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Abstract

We develop a stochastic analysis for a Gaussian process X with singular covariance
by an intrinsic procedure focusing on several examples such as covariance measure
structure processes, bifractional Brownian motion, processes with stationary increments.
We introduce some new spaces associated with the self-reproducing kernel space and
we define the Paley-Wiener integral of first and second order even when X is only a
square integrable process continuous in L?. If X has stationary increments, we provide
necessary and sufficient conditions so that its paths belong to the self-reproducing kernel
space. We develop Skorohod calculus and its relation with symmetric-Stratonovich type
integrals and two types of Itd’s formula. One of Skorohod type, which works under very
general (even very singular) conditions for the covariance; the second one of symmetric-
Stratonovich type, which works, when the covariance is at least as regular as the one of

a fractional Brownian motion of Hurst index equal to H = i.
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1 Introduction

Classical stochastic calculus is based on Itd’s integral. It operates when the integrator
X is a semimartingale. The present paper concerns some specific aspects of calculus for
Gaussian non-semimartingales, with some considerations about Paley-Wiener integrals for
non Gaussian processes. Physical modeling, hydrology, telecommunications, economics and
finance has generated the necessity to make stochastic calculus with respect to more general
processes than semimartingales. In the family of Gaussian processes, the most adopted and
celebrated example is of course Brownian motion. In this paper we will consider Brownian
motion B (and the processes having the same type of path regularity) as the frontier of two
large classes of processes: those whose path regularity is more regular than B and those
whose path regularity is more singular than B. It is well-known that B is a finite quadratic
variation process in the sense of [[[3] or [0}, [f1]]. Its quadratic variation process is given by
[B]; = t. If we have a superficial look to path regularity, we can macroscopically distinguish

three classes.
1. Processes X which are more regular than Brownian motion B are such that [X] = 0.
2. Processes X which are as regular as B are finite non-zero quadratic variation processes.

3. Processes X which are more singular than B are processes which do not admit a

quadratic variation.

Examples of processes X summarizing previous classification are given by the so called
fractional Brownian motions B with Hurst index 0 < H < 1. If H > % (resp. H =
%, H < %), B belongs to class 1. (resp. 2., 3.).
Calculus with respect to integrators which are not semimartingales is more than thirty-five
years old, but a real activity acceleration was produced since the mid-eighties. A significant
starting lecture note in this framework is [P4]: well-written lecture articles from H. Kuo, D.
Nualart, D. Ocone constitute excellent pedagogical articles on Wiener analysis (Malliavin
calculus, white noise calculus) and its application to anticipative calculus via Skorohod
integrals.

Since then, a huge amount of papers have been produced, and it is impossible to
list them here, so we will essentially quote monographs.

There are two mainly techniques for studying non-semimartingales integrators.



e Wiener analysis, as we mentioned before. It is based on the so-called Skorohod integral
(or divergence operator); it allows to “integrate” anticipative integrands with respect
to various Gaussian processes. We quote for instance [BJ], [}, [E7, B1], for Malliavin
calculus and [[[7, [l§] for white noise calculus. In principle, Malliavin calculus can
be abstractly implemented on any Wiener space generated by any Gaussian process
X, see for instance [[fJ], but in the general abstract framework, integrands may live
in some abstract spaces. In most of the present literature about Malliavin-Skorohod
calculus, integrands are supposed to live in a space L which is isomorphic to the
self-reproducing kernel space. One condition for an integrand Y to belong to the
classical domain of the divergence operator is that its paths belong a.s. to L. More
recent papers as [}, B3] allow integrands to live outside the classical domain of the
divergence operator. Some activity about Skorohod integration was also performed

in the framework of Poisson measures integrators, see e.g. [[[].

e Pathwise and quasi-pathwise related techniques, as rough paths techniques [P9], regu-
larization (see for instance [BY, iJ]) or discretization techniques [LJ], but also fractional
integrals techniques [Bd, bl and also [R] for connections between rough paths and

fractional calculus.

This paper is the continuation of [R5, which focused on the processes belonging to categories
1. and 2. Here we are mainly interested in processes of category 3. We develop some intrinsic
stochastic analysis with respect to those processes. The qualification intrinsic is related to
the fact that in opposition to [fl, f, B, BJ], where there is no underlying Wiener process. We
formulate a class of general assumptions Assumptions (A), (B), (C(v)), (D) under which the
calculus runs. Many properties hold only under the two three first hypotheses. Sometimes,
however, we also make use of a supplementary assumption that we believe to be technical,
i.e.

Xe=Xp, t>T. (1.1)

In some more specific situations, we also introduce Hypothesis (.35) which intervenes for
instance to guarantee, that X itself belongs to the classical domain of the divergence op-
erator. At Section p.1] we also define a suitable Hilbert space Ly for integrand processes,
which is related to self-reproducing kernel space. We describe the content of Ly in many
situations. We implement the analysis and we verify the assumptions in the following ex-
amples: the case when the process X is defined through a kernel integration with respect to

a Wiener process, the case of processes with a covariance measure structure, the processes



with stationary increments, the case of bifractional Brownian motion. We provide a stochas-
tic analysis framework starting from Paley-Wiener integral for second order processes. The
Wiener integral with respect to the subclass of processes with stationary increments was
studied with different techniques in [RZ. In our paper, we also define the notion to a mul-
tiple Paley-Wiener integral, involving independent processes X1!,---, X™. If n = 2 those
integrals have a natural relation with the notion of Lévy’s area in rough path theory.

Starting from Section [], we concentrate on Malliavin-Skorohod calculus, with It&’s
type formulae and connections with symmetric-Stratonovich integrals via regularization.
Calculus via regularizations was started by F. Russo and P. Vallois [B§ developing a regu-
larization procedure, whose philosophy is similar to the discretization. They introduced a
forward (generalizing 1t0) integral, and the symmetric (generalizing Stratonovich) integral.

As we said, in the first six sections, we redefine a Paley-Wiener type integral with
respect to an L?-continuous square integrable process. We aim at showing some interesting
features and difficulties, which are encountered if one wants to define the integral in a
natural function space avoiding distributions.

This allows in particular, but not only, to settle the basis of Malliavin-Skorohod
calculus for Gaussian processes with singular covariance.

As we said, Malliavin calculus, according to [4]], can be developed abstractly for
any Gaussian process X = (X¢);c(o,77- The Malliavin derivation can be naturally defined
on a general Gaussian abstract Wiener space. A Skorohod integral (or divergence) can also
be defined as the adjoint of the Malliavin derivative.

The crucial ingredient is the canonical Hilbert space H (called also, improperly, by
some authors reproducing kernel Hilbert space) of the Gaussian process X which is defined
as the closure of the linear space generated by the indicator functions {1} 4, € [0, T} with

respect to the scalar product
(Ljo.0, 1jo,s)) 7 = R(t, ), (1.2)

where R denotes the covariance of X. Nevertheless, this calculus remains more or less
abstract if the structure of the elements of the Hilbert space is not known. When we say
abstract, we refer to the fact that, for example, it is difficult to characterize the processes
which are integrable with respect to X, or to establish It6 formulae.

In this paper, as we have anticipated, we formulate some natural assumptions (A),
(B), (C(v)), (D), that the underlying process has to fulfill, which let us efficiently define a

Skorohod intrinsic calculus and It6 formulae, when integrators belong to categories 2. and



3. In particular, Assumption (D) truly translates the singular character of the covariance.

We link Skorohod integral with integrals via regularization (so of almost pathwise
type) similarly to [RF], where the connection was established with forward integrals. We
recall that the process X is forward integrable (in symbols [; Xd~ X exists) if and only if X
has a finite quadratic variation, see for instance L or [[Lg]. Therefore if X is a fractional
Brownian motion with Hurst index H, the forward integral fo Xd~ X exists if and only
if H > %; on the other hand the symmetric integral fo Xd°X always exists. Since we
are mainly interested in singular covariance processes (category 3.), which are not of finite
quadratic variation, Skorohod type integrals will be linked with the symmetric integrals.

As we have mentioned before, a particular case was deeply analyzed in the literature.
We refer here to the situation when the covariance R can be explicitly written as

tAs
R(t,s) = K(t,u)K(s,u)du,
0

where K (t,s),0 < s <t < T, is a deterministic kernel satisfying some regularity conditions.

Enlarging, if needed, our probability space, we can express the process X as

X, = /0 K(t, 5)dWW,, (1.3)

where (Wt)te[o,T] is a standard Wiener process and the above integral is understood in the
Wiener sense. In this case, more concrete results can be proved, see [}, fl, B3. In this
framework the underlying Wiener process (W;) is strongly used for developing anticipating
calculus.

For illustration, we come back to the case, when X is a fractional Brownian motion
BH and H is the Hurst index. The process BY admits the Wiener integral representation
([.3) and the kernel K together with the space H can be characterized by the mean of
fractional integrals and derivatives, see [B, B, [[4, 6, B, ]l among others. As a consequence,
one can prove for any H > i (to guarantee that B is in the domain of the divergence),

the following It6’s formula:

FB) = f(0) + /Ot f(BE)sBE + H/Ot FI(BH) 2L g5,

[BZ puts emphasis on the case K(t,s) = g(t — s), when the variance scale of the
process is as general as possible, including logarithmic scales.
In section f], we establish some connections between the “kernel approach” discussed

in the literature and the ”covariance intrinsic approach” studied here.



As we mentioned, if the deterministic kernel K in the representation ([L.J) is not ex-
plicitly known, then the Malliavin calculus with respect to the Gaussian process X remains
in an abstract form and there are of course many situations when this kernel is not explicitly
known. As a typical example, we have in mind the case of the bifractional Brownian motion
(BFBM) B™X where H €)0,1[, K €]0,1]; a kernel representation is known in a particular
case, but with respect to a space-time white noise: in fact the solution F(t) = u(t,z) of a
classical stochastic heat equation driven by a white noise with zero initial condition, is dis-
tributed as B for any fixed z, see [[4]. Another interesting representation is provided by
[B7], which shows the existence of real constants c;, ¢z and an absolutely continuous process
X (H, K) independent of B?X | such that c; BY* + ¢y X (H, K) is distributed as a fractional
Brownian motion with parameter H K. In spite of those considerations, finding a kernel K,
such that BtH’K = fg K(t,s)dWs, is still an open problem. Bifractional Brownian motion
was introduced in [[9] and a quasi-pathwise type of regularization ([iJ]) type approach to
stochastic calculus was provided in [B7]. It is possible for instance to obtain an It6 formula

of the Stratonovich type (see [B7]), i.e.
t
FBIN) = 0)+ [ FBE B (1.4)
0

for any parameters H € (0,1) and K € (0,1] such that HK > %. An interesting property
of BH-K consists in the expression of its quadratic variation, defined as usual, as a limit of

Riemann sums, or in the sense of regularization. The following properties hold true.

e If 2HK > 1, then the quadratic variation of B is zero and B belongs to category
1.

e If 2HK < 1 then the quadratic variation of B does not exist and B”-¥ belongs to
category 3.

e If 2HK = 1 then the quadratic variation of Bf:X at time ¢ is equal to 2!~ %t and B#K
belongs to category 2.

The last property is remarkable; indeed, for HK = % we have a Gaussian process which
has the same quadratic variation as the Brownian motion. Moreover, the processes is not a
semimartingale (except for the case K =1 and H = %), it is self-similar, has no stationary
increments.

Motivated by the consideration above, one developed in [Bf a Malliavin-Skorohod

calculus with respect to Gaussian processes X having a covariance measure structure in



sense that the covariance is the distribution function of a (possibly signed) measure pp on
B([0,T]?). We denote by D; the diagonal set

{(s,8)ls € 0,1}

The processes having a covariance measure structure belong to the category 1. (resp. 2.),
i.e. they are more regular than Brownian motion (resp. as regular as Brownian motion)
if pp restricted to the diagonal Dp vanishes (resp. does not vanish). In particular, it was
shown that in this case X is a finite quadratic variation process and [X|; = pu(D;). This
paper continues the spirit of [2], but it concentrates on the case when X is less regular or
equal than Brownian motion.

A significant paper, is [BH], which establishes a Ité-Stratonovich (of quasi-pathwise
type, in the discretization spirit) for processes belonging to class 3., i.e. less regular than
Brownian motion. In particular, the paper rediscovers Itd’s formula of [B7 for B#:X | if
HK > %; for this purpose the authors implement innovating Malliavin calculus techniques.
Their main objective was however not to obtain a Skorohod type calculus, but more to use

some Malliavin calculus ideas to recover pathwise type techniques.

In this paper, for simplicity of notations and without restriction of generality, we
consider processes indexed by the whole first quarter of the completed plane R? = [0, 0o]?.
In particular we suppose that X is a continuous process in L2, such that limg_,oc X, ex-
ists, and it is denoted X, and under some circumstances we suppose even ([L.1). Let
R(s1,82), 81,82 € [0,00] be the covariance function of X. As we said, we introduce a class
of natural assumptions which have to be fulfilled in most of the results in order to get an
efficient Skorohod calculus.

The processes of class 2. and 3., so essentially less regular than Brownian motion, will fulfill

the following:
e R(ds,00) is a non-negative real measure.

e If D is the first diagonal of RZ, the Schwartz distribution 92, , R restricted to R2 \D

51,52

is a non-positive o-finite measure.

This will constitute the convenient Assumption (D).
The basic space of integrands for which Paley-Wiener integral is defined is Lr. This

space, under Assumption (D), plays the role of self-reproducing kernel space. A necessary



condition for the process X itself to be in the natural domain (Domd) of the divergence
operator is that it belongs a.s. to Lg. Following the ideas of [}, B3] one defines for our
general class of processes an extended domain called Dom™*d which allows to proceed when
X does not always belong a.s. to Lp.

Other products of this paper are the following.

e We define a corresponding appropriate Paley-Wiener integral with respect to second
order processes in Section [J. In particular, see Section .17, we extend some signif-
icant considerations of [Bf] made in the context of fractional Brownian motion; [Bd]
illustrates that the natural space where Wiener integral is defined, is complete if the

Hurst index is smaller or equal to %

e The link between symmetric and Skorohod integrals, see Theorem [[3.7, is given by

suitable trace of Malliavin derivative of the process.

e If the process X is continuous, Gaussian and has stationary increments, we provide

necessary and sufficient conditions such that the paths of X belong to Lg, see Corol-

lary [6.29.

o We establish an It6 type formula for Skorohod integrals for very singular covariation
when the underlying process X is quite general, continuing the work of [§] and [BJ].
This is done in Proposition [[1.7: if f € C* with bounded derivatives

F00) = 1%+ [ P08+ 5 [ FOxn) (1.5

where 7(t) is the variance of X;.
We recall that if X is a bifractional Brownian motion with indexes H, K such that
HK = 3, then y(t) = t and so equation ([[§) looks very similar to the one related to

classical Wiener process.

Formula ([[.§) implies the corresponding formula with respect to the symmetric inte-

gral, see Corollary [[3.7, i.e.

£ = 70 + | X)X,

We organize our paper as follows. After some preliminaries stated at Section [, we

introduce the basic assumptions (A), (B), (C) (or only its restricted version (C(v))), (D)



in Section [ followed by the motivating examples in Section [], including the case when
the process has a covariance measure structure treated in [R§]. Section [ discusses the
link with the case that the process is of the type X; = fg K(t,s)dW; for a suitable kernel
K. At Section | we define the Wiener integral for second order processes together with a
multiorder version; in the same section we discuss some path properties of the underlying
process and the relation with the integrals via regularization. Starting from Section [ until
f, we introduce and discuss the basic notions of Malliavin calculus. At Section we
introduce Skorohod integrals, at Section [[1] we discuss It6 formula in the very singular case.
Section [[ shows that Skorohod integral is truly an extension of Wiener integral. Finally
Section [[J provides the link with integrals via regularization and Ito’s formula with respect

to symmetric integrals.

2 Preliminaries

Let J be a closed set of the type Ry, R™ or R? = [0, 400[x[0, +00[, and k > 1. In this paper
Cee(J) (resp. C2(J),CE(J), Cgol(J), Cy(J)) stands for the set of functions f : J — R which
are infinitely differentiable with compact support (resp. smooth with all bounded partial
derivatives, of class C* with compact support, of class C* such that the partial derivatives
of order smaller or equal to k have polynomial growth, bounded functions).

If g1,92 : R4 — R, we denote g = g1 ® g2, the function g : Ri — R defined by
9(s1,82) = g1(s1)g2(s2)-

Let I be a subset of Ri of the form

I :]al,bl]x]ag,bg]
Given g : Ri — R we will denote
Arg = g(bi,b2) + g(a1,a2) — g(ai, ba) — g(b1, az).

It constitutes the planar increment of g.

Definition 2.1. ¢ : Ri — R will be said to have a bounded planar variation if

n—1

sgp Z ‘A]ti7t¢+1}xltj¢j+ﬂg < 00.
i,j=0

where T ={0=1ty < ...<t, <oo},n>1,ie 7 is a subdivision of Ry. Previous quantity

will be denoted by ||g||po-



If ¢ has bounded planar variation and is vanishing on the axes, then there exists a

signed measure y (difference of two positive measures) such that

g(t1,t2) = x(]0, 1] x]0, t2]). (2.1)

For references, see a slight adaptation of Lemma 2.2 in [R5 and Theorem 12.5 in [f.

Some elementary calculations allow to show the following.

Proposition 2.1. Let g : Ri — R of class C?, g has a bounded planar variation if and

only if
ol = | 1

In particular, if g has compact support, then g has a bounded planar variation.

0%
Ot10ts

'dtldtQ < 00.

Let X = (X¢)i>0, be a zero-mean continuous process in L?(§2) such that Xy = 0 a.s.

For technical reasons we will suppose that

lim X; = X, in L3(Q). (2.2)
t—»00
(B.2) is verified if for instance
X;=Xp, t>T (2.3)

for some T > 0.

We denote by R the covariance function, i.e. such that:
=2
R(s1,s2) = Cov(Xs,, Xs,) = B(Xs, Xy, ), 51,52 € R = [0, 00]2.

In particular R is continuous and vanishes on the axes.

We convene that all the continuous functions on Ry are extended by continuity to
R_. A continuous function f : Ri — R such that f(s) = 0, if s belongs to the axes, will

also be extended by continuity to the whole plane.

In this paper D will denote the diagonal {(,t)|t > 0} of the first plane quarter R2.

Definition 2.2. X is said to have a covariance measure structure if % is a finite

Radon measure i on Ri with compact support. We also say that X has a covariance

measure (4.

10



. 2 L .
A priori g—ﬁ, g—i, azaRSQ are Schwartz distributions. In particular for s = (s1, s2) we

have

R(s1,89) = p([0,51] x [0, s2])

Remark 2.2. The class of processes defined in Definition 2.3 was introduced in [3], where
the parameter set was [0,T], for some T > 0, instead of Ry. Such processes can be easily
extended by continuity to Ry setting Xy = Xp, if t > T. In that case the support of the

measure is [0, T)?.

The present paper constitutes a natural continuation of [@] trying to extend Wiener
integral and Malliavin-Skorohod calculus to a large class of more singular processes.

The covariance approach is an intrinsic way of characterizing square integrable pro-
cesses. These processes include Gaussian processes defined through a kernel, as for instance
B. B

We will see later that a process X; = fg K(t,s)dWs, where (W;);>0 is a classical
Wiener process and K is a deterministic kernel with some regularity, provide examples of
processes with covariance measure structure. Other examples were given in [F].

One relevant object of [P§] was Wiener integral with respect to X. Let ¢ : Ry — R

has locally bounded variation with compact support. We set

/Lde:—/ Xdep.
0 0

If ¢ is a Borel function such that

/ o ® pld]p < oo, (2.4)
RQ

+

then similarly to Section 5 of 2], the Wiener integral fooo wdX can be defined through the

o0 2
E(/ ade) :/ P ® pdp.
0 RZ

Remark 2.3. If ¢ fulfills ([2.]), then the process Z; = fg pdX has again a covariance

measure structure with measure v defined by

isometry property

dv = ¢ ® pdpu.

11



3 Basic assumptions

In this section we formulate a class of fundamental hypotheses, which will be in force for
the present paper.
Assumption (A)

i) Vs € Ry : R(s,dx) is a signed measure,

ii) s — [ |R|(s,dx) is a bounded function.

Remark 3.1. Since R is symmetric, Assumption (A) implies the following.
i)’ Vs € Ry : R(dx,s) is a signed measure,

i)’ s — [7 |R|(dz, s) is a bounded function.

Remark 3.2. Suppose that X has a covariance measure p. For s > 0 we have

x+— R(s,z) = / du.
[0,s]x[0,x]

which is a bounded variation function whose total variation is clearly given by

| iR dn) = [ dlers) < [ dilsnso).
0 [0,8] xR+ R
Hence Assumption (A) is fulfilled.

Assumption (B) We suppose that
O’R
851852

is a Radon measure. In this paper by a Radon measure we mean the difference of two

/Z(dsl, dSQ) = (81, 82)(81 — 82) (3.1)

(positive Radon) measures.

Remark 3.3. i) The right-hand side of (3.1) is well defined being the product if a C™

function and a Schwartz distribution.

ii) If D is the diagonal introduced before in Definition .3, Assumption (B) implies that

9°R
051082

symbolize by d the distance between supp ¢ and D. Setting g(s1,s2) = s1 — S2, since

Sge € C§°(R%\D), we have
/ dn’| <
RZ2 9

restricted to R2\D is a o-finite measure. Indeed, given ¢ € C§°(R2\D), we

1
inf|,>q gl ()

0’R 0’R ®
, @ = g, — =
051059 051052 g

12
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iii) On each compact subset of R2\D, the total variation measure || is absolutely contin-

uous with density ‘7}‘ with respect to |f.

Assumption (C(v)) We suppose the existence of a positive Borel measure v on
R+ such that:

i) R(ds,00) <<,

ii) The marginal measure of the symmetric measure |fi| is absolutely continuous with re-

spect to v.
If Assumption (C(v)) is realized with v(ds) = |R|(ds,o0) then we will simply say that
Assumption (C) is fulfilled.

Proposition 3.4. Suppose that X has a covariance measure structure and p = &?1 ;;2 has

compact support, then Assumption (C(v)) is fulfilled with v being the marginal measure of
[l

Proof: Let f : Ry — R be a bounded non-negative Borel function.

f]R s)|R|(ds, )| < fR+xR+ f(s1)d|p|(s1,82) f]R . Take f being the indi-

cator of a null set related to v.

ii) ‘fRz f(sl)d|ﬂ|(51,52)‘ <k ‘fRz f(sl)d|,u|(51,82)‘ =k [;° fdv, where k is the diameter
¥ ¥
of the compact support of u.

Corollary 3.5. If X has a covariance measure [, which is non-negative and with compact

support, then Assumption (C) is verified.

Proof: This follows because |R|(ds,c0) = R(ds,c0) is the marginal measure of p. [ |

Next proposition is technical but useful.

Proposition 3.6. We suppose Assumptions (A), (B). Let f : Ry — R be a bounded

variation and %—Hé’lder continuous function with compact support. Then

i , Rlsroa)df ()i o) = JRCLTESR s, U160~ o)1 50 (32)

Remark 3.7. The statement holds of course if f is Lipschitz with compact support.

13



Proof: a) We extend R to the whole plane by continuity. We suppose first f €
C§°(R4). Let p be a smooth, real function with compact support and [ p(z)dz = 1. We
set p-(z) = 1p(%), for any £ > 0. The left-hand side of (B-J) can be approximated by

[, Relsrsad o)), (33

where

Re = (p: @ pe) * R.

We remark that R. is smooth and

O Re O2R
B 951055 3.4
051059 (pe ® pe) * ERr . 5.
where we recall that 8?12512 is a distribution. By Fubini’s theorem on the plane, (BJ) gives
0’R.
dsidss.
R2 851682 (81’ S2)f(51)f(82) 51482

Let x. € C*(R) such that x. = 1 for [z] < 1 and x.(z) = 0 for |z| > L + 1. Moreover we
choose € > 0 large enough such that [—%, %] includes the support of f. We have

g 8221?;2 (s1,82) f(51) f(52)x=(51)X=(52)ds1ds2 = %(—11(6) + L(e) + I(e)),
where
1) = [ e (ons2)(F(s1) = 52 Pxelon)xelsa)doads,
B = [ 2 (s 1) el el
I3(e) = . 32211;;2 (s1,52).f (s2)"Xe (51)Xe(52)ds1dso.

Since x. = 1 on suppf, Iz(e) gives

- [Tanren [ an )

0 0
= - /00 ds1(f*x:) (s1) /00 R.(s1,ds2)xe(52) = —(L2,1 + I22)(e),
0 0

where

opl
=
—
™
N—
I
o\
3
QL

51(£2) (s1) /O " Re(srds) (xe — 1)(s2).
512 (s) /O " Re(s1.ds).

W
(Y]
—
(L)
N—
I
o\
3
Q.
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I5 1(¢g) is bounded by

(1)

(81)[00 |Re|(51,ds2). (3.5)

o0
/ d81
0
For each s; > 0, we have

[ R = [ |G )

d82. (36)

Now
OR. ,
Do (s1,82) = [ dyrdyaR(y1,y2)pe(s1 — y1)pL(s2 — y2)
S9 R2
= / dy1pe(s1 — yl)/ R(y1, dy2)p=(s2 — 2).
0 0

Using Fubini’s theorem, (B.f) gives
[ dSz/ dy1pe(s1 — yl)/ R(y1,dy2)pe(s2 — y2)
1 0 0
=/ dy1pe(s1 —yl)/ R(yladw)[ dsape(s2 — y2)-
0 0 1

ﬁ dsap=(s2 — y2) =/1 dsape(s2).

=z Y2

Let M > 0 such that suppf C [-M, M]. Hence (B.5) is bounded by

s [ (] [ [ aseor—on) [T R [T dsapte

s\eY2

< Sup‘(f2)/‘ /OM dy1 /000 |R[(y1, dy2) /:;w) dsap(s2)

because [ p.(y)dy = 1. This is bounded by (I21,1(e) + 2,1,2(¢)) sup ‘ (f2)/‘ with

M 1 o]
I>11(e) =/ dyl/ |R|(y1,dy2)/ dsap(s2),
0 0 (t-w2)t

M ')
Lyiale) = /0 dy, / IR|(y1, dys).

Both expressions above converge to zero because of Assumption (A) ii) and Lebesgue dom-

inated convergence theorem. Hence I3 (g) — 0.
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As far as Iy »(e) is concerned, when € — 0 we get

/0 df?(s1)Re(s1,00 —>/ df?(s1)R(s1,00 / F?(s1)R(ds1,00)

according to Assumption (A) i). Consequently lim._,g I2(e fo 12(s) Since
I5(e) = I3(e), we also have lim._,o I3(e fo f2(s)R(ds oo)
It remains to prove that hmeﬁo L(e ng \D 51) — f(s2))%du(sy,s2). By (B.4),

transferring the convolution against p.® p. to the test functlon, I, (&) becomes the expression

O’R
<851052 (f () f€<82>>2xi<sl>xi<52>> ,
where
;o=
X; = Xe * pe.

This gives
(f2(s1) = f*(s2))?

/ (s, 52) 2= 2 X)X 52),
Rgr S1 — 52

We observe that the functions

95(81732) = S$1—S2 y S1 7é S9
0 ,81 = Sa.

and

g(s1,82) = { s1—82 , 81 7 S2
0 ,81 = So.

are bounded by the square of the %—Hélder norm of f.

Using Lebesgue’s dominated convergence theorem, (B.7) goes to

S — S 2
/ dii(sy, s2) LD = (527 L. dutsrsaston) - rs2)®
R% RZ\D

(81— 82)

This justifies the case f € C§°(R). We consider now the general case. Let p, be a sequence

of mollifiers converging to the Dirac delta function and we set f, = p, * f. Taking into

account previous arguments, identity (B.2) holds for f replaced with f,,. Therefore we have

» R(s1,82)dfn(s1)dfu(s2) = [ fa(s)R(ds,0)

1
2

16

- ‘/ (Fn(s1) = fu(s2))*du(s1, 52).
RZ\D

(3.10)



The total variation of f,, is bounded by a constant times the total variation of f and f, — f
pointwise. So df,, — df weakly and also df,, ® df, — df ® df by use of monotone class
theorem. Since R is continuous and bounded,

lim R(s1,892)dfn(s1)dfn(s2) = /R2 R(s1, s92)df (s1)df (s2).

n—o0 2
R+

Therefore the left-hand side of (B.10) converges to the left-hand side of (B.3). On the other
hand f,,(s1) = fn(s2) —n—eo f(51) — f(s2) for every (s1,s2) € R%. Since i and |R|(ds, 00)
are finite non-atomic measures and because of considerations around (B.§) and (B.9), the

sequence of right-hand sides of (B.10) converges to the right-hand side of (B.3). [ |
Assumption (D)
i) R(ds1,00) is a non-negative, o-finite measure,

.o 92R
ii)
0510
51952 |R2\D

is a non-positive measure.

In the next section, we will expand some examples of processes for which Assumptions (A),
(B), (C) and (D) are fulfilled.

4 Examples

4.1 Processes with covariance measure structure

The first immediate example arises if X has a covariance measure p with compact support,

see Definition P.2. In this case 8?1252 ~ is a measure p. In Remark B.3 we proved that Assump-
tion (A) is satisfied; obviously Assumption (B) is fulfilled and f is absolutely continuous

with respect to u. We recall that D is the diagonal of the first quarter of the plane.

Remark 4.1. i) If u restricted to D vanishes, Assumption (D) cannot be satisfied except if
process X is deterministic. Indeed, suppose that for some a > 0, X, is non-deterministic.

Then, taking f = 1y 4, we have
| f@) fzo)du(zr, w2) = Var(Xa),
R
which is strictly positive. On the other hand previous integral equals

[, f@oreutaa) = w(o.a?) <0
RZ\D

17



i1) However, Assumption (D) is satisfied if supp u C D and R(ds1,00) is positive. In this
case /“Ri\D is even zero. Consider as an example the case of classical Brownian motion

or a martingale.

4.2 Fractional Brownian motion

Let X =B7 0<H <1, H# % be a fractional Brownian motion with Hurst parameter
H stopped at some fixed time T" > 0. Therefore we have X; = X7, t > T'. Its covariance is

1, N N N
R(s1,82) = 5(8%}[ + 5T — |52 — 51
with 5; = s; AT. Now
s1+— R(s1,00) = R(s1,T)

has bounded variation and is even absolutely continuous since

881

8_R(S o) = H[$?H (T — 51)2H71) if sy < T
b 0 if 5y > T.

So Assumption (A) is verified. Assumptions (B) and (C) are fulfilled because

82R(81, 82)
881882
= H(2H — 1)|s1 — 52|2H_11[07T]2(51, s9)sign(s; — s2)ds1dsa,

ﬂ(dsl,dSQ) = (51 — 82)

0’R
381882 RQ\D

= H(QH — 1)’81 — 82‘2H721[07T}2(81,82).

Remark 4.2. In this example R(ds,o0) is non-negative; p is non-positive if and only if
H< % In that case Assumption (D) is fulfilled.

4.3 Bifractional Brownian motion

Suppose that X = BMX is a bifractional Brownian motion with parameters H €]0,1],
K €]0,1] stopped at some fixed time 7' > 0. We recall that B! is a fractional Brownian

motion with Hurst index H. Moreover its covariance function, see [B7] and [Ld], is given by
R(51,82) _ 2—K [(S~12H + S~22H)K _ |S~1 _ S~2|2HK]

again with s; = s; AT.

18



We have,

OR - .
87(81’82) =2HK2™ K [[S%H + s%H]K ! s sy — 5o T E " Lsign(s) — s9) (4.1)
1
for s1,s9 €]0,T[. Hence
O*R
951952 |j0,172\p

=2 N [UH?K(K — 1)(s1" + s3") K 2(s150) 71 + 2HK (2HK — 1)|s1 — 50?5 72] |

Consequently

aR( ) 2HK2~K | (s3H 4 TH)K-1H=1 (T — 50 2HE=1)| i 51 €]0, T

= (81,0) =

951 0 if s> 1T
Moreover

ﬂ(dsl,dSQ)
= 12 (s1, 52)27 1 [4H2K(K — D)(sT + 3K 2 (s152)* 7 (51 — 52)°
—|—2HK(2HK — 1)|51 — 82|2HKd81d82] .

Conclusions

i) Assumptions (A) and (B) are verified. Assumption (C) is verified because R(ds, c0) and
the marginal measure of |fi| are equivalent to Lebesgue measure on ]0,7 and they
vanish on |T,00[. If HK > 1, X has even a covariance measure 4, see [B3], Section
4.4.

ii) Assumption (D) is verified only if HK < i. Indeed, R(ds,00) is non-negative and
%R
051052 Ri\D

is non-positive.

Remark 4.3. If HK = %, then Assumption (D) is verified even if K # 1. In that case

BH:K s not a semimartingale, see [37], Proposition 3. This shows existence of a finite

quadratic variation process which verifies Assumption (D) and it is not a local martingale.
4.4 Processes with weak stationary increments

Definition 4.1. A square (Xt)tzo, such that Xy = 0, is said with weak stationary

increments if for every s, t,7 > 0

CO’[)(XS+7— — X’r; Xt-}—T — XT) = CO’U(XS7 Xt)
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In particular setting Q(t) = Var(X;) we have
Var(Xier — X;) = Q(t), ¥Vt > 0.

In general X does not fulfill the technical assumption (B-g) and therefore we will
work with X, where X; = X;r7. This is no longer a process with weak stationary increments

and its covariance is the following:

$(Q(s1) + Q(s2) — Q(s1 — s2)) 51,82 < T,
i T) - Q(T - >T,51<T
R(s1,0) = ?(Q(Sl) + Q) = QT —s1)) 52 81 < T, (4.2)
3(Q(s2) +Q(T) — QT — 52))  ,52<T,51>T,
Q(T) ,S1,82 > T.
Remark 4.4. Without restriction of generality we will suppose
Qt)=Q(T), t=T (4.3)
so that Q) is bounded and continuous and can be extended to the whole line.
Proposition 4.5. Assumption (A) is verified if Q has bounded variation.
Proof: We have
Q(s2)+Q(T)—Q(T—s2) <T
R(00,53) = 2 = (4.4)
Q T) ;82 > Ta
so that
1
5 dse) — Q(T —d <T
0 ,89 > 1T
(E32), (E4) and (EF) imply the validity of Assumption (A). [ |

Proposition 4.6. We suppose the following.
i) Q is absolutely continuous with derivative Q.

it) Fp(s) :=sQ'(s), s > 0 prolongates to zero by continuity to a bounded variation function,

which is therefore bounded.

Then [i is the finite Radon measure
Lo rp2(s1,82) (—Q'(s1 — s2)dsidsy + F(s1)ds160(dsa) — F(sy — dsy)dsy) .

Moreover Assumption (B) is verified as well as Assumption (C(v)) with v(dsg) = 1jg r((s2)ds2.
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Remark 4.7. i) Fg can be prolongated to R by setting Fo(—s) = Fg(s), s > 0.
ii) In the sense of distributions we have
(Q'(s)s) = Q"(s)s + Q'(s).
Under i), i) is equivalent to saying that Q"(ds) - s is a finite measure.
iii) Consequently for any p;0, Q”h—oo,—p]u[p,-i-oo[ is a finite, signed measure.

Proof (of Proposition [[.§): We will evaluate

2
(o orsa)lsr = s2)¢) (46)

for p € C§°(R?). This gives

0?2 .
/ R(s1,82) =——=—(0(s1,52)(51 — 89))ds1dsy = = (I + Iy — I3),
R} 051052 5
where
/ 031832( @(s1,52)(s1 — s2))ds1dsa,
B / 681632( (51’ 82)(51 - 52))d81d52,
92
/ 81,82 831882( (51,52)(51 —52))d51d52,
where

Q(s1 —s2) 51,82 < T,

QT —s1) ,89>T,s1<T,

QT —s3) ,s1>T,s9<T,
0 ,S81,82 > T.

Q(s1,82) =

First we evaluate I3. Using assumption i) it is clear that for every so > 0, s1 — Q(sl, S9) is
absolutely continuous. Similarly, for every s; > 0, so — Q(sl, s9) has the same property.

Therefore integrating by parts we obtain

00 00 a~ o
B= = [T [T g g (el ) (s =)

— /OT ds1 </OT dsyQ'(s1 — 52)8% (¢(s1,52)(s1 — 82))>
b [T ([ 4@ s oo -0 ).

T
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Using Fubini’s theorem we get

T T a
/ dsz/ ds1Q’(s1 — s2) (8— (s1,82)(s1 — s2) + p(s1, 82)>
0 0 51

T
—/ dsoQ'(T — 52)p(T, 52)(T — 53).

0
Therefore

T T T
b _/o d32/0 dsrFg(dsy = s2)p(s,2) + /O dsz {Fo(T — 52)¢(T 52) — Fo(—52)(0. 52)}

T T T
—i—/o dSQ/O ds1Q’ (51 — s2)¢(s1, s2) —/0 dsaQ'(T — 59)p(T, 52)(T — s83).

Consequently

T T
I3 = _/ d52/ dleQ(dsl — s9)p(s1, 52)
0 0

(4.7)

T T T

+/ dSQ/ ds1Q'(s1 — s2)p(s1,82) — / dsaFg(s2)e(0,s2).
0 0 0
Concerning [; we obtain
ds1Q(s1) 5~ (p(s1,82)(s1,82)) 5,00 = = | ds1Q(51) | 5-(s1,0)51 + (51, 0)
0 S1 0 681

(4.8)

o T T
:—/0 dle(sl)di&(w(sl,O)sl):/o Q'(s1)s10(s1,0)dsy :/0 Fg(s1)e(s1,0)dsy.

Concerning I> we obtain

T
_[2 = —/ FQ(SQ)QD(O, 82)d82. (49)
0
Using (£.9), (£.9) and ({.7) it follows
Il + IQ — Ig = FQ(Sl)tp(Sl,O)dsl
Ry
T T
+ / dSQ/ Fo(ds1 — s2)¢(s1,82) — /2 ds1dsap(s1,52)Q (51 — 82).
0 0 R2

This allows to conclude taking into account the fact, by symmetry,
dSlFQ(dsl — 82) = dSQFQ(Sl — d82).

At this point Assumptions (B) and (C(v)) follow directly. [ |
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Corollary 4.8. Under the assumptions of Proposition [[.4, Assumption (D) is verified if Q

is increasing and Q" restricted to |0,T[ is a non-positive measure.
Remark 4.9. Previous Assumption (D) is equivalent to Q increasing and concave.

Proof (of Corollary [.§): By (f£5), R(ds1,0) is a non-negative measure if Q is
increasing. Q" restricted to ]0,00[ is a Radon measure, hence Q' restricted to ]0, 00| is of

locally bounded variation and

0’R
881382 Ri\D

= Q" (s1 — ds2) 1y 2 (51, 52)ds1
and the result follows. [ |

Corollary 4.10. Under the same assumptions as Proposition [[.§, if Q’l}oﬂ > 0 then
Assumption (C) is verified.

Proof: The result follows because in this case v = |R|(oc0,ds) = R(oco,ds) =
5(Q'(s) + Q'(T — )y r(ds. u

Example 4.11. Processes with weak stationary increments (particular cases).

Let (Xt)tzo be a zero-mean second order process with weakly stationary increments. We set
Q(t) = Var(Xy)
We refer again to X; = Xenr.

1. Suppose

Q1) = t2H t<T
S\ T i >T

Then Assumptions (A), (B) and (C) are verified. If H < 1, Assumption (D) is
Fulfilled.

2. We consider a more singular kernel than every fractional scale. We set T = 1.
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Then Assumption (A) is verified since Q) is increasing. Moreover @ is absolutely

continuous with

1\—2 1 _
Q) = (log;) 7 ,0<t<e?
0 L t>e2.

We observe that

(log %)72 0 <t <e?,
0 , t>e 2

and lim 0 Fo(t) = 0. It is not difficult to show that Fg has bounded variation,
therefore Assumption (B) is fulfilled by Proposition [.4. Since Q' >0, on ]0,T[ a.e.,
Assumption (C) is verified because of Corollary [f.10. Finally

-2, —
Q') = —(logH) "t 2[1-2logl] ,0<t<e?
0 , t>e 2

Since Q" is negative, Assumption (D) is fulfilled.

5 Comparison with the kernel approach

We consider a process X continuous in L?(Q2) of the type
t
Xy :/ K(t,s)dWs,t € [0,T], (5.10)
0

where K : Ri — R is a measurable function, such that for every ¢t > 0, fot K2(t,s)ds < .

Remark 5.1. (Xy)c(o,7] is a Gaussian process with covariance

t1/A\t2
R(tl,tQ) = / K(tl,S)K(tQ,S)dS.
0

We extend (X;) to the whole line, setting X; = Xp, t > T, X; =0,t <0 .

We want to investigate here natural, sufficient conditions on K so that X has a
covariance measure structure. We take inspiration from a paper of Alos-Mazet-Nualart [,
which discusses Malliavin calculus with respect to general processes of type (p.1(]). That
paper distinguishes between the regular and singular case.

The aim of this section is precisely to provide some general considerations related

to the approach presented in [f] in relation to ours. In their regular context, we will show
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that the process has covariance measure structure. Concerning their singular case, we will
restrict to the case that K(t,s) = k(t — s), t > s > 0, where k : Ry — R. We will provide
natural conditions so that Assumptions (A) and (B) are verified. We formulate first two
general assumptions on K.

Assumption (K1) For each s > 0, K(dt,s) = K(dt,s)(t — s) is a finite measure.

This implies in particular, for € > 0,

K (dt, 8)1(s4e,00)(t) is a finite measure. (5.11)

Assumption (K2)
esup K(s+¢e,s) — 0.
S

Let T > 0. We extend K to K : Ri — R, so that

K(t,s) ,0<s<t<T,
K(t,s)={ K(T,s) ,0<s<T<t, (5.12)

0 , otherwise.

Let (W4)¢>0 be a standard Brownian motion. Indeed
t
Xy :/ K(t,s)dWs, t € Ry (5.13)
0

extends X by continuity in L?(Q2) from [0,7] to Ry. In the sequel K and X will often be
denoted again by K and X. For processes X defined for ¢ € [0, 7], [f]] introduces two maps
G and G*. Similarly to [B], we define

G : L*[0,T] — L?[0,T]
by .
Go(t) :/0 K(t,s)p(s)ds, t € [0,T].

Let W1(]0,T]) be the space of ¢ € L?([0,7]) absolutely continuous such that ¢/ €
L>([0,T]). We set
G* - Wt ([0,T]) — L?[0,T],
by
Gpls) = KT 0) + [ (o)~ oK),
We remark that G* is well defined because (K1) is verified.
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Remark 5.2. In order to better understand the definition of G*, we consider the following

"reqular” case: for s >0, t — K(t,s), 0 < s <t <T has bounded variation and

sup |K|(dt,s) < oo.
s€[0,T]

Then integration by parts shows that
T
Grol) = [ el (i),
S
since K(s—,s) = 0.

Lemma 5.3. Under Assumptions (K1) and (K2), for ¢ € CA(R.) we have

T T
/ G pdW = o(T)Xp — / Xsdps. (5.14)
0 0

Proof: Let € > 0. Since

T
[ 1ot = et mars) = [ ED=E
< I 1) <

Lebesgue’s dominated convergence theorem gives

T
(G ) (s) = p(s)K(T,s) + lim [ (p(t) —p(s))K(dt,s).

e—0 ste

Integration by parts gives

p(s)K (T ) + lim {(p(T) — () K (T, 8) + (p(s +€) — p(s)) K (s + ¢, 5)}

T
- / o () K (t,s)dt.

st+e
Again Lebesgue’s dominated convergence theorem implies

T
o(T)K(T,s) — / O (K (t,s)dt — gii%(gp(s +e)—(s)K(s+e,s).

Since ¢ € C&, Assumption (K2) says that the limit above is zero. Through stochastic
Fubini’s, the left member of (5.14) gives

T T T
T)/O K(T,S)dWs—/O dtgp’(t)/o dW (s)K(t,s)

T
—10)Xr — [ Xde(s)
0
So the result is proven. |

We leave now the general case and consider one assumption stated in [f].
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Remark 5.4. [A/ considers the following assumption
T
/ |K|(]s,T], 5)%ds < oo, (5.15)
0

which characterizes their "reqular” context. Proposition [5.q below shows that, implies

that X has a covariance measure structure.
Remark 5.5. Under (p.13), assumptions (K1) and (K2) are in particular fulfilled.

Proposition 5.6. Let (Xy)co,7] be a process defined by
t
X, :/ K(t,s)dWs,t € [0,T],
0

where (Wy)i>0 is a classical Wiener process. Then X has a covariance measure structure if

(5.13) is verified.

Proof: We recall that here K (resp. X) is prolongated to R? (resp. R) in conformity
with (b.19) and (f.13). It is enough to show that there is a constant C, such that

0%R
TR - .
'<3t18t2’@>' < Cll¢lloss Voo € CF°(R?)

Let ¢ € C5°(R%). We have
X, :/ K(t,s)dW,, t >0,
0

with -
R(tl,tg) == / K(tl,S)K(tQ,S)dS.
0

Indeed, using Fubini’s, we have

32R 82<p
PR = t1,t t1.to)dtydt
<at18t2’90> /Ri R( 1 2)at 8 (15 2) 1al

(5.16)

K
/ RQ atlatg(tl’tQ) (t17 ) (t27 )dtldtg
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Now K(dt1, s)K (dla, s) is a Radon measure on R% because of Remark .9, According to
[], Theorem 12.5, its total variation is the supremum over s = tg < t; < --- <ty =T, of

N—-1

Z |K (tit1, ) K (tj41,8) + K(ti, s)K (L), s) — K(ti, s)K(tj11,5) — K(tiv1, $)K (L5, 5)]
i,j=0
N-1

> / K(dty,s)K (dts, s)
ij=0 |/ Ttistit 1] Xt t541]

- (/] . ]K\(dt,s)) = |K|(]s, T], 5)*.

Hence (p.16) equals
/ / (p(tl,tQ)K(dtl,S)K(dtz,S)
o Jr2

35 / Kl(dhs) [ Kl(dra.s)
t17t1+1] ]tjvtj+1}

1,7=0

and
O*R o0
¢ )| < el ds|| K (dty, s)K(dt2, s))|lvar < Cll¢]loo-
atlatQ 0
with C' = [ |K[*(]s,T],s)ds and || - |lyar denotes the total variation norm. |

In order to prepare the sequel, we specify % if Xy = fo k(t — s)dWy, where
k : Ry — R has bounded variation, supposed cadlag by convention. So we remain for the

moment in the regular case.
Remark 5.7. a) We prolongate k to k: R — R setting x(t) =0 if t < 0.
b) R(tl,tg) ftl/\tQ (tl — S) (tQ — S dS = fO tl — 8) (tg — S)dS.

¢) If k has bounded variation then kljz oo has bounded variation for any € > 0, which will
constitute Assumption (K1’) below. It is equivalent to Assumption (K1), when the

kernel K is not necessarily homogeneous.

Lemma 5.8. For ¢ € Cg°(R?)

82
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where 1y, 12, I3, 14 are the following Radon measures:
I = k2(0)dt,6(dty — t1),
Iy = K(0)1[,y, o0 (t1)K(dt1 — t2),
I3 = K(0)1p, oo (t2)K(dt2 — t1),

(L4, 6) = /R (e () /O T bty + 5.ty + )ds.

+

K
K

Remark 5.9. If  has bounded variation, Lemma [.§ shows that X has a covariance mea-

sure structure.
In view of the verification of Assumption (B) we have the following result.

Corollary 5.10. Suppose that £(0) = 0, k with bounded variation. Let ¢ € C°(RL). We

have

O’R
<m<t1,t2)(t1 —tz),q§> :/R

Proof (of Lemma [.§): By density arguments we will reduce to the case, where
O=p R, p,E COOO(REL). The left-hand side equals

Ii(dtl)lﬁi(dtg)(tl — tg) /OOO d8¢(t1 + 5,19 + S).

2
+

82 [e's) ) t1\to
/ R(tl, tg)ﬁ(tl, tQ)dtldtQ == / dtl / dtQSD/(tl)'l]Z)/(tQ)/ K(fl — S)I{(tg — S)dS.
]Ri_ 1062 0 0 0

We recall that by convention we extend k to R by setting zero on | — oo, 0[. Hence, by

Fubini’s theorem it equals

/OOO ds /:O dty ' (t1)k(t) — s) /:O W (t2)k(ts — s)dts

= [T as{etomo = [T ottntan - 9} {-viem0) - [Tttt - 0}
=L+ L+ 15+ Iy,

where
= 20 [T A)s = R0 [ dnaldss = s)elon)iea)
I = /000 ¥(s)x(0) / * o(t1)r(dt — s) = /R L P(t)Y(3) 1 s oo (1) A(dly — 5)ds5(0),

+

b= [ | e(s)0lta) g et2)i(dtz — 5)ds(0),

+

Iy = /R plta)b(ta) /0 Mty — s)(dty — 5).

+
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By Fubini’s theorem

I
0\8
Q

S/oo oty + s)k(dty) /OO Y(ta + s)k(dta).
0 0

This concludes the proof. |

We examine now some aspects related to the singular case. It is of course possible to
give sufficient conditions on the kernel K, so that X; = fg K(t,s)dWy fulfills Assumptions
(A) and (B), however these conditions are too technical and not readable.

So we decided to consider the homogeneous case in the sense that K (¢,s) = k(t —s),
k : R — R, where k|g_ = 0. Clearly the minimal assumption, so that X is defined, is
k € L2([0,t]), ¥t > 0. This is equivalent to x € L%(R,).

We formulate first an assumption on k.

Assumption (K1°) k). o[ is with bounded variation for any € > 0.
We recall that this is equivalent to (K1), when K is homogeneous.

Proposition 5.11. Let (X;);>0 be a process defined by
t
X = / K(t — s)dWs, t > 0.
0

We suppose (K1°),(K2) and moreover

a) K has compact support,

o0
sup/ du
s>0.J0

Then Assumption (A) is fulfilled.

b)

/Ou (k(dx)k(s +x —u) — k(s —u))| < oo. (5.17)

Remark 5.12. 1. If we assume (K1’), then k(dx) is a finite measure on |e, o[, so the
left-hand side of ([6.17) is a priori not always finite. Indeed |k|(dz) on [0,00[ is only a
o-finite measure which may be infinite. [ r(dx)(k(s +x —u) — k(s —u)) is evaluated
as

o0

lim k(dz)(k(s +x —u) — k(s — u))

e—0 /.
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2. Assumption (K2) implies here that k(e)e —— 0.

e—0+
Proof (of Proposition f.11): Let o € C§°(R;). We want to show the existence of a
constant C such that, for any s > 0

/0 ~ dea ()R (s, 2)

This would establish the validity of Assumption (A). The left-hand side of (p.1§) is given
by

< Cllalloe- (5.18)

/OOO dra! () /OOO duk(s —u)k(x —u) = /OOO duk(s — u) /uoo dxa()r(z — u)
- /0 " dur(s — ) /0 " dad(z -+ w)i(a)

. ® < d
= lim ; duk(s — u)/5 dr—(a(z +u) — a(u))k(z).

e—0 dx
= ig% OS duk(s —u) {(a(u +e) —au))k(e) — /:O k(dz)(a(r +u) — a(u))}
= ;I_I)I(l) ~; duk(s — ) /€ k(dz)(a(z +u — a(u))) (5.19)

since lim. o/ (g)e = 0 and x € L2([0, s]).

Now (p.19) gives

ii_)n% :o k(dz) /Ooo duk(s —u)(a(r +u) — o(u))
= ?_}n% 600 k(dz) {/xoo duk(s +x — u)o(u) — /OO duk(s — u)a(u)}
~ lim :Oduoz(u)/aum(dx) (s + 2 — u) — / duo(u /OO,@ (5 — u)
-~ Iim :Odua(u)/eum(dx)( k(s + 2 — ) — k(s — w) /Oodua / dz (s — u)
s (@) - b(a),
where
La) = /OOO duo(u) /Ou (da) (k(s + 2 — u) — K(s —u)),
ba) = /O ~ duau) /u " wdn)r(s — ).

We remark that

mmngwmﬂmmﬁw
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because of Cauchy-Schwarz. Moreover

(@) < lall [ du

The right-hand side is bounded because of (f.17). [ |

/u k(dzx)(k(s +x —u) — k(s —u))|.
0

Remark 5.13. We remark that ([5.17) is a quite general assumption. It is for instance
verified if

[e.e] o0
/ \n[(dw)/ |k(x 4+ u) — k(u)|du < oo (5.20)
0 0
In particular, taking x(x) = -3 H >0, (G-20) is always verified.
We go on establishing sufficient conditions so that Assumption (B) is verified.

Proposition 5.14. We suppose again (K1°). In particular |k|var (x) == — [ d|s|(y), 2 > 0
exists. Suppose there is § > 0 with

é
/ |lar (y)dy < 00 (5.21)
0
Then Assumption (B) is fulfilled.

Remark 5.15. If & is monotonous and k(+00) = 0, then (5.21)) is always fulfilled since

|K|var (x) = —K(z), which is square integrable.

Proof (of Proposition p.14): Let ¢ € C§°(R?). We need to show that

< const.||¢||oos (5.22)

2
/R R(tl,mﬁ(@(m,m)(m—tz>>

2
+

where

t1A\t2
R(t1,t2) = / K(t1 — s)k(ta — s)ds.
0

The left-hand side of (.29 is the limit when ¢ — 0 of

2

Rs(tla t2)

. m(@(tl,h)(tl — tg))dtydla, (5.23)
+

where

t1A\t2
R.(t1,t2) = / Ke(th — 8)Re(ta — s)ds,
0

Ke (u) - 1]€,oo[ﬁ(u)7
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ke being of bounded variation. Applying Lemma [.§ and the fact that x.(0) = 0, expression

EZ) gives -
/ Iﬁ:g(dtl)lig(dtg)(tl — tg) / dSLp(tl + s,t9 + 8) (5.24)
R2 0

We set |ke|par(z) =
quantity is bounded by

* d|k|(y). Let M > 0 such that suppy C [0, M]?. Previous

xVe

H(PHOOM2 /R? "‘ie’var(dtl)"‘ie‘var(dtQ)’tl _tQ‘-

+

We have

oo 31
[ Wreloartdtn)licluar(@t2)(t = 12) =2 [ kchar ()] [ il ()02~ ),
R 0 0

+

Integrating by parts, previous expression equals

2/ |K€|var(dt1)/ |K€|var(t2)dt2 :2/ dt2|“€|var(t2)/ |’€€|var(dt1)
0 0 0

t
o0 [e.9] ’
=2 [ dulnf () 2 [ dulnf () (.29
€ e—0 0
which is finite because of Assumption (f.21]). [

6 Definition of the Paley-Wiener integral

6.1 Functional spaces and related properties

The aim of this section is to define a natural class of integrands for the so called Paley-
Wiener integral (or simply Wiener integral). Let X = (X};) be a second order process, i.e.
a square integrable process which is continuous in L?(€2). We suppose moreover Xy = 0
and lim; , X; = Xo in L?(2), as in (BJ). As observed for instance in [PZ], the natural

strategy is to extend the linear map
I:CHRy) — L) (6.1)
defined by I(f):
/ fdX = f(o0 / Xdf. (6.2)

In this section, we introduce a natural Banach space of integrands for which the
Wiener integral is defined trough prolongation of operator I. In the whole section X will

be supposed to verify Assumptions (A), (B) and (C(v)) for some v by default.
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9’R_
Je10c; 1S only

We recall that p = 8381251 ~ restricted to Ri\D is a o-finite measure but

a distribution.

Definition 6.1. We denote by Ly the linear space of Borel functions f : Ry — R, such
that

i) Jo~ fA(s)|Rl(ds, 00) < oo,
i) Jr2\p(f(s1) = f(s2))%dlpl(s1,2) < o0,
where || is the total variation measure of the o-finite measure pu.

Remark 6.1. The integral in ii) equals

[, 1560 = sonpion, ).

+

For f € Li we define

5 = [ PeRso0 ~ 5 [ (Fo0) = Fs2)Pdu(or, ) (63)
I = [ PIRlds.) 45 [ (e = fea)Pdud(srs) 6

Let Hx be the Hilbert subspace of L?(€2) constituted by the closure of I(f), f € CL(Ry).

Remark 6.2. If f € C}(Ry), then (6.3) and Proposition .4 give

00 2
B = £ ([ X)) = [ Rensarsnae) = 111

+

So CHRy) equipped with || - ||3 is isometrically embedded into L?().

Let H be an abstract completion of C(R) with respect to | - |3;. H will be called
7self-reproducing kernel space”. The application I: Col (R4) — Hx uniquely prolongates
to H. If H were a space of functions, the prolongation I would be candidate to be called

Paley-Wiener integral.

Remark 6.3. i) For f € Ly, we have

£l < [If1IRs
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i) || |l and || - || are seminorms on Lr because they derive from the semi-scalar products

Feahn = [ (o) IRIEs. 00+ [ dipl(ss,sa)(F(o1) = Fls2))0(s1) = al2)

+

(f gy = /0 " (f9)(s)R(ds, 00) — /R dpi(s1, 52)(F (1) — F(52))(g(s1) — g(52))

2
+

i) (-, )4 15 a semi-scalar product because it is a bilinear symmetric form; moreover it is
positive definite on C} because (¢, ), = E(I(¢)?).

iv) We remark however that ||f||r = 0 implies in any case f =0 |R|(ds,o0) a.e.

v) Lr/ ~ is naturally equipped with a scalar product inherited by (-, Vg, where f ~ g if
f =g |R|(ds,o0) a.e. and

f(s1) — f(s2) — (g(s1) — g(s2)) =0 |p| a.e. .

In particular
f(s1) = f(s2) = (g9(s1) — g(s2)) = 0 || a.e. .
However it may not be complete.

vi) The linear space of %—Hb'lder continuous functions with compact support S included in

Lp. Indeed, if f belongs to such space then

/ " P(s)|RI(ds, 00) < |12 / " |R|(ds, o)
0 0

Moreover, expression ii) in Definition [6.] is bounded by

B2 /S 51— sald|ul(s1, 52) = K2[al(S x S),

where k is a Holder constant for f.
We denote by Ly the closure of C} onto Ly with respect to || - ||z
Remark 6.4. Lg is a normed linear space (as Lr) which is not necessarily complete.

We repeat that we will not consider the (abstract) completion of C¢ (R;) with respect
to norm || - || excepted if it is identifiable with a concrete space of functions.

Next proposition shows that in many situations Lp is a rich subspace of L.

Proposition 6.5. Suppose the existence of an even function ¢ : R — Ry, such that d|p| is
equivalent to ¢p(x1 — xo)dxidrse. Let f: Ry — R be a bounded Borel function with compact
support with at most countable jumps. Then f € Lp = f € Lg.
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Proof (of Proposition [6.9): Let p : Ry — Ry smooth with [~ p(y)dy = 1. We
set p. = 1p(1), for £ > 0. We show that f is a limit with respect to || - ||z of a sequence of
smooth bounded functions with compact support (which belong to Lg). We consider the

sequence f, : Ry — R defined by
o0 o y
fulw) = [ e =oyin= [ (2= L) ot

Clearly || fulloo < || flloos fn(z) — f(x), for every continuity point x of f. Therefore

/0 T 1fuls) — £()I|RI(ds, 00) —— 0,

n—oo

since |R|(ds,c0) is a non-atomic finite measure. It remains to prove

/R (1) — F(o1) — Fulws) + f(a2))2d]ul (21, 22) — 0. (6.5)

i n—0o0
The left-hand side of (6.5) equals

[ nleran [ [ s (o~ 2) = o) = 1 (02 2) + o]

+

< [, duliesan) [ dupt) [1 (1= 2) = fo) = 1 (22~ 2) + st

2

Last inequality comes from Jensen’s. By Fubini’s the right-hand side of previous expression

equals

| dvotw) [ il [£ (o= L) = o) = £ (22— L) 4 sla)]

where

L) = [ dlulGen) [£ (0= L) = ) = 1 (ma= L) + o)

+

I,(y) is bounded by

zl/R

dridxop(z1 — 22) <f <x1 - _> —f <x2 N _>>2

o,
RQ

+

2
+

(6.7)

dzydzag(zy — m2)(f(21) — f(@))zl
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Setting Z; = x; — £, i = 1,2, in the first integral, (b4) is upper bounded by

2 [ gl —xo)(f(21) — fla2)) darday = 2/11@2 d|pl (21, ) (f (21) — f(22))°.

RZ 2
On the other hand I,, converges pointwise to zero. Lebesgue’s dominated convergence
theorem applied to (f.G) allows to conclude (B.F). [ ]

Remark 6.6. 1) We recall that for instance a cadlag function with compact support is a
bounded function with at most countable jumps.

2) The assumption related to u in the statement of Proposition [6. is for instance verified
if X is a fractional (or bifractional) Brownian motion.

3) If |R|(ds, 00) is absolutely continuous with respect to Lebesgue, it is easy to show that the
statement of Proposition [6.4 holds for every bounded Borel function with compact support

f Ry — R. In particular no jump condition is required.
An easy consequence of the definition of the Lz-norm is the following.
Proposition 6.7. Let g : R — R be a Lipschitz function, f € Lr. Then go f € Lg.

Proof: v(ds) = |R|(ds, c0). Calling k the Lipschitz constant, since |g|(s) < k(1+]s]|)

it follows

[ P + 5 [ dulsnsos) - ol (s2))?
0 R2

e’} 2
<BuR)+ R [P+ [ , Alon 52 51) = 52
= R + K1,

This shows that go f € L. go f is indeed in Lg since, if f,, € C§(Ry) converges to f € Lg,

then performing similar calculations as before, we have

lgo fa—go flz — 0.

By analogous arguments, we obtain the following result.

Proposition 6.8. Let f,g € Lr and bounded. Then fg € Lg.
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Proposition 6.9. Let V : R — R increasing on Ry such that

/R2 V2 (zy — z9)d|p|(x1, 20) < 00 (6.8)

+

Then every Borel function f: R — Ry with compact support such that

|f(z1) = fa2)] < V(21 — 22) (6.9)
belongs to Lg.

Corollary 6.10. FEvery bounded %—Hé’lder continuous function f with compact support be-

longs to L.
Proof of Corollary .10: We apply Proposition p.9 with V(z) = ]w\% [ |

Remark 6.11. i) If V is continuous, condition ([6.9) is equivalent to saying that V is the

continuity modulus of f.
ii) If V is continuous, then f fulfilling 18 continuous.

Proof (of Proposition p.9): It follows the same scheme as the proof of Proposition
b.5. Let f, be as in that proof.

i) fn — [ pointwise and [fn| < || f|lco;
i) [° [fn — fI(s)|R|(ds,00) — 0 because of Lebesgue’s dominated convergence theorem.

iii) (b.9) is again a consequence of Lebesgue’s; (B.6]) still holds with

1) <2 [ dipl@ra)V2ar - a2).

+

Remark 6.12. If X has a covariance measure with compact support, then every bounded
function with compact support belongs to Lr. This follows by Proposition taking V(zx) =
2sup | f|. However the property of compact support will be raised in Proposition [.13.

Proposition 6.13. If X has a covariance measure with compact support, any bounded

function still belongs to L.

Proposition 6.14. Ly is a Hilbert space if Assumption (C) is fulfilled.
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Remark 6.15. Suppose that X has a covariance measure with compact support, with cor-
responding signed measure . We link below the present approach with the one in /@/

1) One alternative approach would be to consider the measure v which was introduced in
[23], Section 5, i.e. the marginal measure of |u|. The space L*(dv) := L*(Ry,dv) was a
natural space, where the Wiener integral could be defined.

2) In this paper || - ||r is the norm which allows to prolongate the Wiener integral operator
I. Point 1) suggests that || -|[r should be somehow related to || -||12(,y. By Cauchy-Schwarz,

we have

[ 1eosldulsns) < [ i)
R 0

+

This shows that the seminorm of L*(dv) is equivalent to || f|| g, where

s = [ P2 etds) + 5 [ (7(o1) = Fs2)Pdlul(s1,52)

2
R+

This looks similarly to || - ||r norm but they could be different. Indeed, we only have

12wy ~ 1 llRo = [ f]]R
which implies that
L*(dv) C Lg. (6.10)

This implies that || - |r will provide a larger space, where the Wiener integral is defined.
3) In particular, if u is non-negative (as for the case X being a fractional Brownian motion

with Hurst index H > % stopped at some time T ), we have

- lle =1 lrw ~ - ll22(aw)-

Consequently by item 2) it follows that Ly = L?(dv).
4) If u is non-negative, then Lr = Ly since C§(R) is dense in L?>(dv), see Lemma 3.8 of

B3/

Proof (of Proposition p.13): This follows by Remark [.1, point 2). Indeed, any bounded

function belongs to L?(dv) because v is finite. [ |

Proof (of Proposition f.14): It is enough to show that Ly is complete. We set x(ds) =
|R|(ds,0). Let (f,) be a Cauchy sequence in Lr. We recall that

an - fm”%% = /O (fn - fm)Q(S)X(dS) + % /Ri |:U’|(d88’ ds?)(gn - gm)z(sla 52)’
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where g,(s1,52) = fa(s1) — fu(s2). Since both integrals are non-negative, the Cauchy
sequence (f,,) is Cauchy in L?(dx) and (g,,) is Cauchy in L?(d|u|). Since L?(dx) is complete,
there is f € L?(dy) being the limit of f, when n — oco. On the other hand, since
L%*(RZ, |p|) is complete, g, converges to some g € L*(R%;d|u).

It remains to show that

g(s1,82) = f(s1) — f(s2) p a.e., s1,s2 > 0.

Since f, — f in L?*(dx), there is a subsequence (n) such that f,, (s) — f(s), for s ¢ N,
where x (V) = 0. Consequently for (s1,s2) € N¢x N¢

fu(s1) = fu(s2) — f(s1) — f(s2). (6.11)

Moreover, obviously if s; = so, (f.11)) holds. Hence for (s1,s2) € (N¢ x N¢)U D,

g(s1,82) = f(s1) — f(s2),

where we recall that D = {(s,s)|s € Ry} is the diagonal. This concludes the proof if we
show that ((N¢ x N¢) U D) is |u|-null.
This set equals
(N® x N°)°n D

and it is included in (N x R4) N D) U ((R+ x N)N D). Since |p| and || are equivalent

outside D¢, it is enough to show that
AI((N % Ry) 1 D) = 0 and [l((Ry. x N) 1 D) = 0.
Previous quantities are bounded by
[Al(N x Ry.), and [f|(Ry x N),

which coincide with the marginal measures of |fi| evaluated on N. Assumption (C) allows

to conclude. [ |

Corollary 6.16. If Assumptions (C), (D) are in force, then Lg is the closure of CL(R)

under || - ||; in particular Lg is a ”self-reproducing kernel space”.

Proof: According to Assumption (D), we have || - |g = || - |x for ¢ € C}(Ry).
According to Proposition Lp is a Hilbert space equipped with || - ||, which is by
definition the closure of C3(R). [ |
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Remark 6.17. 1) We will see that the Paley- Wiener integral can be naturally defined on
space Lp.

2) Corollary is interesting because it shows that a natural space where the Wiener
integral will be defined is complete under Assumptions (A), (B), (C), (D).

3) This result is of the same nature as the one of [B@], which shows that the space, where
its Wiener integral is defined, is also complete with respect to the norm || - ||y when X is
a fractional Brownian motion, with parameter H < % In Section [[.3 we have proved that

Assumptions (A), (B), (C), (D) are indeed fulfilled in that case.

Proposition 6.18. We suppose that Assumption (D) is fulfilled. Then any bounded vari-

ation function with compact support belongs to Lr and

el = B (— s deo)Q. (6.12)

That property does not seem easy to prove in the general case.

Corollary 6.19. We suppose Assumption (D) to be fulfilled. Then every step function
belongs to Lg. In particular, if t >0, 1j94 € Lr
and
.l = B(X?).

Corollary 6.20. Under Assumption (D), if f: Ry — R is a bounded variation function

with compact support, then

/R (f(tl) - f(t2))2d|,u|(7f1,t2) < Q.

2
+
Proof (of Corollary [.20): This follows from Proposition and the fact that
L Rr C E R- [ |

Proof: (of Proposition [f.1§): Let ¢ be a bounded variation function with compact support,
defined on R . Let (p,) be a sequence of mollifiers converging to the Dirac delta function.
We set

Pn = Pn * L.

Since ¢, is smooth with compact support, it belongs to Lr. Now dy,, — dy and

dey @ dpy — dp @ de weakly.
n,m—o0

)
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Since R is continuous it follows that
/2 R(s1,52)den(s1)dpm(s2) — /2 R(s1,s2)dp(s1)dp(s2). (6.13)
RZ RZ

By Remark .3, we have

00 2
loulls = E (— /0 ngon)

= /R2 R(S1,82)d(ﬂn(31)d¢n(32)'

+

Using (b.13), the limit of the right-hand side of (6.14) gives

E(—/Ooongp>2.

(6.14)

Again using (p.13), it follows that

. 2
nv}%rgoo llon — SDmHR =0,

0 (pn) is Cauchy in Lg. Since Lp is complete, there is ¢ € Lr such that
llon — ¥l —— 0.
n—o0

On the other hand ¢, — ¢ R(ds,0) a.e. since R(ds,o0) is a non-atomic measure. By

Lebesgue’s dominated convergence theorem,

nhﬁnolo H(Pn - (PHR(ds,oo) =0.

But we also have

len =l res,) < llon =¥l —— 0.
n—00

By uniqueness of the limit, ¢ = ¥ R(ds,oc0) a.e. and so 1) = ¢ dv a.e. this shows that
¢ € Lg. The limit of the left-hand side in (B.14) gives ||¢[/%, which finally shows (.12). W

A natural question concerns whether the constant function 1 belongs to Lr. The
answer is of course well-known if X has a covariance measure structure with compact
support because of Proposition p.1d. Again it will be also the case if Assumptions (A), (B),
(C) and (D) are fulfilled.
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Proposition 6.21. If Assumptions (C) and (D) are fulfilled, then 1 € L and ||1[j3, =
1% = R(c0,00) = E(XZ,).

Proof: For n € N*, we consider a smooth, decreasing function x[g ) : Ry — [0, 1]
which equals 1 on [0, 7] and zero on [n + 1,00[ and it is bounded by 1. Clearly X[, € Lr

for any n and

e’} 2
IX[0.] = X0m I3 = E </O (X[0,n] — X[o,m])dX>

00 2
:E(— /0 Xd(xm,n]—xm,mp) — I(n,n) + I(m,m) — 20(n, m),

where
/ R(s1,52)dX[0,n)(51)dX[0,m)(52),
R%
-/ R(s1, 52)d(1 — x{o,01) (51)(L = Xfo.))(52).
[n,n+1]x [m,m+1]
We have
inf R(&) <I(n,m) < sup R(¢).
£€[nn+1]x[m,m+1] £e[n,n+1]x[m,m=+1]

Since limg, g,—500 R(s1,52) = R(00, 00), if follows that

I(n,m) ——— R(00,00)

n,m—00
and X|o,n is a Cauchy sequence in [ - [[3. On the other hand x(y,) — 1 pointwise when
n — oo and in particular a.e. with respect to the measure |R|(dt, c0). |

An important question concerns the separability of the Hilbert space Lg.

Proposition 6.22. Suppose the validity of Assumptions (C) and (D). Then the Hilbert

space Ly is separable. Moreover there is an orthonormal basis (ey) in Col of Lg.
Proof: We denote by S the closed linear span {1[0,25],15 > 0} into Lp. We first prove
S=1Lpg (6.15)

a) 1o, Vt > 0 belongs to Lr because of Corollary b.19, so it follows that S C Lg.
b) We prove the converse inclusion. It is enough to show that C}(Ry) C S. Let ¢ € C3(R4)

and consider a sequence of step functions of the type

t) = Z 1[tl7tl+1[(t)80(tl),
l
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which converges pointwise to ¢. Since the total variation of ¢, is bounded by the total
variation of ¢, then ¢, — ¢ weakly. Let (Y;) be a Gaussian process with the same
covariance as X. A consequence of previous observations shows that

/ opdY = —/ Ydp, —— —/ Ydyp as. (6.16)
0 0 0

n— o0

Since Y is a Gaussian process, the sequence in the left-hand side of (p.16) is Cauchy in

L%(92), so () is Cauchy in Lg by Proposition B.18; the result follows because @, € S for
every n. This concludes b) and (p.15).

Since || - |[g = || - ||ln, taking into account the consideration preceding Remark .3
and (6.15), Hx is the closure in L?(Q) of — Iy~ Xdp, ¢ of the type Lig,g, t > 0. Since X is
continuous, Hy (and therefore Lg) is separable. The existence of an orthonormal basis in

C¢(Ry) follows by Gram-Schmidt orthogonalization procedure. [ |

6.2 Path properties of some processes with stationary increments

In this subsection we are interested in expressing necessary and sufficient conditions under
which the paths of Gaussian continuous processes with stationary increments restricted to
any compact intervals, belong to Lr. We have some relatively complete elements of answer.

We reconsider the example treated in Section [£4. Let X be a process with weak,
stationary increments, continuous in L? such that Xy = 0. We denote by Q(t) = Var(X;),
and we consider again X defined by X; = Xt/\T- We recall that without restrictions to
generality, we can suppose Q(t) = Q(T), t > T.

We recall that in Proposition L. we provided conditions so that Assumptions (A)

and (B) are verified, i.e.
Hypothesis 6.23. i) Q is absolutely continuous with derivative Q’,
ii) Fg(s) = sQ'(s), s > 0 prolongates to zero by continuity to a bounded variation function.

In Corollary [.§ we provided conditions so that Assumption (D) is verified. This

gave the following
Hypothesis 6.24. i) Q is non-decreasing,

ii) Q" non-positive o-finite measure.
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Proposition 6.25. We suppose the validity of Hypothesis [6.23. If
Qy)|Q"|(dy) < oo, (6.17)
0+

then almost all paths of X belong to Lp.

Proof: We recall that Hypothesis implies that Q" is a finite Radon measure
on )8, 00| for every § > 0. Hence (p.17) implies that

/0 " QW)@ |(dy) < oo. (6.15)

Since [;°|R|(ds,00)X2 < oo a.s. being |R|(ds,c0) a finite measure, it remains to prove
that

/[ }Q(XS1 — X,,)?|Q"|(dsg — s1)ds; < co. a.s. (6.19)
0,7

To prove (p.19), it is enough to evaluate the expectation of its left-hand side. We get

J

This concludes the proof. |

T S1
|Q"|(ds2 — s1)ds1Q(s1 — s2) = 2/ dSl/ Q(s2)|Q"|(ds2).
2 0 0

T

)

Remark 6.26. If X has a covariance measure structure, then Assumption (B.17) is trivially
verified.

Remark 6.27. 1) Assumption (6.17) implies (6.18) which ensures (B.43) in Proposition
648 Suppose (p1]), if Assumptions (C), (D) are fulfilled, then Proposition says that
a.s. X € Lp.

2) In the sequel we will express necessary conditions.

Proposition 6.28. We suppose X Gaussian and continuous. We suppose again the validity

of Hypotheses [6-23, and the following technical conditions. There are c¢1,c9 > 0, ap < 1,
a9 > 0 such that
Cltal < Q(f) < CQtOQ, (620)

- / QW)Q" (dy) = o (6.21)
0+

then X ¢ Lr a.s.
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Corollary 6.29. Let X be a continuous mean-zero Gaussian process with stationary incre-
ments such that Xo = 0 a.s. Qt) = VarX;. Set Xy = Xinr, t > 0. We suppose Hypotheses

and together with (.20).
Then X € Lp a.s. if and only if

Q(y)|Q"|(dy) < oo.
N

Proof: It follows from Remark and Proposition [6.28, and the fact that Lr C Lg.

Remark 6.30. 1) The importance of Corollary is related to the problem of finding
sufficient and necessary conditions on the paths of a continuous Gaussian process X to
belong to its ”self-reproducing kernel space”.

When it is the case, X belongs to the natural domain of the divergence operator
in Malliavin calculus (Skorohod integral); in the other cases X will be shown to belong the
extended domain Domdé*, see Definition introduced in the spirit of [§, [33].

2) We conjecture that assumption (5.20) and Hypothesis can be omitted, but this would

have considerably complicated the proof.

Proof (of Proposition [6.2§): Since X is continuous, therefore locally bounded, we
observe that .
/ X2|R|(ds,00) < o0 a.s.
0

To prove that X ¢ Lp as., it will be enough to prove that

/ (Xs, — X0,)2|Q"|(dsy — 51) = 00 a.s. (6.22)
R2

+
The left-hand side of () gives
T = 2 " T o 2 "
2 [Cdsy [N - X @) s ) =2 [ [ (X - X (-Q)ds)
0 0 0 0
T

2 [ (-Q)ds)Qs2)2(52), (6.23)
0

where

_ r (X81 B X81—82)2
B(e2) = / AT B

In Lemma below we will show that

[0} T a.s.
(52) —— T as
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S0 a.s. sy — ®(s2) can be extended by continuity to [0,7]. If (B.21)) holds, then (£.29) is
also infinite and so (p.29) is established. It remains to establish the following lemma.

Lemma 6.31. Under the hypotheses of Proposition [6.2§, we have

g 2
Ze = Q(f?)/a ds (Xs — Xs_¢) 6—;0—>T a.s. (6.24)

Proof: 1) We have E(Z.) = T — ¢ and this obviously converges to 7" when ¢ — 0.
In order to prove that the convergence in (.24) holds in L?(Q), it would be enough to show
that

Var(Z:) — 0.
e—0

2) In order to prove the a.s. convergence we will implement the program of [I4], see in

particular Lemma 3.1. This will only be possible because of technical assumption (6.2().

We will show that
Var(Z.) = O (%) . (6.25)

Var(Z:) = O(t"),

Consequently

a=1—a; and (3.1) in [[4] is verified. The upper bound of (p.2(0) allows to show that X
is Holder continuous, by use of Kolmogorov lemma.

3) We prove finally (f.2§). We remark that Q(¢) # 0 for ¢ in a neighbourhood of zero,
otherwise (f.23) cannot be true. We have

Var(Z / dsl/ ds2Cov (X, — Xsy—e)?, (X, —X52,€)2).

It is well-known that given two mean-zero Gaussian random variables £ and 7

Cov(&,1%) = 3Cou(&,n)*.

This, together with the stationary increments property, implies that

Var(Z / dsl/ dsy [Cov (Xeyie — Xoy, X2))2

Since, by Cauchy-Schwarz

Cov (Xsy1e — Xsy, Xe) < Q(e)
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then
3

Var(Z:) = O]

I(e) + O(e),

where T
s1
I(e) = / dsq / dsy (—Cov (X ye — Xop, Xe))7.
0 e

Since Hypothesis holds, Assumption (D) is verified and
—Cov (Xsyte — Xsy, Xe) > 0.

Hence

T Ss1
I(6) < Q) /0 dsy / 05 (2Q(s2) — Q(s2+€) — Q(s2 —€))

<@ [ ds [T ([T @it [T Q).

Using Fubini’s theorem, we obtain

i o ([P0 [ vt [ )
alg ([l [ toms< [ st [t
—st) (/OT dsi {/:E dyQ'(y)(y —¢) +¢ /2:1 dyQ'(y) + /:ﬁ dyQ'(y)(s1 —y + 6)}> :

Performing carefully the calculations, in particular commuting ds; and dy through Fubini’s,

it is possible to show that

I(g) < £ )
—— <0 O——).
@© =29\ qe
Assumption (.20) allows to conclude. |

6.3 Paley-Wiener integral and integrals via regularization
We start introducing the definition of Paley-Wiener integral.

Proposition 6.32. Let g € Lg, then

a0 gdx)2 ~ llgl, (6.26)

Therefore the map g — [;° gdX is continuous with respect to || - ||3.
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Proof: (6.26) follows from Remark .2, The second part of the statement follows

because
gl < llgllr-
|
At this point the map I : C}(Ry) € Lr — L?(Q) defined as ¢ — I(g) admits a linear

continuous extension to L. It will still be denoted by I.

Definition 6.2. Let g € L. We define the Paley- Wiener integral of g with respect to
X denoted by [;° gdX the random variable I(g).

Proposition 6.33. Under Assumptions (C), (D), if ¢ has bounded variation with compact
o0 [e.9]
/ pdX = —/ Xdep. (6.27)
0 0

/ 1[07t]dX — Xt.
0

Proof: By definition, (.27) holds for g € Col. We introduce the same sequence
(¢n) as in the proof of Proposition .18 By (£-2q)

E ( /0 T (on - so)dX>2 = lon — o2

This converges to zero when n — oo as it was shown in the proof of Proposition [6.18. In
the same proof it was established that [ Xdp, — [;~ Xde in L*(1). [ |

support, then

In particular

We recall briefly the notion of integrals via regularization in the spirit of [BY] or [E2. We
propose here a definite type integral.

Definition 6.3. Let Y be a process with paths in L}, (R). We say that the forward (resp.
backward, symmetric) integral of Y with respect to X exists, if the following conditions
hold.

a) For e > 0 small enough the following Lebesgue integral

o Xore — X
I(e,Y,dX) :/ y, e 2
0 9
Xs—X
(resp. / Yisads
0

/ Y s+€_Xs €d)

with the usual condition X5 =0, s <0 exists.

ds
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b) lim. 0 I(e,Y,dX) exists in probability.

The limit above will be denoted by

/ Yd X (resp. / Yd'X, / Yd°X).
0 0 0

Proposition 6.34. Let f : Ry — R cadlag bounded. Suppose the existence of Vi : Ry —
Ry such that

i)
F(52) = F(s0)] < Visa — s1), 51,52 2 0,
ii)
/R2 Vi (s2 = s1)d|pl(s1,52) < o0 (6.28)

+
Then - -
/ fd*X :/ fdX, x¢€{—,+,0}.
0 0

In particular [;° fd*X exists.

Proof: We consider the case x = —, the other cases being similar. The quantity
&0 Xere — X
/ f(s) =22y
0 3
equals
[ee]
/ fa(u)de
0
where
I I
few) == [ fls)ds = - [ f(s+u)ds,
€ U—E€ € —€

with the convention that f is prolongated by zero on R_.
It remains to show that f. — f in Lgr. By Lebesgue’s dominated convergence

theorem and the fact that f is bounded, cadlag and |R|(ds,o0) is non-atomic, we have

/ (fe = )*(s)d|R|(ds, 00) — 0.
0 e—0
It remains to show that

lim [ d|pl(s1,52)((f- = f)(s51) = (f- — f)(s2))* = 0.

e—0 2
Ry
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Indeed

0
(= £)060) = (= Do)l = | [0+ o0) = $600) = (Flo+ 52) = Sl

1

€

0
/ (Fly+ 1) — Fly+52)) — (F(s1) — f(s2)] dy

—&

IN

1 0
210 ) = Flt soldy = 17s0) = flsa)ldy < 2V (s2 = 1),

—€

Since fe — f, (6.2§) and Lebesgue’s dominated convergence theorem allow to conclude.
|

6.4 About some second order Paley-Wiener integral

We introduce now a second order Wiener integral of the type:

h(g) = [ alsr, 520X} X2,
T
where g : Ri — R is a suitable function and X', X? are two independent copies of X.

In fact all the considerations can be extended to Wiener integrals with respect to
n copies X', ..., X" of X, but in order not to introduce technical complications we only
consider the case n = 2. This case will be helpful in section P in order to topologize the
tensor product Lr ® Lg.

We will make use of tensor product spaces in the Hilbert framework. For a complete
information about tensor product spaces and topologies the reader can consult [J]. We
suppose here the validity of Assumption (C). We denote v = |R|(dt,00) as before. If
g =91 ® g2, 91,92 € Lr then we set

I>(g) :/ glXm/ g2dXs. (6.29)
0 0

We remark that g(si,s2) = g1(s1)g2(s2). We denote by Lr ® Lr the algebraic tensor
product space of linear combinations of functions of the type g1 ® g2, 91,92 € Lg.
We define I~127 r as the space of Borel functions g : Ri — R such that

> 1
lolBa= | @t M+ 5 [ dulGsrsllatsr) — o2l <o (630)

+

An easy property which can be established by inspection is given below.
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Lemma 6.35. For g: Ri — R we have

ol = [, vidsuwldss)g?on, s

2

1

+—/ (9(s1.t1) — g(s2.t1) — g(s1,t2) + g(s2,t2))*d|p|(t1, t2)d|p| (s1, 52)
4 Jr2 xm2

3 |t { L 00000 =ttt 2+ [ (o1, = gt )Pl o, 82)}
= [T vtanlo 00+ 5 [ bl )l — gt s
0 R

+
Remark 6.36. We observe that second term of the right-hand side equals

1 2
_/ (Alsy 5]t ,0219) dlpl(t1, t2)d|pl (51, 52),
4 RixRi

where Ay, s,1x)t1,6,19 @8 the planar increment introduced in Section B.

Remark 6.37. 1. The (semi)-norm || - ||2,r derives from an inner product. We have
Fabon= [ 79 (76,0050
1
+§ /]RQ d‘lu"(sh 82) <f(817 ) - f(827 ')79(817 ) - 9(827 )>R
2

2. An analogous expression to Lemma’s statement, can be written for (-, ->27 R instead
of I - ll2.-
3. 1If f = fi® fa, f1,f2 € L then f € Lo If g =61 ® g2, 61,92 € L

(f,9) 0.8 = (f191) g (f2, 92) -

4. Lr ® Ly is included in I~/27R. In particular any linear combination of the type ¢ @ ¢
belong to Lr ® L.

5. Similarly to the proof of Proposition [6.1], taking into account Assumption (C), it is

possible to show that I~127R 18 complete and it is therefore a Hilbert space.

6. Since (-, )y p is a scalar product and because of 3., it follows that || -[|2,r is the Hilbert
tensor norm of L ® Lg. For more information about tensor topologies, see e.g. [{3].
The closure of Lr ® Lr with respect to || -||2,r can be identified with the Hilbert tensor
product space Lr @" Ly; it will be denoted by Ly R.
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7. I~/27R can also be equipped with the scalar product (-, '>2,?—L

D)oyt = /0 " R(ds, 00) (f(5 ), 9(5, )

- /Ri pldsi,ds) (F(s1,7) = F(s2,),9051,7) = 52, )

Remark 6.38. Similar considerations as in Remark can be made for the inner product
SREPTE
1. If f,g are as in 3. of Remark [6.37, then
(fs9) o = (f1,91)3 (f2: 92)5 -
2. We denote by || - ||2,2 the associated norm. Analogous expressions as for Lemma
can be found for || - ||2,%.

3. If Assumption (D) is fulfilled then L can be identified with H and (-, )y, coincides
with (-, '>2,R' The Hilbert tensor product H @" H can be identified with Lo p.

4. [ff S EQ,R then
1fll23¢ < 1 fll2,5-

The double integral application g — I>(g) extends by linearity through (p.29) to
the algebraic tensor product Lr ® Lg.

Proposition 6.39. Ir: Lp ® Lg — L?(Q, F, P) extends continuously to Lo . In partic-

ular for every g € Lo g we have

E (I2(9)*) = llgll3,z-

Proof: Let g € Ly g, 50 g =Y "1 gi1t ® gi2, Yi1»Yi2 € Lr, then

n

E(Ix(9)%) = Z E(I2(gi1 ® gi2)I2(951 ® g52))
ij—=1

= Z E(/ gilXm/ giQdXQ/ gjlXm/ gj2dX2>
: 0 0 0 0

1,7=1

Z E </ gilXm/ gjldX1> E </ gi2dX2/ ngdX2>
0 0 0 0

1,7=1
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using the independence of X! and X?2. Therefore by Remark 1. and bilinearity of the
inner product, it follows

n

E(Iy(9))* = Z (9i1, 951) 44 (Giz> Gj2) 9y
=1

= Z (9i1 ® gi2,9j1 ® gj2)9 3 = lgl3.3 < 1913 &-
ij=1

This allows to conclude the proof of the proposition. |

Remark 6.40. The proof of Proposition allows to establish (as a by product) that for
g € Lo r the double integral is unambiguously defined.

Given g € Lo g, we denote
12(.9) = /RQ 9(51’82)dX;1dX§2’
+

This quantity is called double (Paley-)Wiener integral of g with respect to X! and X2.

We will characterize now some significant functions which belongs to La g.

Lemma 6.41. Suppose that i € Lr for every t >0 and Assumption (C). Then for any
ti,to >0, y1,y2 > 0, h = 1]t1,t2]><}y1,y2] belongs to L27R.

Proof: Since 1y, 4], 1y, o] € Lr, clearly h € Lr ® Lr C Lo g. |

Remark 6.42. 1) If g is a sum of functions of the type g' ® g2, where g*,¢g* : Ry — R
are bounded variation functions with compact support, then g has bounded planar variation.
2) If g is as in item 1) and X', X? are independent copies of X, then
1 7v2 _ 1 32
/ g(tl,tg)dth dth = / thXthg(tl,tQ),
RZ ]0,00[?
where the right-hand side is a Lebesgue integral with respect to the signed measure x such
that
g(t1,t2) = x(]0,1]x]0, 22]).
This follows because of the following reasons.

If g = g1 ® g2, g1, g2 have bounded variation with compact support then
i) Io(g) = [y° qud X! [° g2d X2,
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ii) f]opo[z pdg = f]opo[z ©(s1,52)dg1(s1)dga(s2),
iii) [;°g1dX! = — [ X1dgi(s), because of Proposition [6.33.

A significant proposition characterizing elements of Ly p under Assumption (D) is

the following.

Proposition 6.43. We suppose, that Assumptions (C) and (D) are verified. Moreover we
suppose that h : Ri — R has bounded planar variation. Then h € Lo g.

Remark 6.44. If X; = Xp, t > T then the statement of Proposition holds if h\[oﬂz
has bounded planar variation.

Indeed, by definition of Lo g, if h is prolongated by zero outside [0,T])? denoted by
h, then ||h — h|la.r = 0. In particular h = h Ve @ Voo a.e. since

12l L2 yer2(ve) < 1B = Bll2,R,
where Voo = R(ds, 00).

Proof of Proposition f.43: Let N > 0 and t; := tiv = %, 0 <i < N2, According
to Corollary Lt; xtia]s Lt t,40) belongs to L for any 0 <4,j < N?. We denote

N
WY (s1,82) = D Bltiti) g, 441 (811, 500 (52)-
i,j=0
Of course Y belongs to Lr ® Lr C Lo g.
On the other hand R — h for every continuity point. The total variation of dh”
is bounded by
N2

Z Bty 1] © Lyt t540) Ah]ti,tiﬂlx}twtﬁﬂ
i,j=0

Previous quantity is bounded by ||h||p,. Finally A"V converges weakly to h, by the theory

of two-parameter distribution functions of measures. Therefore, if X' and X? are two

independent copies of X, then

/] . Xy, X, dhN (ty,ty) —— Xy, X, dh(ty,t2) a.s. (6.31)
0,00

N—oo ]0,00[2

By Remark 2), we have

/ (WY — BM) (t1, to)d X} dX] :/ X;X2d (WY = hM) (t1,t0). (6.32)
R 10,00[2

2
+
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By Fubini’s, the fact that X! and X? are independent and (f.39), it follows

2
WW—hMﬁR:E<[)Pmﬂ—thhmmwﬂ&g

- /]0 [+ R(t1, s1)Rt2, 32)d(hN - hM)(t1,t2)d(hN — hM)(S1, 52).

This converges to zero because dh’ @dh™ weakly converges when N, M — oo and (t1, s1, t2, 52)

R(t1,51)R(t2,s2) is a continuous function. Consequently the sequence (hY) is Cauchy in

L27R.
Since Lo g is complete, there is 1 : ]Ri — R € Ly g such that
1KY = llzg —— 0.
N—o00
By definition of || - ||2,r, we have
[N — ¢Hi2(duw)®2 < [|nN — Y||35 — 0, (6.33)

where again

Voo = R(ds, 00).

So there is a subsequence (N},) such that ||V — || — 0 v ® Voo ave.
Since RN — h excepted on a countable quantity of points and e, ® Vs is non-

atomic, then A — h Voo ® Voo a.e. Finally h = 1 vog @ Vo a.e. and therefore
1 =~ l2,m =0

and so h € Lo g. [ |
A side-effect of the proof of Proposition is the following.

Proposition 6.45. If h: Ri — R has bounded planar variation, then

/ h(s1,s2)dX, dX2, = / X! X2 dx(s1,59),
R% 10,00[?

where as usual x(]0, 51]x]0, s2]) = Ajg 511x]0,55) -

Remark 6.46. From Proposition [0.39 and Proposition we obtain

M@R:E</
RQ

+

2
h(s1, SQ)dXs}lng)
(6.34)
= /} [4 R(tl,Sl)R(tQ,SQ)dh(tl,tg)dh(Sl,Sg).
0,00
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Another consequence of Proposition is the following.
Proposition 6.47. We suppose the following.
a) Assumptions (C) and (D);

b) there is 7o > 0 such that

sup / d|p|(ty,t)Var( Xy 4r — Xtgpr) < 00, (6.35)
r€]0,ro] /R?

C) Xt:XT7tZT.

Then, for a € R small enough, h(s,t) = 1jo (11a),1(s) € La,r. Moreover

15,5 = /RQ d(=p)(t t2)Var (X a)e = X va),) +/0 R(ds, 00)Var(X(sta)+)-

+

Proof: We regularize the function A in ¢1. Let p be a smooth function with compact

support on R, p.(z) = %p (%), z € R. We set

Fo(s,t) = /pe(s — 51)Lj0,(t+a)] (51)ds1
R

(6.36)
= /& p(31)ds1 + /0 h R(dt, 00)Var(X,).
Of course we have e
;,; (s)=0(2) = (@) . (6.37)

Since F*¢ is smooth, by Remark and Proposition .43, it follows that F€ € Lo R.
It remains to show that F* — h in Lo g. First of all, we observe that F* — h
pointwise. We need to show that ||[F’® — hljs g — 0 when ¢ — 0. We have

IF* — hllag = L(e) + Ia(e),
where
L(e) = /0 R(dt, 00| F*(, 1) — Lo ey, %

Ix(e) = /R2 dlp|(ty, t2) ||F2(,t1) — F* (-, t2) — (Ljo,(4ya),] — 1[0,(@%)4)”2-

+
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We will first evaluate
1F=(-,)[|% (6.38)

12 (- t1) = F=(, to) [ (6.39)

(/ F%th) :E</ x, 2 d>2

== dsidsyR(s1, 52) [P ;) —-p (Mﬂ

g ]R+ g

(2)-o(2=t00)

= I++(€) - I+*(€’t) - I*Jr(e’t) + 177(6,75),

Now

1F (1)1

where after an easy change of variable, one can easily see that

sup [Ly(¢) + I4— (e, 1) + 14 (g,t)] —= 0
>0 c0

because R(0, s2) = R(s1,0) =0, Vs, s9 > 0. On the other hand

I (et) = > [ dsrdss (s, <w> ) <m>

X € €
_ / d51d5oR ((t + )1 + e81, ( + )1 + £52) p(51)p(52).
R+

By Lebesgue’s dominated convergence theorem,

R(dt, )

h(e) = /R dpls)dp(s2) [R((1+ a) 1 +es1, () +52) = R((E+a), (4 a)4)] =

+

+ J(e),

where lim._,o J(¢) = 0, so

| 1ol R = [T s hRE ) = [ Var(Xa )Rt ),

Similarly, we can show that

| PO ) R 0) 5 [ g iRl o).

e—0
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This implies that lim._,oI1(¢) = 0. Concerning I5(¢), we need to evaluate (6.39). We

observe that

1)~ = B ([ (T o) = 2ot ) as)

([ n () (e )

= K1 (e, t1,t2) = K4 (e, t1,82) — Ky —(e, b1, 12) + K__(e, 11, 12),

where
s1— (ta +a So — (to + a
Ri g g
— (2 — (¢
R?F g 13
— (t — (¢
K_(g,t1,t) = / ds1dsaR(s1, $2)p <M> o <w> ’
Ri g g
s1— (t1+a So — (t1 +a
Ri g g
Consequently
Kii(et1,ta) = /2 dsidszp(s1)p(s2)R((t2 + a)4 +es1, (t2 + a)4 + €52),
R
Ki_(e,t1,t) = /2 dsidsap(si)p(s2)R((ta + a)+ +es1, (t1 + a)+ + £52),
RY
K_ (e t1,t) = /2 dsidsap(si)p(s2)R((t1 + a)+ +es1, (t2 + a)+ + £52),
R
K,,(&tl,tg) = /2 dSldSQp(Sl)p(Sg)R((tl + a)+ +&sq, (tl + CL)Jr + 852).
RY
Hence
[, dulter =) - Pl (6.40)
22
= [ dotsrdp(so) [ | dlul(tnt)
RZ RZ
Cov (X(t2+a)++631 - X(t1+a)++€sl7X(t2+a)++632 - X(t1+a)++682) : (641)

By Fubini’s, Cauchy-Schwarz, choosing the support of p small enough, and taking into
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account hypothesis b) of the statement, previous expression equals

/]RQ d’u’(tlatZ)/O dP(S)VC”" (X(t2+a)++es - X(t1+a)++€s)

+
= A dp(s) AQ d’u’(tlatZ)Var (X(t2+a)++es - X(t1+a)++68) .
+

Lebesgue’s dominated convergence theorem says that previous expression goes to

/2 dlp|(ty, t2)Var (X 4a). — X(ty4a)s)

RY

(6.42)

= /[R Alul(t1,12) 1024011 = Lerrarsl -

+
This shows that
W [ dlp|(tr, ) |F (- t1) — F(, ta) | R

e—0 Ri
equals the right-hand side of (p.49). By similar arguments we can show that

/R2 dlpl(tr,t2) (F=(- 1) = F= (-, t2), Lo,(t14a)s] — L0,(tata)s]) g

2
converges again to the right-hand side of (p.49). This finally shows lim._,o I2(¢) = 0 and
the final result. [ |

An interesting consequence is the following.

Proposition 6.48. We suppose Assumptions (C), (D). Let g € Lo r. Suppose that X
fulfills the following assumption

/2 Var(Xy, — Xy, )d|u|(t1,t2) < oo. (6.43)
R+
Then g(s,-) € Lg, R(ds,0) a.e., s — [ g(s,t)dX; € Lg a.s. and it belongs to
L?(Q; LR). Moreover

J

if X1 is an independent copy distributed as X.

g(s,t)dXtdx, = /0 h < /0 h g(s,t)dXt> ax}. (6.44)

2
+

Corollary 6.49. We suppose Assumptions (C), (D), [6.35) and X; = Xt fort >T.
1) We have s — X4 € Ly a.s. and it belongs to L?(%; Lg).
2) Let X' be an independent copy of X. If h(s1,s2) = i 5,a7(52), then
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/ h(s1, s2)dX} dX,, = / X.dx!l.
R2 0

2
E (/2 h(sl,SQ)dxgldX82> =B (|X||%) - (6.45)
R+

Proof(of Corollary [.49): It is a consequence of Proposition setting g = h,
with @ = 0 and Proposition [5.43. |
Proof (of Proposition [p.4§): The fact that g(s, ) € Lg for R(ds,00) a.e. comes from the
definition of Lo r. Let ¢ € Lr ® Lg of the type ¢V (s,t) = Zfil fi(s)hi(t), fi,hi € Ly

and

lg™ = gll3,r ——— 0. (6.46)
We denote by Z(s) = [y g(s,t)dXy, ZN(s) = OOO gN(s t)dX,. We observe that ZV(s) =
doisy ( fo dXt) fi(s). Clearly ZN € Lgp a.s. The result would follow if we show the

existence of a subsequence (Ny) such that ZV — Z a.s. in Lg. For this it will be enough
to show that
E(|ZN - 2|3 :
(I I7) 5==0
We have indeed

B(12Y - 21) = ([ (2¥ - 270 )

- —E </ (2N = Z)(s1) — (2N - Z)(SQ))QdM(31,32)>
R

:/ R(ds, o0) (/ (gN—g)(s,t)dXt>2

) /R2+ dp(s1, s2)) E (/OOO [(gY = 9)(s1,t) — (g — g)(52,1)] dXt>

2

By Assumption (D) and Corollary [6.39, previous expression equals

/0 " R(ds,00) ||(g" — g)(s. )|

+% /R2 dp(s1,2) || (g™ = 9)(s1,) — (g7 — g)(s2, ')H;

+
= g™ = gl3 - (6.47)
The result follows by (.44). |
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7 Basic considerations on Malliavin calculus

The aim of this paper is to implement Wiener analysis in the case when our basic process
X fulfills Assumptions (A), (B) and (C(v)). In the sequel we will also often suppose the
validity of Assumptions (C), (D). The spirit is still the one of [R] in which the process X was
supposed to have a covariance measure structure but in a much more singular context. The
target of this is the study of a suitable framework of Skorohod calculus with It6 formulae
including the case when the covariance is singular. We also explore the connection with
calculus via regularization.

Let X = (X¢)se[0,00] be an L?-continuous process with continuous paths. For sim-
plicity we suppose Xo = 0. We denote by C*9(R,) the set of continuous functions defined
on R, vanishing at zero with a limit at infinity. As in [2§], we will also suppose that the
law Z of process X on C%9(R, ) has full support, i.e. the probability that X belongs to any
non-empty, open subset of C%°(R, ) is strictly positive. This allows to state the following

result.

Proposition 7.1. We set Qg = CY"O(R,), equipped with its Borel o-algebra and probability
E. We denote by FCp° the linear space of f(l1,...,lm), m € N*, f € C°(R™), l1,... Iy €
Qf. Then FC° is dense into L*(Q, ).

Remark 7.2. i) A reference for this result is [34], Section II.3.

ii) We apply Proposition on the canonical probability space related to a continuous

square integrable process X .

We introduce a technical assumption, which will be verified in the most examples.

1[0,t] € L, Vt>0,1€ Lg. (71)

For instance it is fulfilled if Assumptions (C) and (D) hold or if X has a covariance measure

structure, see Corollary and Proposition [.13.

Remark 7.3. Taking into account (7)), we denote by Lg the linear space of functions
f: Ry — R such that there is f € Lr with

Ft) = (f.10.)4 - (7.2)
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Ly is the classical self-reproducing kernel space appearing in the literature. We equip Ly
with the Hilbert norm inherited from Lg i.e. ||fllz, = |f|r. Therefore f, — f in Lg if
and only if fn — f in Lr. We set 7o = sup;sg /Var(Xy). Since for 0 < s <t,

70 -7 = | (0= [ ax )| < {B0x - X2 H s
and X is continuous in L*(Q). We have the following.
1. If f € Lg, then sup;so | f(1)] < Yool £l < Yool R = ool FlI -
2. Lr C Cp(Ry).

We denote by C'yl the set of smooth and cylindrical random variables of the form

F:f(/ PrdX, . / ¢de> (7.3)

where f € CP(R™), ¢1,...,¢m € C3(R) and fooo ¢;dX,1 < i < m still denotes the Paley-
Wiener integral developed in Section [g.

An important basic consequence of Proposition [/1] for developing Malliavin calculus

is the following.
Theorem 7.4. Cyl is dense into L*(2).

Before entering the proof we make some preliminary considerations. We first suppose
that € coincides with the canonical space Qg and X;(w) = w(t), t > 0, so P = =. In this
case, if f € C}(Ry) (which is an element of Lg), the following Wiener integral

Amﬂﬂ’ / X, (w)df (s ‘/ w(s)df (5)

is pathwise defined.

Lemma 7.5. Letl: Qy —> R be linear and continuous. There is a sequence (gy) in C3(R),

an € R with ([ gndX) (w) + anXoo — L(w), Yw € Qo and so in particular 2 a.s.

Proof: Since [ : 9y — R is linear and continuous, there is a finite signed, Borel

measure £ on R, such that for every h e Qg

I(h) = — /}0 [Ede + h(400)l({+0c0})
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I(X) = — /0 " Xdl+ Xool({+00})

We set

gn(2) = /0 pul — y)g()dy,
o(z) = £([z, oo).

where (p,) is the usual sequence of mollifiers with compact support approaching Dirac delta

function. In particular dg, — ¢|p, weakly. We set

L (h) = — /O T hdgn, an = 0({+00))

so that -
In(X) = / gndX.
0

Since 1,,(h) — — I hdl pointwise, the result follows. [ |

Lemma 7.6. The statement of Theorem holds whenever 2 = Qy, P =E.

Proof: By Proposition [f.]] it is enough to show that any element of F Cye can be
approached by a sequence of random variables in Cyl. Let F' € FCp° given by f(li,..., 1)
as in Proposition [.]. By truncation it is clear that we can reduce to the case, when
f is bounded. Lemma [.J implies that it can be pointwise approximated (so a.s.) by
a sequence of random variables of the type f( fooo ¢odX, ..., fooo dmdX) for ¢9 = 1, and
$1...,6n € C3(Ry). Since f is bounded, the convergence also holds in L?(;Z). [ |

Proof (of Theorem [4): Any r.v. h € L?(2) can be represented through F(X), where
F € L*(,Z). According to Lemma [ there is a sequence of elements of the type

f(foOO oodi, . .. ,fooo Omdi), i(s) = s, po=1,¢1,...,0, € C3(R}), f € C°(R) converging in
L?(9,E) to F. Since Wiener integrals fooo ¢jdX, 1 < j <mn, can be pathwise represented,

then - . . .
f(/o ¢0dX,...,/O ¢de>:f</0 gbodz’,...,/o ¢mdi>

and the general result follows. |

=X
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8 Malliavin derivative and related properties

In this section we suppose again Assumptions (A), (B) and (C(v)). We will suppose from

now on that X is Gaussian. We start with a technical lemma.

Lemma 8.1. Let ¢1,...¢n € CL(Ry) orthogonal with respect to (-, -)3;, not vanishing. Then

then the law of the vector
Vz(/ gbldX,...,/ gbde)
0 0

has full support in the sense that for any non empty open set I of R, P{V € I} > 0.

Proof: Clearly we can reduce the question to the case I = H;-nzl]aj, bil, aj < b;.
Since the random variables fooo ¢dX, ..., fooo ¢mdX are independent, it is enough to write
the proof in the case m =1, ¢ = ¢; € C}(R), ¢ # 0.

Let = be the law of X on Qy. Then

P {/ 6dX e]al,bl[} — = {w € Qliw) Elar, b1}, (8.1)
0
where [(w) = — [ wd@, which is clearly an element of the topological dual Q. Since [ is
continuous,
{w € Y|l(w) €]ay, b1[} (8.2)

is an open subset of {y. Since = has full support, it remains to show that the set (B.3) is
non empty.
It is always possible to find wy € Qg such that I(wgy) # 0. Otherwise the derivative ¢ would

be orthogonal with respect to the L?(R, ) norm to the linear space
{we L2(R4) N C(Ry)|w(0) = 0}

This would not be possible since that space is dense in L?(R, ). Consequently, there exists
A € R such that
l()\u.)Q) = )\l(WQ) G]al, bl[.

It is enough to choose A between l(‘:}o) and l(i’}—lo). Finally Awg belongs to the set defined in

®32. m

For F € Cyl of the form ([[.J), we define

DtF:Z;aif (/OOO ¢1dX,...,/OOO ¢de> bi(t). (8.3)

65



Remark 8.2. Let F' € Cyl. Since ¢; € Lr and 0;f,1 < i < n are bounded, then t —
DiF € Ly a.s. Moreover
E(|DF||3) < .

Consequently DF € L?(); Lg).
Proposition 8.3. Expression ([8.3) does not depend on the explicit form ([7.3).

Proof:  We can of course reduce the problem as follows. Let f : R" — R,
feCrPR), ¢1,...,¢n € C} such that

f(Zy,....Z,) =0,

where Z; = [ ¢;dX. We need to prove that

Z 8kf(Zl, ey Zn)(bk =0 a.s. (84)
k=1

By a classical orthogonalization procedure with respect to the inner product (,-),,, there
is m < n, A= (aij)i<i<n,i1<j<m such that ¢; = Z;n:1 aijvj, ¥1,...1%m being orthogonal.
Writing Y; = [;* ¢;dX, we also have

fn, ..., Y,) =0, (8.5)
with
B m m
fyr,.oyym) = f Zaljyj,...,Zanjyj
j=1 j=1

By usual rules of calculus, (B.4) implies that

SofM, V)b =Y 0k (Zas- ., Zn)dne (8.6)
=1 k=1
(B-3) implies that
Am fZ(yl""’ym)d:uV(yla"'ayn) =0, (87)

where py is the law of (Y7,...,Yy,). Since f is continuous and because of Lemma B, (B7)
implies that f = 0. This finally allows to conclude (B4). |

Before going on, we need to show that D : Cyl — L?(f2) is closable. We observe
first the following property.
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Proposition 8.4. Let F € Cyl, h € Lr. Then

E((DF,h),)=FE (F /OOO th) .
Proof: It is very similar to Lemma 6.7 of [P§] or Lemma 1.1 of [BJ]. [ |
Remark 8.5. Cyl is a vector algebra. Moreover, if F,G € Cyl, then
D(FG) =GDF + FDQG. (8.8)
A consequence of Proposition B.4 and Remark is the following.
Corollary 8.6. Let "G € Cyl, h € Lr. Then
E(G (DF, b))
— BE(~F(DG,h),,) + E(FG /O  hdx),
Finally we can state the following result.
Proposition 8.7. The map D : Cyl — L?*(; Ly) is closable.

Proof: Let F, be a sequence in Cyl such that lim, ,o, F(F?) = 0 and there is
Z € L*(; Lg) such that lim,_, E(|DF, — Z||%) = 0. We need to prove that Z = 0 a.s.
It is enough to show that [|Z||3, = 0 a.s. Since H is separable and C} is dense in H, it is
enough to show that (Z,h),, = 0 a.s. Since Cyl is dense in L?(2), we only have to prove
that
E((Z,h),,G) =0 VG € Cyl.

By Corollary B.f, previous expectation equals

lim E ((DF,,h), G)

n—o0
~ Jim <E(—Fn (DG, h)y) + E <FnG / th>> 0. (8.9)
n o 0
This concludes the proof of the proposition. |

We denote by |D!?| the space constituted by F € L?(£2) such that there is a sequence (F},)
of the form ([.J) verifying the following conditions.

i) F, — F in L%(Q),
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ii) B (|DF, - Z||}) —— 0,

n—o0

for some Z € L?(Q; Lg). In agreement with Proposition B.7, we denote DF = Z.
The set D2 will stand for the vector subspace of L() constituted by functions F such
that there is a sequence (F},) of the form ([.3) with

i) F,, — F in L%*(Q),

ii) E(|DF, — DFy3,) —— 0.

7,1M—+00

Note that [DY2| ¢ DY2. |DY2|, equipped with the scalar product
(F.G)1 5 = E(FG) + E(DF,DG)p)

is a Hilbert space.

From previous definitions we can easily prove the following.

Proposition 8.8. Let (F},) be a sequence in |DY2| (resp. DV2), F € L?(Q2), Y € L*(Q; LR)
such that
E ((Fy = F)* + |DF, = Yll) —— 0.

n—oo

(resp.
E ((Fn = F)* + | D(Fy = Fn)l3) ———0)

m,n—o0
Then F € |DY2| and Y = DF (resp. F € D%2).
Remark 8.9. If Assumption (D) is fulfilled, then |D'2| = DY2 and
(F,G),, = E(FG) + E((DF, DG),,).

Remark 8.10. The notation |DY2| does not have the same meaning as in [B3]. Indeed

| - Iy introduced there is not evactly a norm.

Remark 8.11. By definition of D2 the statement of Corollary [S.§ extends to F,G € D'2.
We have therefore the following

E(G(DF,h),) = E(=F (DG, h),)) + E (FG /OOO th)

for every F,G € DY2, h € Lp.
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Proposition 8.12. Let f : R — R, be absolutely continuous. Let ¢ € Lr. We suppose
that [’ is subexponential.
Then f (fooo quX) € DY? and

D, f < / h ¢dX> Sy ( / N ¢dX> o(1).

Remark 8.13. 1. A function g : R — R is said to be subexponential if there is
7 >0, ¢ >0 with |f(z)| < ce??l, Vo € R™,

2. In particular if f is a polynomial, previous result holds.

Proof (of Proposition B.12) i) We first suppose f € Cg°(R). There is a sequence ¢,
in C¢ such that ||¢ — ¢y,|| —— 0. Clearly
n—o0

(o ([ o) o ([ o))
/Ooo¢ndX s /OOOMX

in L?(Q) and by Lebesgue dominated convergence theorem. On the other hand

Dif (/Ooo %dX) e (/Ow %dX) ou(t), 20,

([ ) ([ ))
<16 - dullZE (f’ ([ ¢dX)2> vr (1 ([Tonax) s ([ ¢dX>>2 lonli%-

This converges to zero by usual integration theory arguments. The result for f € Cp°(R)
follows by Proposition B.§
ii) We suppose now that f’ is subexponential nad let ¢ € Lg. fooo ¢dX is Gaussian zero-

since

SO

mean variable with covariance o = ||¢[|%. In fact it is the limit in L*(Q2) of r.v. of the type
fo ndX, ¢n € CL. We proceed setting fM (f' ANM)V (—M) for M > 0 and

far = (0 /fM
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We also set

futa) = [ oy o =) Fur(w)d.

where p. is a sequence of Gaussian mollifiers converging to the Dirac delta function. It is

easy to show that

/R(fM — [)*(2)py ()dx 0 (8.10)
/]R(f]/” = [ @)ps(z)dz ———0, (8.11)

where p, is the density related to the Gaussian law N (0,0?). (B-I0) implies that

<fM—f)</0°°¢dX>—>o

in L(Q). By point i) of the running proof we have

D, M ( I ¢dX) — (MY ( I ¢dX> o).

(B-11) implies

00 00 2
E HD.fM (/ (bdX) — f </ (bdX)(b — 0.
0 0 M—o0
which together with Proposition clearly gives the result. |

Proposition extends to the case, where f depends on more than one variable.

The proof is a bit more complicated, but it follows the same idea. Therefore we omit it.

Proposition 8.14. Let f : R® — R of class C', with subexponential partial derivatives.
Let ¢1,...,¢, € Lr. Then

f(/oooqaldx,...,/ooo%d)() e D12
D,f (/Oooqsldx,...,/ooo%d)()

=> 0;f <¢1dX, e /OO ¢ndX> o (). (8.12)
j=1 0

and

We establish some immediate properties of the Malliavin derivative.
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Lemma 8.15. Let F € Cyl, G € [DY2|. Then F -G € |DY?| and (5.8) still holds.

Proof: According to the definition of |D'?|, let (G,,) be a sequence in Cyl with the

following properties.

i) B(G, —G)? ——0,

n— o0

ii) E ([;°(Dr(Gn — G))?R|(dr,00)) — 0,

n—oo

iii) £ (faz diul(r1,72)(Dry (Gn = G) = Dyy(Ga = G))2) ——> 0.
Since F' € L*(Q) then FG,, — FG in L?(). Remark B.J implies that
D(FG,) = G,DF + FDG,.

It remains to show ii) and iii) for G, (resp. G) replaced with F'G,. We only check ii),
because iii) follows similarly. If F' is of the type (F.J) then

m
DF =" Zig,
i=1

where ¢; € Lr, Z; € L*°(2). This implies, by subadditivity, that

/OOO |R|(dr, 00)(Dy F)* < 2™ (ZHZ [ / @; (r)| R|(dr, OO)) -

=1

Hence
B ([ iman )G, - 6w,

< B(Gu G _max |7 <2m2/ 2(r)|R|(dr, oo)) — 0

e{1,. n—o0

Moreover, since F' € L*° and taking into account ii)

n—o0

E (/Ooo |R|(dr, c0)(FD,(G,, — G))2> ——0.

Hence ii) is proven for F(G, — G) instead of G,, — G. [ |
A natural question is the following. Does X; belong to D'? for fixed t? The

proposition and corollary below partially answers the question.
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Proposition 8.16. If ¢ € Lg, then [;~ ¢dX € [DY?| and Dy ([~ ¢vdX) = 4(t).

Proof: We consider a sequence (1,,) in C¢(R) such that [[t) — 1, ||r — 0. We
know that fooo YpdX € Cyl. Obviously

o] 2
A I L P T e

On the other hand -
Dr/ YpdX =y (r), r >0,
0

E (HD/OOOwn — P )dX

SO
2

) = [ — ¥l ——— 0.
R n,m—00

Corollary 8.17. If 1, € Lg, then X; € [D"?| and DX, = 1j 4.

Remark 8.18. The conclusion of Corollary holds if Assumptions (C) and (D) hold,
see Corollary [6.19.

9 About vector valued Malliavin-Sobolev spaces

We suppose here the validity of Assumption (C) and we use the notations introduced in
Section p.4. We denote again v(dt) = |R|(dt, oc).
We will first define Cyl(Lp) as the set of smooth cylindrical random elements of the

form

u(t) = Zwl(t)Gl’ teRy,

=1
G, € Cyl, ¥y € CHRy). If u € Cyl(LR), we define

Dou(t) =Y ti(t)DsGy, 5, > 0.
=1

Clearly Du = (Dgu(t)) belongs to Ly g for each underlying w € Q.

Remark 9.1. 1. If u € Cyl(Lg), it is easy to see that a.s. the paths of Du belong to
Lr® Lp.

2. Taking into account Assumption (C), if u € Cyl(Lg), then u(t) € [D%2|.
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3. By analogous arguments as in Proposition[8.7, is is possible to show that D: Cyl(Lr) —
L%(Lo,R) is well-defined and closable. This allows to set Z = Du, called the Malli-

avin derivative of process u.

Similarly to [D%?| we will define |[DY2(Lg)|. We denote |DY2(LR)| the vector space
of random elements u : Q& — Lpg such that there is a sequence (uy,) in Cyl(Lg) and

i) flu—un% — 0 in L2(9Q).
ii) There is Z : Q — Lo g with ||Du,, — Z|la.p — 0 in L?(Q).
We denote Z again by Du.
Remark 9.2. i) Let (uy) be a sequence in [DY2(Lg)|, u € L*(Q; LR), Z € L*(Q; Lagr). If
Tim B (Jlu = wnll + | Dun — Z|3 1) =0,
it is not difficult to show that u € |DY2(Lg)| and

Du = 7.

it) Let uy = (t)G, t > 0; G € D2, ¢ € Ly. Then u € |DY*(Lg)|. Moreover D,u(t) =
Y(t)D,G, r >0 . This follows by point i) and the fact that u can be approzimated by
ul = ()G, where 1, € C} and G, € Cyl.

Remark 9.3. 1. |DY2(Lg)| is a Hilbert space if equipped with the norm || - || associated

with the inner product

(u,v) = E <<u,v>R + <Du, Dv>27R> .
Moreover Cyl(Lg) is dense in |DY2(Lg)|.

2. We convene here that

Du : (s,t) — Dgu(t).

3. If Assumption (D) is fulfilled, it is possible to show that |DY2(Lg)| = DY2(Lg), where
DY2(LR) is constituted by the vector space of random elements u : @ —> Ly such that
there is a sequence (uy) is Cyl(Lg) with the following properties

i) [lu—unllf, —— 0in L*(Q).
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ii) Thereis Z:Q — Lr®" Ly = Lo g with
HDun — ZH27R — 0
n—o0
in L*(Q).
4. If there is a sequence w, verifying points i), ii), then it is not difficult to show that
we DY2(LR). Of course Z = Du.

We focus the attention on some technical point. The derivative D of process (u(t))

may theoretically not be compatible with the family of derivatives of random variables u(t).
Proposition 9.4. Let u € [DY2(Lg)|. Then v(dt) a.e. u(t) € |DY?| and
Dyu(t) = Dyu(t), v@v® P. a.e.

Proof: Since u € |[DY2(LR)|, there is a sequence u,, € Cyl(Lg) such that u, — u
in |DY2(LRg)|. According to (p.3() and Point ii), it follows that

E (/OOO v(dt)|| D.un(t) — f).u(t)H%)) —0.

n—oo

Consequently v(dt) a.e. we have

E (Hf).un(t) - ﬁ.u(t)”%) — 0.

n—oo

By a similar argument, it follows that

oo

lim v(dt)E(u,(t) — u(t))? = 0.

n—0o0 0
We observe that uy,(t) € Cyl for every t > 0. By definition of D on Cyl(Lg), we have
Dy (t) = Duy(t).

Finally the result follows. |

From now on we will not distinguish between D and D.
A delicate point consists in proving that the process X € DV2(Lg). First we state

a lemma.

Lemma 9.5. We suppose Assumption (D). Let g € C' such that there is T > 0 with
g(t)=g(T), t >T. Then g € Lr and for every f € C}

(f,9)r = /R2 f'(51)g' (s2) R(s1, 52)ds1dss. (9.1)
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Proof: We consider a family of functions x™ in C;°(R4) such that x™ =1 on [0, 7]

and X" =0 on [n+ 1,00]. We define g, = gx™. For n,m, n > m, we have

00 2
Lo — gl = E ( [ —gm>dx)

n,Mm—00

=F (/ X81X82d(gn - gm)(sl)d(gn - gm)(82)> ——— 0.
10,00

This shows that g, is Cauchy; g, is also Cauchy in L?(v). Consequently, there is a sub-
sequence (ny) such that g,, — ¢ in L?(dv). Since g, — g pointwise, then g € Lr. By
Remark .3, we recall that (P.1) holds for every f,g € C}. Therefore it holds for f and g,.
Letting n — oo on both sides, the result follows. |

We operate now a restriction on X, supposing the existence of T' > 0 with X; = Xp if
t>T.

Proposition 9.6. We suppose Assumption (D), (6.33) and X; = Xp, t > T. Let f € Lg;

there is ¢ = ¢y € Lr such that

(f, X)p= /000 wdX a.s. (9.2)

Proof: By Lemma P.§, we observe for every f € C3(R), g € C!, constant after

some T' > 0, we observe
Pt == [ dor(s)a(s), (93)
where

pr(s) = /OOO R(s1,5)f (s1)ds;.

Taking into account Assumption (A), ¢ has bounded variation.

The next step will be to prove that

(f, X)p=— /OOO dp(s)Xs,Vf € C3(R). (9.4)

We will set g = X.
1) We denote h(s1,s2) = 1jg s a7](52) and we consider again the approximating sequence
(F?) as in the proof of Proposition p.47. We recall that each F? verify has bounded planar

variation and therefore, belongs to La . We also had
F*—h
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in Ly g. By construction it also converges pointwise.

2) Let X! be an independent copy of X. By isometry of the double Wiener integral, it

follows that
v ( /
®

3) Taking into account Remark and Proposition [.33, we can easily show that

I
where F€ is given in (p.36).
4) By Proposition and item 3), we have

e—0

2
(F=(t1,t2) — h(t1,t2)) dX}, dXt2> —— 0. (9.5)

€

F(t1,t2)d X} dXy, = — / axy / XtQa—(tl,tg)dtg,
0 0 t2

2
+
/2 (F(t1,t2) — h(t1,t2)) dX} dXy, = —/ dX} @°(t1, X),
R2 0

where

<I>€(t1,x) = /OOO dtlx(tg)@(tlﬂb) — x(tl)

oty
= é/o dtaz(t2)p (tl ; t2> — a(t). (9.6)
(B3) gives
E (R (X)*) — 0, (9.7)

e—0

where -
R(z) = / dX} @ (t,z).
0

Taking the conditional expectation with respect to X, we get

E(R(X)?) =E <R€(X)) ,
R(z) = E (R*(2))” = | 2° (-, )|
Therefore there is a sequence (g,,) such that
n 2
125" (- X) R —= 0 a-s.
Setting

‘Xt5 - q)a(VX)v
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we have shown that || X¢ — X||r — 0.

E—
5) By (P.6), obviously X¢ — X pointwise a.s.
6) By (P-3), we have

(f,XVp=— /OOO Xedps(s),Vf € CA(R). (9.8)

Since X¢ — X a.s. in Lr, X® — X pointwise. Lebesgue’s dominated convergence
theorem allows to take the limit, when e — 0 in (P.§). This establishes (0.4).
In order to conclude the validity of (P.2), taking into the isometry property of stochastic
integral, we need to show that the linear operator f —— fooo ppdX from Cd to L*(Q) is
continuous with respect to || - ||r.

Let (f,) be a sequence in C¢ converging to 0 according to the Lg-norm. Corollary
implies that X € L?(Q; L). Cauchy-Schwarz implies that

E (/OOO gpfdxf —E ((fn,X>2R>

< IfalZE (1X1%) —2 0.

n—oo

This concludes the proof of (p.4). |

Proposition 9.7. Under Assumptions (C) and (D) and again (p.33) together with X; =
Xp,t > T, we have
X € DY%(Lg)

and
thth = 1[0,t1/\T} (tZ)

Proof: Let (e,) be an orthonormal basis of Lr = H which is separable by Propo-
sition p.23. By Corollary .49, X € Lg, so
o0
X = ZFiei in H a.s.,
i=1
where

E - <X7 el>’H .

We recall that

B(IX|}) = B ( | rasxi-3 [

1

= /OOO R(ds,00) B(X?) + B /]R2 d(—p)(s1,s2)Var(Xs, — Xs,)

dp(s1, 2)(Xs; — st)2>

2
+
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which is finite by assumption. Since

oo
X103 = > 1B,
=0

taking the expectation we get

iE(Ff) < 0.

i=0
This shows
. o n|2 —
nl;rrgo |X — X"||% =0. (9.9)

It remains to show that the sequence (D (> ;" Fie;))n>0 is Cauchy in Ly p. It is enough to
show

— 0. (9.10)

n—oo

HROH
According to Proposition P.q there is ¢; € Lr such that F; = fooo ¢;dX. Proposition
says that DF; = ¢;. Consequently the left-hand side of (D.10) equals

E (i HDFiH%> =B (é H@H%)

= Zn:E(Ff) ——0, (9.11)

where the last equality is explained by Proposition [.33.
It remains to show that
DtlFtQ = h(tlat2)a

with h(t1,t2) = 1jo, 1) (t2). We observe that

n

n
DX"=3% e@DF =) ¢®¢,

=1 i—1
so that
. 2
IDX" <l = [ R(dt,o0) |- exttés ~ Loanr
0 —
= R
(9.12)
2
+ /11@2 —dp)(t1,t2) Z — Lo a) — €it2)di + Lig tont]
2 i—1 R
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We have

n

ei(t)di — Ljont)
i_1

1 = {izn;/ooo(ei(t)@ — 1[0,t/\T])dX}2
— ilE <€i(t)€j(t) /OOO bidX /0°° ¢jdX>

1,j=
(9.13)
—2) e(t)E </ qsidXXt) + E(X?)
i=1 0
n 00 2
=F <Z ei(t)/ ¢idX — Xt> =FE (X - Xt)2.
i=1 0
By a similar reasoning, it follows that
n 2
> (ei(tr) = ei(t2))di — Lo a1y + Ljogant]
i=1 R
(9.14)

— B((X]' — X3,) — (X] — X,)).

Therefore coming back to (P.1) and taking into account (P.13) and (0.14), we have

n __ 2 _ _yn|2
IDX" = hifg = X = X"} —— 0
because of (P.9). [ |

Remark 9.8. Adapting slightly the proof of Proposition [0.], under the same assumptions,
we have X. 1, € [IDY2(LR)|, for r € R small enough.

Proposition 9.9. Let f € C and Y € DY?(Lg) such that

sup || DY3|| € L. (9.15)
t<T

Then f(Y) € DY2(Lg) and
Df(Y) = f(Y)DY (9.16)

in the sense that



Corollary 9.10. Under Assumptions (C), (D), (6.33), X; = X1 if t > T, we have
f(X) € D*(Lg)

and
D, f(Xy) = f'(Xe)1jo,q(r).
Proof: This is a consequence of Proposition P.g and Proposition P.7.

Remark 9.11. If Y € Cyl(Lg) of the form Y" | F'ay;, ¢; € C}, F' € Cyl, f € C} we

have

Dth(Y;fl) = Zf/(nl)wi(tl)DhFi'
=1

It is obviously a.s. an element of Lo g since DF' € Ly a.s. and f'(Y)y; € Lg by Proposi-
tions and p.4.
Proof (of Proposition P.g): We proceed in five steps.

a) We suppose that Y € Cyl(Lg), f € C;°(R). Complications come from the fact
that f(Y) does not necessarily belong to Cyl(Lg). Let ¢ € Lr. We show that

(f(Y),) e Cyl
and
D((f(Y), ) = (f'(Y)DY, ). (9.17)
b) We make some general considerations about approximations.
¢) We suppose that f € CZ(R), Y € Cyl. For ¢ € Lp, we show that (f(Y),v) € D12
and (P-17) holds.
d) We suppose that Y € DM2(Lg), f € CZ(R). For ¢ € Lr we show that
(f(Y),4) e DV

and (0.17) holds.

e) We conclude the proof.

We will proceed now in details step by step.

a)Let F1,...,F™ € Cyl, 1, ..., ¢m € C} such that Y = Y"1 | Fia;. Since f € C5°,
using the definition of inner product on Lpr and the definition of Malliavin derivative on
Cyl, it follows that (f(Y'), ) € Cyl and

D ({f(Y), ) = Y DF(f'(Y )i, ) .
i=1

80



This coincides with
(f'(Y)DY.,¢)

taking into account Remark P.17).
b) Consider the case f € CZ(R). We regularize setting

f-(y) = / dzf(y + 22)p(2).

2

where p(y) = \/LQ—ﬂe_%. We denote Cf = || f'||s, 5O

sup |fe(y) = f(y)| < eCy /R |2]p(2)dz = 8@\/%

We observe that for every £ > 0

‘fE(yl)_fa(yZ)‘ SCf’yl —y2’- (9.18)

Let Y € DY2(Lg) fulfilling (p-17). In this framework, we prove the following results

E (M) < oo, (9.19)
E(|/'(V)DY |3 5) < oo. (9.20)
E(I(f = f)0IE) — 0, (0.21)
E([500) = )] DY ) —> 0. (0.22)

Indeed (P.19) and (p.2Q) follow by similar arguments as for (0.21)) and (P.29). We only prove

the two latter formulae.

E(I(f: - HYVIZ) = E ( | imat, s - f>2<n>)

+E (/2 dlp|(s1,s2) [(fe = [)(Ysy) = (fe — f)(YSQ)]z> :

RY

(9.1§) implies that
|(fe = H)¥s1) = (fe = F)(¥s)| < 2C4[Ys, = V|- (9.23)

Since f. — f pointwise when € — 0 and using Lebesgue’s dominated convergence theorem,

(p:21) follows.
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Concerning (P.29), using similar arguments and the fact that f” is bounded, we

obtain
B (I£00) = £ 0)]) —= 0.
So
E(|(f1Y) ~ FOONDY 3 5) < B (|(f — £YOODY [[r})
= I1(e) + Ix(e) + I3(e),
where

11(6)

E (/OOO |R|(dt, 00)[(f- — f)/(m]QHDmP) |

b(e) = B ( /R , el )l(fe = ) (V) = (f = ) (V)P DYy, ||%> :

7
I3(e) = E (/1@2 dlpl(ty,t2)(fe — ) (Vi) (IDY2 I r — ||DYtQ||R)2> :
=

All the integrands converge a.s. and for any (¢1,2) when ¢ — 0. We apply (P.23) replacing
fe f with fL, f’. The fact that sup,cp |DY;||[r € L?, Lebesgue’s dominated convergence
theorem and Cauchy-Schwarz show that I;(¢) — 0,4 =1,2,3.

c¢) We go on with the proof. If Y € Cyl clearly Y € D?(Lg) and (p-17) is verified.
Using (P-17), it remains to show

B (((f = )0 0)%) —= 0, (9.24)
B ({(f) = fi)DDY.0); ) —=0 0. (9.25)

The left-hand side of (9.24)) is bounded by

[LIREICS = f) X))

because of Cauchy-Schwarz. This together with (P.21)) implies (0.24). (P-2§) holds again
because of Cauchy-Schwarz and (9.22).

d) We first observe that f(Y) € Lg a.s. by Proposition f.]. Let Y € DY?(Lg) and
a sequence (Y™) in Cyl(Lg) such that

. o ny2
lim B (Y =Y"|3 ).
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We have

E(I7(v™) ~ FV)3) < 172 EY ™~ V) —— 0 (9.26)
and
E(|l/(v")DY" — [(Y)DY |3 ) —— 0. (9.27)
Then

I (Y™ DY™) = f(Y)DY |5 < |f'(Y")(DY" = DY)|[3 g + [|(F'(Y") = fF(V)DY I3 g
< FBMDY™ = DY 3 g+ I(F'(Y™) = f'(Y)DY |3 -

The first term goes to zero since Y™ — Y in DY2(Ly). The second one converges because
f" is bounded, using Lebesgue’s dominated convergence theorem. This shows the validity
of (P.28) and (0.27).

The next difficulty consists in showing that U := (f(Y),v) € D2 if ¢» € Lp. This

will be the case approximating it through U", where

Ut ={f¥Y"),¥)g-

Indeed, by item c¢) we have U™ € DY? and taking into account Proposition B it remains

to show that
i) B(U™-U)?) —0

ii) E(|DU" — DU™|3) ——— 0.

7,1mM—+00

Concerning i) we can easily obtain
BU" -U)? < [[WIENFEX™) = FY)IR)-
This converges to zero because of (.2(). As far as ii) is concerned, we can prove that
lim E||DU" — (f'(Y)DY, %) | = 0. (9.28)
Indeed, by item c¢) and (P-17)
DU" = (f'(Y")D.Y,¢),
so the left-hand side of (P-2§) gives
n n 2
E((f/(Y")DY" — f'(Y)DY, %))},

<WIRE (IF/(Y™")DY" = f'(Y)DY)|3 r) —— 0

n—oo
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because of (p.27). This concludes the proof of d).
e) Since Lp is a separable Hilbert space, we consider an orthonormal basis (e,)72 .

We can expand a.s.

f(Y) = lim In(f(Y)),

N—oo

where

and the convergence holds in Lp. According to d) (f(Y),e,) € DY2 and so In(f(Y)) €
DY2(LR). It remains to show

E(IF(¥) = IN(fFODIR) == 0, (9-29)
IDING ) = DI F OB R 550 O (930)

(p-29) follows using Parseval’s and Lebesgue’s dominated convergence. Indeed
IO = InGEDIR = D> (FY)sen)’

<

(f¥),en) = 1f ()7

NE

n=0

| £(Y)]|% is integrable because of (P.19). Concerning (P.30), taking M > N, we observe that

M o)
DIN(f(V) = DIu(f (V) = S S {F(Y)DY, 00 ® em) en ® em,

n=N-+1m=0

so by Parseval’s in Lo p we have

M [e%)
IDIN(F(V) = DIn(FOD I r= D S (f/(Y)DY,en@em)®.  (9.31)

n=N-+1m=0

Now previous quantity converges a.s. to zero when N, M — oo. Moreover (.31]) is
bounded by
2
11/ (Y)DY[[3 g-

Lebesgue’s dominated convergence theorem finally implies (P.30). [ |

An easier but similar result to Proposition P. is the following
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Proposition 9.12. Let Z be a random variable in D2, f € C2, DZ € L*°. Then f(Z) €
D2 and
Df(Z)= f(Z)DZ.

Proof: It follows by similar, but simpler arguments than those of Proposition P.9.

Let Y be a stochastic process such that ¥; € D2 Vt € R,. Let a : R?k — R be

Borel integrable function. We look for conditions on a so that the process
o0
Zy = / a(s,t)Ysds
0

belongs to D2(Lg). A partial answer is given below. We first proceed formally. If it exists,

the Malliavin derivative is given by D,Z; = Z1(r,t) where
(o.0]
Zi(r,t) = / a(s,t)D,Ysds.
0

We need now another technical lemma.

Lemma 9.13. Let (dp;) be a o—finite signed Borel measure on Ry. Let (Y;) be a stochastic
process fulfilling the following properties

i) For everyt >0Y; € D12,

ii) t — Y; is continuous and bounded on supp dp; in DY2. In particular t — Y; is
continuous and bounded on supp dp; in L? and t — D.Y; is continuous and bounded

on supp dp; in L?(Q; LR).

Let g € L*(dp;). Then
/ g(t)Yidp; € D2 (9.32)
0

and

D, ( s g(t)Ytd,ot> - | sty vidp. (9.33)

Proof: We denote t}! =i27",7=0,...,n2". We set

=0 [ Yngls)dp. = /0 o(s)Ydps,
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where

v — Yir if s €]ty ,t7],s <n,
’ 0 if s > n.

It follows -
E </ (Y, — st)2dps> — 0, (9.34)
0 n o0

since t —» Y} is continuous in L*(Q2). By Cauchy-Schwarz, it follows that (" — [ g(s)Ysdps
belongs to L?(£2). Since (™ is a linear combination of random variables issued from process
Y, then ¢" € D2 and

o0
D,¢" :/ g(t)D,Y*dps, r > 0. (9.35)
0
Since t — DY; is continuous in L?(Q; Lg), it follows
o
E (/ |D.Y; — D.Ytugdpt> ——0. (9.36)
0 n—oo
Again by Cauchy-Schwarz inequality it follows that
[ee]
DrCn — / Dertg(t)dpta r Z 0
0
in L2(Q; Lg). By Proposition B.§, the conclusions (P.33) and (P.33) hold. |

Proposition 9.14. Let (dp;) be a finite Borel measure on Ry, a : R2 — R be a Borel

function, (Y;) be a stochastic process. We suppose the following.
i) a(s,:) € Ly for dps a.e.
i) [y~ lla(s,)[zdps < oo .
iii) Assumptions i), ii) on Y stated in Lemma hold.
We suppose that Assumptions (C), (D) hold. Then the process
o
Zy = / a(s,t)Ys dps, t>0,
0

belongs to DY2(LR) and

o
D, 7, = / a(s,t)D,Ys dps, 1 > 0. (9.37)
0
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Proof: According to Proposition there is an orthonormal basis (e,) of Lgr
included in C¢(R). For a.e. dps, we have
a(s,-) = lim a"(s,-) dps a.e.,
n—oo

where for n > 1
n

a(s,:) = Z (a(s,-),em)p em-

m=0
Moreover by Parseval’s, for a.e. dpg
o0
la(s, )% = {als,-),em)g- (9.38)
m=0

Let m > 0. According to hypothesis ii) and Cauchy-Schwarz it follows that g¢,,(t) :=
(a(s, "), em) p belongs to L%(dps). By Lemma P.13, we obtain

| tals. ) emby Yadp, € D2
0

and - -
DT (/0 <a(87.)7em)>RYt9dp5> = A <a(87 ')7677’L)>RD7"YTSdps-
We denote -
zZ" = / a™(s,t)Ysdps.
0
By linearity and Remark .3 ii) Z™ € D2(Lg) and
Dz" :/ a™(s,t)DYsdps, t>0.
0
Using Remark i), it will be enough to show
a) lim, o E(||Z™ - Z||%) =0,

b) limpy, o0 E(||DZ™ = V|3 ) = 0, where
Vit = [ als 01D, Yad..
0

a) First, we observe that Z € Lp a.s. because, avoiding some technical details, we have

‘/amﬁwm
0

o o [oe)
= const. [ la(s.alYildp. < consteg| [ as. ) o [ Vil
0 0 0

o
Sconst./ lla(s, ) Ys||rdps
R 0
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Again Cauchy-Schwarz and condition ii), imply that

(o)

Taking into account (P.3§) and Lebesgue’s dominated convergence theorem we can show

that

| ats i,
0

E(|Zz - 2"?)
(9.39)
[ee] o0
< const. {E (/ |YS|2dps> / lla —a™ (s, -)||%dps} — 0.
0 0 m—r0o0
b) By similar arguments, we can show that
ye EQ,R a.s.
and
E(|Y13,r) < oo
Moreover -
Dz™ -y = / (a™ —a)(s,t)D,Ysdps.
0
Consequently, by similar arguments as in (9.39) it follows that
m 2
E(|DZ™ = Yl3r) ——— 0.
This concludes the proof of Proposition P.14 |

An application of previous proposition is the following. It holds under Assumptions
(C), (D).

Proposition 9.15. Let Y be a process, continuous in L?, such that Y; € DY2 for every
t >0 and t — D.Y; is continuous in L*(Q; Lg). Let € > 0 and denote

(t+e)ANT
Y = / Yids.
(

t—e)t

Then Y& € DY2(Lpg).
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Proof: In view of applying Proposition p.14, we set p(t) =t A T,

a(s,t) = 1j—c t4e)njo,r) () 1o, (1),
which also gives
a(s,t) = Ljs—e ste[nfo,r+e[(t) Lo, (5)-
We have Y = [[¥ a(s,t)Ysdps. According to Assumption (D) and Corollary a(s,-) €
Lg, for every s > 0, Assumption i) of Proposition is verified. Again by Corollary

HCL(S, )H%% = VaT(X(T/\S)-f—&‘ - X(sfs)‘F) < 2V@T(X(T/\s)+6) + 2V@T(X(sf€)+)'

Since X is continuous in L2, s — ||a(s,-)||z is bounded and Assumption ii) of Proposition

is verified.
Point iii) of Proposition follows by the continuity assumption on ¥ and DY

and because p has compact support. |

In the sequel, we will apply Proposition to Y = ¢g(X) with g having polynomial
growth.
The lemma below allows to improve slightly the statement of Proposition p.14.

Lemma 9.16. Let (Y;) (resp. (Y{")) be a process (resp. a sequence of processes) such that
Y, Y € DY2 Vt € Ry and

B ([ vean+ [T ID Yo ) <o (9.40
0 0

n— oo

B ([0 rdn [T ID0G - ) (9.41)
0 0

Let a : Ri — R be a Borel function such that

| dnlats. ol < . (9.42)

We set

(o.0]
Zy :/ a(s,t)Ysdps,
0

o0
zi = [ als. 0¥,
0

[e.e]
Z1(r,t) :/ a(s,t)D, Y dps.
0

We have the following properties:
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i) Z €L, Z1 € Ly g and
E(|Z|% + 12113.8) < oo

ii)
: n _ 2 n _ 2y
Tim B (|2" - 2%+ 12~ Zill}) = 0.
Proof: We only prove point i) since the other follows similarly.
1Z|} = I + Iy,
1211155 = Is + 14,
where

h= [ IRt ) ( In a(s,tmczps)Q,

I = /R2 dlp|(ty,t2) (/Ooo(a(sﬂfl) - a(87t2))stPs>2,

+
2

)

R

b= [T i)
0

/ a(s,t)D.Ysdps
0

2

I = / dlul(t1, t2)
R2

+

‘/Ooo(a(s’ t1) — a(s,t2))D.Ysdps

Cauchy-Schwarz implies that

i< [ IRl o) ( In a2<s,t>dps> ( s depu>,

I S/ d\ﬂ\(tth)/ (a(37t1)_a(37t2))2dps/ Y dps.
R2 0 0

+

Consequently
o0 o
B+ 1) < B( [T ¥2an) [ ot e, < .
0 0
On the other hand, Bochner integration theory implies
oo [e.e]
b 1< [ IDY.lfdpe [ dpdlals, )
0 0
Taking the expectation it follows

E(Ig + I4) < 0.
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Next result allows to relax the boundedness property on [|[Y||gr and ||D.Y||g required in

Proposition p.14.

Corollary 9.17. Let (dp;) be a finite measure on Ry, a : Ri — R be a Borel function.

Let (Y;) be a stochastic process continuous in D2 such that

o o
B ([ v+ [TIDAildn) <o
0 0

We only suppose i), ii) as in Proposition [9.1]. Then the same conclusion as therein holds.

Proof: We use Lemma and we approximate Y by Y, where Y™ = ¢"(Y") for
¢ = ¢™ : R — R smooth, with

Yy Llyl<m
P(y) =
0 |yl >m+1.

Clearly
o0
E < |- Y;”“)det) ——0 (9.43)
0 m—r00
by Lebesgue’s dominated convergence theorem. Moreover Proposition .9 implies

DY™ = ¢/ (Y)DY,

and of course ¢ is smooth, bounded such that

1Lyl <m
¢'(y) =
0 ,lyl>m+1

Therefore we have again
DY™ - DY = DY (1 - ¢(Y))

and by similar arguments, we obtain

B ([ 1007 = Yl ) . (9.44)
0 m—00
Finally (0.43), (.44) and Lemma allow to conclude. [ |
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10 Skorohod integrals

10.1 Generalities

We suppose again Assumptions (A), (B), (C) by default. Similarly as in [§] and [BJ], we
will define two natural domains for the divergence operators, i.e. Skorohod integral, which
will be in some sense the dual map of the related Malliavin derivative. We denote by
L?(€; L) the set of stochastic processes (u)seqo,r] verifying E([ul)7 < oo. We say that
u € L%(Q; Lg) belongs to Dom(6) if there is a zero-mean square integrable random variable
Z such that

E(FZ) = E((DF,u)y) (10.1)

for every F' € Cyl. In other words we have

E(FZ)=E (/OOO R(ds, oo)DsFus> “E (/RQ ji(dsy, dss)(Ds, F — Dy, F)(us, — 1s,)
: (10.2)

for every F' € C'yl. Using the Riesz theorem, we can see that u € Dom(d) if and only if the
map

F — E((DF,u),)

is continuous linear form with respect to [|-||,2(q). Since Cyl is dense in L*(Q2), Z is uniquely
characterized. We will call Z = fooo udX the Skorohod integral of u towards X.

We continue investigating general properties of Skorohod integral.

Definition 10.1. If ulyy € Dom(6), for any t > 0, then we define

t 00
/ US5XS = / usl[OJ](ng.
0 0

A consequence of the duality formula defining Skorohod integral appears below.
Remark 10.1. If [10.1) holds, then it will be valid by density for every F € |DV2|.

Proposition 10.2. Let u € Dom(§), F € |DY2|. Suppose Ffooo us0Xs € L2(Q). Then
Fu € Dom(0) and
o0 o0
/ Fus6Xs:F/ U0 Xs— < DF,u >y .
0 0
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Proof: The proof is very similar to the one of Proposition 6.4 in [R§]. Let Fy € Cyl.
We need to show

o
E (FO {F/ us0Xs— < DF,u >H}> = E (< DFy, Fu >y).
0

We proceed using Lemma B.15, which says that Fy F' € |D"2| and (B.§) holds (with G' = Fy),
together with Remark [L0.1], which extends the duality relation. |

We state now Fubini’s theorem, which allows to interchange Skorohod and measure
theory integrals. When X has a covariance measure structure, this was established in [RJ],

Proposition 6.5. When X is a Brownian motion the result is stated in [B3].

Proposition 10.3. Let (G,G,\) be a o-finite measure space. Let u: G X Ry X Q@ — R be

a measurable random field with the following properties.
i) For every x € G,u(z,-) € Dom(0).
ii)
B ([ vt ) <
G

iii) There is a measurable version in Q X G of the random field

< /O h u(m,t)&Xt>$EG.
/Gd)\(x)E (/Ooo u(m,t)dXt>2 < 0.

Then [ d\(z)u(z,-) € Dom(8) and

/Ooo </Gd)\(x)u(x,-)> 5Xt:/Gd)\(:c) </Ooou(x,t)5Xt>.

Proof: We will prove two following properties,

iv) It holds that

a) [,d\(@)u(z,-) € L*(Q, LR)

b) For every F' € Cyl we have

E (F </de(m) /OOO u(x,-)éXt>> - F <<DF,/Gd)\(m)u(x, -)>H>. (10.3)
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Without restriction to the generality we can suppose A to be a finite measure. Concerning

a), Jensen’s inequality implies

“(

because of ii). For part b), by classical Fubini’s theorem, the left-hand side of ([[0.3) gives

2

/Gd)\(x)u(x, )

R

) <ANG)E ( | 3@ e, -)H%) =XG) [ ax@)lutr. ) <o

/Gd)\(x)E <F/OOO u(:c,t)(SXt> :/Gd)\(:c)E((DF,u(x, M)
(10.4)

=F </G d\(x) <DF,u(a:,-)>H> .
This is possible because
[(DE,u(z,)q | < [[DF[la¢llulz, )|
([L0.4) equals the right-hand side of ([[0.3) because
/G dA(z) (DF, u(z, )y,
= /Gd)\(a:) </000 DsFu(z,s)R(ds, 00)

2.
2 R?F

:/Ooo R(ds,OO)DsF/GU(CUaS)d)‘(x)

2.
2 Jr

Last equality is possible by means of classical Fubini’s theorem and assumption ii). This

<DF, /G dA(2)u(z, -)>

and the proof is concluded. |

(Ds, F — Dy, F)(u(zx, s1) — u(z, s2))du(si, 32)>

(Ds, F — D, F) /G(u(x,sl) —u(x, s9))dA(z)du(s, s2).

2
+

equals

10.2 Malliavin calculus and Hermite polynomials

We introduce here shortly Hermite polynomials. For more information, refer to [BJ], Section

1.1.1. Those polynomials have the following properties. For every integer n > 1
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i) nHy(x) = 2Hy—1(z) — Hyp—o(x),

i) H)(x) = Hyoo(a),

iii) Ho(z) =1, H_1(x) = 0.

From Proposition the following result follows.
Proposition 10.4. Let h € Lp.

i) For anyn>1, F:= H, ([;°hdX) € D'? and

D,F = H,_, </OOO th> h(t).

ii) F =exp (f,°hdX). Then F € D'? and
DF = Fh(t).
We recall that {Hg,k > n} constitute a basis of the linear span generated by

{1,,...,2"}. We denote by Egerm the linear subspace of L?() constituted by all finite
linear combinations of elements of the type Hy ( fooo OndX ), ¢n € CE(R4), n € N.

Proposition 10.5. Egerm = L2(9).

Proof: We first observe that

{exp (/OOO th> h € C&(R”}

is total in L?(Q2). The idea is to show that a random variable F' € L?(2), such that
E (Fexp ([, hdX)) =0 for every h € CY(Ry), fulfills

b (o ([ [“hax)) <o
0 0

for every hi,...,h, € C}(Ry) and g € C;°(R™). This can be done adapting the proof of
Lemma 1.1.2 of [BJ].
Let us now consider F' € L?(2), h € C}(Ry) such that

E <FHn (/OOO th)) =0,V €N. (10.5)
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It remains to show

E (F exp (/OOO th)) = 0. (10.6)

By ([[0.9) it follows obviously that

E(F(/Oooth>n>:0,VneN

and consequently ([[0.§) holds. [ |

We denote by &, the linear span of H,, ([;° ¢dX),¢ € C§(R), ||¢]% = 1, and by H,
the closure of &, in L?(£2). We recall that all the considered Wiener integrals are Gaussian
random variables. Adapting Theorem 1.1.1 and Lemma 1.1.1 of [B3], we obtain the following

result.
Proposition 10.6. 1. The spaces (Hy,) are orthogonal.
2. L*(Q) = &5 (Hn.

We discuss here some technical points related to Malliavin derivative and chaos

spaces.

Lemma 10.7. Let n > 1. The map D : &, C L*(Q) — L%*(Q; Lg) verifies the following.
For any sequence (Fy) in &, converging to zero in L*(SY), (DF},) is Cauchy in the sense that

lim E (|DF, — DF|3,) = 0.
G (IDFy, 17
Proof: The result will follow if, for every F' € &, we prove
E(|DF|}) = nE(F?). (10.7)

Let F =Y H, (fooo hkdX), hiy € CL. Ttem i) of Proposition and Lemma 1.1.1 of
B3 imply that
m

E (|DF|3) kz E (Hn_l (/OOO hkdx> H, (/OOO hldX>> (his by

=1

= f: (Piey i) ﬁ {E (/OOO hpdX /OOO hldX> }n_l .

k=1

In fact fooo hdX is a standard Gaussian random variable. This gives

n—l' Z hk,hl hk,hln 1—n_ Z hkahl ( )

ke l=1 " kl=1
again by Lemma 1.1.1 of [BJ.
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Corollary 10.8. Letn > 1.

i) H, c D12

ii) If Assumption (D) is verified, then D : H,, C L*(Q2) — L?($%; Lg) is continuous.

iii) Suppose that Assumption (D) is verified. For every I' € H,,, we have (DF,h),, € Hy_1,
Vh € Lg.

Proof: i) Let F € H, and (F}) a sequence in &, converging to F in L?(2). By
Lemma and Proposition B.§, F € D2,
ii) It is an obvious consequence of Lemma
iii) Let h € Lg. By items i) and ii) T}, : H, — L*(Q) defined by T}, (F) = (DF,h),, is
continuous. By Proposition [10.4] i) the image of &, through T}, is included in H,_;. Since
H,—1 is a closed subspace of L?(£2), the result follows. [ |

Proposition 10.9. We suppose the validity of Assumptions (C) and (D). Let F € D'2,
h € Lr. Then there is a sequence (F,) such that F,, € H,,, h € Lg,

o0
F:ZFn,

(DF, h),, Z DF,, by, , Vhe Lg,

where the convergence holds in L*(Q).

Proof: Leth € Lgand F' =) ° , F, according to Proposition [[0.6. By Corollary

[0, iii), (DFpi1,h)y belongs to Hpy; since (DF, h),, € L*(€2), we need to show that for
m >0

E((DF, 1) ) = E ((DFiny1, h) 34 Grm) (10.8)

for every G,, € H,. To prove ([[0.§), taking into account Corollary i) and Remark

B.11, we write
E((DF,h);,Gn) = E (F {gm /Ooo hdX — <ng,h>H}>

= ni;(]E <Fn {gm /OOO hdX — (DG, h)H}>

=Y E((DFu,h)3,Gm) = E((DFni1, )y Gim) -
n=0
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10.3 Generalized Skorohod integrals and Hermite polynomials

We define now, implementing the idea of [§] and [BJ], an extension of Dom(§) denoted by
Dom(8)*. The idea is to use a similar duality relation to ([[0.9), but keeping in mind that
an element u of Dom(8)* will not necessarily live in L?(Q2; Lr). We denote by £? the space

of processes (u;);>0 with

B ([ i+ [T uPms) <.

where m is the marginal measure of |f|.

We will denote by M the linear space of Borel functions f : Ry — R such that

flsei= [ PEIRIEs 0 + [ (7o) = Floa) Plnltdssndss) < e (109)

+

Remark 10.10. 1. Obviously || - |am < || - |r and so Lr € M.

2. M is complete (therefore it is a Hilbert space) because of Assumption (C). The argu-

ment is similar to the one used in proof of Proposition (6.14.

3. Expanding the second integral of ([10.9) and applying Cauchy-Schwarz, we can show
that L? C M.

Definition 10.2. A process u € L*(2; M) is said to belong to Dom(8)* if there is a square
integrable r.v. Z € L*(Q) such that

E(FZ)=F < /0 h R(ds, 00) Dy Fug

“h

for any F = Hy, ([;°hdX), he Cj,n>0.

(10.10)
M(dslvdSQ)((Dé‘lF - DSQF)(ué‘l - u52))>

2
+

Remark 10.11. 1. Ifu € Dom(d)* then holds by linearity for every F' € Exerm.-

2. Since Egerm is dense in L*(Q), Z is uniquely determined. Z will be called the x-
Skorohod integral of u with respect to X, it will be denoted fooo ug0* X,
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3. The right-hand side of ([[0.1Q) is well-defined for any u € L?(2, M) and
F=f (fooo goldX,...,fooo gondX), 1,00 € CE(Ry), f € C;OI(R"), in particular

Jor F as in Definition[I0.3. We observe that in this case F* = 0 f ([, p1dX, ..., [7* pndX),

1 <1< n, is a square integrable random variable.

Indeed, we only discuss the second addend of the right-hand side of ([[0.10), since the
first one is obviously meaningful.
This is bounded by

“(

+

= ZE </ |l (ds1, ds2) [ F'(j(s1) = ¢j(s2))(us, — usz)!>

< Z HQD]HOO </ |M|(d51’d52)|u81 u82|Fj>

’M’(dshdsZ)‘(DﬁF - DS2F)(u81 - u52)]>

2
‘m(dsla dS?)‘uﬁ - u82‘>

+

< S 16 ol P 2y 181 BE) B ( L.
j=1

n
<Y gl | BCR)2E ( /
j=1 R
|ﬂ|(d81, d82)|u81 — Usy |2> :
+
If u € L*(Q; M), then previous quantity is finite.
Proposition 10.12. Dom(d) C Dom(d)*.

Proof: Let u € Dom(d), Z = [;°udX. First of all u € L*(€; M) since |Jul[p <
|u||g. For any F' € Cyl we have

E(FZ) = E ((DF,u)y,) . (10.11)

Relation ([[0.11)) extends to the elements F of the type f ( fooo hdX ), f € C! with subex-
ponential derivative. For this, it is enough to provide the same type of approximation
sequence as in the proof (item ii) ) of Proposition B13 If (fM) is such a sequence, setting
FM = M ( fooo hdX ) and taking into account Proposition B.19, we clearly obtain

Jim B ((DFY, u), ) = E((DF,u),,),
lim E(FMZ)=E(FZ). (10.12)

M—o0
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This implies in particular that ([L0.11]) holds for F of the type H, ( fooo hdX ), where n > 0,
h € C}. For such an element, the right-hand side of ([[l0.11]) coincides with the right-hand
side of ([[0.1(]) and the result follows. [ |

11 It formula in the very singular case

We suppose again Assumptions (A), (B), (C) by default. We start with a technical obser-

vation.

Lemma 11.1. Let (G1,G2) be a Gaussian vector such that VarGe = 1. Let f € C1(R)

such that f' is subexponential. Then
nE(f(G1)Hy(G2)) = E(f'(G1)Hy—1(G2))Cov(G1, Ga).
Remark 11.2. It follows in particular that E(H,(G2)) =0, Vn > 1.

Proof: According to relation i) about Hermite polynomials, the left-hand side

equals I1 — I, where

I = E(f(G1)G2H,—1(G2)
I, = E(f(Gl)Hn_Q(GQ)

According to Wick theorem, recalled briefly in Lemma below, I; gives.
E(f'(G1)H,-1(G2))Cov(G1,Ga) + E(f(G1)H,,_1(G2)).
Using relation ii) about Hermite polynomials, we have
E(f(G1)Hy_1(G2) = E(f(G1)Hp—2(G2)) = I>

and the result follows. [ |

The lemma below was recalled and for instance proved in [[LZ).

Lemma 11.3. (Wick) Let Z = (Z1, ..., Zy) be a zero-mean Gaussian vector, ¢ € C1(RYN | R)

such that the derivatives are subexponential. Then for 1 <1 < N, we have

N
E(Zi¢(Z)) =) _ Cov(Z, Z;)E(0;¢(2)).
j=1
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Applying Lemma iteratively, it is possible to show the following.

Proposition 11.4. Let f € C""2(R), such that f"2) is subexponential. Let (G1,G2) be
a Gaussian vector such that Var(G2) = 1. We have the following.

a) nlBE(f(G1)H,(G2)) = E(f™(G1))Cov(G1, Ga)",
b) (n—DIE(f'(G1)Hn-1(G2)) = E(f"(G1))Cov(G1, Go)"
c) nlE(f"(Gh)Hn(G2)) = E(f"+2)(G1))Cov(Gr, G2)").

Let (X¢) be a process such that 1y € Lg and X; = fooo 1j,dX for every t > 0.
We recall that under Assumption (D) this is always verified.
We denote y(t) = Var(Xy).

Remark 11.5. a) R(t,00) = Var(X;) — Cov(Xy, Xoo — Xt)

b) t — Var(Xy) has locally bounded variation if and only if t — Cov(Xy, Xoo — Xt) has

locally bounded variation.

Remark 11.6. [t is not easy to find general conditions so that t — ~(t) has locally
bounded variation even though this condition is often realized. We give for the moment

some examples.

1. If X has a convergence measure structure v has always bounded variation, see [23],

Lemma 8.12.

2. If Xy = Xyar, and (Xy) is a process with weak stationary increments, then y(t) = Q(t)

has always bounded variation, under for instance the assumptions of Proposition [.Q.

t
X; = / G(t — s)dW,, G € L3,.(R).
0

In this case y(t) = fg G?(u)du, which is increasing and therefore locally of bounded

variation.

4. In all explicit examples considered until now, e.q. fractional Brownian motion, bi-

fractional Brownian motion, then v has locally bounded variation.

We can now state the It6’s formula in the singular case. We recall that from the

beginning we suppose E(X;) =0, Vt > 0.
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Proposition 11.7. We denote v(t) = Var(X;), which is supposed to have locally bounded
variation. Let f: R — R of class C°. Then f'(X)1jy belongs to Dom(0)* and

| 1005 X = 500 - 1060) — 5 [ 70X
0 0

Proof (of Proposition [[1.7): We proceed similarly to [§] and [B2]. We first observe
that

9(Xs)10,(s)
belongs to £2 C M, for every bounded function ¢g. In particular this is true for g = f’.

Moreover Lt
2= X0~ f(X0) = 5 [ £
belongs to L%(Q), since f has linear growth, f” is bounded and X is square integrable. In
agreement with ([[0.10) for us = f'(X,)1j94(s) we have to prove that for any F of the type
Hy([,° ¢dX), ¢ € C§, n > 0.
t
E(FZ;) = / R(ds, o0) E(DsF /(X))
0
(11.1)

- /R p(dsy, dsa) E((f' (X))o (51) = f/(Xsy) 1o, (52))(Ds, F — D, F)).

2
+

Without restriction to generality we suppose ||¢[| = 1. In this case by Proposition B.13,

D.F = H, , (/ ¢dX> (5).
0
The right-hand side of ([[1.1]) becomes

E ( / ' R{ds, 50)H, ( / N ¢dX> ¢(8)f’(Xs)>
(11.2)
-/ , s ds)(0(51) = 6(62)F ((f’(xslmo,t](sl) — F(Xa)1py(52)) Ho s ( / h ¢dx))

:E(Hn (/Ooo¢dx> zf>.

We recall that by convention H_; is set to zero. We denote

we have

1 y2
p(O’,y): eXp | —5= ’O->0’y€R

V2o 20
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and we recall that
Op _ 1%
do 20y%
Hence for all n € N and ¢ > 0, we evaluate

S (10x0) = B (1w

where N ~ N(0,1). We show that

%E (£ x)) = B (1042(x) % (11.3)

in the sense of measures. Let o € C§°(R) be a test function. With help of classical

Lebesgue-Stieltjes integration theory, we have

(Zeuema) = ["av) (5 [ 1Owptnoi) i
2

= [T o) ([ anr g um ) a = [ ([ a5 s
= [ et ( [ ass @t ) G = [ G o mm)
- [ Frarut ).

which proves ([1.J). We prove now ([[1.J). The case of n = 0 holds if we prove that
E(Z¢) = 0. This expectation gives

B (100 - 100 -3 [ 0 ).

which vanishes applying ([[1.3) for n = 0. It remains to prove ([1.9) for n > 1. Proposition
implies

a) B (Hyo1 (5 0dX) /(X)) = oim B (F(X0) (Lo, 8),
b) E (Hy, (fy° ¢dX) [(Xs)) = mE (F™(Xs)) (1,5 0)5
) E(Hn ([y° ¢dX) f"(Xs)) = mE (f"2(X0)) (110,00, 0)5,

Similarly to [f], Lemma 4.3, we evaluate, as a measure,

%E <f(Xt)Hn (/OOO ¢dX>>. (11.4)
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In Lemma below we will show that ¢ — <gz5, 1[0,t]> has bounded variation. By b),
([L9) gives

d n
%% (BU™(X) (. 0)3))

= Ilm(dt) + Igm(dt).

where
1d .
Lalt) = =2 (£(X0) (1, 6)5,
1 n
I (t) o, E(f (Lo, 0)5 " d (Lo 0),, ds
Using ([[1.3), we have
tq .
Bat) = [ EDX) (a0

which gives

Iin(t) = /OtE <f"(Xs)Hn (/Ooo <z>dX>> dgs (11.5)

using ¢). Concerning the second term, a) implies

()= F <Hn1 ( I ¢dx> F(X0)d (., 6), <s>) . (11.6)
By Remark [[T.3, (TT.H) and ([1.9) we get

E <(f(Xt) ~ F(O)H, < s ¢dX>> 5 (f(Xan ( s ¢dX))

=11 ,(t)+ Iop(t) = /Ot E <f”(XS)Hn </OOO ¢dX> d%> + I ().

This implies that
E (Z rH, < opdX ) >
)

It remains to prove that the left-hand side of ([1.2) equals I, (¢). Setting
9(s) = E (f'(Xs)1jo,q Hn-1 (fy~ ¢dX)) we have to prove that

| Rts.o0pgs160) — 5 [ nldsi.dsa)(6s1) = 6(52))0ls1) - 52)
0 R2

(11.7)

— /0 9()d (10,3, 8, (5).

This will the object of the following lemma.
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Lemma 11.8. Let ¢ € CL(R,), g: Ry — R continuous and bounded.

1. t— <1[07t}, ¢>H has bounded variation,

2. holds.

Proof: We denote by 4 the antisymmetric measure on R?k defined by

P(s1) — ¢(s2) .

dii
2 M(Sh 82) S1 — 8§89

+

dug(s1,82) = /

R

the right-hand side is well-defined since ¢ € C}(R,.). Tt follows

< 1[0,t]7 ¢ >H
— [ Rids,0006(9) ~ 5 [ (plsr) = Loa(s2)(8(s1) — ols2))dio,52)
0 ]R+
- /0 R(ds, 00)6(5) — ig([0,1] X By) + spg(Re x [0,1]). (11.8)
Therefore .
(- 0)yy = [ Rlds,)o(5) + mol(0.1). (11.9)

where my([0,t]) = 14([0,] x Ry). This concludes the proof of 1).
2) The left-hand side of ([1.7) gives

/0 " 4(s)6(s)R(ds, o0) + /0 " g(s)dme(s) = /O T g(s)d < 10,16 > (5)

At this point ([[L1) is established for every F = H,, ([~ ¢dX), ||¢[ls = 1. If ||¢]| = O then
(TL.3) holds trivially. If ||¢|ly = o > 0 then ([[1.1)) with ||¢|[ = 1 can be extended to this
case replacing X with 0 X.

12 Wiener and Skorohod integrals

If the integrand is deterministic, the Wiener integral equals Skorohod integral as Proposition
below shows. We list here some properties, whose proof is very close to the one of [RJ],

where we supposed that X has a covariance measure structure. We suppose Assumptions
(A), (B), (C) by default.
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Proposition 12.1. Let h € Lr. Then h € Dom(6) and

/h&X:/ hdX.
0 0

Proof: It follows from Proposition B.4 and the definition of Skorohod integral.
Proposition 12.2. Let u € Cyl(Lg). Then u € Dom(6) and [;° uéX € LP(2), Vp > 1.

Proof: Let u = Gy, » € Lr, G € Cyl. Proposition says that ¢ € Dom/(9).
Applying Proposition with F' = G, u = 1), it follows that G € Dom/(d) and

/OmuéX:G/0w¢5X—<w,DG>H.

Making explicit previous equality when G' = g(Y1,...,Y,), where g € C°(R"), Y; =
Jo T ®jdX, 1< j <n, then

/O WX = g(Vi,....Y,) /0 GAX =3 (65 0)y O59(Vi, . Ya). (121
j=1

The right-hand side belongs obviously to each L? since Yj is a Gaussian random variable

and g, 0;g are bounded. The final result for u € Cyl(Lg) follows by linearity. |

Remark 12.3. provides an explicit expression of fooo wd X, if u € Cyl(LR).

Next result concerns the commutation property of the derivative and Skorohod
integral. First we observe that (D;F) € Dom(d) if F € Cyl. Moreover, if u € Cyl(Lg),
(Dsut) belongs to [D?(Lg)|. Closely to Proposition 7.3 of [BF] and to [B3, Chapter 1,

(1.46) we can prove the following result.

Proposition 12.4. Let u € Cyl(Lg). Then

oo
/ udX € |DH?|
0

0 0

We can now evaluate the L?(£2)-norm of the Skorohod integral.

and for every t
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Proposition 12.5. Let u € [D*(Lg)|. Then u € Dom(6), [;°uéX € L*(2) and

e( [ u6X)2 — B(Jul)

—%E </]R+ du(ty,ta) (D.(ugy — ugy), (Dyy — th)u.m) (12.2)

+E (/Ooo R(dt, oo)HDtu.\@ .

Moreover
00 2
E </ u6X>
0
(12.3)

1
<E (IIUH?ﬁ/ d|R|(dt, 0o)|| Dyu?|| g + 5/]1@2 d|pl(s1, s2)|| D-us, — D-USQII?z) :
R4

+
Remark 12.6. We denote (D'u)(s,t) = Dyus, (Du)(s,t) = Dgug, s,t > 0.
i) The right-hand side of ([[2.3) can be written as
E (Hu”% + <Du,D1u>H®H> ,

ii) The right-hand side of ([[2.3) can be written as

E (lulf + 1Dull3 r) -

Proof (of Proposition [2.§): Let u € Cyl(Lg). By Proposition 2.4, [~ udX €
IDY2| and we get

E </O°Ouax)2 B <<u,D/OOOu5X>H>
_E </O°O wsDs (/OOO u5X> R(ds,oo))
5k </R (ts, — 1s,)(Ds, — D) (/OOO u5X> u(dsl,d32)>

1
= El - §E2,

2
+
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where

B - FE (R(dt,oo)uf + /0 T ( /0 OO(Dtur)éXr> R(dt,oo)> ,

oo ()

Consequently

M(dtl, dtg)(utl — ut2)2 + /
RY

,U,(dtl,dtg)(utl — th)/ (-Dtl — DtQ)uT(SXr> .
0

2
+

1 [ee] [e.e]
E, — §E2 = E (JullF) —|—/ R(dt,00)E <ut/ Dtur6Xr>
0 0

2.
2 Jr

Using again the duality relation of Skorohod integral, we obtain

,U,(dtl,dtg)E <(ut1 — th)/ (Dtl — DtQ)uréXr> .
0

2
+

E(|ul3) +E (/Ooo R(dt, 00) (D.uy, Dyu.)y,

..
2 Ri

This proves ([2.9) and the result for u € Cyl(Lg). ([2.3) is then a consequence of Cauchy-

d/‘(tl’ t2) <D-(ut1 - utz)’ (Dtl - Dt2)u->’H> :

Schwarz with respect to the inner product (-, -),, and the fact that the norm [ - [[r (resp.
| - |l2.r) dominates || - ||3 (resp. || |lxe#). The general result for u € [DY2(Lg)| follows
because Cyl(Lg) is dense in |DY2(Lg)|. [ |

13 Link between symmetric and Skorohod integral

We wish now to establish a relation between the symmetric integral via regularization and
Skorohod integral. We recall that, in most of our examples, forward integrals do not exist.
If X = B is a fractional Brownian motion with Hurst parameter H < %, then X is not of
finite quadratic variation, therefore fo Xd~ X does not exist, see Introduction.

We suppose here again the validity of Assumptions (A), (B), (C) and X; = X7,

t > T. We first need a technical lemma.

Lemma 13.1. Let Y € |DY2(Lg)| cadlag. For e > 0, we set

1 (t+e)NT
YS = —/ Yds.
2e Jp—e)+

We suppose next the validity of next hypothesis.
Hypothesis TR We set v(dt) = |R|(dt, o)
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1. For everyt >0, Y; € D12,

2. t — Y, is continuous and bounded in DY2. In particular t — Y is continuous and
bounded in L%, t — DY; is continuous, bounded in L*(Q; Lg).

3. For r € R sufficiently small, t — Yi,, belongs to DY2(Lg) and r — Y.|, is contin-
uous in DY2(LR) at v = 0. In particular r — Y.1, is continuous in L*(Q; Lg) and

r+— D.Y.1, is continuous in L*(Q; Lo g) at = 0.
Then Y¢ converges to Y in DV2(Lg).

Proof: We set a(s,t) = 1j4—e)+ (14e)a1)(8);, pt = (t +¢) AT. By Hypothesis TR
and Corollary .19, a(s,-) € Ly for every s > 0. Hence Assumptions i), ii) of Proposition
are verified. By Hypothesis TR 2., Assumption iii) of the same Proposition is also
valid. Consequently Y = 5= [ a(s,t)Ydps defines a process in D?(Lpg). Moreover

1 (t+e)AT

D, YS = —/ dsD,Ys. (13.1)

2e Jp—e)+

We need to prove the following

_vE|2
E(IY ~Y73) —0, (13.2)
E(|DY =Y9)|3r) — 0. (13.3)

e—0

1) The left hand-side of ([[3.9), using Bochner integration properties and Jensen’s inequality,
is bounded by
1 >
— drE (||[Yerr — Ysl%) - 13.4
= 4 (e = il (1.9

By Hypothesis TR 3. lim, o E (|Y4» — Y|zr)? = 0 and ([[34) converges to zero.
Again by Bochner integration properties and Jensen’s inequality the left-hand side of ([[3.9)
is bounded by

1 [° 9
7 drE (|D.Y 4 — DY|3 5) -
€ J(=e)t
Again this converges to zero since 7 —— D.Y., is continuous in Ly g. |

Hypothesis TR is quite technical. We provide a very important example, which
is constituted by Y = g(X), for suitable real functions g. Before treating this we need a

preliminary lemma which looks similar, but is significantly different from Corollary [9.10}.
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Lemma 13.2. Let g € CZ(R). Then Y; = g(X;) belongs to D'? and
D,Y; = g'(X¢)1pg(r), t>0. (13.5)
Moreover the assumptions of Lemma [9.13 are verified with p(t) = t.

Proof: i) By Assumption (D) 19, € Lg because of Corollary F.19. Hence the
first part and ([[3.5) follow by Proposition B.13.
ii) We continue verifying the assumption of Lemma P.13. Y is continuous in L? because Y
is pathwise continuous and (Y;);<7 is uniformly integrable. Indeed g has linear growth and

X is Gaussian, so there is constant const. with

2
sup E(g(X;))* < const. (1 + (sup VarXt> ) .
t<T >0

Y is bounded in L? since X by similar arguments as above (¢/(X;)) is continuous in LZ.

Let now t9 > t; > 0. It follows that

ID.Ys, = D.Ya, % < (9" (Xea)) g2 1)l + (' (Xi2) = ¢ (X)) (0,01
= 29/(Xt2)2vaT(Xt2 - Xt1) +2 (gl(Xt2) - g/(Xh))Q VGT(XH)'

Since X and ¢’(X) are continuous in L? and ¢’ has linear growth, we obtain that ¢t — D.Y;
is continuous in L?. By similar arguments ¢ — ||DY;||% is also bounded. This concludes

the proof of the Lemma [[3.2 |

We go on with another step in the investigation between symmetric and Skorohod

integral.

Proposition 13.3. Together with the assumptions mentioned at the beginning of Section
[13, we suppose
sup  Var(Xs,+r — Xsotr)d|p](s1,52) < 00 (13.6)

Ri 7"6[—60,80]

for some g9 > 0. Let g € CE(R). ThenY = g(X) verifies Hypothesis TR.

Proof :

1) Hypothesis TR 1. was the objective of Lemma [[3.3.
2) We have

E(g(X1,) = 9(X1,))* < [l9'llocVar(Xe, — Xy,).
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Since X is continuous in L?, then g(X) is continuous in L2. On the other hand ([[3.5) holds

and ¢ — 1194 is continuous from Ry to L because
10, = Lo, = Var (Xe — X5).

taking into account Corollary p.19. This implies that ¢ — DY;,, is continuous (and
bounded) from R, to D2 for r small enough. Consequently Hypothesis TR 2. is valid.

3) i) By Proposition P.7 and Remark P.§ we know that X.i, € DY?(Lg) for s small
enough. Proposition P.9 implies, that ¥ = g(X.4,) belongs to D"?(Lg) and D;Y; =

9 (Xtqr) 0,441 (5)-
ii) To conclude the validity of Hypothesis TR 3. we need to show that

a) 7+ g(X.,,) is continuous in L?(2; Lg) in a neighbourhood of 0.
b) 7+ (s,t) — ¢'(Xi4r) 10,44+ () is continuous in a neighbourhood of zero in L?(€; Ly ).
Concerning a), by definition of || - || g,

lg(X i) = 9(X) 7 < 119 lloo |1 Xotr = X1

Taking the expectation and since

E (| X0 — X.J3) = /0 R(ds, 00)E (Xapr — X,)?

1
+ 5 /2 d]u](sl, 52) B (Xsy4r — Xy — Xogpr + X82)2 .
Ry

Since X is bounded and continuous in L?, ([[3.6) and Lebesgue’s dominated convergence
theorem imply that

. o 2y _

lim B (| X4 — X|IR) = 0. (13.7)

Concerning b) we have to estimate,
E (| DY.4r = DY |3 ),
where DsYiir = ¢'(Xt1r)1[0,¢4(8). Previous expectation is bounded by
2(Iy(r) + Ia(r)) ,

where

Li(r) = E(9(Xpsr))? 10441 — Lol R
I(r) = E (l9(X4r) — 9(X)IR) 111041 %-
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We clearly have
Ii(r) < (9(0) + 19l B (X2,)) Var(Xoay) = Var(X)| .

Since X is continuous and bounded in L?(2) and taking into account the definition of
|l - ||z, (L3.6) and Lebesgue’s dominated convergence theorem imply lim, o [;(r) = 0. On
the other hand

& 1
alle = [ Var(XoR(to) + 5 [ Var (4, = X dul(t. 1)

2
R+

Since
E (lg(X 1) = 9(X)IR) < 19 ool Xopr — X[,

([3:3) and ([3.9) imply lim,_, I2(r) = 0. This concludes the proof of Proposition [[3.3. M

Remark 13.4. If X; = X;ar and X has stationary increments, then ([3.9) and (6.39) are

equivalent to

| amieian) <.
0+
whenever Q(t) = VarX;.

We are able now to state a theorem linking Skorohod integral and regularization

integrals. We will introduce first a definition.

Definition 13.1. Let Y € DY2(Lg). We say that DY admits a symmetric trace if

) i dt
lim <DY}, 1[t—5,t+5}>7_[ ;

e—0 0

for every T > 0 in probability. We denote by (Tr'DY (1) the mentioned quantity.
Theorem 13.5. Let Y be a process with the following assumptions

1. Assumption (D).

2. Y € DY2(LR).

3. Hypothesis TR holds.

4. Y admits a symmetric trace.
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Then . .
/ Yd°X = / Y§X + (Tr°DY)(t). (13.8)
0 0
Proof: As in Lemma [[3.]), we denote

1 (t+e)AT

Y dsYs.

2 Joyr
The e- approximation of the left-hand symmetric integral in ([3.§) gives

1 t
% ; Yi(Xsye — X(s—a)+)d5'

Using Proposition [[2.1] and Proposition previous expression equals

1 t [e%s}
3 [ A [ Xl =
t o0 1 t
= / ds / 1{91[5_578%}@)—2— / ds <D1g,1[5_578+5}>7{. (13.9)
0 0 € Jo

Using Fubini’s theorem Proposition [[0.3, the last expression equals

(Il + IQ)(&)

where
1 o0
T = — 0X,YE
1(8) 28/0 utq
tds
I(e) = /0 2 (DY, 1[3*575+5}>H’
with
1 (u—i—a)/\t
e — Y, dr.
v 2 (u—e)+

Lemma implies that I;(e) — fot Y,0X,. The definition of symmetric trace implies
that lim. o I2(e) = (Tr°DY)(t). |

Next application will be an application to the case Y = g(X), g € CZ(R).

Corollary 13.6. We suppose the following

1. Assumption (D), ([I3-4) are fulfilled.
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2. VT >0 .
sup/ [Var(Xsie — Xs) — Var(Xs — Xs_2)|ds < oo. (13.10)
£

e>0

3. y(t) = Var(X:) has bounded variation.

Then, for g € C3(R) we have

t t 1 rt
[ aaex = [ge0sx + 5 [ g0y, we p.1)
0 0 0
Finally we are able to state an It formula related to the symmetric (Stratonovich)

integral via regularization.

Corollary 13.7. Under the assumptions 1), 2), 3) of Corollary [[3.4, if f € C°(R), then

f(Xt)Zf(Xo)+/0 F(Xo)d X, (13.11)

Remark 13.8. 1. The mentioned Ito’s formula has to be considered as a side effect of
Theorem [[3.J. We do not aim in providing minimal assumptions. A refinement of
this formula could concern the case when the paths of X do not belong to Lr and X
belongs only to (Domd)*. Various techniques developed by [[[@, [7], B/ for the specific

case of fractional (or bifractional) Brownian motion will probably help.

2. If X has stationary increments, then ({15.14) holds.

Proof (of Corollary [[3.6): The result follows as consequence of Theorem [[3.5.
Indeed Y = g(X) belongs to DV?(Lg) because of Corollary P.10. Hypothesis TR. holds
because of Proposition [[3.3. So Hypotheses 1., 2., 3. of Theorem are verified. It

remains to check that Y admits a symmetric trace and
T
Tr'Dg(X), = / g (Xs)dys, V1 > 0. (13.12)
0
As we said, Corollary implies that
D,Y; = g'(Xy)1p4(r).

Hence for 7 > 0 the left-hand side of ([[3.19) is the limit when & — 0 of

1 1

/0 % (DYi, Lt pie))q dt = 5/0 9/ (Xe) (Lo,gs Ljt—e el )5, dt- (13.13)
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We consider the bounded variation function

T dt
F(7) :/0 <1[0,t]a1[t—5,t+5}>7_[2_€'

Let T > 0. If we prove that
d
dF(r) = % T € (0,77, (13.14)

then ([3:14) converges to % o 9 (Xy)dvy, as. for every 7 > 0 and the theorem would be
established. To prove ([[3.14) we need to establish the following.

i) The total variation d|F.|(T') a.e. is bounded in € > 0.
ii) Fo(r) — 22 vr >0
Indeed we have

Fu(r) = /0 I Cov(Xire, X)) — Cov(Xie, X0))

2e
1 T
=5 ) dt ((v(t +¢) — (1) — Var(Xeye — Xi))
1 T
~ 3 dt (v(t) —v(t —¢e) = Var(Xy — X)) .
€ Jo
So
F.(1) =L (1) + I (1),
where
her) = = [ aty(0)
1,e\T) = % . i )
1 T
I (1) = % dt (Var(Xite — Xi) = Var(Xy — Xi—¢)) (13.15)
T—€

i) The total variations of I; . on [0,7] are bounded by the total variation of v. The total
variation of I, are bounded because of ([L3.1().
ii) Obviously

. (1)

lim [ .(7) = 2/

iy he(r) =

lim . =0. 13.1

lim I ¢(7) =0 (13.16)
Finally i) and ii) are proved. |
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