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Local null controllability of a two-dimensional fluid-structure
interaction problem

Muriel BOULAKIA *, Axel OSSES |

Abstract: In this paper, we prove a controllability result for a fluid-structure interaction
problem. In dimension two, a rigid structure moves into an incompressible fluid governed by
Navier-Stokes equations. The control acts on a fized subset of the fluid domain. We prove
that, for small initial data, this system is null controllable, that is, for a given T > 0, the
system can be driven at rest and the structure to its reference configuration at time T. To
show this result, we first consider a linearized system. Thanks to an observability inequality
obtained from a Carleman inequality, we prove an optimal controllability result with a reqular
control. Next, with the help of Kakutani’s fixed point theorem and a reqularity result, we pass
to the monlinear problem.

1 Introduction and main result.

1.1 Introduction.

We consider a rigid structure immersed in a viscous incompressible fluid. At time ¢, the
structure occupies the smooth connected domain 2g(t). The structure and the fluid are
contained in a fixed bounded connected open set Q C R? with a regular boundary. We
suppose that 5(0) and  have a smooth boundary (for instance C2). The time evolution of
the fluid eulerian velocity u is governed by the incompressible Navier-Stokes equations (for
simplicity, we assume that the fluid density is constant and equal to 1):

{ (Opu+ (u-V)u)(t,z) — divo(u,p)(t,z) = f(t,z)lu(z), Vo € Qp(t), Vt € (0,T), 1)

divu(t,z) =0,Vz € Qp(t), Vt € (0,T).

For any t € (0,7, these equations are satisfied on Qg (t) = 2\ Qg(t), the fluid domain. The
tensor o(u,p) is the Cauchy tensor given by

o(u,p) = 2¢(u) — pld,

where €(u) = %(Vu + Vul!) is the symmetric part of the gradient. Here, p is the pressure
of the fluid. Without lost of generality, we have supposed that the viscosity is equal to 1.
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Finally f is the control function which acts over a fixed small nonempty open subset w of the
fluid domain Qp(¢) and 1,, is the characteristic function of the domain w.

The motion of the structure is given by the translation velocity which is the velocity of
the center of mass of the structure a(t) € R? and by the instantaneous rotation velocity
denoted r(t) € R. The equations of the structure motion are given by the balance of linear
and angular momentum. So, without the action of external forces, we have, for all ¢ € (0,7)

ma(t) = /{msm o(u,p)ndo(z), (1.2)
Ti(t) = / (o(u,p)n) - (& — a(t))* do(z). (1.3)
0Qs(t)

We have denoted by m > 0 the mass of the rigid structure and J > 0 its moment of inertia.
Moreover, 2+ is defined by

Vo = (z1,22) € R?, ot = (=29, 2).

At last, n is the outward unit normal to 92g(¢). On the interface, we consider a non-slip
boundary condition. Therefore, we have, for all ¢ € (0,7)

u(t,z) =0,V e 08, (1.4)
u(t,z) = a(t) +r(t)(z — a(t))*, Vo € 0Q5(t). (1.5)

We define up to a constant the angle 6 associated to the rotation velocity
r=94.
The system is completed by the following initial conditions:
u(0,-) = up in 2r(0), a(0) = ap, a(0) = a1, 6(0) = Oy, 7(0) = 19, (1.6)

where ag € R? the center of mass at initial time, g € R, ug € H3(Q2r(0))?, a1 € R? and
ro € R satisfy

divug = 0 in Qp(0), ug = a; + ro(x — ap)* on dNg(0) and uy = 0 on Q. (1.7)
At time ¢, the domain occupied by the structure Qg(t) is defined by
Qs(t) = X (t,25(0)),
where X denotes the flow associated to the motion of the structure:
X (t,y) = a(t) + Ro)—a,(y — a0), Vy € Qs(0), vt € (0, 7). (1.8)

Here, Ry is the rotation matrix of angle . We have chosen to denote by y the lagrangian
coordinate and by x the eulerian coordinate. We can also notice that equation (1.5) allows



to extend u on the whole domain €2. We still denote u the global velocity defined on the solid
domain by
u(t,z) = a(t) +r(t)(z — a(t))*, Vo € Qs(t), Yt € (0,T).

We also extend ug on ) in the same way. Thus, if we define
V ={ve H}Q)/dive =0 in Q},

then, for a.e. t in (0,7), u(t) belongs to V.
This problem satisfies an a priori estimate. Indeed, if we denote E the global energy:

1 t
E(t) = —/ lu(t, z)|* dx + m la(t)])? + £|r(t)\2 + // |Vu(t', z)|* d dt’,
2 Jap 2 2 0Jap )

we have

B(t) < B(0) + C(T) /O / (', 2)2 da d.

Let us mention that [3] and [5] prove the existence of local solutions for this model (see
also the references therein). In [18], a global existence result is proven: in particular, weak
solutions of the fluid-structure problem are defined beyond collisions. Moreover, [19] obtains
a regularity result valid as long as no collisions occur. In our study, we will need to keep this
non-collision condition. We also want to avoid contact between the structure and the control
domain. We consider an initial position such that

05(0) € 2\ w. d (050, 9(2\w) ) >0 /m @) <o (1.9)

The last hypothesis will be necessary to obtain the Carleman inequality given in subsection
1.5. Indeed, thanks to this hypothesis, we will be able to deduce estimates for the structure
velocity from estimates on the interface of the fluid velocity. It will come from the fact that,
if u=a+r(z—a)t on Ng(t), we have

/ fuf? = \a|2/ 1+]r|2/ o — af2 = \a|2/ 1+]r|2/ 1y — aol2,
s (1) 00s(t) 00s(t) 025(0) 0%25(0)

thanks to the last hypothesis of (1.9). This hypothesis will be satisfied for a ball, an ellipse
and more generally for any structure symmetric with respect to the center of mass.

In this paper, we will be concerned with the null controllability of the system presented above.
In [6], the local null controllability is proved in dimension one for a particle evolving in a fluid
modeled by Burgers equation. This one-dimensional model has been analyzed in [21] and in
[22]. Simplified problems for the interaction between an elastic structure and a fluid are
studied in [16], [17] and [23]. The controllability of Navier-Stokes equations is the subject of
recent works. The methods used to deal with Navier-Stokes equations in our fluid-structure
problem are essentially due to papers [9] and [12].

Our article has been announced in a preprint [2]. Let us mention that a simultaneous and
independent work has been achieved in [14]. Some differences can be emphasized. Indeed, in



this paper, the geometry of the rigid solid is necessarily a ball while, in our paper, it only has
to satisfy some symmetric hypothesis. The methods used in [14] and in our work are different
even if, in the two works, the main tool is a Carleman inequality. In particular, in [14], the
nonlinear problem is not proved with a compactness argument and thus initial conditions are
not as regular as in our work.

Remark 1 : In (1.9), we only assume that no contact occurs between the structure and
the global boundary at initial time. As we will see, we keep this non-collision condition for
all t € (0,T). Indeed, if initial data are small, then the control function is also small (see
proposition 6) and thus the displacement of the structure stays small. Thus, if initial data
are small enough, we then get that

4 (2s(0,0(2\w)) > 0.

To conclude this subsection, we introduce function spaces on moving domains. In the fol-
lowing, for the sake of readability, we omit to indicate with respect to which variable we are
integrating, except when this is not obvious.

Definition 1 : We consider a domain S C Q and, for each t, the domain S(t) = ¥(t,S) C Q
where

U (t,y) €(0,T) x Qs Q

belongs to H*(0,T;C2(Q)) and is such that, for all t € (0,T), ¥(t,-) is a C*-diffeomorphism
from Q on Q and from S on S(t). For a function u(t,-) : S(t) — R, we define

U(t,y) = u(t, U(t,y)), Vt € (0,T), Vy € S.
Then, we define, for all 1 < p,q < +oo, for all k € N,
17 (0, T;W(5(1))) = {u/U € L7(0,T;wa(s)) },
and, for 1 =1,2,
W (0, s Wr(S(8))) = {u /U € W'(0,T;Wha(5)) }.
In each space, we consider the associated norms

lull oo rswracs@y)y = U Lo mwmacsys lullweeommwraseyy) = U lwieomwracs)):-
We give some useful properties satisfied by these spaces.
Proposition 1 : We use the same notations and hypotheses as in definition 1.

e A function u belongs to LP (O,T; Wha (S(t))) if and only if, for a.e. t € (0,T),
T
x +— u(t,z) belongs to Wk’q(S(t)) and / Hu(t)”ﬁvkvqs(t)) < 0.
0
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T 1/p
Moreover, the norm </ Il - ||qu > is equivalent to || - || Lo o rwka(s())):

T 1/p
Cillull oo, rswras@y)) < </0 1w Ty s ) < Collull oo, (s (1))

where Cy > 0 and Cy > 0 depend on the norm of ¥ and W1 in L>(0,T;C?()).
e Ifu belongs to Wl’p(O,T; Wk’q(S(t))) N Lp(O,T; Wk+17q(5’(t))), Oru defined by
ou(t,z) = QU (t, U (t,x)) — 0,V (t, U (t, x)) - Vu(t,z) (1.10)

belongs to LP(0,T; Wk4(S(t))).

1.2 Compatibility conditions on the initial data.

With (1.7), we have already given compatibility conditions which have to be satisfied by our
initial data. In particular, we want the velocity to be continuous on the interface at initial
time. These compatibility conditions are necessary to obtain a first regularity result on the
velocities of the fluid and the structure (the precise result is given below by proposition 2).
Our study will also require a second regularity result on the acceleration associated to the
fluid and structure motions (this result is given by proposition 3). To obtain this result, we
will need an additional compatibility condition expressing that the acceleration is continuous
on the interface and on the global boundary at initial time. This kind of compatibility
conditions appears for general classes of problems (we refer to [20] for a general theory).

First, we have to define the acceleration of the fluid and of the structure at time t = 0. They
will be determined by the equations of the motion as explained in the following lemma. Since
our control function f will be null at initial time, the compatibility condition will not depend

on f.

Lemma 1 : Let ug € H3(Q2p(0))?, ag € R?, a; € R? and 79 € R be given. We consider the
following problem

(w1 + (ug - V)ug — divo(ug, po) = 0 in Qp(0),

masg :/ J(u0>p0)n7
09Q5(0)

Ty = / (o (g, po)) - (& — ao)*
0Q5(0)

divuy =0 in Qp(0),
uy-n =0 on 0L,

| w-n= (ag +71(z — ap)" —ri(z — ao) — Vuo(ar + ro(z — ao)l)) -n on 9Qg(0).

Then this problem admits a solution (u1,po,az,m1) € HY(Qp(0))? x H2(Qp(0)) x R? x R.
Moreover, this solution is unique (up to a constant for pg).



Proof of lemma 1: We define the solution (u1,0,p00) € H*(Qr(0))? x H*(Qp(0)) obtained
by a Helmholtz decomposition

u1,0 + Vpo,o = —(ug - V)ug + Aug in Qp(0),

diVULO =0in QF(O),

uro-n =0 on 0§,

U n = ( — r%(w —ap) — Vuo(a1 + ro(x — aO)L)> -n on 0Qg(0).

In the sequel of the proof, we will denote by x! and z? the coordinates of a vector z € R?.
We consider the following problems:

u1,1 + VQDOJ =0in QF(O) U1,2 + Vpog =0in QF(O)
divuy,; =0 in Qp(0) divui 2 = 0in Qp(0)
ug,1 -n =0 on 90N ’ ur2-n =0 on 9N

Ul -n = n' on 0905(0) Ul N = n? on 005(0)

and
u1,3 + Vp073 =0in QF(O)

divu; 3 =0 in Qp(0)

ur3-n =0 on 90

ur3-n = (x —ap)t -n on 8Ng(0).
These three problems admit solutions in H*(Qr(0))? x H2(Qr(0)). We are looking for us,
po, az and rq satisfying, up to a constant for py,

1 2 1 2
Uy = u1,0 + auy,1 + azul 2 + r1U13, Po = Po,0 + AP0,1 + a3po,2 + 1P0,3- (1.11)

Thus, the dependence of w1 and py with respect to a%, a% and rq is affine. From this expression,
we deduce the system which has to be satisfied by as and 7

4
1 1 1 2 1 1 1
may = _a2/ Do,11 —a2/ Do,2M —7“1/ posn + Fy,
905(0) 905(0) 905(0)

2 1 2 9 2 2 2
maj = —a2/ Do,11 —a2/ Do,21 —7“1/ po,3n” + FY,
905(0) 905(0) 905(0)

Jry = —a%/ poin - (z — ag)t — a%/ poan - (x — ag)t — 7’1/ posn - (x —ag)" + Fy
905(0) 905(0) 905(0)

with

F = 2/ G(Uo)n—/ Po,on, Fo = 2/ (f(uo)n)'(l‘—ao)L—/ (po,om)-(z—ao)™.
0Qs(0) 005(0) 0Q5(0) 005(0)

By noticing that, for instance,

/ po1n' =/ IU1,1!27/ poan’ :/ ug - U2,
995(0) Q. (0) 895 (0) Qr(0)
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we can easily prove that, since m > 0 and J > 0, the matrix associated to this system is

symmetric and definite positive. Thus, our system admits a unique solution a3, a% and 7y

and then we deduce u; and pg from (1.11). O

This lemma allows to define the acceleration u; of the fluid at initial time and the acceleration
of the center of mass ao and of the angle r; at initial time. It asserts the continuity of the
normal trace of the acceleration. In order to get the continuity of the whole trace of the
acceleration, we make the following assumption on (u, a2, 79):

up = 0 on I, uy = ag+71(x—ag)t —rE(x —ag) — Vug (a1 +7’0($*6L0)L) on 00s(0). (1.12)

Indeed, if we consider the expression (1.5) and we derive it with respect to time, we obtain
this expression at initial time. To derive this expression, we have to be careful since the
domain 0€2g(t) depends on time. Thus, we first have to express this equality on 9g(0)
thanks to the flow X defined by (1.8). Condition (1.12) can be expressed in terms of initial
data ug, ag, a1 and rg.
We make the following hypothesis for ug, ag, a1, g and ro:

ug € H3(Qr(0))2, ag € R?, a; € R?, 6y € R and rg € R,

divug =0 in Qp(0), uop = a1 + ro(z — aO)J‘ on 09¢(0) and ug = 0 on 012, (1.13)

(u1,az,71) defined by lemma 1 satisfy (1.12).

1.3 Main result.

We introduce the notion of controllability:

Definition 2 : We will say that our problem is null controllable at time T if there exists
a control function f € L?((0,T) x w)? such that

w(T,) =0 in Qp(T), a(T) =0, &(T) = 0, O(T) = 0, (T = 0, (1.14)

or, equivalently,
w(T,-)=01inQ, a(T)=0,6(T) =0,

where (u,a,0) is the solution, together with a pressure p, of the problem defined by equations

(1.1) to (1.6).

Thus, we want to drive the fluid and the structure at rest and we also want the structure to
be located in the reference configuration R_g,(25(0) —ap). The main result of this article is:

Theorem 1 : We suppose that ug, ag, a1, Oy and ro satisfy (1.13) and we consider an initial
structure domain Qg(0) such that (1.9) is satisfied. Let T > 0 be a fized final time. Then,
there exists € > 0 depending on T and on the domains 0, w and Qg(0) such that, if

ol 3 (Qp(0))2 + laol + la1] + [6o] + |ro| < e,

the problem defined by equations (1.1) to (1.6) is null controllable at time T



Remark 2 : We can also consider N structures occupying the domains Q%(t), 1 < i <
N, immersed in the fluid. The two equations for the structure motion are replaced by 2IN
equations for the translation a; and the rotation velocity r; associated to the i-th solid. Each
structure has to satisfy (1.9) and we also have to avoid contact between two different structures
i.e.

d (Qg(O),Qg(O)) >0,Y1<i,j<N.

Then we can prove that the same Carleman inequality (1.30) holds for the structure domain

Qgs(t) defined by Qg(t) = U Q%L(t) and we can obtain the same local null controllability
1<i<N
result.

Remark 3 : By standard arguments in controllability, we can prove that this result also
holds for a control domain located on the boundary of the cavity €.

To begin with, we will prove a controllability result on a linearized problem. Let (a,7) be
given in H?(0,T)? x H'(0,T). We define 6 the angle associated to the rotation velocity 7
defined up to a constant. Thus, for any ¢ € (0,7), the structure domain Qg(¢) is defined by

Qs(t) = X(t,95(0)), (1.15)

where X denotes the flow associated to the structure velocity and is defined by

X(t,y) =a(t) + Ré(t)feo(y —ap), Vt € (0,T), Vy € Qg(0). (1.16)
We assume that @ and 6 satisfy

@(0) = ag, a(0) = ax, 6(0) = by, 7(0) = 1o, Vs(t) € V\w, d (1), (@ \w)) = a, ¥ € 0,7,

(1.17)
where a > 0 is a fixed real number small enough. The last two properties are satisfied at
time ¢t = 0 because X(0,-) = Id in Q2g(0) and we have supposed that 2g(0) satisfies (1.9).
We can also define the corresponding fluid domain by

Qp(t) = Q\ Qs(t).
Next, let @ be given such that

i € L(0,T; L%(Qp(t))? N W0, T; L4 Qp(1))2 N L2(0,T; HY(Qp(1))?,  (1.18)
divii = 0 in Qp(t), @ = a4 7(z — @) on dQg(t), @ = 0 on 9, (1.19)
ﬁ(t = 0) = Up in QF(O) (1.20)

As for the velocity u, we can extend @ on ﬁg(t) by the velocity of the structure.
We will say that (u,p,a,r) is a solution of the linearized problem around (w, @, 7) if and only



if, for all t € (0,7,

(Otu—i— @ V)u)(t,z) — divo(u,p)(t, ) = f(t,z)l,(x), Ve Qp(t),

/ olusln
Qs (t

=] (=)
o0 (1.21)
divu(t,z) = 0 Va: € Qp(t),

u(t,z) =0,V € 99,

u(t,x) = a(t) +r(t) (@ —a(t)", Vo € 9s(1),

u(0,-) = up in Qr(0), a(0) = ag, a(0) = a1, 0(0) = Oy, r(0) = 0.

We easily obtain an a priori energy estimate for this problem. Indeed denoting E(t) the
global energy:

~ 1
E(t)z—/ |U(t,$)|2d$+ la(t))? + )] + // \Vu(t', z)? dz dt’,
2 Jare O (t')

B <E / / () 2 dodt.

It seems worth noting that, in order to have an energy estimate for the linearized problem,
the given velocities @, a and 7 have to satisfy continuity and divergence-free conditions (1.19).
Since the trace of @ has to be defined, we have taken @ in L>(0,T; H'(Qp(t)))?.

First of all, we will prove a controllability result for this linearized problem. The result is
formulated as follows:

Theorem 2 : We consider initial data ug € H'(Qr(0))?, ap € R?, a1 € R%, 0y € R and
ro € R satisfying (1.7) and an initial structure domain Qg(0) such that (1.9) is satisfied.
Let T > 0 be a fized final time. We suppose that (a,7) € H?(0,T)? x H'(0,T) are such that
(1.17) holds for some a > 0 and that u satisfies conditions (1.18) to (1.20). Then, problem
(1.21) is null controllable at time T .



To prove the controllability result for the linearized problem, we need to introduce the ho-
mogeneous adjoint problem. It is defined by the following system, for all ¢t € (0,7)

( (= 0w — (@-V))(t,z) — divo(v,q)(t,z) = 0, Vo € Qp(t),

mb(t) = = [ _ oo

o == | NCCORRERLOR
divo(t,z) =0, Va € Qp(t),

v(t,z) =0,Vz € 09,

)
v(t, x) = ( )+ (1) (z —a(t) ", Vo € 0s(b),
\ U(T7 ) = 0 in QF( ) b(T) =0, b(T) = b{a V(T) = 75'

(1.22)

The initial data vl € HY(Qp(T))?, bl and A satisfy

of = b + 48 (2 — a(T))* on 8Qg(T), vl =0 on 8N and divel =0 in Qp(T).  (1.23)

1.4 Extension of the structure flow.

We have already introduced the definition of the structure flow by (1.16). In the following, we
will need to extend this flow up to the global boundary 9f2 by a regular and incompressible
flow. To construct this extension, conditions of non-collision between the structure and the
boundary of 2 have to be satisfied. According to condition (1.17), we have Qg(t) C (2\w)a,
for each t € [0, 7] where we have denoted, for a subset A of R?, A, = {x € A/d (x,0A) > €}.
We have the following result:

Lemma 2 : Let (a,7) € H2(0,T)% x HY(0,T) be given. We define Qg(t) by (1.15) and we
suppose that (1.17) is satisfied for some o > 0. We can extend the velocity

a+7(x—a)t
defined on ﬁg(t) by a velocity g € H'(0,T;C*(Q))? satisfying, for all t € (0,T)
div g = 0 in €,
i =0 in Q\ (Q\ w)aja, s = a+Fz—a)" in (Q\w)ay,
and such that .
sz 0,mc2 )2 < Cllallarory2 + 1T a1 0,1); (1.24)

where C' depends on T and c.

We do not detail how we obtain this incompressible velocity which extends the velocity defined
on the structure: we refer to [19] for the proof of this result. We define the flow associated
to 4g. We still denote it X since it extends the flow defined on the structure by (1.16).
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Lemma 3 : Under the same hypotheses as in lemma 2, the flow X associated to ug defined
in lemma 2 satisfies:

e for each t € [0,T], )?ﬁgt,-) is a C2-diffeomorphism from Q on Q and from Qp(0) on
Qp(t). We denote by Y (t,-) the inverse of X (t,-) defined on Q;

e X and Y belong to H2(0,T;C%(Q))2;

o V(t,y) € (0,T) x Q, det VX(t,y) = 1;

o Vit e (0,T),Vy e\ (Q\w)a X(ty) =y;

e Wi e (0,1), Yy € Q5(0) + B(0,a/2), X(ty) = a(t) + Rygy_g (v — a0),
where B(0,«/2) denotes the ball of center 0 and of radius ac/2. Moreover, we have

1 X1 720,022 + 1Y 20,7502 (002 < CUlall m20,0y2 + 17l 710,15
where the constant C depends on T and c.

Proof of lemma 3: Thanks to the regularity of ug obtained in lemma 2 and the properties
of the flow associated to a velocity, we easily obtain the first three points of the lemma.
Now, on Q\ (2\w)q /4, since Gig = 0, we have that X(t,-) = Id. Moreover, for each t € (0,T),
for each y € Qg(0) + B(0,/2), we have

() + Ry (v — a0) € Ds(t) + B(0,0/2) € (2 w)ayo.
Consequently, by uniqueness of the flow, the last point of the lemma is satisfied. [

Remark 4 : If @ belongs to WH*°(0,T)? and 7 belongs to L°°(0,T), lemma 2 and lemma 3
still hold with the appropriate changes (the flows belong to W1>°(0, T;C%())2.

1.5 A Carleman inequality.

To obtain our controllability result, we prove a Carleman inequality result for the adjoint
system (1.22).

We consider a nonempty open set wy such that wg CC w (i.e. Wy C w). We will introduce time-
dependent weight functions defined on the moving domain Qp (t). First of all, we consider a
steady weight function fy in C*(Qp(0)) depending on €, wy and Qg(0) such that

Bo =0 on 92U 9Ns(0), Bo > 0 in Qp(0),

VBo-n<ec <0ond VG- -n>cy>0ondNg(0), VG| >0in Qr(0) \ @o.
On the boundary of ), the vector n is the outward unit normal to {2 and on the boundary of
the structure domain, n is the outward unit normal to the structure domain (and thus the
inward normal to the fluid domain). For the proof of this result, we refer to [11]. We suppose

that (1.17) holds for some o > 0. Then, thanks to By, we define the time-dependent weight
function G which follows the displacement of the structure by

Bt,x) = Bo(Y (t,2)), Vo € Qr(t), Yt € (0,T),

where Y is defined by lemma 3.
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Lemma 4 : The function 3 belongs to L™(0,T; W2=(Qp(t))) N Wh(0, T; Wh>(Qp(t)))
and is such that:

B=0 ondQUNs(t), B> 0 in Qp(t),
VB-n<c <0o0ndQVE-n>cy>0 onds(t), |VE >0 in Qp(t)\ To. (1.25)

Moreover, we have the following estimate:

HﬁuLOO(O’T;WZoo(QF(t))) + HIBHWl,oo(07T;Wl,oo(§F(t))) < C, (126)

where C' depends on T and .

To introduce the Carleman inequality satisfied by a solution of the adjoint linearized problem
(1.22), we define, for A > 1, the functions V and ¢ by: Vt € (0,T), Vz € Qp(t),

ClOAM _ A(BM+p(t,z)) ANBM+B(t,7)) :
t,z) = Lr) = ——— 1.2
V( >$) t4(T _ t)4 ’ 80( ,ZL’) t4(T — t)4 ’ ( )
where M = ||Bol| o< (0, (0))- For this choice of M, we can already notice that V is a positive
function since HﬂHLm(O ToL @ (1) = 180l oo (- (0))- Moreover, V and ¢ have the following
properties:

VYV = -ApV3, Ve =AVp.
We also define, Vt € (0,7,

A PlOAM _ 9AM CLOAM _ 8AM
V()= inf V(t,x —,V*t: sup V(t,x) = ————,(1.28
0= i Vi) = S V0= s V) = S (129
0 () = o) = int plta) = (1.29)
o(t)= sup o(t,z) = 7, ¢ (t) = inf ¢t2)=—"F-. 1.29
2eQp(t) (T —t)* 2eQp(t) tHT —t)*

Then, the following global Carleman estimate for problem (1.22) holds:

Theorem 3 : Let a € H*(0,7)%, 7 € HY(0,T) and @ be given such that (1.17) holds for
some a > 0 and such that conditions (1.18) to (1.20) are satisfied.

Then, there exists a constant C and two constants § and \ such that, for every vl € L? (Qp(T))2,
vl EA]R2 s& € R, the corresponding solution (v,q,b,7) of (1.22) satisfies, for any s > § and

A A,

T 1 T « .
/ /~ e 2V <—(|AU\2 +0w]?) + s %p| Vo] + 33)\4903|v]2> + S)\/ e 2V p* (|b‘2 + \"7|2>
0 JQp(t) s@ 0

T T
+83)\3/ /N 6725V*(¢*)3|U|2 —I-S)\/ /~ 672$V*¢*|vvn|2
0 JOQs(t) 0 JOQs(t)

T .
< 6819/2)\13/ / erV*—4sV¢10|v‘2' (1.30)
0 Jw

The constant C only depends onT', o and By, and § and A depend on T, a, By and the norm
of @ in H%(0,T)2, 7 in H'(0,T) and @ in L>((0,T) x Q)2N W40, T; L*(Qr(t)))?%.
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Remark 5 In this work, we suppose that the viscosity p is equal to 1. It can be interesting
to wonder how the constant in our Carleman inequality depends on p if @ is not fived. It
is known that the constant in global Carleman inequalities for parabolic equations behaves as
exp(C/T), where C > 0 is a constant depending on the domain and T > 0 is the length of
the time interval (see for instance [10]). Let us consider the heat equation

e — phu= f in (0,7),

where p > 0 and make the change of variables T = pt then we retrieve a heat equation with
p=1 _
iy — A= f in (0,uT),

where u(1) = u(t/p), f(r) = f(r/p)/un, and therefore, with the classical computations, we
find that the constant in the global Carleman inequality is of order exp(C/(uT)). It has
been also shown that this constant is optimal for the observability inequality at least in one
dimension (see [4]). In our case, the situation is essentially the same.

The proof of this theorem will be given in section 2, but before, we will study some regularity
properties which will be useful in the sequel.

1.6 Regularity results on the linearized problem.

We give regularity results for the following non-homogeneous linearized system associated to
(1.21): for all t € (0,7),

( (Dyu+ (@ V)u)(t,z) — dive(u,p)(t,z) = gr(t,z), Vo € Qp(t),

mii(t) = /afzs(t) o(u,p)n+ gr(t),

Ty = [ (olwpn)- (o~ ale)* + ga)
0Ns(t)
divu(t,z) = 0, Vo € Qp(t),
u(t,z) =0,V € 09,
u(t,z) = a(t) +rt)(z — alt))", Va € 0Qg(t),
u(0,-) = up in Qr(0), a(0) = ag, a(0) = a1, 6(0) = Oy, 7(0) = 1o,

(1.31)

where gp is the force acting on the fluid and gy and gr are the force and the torque acting
on the structure.

Of course, these results are also true for the linear adjoint system and can be shown in
the same way. In [19], the first regularity result is proved for the nonlinear fluid-structure
direct problem. Thus, the proposition which follows is a result contained in [19]. We only
give a sketch of the proof and we refer to [19] and the references therein for complementary
explanations. Let us define

U, T;Q) = L*0,T; H*(Q)) N H (0, T; L*(Q)) N L*°(0,T; H'(Q)).

13



Proposition 2 : Let initial data ug € Hl(QF(O))Q, ap € R%, a1 € R?, 6y € R, 79 € R and
forces gp € L2(0,T; L2(Qp(1)))2, gr € L%(0,T)2, gr € L2(0 T) be given. We suppose that
initial data satisfy (1.7), that @ € L°°(0,T; L®(Qp(t))2 N L0, T; H (Qp (1)), (@,7) €
W00, T)? x L>(0,T) satisfy (1.19) and (1.17) for some a > 0. Then, the system (1.31)
admits a unique solution

weU(0,T;Qp(t)?, pe L*0,T; H (Qp(t))), a € H(0,T)?, r € H(0,T).
Moreover, we have the estimate
HUHL{(O,T;QF(t))? + HpHL?(O,T;Hl(ﬁF(t))) + Ha||H2(0,T)2 + ||7””H1(0,T)
< C(Il(uo, a1, 7o) | a2 xr2x® + 197l 120 7r2@p @y T 197 l2201)2 + l9rlz2(0/7)),

where the constant C' depends on T, «, the norm of i in L>=((0,T) x Q)% (and thus on the
norm of (a,7) in W1°°(0,7)% x L*°(0,T)).

Proof of proposition 2: This result is obtained by doing a change of variables to come
back to initial configurations Qr(0) and Qg(0). Thanks to lemma 3 (see remark 4), we define
the flows X and Y. Let us define the new variables

Ult,y) = VY (t, X (t, ) u(t, X (t,y)), P(t,y) = p(t, X (t,)) / Ry, _unalt’) dt'.

It can be proved (see [19]) that (u,p,a,r) is a solution of (1.31) if and only if (U, P, A,r)
satisfies ~
8U — [LU] + [MU] + [NU,U] + [GP] = G in (0,T) x Q5 (0),

mA = / o(U, P)n + G + miA+ in (0,7),
0Q5(0)

Ji = / (o(U, P)n) - (y — ag)- + G i (0,7T),
0Q5(0)

divU =0in (0,7) x Qr(0),

U=0on (0,7) x 09,

U=A+r(y—ag)t on (0,T) x 8Q5(0),
L U(0,-) = ug in Qp(0), A(0) =0, A(0) = ay, 7(0) = 7o,
where we have defined
Gr(t,y) = VY (t, X(t,9)) gr(t, X (1,9)), Gr(t) = Ry _gn97(b),
GR(t) = gR(t)v ﬁ(t’ y) = V?(t7 X(tv y)) ﬂ(tv X(tv y))

The operators L, M, N and G are given by (we implicitly sum over repeated indexes)

(1.32)

(LU = 05 (™ 0U) + 26"T8, 805 + (94 (M'T%,) + gT7TS,,, ) Uj,
MU = (817 0 X)9U; + (T (075 0 X) + (945 0 X) 010, %, ) U,
[NU, Ui = U;0;U; + T U; Uk,

(GP]; = g0, P,

(1.33)

14



where we defined
y S Sao S S = 1
g7 = 0pYio XhYj 0 X, gij = 0 Xi0kX;, T = 59" (9390 + Digyn + Digis)-

According to lemma 5 which is given below and to definition 1, we deduce the regularity
result on the interval (0,7p). Since this time Ty only depends on « and the norm of @ in
L>®((0,T) x )% and thanks to the estimate (1.34), we can extend our solution until time 7.
O

Lemma 5 : Let G € L*(0,T; L*(Qr(0)))?, G € L?(0,T)? and Gg € L*(0,T) be given.
We consider initial data ug € HY (Qr(0))2, ag € R%, a1 € R%, 0y € R, ro € R which satisfy
(1.7) and we suppose that U belongs to L°°((0,T) x Qr(0))2, @ belongs to WH>°(0,T)? and
7 belongs to L>(0,T). We consider the system (1.32) where L, M, N and G are defined by
(1.33). -

Then there exists a time 0 < Ty < T depending on o, the norm of U in L ((0,T) x Qr(0))?,
a in WH(0,7)? and 7 in L>=(0,T) such that this system admits a unique solution

U € U(0,Ty; Qr(0))2, P e L*(0,Ty; H (Qr(0))), A € H*(0,Tp)?, r € HY(0,Tp).
Moreover, we have the estimate

1Ulee0,70:0000)2 + 1Pl 220,10:5 @ 0))) + 1A E20,10)2 + 171 E1 (0,70)

< C(|[(uo, a1, 7o)l i1 (@p(0))2xr2 xR + IGFI L2(0.10: 1200 0))2 + 1GT | L200,10)2 + 1GRIL2(0.73) )
(1.34)

where the constant C depends on T, «, the norms of U in L®((0,T) x Qp(0))2, @ in
Wteo(0,T)? and 7 in L>=(0,T).

Proof of lemma 5: First of all, we consider the linear problem
U — AU + VP = Frin (0,T) x Qr(0),

mA = o(U, P)n+ Fr in (0,T),
09Q5(0)

Ji = / (o(U, P)n) - (y — ag)* + Fp in (0,T),
0s(0)

divU =0 in (0,T) x Qp(0),

U=0on (0,7) x 09,

U=A+r(y—ag)* on (0,T) x 8Q5(0),

U(0,-) = up in Qr(0), A(0) = 0, A(0) = a1, r(0) = ro.

(1.35)

A regularity result for this problem is proved in [19]: this system admits a unique solution
(U, P, A,r) in U(0,T;Qr(0))? x L20,T; HY(Q2p(0))) x H*(0,T)? x HY(0,T) and (1.34) is
satisfied with Gp, G and G respectively replaced by Fr, Fr and Fr. (U, P, A, r) is solution
of the system (1.32) if and only if it is solution of (1.35) with

Fp = Grp+[(L-A)U] - [MU]-[NUUI+[(V-G)P],

FT = GT —i—mFAL, FR = GR.
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By proving estimates on the coefficients as in [19] thanks to lemma 3 and remark 4, we obtain
that, near 0, the flows X and Y stay close to Id and thus, the operators L—A, M, N, V-G
stay small. Therefore, we obtain the regularity result. [

We will also need estimates on the second derivative of the velocity for the adjoint linear
problem and the direct linear problem. The result which follows is given for the direct linear
problem but it can be word for word adapted to the adjoint linear problem. This result
plays a key role to prove Carleman estimate and to pass to the nonlinear problem in the last
section. Hypotheses of regularity (1.18) we have to do come directly from this proposition.
We suppose that the given forces satisfy

gF(t = 0) =0in QF(O), gT(t = 0) = O, gR(t = 0) =0. (136)

Proposition 3 : Let g € HY(0,T; L2(Qr(t)))2, gr € H(0,T)2, gr € HY(0,T) be given
functions satisfying (1.36). We suppose that initial data ug, ag, a1, 6y and ro satisfy (1.13)
and we consider i and (a,7) € H?(0,T)%* x H'(0,T) satisfying conditions (1.17) to (1.20).
Then, the system (1.31) admits a unique solution

we HY(0,T; HX(Qp(t))? N H2(0,T; LA(Qp(1)? nWh(0, T; H (Qp(1)))?,

pe HY0,T; H (Qp(t))), a € H3(0,T)%, r € H*(0,T).

Moreover, we have the estimate

lelli o msm@e e + 12 rize@e@ye + 1lwrcorm @eeye + WPlmozm @eoy
Hlallzs oz + lIrll 20,y < C(I(uo, a1, 70) | 3@ )2 xr2 sk + 19 g1 (0 1260 (11))2
+llgrllar o2 + lgrllm o)) (1.37)

where the constant C' depends on T, «, the norm of @ in L>(0,T; L= Qp(t))? and in
W40, T; L*(Qp(t)))? and the norm of (a,7) in H?(0,T)? x H'(0,T).

Proof of proposition 3: As in proposition 2, we consider the equivalent transported system
(1.32) on Qp(0). We derive this system with respect to time. We see that (0,U, O, P, A, ) is
formally solution of

(O,W — [LW] + [MW] + [NW,U] + [GII] = Gr in (0,T) x Qp(0),

mbD = o(W,)n + Gr — miD* in (0,7),
0Q5(0)

. 1 .
Ji = /BQS( | (U(VV, H)n) (y—ap)” +Grin (0,7),
divIi¥ =0in (0,7) x Qr(0),
W =0on (0,7) x 09,
W =D+ 7(y—ag)* on (0,T) x 9Qs(0),
W(0,) = 3:U(0,+) in Qp(0), D(0) = A(0), D(0) = A(0), 7(0) = #(0),

(1.38)

\
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where the forces are given by

Gr = 8,Gp+ [0,LU] — [0,MU] — [0,NU,U] — [NU, ;U] — [0,GP],
Gr = 0,Gr+mrAt,
Gr = 0:GRg.

We have defined 9;L, 0;:M, ;N and 0;G by

[8tLU]Z = 8j (atgjkakUi) + 28t(gklf§-k)alUj + (@6% (gklf‘é-l) + 6t(gklI‘;7F§€m))U]

[8,5MU]1 =0 (8,517] o )N()é)]UZ + O (F;kz (&5?@ o X) + (8}&2 o )N() 8t8])~(k) Uj,

[0:NU, U); = 0,1, U;Uy,

[8,5GP]1 == OtgijajP.
These operators correspond to L, M, N and G where we have derived the coefficients with
respect to time. Lemma 1 allows to define the initial data 0,U(0, ), A(0) and 7(0).
We do not prove here rigorously that (0,U, 0y P, A,7) satisfies this system. This can be done
by considering the solution (W,II, D, 1) of the problem (1.38). According to what follows,
this solution is well defined. Then, it can be proved that the primitives in time of this solution
with the good initial data satisfy the same problem as (U, P, A,r) and thus, by uniqueness,
we can identify (W,II, D, 1) and (0,U, 0; P, A, 7).
We want to apply the regularity result given by lemma 5 to system (1.38). First, according
to lemma 1, 9,U(0, -) belongs to H'(Q2r(0))? and, since the acceleration of the fluid at initial

time uj and the terms of acceleration of the structure at initial time ag and ry satisfy (1.12),
the compatibility conditions

div ;U (0,-) = 0 in Qp(0), d:U(0,y) = 0 on 99, 8;U(0,y) = A(0) + 7(0)(y — ag) on 9Qg(0)

are satisfied. Next, we have to prove estimates on Gr, Gr and Ggr. According to lemma 5,
(U, P, A, r) satisfies (1.34) on (0, Tp) where Ty depends on « and the norm of @ in L>((0,T") x
Q)2 Next, we notice that the coefficients g;;, g” and Ffj belong to H?(0,T;C?(2r(0))) since
X and Y belong to H2(0,T;C%(€2)). Thus, we have

[0 LU] — [0:MU] — [0:NU, U]l 12((010) <202 < ClIU a0 72001 (0))2
110:G Pl L2 ((0,10) x 20 (0))2 < CIIPl 2200, 10: (21 (0)))>

where C' depends on T, a, the norm of U in L®((0,T) x Qp(0))2 and the norm of (@, 7) in
H?(0,T)% x HY(0,T).
Moreover, since U belongs to U(0,To; Qp(0))* — L*=*(0,To; WH**(Qr(0)))? for every
a > 0 and 9;U belongs L*((0,T) x Qr(0))?, we have
IINU, 0011 12010y (0))2 < CNU 0. 70001 (0))2-
Thus, thanks to (1.34), we obtain an estimate on G in L?(0, Ty; L2(2£(0)))%:
1GF 20, m) <@z < C(I(u0,a1,70) |l 1 (@p0)2xr2xr + 1GE I E1 0,10;L2(00 (0)))2

+IGrll2 02 + IGRI L2 0,10))
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where the constant € depends on @, the norm of @ in L(0, T; L>®(Qp(t)))? and in W40, T; L*(Qp(t)))?
and on the norm of (&,7) in H2(0,T)% x H'(0,T).
For Gr and Gr, we also have estimates in L2(0,7):

1G7ll2 02 < C(Il(w0, a1, 70) |t (0p (0))2 xR2 xR + |G L20.10;22 (00 (0)))2
HIGrl 1012 + 1GRl L2 (0,10))
IGrlIL2010) < IGRIE (0,10)-

A

We deduce from lemma 5 that
U € U(O,To; QF(O))Q, oP € LQ(O,T(); Hl(QF(O))), Ae HS(O,T())Q, re HQ(O,T()),
and

10:U llt0,10:0 (0))2 + 10 P 20,1055 (25 0))) + 1Al E30,70)2 + (171 20,70
< C(|[(uo, a1, 70) |l g3 (0))2xR2 xR + IGE 1 (010: 2200 (0))2 + |GTl 1 (0.10)2 + |G RIE1(0,78) ) -

Thus, we obtain our proposition and estimate (1.37) on (0,7p). Next, we can extend this
solution until time 7" since this time Tj only depends on « and the norm of @ in L>((0,T") x
0)2. 0O

The first step of our work is devoted to the proof of the Carleman inequality.

2 Proof of theorem 3.

We divide the proof of theorem 3 in several subsections: in the first subsection, the Navier-
Stokes equation is treated as a heat equation with a right-hand side depending on the pres-
sure. We have to be careful since the fluid domain (and consequently the associated weight
functions) depends on time. Thanks to the equations satisfied by the structure, we obtain
estimates on the acceleration of the rigid motion which enable us to bound the terms on the
interface appearing in the Carleman estimate. We obtain an inequality with global integrals
in the pressure in the right-hand side. In the second subsection, we prove that we can replace
this global integral in the pressure by a local integral: to do this, we follow the method
introduced by [9] using an auxiliary Carleman inequality given in [13]. And finally, in the
last subsection, we estimate this local integral in the pressure, following the arguments in [9].
The hypotheses of theorem 3 on the acceleration of the given motion (@, a,7) are only used
in this last section.

2.1 A first estimate with global integrals in the pressure in the right-hand
side.

We set:

w(t,z) = e VDt 2), Vo € Qp(t), Vit € (0,T),
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where v together with some ¢, b and v is the solution of the homogeneous adjoint problem
(1.22). Notice that w satisfies

w(0,2) =0,Vz € Qp(0), w(T,z) =0, Vz € Qp(T), (2.1)
w(t,x) =0,Vte (0,T), Vo € 09, .
w(t,z) = e Y O (b(t) +y(t)(x — a(t))t), vt € (0,T), Vo € dQs(t). (2.3)
We have
o = Y (0w + s9Vw), Vo = e (Vw + swV V), (2.4)
Av = Y (Aw + 2sVwVV + sAVw + s*|VV|*w). (2.5)

Replacing v by w in the first equation of the adjoint problem (1.22), we obtain that
—0w — s0Vw — (i - V)w — Aw — 2sVwVY — s2|VV|?w — sAVw = s(i - VV)w — e *V Vg,

so equivalently
Li(w) + Lo (w) = gs,

where Lj(w), Lo(w) and g5 are defined by

Li(w) = —Aw — s2\20?|V 3|?w, (2.6)
Lo(w) = — (9w + (iig - V)w) + 2sApVwV 3 + 25X 0|V 32w, (2.7)
gs = SAVwW + 25N> 0| VB*w + 59V + i - VV)w — ((g — @) - V)w — e *¥Vq.

Let us notice that we have added the term 2sA\%¢|V3|?w in Ly and in gs in order to obtain
additional estimates on Vw. We recall that the velocity g is defined by lemma 2. Then, we
have

1L (w) 13 + [ La(w) 3 + 2(La(w), La(w)), = llgs3, (2.8)

where (+,+)2 and || - ||2 denote the following scalar product and the associated norm:

T
— x) - xr 2: .
““%—Aémﬁ@)V@% 013 = (U.0),

We shall now compute the scalar product in the left hand side of (2.8). We can write that

(Ln(w), Law)y = 3 3 L,

where I;; represents the scalar product between the i-th term of L;(w) and the j-th term of
Lo(w). In the sequel, these two integrals will play a key role:

T T
K, = 33)\4//~ Olw?, Ky = S)\Q//~ @|Vw|?, for s > 1 and A > 1.
0 JQp(t) 0 JOr(t)
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We have the following successive results:

T
111 = / /~ Aw - (8tw + (ﬂs . V)w)
QF t)

= //QF Vw : V(0w + (g - V)w) —// (Vwn) - (O + (ag - V)w).

0Ng(t)

This is obtained by integrating by parts in space. We recall that n denotes the outward unit
normal to 0Q2g(t). Since we are working on moving domains, we have to be careful on the
way we treat the integral. We recall a differentiation formula: for a scalar function f regular
enough, we have

/ | Qi) = [ o +as e, (2.9)
Qr(t) Qp(t Qp(t)

since g is divergence free. Thus,

1d 1
—— | |Vuw)?= /~ Vw : Vow + —/~ iis - V|Vwl|?.
2dt Jap Qr (1) 2 Jarw

Consequently,

1 (Td s [T _
Ly = — | = [ |Vw]"- - Vw: (VwVag)

2 Jo dt Jarm 0 JQr(t)

T
—/ /~ (Vwn) - (dyw + (g - V)w)
0 Jods(t)
T T
_ —//~ Vw:(VwVﬁs)—//~ (Vwn) - (8w + (is - VIw),

0 JSr(t) 0 Joas()

since w satisfies (2.1). Moreover, according to lemma 2 and remark 4, @g belongs to
L0, T; WH*(Qp(t)))? and satisfies

HQSHLoo(o,T;Wl,oo(QF(t))p < C(HCLLHLOO(O,T)2 + HfHLOO(O,T)) < CHaHL“((O,T)XQ)-

The last inequality comes from the fact that @ = a + 7(z — @) on Qg(¢). Thus, we have

6« T
Iy > ——ZKQ—//N (Vwn) - (0w + (ag - V)w),
SA 0 JoQs(t

where C depends on T, «, 3 and 1| oo ((0,7)x2)- We have used that the weight function
is greater than a strictly positive constant which only depends on 7',

In the sequel of this subsection, we will denote by C' various constants depending on T, «,
Bo and ||t oo ((0,1)x ) (thus depending on ||@l|y1.00 (0,7)2 and ||| e (0,7)), and we will denote
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by C' various constants only depending on 71" and fy. Integrating by parts, we have, for I;s,
T
Ly, = —28)\/ ﬁ @Aw : (vaﬁ)
0 JQp(t)
T T
= SA//~ OV |Vuw|* -V + 28)\/ /~ Vw : (VwV(eVp))
0 JQp(t) 0 JQp(t)
T T
+28/\/ /~ e(Vwn) - (VwVp) — 23)\// o(Vwn) - (VwV )
0 Jas(t) 0 Jog

T T
= —M//N @|Vw]2(AB+)\|VB\2)+25)\2//~ ©|VwV G2
0 JQp(t) 0 JQp(t)

T T T
+23/\/ /~ etr(VwD?BVuw') — s/\/ /~ ©(VB-n)|Vw|? + s/\/ / ©(V3-n)|Vw|?
0 JQp(t) 0 JOQs(t) 0 JoQ

r T
A : — 25\ .
+25 /0 /a ﬁs(t)w(an) (VwVpB) - 2s /0 /a Q@(an) (VwVa),

where D?( is the matrix (afjﬂ)i,j- For the boundary terms, we notice that

2(Vwn) - (VwVB) — (VB -n)|Vw|?> = 2(VB-n)|Vwn|> +2(VE-7)(VwrT) (Vwn)
—(Vg3- n)\an\Q — (VB -n)|Vw 7]2,

where 7 is the tangent vector to the boundaries aﬁg(t) and 0€2. Thus, since (3 is zero on the
two boundaries, we obtain that

2(Vwn) - (VwVg) — (VB-n)|Vw2 = (VB-n) (\an\Q - \vwﬂ?) .

Moreover, on 9, w is zero and consequently Vwr = 0. On 9Qg(t), w satisfies (2.3) and

Vwt = e %Y yn. Therefore, we have, for I;s,

T T
By = = [ [ evuP@asavap) s [ [ pvuvsp
0 JQp(t) 0 JQr(t)

T T
+25)\/ /~ otr(VwD?fVw') + s)\/ /~ ©(VB-n) (,an’2 _ e_ZSV*’y2>
0 JQp(t) 0 JoQs(t)

T
f— . 2
s)\/o /89 o(VB-n)|Vwnl|®.

At last, we obtain:

T C T .
Iy, > —s)\Q/ ﬁ ¢|VB]2|Vw\2 — XKQ + 8)\/ /~ o(V3-n) (|Vw n\2 — e 2V 72)
0 JQp(t) 0 JoQs(t)

T
—s\ : 2
s /O/aQMW n) V|,

T C T )
—s)\Z/ /~ ¢|Vﬁ]2|Vw\2 — —Ky+ s)\/ /N o(VG-n) <|Vw n\Q — e 2V 72> ,
0 JQp(t) A 0 JaQs(t)

21

v



according to properties (1.26) and (1.25) satisfied by 3. We consider
T
L = —28)\2//~ | VB2 AW - w
= 25A2// @V |Vw|2+2s)\2// e (VwV(IVE?)) -w

+28)\3//~ P|V B2 (VwV ) -w—|—23)\2//~ o|VBA(Vwn) - w
0 JQp(t) 0 JORs()

Therefore,

T C
Lis > 25)\2//~ 0|V \Vw|2—K1—K2+25)\2// ©|VB*(Vwn) - w
0JQp(t

805 (t

This inequality is obtained thanks to Cauchy-Schwarz inequality. We also define
T
Iy = SW//N P*VBPw - (Ow + (s - V)w)
0 JQR(t)
1 r _
= 5 [ [ VAP @l + (s V)
0 JQp(t)
1 T _
= 5 [ P (8P + s V(1T
0 JQR(t)
T
N _S2A2//~ IV B[] (Orp + s - Vep)
0 JQr(t)
T
_82A2//~ P?|lw*VB - (0, VB + (as - V)V),
0 JQRp(t)

thanks to formula (2.9) and property (2.1). We obtain:

C
> —— .
Iy > S)\Kl
Next, we have
T T
by = —253)\3//~ <p3|vm?w-(v1uv5):—si’w”//~ &IV VA
0 JQp() 0 JQr(t)

T T
- e /ﬁ( wldiv (VAPTE) +5°0 [ /  PIVAPPVA
(b

T
— s | / FIVBItuf +52 [ / |w\2dw (IVAPH)
0 JQp(t

T
+30 [ 1] TaPIPYs .
0 JOQs(t)
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Therefore,

T ~ T
C
I, > 353/\4//~ 903]Vﬁ\4]w|2—XK1+33/\3//~ @3]Vﬁ\2]w\2VB-n.
0 Jar ) 0 Joss (1)

At last, we have
T
=2 [ [ sl
0 JQr(t)

Reassembling all these inequalities, we conclude that
T T

(Ta(w) L))y = A [ [ vl +50 [ [ olvsval

0 JQp(t) 0 JQp(t)
T T ~ /1 1

+33)\3//~ ¢3]V6\21w|2V6'n+3A//~ @(Vﬂ-n)]VzvnP—C(——k—) K,

0 JaQs(t) s (t s A

_C’ ( > 9 — S)\/ / —QSV* Vﬁ )

0Ns(t

+23/\2//ms VB> (Vwn) - //895 (Vwn) - (O + (ag - V)w).

As we will see later, the last term, which comes from the fluid-structure interaction, will be
bounded thanks to the solid equations. The last hypothesis of (1.9) is important at this step
of the proof to deduce, from estimates on w on the boundary, estimates on the structure

motion. Indeed, we have
/~ w2 = 2" /~ b+ (@)L 2.
s (t) Qs (t)

Since condition (1.9) is prescribed, if we develop this expression, we notice that the scalar
product is equal to 0. Thus, we obtain

/~ |’UJ‘2 — 672SV* /~ ‘b’2 + 6723\/* /~ ”)’(ﬂ? _ &)J_|2'
s (t) 005 (t) s ()

/~ Km—@Lﬁzjl |x—m2=/‘ ly — al2,
Ns(t) 0s(t) 00s(0)

e 2V (b +4%) < C/~ lw|?. (2.10)
Qs

Moreover, since

we deduce that

Therefore,

T T
S)\/ /~ e 2V o(VB-n)y? < Cs)\/ /~ SIVEHw|*VE - n.
0 Jads(t) 0 Jads(t)
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Here, we have used that V3 -n > ¢s > 0 on 8(25@). Thus, for s > sg and A > Ay, where sg
and Ao depend on T, a, By and the norm of @ in L*°((0,7") x ), equation (2.8) becomes:

T T
L)+ Lol + 28X [ [ auP 20 [ o|vpvul
0 JQr(t) 0 JQp(t)
s(1 01 ~(1 1 503 [ 3 20,12
—C|l-+<-|Ki—-C( -+ <) Ka+5°A  @|IVBF|lwFVE - n
S A S A 0 JOQs(t)
T T
—1-28)\/ /~ ©(V3-n)|Vwn|? — 2/ /N (Vwn) - (8w + (Gg - V)w)
0 Jos(t) s (t
<l — 452 | / PV (V) -w
Now, we notice, according to the definition (2.6) of L, that

//Q ) —\Aw\2<0//ﬂ it !2+033/\4// AV wl?.
F F

In the same way, according to the definition (2.7) of Lo, we have

// —|8th2 <C’// yL2 )? + CK1+ CK2+CS>\2// ©| VB2 Vwl|?.
QF(t QF'

Moreover, we can write that

2 c c g —25V 2
gsllz < =K1+ —5 K2+ C e |Vq|*.
s SA 0 JOr()
Indeed, since the definition (1.27) of V involves t(T' — t) to the power 4 at the denominator,

we have

0V + @ - VV| < Cap®/4,

We also notice that
T T
—43/\2/ /~ ©|VB*(Vwn) -w < C'/ /~ AN Vwn|? 4+ s22A30% | w|?,
0 JOQs(t) 0 JOQg

and

T T
//~ (Vwn) - (0w + (s - V)w) SC//~ |an‘2+|8tw—|—(ﬂs-V)w‘2.
0 JoaQs(t) 0 JoQs(t)

At last, according to the property (1.25) satisfied by (3, we have

~ T T
K< G [ Pt st [ b,
0 QF(t) 0 Jwo
» T T
Kgng/\2//~ ¢]V6\2]Vw|2+8)\2// ©|Vwl|?.
0 JQp(t) 0 Jwo
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Therefore, we obtain, for s > s; and A\ > A\; where s; and \; depends on T, «, 5y and the
norm of @ in L*°((0,7") x Q):

T 1 T 1 T
//N —]Aw|2+//N —(9,511)|2+s3)\4//~ cp3|w\2
0 QF(t) S@ 0 QF(t) S 0 QF(t)
T T T
—i-s/\z//~ <p|Vw|2—i—s‘q’)\S//~ @3\w|2—|—s)\//~ ©|Vwn|?
0 JOr() 0 Jads(t) 0 Jofs(t)
~ T ) T
<C / /N ‘atw + (ag - V)w’ + / /~ 6_25V|Vq‘2
0 JoQs(t) 0 JQp(t)

T
+// (53/\4ap3|w\2+3)\2g0ww|2)>.
0 Jwo

Now, we come back to our initial variable v. Thanks to (2.4) and (2.5), we obtain the following
estimates:

T _ T T
s)\Q//~ e 2VolVu]2 < C (s)\z//~ (p]Vw]2+53)\4//~ <p3lw\2>,
0 JQp(t) 0 JQp(t) 0 JQp(t)
T 25V B T 1 T
// Av2 < & //~ —|Aw|2+sA2//~ oVl
0 QF(t) s@ 0 QF(t) s@ 0 QF(t)
T T
—i—s>\2//~ tpw|2—|—83)\4//~ cp3|w\2 ,
0 JQp(t) 0 JOr ()
T o—2sV _ T 1 T
//~ o2 < O //~ —|atw|2+sA2//~ Alwl?
0 JQp(t) 8¢ 0 JQr(t) sp 0 JQp(t)

T T T
s)\/ /~ e V| Von|? < C'S)\/ /~ |Vwn|? + 053)\3/ /~ o3 wl?.
0 JONs(t) 0 JOQs(t) 0 JOQs(t)

Moreover, since

dw + (g - VIw = e~V <atv + (4s - V)v — S(GIOAM n eA(8M+ﬁ))% <ﬁ> U) ’

we have

/~ ’8tw+(ﬂg-V)w|2 <C /N e_QSV’8t0+(€LS-V)v}2+S2 /N e 2VR3 ) .
995 (1) s (t) s (t)
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Finally, we obtain, for s > s3 and A > Ao where s9 and A9 only depend on T, «, By and the
norm of @ in L*°((0,7") x Q),

T
1
/ /~ e 2V (—(\AU\Q + |0w?) + sA%p| V|* + s3>\4g03\v]2>
QF(t) sSp
T T
—1-53)\3/ /~ e_2svgp3|v|2+s>\/ /~ e V| Von|?
0 JOQs(t) 0 JoQg(t)
T ) T
<C / /~ 6728])‘8,&1) + (as - V)v’ + / /~ e 2V |Vq|?
0 Jofis(t) 0 JOr(t)
T
+// e 2V (s X132 +3/\24p\Vv]2)> .
0 Jwo

Thanks to the equations of the structure motion, we are able to obtain estimates on the
acceleration of the motion. Indeed, we deduce from the second and third equations of system
(1.22) that

T T r
S)\/ B_QSV*@*(|b|2+|;Y|2) < 5)\//~ e_2<9"<,0|Vv|2+s>\//~ e *Volql*.
0 0 Jo%s(t) 0 JONs(t)
Now, we have
T T
/ /N 6728V<,0‘VU’2 < / /N 6728V¢(|an|2 + |VUT|2)
0 JoQs(t) 0 JoQs(t)

T
< C’//~ e_QSVgo(\an]2+\v|2),
0 JOQs(t)

since on 8(25(15), Vot = n and since (2.10) is satisfied. This last inequality is very strong
and holds in our problem since the fluid velocity has a specific writing. Thus, we obtain
for s > s3 and A > A3 where s3 and A3 only depend on T, o, By and the norm of % in
L>((0,T) x Q),

T
// 2sv( (|AvP + [rv]? )+5A290!VU!2+33>\4903\”’2>+S)\/ e 2V " |bf?
QF(t

8)\/ —2sV* © |’Y’2+53)\3// —2sV 3|U2—|—3)\// —2sV |V’UTL|2
dQs 0Ngs(t)
<C (/ /~ 62sv‘aﬂ)+(ﬂs-V)U’2+8)\//~ eQSVW\qF—F//~ (2723V|Vq|2
0 Jods(t) 0 Jods(t) 0 Jr(t)
T
+// e25V(33)\4<p3|v\2+s/\2<p\Vv]2)>.
0 Jwo

Next, we notice that, on 9Qg(t)

v + (i - Vv = b+ Az — @)t — iz — a). (2.11)
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Thus, we finally get that, for s > s4 and A > Ay where s4 and Ay only depend on T, o, (g
and the norm of @ in L>((0,7") x £2),

T T
1 e
// e 2V <—(]Av|2 + |8tv|2) + s\2p| Vol + 83)\4cp3|v|2> + S)\/ 2V % b2
0 JQp(t) sp
T . T
S)\/ 6_28V S0>k‘;}/|2_i_SS)\S//N —2sV 3”U|2—|—8)\// —2sY ‘an‘Q
0 0 8Qs(t) s (t
_ T T
SC S)\//~ €—2s\)squ|2+//~ 6_2SV|V(]‘2
0 JaQs(t) 0 J/Qp(t)

T
+// e 2V (s X3 ]? +s)\2g0|Vv|2)> . (2.12)
0 Jwo
We recall that, in order to estimate the last term in (2.11), we have used (2.10).

2.2 Estimate on the pressure.

We now want to obtain a bound on the two integrals in ¢ in the right-hand side of this
expression in terms of a local integral of q. Applying the divergence operator to the first
equation of (1.22), we obtain, for almost every t € (0,7),

Aq(t) = div ((@- V)v)(t) in Qp(t). (2.13)

Here, the capital point is to apply to this elliptic problem defined on the regular domain
Qp(t) the Carleman inequality obtained in [13]. It allows to assert that, for almost every

€ (0,T), there exists a constant C' depending on © and w, and two real numbers X and 7
such that, for all A > X and 7 > 7, we have

[ e+ [ emOgmP <o [ @mtu)@- vl
Qrp(t) Qp(t) Qp(t)

-I-\/_@QTHQ( )||H1/2 (9QUIN 5 (1)) +/

wo

nO(T4(0) + %)) ).
where v is defined by
Y(t) = M) in Qp(t), for all ¢ € (0,T).

Next, proceeding as in [9] (we refer to this paper for complementary explanations and compu-
tations), we eliminate the local integral in V¢ in the right-hand side by integrating by parts
several times and using (2.13). If we consider an open set w; such that wy CC w1 CC w, we
get

/wo 20| Vg(t)2 < C <72/\2 /w1 20 (6)2]q(1)]? + /w1 0| (. V)vﬁt)) .
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Thus, we have

252 / V(1) (1) + / V0|7 4(1)2
Qr(t) Qp(t)

T ~ 2 T
<c ( L B €I IO+ VT O 00040
F

_'_7_2)\2/ e2r¢(t)w2|q(t)|2> )
w1

To use this estimate in (2.12), we see that we have to take 7 =

610)\M
exp <_28—t4(T — t)4> ,

and we integrate in time. In this way, we obtain that

T
82)\2//~ —2sV 2|q’2 // 25vvq|2<0< // —25V V)U‘Q
0 JQr(t) Qp(t) Qp(t

T
+81/2/0 e—QsV ( )1/2”(]( )||H1/2 8Quaﬁs(t)) +52)\2// —2sY 2|q’2> (214)
w1

where ¢* and V* are defined in (1.28) and (1.29). Moreover, since the boundary term satisfies

8}\// 25V<pq|2<0// 2)\2@2|6 qu‘ —i—\V( —sV )} )
OQS QS

it is bounded by the terms in the right-hand side of (2.14). Therefore, for the two terms in ¢
in the right-hand side of (2.12), we have, for s > s5 and A > A5 where s5 and A5 only depend
on T, a, By and the norm of @ in L>((0,T") x §2),

N / / 2Vl 4 / / zsv,vq|2<c< / / V(i Vo
0Ns(t) Qp(t Qp(t

1/2/0 —25v*( )1/2HQ( HHl/g (U (1)) +32/\2// —2sV 2\q]2> (2.15)
w1

We now have to estimate the trace of the pressure. To do this, we follow the method intro-
duced in [12] and in [9]. We define

¥ = 81/4€_SV*(QD*)1/4U, q* _ 51/46—51)*((70*)1/4(]’ b* _ 81/4€_Sv*((,0*)1/4i), '}/* _ 81/46—51/*(%0*)1/47.

368)\M

m. Next, we multiply

this equation by

Moreover, we impose that b*(7") = 0. We prove that (v*,q¢*, b*,~*) is solution of a problem
similar to (1.22). Next, according to the regularity result given by proposition 2, we know
that ¢* belongs to L?(0,T; H'(Qx(t))) and its norm in this space is bounded by the norm of
the right-hand sides in L?. Consequently, after several computations, we obtain that

T T
~ 5/2 —2sV 3,12 5/2 —2sV* *\3 (17,12 2
RN . c( / /Q R [ e i+ ))'

(2.16)
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Therefore, inequality (2.12) becomes, thanks to (2.15) and (2.16), for s > sg and A > Xg
where sg and Ag only depend on T', o, By and the norm of @ in L*°((0,7) x Q),

T 1 T « .
/ [ e 2V <—(|AU|2 + |(3tv\2) + s\2p|Vu|? + 53)\4gp3|11]2> + 8)\/ e 2V o <|b‘2 + |1|2>
0 QF(t) SSD 0

T T
+83/\3/ /N e 2V 3| 4 S)\/ /~ e 2V Vun|?
0 JOQs(t) 0 JOQs(t)
_ T T
§ C <32)\2// 6_28V<,02|Q|2 + // B_QSV(SS/\4(,03|U|2 + SAQQDVUF)) ] (217)
0 Jwy 0 Jwo

2.3 Estimate on the local integral of the pressure.

We follow the arguments employed in [9]. Until now, we did not need hypotheses on the
acceleration of the given fluid and structure motion (i.e. on d;u, a and 7). It will be necessary
in this subsection to obtain estimates on 0yv. First of all, we define the time-dependent weight

at) = s)\e_sﬁgé.

Then, according to (1.28)-(1.29) and to Poincaré-Wirtinger’s inequality, we have

212 r 2 2 2 r 2 2 r 2 2
sA//e-s‘*wcn S//ﬂlél! sc//mw,
0 Jwi 0 Jwy 0 Juwy

if we prescribe the condition on g:
/ q(t) = 0.
w1

From the first equation of system (1.22), we obtain

T T T
i [ e < o [ waor [ oo
0 Jun 0 Juwy 0 Jwy
2 T 2 2
+Hﬂ||Loo((o,T)xQ)/0/ 7|Vl > (2.18)
w1

Now, we want to get estimates on the local integrals of v in the right-hand side of this
inequality. To begin with, we consider the term in Av. Let us define an open set ws such
that w1 CC wy CC w. We introduce the function

,[LXOA’U(T - t)a

where o belongs to C2(ws) and Yo = 1 in w; and we consider the problem satisfied by this
function. In this stage, we can exactly use the arguments developed in [9] as if there was no
structure. Indeed, the treatment is completely local, and thus the motion of the structure
does not interfere. Therefore, we directly give the final estimate:

T T T
[ e <o ([ e+ [ @il To+102). @19
w1 wa wo
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The difficult part of the proof lies in obtaining estimates on dv. Contrarily to the estimate
on Aw, a local treatment can not be done. Therefore, we have to consider the global fluid-
structure problem and the action of the structure on the fluid motion. Let us define a new

time-dependent weight u: A
M(t) _ 815/46_28V+Sv*(/315/4.

We define (@,ﬁ,é,%) = (uv, pg, b, py) and we suppose that ¢(T) = 0. We notice that

(0, 7, ¢, 7) is solution of the problem, for all ¢ € (0,7
(=00 — (@~ V)0)(t, ) — dive(d, 7)(t, z) = —a(t)u(t,z), Vo € Qp(t),

mé(t) = — /8525( | o (0, 7)n + mp(t)b,

JH(t) = — /~ (o(8,7)n) - (& — a(t))™ + Ja(t)y(t),
Qs (t)

divo(t,z) =0, Vo € Qp(t),

o(t,x) =0,V € 09,

B(t, ) = &(t) + 7(t)(x — a(t)*", Vo € 99s(t),

o(T,-) = 0 in Qp(T), &T) = 0, &T) = 0, #(T) = 0.

Now, we come back to the term we want to estimate:

T T T
// [Plow)? = // [ﬁu‘?matvy?:// (2200 — juwl?
0 Juwr 0 Juwr 0 Jwy

By integrating by parts in time, we get

T
// [2u2|op)? = // — ( )|o]* - // (21200 - .
w1 w1 dt 0 Jwy

Therefore, since the weight function in the integral in |9|? is bounded, we obtain:

T T T
// 2|0 gc/ \@]2—/\6// WO -
0 Jwi 0 Jwr 0 Jw

where ,U,* is defined by
* 1 ~ — — — — * V A
L )\6 2;“ 2 _ 11/2)\ 46 2sV +28V§0 11/2'

Moreover, we have

T 1 1 T
—)\6// u*att@-@g—// \M*\antt@yu—w// 15]2.
0 Jwp 2 2 0 Jwi
T —2 2 2 2 12 T 21,.12
| [ wuoar < // e T

0 Jwy w1 0 Jwy
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l\Dll—‘

(2.20)

(2.21)



Thus, relation (2.21) becomes

T T T
| [ el < o[ [ ol [ ] WPl @2
0 Jwi 0 Jwi 0 Jwy

02,2 = g—11/2)2,—2sV +25v¢711/2

since
[y

is bounded on (0,7"). We will now concentrate on the integral involving dy©. To obtain an
estimate on this term, we use proposition 3 which is given for a direct problem but holds
equivalently for an adjoint system. Considering the problem satisfied by (u*0, u*7, u*é, W),
we have, in particular

I ol o,z < 180l e @pye < O Rl o 102@ )2

0l g o 122 @peyyy2 + I 0N 1 0/7y2 + 1 Ell 20,2 + 17 v | 2 0,7) + 12 | mro,r))

where the constant C' depends on T, «, the norm of @ in L*°(0,T} L=(Qp(t)))? and in
W40, T; L*(Qr(t)))? and the norm of (a,7) in H2(0,T)% x H'(0,T). Thus

11700l L2 (0,1 xwn)2 < C (1060l L2 (0,1 xwn)2 + 1Dl L2((0,7) xwr )2

o012 + 187l 0,7y

I ol o zize@ewy2 + IOl m o2 @r )
Hw il o) + 187 L 0.)-

Now, we come back to the variables (v, b, ). We have

112 0et | 1207y weon )2 < C(H/l*/wHHl(o,T;m(ﬁF(t)))z A1V 20 o2 @192
ol gy o o p2@p )2 + H,u*,lli)||Hl(o,T)2 + ||ﬂ*Mi?||H1(0,T)2 + 1" 1yl o,y + H/l*/W”Hl(o,T)>-

Thus, (2.22) becomes

100 2 0175y < C( T . +||ﬂ””i2<w>m>
+]| " ,Lw||H1 oOT:2@p@)2 T | MUHLz O L2 p (1)) I “UHHI (0,T;L2(Qp (1)))?
+|pn* /leHl(O,T)? + || :UbHHl(O,T)? + [l " /.[VHHl(O,T) + [l M7||H1(0,T)>‘

Therefore, on the one hand, we have local integrals on the velocity v which we will keep in our
final Carleman estimate and, on the other hand, we have global integrals in v, b and ~ and
their first derivatives with respect to time which will be eliminated thanks to the estimate
(2.17). Indeed, we notice that

| o] + [ o] < Cs™3 /AN eV G2 it | + [ o] + i) < CsMAINTRe Y G,
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Therefore, according to definition (1.10), we get

T T T
// ’ﬂ2’8t’l)’2 §C<// ()\12u2+/l2)‘1}’2+81/2)\_8//~ e—2sv*¢3/2’v‘2
0 Jwy 0 Jwr
T
+sl/2)\_8/ VUG ([ + y[?) + 57327 // eV T |00 + Vo)
0 QF(t)
T
—|—83/2)\8/ 6723]/*@71(“;‘2_’_ "Y|2)) ’
0
where the constant C' depends on T, «, the norm of @ in L*°(0, T} L®(Qp(t)))? and in
W40, T; L*(Qp(¢)))? and the norm of (@, 7) in H2(0,T)? x H*(0,T). It remains to reassem-

ble all these terms to obtain an estimate on the local integral on the pressure. Thanks to
(2.19) and the last inequality, (2.18) becomes

T
82)\2/0/ —2sV 2|q|2<c(// A2|vv|2 // ()\12M2+|u|2)|v‘2
w1 w2
T

T
_}_81/2>\—8//§~2 6—23V*¢3/21}|2+51/2)\—8/0 6_251)*@3/2(’b|2+”y|2)
F(

T
3/2)\ // 7251) (|8tv|2+|Vv\ ) 3/2)\8/ 725V (‘b’2+‘7| ))
Qp(t 0

We see that terms in v, b and 7 can be eliminated using the left-hand side of (2.17). Finally
inequality (2.17) becomes

T T .
L e (a4 100R) + 3ol Vol + 203 ) 4on [ eVt (7 + 1)
0 JQR(t)

+S3>\3// —QSV 3|U‘2+8)\// —25]) |vvn|2
BQS aQS
<o/ / el [ (A12u2+rm?)rv|2), (229
w2 w2

for s > s7 and A > A7 where s7 and A7 depend on T, «, (3, the norms of a in H%(0,7)?, 7
in H'(0,T) and @ in L>2((0,T) x Q)2 N W40, T; L*(Qp(t)))2. To conclude the proof, we
notice that it is not necessary to have a control both on v and on Vwv. Indeed, if we consider
a function 7 belonging to C2(w) such that

0<x1 <1, x1=1in wo,
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we notice that

T T T
[ [ e < [ [aiver = [ [ diveairee) o

0 Jwa 0 Jw 0 Jw

1T, 2 oy

3 fi=Axa vl = 1" x1Av - v

0 Jw 0 Jw
T T T
~ _ « 1 SA A
C <//N2|U2+ i//6 2sV _A’Av|2+_//62$v (pu4‘v|2)
0 Jw sA Jo Jw 12 € JoJw
T 5\5 T
1 )\ * >
C i//~ e—zsv_‘AU‘2+3 //ezsv —4sv¢5|v‘2 ’
sA Jo Jar) ® e JoJu

for e > 0 sufficiently small. Thus, (2.23) becomes, for s > sg, A > Ag,

T 1 T * . 2
//~ e~V (—(|Av\2 + \8,51)\2) + s\2p|Vu|? + 33)\4g03\v]2> + s)\/ e 2V o <|b‘ + \"y|2>
0 ﬂp(t) s@ 0

T T
+s3)\3/ /~ e 2V 3| +s)\/ /N e 2V | Vo n|?
0 JOQs(t) 0 JoQs(t)

T
<C <319/2)\12/ / 623v*4sv¢10|v|2>‘
0 Jw

The constants C, sg, Ag depend on T, a, By and the norms of a in H?(0,T)2, 7 in H(0,7)
and @ in L>®°((0,7) x Q)2 N WH4(0,T; L*(Qp(t)))%. Thus, we obtain inequality (1.30) with a
constant C' depending only on T', a and (.

IN

IN

IN

3 Null controllability of the linear system.

In this section, we will prove theorem 2. Under the hypotheses given in this theorem, we will
prove the existence of a control f such that the solution of (1.21) satisfies

w(T,) =0 in Qp(t), a(T) = 0, a(T) = 0, 6(T) = 0, r(T) = 0. (3.1)

3.1 An observability inequality.

To begin with, we will deduce from theorem 3 an observability inequality for the adjoint
problem (1.22) associated to the linearized problem.

Proposition 4 : We consider s > 5 and A > \ such that Carleman inequality (1.30) holds.
For any a € H?(0,T)%, 7 € HY0,T) satisfying (1.17) for some a > 0 and @ satisfying
conditions (1.18) to (1.20) such that

H&HHQ(O,T)2 + HfHHl(O,T) + Ha||L00([)7T;Loo(§F(t)))2 + HaHWlA(o’T;Lzl(ﬁF(t)))z <R,
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there exists a constant C' depending on T, o, R, s and \ such that every solution of (1.22)
satisfies

/ ()2 4+ [HO) + [1(0) F(// 2”( mW+aM)+wwﬁ+&mﬁ
Qr(0

+//~ —2sV 3|U’2<0// 25V* —4sV 10‘U|2 (32)
0 JOQs(t

Proof of proposition 4: Let us define a function 7 € C'(0,T) such that
7=1o0n0,7/2],7=0on [37/4,T).

Next, we consider (7, q, g, ¥) = (v, 7q,7b,77) such that b(T) = 0 where (v, g, b, s) is solution
of (1.22). It satisfies the following system: for all ¢ € (0,7,

— 8 — (@~ V)t —dive(s,q) = —1jv in Qp(t),

mb = /N o (T, q)n + mib,
1o}

Qs (t)
Fi== [ @am--a*+ i,
005 (t)
dive = 0 in Qp(t),
n 0,

D="b+75(x —a)" on 9Qg(t),
%(T,-) = 0 in Qp(T), b(T) = 0, 5(T) = 0, F(T) = 0.

Thanks to proposition 2 applied to this adjoint problem, we have
Hm’u(o,T;QF(t))2 + ”BHHl(O,T)2 + ‘WHHl(O,T) < C(HﬁU|’L2(0,T;L2(§F(t)))2 + HﬁbHLQ(O,TF
‘HW’YHL?(QT))-
This implies that
HUHU(O,T/2;§F(t))2 + HZ””Hl(O,Tﬂ)2 +llaor2) < C(””HL2(T/2,3T/4;L2(5F(t)))2
+HBHL2(T/2,3T/4)2 + IVl L2 y2,37/0)) -

Therefore, since the weight functions are bounded in [1'/2,37T/4], we have

3T/4
/ ()2 + [HO) + (0)2 < C / VB2
Qr(0) T/2 JQp(t
3T/4 . )
+/ 2V (GPBBE 4+ ) ) -
T/2

Thus, the Carleman inequality (1.30) allows to conclude the proof of proposition 4. [J
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3.2 Control of the displacement.

Arguing as in [6], we can show that the conditions on the displacement a(7T") = 0 and 0(T") = 0
required on system (1.21) are equivalent to two linear constraints on the control f. Indeed,
if we define (v1,q1,b1,71) and (v, g2, b2, v2) as the solutions of the following problems

( (— Oy — (ﬂ . V)Ul)(t,x) — diVU(”val)(tvx) =0,Vz € ﬁp(t),
m(bi(t) +1) = — /ms(t) o(vi, q)n,

Tin(t) = — /a o o) (2 a0

B (3.3)
divoi(t,x) =0, Vo € Qp(t),
vi(t,z) =0,V € 09,
vi(t, ) = bi(t) + 7 () (@ — a(t) ", Vo € 9s(1),
Ul(Tv ) =01in QF(T)a bl(T) = Oa bl(T) = 07 ’71(T) = 07
and ~
(= Qo — (@~ V)v)(t, ) — divo(ve, g2)(t,z) =0, Vo € Qp(t),

mz;z(t) = — /aﬁs(t) 0'(“27Q2)ny
I +1) == [ (ol al)

80s() (3.4)

divug(t,z) =0, Vo € Qp(t),

vo(t,z) =0,V € 09,

va(t, ) = ba(t) + v2(t)(x — a(t)):, Va € 9Qs(t),
va(T,-) = 0 in Qp(T), ba(T) = 0, bo(T) = 0, 72(T) = 0,

a classical computation leads to

//f v1 = —mby(0) - a; — nyl(O)rg—/Q ()vl(O)‘uo%—ma(T)—mao,

//f Vg = —mbg( ) a1 — J’}/Q( )’I"o—/Q (O)UQ(O)-U()—FJQ(T)—JQ().

Consequently, a(T) = 0 and 0(T') = 0 if and only if

//f v1 = m1(ao, a1, 70, Uo), //f vo = ma(ay, B, 7o, Uo), (3.5)

where
ml(ao, ai,Tro, U()) = —ml}l(O) a1 — J’Yl(O)TQ — / Ul(()) s Uug — mao,
Qr(0)
mg(al,(g(),?“o,w)) = —mib(()) a1 — J’YQ(O)TQ — / ( )UQ(O) Uy — JQ().
Qr (0
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We have to check that, for each initial condition (ag, a1, 6o, r0,uo) the set of functions f in
L%((0,T) x w) satistying (3.5) is non empty. This will hold if v; and vy are non identically
equal to 0 on (0,7") x w. To prove this, we need the following unique continuation property
on the fluid equations:

Lemma 6 : Let (a,0) € C(0,T)% x C(0,T) be given. We define Qg(t) by (1.15) and we
suppose that (1.17) is satisfied. We consider the following system

{ (= 0w — (@~ V)v)(t,z) — divo(v,q)(t,z) =0, V& € Qp(t), Vt € (0,T), 56)

divo(t,z) =0, Vz € Qp(t), Vt € (0,T),

where Qp(t) = O\ Qg(t) and @ belongs to L>=(0,T; L (Qp(t)))2. If
v(t,z) =0,Vx e w, Vt € (0,7),

then B
v(t,x) =0, q(t,z) = g0,V € Qp(t), Vt € (0,T),

where qg is a constant.

Proof of lemma 6: Let tg € (0,T) be fixed. We consider a given o € Qp(tg). Then, there
exists 0 < t1 < typ < ta < T and an open and connected set 21 such that (¢g, xg) € (t1,t2) x
and B

wC Y CQp(t), Vit € (t1,t2).

This comes from the regularity of @ and # and from the two last conditions of (1.17). Thus,
system (3.6) is satisfied in (t1,t2) x 1 and we can apply the unique continuation property
obtained in [7]. We deduce that v = 0 in (t1,%2) X ©; and in particular v(to,x9) = 0. This
proves our result. [

Thus, if we suppose that, for instance v1 = 0 on (0,7") X w, this lemma implies that
Ul(t’x) =0, Q1(75,$) = Q(l)v Vz e ﬁF(t)v Vit e (OaT)7

where qé is a constant and thus, by continuity of the velocities at the interface, by = 0 and
v1 =0 on (0,7). But according to the equation satisfied by by, this is impossible. Thus vy
and, with the same arguments, v9 are non identically null on w.

To obtain a control satisfying the constraints (3.5), we follow the method presented in
[15] and used in [6]. We will prove an improved observability inequality. We define the weight
© by

o= €4$V—2$V*¢—10.

This weight corresponds to the inverse of the weight function in the right-hand side of in-
equality (3.2). We denote by P the orthogonal projection operator from L?((0,7) x w) into
span(vy,ve) where the measure of L?((0,T) x w) is the weighted measure ©~! dz dt. Thus,
we have

/OT/w 0w —P)) v = /OT/w O (v — P(v)) - va =0, Vv € L2((0,T) x w). (3.7)
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We also introduce P; and P, the linear operators from L?((0,7) x w) into R such that
P(v) = Pi(v)v1 + Pa(v)va, Yv € L*((0,T) x w).

Proposition 5 : Under the assumptions of proposition 4, every solution of (1.22) satisfies
. T 1

L bR+ P+ [ e (L1802 4 jael) + 9o + )
QF(O) 0 QF(t) SD

T T R
+ / / VPP 4 [P+ P))P < O / / SV A0, )2 (3.8)
0 JOQs(t) 0 Jw

Proof of proposition 5: To prove this inequality, we will argue by contradiction. Assume
that this inequality does not hold and let us define, for each n € N, (v, gn, bn, V) a solution
of (1.22) such that

. T 1
- / [0n(O) + b (0)[2 + 1 (0)[2 + / / ¢ 2V (—(\Avn2+\8tvn\2) +sarwnrz)
Qr(0) 0 JQp(t) ¥

T T
w [ eV [ P ) + Pa(on) P
0 JOr) 0 Jods(t)
T .
>n//e2sv*45V@10]vn—P(vn)]2. (3.9)
0 Jw

This implies that (P;(vy,)) and (Pa(vy,)) are bounded in R and converge, up to a subsequence,
respectively to 31 and 2. We also deduce from (3.9) that, for all fixed € > 0, the sequence
(vn) is bounded in L2(e, T — €; L2(Qp(t)))? and the sequence (v, — P(vy)) strongly converges
to 0 in L?((e, T — €) x w)?. Therefore, up to a subsequence, (v,) weakly converges to v in
L?(e, T — ¢ L2(§F(t)))2 and

v = [1v1 + Bavg in (0,T) X w.

Moreover, according to (3.9) and to the first equation of system (1.22), we have, up to a
subsequence,

vp — v in L2 (e, T — ¢, H (Qp(t))?, ¢n — q in L?(e, T — ¢; L*(Qp(1)))2.

T—e
[
€ 0Ns(t)

is bounded, and thus, thanks to the last hypothesis of (1.9), we have, up to a subsequence,

(3.9) also implies that

by = bin H' (e, T — €)?, v, — v in L?(¢e, T — ¢).
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We notice that (v, q, b, ) satisfies, for all ¢ € (0,7")
(=0 — (@- V)v)(t,z) —diva(v, q)(t,z) = 0, Vo € Qp(t),

mb(e) =~ [ R

) = — ov,q)n) - (x —a L
70 =- | CCORRESLOS
divo(t,z) =0, Va € Qp(t),
v(t,z) =0,Vz € 09,
o(t, ) = b(t) + v(t)(z — a(t))t, Vo € 9Qs(t).

Next, we notice that, if we consider the function v — (f1v; + [av2), we can apply lemma 6
and deduce that

v(t, ) = Biv(t, ) + Bava(t,z), Vo € Qp(t), Vit € (0,T).
This implies that
b(t) = Bubi(t) + Baba(t), ¥(t) = Bima(t) + Baya(t), Yt € (0,T).

According to the equations satisfied by b, b; and by on one hand, and ~, ; and 2 on the
other hand, this is only possible for 87 = 0, 85 = 0 and thus v = 0. Moreover, since
vn = (vn — P(vy)) + P(vy), (vn) strongly converges to 0 in L?((0,7T) x w) and, in particular,

T )
//erv*4sv@10’Un|2 = 0.
0 Jw
Thus, according to (3.2),

/ [on(O)[2 + 1B (0)2 + [1a(0)]2 + / / 28"( rAvnr2+ratvnr)+so|wn|2>
QF QF

_1_//~ —2sV 3|'Un|2 // —2sV 3’,0 |2_>0
0 QF(t) 8Qs(t)

At last, since P, and Py are continuous from L%((0,7) x w) to R (this can be shown by
expressing P;(v) and P5(v) in terms of v, v; and vy), we also have

|Pr(vn)|? + P2 () [* — 0.
These two properties are in contradiction with hypothesis (3.9). Therefore our proposition
holds.
3.3 Null controllability result on the linear system.

We are now able to prove theorem 2. Adapting the method used in [1], we introduce an
extremal problem. For any fixed initial condition (ag, a1, 6y, ro, ug) and any € > 0, we consider
the functional

T
T fupia,r) = 5 ( [ P e !r(T)\2> 5 | [eure
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where (u,p,a,r) is the solution of (1.21) associated to f and we want to minimize this
functional with respect to f in L2((0,T) x w)? such that (3.5) holds. The set of functions
satisfying these constraints is non empty thanks to lemma 6. For each ¢ > 0, J, is conti-
nuous and strictly convex. Moreover, arguing as in [8], we can prove that it is also coercive.
Thus, this minimization problem admits a unique solution (f, e, pe, ae, 7). We will apply
Lagrange’s principle to this problem. We formally explain how we apply it. First of all, we
can compute the derivative of J¢ at a point (f,u,p,a,r)

Dt uparyde(F5U, P, A R) = E (/~ w(T)-U(T)dx +a(T) - A(T) + r(T)R(T))

€ Qp(T)
T
[err
0 Jw
Next, we define the functional
- . . .1
L(f,u,p,a,r) = (@u +(@-V)u—divo(u,p) — fl,, divu, a —— [ o(u,p)n,
0Q5(t)

The constraints on (f,u,p,a,r) can be expressed by the following equality
—
L(f,u,p,a,r) = <O7 O, Ogz, 0, m1(ag, a1, 7o, uo), m2(a1790,?“0,uo)>,

where O is the null function defined in L2(0, T; L2(Qp(t))). According to Lagrange’s principle,

A

there exist dual variables (e, pe, e, 7¢), & € R and 3 € R such that
fie = 0 on O, Qe = Ge + Fe(x — @)~ on IQg(t),
and for all (F,U, P, A, R) such that U = 0 on dQ and U = A 4+ R(x — @)+ on 8Qg(t),
D, e Je(FyU, P, A, R) + <(ae,ﬁ5,&€, Pe, 6ic, Be), L(F, U, P, A, R)> —0.
Thus, we obtain that (i, pe, e, 7e) satisfies

— Oslie — (fL . V)ﬂg — diVO’(fLe,ﬁg) =0in QF(t%

mée = _/ U(ﬂeaﬁe)’nw
s (t)

Jho= /N (ot pn) - (z — @),
005(t)

Ofc = fic — Gevr — Bevs in w,
divi, = 0 in Qp(t),

e = 0 on 02,

fie = ae + Te(x — EL)J' on 8(25@),

1 (T) = —%uE(T) in S (T), e(T) = —%@G(T), 7 (T) = —%rE(T).
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Moreover, we can always suppose that a.(7) = 0. Multiplying the first equation of this
system by u., we obtain that

T . 1 m. . J
/ / foi4 / e (D)2 + e (D) + (1) 2
0 Jw Qp(T) € €

€
:_/’ o - 4e(0) — may - 4c(0) — Jrofe(0).
Qr(0)

Thus, we have

T 1 m,, J
//@|f6|2+—[ [ue(T)|* + —lae(T)* + = |re(T)[?
0 Jw € JQr(T) € €

T T
s—/ wﬂw%mmm@—ﬁm@—@//ﬂw—&//ﬂm
Qr(0) 0 Jw 0 Jw

< Co (11 (0) |2 o)) + 10)] + 7 (0)] + [ae + 1) (3.10)

since fe satisfies (3.5). Here and in the following of this subsection, the constant Cy linearly
depends on |ag, |a1], |00l [ro| and [[uo||z2(0,(0))2- From the observability inequality (3.8), we
deduce that

4 (0) | 202y (0) + 1Ge(0)] + [7e(0)] + [Gre| + | Be|

T 1/2
= </0 /wg_lme - P(aE)Q) + e = Pr(ac)] + |Be — Pa(ic)|

¢ (</0T/w 9!fe|2) " + |ée — Py(ae)| + |6 — Pz(ﬂe)|> ,

where C' depends on T, o and R. Since f. satisfies (3.5) and P(4.) satisfies (3.7), we have

IN

T
/ / @_1<(P1(&6) — éye)vl + (PQ(’I:LE) - ﬂAe)U2> V1 = ml(GO)QI)TUaUO))
0 Jw

T
/ / @_1 ((Pl('&e) — @6)’01 + (Pg(ﬂe) — ﬁe)vg) c U = mg(al,{%,ro, UO).
0 Jw
This allows to obtain the following estimate
|&e - Pl('lle)‘ + ‘Be - PQ('ae)‘ < C'0-
Thus, from (3.10), we obtain

T 9 1 2, M. 9 J 2 2
/ / o2+ / ()2 + e P+ Lr(DP < 002 (3.11)
0 Jw € JQp(T) € €

where C depends on T, @ and R. Moreover, according to the observability inequality (3.8),
we also have

T B 1 X a . X T i X
[ oem (—\atuﬁwﬂuer?)+rP1<ue>\2+\P2<ue>\2 < o [e - rap
0 QF(t) ® 0 Jw

T
C//@!f6|2+CC§.
0 Jw

IN
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Thus, we get,

T N
| et < Cllaol + el + 100 + ol + ol o)
w

and
[ fell i1 0,722 < C(laol + lax] + 10| + 7ol + uoll L2(@p0))2)

where C' is a constant which depends on T, a and R. In particular, there exists a function
f € HY(0,T; L?(w))? such that, for a subsequence of (f),

fo— fin HY(0,T; L*(w))>.

Thanks to proposition 2, (uc) weakly converges to u in L?(0, T} H2(Qp(t)2NHY0,T; L2(Qp (1)),
(pe) weakly converges to p in L%(0,T; HY(Qp(t))), (ac) weakly converges to a in H2(0,T)?

and (r.) weakly converges to r in H'(0,T) where (u,p,a,r) is the solution of (1.21) together
with the control f. Moreover, by passing to the limit in (3.11), we get

w(T,-) =0 in Qp(T), a(T) = 0, r(T) = 0.

At last, since f satisfies (3.5), we also have that a(T") = 0 and 6(7') = 0. Thus, we have
proved theorem 2.

Proposition 6 : We suppose that ug, ag, a1, 6y and ro satisfy (1.13) and we consider an
initial structure domain Qs(0) such that (1.9) is satisfied. We consider a € H?(0,T)2,
7€ HY(0,T) which satisfy (1.17) for some a > 0 and @ which satisfies conditions (1.18) to
(1.20) and such that

all g2 (0,my2 + 17l a1 0,7) + HﬂHLoo(O,T;Loo(QF(t)))z + Ha”W114(0,T;L4(§F(t)))2 <R.

Then, our system is null controllable in the sense of definition 2. Moreover, the control f
belongs to H'(0,T; L*(w))? satisfies f(t =0) =0 and

1|2 07522 (w2 < Cs(laol + lax] + 100 + o] + [[uoll L2(0p0))2) -

where C3 is a constant which depends on T, o and R and the solution (u,p,a,r) has the
following regularity:

we HY0,T; H*(Qp(t)? N H2(0,T; L*(Qp1))2 N Wh(0, T; HY(Qp(t)))?,
pe HY0,T; H (Qp(t))), a € H*(0,T)%, r € H*(0,T),

and the norms of (u,p,a,r) in these spaces are bounded by
[ f 1l 10,7, 22(w))2 + llwoll g3 @p0))2 + laol + [ar| + |0o] + [rol.
Proof of proposition 6: The properties satisfied by © imply that fc(¢ =0) = 0 and thus
f(t=0)=01in w.

Then, the proposition results from the regularity result given by proposition 3.
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4 Local null controllability.

We are now able to prove theorem 1. We will prove this theorem using a fixed point argument.
Formally, we want to prove that the application which maps (@, a, ) on (u, a, r) the controlled
solution given by proposition 6 admits a fixed point if initial conditions are small enough.
This fixed point will be the controlled solution of the nonlinear problem. But the space where
(@, a,7) is given depends on a and 7 themselves; indeed (@, @, 7) has to satisfy conditions (1.18)
and (1.19) where the spaces Qg(t) and Qp(t) are given by @ and 7. Thus, we are not able to
find a fixed point on this kind of spaces. Consequently, we will first construct (@, a,7) from
uncoupled velocities (@, a,7) given on the initial domains.

We define

1 —
ap = 5d (QS(O), a(Q\ w)) .
According to (1.9), g > 0.
Lemma 7 : If a and 6 satisfy
. Qg Qg -1
- oo < - n - oo . < —_— - .
la — aollpoo(o,m)2 < 5 1R5_g, — LdllLoo(0,7:0M002(R)) < 5 (yesélsp(o) ly ao’) ;o (40)

then

d (Qs(t), 2(2\ w)) > a.
Proof of lemma 7 : We have

d(Q t),0(Q\w) ) = inf T —z| = inf a(t) + R; —ag) — 2
(0s0.0(21)) sehseam ves ooy 10+ Hiy-an (0 = 0)

)

and, for all y € Qg(0), z € 9(N\ w),

v

‘&(t) + Ré(t)fao(y —ap) — Z‘ ly — 2| — ‘d(t) =+ Rg(t),go(y —ap) — y‘

4 (2500),0(2\w)) = [alt) + Ry _g, (v — a0) — y]-

Y

Moreover, we have
a(t) + Ry gy (v — a0) — ] < [alt) — aol + |(Rgqy_g, — Id)(y — a0)]| < c.

This allows to obtain lemma 7. [J

We consider the following spaces

Y = L®((0,T) x Qp(0))> N W0, T; L*(Q2r(0)))* N L=(0,T; Hy (2r(0)))?,
Z = {(w,a,7) €Y xW>*0,T)* x Wh*(0,T) /divis = 0 in Qp(0)}.

We consider (@, @,7) € Z and 0 such that

a(0) = ag, a(0) = ay, 6(0) = by, 7#(0) = 7o, (4.2)
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where 6 is the angle associated to the angular velocity 7 . We define an odd and nondecreasing
function ¢ € C?(R) such that

B x in [0,3/4],
WC)_{ 1 in [1,00],

and we introduce the family of functions defined for K > 0, h € R by

TKJL(.T) = h+K¢(($ - h)/K), VreR.

Thus,
x if |z — h| < 3K/4,
Tk .n(t) = :
h+K if|z—h|>K.
Since, for all x € R, |7Tx n(z) — h| < K, we can find b and ¢ (small enough) depending only

on ag and Qg(0) such that (7 ,1(a"), T ,2(a 2)) and 7'0790(0) satisfy (4.1) where ag = (a}, ad)

(at
and @ = (a',a?). We denote T 4,(a) = (%ﬂo( b, 7},’&3(&2)). Thus, we can extend the flow X
defined on QS( ) by N
X(tyy):%,ao( )"‘ch(g) (3/_@0)

and its inverse Y as it is done in lemma 3. The displacements Tp.a0 (@), 72790(5) and the
moving domains associated to X satisfy condition (1.17) with o = ag. We denote g the
velocity associated to X. Now, we define on (0,77) x €2,

a(t,z) = as(t,x) + VX, Yt 2))w(t, Y (t, x)).

This velocity combined with the rigid motion 73, 4, (@) and 7;’90(5) satisfies (1.18) and (1.19).
We denote u$ the velocity which extends aj + 7o(z — ao)* thanks to lemma 2 and we define

wo = Ug —u%.

We see that, if w(t = 0) = wp and (a,7) satisfies (4.2), then u satisfies (1.20). Next, we
introduce Zgr a subset of Z by

Zr = {(@,a7) € Z [ |lly + [allws0ry + [Flwrary < R, (t = 0) = wy in 2 0),

a(0) = ag, &(0) = ay, 6(0) = 6y, 7(0) = 7«0} .

Let us take (W, a,7) € Zr. We can apply proposition 6 which associates to (@, T4, (@), Zc,0, )
a control f € H'(0,T; L?(w))? and an associated state (u, p,a,r) solution of (1.21) such that

w(T,-)=0in Q, a(T) =0, 6(T) =0,
and

ft=0)=0inw, |[fllzori2w)e < Cillaol + ar] + (60| + [ro| + [Juollz2(@p(0))2):  (4:3)
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where Cy depends on T', ap and R. Indeed, since (w, a, ) belongs to Zp,

”dHHQ(O,T)2 + HfHHl(O,T) + HaHLOO(O,T;LOO(QF(t)))Q + Ha”W1v4(0,T;L4(§F(t)))2 <CR,

where C depends on T and «g.
According to proposition 6, (a,r) belongs to H3(0,T)? x H?(0,T). We consider the velocity

defined on Qg(t) by
a+r(z—a)t

and we extend this velocity on €2 by a velocity ug which has the same properties as ug given
by lemma 2. Then, we define w by

w(t,y) = VY (t, X (t,y))(u — us)(t, X (t,)), Vy € Qp(0).
The velocity ug belongs to H2(0,T;C?(02))? and
lusllz20.rc2@)2 < Clllallmsor)2 + 17l m20.1))-
We easily check that (w,a,r) belongs to Z according to proposition 6 and
lwlly + lallwas oy + lrllwraory < Cs(laol + larl + 160l + rol + luoll sy @ye)s  (44)
where the constant Cs depends on T', ay and R. Moreover, we also have
w(T,-) =0in Qr(0), a(T) =0,0(T) =0, a(T) =0, r(T) = 0. (4.5)
For (w,a,7) € Zg, let us define the set A(w,a,7) by
A(w,a,7) = {(w,a,r) € Z satisfying (4.4), (4.5) with f € HY(0,T; L*(w))? satisfying (4.3)},

and let us consider the set-valued mapping A : Zr — Z. We will apply Kakutani’s theorem
to this mapping. First of all, according to what precedes, A(w,a,7) is always a nonempty
subset of Z. Moreover, it is easy to see that it is a closed convex subset of Z. Next, since
the control f belongs to H'(0,T; L?(w))?, we can apply proposition 3 and deduce that

we HY0,T; H2(Qr(0)2 N H2(0,T; L*(Qr(0)))> n WL (0, T; H (Q£(0)))?,
a € H30,T)% r e H*0,T).

Consequently, for each (w,a,7) € Zgr, A(w,a,7) — K where K is a compact subset of Z. We
also have to prove that A is upper hemicontinuous in Z. This will be true if, for all v € R
and for all (v,b,s) € Z'

B(v,v,b,s) = {(w,a,%) €ez/ sup ((v,b,8), (w,a,r)) > V}

(w,a,r)eEA(W,a,7)

is a closed subset of Z.
We consider a sequence (y, an, ™) of B(v,v,b, s) such that

(W, G,y Tn) — (W, a,7) in Z
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and we want to prove that (w,a,7) belongs to B(v,v,b,s). Since A(w,a,7) is compact, for
every n € N, there exists (wy, an,r,) € A(Wp, Gy, 7,) such that

sup ((v,b,5), (w,a,r)) = ((v,b, ), (W, G, T0)).

(w,a,r) GA(wn ,an i'n)

This sequence (wy, an,r,) satisfies (4.4) and belongs to the compact subset K. Thus, it
strongly converges to a limit (w,a,r) in Z. In the same way, the sequence of controls
(fn) associated to (wp,an,m,) is bounded in H'(0,T; L?(w))? and weakly converges to f
in H*(0,T; L?(w))?. Now, since (w,a,r) belongs to A(i, a,7), we obtain that

sup ((v,b,8), (w,a,r)) > {((v,b,$), (w,a,r)) = lim ((v,b, ), (Wn, an,rs)) > V.

(w,a,r)EAN(D,a,T) n—00
This proves that A is upper hemicontinuous.
At last, according to (4.4), if
R
|aol + [a1| + [0o] + |rol + [Juoll 3 (@p(0))2 < o (4.6)

(w,a,r) belongs to Zr. Thus, we consider initial data which satisfy (4.6) and we can apply
Kakutani’s fixed point theorem to the set-valued mapping A : Zr — Zgi. Therefore, if
initial data satisfy (4.6), we have the existence of a solution (w,a, ) associated to a control
f € HY(0,T; L?(w))? which satisfies (4.4). The associated velocity u together with a, r and
the pressure p is solution of a nonlinear system where the domains are given by the flow

—X(ta y) = ,ZZ),(L() (a) + R'Z—ng (6)—6o (y - CLO)‘
From (4.4), we deduce

lallwr.ee .02 + 17l Lo 0,m) < Co(laol + lax| + 6ol + [rol + lluoll a3 p(0))2)

where Cg depends on T', oy and R. Thus, for initial conditions such that

3 .
lao| + a1| + 100l + |70l + lluoll g3 (@0 (0))2 < 1TCq min (b, c), (4.7)
we have Tp 4,(a) = a and 7. g,(6) = 0. It implies that (u,p,a,r) is solution of the problem
(1.1) to (1.6) and satisfies (1.14). Therefore, for (ag, a1, 6o, ro,up) satisfying (4.6) and (4.7),
we obtain theorem 1.
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