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This note provides a bibliography of investigations based on or related to divergence measures for theoretical and applied inference problems.

Introduction

Distance or divergence measures are of key importance in a number of theoretical and applied statistical inference and data processing problems, such as estimation, detection, classification, compression, recognition, indexation, diagnosis, model selection . . .

The literature on such types of issues is wide and has considerably expanded in the recent years. In particular, following the set of books published during the second half of the eighties [START_REF] Amari | Differential-Geometrical Methods in Statistics[END_REF][START_REF] Blahut | Principles and Practice of Information Theory[END_REF][START_REF] Cover | Elements of Information Theory[END_REF][START_REF] Gray | Entropy and Information Theory[END_REF][START_REF] Kullback | Topics in Statistical Information Theory[END_REF][START_REF] Liese | Convex Statistical Distances[END_REF][START_REF] Read | Goodness-of-Fit Statistics for Discrete Multivariate Data[END_REF][START_REF] Vajda | Theory of Statistical Inference and Information[END_REF], a number of books have been published during the last decade or so [START_REF] Amari | Methods of Information Geometry[END_REF][START_REF] Arwini | Information Geometry -Near Randomness and Near Independence[END_REF][START_REF] Basu | Statistical Inference: The Minimum Distance Approach[END_REF][START_REF] Cichocki | Nonnegative Matrix and Tensor Factorizations: Applications to Exploratory Multi-way Data Analysis and Blind Source Separation[END_REF][START_REF] Cover | Elements of Information Theory[END_REF][START_REF] Devroye | A Probabilistic Theory of Pattern Recognition[END_REF][START_REF] Gray | Entropy and Information Theory[END_REF][START_REF] Kass | Geometrical Foundations of Asymptotic Inference[END_REF][START_REF] Mackay | Information Theory, Inference & Learning Algorithms[END_REF][START_REF] Pardo | Statistical Inference Based on Divergence Measures[END_REF][START_REF] Taneja | Generalized Information Measures and Their Applications[END_REF][START_REF] Yeung | A First Course in Information Theory[END_REF][START_REF] Yeung | Information Theory and Network Coding[END_REF][START_REF] Zaripov | New Measures and Methods in Information Theory[END_REF].

In a report on divergence measures and their tight connections with the notions of entropy, information and mean values, an attempt has been made to describe various procedures for building divergences measures from entropy functions or from generalized mean values, and conversely for defining entropies from divergence measures [START_REF] Basseville | Information: entropies, divergences et moyennes[END_REF]. Another goal was to clarify the properties of and relationships between two main classes of divergence measures, namely the f -divergences and the Bregman divergences. This was summarized in the conference paper [START_REF] Basseville | On entropies, divergences, and mean values[END_REF].

The purpose of this note is to provide a bibliography for a wide variety of investigations based on or related to divergence measures for theoretical and applied inference problems. The note is organized as follows. Section 2 is devoted to f -divergences and section 3 is focussed on Bregman divergences. The particular and important case of α-divergences is the topic of section 4. How to handle divergences between more than two distributions is addressed in section 5. Section 6 concentrates on statistical inference based on entropy and divergence criteria. Divergence measures for multivariable (Gaussian) processes, including spectral divergence measures, are reported in section 7. Section 8 addresses some miscellaneous issues.

2 f -divergences f -divergences between probability densities are defined as:

I f (p, q) = q(x) f p(x) q(x) dx (1) 
with f a convex function satisfying f (1) = 0, f (1) = 0, f (1) = 1. They have been introduced in the sixties [START_REF] Ali | A general class of coefficients of divergence of one distribution from another[END_REF][START_REF] Csiszár | Eine informationstheoretische ungleichung und ihre anwendung auf den beweis der ergodizitat von markoffschen ketten[END_REF][START_REF] Csiszár | Information-type measures of difference of probability distributions and indirect observation[END_REF][START_REF] Morimoto | Markov processes and the H-theorem[END_REF] and then again in the seventies [START_REF] Akaike | A new look at the statistical model identification[END_REF][START_REF] Ziv | On functionals satisfying a data-processing theorem[END_REF]. Kullback-Leibler divergence, Hellinger distance, χ 2divergence, Csiszár α-divergence, and Kolmogorov total variation distance are some well known instances of f -divergences. Other instances may be found in [START_REF] Knockaert | A class of statistical and spectral distance measures based on Bose-Einstein statistics[END_REF][START_REF] Knockaert | Statistical thermodynamics and natural f -divergences[END_REF][START_REF] Lin | Divergence measures based on the Shannon entropy[END_REF]. f -divergences enjoy some invariance properties investigated in [START_REF] Liese | Convex Statistical Distances[END_REF][START_REF] Liese | On divergences and informations in statistics and information theory[END_REF] (see also [START_REF] Basseville | Information: entropies, divergences et moyennes[END_REF]) and a universal monotonicity property known under the name of generalized data processing theorem [START_REF] Merhav | Data processing theorems and the second law of thermodynamics[END_REF][START_REF] Ziv | On functionals satisfying a data-processing theorem[END_REF]. Their topological properties are investigated in [START_REF] Csiszár | On topological properties of f -divergence[END_REF]. An extension of the family of f -divergences to squared metric distances is introduced in [START_REF] Vajda | On metric divergences of probability measures[END_REF].

Non-asymptotic variational formulations of f -divergences have been recently investigated in [START_REF] Broniatowski | Parametric estimation and tests through divergences and the duality technique[END_REF][START_REF] Nguyen | On surrogate loss functions and f -divergences[END_REF][START_REF] Reid | Information, divergence and risk for binary experiments[END_REF][START_REF] Reid | Composite binary losses[END_REF]. Early results on that issue obtained for Kullback-Leibler divergence trace back to [START_REF] Donsker | Asymptotic evaluation of certain Markov process expectations for large time[END_REF][START_REF] Gray | Entropy and Information Theory[END_REF]. Such variational formulations are of key interest for the purpose of studying the properties of f -divergences or designing algorithms based on duality. The application of variational formulation to estimating divergence functionals and the likelihood ratio is addressed in [START_REF] Nguyen | Estimating divergence functionals and the likelihood ratio by convex risk minimization[END_REF].

f -divergences can usefully play the role of surrogate functions, that are functions majorizing or minorizing the objective or the risk functions at hand. For example, f -divergences are used for defining loss functions that yield Bayes consistency for joint estimation of the discriminant function and the quantizer in [START_REF] Nguyen | On surrogate loss functions and f -divergences[END_REF], as surrogate functions for independence and ICA in [START_REF] Matsuyama | Convex divergence as a surrogate function for independence: The f -divergence[END_REF], and the α-divergence in ( 9) is used in [START_REF] Matsuyama | The α-EM algorithm: surrogate likelihood maximization using α-logarithmic information measures[END_REF] as a surrogate function for maximizing a likelihood in an EM-type algorithm. Bounds on the minimax risk in multiple hypothesis testing and estimation problems are expressed in terms of the f -divergences in [START_REF] Birgé | A new lower bound for multiple hypothesis testing[END_REF][START_REF] Guntuboyina | Lower bounds for the minimax risk using f -divergences and applications[END_REF], respectively.

f -divergences, used as general (entropic) distance-like functions, allow a non-smooth non-convex optimization formulation of the partitioning clustering problem, namely the problem of clustering with a known number Collection des Publications Internes de l'Irisa c IRISA of classes, for which a generic iterative scheme keeping the simplicity of the k-means algorithm is proposed in [START_REF] Teboulle | A unified continuous optimization framework for center-based clustering methods[END_REF][START_REF] Teboulle | Clustering with entropy-like k-means algorithms[END_REF].

f -divergences also turn out useful for defining robust projection pursuit indices [START_REF] Nason | Robust projection indices[END_REF]. Convergence results of projection pursuit through f -divergence minimization with the aim of approximating a density on a set with very large dimension are reported in [START_REF] Touboul | Projection pursuit through φ-divergence minimisation[END_REF].

Nonnegative matrix factorization (NMF), of widespread use in multivariate analysis and linear algebra [START_REF] Donoho | When does non-negative matrix factorization give a correct decomposition into parts[END_REF], is another topic that can be addressed with f -divergences. For example, NMF is achieved with the aid of Kullback divergence and alternating minimization in [START_REF] Finesso | Nonnegative matrix factorization and I-divergence alternating minimization[END_REF], Itakura-Saito divergence in [START_REF] Févotte | Nonnegative matrix factorization with the Itakura-Saito divergence. With application to music analysis[END_REF], f -divergences in [START_REF] Cichocki | Csiszár's divergences for non-negative matrix factorization: Family of new multiplicative algorithm[END_REF], or αdivergences in [START_REF] Cichocki | Nonnegative matrix and tensor factorization[END_REF][START_REF] Kompass | A generalized divergence measure for nonnegative matrix factorization[END_REF]; see also [START_REF] Cichocki | Nonnegative Matrix and Tensor Factorizations: Applications to Exploratory Multi-way Data Analysis and Blind Source Separation[END_REF].

The maximizers of the Kullback-Leibler divergence from an exponential family and from any hierarchical log-linear model are derived in [START_REF] Rauh | Finding the maximizers of the information divergence from an exponential family[END_REF] and [START_REF] Matus | Divergence from factorizable distributions and matroid representations by partitions[END_REF], respectively.

Other investigations include comparison of experiments [START_REF] Torgersen | Comparison of Statistical Experiments[END_REF]; minimizing f -divergences on sets of signed measures [START_REF] Broniatowski | Minimization of divergences on sets of signed measures[END_REF]; minimizing multivariate entropy functionals with application to minimizing f -divergences in both variables [START_REF] Csiszár | On minimization of multivariate entropy functionals[END_REF]; determining the joint range of f -divergences [START_REF] Harremoës | Joint range of f -divergences[END_REF][START_REF] Harremoës | On pairs of f -divergences and their joint range[END_REF]; or proving that the total variation distance is the only f -divergence which is an integral probability metric (IPM) used in the kernel machines literature [START_REF] Sriperumbudur | On integral probability metrics, φ-divergences and binary classification[END_REF].

Recent applications involving the use of f -divergences concern feature selection in fuzzy approximation spaces [START_REF] Maji | Feature selection using f -information measures in fuzzy approximation spaces[END_REF], the selection of discriminative genes from micro-array data [START_REF] Maji | f -information measures for efficient selection of discriminative genes from microarray data[END_REF], medical image registration [START_REF] Pluim | f -information measures in medical image registration[END_REF], or speech recognition [START_REF] Qiao | A study on invariance of f -divergence and its application to speech recognition[END_REF], to mention but a few examples. A modification of f -divergences for finite measures turns out to be useful for right-censored observations [START_REF] Stummer | On divergences of finite measures and their applicability in statistics and information theory[END_REF].

Bregman divergences

Bregman divergences, introduced in [START_REF] Bregman | The relaxation method of finding the common point of convex sets and its application to the solution of problems in convex programming[END_REF], are defined for vectors, matrices, functions and probability distributions.

The Bregman divergence between vectors is defined as:

D ϕ (x, y) = ϕ(x) -ϕ(y) -(x -y) T ∇ϕ(y) (2) 
with ϕ a differentiable strictly convex function R d -→ R. The symmetrized Bregman divergence writes:

Dϕ (x, y) = (∇ϕ(x) -∇ϕ(y)) T (x -y)

The Bregman matrix divergence is defined as:

D φ (X, Y ) = φ(X) -φ(Y ) -Tr (∇φ(Y )) T (X -Y ) (4) 
for X, Y real symmetric d×d matrices, and φ a differentiable strictly convex function S d -→ R. Those divergences preserve rank and positive semi-definiteness [START_REF] Dhillon | Matrix nearness problems with Bregman divergences[END_REF].

For φ(X) = ln |X|, the divergence (4) is identical to the distance between two positive matrices defined as the Kullback-Leibler divergence between two Gaussian distributions having those matrices as covariance matrices.

According to [START_REF] Kulis | Low-rank kernel learning with Bregman matrix divergences[END_REF], that distance is likely to trace back to [START_REF] James | Estimation with quadratic loss[END_REF]. For example, it has been used for estimating structured covariance matrices [START_REF] Burg | Estimation of structured covariance matrices[END_REF] and for designing residual generation criteria for monitoring [START_REF] Basseville | Information criteria for residual generation and fault detection and isolation[END_REF].

The divergence (4), in the general case for φ, has been recently proposed for designing and investigating a new family of self-scaling quasi-Newton methods [START_REF] Kanamori | A Bregman extension of quasi-Newton updates I: An information geometrical framework[END_REF][START_REF] Kanamori | A Bregman extension of quasi-Newton updates II: Convergence and robustness properties[END_REF].

The Bregman divergence between probability densities is defined as [START_REF] Csiszár | Why least squares and maximum entropy? An axiomatic approach to inference for linear inverse problems[END_REF][START_REF] Jones | General entropy criteria for inverse problems, with applications to data compression, pattern classification, and cluster analysis[END_REF]:

D ϕ (p, q) = ϕ(p) -ϕ(q) -(p -q) ϕ (q) dx (5) 
A Bregman divergence can also be seen as the limit of a Jensen difference [START_REF] Basseville | On entropies, divergences, and mean values[END_REF][START_REF] Nielsen | The Burbea-Rao and Bhattacharyya centroids[END_REF], namely:

D ϕ (p, q) = lim β→1 1 1 -β J (β) ϕ (p, q) (6) 
where the Jensen difference J

ϕ is defined for 0 < β < 1 as:

J (β) ϕ (p, q) ∆ = β ϕ(p) + (1 -β) ϕ(q) -ϕ (βp + (1 -β)q) (7) 
For β = 1/2, Jensen difference is the Burbea-Rao divergence [START_REF] Burbea | On the convexity of some divergence measures based on entropy functions[END_REF]; see also [START_REF] Endres | A new metric for probability distributions[END_REF][START_REF] Lin | Divergence measures based on the Shannon entropy[END_REF]. The particular case where D and J are identical is of interest [START_REF] Rao | Cross entropy, dissimilarity measures, and characterizations of quadratic entropy[END_REF]. The Bregman divergence measures enjoy a number of properties useful for learning, clustering and many other inference [START_REF] Banerjee | Clustering with Bregman divergences[END_REF][START_REF] Csiszár | Why least squares and maximum entropy? An axiomatic approach to inference for linear inverse problems[END_REF][START_REF] Fischer | Quantization and clustering with Bregman divergences[END_REF] and quantization [START_REF] Banerjee | An information theoretic analysis of maximum likelihood mixture estimation for exponential families[END_REF] problems. In the discrete case, an asymptotic equivalence with the f -divergence and the Burbea-Rao divergence is investigated in [START_REF] Pardo | On asymptotic properties of information-theoretic divergences[END_REF].

One important instance of the use of Bregman divergences for learning is the case of inverse problems [START_REF] Jones | General entropy criteria for inverse problems, with applications to data compression, pattern classification, and cluster analysis[END_REF][START_REF] Besnerais | A new look at entropy for solving linear inverse problems[END_REF] 1 , where convex duality is extensively used. Convex duality is also used for minimizing a class of Bregman divergences subject to linear constraints in [START_REF] Della Pietra | Duality and auxiliary functions for Bregman distances[END_REF], whereas a simpler proof using convex analysis is provided in [START_REF] Bauschke | for Bregman projections onto translated cones and affine subspaces[END_REF], and the results are used in [START_REF] Collins | Logistic regression, AdaBoost and Bregman distances[END_REF].

Bregman divergences have been used for a generalization of the LMS adaptive filtering algorithm [START_REF] Kivinen | The p-norm generalization of the LMS algorithm for adaptive filtering[END_REF], for Bayesian estimation of distributions [START_REF] Frigyik | Functional Bregman divergence and Bayesian estimation of distributions[END_REF] using functional divergences introduced for quadratic discriminant analysis [START_REF] Srivastava | Bayesian quadratic discriminant analysis[END_REF], and for l 1 -regularized logistic regression posed as Bregman distance minimization and solved with non-linear constrained optimization techniques in [START_REF] Gupta | Bregman distance to l 1 regularized logistic regression[END_REF]. Iterative l 1 -minimization with application to compressed sensing is investigated in [START_REF] Yin | Bregman iterative algorithms for 1 -minimization with applications to compressed sensing[END_REF]. Mixture models are estimated using Bregman divergences within a modified EM algorithm in [START_REF] Fujimoto | A modified EM algorithm for mixture models based on Bregman divergence[END_REF]. Learning continuous latent variable models with Bregman divergences and alternating minimization is addressed in [START_REF] Wang | Learning continuous latent variable models with Bregman divergences[END_REF]. The use of Bregman divergences as surrogate loss functions for the design of minimization algorithms for learning that yield guaranteed convergence rates under weak assumptions is discussed in [START_REF] Nock | Bregman divergences and surrogates for learning[END_REF].

Learning structured models, such as Markov networks or combinatorial models, is performed in [START_REF] Taskar | Structured prediction, dual extragradient and Bregman projections[END_REF] using large-margin methods, convex-concave saddle point problem formulation and dual extra-gradient algorithm based on Bregman projections. Proximal minimization schemes handling Bregman divergences that achieve messagepassing for graph-structured linear programs (computation of MAP configurations in Markov random fields) are investigated in [START_REF] Ravikumar | Message-passing for graph-structured linear programs: Proximal methods and rounding schemes[END_REF].

There are also many instances of application of Bregman divergences for solving clustering problems. Used as general (entropic) distance-like functions, they allow a non-smooth non-convex optimization formulation of the partitioning clustering problem, for which a generic iterative scheme keeping the simplicity of the k-means algorithm is proposed in [START_REF] Teboulle | A unified continuous optimization framework for center-based clustering methods[END_REF][START_REF] Teboulle | Clustering with entropy-like k-means algorithms[END_REF]. Clustering with Bregman divergences unifying k-means, LBG and other information theoretic clustering approaches is investigated in [START_REF] Banerjee | Clustering with Bregman divergences[END_REF], together with a connection with rate distortion theory2 . Scaled Bregman distances are used in [START_REF] Stummer | On Bregman distances and divergences of probability measures[END_REF] and compared with f -divergences for key properties: optimality of the k-means algorithm [START_REF] Banerjee | Clustering with Bregman divergences[END_REF] and invariance w.r.t. statistically sufficient transformations. Quantization and clustering with Bregman divergences are investigated in [START_REF] Fischer | Quantization and clustering with Bregman divergences[END_REF] together with convergence rates. k-means and hierarchical classification algorithms w.r.t. Burbea-Rao divergences (expressed as Jensen-Bregman divergences) are studied in [START_REF] Nielsen | The Burbea-Rao and Bhattacharyya centroids[END_REF].

The interplay between Bregman divergences and boosting, in particular AdaBoost, has been the topic of a number of investigations, as can be seen for example in [START_REF] Collins | Logistic regression, AdaBoost and Bregman distances[END_REF][START_REF] Kivinen | Boosting as entropy projection[END_REF][START_REF] Lafferty | Additive models, boosting, and inference for generalized divergences[END_REF], and [START_REF] Lafferty | Statistical learning algorithms based on Bregman distances[END_REF] for an earlier study. Some controversy does exist however, see for example [START_REF] Lebanon | Boosting and maximum likelihood for exponential models[END_REF] where understanding the link between boosting and ML estimation in exponential models does not require Bregman divergences. The extension of AdaBoost using Bregman divergences, their geometric understanding and information geometry is investigated in [START_REF] Murata | Information geometry of U-Boost and Bregman divergence[END_REF], together with consistency and robustness properties of the resulting algorithms.

The problems of matrix learning, approximation, factorization can also usefully be addressed with the aid of Bregman divergences. Learning symmetric positive definite matrices with the aid of matrix exponentiated gradient updates and Bregman projections is investigated in [START_REF] Tsuda | Matrix exponentiated gradient updates for on-line learning and Bregman projection[END_REF]. Learning low-rank positive semidefinite (kernel) matrices for machine learning applications is also addressed with Bregman divergences in [START_REF] Kulis | Low-rank kernel learning with Bregman matrix divergences[END_REF]. Matrix rank minimization is achieved with a Bregman iterative algorithm in [START_REF] Ma | Fixed point and Bregman iterative methods for matrix rank minimization[END_REF]. Nonnegative matrix approximation with low rank matrices is discussed in [START_REF] Dhillon | Generalized nonnegative matrix approximations with Bregman divergences[END_REF], whereas matrix approximation based on the minimum Bregman information principle (generalization to all Bregman loss functions of MaxEnt and LS principles) is the topic of [START_REF] Banerjee | A generalized maximum entropy approach to Bregman co-clustering and matrix approximation[END_REF]. Nonnegative matrix factorization (NMF) with Bregman divergences is addressed in [START_REF] Cichocki | Nonnegative matrix and tensor factorization[END_REF]; see also [START_REF] Cichocki | Nonnegative Matrix and Tensor Factorizations: Applications to Exploratory Multi-way Data Analysis and Blind Source Separation[END_REF]. The particular case of using the density power divergence and a surrogate function for NMF is investigated in [START_REF] Févotte | Algorithms for nonnegative matrix factorization with the beta-divergence[END_REF].

Applications involving the use of Bregman divergences concern nearest neighbor retrieval [START_REF] Cayton | Fast nearest neighbor retrieval for Bregman divergences[END_REF], color image segmentation [START_REF] Nielsen | The Burbea-Rao and Bhattacharyya centroids[END_REF], 3D image segmentation and word alignment [START_REF] Taskar | Structured prediction, dual extragradient and Bregman projections[END_REF], cost-sensitive classification for medical diagnosis (UCI datasets) [209], magnetic resonance image analysis [START_REF] Vemuri | Total Bregman divergence and its applications to DTI analysis[END_REF], semi-supervised clustering of high dimensional text benchmark datasets and low dimensional UCI datasets3 [START_REF] Wu | Learning Bregman distance functions and its application for semi-supervised clustering[END_REF], content-based multimedia retrieval with efficient neighbor queries [START_REF] Nielsen | Bregman vantage point trees for efficient nearest neighbor queries[END_REF], efficient range search from a query in a large database [START_REF] Cayton | Efficient Bregman range search[END_REF].

α-divergences

A large number of divergence measures, parameterized by α and possibly β and/or γ, have been introduced in the literature using an axiomatic point of view [START_REF] Aczél | On Measures of Information and Their Characterizations[END_REF]. This can be seen for example in [START_REF] Taneja | On generalized information measures and their applications[END_REF], and the reader is referred to [START_REF] Aczél | Measuring information beyond communication theory -Why some generalized information measures may be useful, others not[END_REF][START_REF] Csiszár | Information measures: a critical survey[END_REF] for critical surveys. However, a number of useful α-divergence measures have been proposed, tracing back to Chernoff [START_REF] Chernoff | A measure of asymptotic efficiency for tests of a hypothesis based on the sum of observations[END_REF] and Rao [START_REF] Rao | Information and accuracy attainable in the estimation of statistical parameters[END_REF]. A recent synthesis can be found in [START_REF] Cichocki | Families of alpha-beta-and gamma-divergences: Flexible and robust measures of similarities[END_REF]; see also [START_REF] Cichocki | Nonnegative Matrix and Tensor Factorizations: Applications to Exploratory Multi-way Data Analysis and Blind Source Separation[END_REF].

The Csiszár I-divergences of order α, also called Havrda-Charvát's α-divergences, have been introduced in [START_REF] Csiszár | Information-type measures of difference of probability distributions and indirect observation[END_REF][START_REF] Havrda | Quantification method of classification processes: concept of structural α-entropy[END_REF] as f -divergences (1) associated with:

f α (u) =    4 1-α 2 1 -u (1+α)/2 -2 1-α (u -1) α = ±1 u ln u -(u -1) α = +1 -ln u + (u -1) α = -1 (8) 
namely:

D fα (p, q) =    4 1-α 2 1 -p (1-α)/2 q (1+α)/2 dx α = ±1 K(p, q) α = +1 K(q, p) α = -1 (9) 
See also [START_REF] Aczél | On Measures of Information and Their Characterizations[END_REF][START_REF] Liese | Convex Statistical Distances[END_REF][START_REF] Vajda | χ α -divergence and generalized Fisher's information[END_REF][START_REF] Vajda | Theory of Statistical Inference and Information[END_REF]. They are also known under the name of Amari's α-divergences [START_REF] Amari | Differential-Geometrical Methods in Statistics[END_REF][START_REF] Amari | Methods of Information Geometry[END_REF] -see also [START_REF] Amari | Integration of stochastic models by minimizing α-divergence[END_REF], and identical to Tsallis divergences [START_REF] Tsukada | Tsallis differential entropy and divergences derived from the generalized Shannon-Khinchin axioms[END_REF]. The Read-Cressie's power divergence [START_REF] Liese | Convex Statistical Distances[END_REF][START_REF] Lindsay | Efficiency versus robustness: The case for minimum Hellinger distance and related methods[END_REF][START_REF] Read | Goodness-of-Fit Statistics for Discrete Multivariate Data[END_REF][START_REF] Vajda | Theory of Statistical Inference and Information[END_REF] turns out to be identical to the Havrda-Charvát's α-divergence, up to a transformation of α. For α = +1 this divergence is nothing but the Kullback-Leibler information, and for α = 0 the Hellinger distance. The α-divergence (9) has been used earlier by Chernoff for investigating the asymptotic efficiency of statistical tests [START_REF] Chernoff | A measure of asymptotic efficiency for tests of a hypothesis based on the sum of observations[END_REF]. Some applications of those divergences are described in particular for model integration in [START_REF] Amari | Integration of stochastic models by minimizing α-divergence[END_REF], in EM algorithms in [START_REF] Matsuyama | Non-logarithmic information measures, α-weighted EM algorithms and speedup of learning[END_REF][START_REF] Matsuyama | The α-EM algorithm and its applications[END_REF][START_REF] Matsuyama | The α-EM algorithm: surrogate likelihood maximization using α-logarithmic information measures[END_REF], and message-passing algorithms for complex Bayesian networks approximation in [START_REF] Minka | Divergence measures and message passing[END_REF].

It has been recently proved that they form the unique class belonging to both the f -divergences and the Bregman divergences classes [START_REF] Amari | α-divergence is unique, belonging to both f -divergence and Bregman divergence classes[END_REF]. This extends the result in [START_REF] Csiszár | Why least squares and maximum entropy? An axiomatic approach to inference for linear inverse problems[END_REF] that Kullback-Leibler divergence is the only Bregman divergence which is an f -divergence.

f -divergences based on Arimoto's entropies [START_REF] Arimoto | Information measures and capacity of order α for discrete memoryless channels[END_REF] and introduced in [START_REF] Österreicher | A new class of metric divergences on probability spaces and its applicability in statistics[END_REF] define α-divergences different from the above ones.

A different class of α-divergences, known under the name of density power divergences, have been introduced in [START_REF] Basu | Robust and efficient estimation by minimising a density power divergence[END_REF] by Basu et al. as: D α (p, q) = 1/α p α+1 -(α + 1) p q α + α q α+1 dx α > 0 K(p, q) α = 0 [START_REF] Amari | Integration of stochastic models by minimizing α-divergence[END_REF] They can be seen as Bregman divergences D ϕα (5) associated with:

ϕ α (u) = 1/α u α+1 -u α > 0 u ln u α = 0 (11) 
They have been used for robust blind source separation [START_REF] Minami | Robust blind source separation by beta divergence[END_REF], analyzing mixtures ICA models [START_REF] Mollah | Exploring latent structure of mixture ICA models by the minimum β-divergence method[END_REF], model selection [START_REF] Karagrigoriou | On measures of information and divergence and model selection criteria[END_REF][START_REF] Mattheou | A model selection criterion based on the BHHJ measure of divergence[END_REF] and estimation of tail index of heavy tailed distributions [START_REF] Kim | Estimation of a tail index based on minimum density power divergence[END_REF]. They have recently been handled in [START_REF] Eguchi | Entropy and divergence associated with power function and the statistical application[END_REF] for distributions with mass not necessarily equal to one, an extension useful for designing boosting methods.

The Rényi's α-divergences have been defined in [START_REF] Rényi | On measures of information and entropy[END_REF] as:

D α (p, q) = 1 α(α-1) ln p 1-α q α dx α = 1 -K(p, q) α = 1 ( 12 
)
although they may have been proposed earlier [START_REF] Bhattacharyya | On a measure of divergence between two statistical populations defined by their probability distributions[END_REF][START_REF] Schützenberger | Contribution aux Applications Statistiques de la Théorie de l'Information[END_REF]. Those divergences exhibit direct links with the Chernoff distance and with the moment generating function of the likelihood ratio [START_REF] Basseville | Information: entropies, divergences et moyennes[END_REF][START_REF] Hero | Alpha-divergence for classification, indexing and retrieval[END_REF]. Their use for channel capacity 4and their link with cutoff rates are addressed in [START_REF] Csiszár | Generalized cutoff rates and Renyi's information measures[END_REF]. Their involvment in estimation and coding problems is also address in [START_REF] Arikan | An inequality on guessing and its application to sequential decoding[END_REF][START_REF] Arimoto | Information-theoretical considerations on estimation problems[END_REF][START_REF] Nath | On a coding theorem connected with Rényi's entropy[END_REF]. Scale and concentration invariance properties have been investigated in [START_REF] Knockaert | On scale and concentration invariance in entropies[END_REF].

A surrogate function for the Rényi's α-divergence is the α-Jensen difference [START_REF] Hero | Alpha-divergence for classification, indexing and retrieval[END_REF]. Entropy functionals derived from Rényi's divergences have been recently studied in [START_REF] Bercher | On some entropy functionals derived from Rényi information divergence[END_REF], whereas characterizations of maximum Rényi's entropy distributions are provided in [START_REF] Harremoës | Rényi entropies of projections[END_REF][START_REF] Vignat | A geometric characterization of maximum Rényi entropy distributions[END_REF].

In recent years, the Rényi's α-divergences have been used for robust image registration [START_REF] He | A generalized divergence measure for robust image registration[END_REF], differentiating brain activity [START_REF] Aviyente | Characterization of event related potentials using information theoretic distance measures[END_REF], for feature classification, indexing, and retrieval in image and other databases [START_REF] Hero | Alpha-divergence for classification, indexing and retrieval[END_REF], and detecting distributed denial-of-service attacks [START_REF] Li | Effective metric for detecting distributed denial-of-service attacks based on information divergence[END_REF]. They have been shown to be possibly irrelevant for blind source separation [START_REF] Pham | On the risk of using Rényi's entropy for blind source separation[END_REF][START_REF] Vrins | Is the general form of Renyi's entropy a contrast for source separation[END_REF].

A two-parameter family of divergences associated with a generalized mean, and reducing to Amari's α-divergences or Jensen difference in some cases, is investigated in [START_REF] Zhang | Divergence function, duality, and convex analysis[END_REF], together with convex inequalities and duality properties related to divergence functionals.

Handling more than two distributions

Defining divergences between more than two distributions is useful for discrimination [START_REF] Matusita | Discrimination and the affinity of distributions[END_REF] and taxonomy [START_REF] Rao | Diversity and dissimilarity coefficients: A unified approach[END_REF][START_REF] Rao | Diversity: its measurement, decomposition, apportionment and analysis[END_REF], where they may be more appropriate than pairwise divergences. They are often called generalized divergences.

Generalized f -divergences have been introduced under the name of f -dissimilarity in [START_REF] Györfi | f -dissimilarity: a generalization of the affinity of several distributions[END_REF]. Generalized Jensen divergences are defined in [START_REF] Lin | Divergence measures based on the Shannon entropy[END_REF] as:

J (β) ϕ (p 1 , . . . , p n ) ∆ = n i=1 β i ϕ(p i ) -ϕ n i=1 β i p i (13) 
In the case of the Shannon entropy, namely ϕ(x) = -x ln x, it is easy to show that J (β)

ϕ writes as the weighted arithmetic mean of the Kullback distances between each of the p i 's and the barycenter of all the p i 's.

Jensen divergence can also be written as the arithmetic mean of Bregman divergences:

J (β) H (P 1 , P 2 ) = β D H (P 1 , βP 1 + (1 -β)P 2 ) + (1 -β) D H (P 2 , βP 1 + (1 -β)P 2 ) (14) 
This has been applied to word clustering for text classification [START_REF] Dhillon | A divisive information-theoretic feature clustering algorithm for text classification[END_REF].

Actually the interplay between divergences, entropies and mean values is quite tight [START_REF] Aczél | Measuring information beyond communication theory -Why some generalized information measures may be useful, others not[END_REF][START_REF] Basseville | Information: entropies, divergences et moyennes[END_REF][START_REF] Basseville | On entropies, divergences, and mean values[END_REF][START_REF] Rényi | On measures of information and entropy[END_REF], and some other means than the arithmetic mean may be used in the definition of such generalized divergences. The information radius introduced in [START_REF] Sibson | Information radius. Probability Theory and Related Fields[END_REF] is the generalized mean of the Rényi's divergences between each of the p i 's and the generalized mean of all the p i 's, which boils down to [START_REF] Basseville | Information: entropies, divergences et moyennes[END_REF]:

S (β) α (p 1 , . . . , p n ) = α α -1 ln n i=1 β i p α i (x) 1/α dλ(x) (15) 
See also [START_REF] Csiszár | Generalized cutoff rates and Renyi's information measures[END_REF].

Mean values, barycenters, centroids have been widely investigated. The barycenter of a set of probability measures is studied in [START_REF] Perez | Barycenter of a set of probability measures and its application in statistical decision[END_REF]. Barycenters in a dually flat space are introduced as minimizers of averaged Amari's divergences in [START_REF] Pelletier | Informative barycentres in statistics[END_REF]. Left-sided, right-sided and symmetrized centroids are defined as minimizers of averaged Bregman divergences in [START_REF] Nielsen | Sided and symmetrized Bregman centroids[END_REF], whereas Burbea-Rao centroids are the topic of [START_REF] Nielsen | The Burbea-Rao and Bhattacharyya centroids[END_REF] with application to color image segmentation.

Geometric means of symmetric positive definite matrices are investigated in [START_REF] Arsigny | Geometric means in a novel vector space structure on symmetric positive-definite matrices[END_REF]. A number of Fréchet means are discussed in [START_REF] Dryden | Non-Euclidean statistical analysis of covariance matrices and diffusion tensors[END_REF] with application to diffusion tensor imaging. Quasi-arithmetic means of multiple positive matrices by symmetrization from the mean of two matrices are investigated in [START_REF] Petz | Means of positive numbers and matrices[END_REF]. Riemannian metrics on space of matrices are addressed in [START_REF] Petz | Monotone metrics on matrix spaces[END_REF].

Inference based on entropy and divergence criteria

The relevance of an information theoretic view of basic problems in statistics has been known for a long time [START_REF] Rényi | On some basic problems of statistics from the point of view of information theory[END_REF]. Whereas maximum likelihood estimation (MLE) minimizes the Kullback-Leibler divergence KL(p, p ) between an empirical and a true (or reference) distributions, minimizing other divergence measures turns out useful for a number of inference problems, as many examples in the previous sections suggested. Several books exist on such an approach to inference [START_REF] Basu | Statistical Inference: The Minimum Distance Approach[END_REF][START_REF] Cover | Elements of Information Theory[END_REF][START_REF] Liese | Convex Statistical Distances[END_REF][START_REF] Mackay | Information Theory, Inference & Learning Algorithms[END_REF][START_REF] Pardo | Statistical Inference Based on Divergence Measures[END_REF][START_REF] Vajda | Theory of Statistical Inference and Information[END_REF], and the field is highly active.

A number of point estimators based on the minimization of a divergence measure have been proposed. Power divergence estimates, based on the divergence [START_REF] Amari | α-divergence is unique, belonging to both f -divergence and Bregman divergence classes[END_REF] and written as M-estimates, are investigated in [START_REF] Basu | Robust and efficient estimation by minimising a density power divergence[END_REF] in terms of consistency, influence function, equivariance, and robustness; see also [START_REF] Basu | Minimum disparity estimation for continuous models: efficiency, distributions and robustness[END_REF][START_REF] Lindsay | Efficiency versus robustness: The case for minimum Hellinger distance and related methods[END_REF][START_REF] Patra | Minimum Hellinger distance estimation with inlier modification[END_REF]. Iteratively reweighted estimating equations for robust minimum distance estimation are proposed in [START_REF] Basu | The iteratively reweighted estimating equation in minimum distance problems[END_REF] whereas a boostrap root search is discussed in [START_REF] Markatou | Weighted likelihood equations with bootstrap root search[END_REF]. Recent investigations of the power divergence estimates include robustness to outliers and a local learning property [START_REF] Eguchi | Entropy and divergence associated with power function and the statistical application[END_REF] and Bahadur efficiency [START_REF] Harremoës | On Bahadur efficiency of power divergence statistics[END_REF]. An application to robust blind source separation is described in [START_REF] Minami | Robust blind source separation by beta divergence[END_REF].

The role of duality when investigating divergence minimization for statistical inference is addressed in [START_REF] Altun | Unifying divergence minimization and statistical inference via convex duality[END_REF][START_REF] Broniatowski | Parametric estimation and tests through divergences and the duality technique[END_REF]; see also [START_REF] Grünwald | Game theory, maximum entropy, minimum discrepancy and robust Bayesian decision theory[END_REF][START_REF] Zhang | Divergence function, duality, and convex analysis[END_REF]. A further investigation of the minimum divergence estimates introduced in [START_REF] Broniatowski | Parametric estimation and tests through divergences and the duality technique[END_REF] can be found in [START_REF] Toma | Dual divergence estimators and tests: robustness results[END_REF], which addresses the issues of influence function, asymptotic relative efficiency, and empirical performances. See also [START_REF] Pelletier | Inference in φ-families of distributions[END_REF] for another investigation.

A comparison of density-based minimum divergence estimates is presented in [START_REF] Jones | A comparison of related density-based minimum divergence estimators[END_REF]. A recent comparative study of four types of minimum divergence estimates is reported in [START_REF] Broniatowski | Several applications of divergence criteria in continuous families[END_REF], in terms of consistency and influence curves: this includes the power divergence estimates [START_REF] Basu | Robust and efficient estimation by minimising a density power divergence[END_REF], the so-called power superdivergence estimates [START_REF] Broniatowski | Minimization of ϕ-divergences on sets of signed measures[END_REF][START_REF] Liese | On divergences and informations in statistics and information theory[END_REF][START_REF] Vajda | Modifications of divergence criteria for applications in continuous families[END_REF], the power subdivergence estimates [START_REF] Broniatowski | Parametric estimation and tests through divergences and the duality technique[END_REF][START_REF] Vajda | Modifications of divergence criteria for applications in continuous families[END_REF], and the Rényi pseudo-distance estimates [START_REF] Leonenko | Statistical inference for the -entropy and the quadratic Rényi entropy[END_REF][START_REF] Vajda | Modifications of divergence criteria for applications in continuous families[END_REF].

The efficiency of estimates based on a Havrda-Charvát's α-divergence, or equivalently on the Kullback-Leibler divergence with respect to a distorted version of the true density, is investigated in [START_REF] Ferrari | Maximum L q -likelihood estimation[END_REF].

Robust LS estimates with a Kullback-Leibler divergence constraint are introduced and investigated in [START_REF] Levy | Robust least-squares estimation with a relative entropy constraint[END_REF] where a connection with risk-sensitive filtering is established.

Hypothesis testing may also be addressed within such a framework [START_REF] Blahut | Hypothesis testing and information theory[END_REF]. The asymptotic distribution of a generalized entropy functional and the application to hypothesis testing and design of confidence intervals are studied in [START_REF] Esteban | A general class of entropy statistics[END_REF]. The asymptotic distribution of tests statistics built on divergence measures based on entropy functions is derived in [START_REF] Pardo | Statistical Inference Based on Divergence Measures[END_REF][START_REF] Pardo | Divergence measures based on entropy functions and statistical inference[END_REF]. This includes extensions of Burbea-Rao's J-divergences [START_REF] Burbea | On the convexity of higher order Jensen differences based on entropy functions[END_REF][START_REF] Burbea | On the convexity of some divergence measures based on entropy functions[END_REF] and of the Sibson's information radius [START_REF] Sibson | Information radius. Probability Theory and Related Fields[END_REF].

Tests statistics based on entropy or divergence of hypothetical distributions with ML estimated values of the parameter have been recently investigated in [START_REF] Broniatowski | Parametric estimation and tests through divergences and the duality technique[END_REF][START_REF] Broniatowski | On generalized empirical likelihood methods[END_REF][START_REF] Broniatowski | Several applications of divergence criteria in continuous families[END_REF]. Robustness properties of these tests are proven in [START_REF] Toma | Dual divergence estimators and tests: robustness results[END_REF]. The issue of which f -divergence should be used for testing goodness of fit is to be studied with the aid of the results in [START_REF] Harremoës | Joint range of f -divergences[END_REF][START_REF] Harremoës | On pairs of f -divergences and their joint range[END_REF].

Maximum entropy, minimum divergence and Bayesian decision theory are investigated in [START_REF] Grünwald | Game theory, maximum entropy, minimum discrepancy and robust Bayesian decision theory[END_REF] using the equilibrium theory of zero-sum games. Maximizing entropy is shown to be dual of minimizing worst-case expected loss. An extension to arbitrary decision problems and loss functions is provided, maximizing entropy is shown to be identical to minimizing a divergence between distributions, and a generalized redundancy-capacity theorem is proven. The existence of an equilibrium in the game is rephrased as a Pythagorean property of the related divergence.

Other learning criteria have been investigated in specific contexts. Whereas minimizing the Kullback-Leibler divergence (ML learning) turns out to be difficult and/or slow to compute with MCMC methods for complex high dimensional distributions, contrastive divergence (CD) learning [START_REF] Hinton | Training products of experts by minimizing contrastive divergence[END_REF] approximately follows the gradient of the difference of two divergences:

CD n = KL(p 0 , p ) -KL(p n , p ) (16) 
and provides estimates with typically small bias. Fast CD learning can thus be used to get close to the ML estimate, and then slow ML learning helps refining the CD estimate [START_REF] Carreira-Perpiñán | On contrastive divergence learning[END_REF][START_REF] Mnih | Learning nonlinear constraints with contrastive backpropagation[END_REF]. The convergence properties of contrastive divergence learning are analysed in [START_REF] Sutskever | On the convergence properties of contrastive divergence[END_REF].

On the other hand, score matching consists in minimizing the expected square distance between the model score function and the data score function:

J(θ) = 1/2 ξ∈R n p x (ξ) ψ θ (ξ) -ψ x (ξ) 2 dξ with ψ θ (ξ) ∆ = ∇ ξ ln p θ (ξ) and ψ x (•) ∆ = ∇ ξ ln p x (•)
. This objective function turns out to be very useful for estimating non-normalized statistical models [START_REF] Hyvärinen | Estimation of non-normalized statistical models by score matching[END_REF][START_REF] Hyvärinen | Some extensions of score matching[END_REF].

Spectral divergence measures

Spectral distance measures for scalar signal processing have been thoroughly investigated in [START_REF] Gray | Distance measures for speech processing[END_REF][START_REF] Gray | Distortion measures for speech processing[END_REF]. Spectral distances between vector Gaussian processes have been studied in [START_REF] Kazakos | On resolution and exponential discrimination between Gaussian stationary vector processes and dynamic models[END_REF][START_REF] Kazakos | Spectral distance measures between continuous-time vector Gaussian processes[END_REF][START_REF] Kazakos | Spectral distance measures between Gaussian processes[END_REF][START_REF] Schweppe | On the Bhattacharyya distance and the divergence between Gaussian processes[END_REF][START_REF] Schweppe | State space evaluation of the Bhattacharyya distance between two Gaussian processes[END_REF]; see also [130][Chap.11] for general stochastic processes.

Kullback-Leibler divergence has been used for approximating Gaussian variables and Gaussian processes and outlining a link with subspace algorithm for system identification [START_REF] Stoorvogel | Approximation problems with the divergence criterion for Gaussian variables and Gaussian processes[END_REF]. A distance based on mutual information for Gaussian processes is investigated in [START_REF] Boets | A mutual information based distance for multivariate Gaussian processes[END_REF].

Kullback-Leibler and/or Hellinger distances have been used for spectral interpolation [49, [START_REF] Georgiou | Relative entropy and the multivariable multidimensional moment problem[END_REF][START_REF] Karlsson | The inverse problem of analytic interpolation with degree constraint and weight selection for control synthesis[END_REF], spectral approximation [START_REF] Ferrante | Hellinger versus Kullback-Leibler multivariable spectrum approximation[END_REF][START_REF] Georgiou | Kullback-Leibler approximation of spectral density functions[END_REF][START_REF] Pavon | On the Georgiou-Lindquist approach to constrained Kullback-Leibler approximation of spectral densities[END_REF], spectral estimation [START_REF] Ramponi | A globally convergent matricial algorithm for multivariate spectral estimation[END_REF], and ARMA modeling [START_REF] Georgiou | A convex optimization approach to ARMA modeling[END_REF].

Differential-geometric structures for prediction and smoothing problems for spectral density functions are introduced in [START_REF] Georgiou | Distances and Riemannian metrics for spectral density functions[END_REF]. This work has been recently pursued in [START_REF] Yu | The Kullback-Leibler rate pseudo-metric for comparing dynamical systems[END_REF] for the comparison of dynamical systems with the aid of the Kullback-Leibler rate pseudo-metric.

An axiomatic approach to metrics for power spectra can be found in [START_REF] Georgiou | Metrics for power spectra: An axiomatic approach[END_REF].

Miscellanea

Information geometry, which investigates information for statistical inference based on differential geometry, has been studied by Csiszár [START_REF] Csiszár | I-divergence geometry of probability distributions and minimization problems[END_REF], Rao [START_REF] Burbea | Entropy differential metric, distance and divergence measures in probability spaces: a unified approach[END_REF][START_REF] Rao | Differential metrics in probability spaces[END_REF], Amari [START_REF] Amari | Differential-Geometrical Methods in Statistics[END_REF][START_REF] Amari | Information geometry on hierarchy of probability distributions[END_REF][START_REF] Amari | Information geometry derived from divergence functions[END_REF][START_REF] Amari | Methods of Information Geometry[END_REF] and Kass [START_REF] Kass | Geometrical Foundations of Asymptotic Inference[END_REF]. A recent book [START_REF] Arwini | Information Geometry -Near Randomness and Near Independence[END_REF] explores neighbourhoods of randomness and independence as well as a number of different applications. The tight connections with algebraic statistics are explored in several chapters of the recent book [START_REF] Gibilisco | Algebraic and Geometric Methods in Statistics[END_REF]. The role of information geometry in asymptotic statistical theory is discussed in [START_REF] Barndorff-Nielsen | The role of differential geometry in statistical theory[END_REF]. The information geometric structure of the generalized empirical likelihood method based on minimum divergence estimates is investigated in [START_REF] Nishimura | The information geometric structure of generalized empirical likelihood estimators[END_REF]. A geometric interpretation of conjugate priors, based on MLE and MAP expressed as Bregman barycenters, is provided in [START_REF] Agarwal | A geometric view of conjugate priors[END_REF].

An introduction to information geometry may be found in [START_REF] Amari | Information geometry and its applications: Convex function and dually flat manifold[END_REF]. Information theoretic inequalities are investigated in [START_REF] Dembo | Information inequalities and concentration of measure[END_REF][START_REF] Dembo | Information theoretic inequalities[END_REF][START_REF] Johnson | Fisher information inequalities and the central limit theorem[END_REF][START_REF] Kagan | Some inequalities related to the Stam inequality[END_REF][START_REF] Lutwak | Cramér-Rao and moment-entropy inequalities for Rényi entropy and generalized Fisher information[END_REF]. Inequalities involving fdivergences are studied in [START_REF] Gilardoni | On Pinsker's and Vajda's type inequalities for Csiszár's f -divergences[END_REF][START_REF] Harremoës | Joint range of f -divergences[END_REF][START_REF] Harremoës | On pairs of f -divergences and their joint range[END_REF][START_REF] Topsoe | Some inequalities for information divergence and related measures of discrimination[END_REF].

The axiomatic characterization of information and divergence measures is addressed in [3, 66, 118, 157, 198, 206] [235, chap10]; see also [START_REF] Aczél | Lectures on Functional Equations and Their Applications[END_REF]. Additional references are provided in [START_REF] Basseville | Information: entropies, divergences et moyennes[END_REF]. More recent treatments may be found in [START_REF] Csiszár | Axiomatic characterizations of information measures[END_REF][START_REF] Sander | Measures of information[END_REF] and [START_REF] Georgiou | Metrics for power spectra: An axiomatic approach[END_REF].
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See also[START_REF] Si | Bregman divergence-based regularization for transfer subspace learning[END_REF] for another investigation of regularization.

Note that minimum cross-entropy classification was addressed as an extension of coding by vector quantization in[START_REF] Shore | Minimum cross-entropy pattern classification and cluster analysis[END_REF].Collection des Publications Internes de l'Irisa c IRISA

For which a non-parametric approach to learning ϕ in (3) in the form ϕ(x) = N i=1 βi h(x T i x) with h a strictly convex function R -→ R, is used for distance metric learning.Collection des Publications Internes de l'Irisa c IRISA

In[START_REF] Arimoto | Information measures and capacity of order α for discrete memoryless channels[END_REF], another α-information is used for channel capacity.Collection des Publications Internes de l'Irisa c IRISA