♠❴♥✉ ✿ ▼♦r♣❤✐s♠
♠❴❥ ✿ ▼♦r♣❤✐s♠
♠❴✐ ✿ ▼♦r♣❤✐s♠
♠❴r❤♦ ✿ ▼♦r♣❤✐s♠
♣✉❜❧✐❝✿
❈❊①❛❝t❴s❡q✉❡♥❝❡❴▼❛②❡r❴❱✐❡t♦r✐s✭❈❍♦♠♦❧♦❣② ✯❆✱❈❍♦♠♦❧♦❣② ✯❇✱
❈❍♦♠♦❧♦❣② ✯❆✐♥t❡r❇✱ ❈❍♦♠♦❧♦❣② ✯❆✉♥✐♦♥❇✮❀

❙❡❡ t❤❡ ❞✐❛❣r❛♠ ✐♥ ✜❣✉r❡ ❈✳✶

❈✳✵✳✶ Pr♦♣♦s❡❞ ❢✉♥❝t✐♦♥s ✐♠♣❧❡♠❡♥t❛t✐♦♥

❈❍♦♠♦❧♦❣②
❈❍♦♠♦❧♦❣②✭✮❀

✴✯ ✐♥✐t✐❛❧✐s❡ t❤❡ ❝❡❧❧s ❛♥❞ ❞✐♠❡♥s✐♦♥✱ t❤✐s ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❞❛t❛ t②♣❡ ❛♥❞ t❤❡ ✇❛②
❞❛t❛ ✐s st♦r❡❞ ✯✴ ✭✐♥ ♦✉r ❝❛s❡ ■❙ ❞❛t❛✮
✴✯ ✐♥✐t✐❛❧✐s❡ ❡✈❡r②t❤✐♥❣ ✇✐t❤ ♥✉❧❧ ✯✴

❈❍♦♠♦❧♦❣②✭❝❡❧❧s❁✈❡❝t♦r❃✮❀
✴✯ ✐♥✐t✐❛❧✐s❡ t❤❡ ❝❡❧❧s ❛♥❞ ❞✐♠❡♥s✐♦♥✱ t❤✐s ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❞❛t❛ t②♣❡ ❛♥❞ t❤❡ ✇❛②
❞❛t❛ ✐s st♦r❡❞ ✯✴ ✭✐♥ ♦✉r ❝❛s❡ ■❙ ❞❛t❛✮

❈❍♦♠♦❧♦❣② ✭ ♥♦❞❡ ❆✱ ♥♦❞❡ ❇✮❀ ✴✯ ✐♥✐t ❝❡❧❧s ❛♥❞ ❞✐♠❡♥s✐♦♥ ♦❢ ✉♥✐♦♥ ❆✱ ❇ ✯✴

❘❘ ♥➦ ✼✹✼✶



✶✶✻ ▼❡r✐♥♦ ❡t ❛❧✳

✈♦✐❞ ✐♥✐t❴r❡❞✉❝t✐♦♥s✭✮
✐❢ ✭❝❡❧❧s ♥♦t ✐♥✐t✐❛❧✐s❡✮ ❡rr♦r❀ ✴✯❈❤❛✐♥ ❝♦♠♣❧❡① ✇✐t❤ ❝❛♥♦♥✐❝❛❧ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ✯✴
✈❡❝t♦r❁▼❛tr✐①❃❝❛♥♦♥✐❝❛❧❴❝❤❛✐♥ ❂ ❝♦♥str✉❝t❴❛❧❧❴✐♥❝✐❞❡♥❝❡❴♠❛tr✐①✭✮ ❀ ✴✯ ❧♦❝❛❧ ✈❛r✐❛❜❧❡ ✯✴
✈❡❝t♦r❁✐♥t❃♥✉♠❜❡r❴♦❢❴❝❡❧❧s❴❜②❴❞✐♠❡♥s✐♦♥ ❂ ✭✐♥❢♦r♠❛t✐♦♥ ❣✐✈❡♥ ❜② ■❙ ❞❛t❛✮
s❡t❴r❡❞✉❝t✐♦♥s✭ ❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡ ✭ ❈❘❡❞✉❝t✐♦♥✭♥✉♠❜❡r❴♦❢❴❝❡❧❧s❴❜②❴❞✐♠❡♥s✐♦♥✮ ✱ ❈❘❡✲
❞✉❝t✐♦♥✭ ❝❛♥♦♥✐❝❛❧❴❝❤❛✐♥ ✮✮❀ ✴✯tr✐✈✐❛❧ r❡❞✉❝t✐♦♥ ❛t ❧❡❢t ❛♥❞ s♠✐t❤ ❛t r✐❣❤t ✯✴
⑥
✴✯❆❚❚❊◆❚■❖◆✿ ✇❡ ❞♦ ♥♦t st♦r❡ t❤❡ ❝❛♥♦♥✐❝❛❧❴❝❤❛✐♥✱ ♦♥❝❡ ✇❡ ❣❡t ♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ t❤❡
✐♥❢♦r♠❛t✐♦♥ ✐s ❧♦st✱ t❤❛t ✐s s♦♠❡t❤✐♥❣ t♦ ❞❡❝✐❞❡✱ ✐❢ ✇❡ st♦r❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ❛♥②✇❤❡r❡ ♦r ♥♦t
✯✴

✈♦✐❞ ✐♥✐t❴r❡❞✉❝t✐♦♥s✭ ❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡ ❡q✉✐✈✮④
s❡t❴r❡❞✉❝t✐♦♥s✭ ❡q✉✐✈✮❀
⑥

❝♦♠♣✉t❡❴❣❡♥❡r❛t♦rs✭✮④
✴✯ ❝♦♥❞✐t✐♦♥ ✯✴
✐❢ ✭r❡❞✉❝t✐♦♥s✳❣❡t❴❘❘✳❣❡t❴t②♣❡ ✦❂ s✮
❡rr♦r✭✧❝❛♥♥♦t ❝♦♠♣✉t❡ ❤♦♠♦❧♦❣②❀ r✐❣❤t❴r❡❞✉❝t✐♦♥ ✐s ♥♦t ♦❢ t②♣❡ ❙♠✐t❤✧✮
❡①✐t✭✮
✐❢✭ r❡❞✉❝t✐♦♥s✳❣❡t❴▲❘✳❣❡t❴②♣❡ ✦❂ ❧ ❛♥❞ r❡❞✉❝t✐♦♥s✳❧❡❢t❴r❡❞✉❝t✐♦♥✳t②♣❡ ✦❂ t ✮
❡rr♦r✭✧❝❛♥♥♦t ❝♦♠♣✉t❡ ❤♦♠♦❧♦❣②❀ ❧❡❢t❴r❡❞✉❝t✐♦♥ ✐s ♥♦t ♦❢ ❝♦rr❡❝t t②♣❡✧✮❀
❡①✐t✭✮

❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ❦ ❁❞✐♠❡♥s✐♦♥④
❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ❝ ♦❢ ❙♠✐t❤ r❡❞✉❝t✐♦♥ ❞♦④
❛✉① ❂ ▼✉❧t✐♣❧② ✭ r❡❞✉❝t✐♦♥s✳r✐❣❤t❴r❡❞✉❝t✐♦♥✳❣✭❦✮ ✱ ❝✮❀
❛✉① ❂ ▼✉❧t✐♣❧② ✭ r❡❞✉❝t✐♦♥s✳❧❡❢t❴r❡❞✉❝t✐♦♥✳❢✭❦✮✱ ❛✉①✮❀
❛❞❞ ❛✉① t♦ ❣❡♥❡r❛t♦rs❴❝②❝❧❡s❬❦❪❀
⑥
❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ✭✇✱❧❛♠❜❞❛✮ ♦❢ ❙♠✐t❤ r❡❞✉❝t✐♦♥ ❞♦④
❛✉① ❂ ▼✉❧t✐♣❧② ✭ r❡❞✉❝t✐♦♥s✳r✐❣❤t❴r❡❞✉❝t✐♦♥✳❣✭❦✮✱ ✇✮❀
❛✉① ❂ ▼✉❧t✐♣❧② ✭ r❡❞✉❝t✐♦♥s✳❧❡❢t❴r❡❞✉❝t✐♦♥✳❢✭❦✮✱ ❛✉①✮❀
❛❞❞ ✭❛✉①✱ ❧❛♠❜❞❛✮ t♦ ❣❡♥❡r❛t♦rs❴✇❡❛❦❴❝②❝❧❡s❬❦❪❀
⑥
✴✯ ❧❛♠❜❞❛ ✐s t❤❡ t♦rs✐♦♥ ❝♦❡✣❝✐❡♥t✯✴
⑥

⑥

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✶✼

❈❘❡❞✉❝t✐♦♥

❈❘❡❞✉❝t✐♦♥✭✮❀ ✴✯ ✐♥✐t ❡✈❡r②t❤✐♥❣ ✇✐t❤ ♥✉❧❧ ✯✴

❈❘❡❞✉❝t✐♦♥✭✈❡❝t♦r❁✐♥t❃♥✉♠❜❡r❴♦❢❴❝❡❧❧s❴❜②❴❞✐♠❡♥s✐♦♥✮④ ✴✯ ❚r✐✈✐❛❧ r❡❞✉❝t✐♦♥ ✯✴
s❡t❴t②♣❡✭ t✮❀
s❡t❴❢✭ ❧✐st❴✐❞❡♥t✐t②❴♠❛tr✐①✭♥✉♠❜❡r❴♦❢❴❝❡❧❧s❴❜②❴❞✐♠❡♥s✐♦♥✮ ✮❀
s❡t❴❣ ✭ ❧✐st❴✐❞❡♥t✐t②❴♠❛tr✐①✭♥✉♠❜❡r❴♦❢❴❝❡❧❧s❴❜②❴❞✐♠❡♥s✐♦♥✮✮❀
s❡t❴❤ ✭ ❧✐st❴③❡r♦❴♠❛tr✐①✭♥✉♠❜❡r❴♦❢❴❝❡❧❧s❴❜②❴❞✐♠❡♥s✐♦♥✮ ✮❀
s❡t❴s♠❛❧❧❴❝❤❛✐♥ ✭ ♥✉❧❧✮❀
⑥

❈❘❡❞✉❝t✐♦♥✭▼♦r♣❤✐s♠ ✯♠♦r✱ ❈❘❡❞✉❝t✐♦♥ ✯❘✶✱ ❈❙❘❡❞✉❝t✐♦♥ ✯❘✷✮④ ✴✯ ❈♦♥❡ r❡❞✉❝t✐♦♥
✯✴
s❡t❴t②♣❡✭ ❝✮❀
▼♦r♣❤✐s♠ s♠❛❧❧❴♠♦r♣❤ ❂ ❈♦♠♣♦s✐t✐♦♥✭ ✫❘✷✳❣❡t❴❢✭✮✱ ❈♦♠♣♦s✐t✐♦♥✭ ♠♦r✱ ✫❘✶✳❣❡t❴❣✭✮✮ ✮❀ ✴✯
❈♦♠♣♦s✐t✐♦♥✭✮ ❂ ♠✉❧t✐♣❧② ✈❡❝t♦r❁♠❛tr✐①❃✯✴
s❡t❴s♠❛❧❧❴❝❤❛✐♥❴❝♦♥❡✭ ✯s♠❛❧❧❴♠♦r♣❤✱ ✯✭✫❘✶✳❣❡t❴s♠❛❧❧❴❝❤❛✐♥✭✮✮✱ ✯✭✫❘✷✳❣❡t❴s♠❛❧❧❴❝❤❛✐♥✭✮
✮✮❀

s❡t❴❢✭ ❇❧♦❝❦✭ ✫❘✶✳❣❡t❴❢✭❦✮✱ ❈♦♠♣♦s✐t✐♦♥✭✲✭✫❘✶✳❣❡t❴❢✭❦✮✮✱❈♦♠♣♦s✐t✐♦♥✭✫♠♦r✱ ✭✫❘✷✳❣❡t❴❤✭❦✮✮✮✮❀③❡r♦❴♠❛tr✐①❴✐♥❞✐❝❛t♦r✱
✫❘✷✳❣❡t❴❢✭❦✮ ✮ ✮❀
s❡t❴❣✭ ❇❧♦❝❦✭ ✫❘✶✳❣❡t❴❣✭❦✮✱ ❈♦♠♣♦s✐t✐♦♥✭✲✭✫❘✶✳❣❡t❴❤✭❦✮✮✱❈♦♠♣♦s✐t✐♦♥✭✫♠♦r✱ ✭✫❘✷✳❣❡t❴❣✭❦✮✮✮✮❀
③❡r♦❴♠❛tr✐①❴✐♥❞✐❝❛t♦r✱ ✫❘✷✳❣❡t❴❣✭❦✮ ✮ ✮❀
s❡t❴❤✭ ❇❧♦❝❦✭ ✫❘✶✳❣❡t❴❤✭❦✮✱ ❈♦♠♣♦s✐t✐♦♥✭✭✫❘✶✳❣❡t❴❤✭❦✮✮✱❈♦♠♣♦s✐t✐♦♥✭✫♠♦r✱ ✭✫❘✷✳❣❡t❴❤✭❦✮✮✮✮❀
③❡r♦❴♠❛tr✐①❴✐♥❞✐❝❛t♦r✱ ✲✫❘✷✳❣❡t❴❢✭❦✮ ✮ ✮❀
⑥
⑥

❈❘❡❞✉❝t✐♦♥✭❈❊①❛❝t❴s❡q✉❡♥❝❡ ✯s❡q✮④ ✴✯ ❘❡❞✉❝t✐♦♥ ❧❡♠♠❛ ✽✷ ✯✴
s❡t❴t②♣❡✭❧✮❀
s❡t❴s♠❛❧❧❴❝❤❛✐♥❴s✉♠ ✭ ✫s❡q✳❈❍✶✳❝♦♠♣✉t❡❴❛❧❧❴✐♥❝✐❞❡♥❝❡❴♠❛tr✐①✭✮✮✱ ✫s❡q✳❈❍✷✳❝♦♠♣✉t❡❴❛❧❧❴✐♥❝✐❞❡♥❝❡❴♠❛tr✐①✭✮✮
✮❀
s❡t❴❢✭ s❡q✳❣❡t❴♠❴❥✭✮ ✮❀
s❡t❴❤✭ s❡q✳❣❡t❴♠❴r❤♦✭✮ ✮❀
s❡t❴❣✭ s❡q✳❣❡t❴♠❴♥✉✭✮ ✲ ❈♦♠♣♦s✐t✐♦♥✭ s❡q✳❣❡t❴♠❴r❤♦✭✮ ✱ ❈♦♠♣♦s✐t✐♦♥✭ ❣❡t❴s♠❛❧❧❴❝❤❛✐♥✱
s❡q✳❣❡t❴♠❴♥✉✭✮ ✮ ✮❀ ✴✯ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t✐♦♥ ✬✲✬ ✯✴
❢r❡❡✭s♠❛❧❧❴❝❤❛✐♥✮❀
s♠❛❧❧❴❝❤❛✐♥ ❂ ♥✉❧❧❀
⑥

❘❘ ♥➦ ✼✹✼✶



✶✶✽ ▼❡r✐♥♦ ❡t ❛❧✳

❈❘❡❞✉❝t✐♦♥✭ ✈❡❝t♦r❁♠❛tr✐①❃❈❈ ✮④ ✴✯ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥ ✯✴
t②♣❡ ❂ s❀
④◆✱ P✱ P❴✐♥✈✱ s♠❛❧❧❴❝❤❛✐♥⑥ ❂ s♠✐t❤✭❈❈✮❀
④♣❜✱❜✱ ♣✇✱ ✇✱ ❝⑥ ❂ ❜❛s✐s❴❝❧❛ss✐✜❝❛t✐♦♥✭◆✮❀
❝♦♥str✉❝t❴❢✭P❴✐♥✈✮❀
❝♦♥str✉❝t❴❣✭P✮❀
❝♦♥str✉❝t❴❤✭P✱ P❴✐♥✈✮❀
⑥

❈❘❡❞✉❝t✐♦♥✭❈❘❡❞✉❝t✐♦♥ ✯❘✶✱ ❈❘❡❞✉❝t✐♦♥ ✯❘✷✮④
✐❢ ✭ ✫❘✶✳❣❡t❴t②♣❡ ❂❂ ✫❘✷✳❣❡t❴t②♣❡✮ s❡t❴t②♣❡✭✫❘✶✳❣❡t❴t②♣❡✮❀
❡❧s❡ s❡t❴t②♣❡✭✉✮❀
s❡t❴s♠❛❧❧❴❝❤❛✐♥❴s✉♠✭ ✫❘✶✳❣❡t❴s♠❛❧❧❴❝❤❛✐♥✱ ✫❘✷✳❣❡t❴s♠❛❧❧❴❝❤❛✐♥✮❀
s❡t❴❢✭ s✉♠✭ ✫❘✶✳❣❡t❴❢✭✮ ✱ ✫❘✷✳❣❡t❴❢✭✮ ✮ ✮❀
s❡t❴❣✭ s✉♠ ✭ ✫❘✶✳❣❡t❴❣✭✮ ✱ ✫❘✷✳❣❡t❴❣✭✮ ✮ ✮❀
s❡t❴❤✭ s✉♠✭ ✫❘✶✳❣❡t❴❤✭✮ ✱ ✫❘✷✳❣❡t❴❤✭✮ ✮ ✮❀
⑥

✈♦✐❞ ❝♦♠♣♦s✐t✐♦♥❴♦❢❴r❡❞✉❝t✐♦♥s✭❈❘❡❞✉❝t✐♦♥ ✯❘✷✮④
s❡t❴t②♣❡✭✫❘✷✳❣❡t❴t②♣❡✮❀
s❡t❴s♠❛❧❧❴❝❤❛✐♥✭ ✫r❡❞✉❝t✷✳❣❡t❴s♠❛❧❧❴❝❤❛✐♥✮❀
✐❢ ✭✫t❤✐s✳❣❡t❴t②♣❡ ❂ t✮ t❤✐s ❂ ✫❘✷❀ r❡t✉r♥❀
✐❢ ✭✫❘✷✳❣❡t❴t②♣❡ ❂ t✮ r❡t✉r♥❀
s❡t❴❢✭ ❈♦♠♣♦s✐t✐♦♥✭ ✫❘✷✳❣❡t❴❢✭✮ ✱ t❤✐s✳❣❡t❴❢✭✮ ✮ ✮❀
s❡t❴❣✭ ❈♦♠♣♦s✐t✐♦♥✭ t❤✐s✳❣❡t❴❣✭✮✱ ✫❘✷✳❣❡t❴❣✭✮ ✮ ✮❀
s❡t❴❤✭ ✭t❤✐s✳❣❡t❴❤✭✮✮ ✰ ❈♦♠♣♦s✐t✐♦♥✭ t❤✐s✳❣❡t❴❣✭✮ ✱ ❈♦♠♣♦s✐t✐♦♥✭ ✫❘✷✳❣❡t❴❤✭✮✱ t❤✐s✳❣❡t❴❢✭✮
✮ ✮ ✮❀
⑥

s❡t❴s♠❛❧❧❴❝❤❛✐♥❴s✉♠✭✈❡❝t♦r❁▼❛tr✐①✯❃✯ ❈❈✶✱ ✈❡❝t♦r❁▼❛tr✐①✯❃✯ ✯❈❈✷✮④
✐❢ ✭❈❈✶ ❂❂ ♥✉❧❧ ♦r ❈❈✷ ❂❂ ♥✉❧❧✮ ④ s♠❛❧❧❴❝❤❛✐♥ ❂ ♥✉❧❧❀ r❡t✉r♥❀ ⑥
s♠❛❧❧❴❝❤❛✐♥ ❂ ❇❧♦❝❦✭❈❈✶✱ ♠❛tr✐①❴③❡r♦❴✐♥❞✐❝❛t♦r❀ ♠❛tr✐①❴③❡r♦❴✐♥❞✐❝❛t♦r✱ ❈❈✷✮
⑥
s❡t❴s♠❛❧❧❴❝❤❛✐♥❴❝♦♥❡✭✈❡❝t♦r❁▼❛tr✐①✯❃✯ ▼♦r♣❤✐s♠✱ ✈❡❝t♦r❁▼❛tr✐①✯❃✯ ❈❤✶✱ ✈❡❝✲

t♦r❁▼❛tr✐①✯❃✯ ❈❤✷✮④
✐❢ ✭ ❈❤✶ ❂❂ ♥✉❧❧ ♦r ❈❤✷ ❂❂ ♥✉❧❧ ✮ s♠❛❧❧❴❝❤❛✐♥ ❂ ♥✉❧❧❀
s♠❛❧❧❴❝❤❛✐♥ ❂ ❇❧♦❝❦ ✭✫❈❤✷❬❦❪ ✱ ✫♠♦r❬❦❪❀ ♠❛tr✐①❴③❡r♦❴✐♥❞✐❝❛t♦r✱ ✲ ✫❈❍✶❬❦✲✶❪ ❪❀

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✶✾

⑥

❣❡t❴◆✭✐♥t❡❣❡r ❦✮④
✐❢ ✭❦❁✶ ♦r ❦❃❞✐♠❡♥s✐♦♥✮ r❡t✉r♥ ♥✉❧❧❴♠❛tr✐①❀
r❡t✉r♥ ◆❬❦❪
⑥

❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡

❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✭✮❀ ✴✯ ✐♥✐t✐❛❧✐s❡ ❡✈❡r②t❤✐♥❣ ✇✐t❤ ♥✉❧❧ ✯✴

❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✭❈❘❡❞✉❝t✐♦♥✯ ❘❧❡❢t✱ ❈❘❡❞✉❝t✐♦♥✯ ❘r✐❣❤t✮❀

❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡✭ ❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡ ✯❆✱ ❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡ ✯❇✱
▼♦r♣❤✐s♠ ✯♠♦r♣❤ ✮④ ④✴✯ ❝♦♥❡ ❡q✉✐✈❛❧❡♥❝❡✯✴⑥
✈❡❝t♦r❁▼❛tr✐①✯❃❜✐❣❴♠♦r♣❤ ❂ ❈♦♠♣♦s✐t✐♦♥✭ ✫❇✳❣❡t❴▲❘✳❣❡t❴❣✭✮ ✱ ❈♦♠♣♦s✐t✐♦♥✭ ✫♠♦r♣❤ ✱
✫❆✳❣❡t❴▲❘✳❣❡t❴❢✭✮✮✮❀
s❡t❴▲❘✭❈❘❡❞✉❝t✐♦♥✭ ❜✐❣❴♠♦r♣❤✱ ✫❆✳❣❡t❴▲❘✱ ✫❇✳❣❡t❴▲❘✮ ✮❀ ✴✯ ❝♦♥❡ r❡❞✉❝t✐♦♥ ✯✴
s❡t❴❘❘✭ ❈❘❡❞✉❝t✐♦♥✭❜✐❣❴♠♦r♣❤✱ ✫❆✳❣❡t❴❘❘✱ ✫❇✳❣❡t❴❘❘✮ ✮❀
⑥

❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡ ✭ ❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡ ✯❆✱ ❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡
✯❇ ✮④ ✴✯s✉♠✯✴
s❡t❴❘❘✭ ❈❘❡❞✉❝t✐♦♥ ✭ ✫❆✳❣❡t❴❘❘✱ ✫❇✳❣❡t❴❘❘✮✮❀ ④✴✯ s✉♠ ♦❢ r❡❞✉❝t✐♦♥s ✯✴⑥
s❡t❴▲❘✭ ❈❘❡❞✉❝t✐♦♥ ✭ ✫❆✳❣❡t❴▲❘✱ ✫❇✳❣❡t❴▲❘✮ ✮❀
⑥

❈❊①❛❝t❴s❡q✉❡♥❝❡

❊①❛❝t❴s❡q✉❡♥❝❡✭❈❍♦♠♦❧♦❣② ✯❆✱ ❈❍♦♠♦❧♦❣② ✯❇✱ ❈❍♦♠♦❧♦❣② ✯❆✐♥t❡r❇✱ ❈❍♦♠♦❧✲
♦❣② ✯❆✉♥✐♦♥❇✮④
✐❢ ✭❆✐♥t❡r❇ ❂❂ ♥✉❧❧✮ ❡rr♦r
❆✉♥✐♦♥❇ ❂ ❈❍♦♠♦❧♦❣②✭❆✱❇✮❀
❈❍✶ ❂ ❆❀
❈❍✷ ❂ ❇❀
❝r❡❛t❡❴♠♦r♣❤✐s♠❴✐✭✮❀
❝r❡❛t❡❴♠♦r♣❤✐s♠❴❥✭✮❀

❘❘ ♥➦ ✼✹✼✶



✶✷✵ ▼❡r✐♥♦ ❡t ❛❧✳

❝r❡❛t❡❴♠♦r♣❤✐s♠❴r❤♦✭✮❀
❝r❡❛t❡❴♠♦r♣❤✐s♠❴♥✉✭✮❀
⑥

●▲❖❇❆▲ ❋❯◆❈❚■❖◆❙

❈❍♦♠♦❧♦❣② ✉♥✐♦♥ ❂ ❝♦♠♣✉t❡❴❤♦♠♦❧♦❣②❴✐♥❢♦❴♦❢❴✉♥✐♦♥ ✭ ❈❍♦♠♦❧♦❣② ✯❆✱ ❈❍♦♠♦❧✲
♦❣② ✯❇✱ ❈❍♦♠♦❧♦❣② ✯❆✐♥t❡r❇ ✮④
❈❍♦♠♦❧♦❣② ❆✉♥✐♦♥❇ ❂ ♥✉❧❧❀
❈❊①❛❝t❴s❡q✉❡♥❝❡ ▼❱ ✭ ❆✱ ❇✱ ❆✐♥t❡r❇✱ ❆✉♥✐♦♥❇✮❀ ✴✯ ✐♥✐t✐❛❧✐s❡ ❝❡❧❧s ♦❢ ❆✉♥✐♦♥❇ ✯✴

❈❘❡❞✉❝t✐♦♥❴❡q✉✐✈❛❧❡♥❝❡ ❛✉①❴❡q✉✐✈✭ ✫❆✳❣❡t❴r❡❞✉❝t✐♦♥s ✱ ✫❇✳❣❡t❴r❡❞✉❝t✐♦♥s ✮❀ ✴✯
❝r❡❛t❡s ❆ ✰ ❇ ✯✴
❆✉♥✐♦♥❇✳s❡t❴r❡❞✉❝t✐♦♥s✭ ✭ ✯✭❆✐♥t❡r❇✳r❡❞✉❝t✐♦♥s✮✱ ❛✉①❴❡q✉✐✈✱ ▼❱✳✐✮ ✮❀ ✴✯ ▼❱✳✐ ✐s t❤❡ ♠♦r♣❤✐s♠
✐♥❝❧✉s✐♦♥ ✯✴

❈❘❡❞✉❝t✐♦♥ r❡❞✉❝t❴❧❡♠♠❛✽✷ ✭▼❱✮❀
❈❘❡❞✉❝t✐♦♥ r❡❞✉❝t❴❙♠✐t❤ ✭ ❡q✉✐✈❴❝♦♥❡✳❣❡t❴❘❘✳❣❡t❴s♠❛❧❧❴❝❤❛✐♥✮❀
❆✉♥✐♦♥❇✳❣❡t❴r❡❞✉❝t✐♦♥s✳❣❡t❴▲❘✳❝♦♠♣♦s✐t✐♦♥❴♦❢❴r❡❞✉❝t✐♦♥s ✭ r❡❞✉❝t❴❧❡♠♠❛✽✷✮❀
❆✉♥✐♦♥❇✳❣❡t❴r❡❞✉❝t✐♦♥s✳❣❡t❴❘❘✳❝♦♠♣♦s✐t✐♦♥❴♦❢❴r❡❞✉❝t✐♦♥s ✭ r❡❞✉❝t❴❙♠✐t❤✮❀

r❡t✉r♥ ❆✉♥✐♦♥❇❀
⑥

●▲❖❇❆▲ ❆▲●❖❘■❚❍▼

■♥♣✉t ✿
✲ ❧✐st ♦❢ ❙✐♠♣❧✐❝✐❛❧ ❈♦♠♣❧❡①❡s ❆✶✱ ❆✷✱✳✳✳
✴✯ ❆❧❣♦r✐t❤♠ ❤②♣♦t❤❡s✐s✿ ✇❡ ❦♥♦✇ t❤❡ ❤♦♠♦❧♦❣② ♦❢ ❡❛❝❤ ✐♥♣✉t✳ ❋♦r ✉s✱ t♦ ✧❦♥♦✇ t❤❡ ❤♦♠♦❧✲

♦❣②✧ ✐s ❡q✉✐✈❛❧❡♥t ♦❢ ❤❛✈✐♥❣ ❛ r❡❞✉❝t✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ✇❡r❡ t❤❡ ❧❡❢t❴r❡❞✉❝t✐♦♥ ✐s ♦❢ t②♣❡ ❙♠✐t❤✱
❛♥❞ t❤❡ r✐❣❤t❴r❡❞✉❝t✐♦♥ ✐s ♦❢ t②♣❡ ▲❡♠♠❛ ✽✷ ♦r tr✐✈✐❛❧ ✯✴
✴✯ ❈♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ ♣❛rts ✯✴
❢♦r ❡❛❝❤ ❈❍♦♠♦❧♦❣② ❳ ❞♦④
❈❍♦♠♦❧♦❣② ❍❳✭❳✮❀
❍❳✳✐♥✐t❴r❡❞✉❝t✐♦♥s✭✮❀ ✴✯ ♣r♦❝❡❞✉r❡ ✐♥ ❈❍♦♠♦❧♦❣② ❝❧❛ss ✯✴
⑥
✴✯ ❆t t❤✐s ♣♦✐♥t t❤❡ ❛❧❣♦r✐t❤♠ ❢✉❧✜❧❧s t❤❡ ✐♥✐t✐❛❧ ❤②♣♦t❤❡s✐s ✯✴

❆✶ ❂ ✜rst ❈❍♦♠♦❧♦❣② ♦❢ t❤❡ ❧✐st❀

✜rst ❈❍♦♠♦❧♦❣② ♦❢ t❤❡ ❧✐st ✐s tr❡❛t❡❞❀

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✷✶

❢♦r ❡❛❝❤ ♣❛✐r ❆✐✱ ❆❥ ♦❢ ♥♦t tr❡❛t❡❞ ❈❍♦♠♦❧♦❣② ♦❢ t❤❡ ❧✐st④

❈❍♦♠♦❧♦❣② ❆✐❥ ❂ ❝♦♠♣✉t❡❴❤♦♠♦❧♦❣②❴✐♥❢♦❴♦❢❴✉♥✐♦♥ ✭ ❈❍♦♠♦❧♦❣② ❆✐✱ ❈❍♦♠♦❧♦❣②
❆❥✱ ❈❍♦♠♦❧♦❣② ❆✐❴✐♥t❡r❴❆❥ ✮
❆✐❥✳❝♦♠♣✉t❡❴❣❡♥❡r❛t♦rs✭✮❀
❞r❛✇ ✭ ❆✐❥✳❤♦♠ ✮❀ ✴✯ ❞r❛✇ ❣❡♥❡r❛t♦rs ♦❢ ❤♦♠♦❧♦❣②✯✴
❆✐✱ ❆❥ ❛r❡ tr❡❛t❡❞❀
❛❞❞ ❆✐❥ t♦ t❤❡ ❧✐st❀
⑥

❘❘ ♥➦ ✼✹✼✶



✶✷✷ ▼❡r✐♥♦ ❡t ❛❧✳

CHomology: Class
-cells: [(enumerated) simplicial complex description]
-dimension: integer
-reductions: CReduction_equivalence
-generators_free: pointers to cells
-generators_torsion: pointers to cells
+CHomology();
+CHomology(vector<cells>);
+CHomology(CHomology A, CHomology B);
+void init_reductions();
+Matrix get_incidence_matrix_of_dimension(integer k);
+get_dimension();
+get_reductions();
+void compute_generators();
+draw_homology();

CReduction_equivalence: Class
-right_reduction: CReduction
-left_reduction: CReduction
+CReduction_equivalence()
+CReduction_equivalence(CReduction* Rleft,
          CReduction* Rright) 
+CReduction_equivalence(CReduction_equivalence* A, 
          CReduction_equivalence* B);
+CReduction_equivalence(CReduction_equivalence* A, 
          CReduction_equivalence* B, 
          vector<Matrix*> Inclusion)

CExact_sequence: Class
-CH1: CHomology*
-CH2: CHomology*
-m_nu: vector<Matrix*>[dimension]
-m_j: vector<Matrix*>[dimension]
-m_i: vector<Matrix*>[dimension]
-m_rho: vector<Matrix*>[dimension]
+CExact_sequence_Mayer_Vietoris
        (CHomology* A, CHomology* B, 
         CHomology* AinterB, 
         CHomology* AunionB)

CReduction: Class
-small_chain: vector<Matrix*> [dimension-1]
-h: vector<Matrix*>[dimension]
-f: vector<Matrix*>[dimension]
-g: vector<Matrix*>[dimension]
-type: char
-w, pw, c : list of pair of integers
-Matrix get_small_chain_chain_at(int i);
-void set_small_chain_sum(vector<Matrix*> Ch1, 
           vector<Matrix*> Ch2);
-void set_small_chain_cone(vector<Matrix*> morphism, 
           vector <Matrix*> Ch1, vector<Matrix*> Ch2);
+CReduction();
+CReduction(vector<nbcells>[dimension])
+CReduction(CReduction* R1, CReduction* R2, 
           vector<Matrix*> [dimension] morphism)
+CReduction(vector<Matrix*> Incidence_matrix, 
           vector<Matrix*> m_i, vector<Matrix*> m_j, 
           vector<Matrix*> m_rho, vector<Matrix*> m_nu)
+CReduction(vector<Matrix*> Incidence_matrix)
+CReduction(CReduction* R1, CReduction* R2)
+ void composition_of_reductions(CReduction* R1, 
           CReduction* R2)

❋✐❣✉r❡ ❈✳✶✿ ❉✐❛❣r❛♠ ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✷✸

❆♣♣❡♥❞✐① ❉

❍❛♥❞✇r✐tt❡♥ ❡①❛♠♣❧❡ ♦❢ ❖♥❡ st❡♣

❛❧❣♦r✐t❤♠

❚❛❜❧❡ ❉✳✶✿ ❙✉❜❝♦♠♣❧❡① ❞❡s❝r✐♣t✐♦♥

■♥♣✉t✿ ❝❤❛✐♥ ❝♦♠♣❧❡①❡s✿

❼ ■♥❢♦r♠❛t✐♦♥ ♦♥ A∗✿ (PA
0 , PA

1 , PA
2 , (PA

0 )−1, (PA
1 )−1, (PA

2 )−1, NA
1 , NA

2 ) ✭t❤✐s ✐♥❢♦r♠❛t✐♦♥
✇❛s ♦❜t❛✐♥❡❞ ✐♥ ❡①❛♠♣❧❡ ✶✹✱ ✶✵✾✮✳

❈❤❛♥❣❡ ♦❢ ❜❛s❡ ♦❢ ❆

PA
0 =




x0 x1 x2

v0 −1 0 1
v1 1 −1 0
v2 0 1 0


 PA

1 =




α1 α2 α3

e1 1 0 0
e2 −1 1 0
e3 1 −1 1


 PA

2 =
( f

f 1
)

❘❘ ♥➦ ✼✹✼✶



✶✷✹ ▼❡r✐♥♦ ❡t ❛❧✳

❚❤❡ ✐♥✈❡rs❡s ♦❢ ❆

(PA
0 )−1 =




v0 v1 v2

x0 0 1 1
x1 0 0 1
x2 1 1 1


 (PA

1 )−1 =




e1 e2 e3

α1 1 0 0
α2 1 1 0
α3 0 1 1


 (PA

2 )−1 =
( f

f 1
)

❙♠✐t❤ ♦❢ ❆

NA
1 =




α1 α2 α3

x0 0 1 0
x1 0 0 1
x2 0 0 0


 NA

2 =




f

α1 1
α2 0
α3 0




❼ ■♥❢♦r♠❛t✐♦♥ ♦♥ B∗✿ (PB
0 , PB

1 , (PB
0 )−1, (PB

1 )−1, NB
1 )

❈❤❛♥❣❡ ♦❢ ❜❛s❡ ♦❢ ❇

PB
0 =




γ1 γ2 γ3

v1 −1 0 1
v2 1 −1 0
v3 0 1 0


 PB

1 =

( β1 β2

e4 1 0
e5 −1 1

)

❚❤❡ ✐♥✈❡rs❡s ♦❢ ❝❤❛♥❣❡ ♦❢ ❜❛s❡ ♦❢ ❇

(PB
0 )−1 =




v1 v2 v3

γ1 0 1 1
γ2 0 0 1
γ3 1 1 1


 (PB

1 )−1 =

( e1 e2

β4 1 0
β5 1 1

)

❙♠✐t❤ ♦❢ ❇

NB
1 =




β1 β2

γ1 1 0
γ2 0 1
γ3 0 0




❼ ■♥❢♦r♠❛t✐♦♥ ♦♥ (A ∩B)∗✿ (P
(A∩B)
0 )

P
(A∩B)
0 =

( v1 v2

v1 1 0
v2 0 1

)

✭❚❤❡r❡ ❛r❡ ♥♦ ❝❤❛♥❣❡ ♦❢ ❜❛s❡ ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♥♦ ❜♦r❞❡r ♦♣❡r❛t♦rs❀ ✇❡ ❛r❡ ✇♦r❦✐♥❣
♦♥❧② ✇✐t❤ ✈❡rt✐❝❡s✮✳

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✷✺

❊①❛♠♣❧❡ ✶✻✳ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥

✶✳ ❍♦♠♦❧♦❣✐❝❛❧ ❙♠✐t❤ ❘❡❞✉❝t✐♦♥s ♦❢ A✱ B ❛♥❞ A ∩B

(A ∩B)∗

fA∩B

��
E(A ∩B)∗

gA∩B

OO
A∗

fA

��
EA∗

gA

OO B∗

fB

��
EB∗

gB

OO

✭❛✮ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❜❛s❡ ✐♥ ❵♣r❡✲❜♦✉♥❞❛r✐❡s✬ pbk ✱ ❵❜♦✉♥❞❛r✐❡s✬ bk✱ ❵♣r❡✲✇❡❛❦❜♦✉♥❞❛r✐❡s✬
pwk✱ ❵✇❡❛❦✲❜♦✉♥❞❛r✐❡s✬ wk✱ ❵❤♦♠♦❧♦❣✐❝❛❧ ❝②❝❧❡s✬ ck ❢♦r ❡❛❝❤ k✳

✭❜✮ ❊①tr❛❝t s✉❜♠❛tr✐① ENk ❢r♦♠ Nk t❤❛t ✐s ❡①♣r❡ss❡❞ ✐♥ ❜❛s❡ {wk−1✱ ck−1✱ pwk−1}
❛♥❞ {wk✱ ck✱ pwk}

❖✉t♣✉t✿ ❜❛s❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ❡❛❝❤ ❝❤❛✐♥ ❝♦♠♣❧❡① ❛♥❞ t❤❡ r❡❞✉❝❡❞ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s
ENA

∗ ✱ ENB
∗ ✱ ENA∩B

∗

✭❛✮ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❜❛s❡ ♦❢ A∗

pb b pw w c
A0 = [x0, x1, x2] x0, x1 x2

A1 = [α1, α2, α3] α2, α3 α1

A2 = [f ] ❢

✭❜✮ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❜❛s❡ ♦❢ B∗

pb b pw w c
B0 = [γ1, γ2, γ3] γ1, γ2 γ3

B1 = [β1, β2, α3] β1, β2

✭❝✮ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❜❛s❡ ♦❢ (A ∩B)∗

pb b pw w c
(A ∩B)0 = [v1, v2] v1, v2

❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♠❛tr✐❝❡s ❛r❡ ✭✇✐t❤ ♥✉❧❧ ✇❡ ✐♥❞✐❝❛t❡ t❤❡ tr✐✈✐❛❧ ♠♦r♣❤✐s♠✱ ✐✳❡✱ ❵t❤❡
♠❛tr✐① ✐s ❡♠♣t②✬✮✿

✭❛✮ ENA
1 = null✱ ENA

2 = null

✭❜✮ ENB
1 = null

✭❝✮ EN
(A∩B)
1 = null

❊①❛♠♣❧❡ ✶✼✳ ❈♦♥❡ ❘❡❞✉❝t✐♦♥ ❚❤❡♦r❡♠

❘❘ ♥➦ ✼✹✼✶



✶✷✻ ▼❡r✐♥♦ ❡t ❛❧✳

✷✳ ❈♦♥s✐❞❡r t❤❡ ✐♥❝❧✉s✐♦♥ ♠♦r♣❤✐s♠ i : (A∩B)∗ −→ A∗⊕B∗ ❛♥❞ ❝♦♥str✉❝t t❤❡ r❡❞✉❝t✐♦♥
♦❢ t❤❡ ❝♦♥❡✳

(A ∩B)∗
i //

fA∩B

��

A∗ ⊕B∗

fA⊕B

��
E(A ∩B)∗

Ei //

gA∩B

OO

EA∗ ⊕ EB∗

gA⊕B

OO =⇒ Cone(i)∗

fC

��
Cone(Ei))∗ = U∗

gC

OO

Ei = fA⊕B i gA∩B

✭❛✮ ❈♦♥str✉❝t t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① Cone(Ei) = U∗✳ ■t ✐s ❛ ♠❛tr✐① ❜② ❜❧♦❝❦s✱ 3× 3✳

DU
1 =




ENA
1 0 iA0

0 ENB
1 iB0

0 0 −ENA∩B
0




❲❡ ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡ ♦❢ iA0 ❛♥❞ iB0 ✭s✐♥❝❡ ENA
1 = ENB

1 = ENA∩B = null✮✿

iA0 = (rA
0 )(PA

0 )−1

︸ ︷︷ ︸
(E.1)

IA
0︸︷︷︸

(E.2)

PA∩B
0 (rA∩B

0 )T

︸ ︷︷ ︸
(E.3)

=
( v1 v2

x2 1 1
)

✭❉✳✶✮ (rA
0 )(PA

0 )−1 =
( v0 v1 v2

x2 1 1 1
)

✭❉✳✷✮ IA
0 =




v1 v2

v0 0 0
v1 1 0
v2 0 1




✭❉✳✸✮ PA∩B
0 (rA∩B

0 )T = PA∩B
0

❲❡ ❝❛♥ ❛❧s♦ ❝♦♠♣✉t❡ t❤✐s ♠❛tr✐① iA0 ❜② ❝♦♠♣✉t✐♥❣ ❛♥ ✐♠❛❣❡ ♦❢ t❤❡ ❜❛s❡ [v1, v2]✳
❋♦r ❡①❛♠♣❧❡✱ ❢♦r iB0 ✿ v1 7−→ (rB

0 )(PB
0 )−1IB

0 PA∩B
0 (rA∩B)T (v1) = (rB

0 )(PB
0 )−1IB

0 PA∩B
0 (v1) =

(rB
0 )(PB

0 )−1IB
0 (v1) = (rB

0 )(PB
0 )−1(v1) = (rB

0 )(γ3) = γ3

v2 7−→ (rB
0 )(PB

0 )−1IB
0 PA∩B

0 (rA∩B)T (v2) = (rB
0 )(PB

0 )−1IB
0 PA∩B

0 (v2) = (rB
0 )(PB

0 )−1IB
0 (v2) =

(rB
0 )(PB

0 )−1(v2) = (rB
0 )(γ1 + γ3) = γ3

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✷✼

❚❤❡r❡❢♦r❡✱

IB
0 =

( v1 v2

γ3 1 1
)

✳

❙✉♠♠✐♥❣ ✉♣✱

DU
1 =

(
IA
0

IB
0

)
=

( v1 v2

x2 1 1
γ3 1 1

)

DU
k = null ❢♦r k > 1✳

✸✳ ❈♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ♦❢ Cone(i)✳

✭❛✮ ❈♦♠♣✉t❡ t❤❡ ❤♦♠♦❧♦❣② ✭❙♠✐t❤ ❘❡❞✉❝t✐♦♥✮ ♦❢ U∗ = Cone(E(i))✳

✐♥♣✉t✿ DU
1 =

( v1 v2

x2 1 1
γ3 1 1

)
♦✉t♣✉t✿ NU

1 =

( l1 l2

s1 0 1
s2 0 0

)

PU
0 =

( s1 s2

x2 1 0
γ3 1 1

)
PU

1 =

( l1 l2
v1 1 0
v2 −1 1

)

(PU
0 )−1 =

( x2 γ3

s1 1 0
s2 −1 1

)
(PU

1 )−1 =

( v1 v2

l1 1 0
l2 1 1

)

❉❡t❡r♠✐♥❡ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❤♦♠♦❧♦❣②✱ wU , cU ✳

❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❜❛s❡ ♦❢ U∗

pb b pw w c
U0 = [s1, s2] s1 s2

U1 = [l1, l2] l2 l1

❚❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❤♦♠♦❧♦❣② ❛r❡ HU
0 = [s2] ❛♥❞ HU

1 = [l1]✳

✭❜✮ ❊①♣r❡ss t❤❡ ❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs s2✱ l1 ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s❡ ♦❢ U∗ = Cone(Ei)
❚❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s❡ ♦❢ U∗ ✐s✿

❘❘ ♥➦ ✼✹✼✶



✶✷✽ ▼❡r✐♥♦ ❡t ❛❧✳

{(wAk , cAk ,pwAk), (wBk , cBk ,pwBk), (w(A∩B)k−1 , c(A∩B)k−1 ,pw(A∩B)k−1)}

❚❤❡r❡❢♦r❡✱ ✐❢ z ∈ U∗✱ z = zA
k + zB

k + zA∩B
k−1 ✳ HU

0 = [s2] =⇒ s2 → z0 = PU
0 (s2) =

0 + γ3 + 0 HU
1 = [l1] =⇒ l1 → z1 = PU

1 (l1) = 0 + 0 + (v1 − v2)

❲✐t❤ t❤❡s❡ ♦♣❡r❛t✐♦♥s ✇❡ ❤❛✈❡ ❵❣♦♥❡ ✉♣✬ ♦♥ t❤❡ r❡❞✉❝t✐♦♥✿

Cone(Ei)∗

f ′

��
E(Cone(Ei))∗

g′

OO

✭❝✮ ❲❡ ❵❣♦ ✉♣✬ ♦♥ t❤❡ r❡❞✉❝t✐♦♥✿
Cone(i)∗

fC

��
Cone(Ei))∗

gC

OO

t♦ ✜♥❞ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ Cone(i)✳ ■❢ z ✐s ❛♥ ❤♦♠♦❧♦❣✐❝❛❧ ❣❡♥❡r❛t♦r ♦❢ Cone(Ei)
t❤❡♥ y = gC(z) ✐s ❛♥ ❤♦♠♦❧♦❣✐❝❛❧ ❣❡♥❡r❛t♦r ♦❢ Cone(i) ✇❤❡r❡✿

gC =




zA
k zB

k zA∩B
k−1

yA
k PA

k (rA
k )T 0 −hA

k IA
k−1

yB
k 0 PB

k (rB
k )T −hB

k IB
k−1P

(A∩B)
k−1 (r

(A∩B)
k−1 )T

yA∩B
k 0 0 P

(A∩B)
k−1 (r

(A∩B)
k−1 )T




❲❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✈❛❧✉❡s yA
k ❛♥❞ yB

k ✳ ❈♦♠♣✉t❡✿
y1A

k = PA
k (rA

k )T zA
k

y2A
k = −hA

k IA
k−1P

(A∩B)
k−1 (r

(A∩B)
k−1 )T z(A∩B)k−1

y1B
k = PB

k (rB
k )T zB

k

y2B
k = −hB

k IB
k−1P

(A∩B)
k−1 (r

(A∩B)
k−1 )T z(A∩B)k−1

❚❤❡♥ yA
k = y1A

k + y2A
k ❛♥❞ yB

k = y1B
k + y2B

k ✳

❼ ❢♦r k = 0
y1A

0 = 0
y1B

0 = γ3 → PB
0 (rB

0 )T (γ3) = v1

IA
−1P

(A∩B)
−1 (r

(A∩B)
−1 )T = null =⇒ y2A

0 = 0
y2B

0 = 0

■◆❘■❆



❈♦♥str✉❝t✐✈❡ ▼❛②❡r✲❱✐❡t♦r✐s ❆❧❣♦r✐t❤♠ ✶✷✾

❼ ❢♦r k = 1
y1A

1 = 0
y1B

1 = 0

y2A
1 = −hA

1 IA
0 P

(A∩B)
0 (r

(A∩B)
0 )T (v1− v2) = hA

1 (v1− v2)
y2B

1 = −hB
1 (v1− v2)

▲❡ts ❝♦♠♣✉t❡ hA
1 : A0 → A1✿

hA
1 =




α1 α2 α3

e1 1 0 0
e2 −1 1 0
e3 1 −1 1







x0 x1 x2

α1 1 0 0
α2 0 1 0
α3 0 0 0







v0 v1 v2

x0 0 1 1
x1 0 0 1
x2 1 1 1


 =




v0 v1 v2

e1 0 0 0
e2 0 1 1
e3 0 −1 0




❙❛♠❡ ✇✐t❤ hB
1 ✿

hB
1 =

( v0 v1 v2

e4 0 1 1
e5 0 −1 0

)

❚❤❡r❡❢♦r❡✱
y2A

1 = −hA
1 (v1− v2) = e3

y2B
1 = −hB

1 (v1− v2) = e4 − e5

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ t❤❡ ❤♦♠♦❧♦❣② Cone(i)✱ H0(Cone(i)) = [(yA
0 , yB

0 , y
(A∩B
0 )] =

[(0, v1, y
A∩B)0 ] ❛♥❞ H1(Cone(i)) = [(yA

1 , yB
1 , yA∩B

1 )] = [(e3, e4 − e5, y
A∩B)1 ]✳

✭❞✮ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ▲❡♠♠❛ ✽✷✿

Cone(i)∗

lf

��
(A ∪B)∗

lg

OO

lf ✐s ❞❡✜♥❡❞ ❛s lf(yA, yB , y(A ∩B)) = yA − yB ✳ ❈♦♠♣✉t❡✿

HA∪B
0 = [yA

0 − yB
0 ] = [v1]

HA∪B
1 = [yA

1 − yB
1 ] = [e3 + e5 − e4]
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