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❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s ✏❤❛r❞✇❛r❡ ❡❧❡❝tr♦♥✐❝ s②st❡♠s✑✳ P♦✉r ❝❡ ❢❛✐r❡✱ ❧❡
st❛♥❞❛r❞ ■❊❊❊ P❙▲ ✭Pr♦♣❡rt② ❙♣❡❝✐✜❝❛t✐♦♥ ▲❛♥❣✉❛❣❡✮ ❢♦✉r♥✐ ❞❡s ♥♦t❛t✐♦♥s ❢♦r♠❡❧❧❡s ♣♦✉r
❧✬❡①♣r❡ss✐♦♥ ❞❡ ♣r♦♣r✐étés ❡♥ ❧♦❣✐q✉❡ t❡♠♣♦r❡❧❧❡s q✉✐ ♣❡✉✈❡♥t êtr❡ ❛✉t♦♠❛t✐q✉❡♠❡♥t ✈ér✐✜é❡
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t❤♦❞❡s ❞✬❛♥❛❧②s❡s ❝❧❛ss✐q✉❡s ✉t✐❧✐sé❡s ❞❛♥s ❧❛ ❝♦♠♠✉♥❛✉té ❊❉❆ ✭❊❧❡❝tr♦♥✐❝ ❉❡s✐❣♥ ❆✉t♦✲
♠❛t✐♦♥✮✳ ❉❛♥s ❝❡ ♣❛♣✐❡r✱ ♥♦✉s ❝♦♥tr✐❜✉♦♥s à ❝❡ ❜✉t ❡♥ ❝♦♠♣❛r❛♥t ❧✬❡①♣r❡ss✐✈✐té ❞❡ ❈❈❙▲
❡t ❞✉ ❢r❛❣♠❡♥t ❞❡ P❙▲ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ❧♦❣✐q✉❡ t❡♠♣♦r❡❧❧❡ ❧✐♥é❛✐r❡✳ ◆♦✉s ♠♦♥tr♦♥s
q✉✬❛✉❝✉♥ ❞❡ ❝❡s ❧❛♥❣❛❣❡s ♥✬❡st ✐♥❝❧✉s ❞❛♥s ❧✬❛✉tr❡✳ ◆♦✉s ✐❞❡♥t✐✜♦♥s ❧❡s ❝♦♥str✉❝t❡✉rs ❞❡
❈❈❙▲ q✉✐ ♥❡ ♣❡✉✈❡♥t êtr❡ ❡①♣r✐♠és ♣❛r ❧❡s ❧♦❣✐q✉❡s t❡♠♣♦r❡❧❧❡s ♣r♦♣♦s✐t✐♦♥♥❡❧❧❡s ❡t ♣r♦♣♦✲
s♦♥s ❡♥ ❝♦♥séq✉❡♥❝❡ ❞❡s r❡str✐❝t✐♦♥s ❞❡ ❝❡s ♦♣ér❛t❡✉rs ❞❡ ♠❛♥✐èr❡ à ❧❡s r❡♥❞r❡ ❡①♣r✐♠❛❜❧❡s
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❝♦❞é❡s ❞❛♥s ❈❈❙▲✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❞❡s tr❛❞✉❝t✐♦♥s ❡♥tr❡ ❝❡s ❞❡✉① ❢r❛❣♠❡♥ts ✉t✐❧✐s❛♥t ❞❡s
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♣r♦✈✐❞❡s ❛ ♠❡❛♥s t♦ s♣❡❝✐❢② s❡✈❡r❛❧ ❛s♣❡❝ts ♦❢ ❡♠❜❡❞❞❡❞ s②st❡♠s✱ r❛♥❣✐♥❣ ❢r♦♠ ❧❛r❣❡ s♦❢t✇❛r❡
s②st❡♠s ♦♥ t♦♣ ♦❢ ❛♥ ♦♣❡r❛t✐♥❣ s②st❡♠ t♦ s♣❡❝✐✜❝ ❤❛r❞✇❛r❡ ❞❡s✐❣♥s✳ ❯▼▲✴▼❆❘❚❊ ♣r♦✲
✈✐❞❡s ❛ s✉♣♣♦rt t♦ ❝❛♣t✉r❡ str✉❝t✉r❛❧ ❛♥❞ ❜❡❤❛✈✐♦r❛❧✱ ❢✉♥❝t✐♦♥❛❧ ❛♥❞ ♥♦♥✲❢✉♥❝t✐♦♥❛❧ ❛s♣❡❝ts✳
❚❤❡ ❈❧♦❝❦ ❈♦♥str❛✐♥t ❙♣❡❝✐✜❝❛t✐♦♥ ▲❛♥❣✉❛❣❡ ✭❈❈❙▲ ❬✶❪✮✱ ✐♥✐t✐❛❧❧② s♣❡❝✐✜❡❞ ✐♥ ❛♥ ❛♥♥❡① ♦❢
▼❆❘❚❊✱ ♦✛❡rs ❛ ❣❡♥❡r❛❧ s❡t ♦❢ ♥♦t❛t✐♦♥s t♦ s♣❡❝✐❢② ❝❛✉s❛❧✱ ❝❤r♦♥♦❧♦❣✐❝❛❧ ❛♥❞ t✐♠❡❞ ♣r♦♣✲
❡rt✐❡s ♦♥ t❤❡s❡ ♠♦❞❡❧s ❛♥❞ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ✈❛r✐♦✉s s✉❜❞♦♠❛✐♥s ❬✻✱ ✺✱ ✷❪✳ ❈❈❙▲ ✐s ❢♦r♠❛❧❧②
❞❡✜♥❡❞ ❛♥❞ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ❛t t❤❡ ♠♦❞❡❧ ❧❡✈❡❧✳ ❈❈❙▲ ✐s ✐♥t❡♥❞❡❞ t♦ ❜❡
✉s❡❞ ❛t ✈❛r✐♦✉s ♠♦❞❡❧✐♥❣ ❧❡✈❡❧s ❢♦❧❧♦✇✐♥❣ ❛ r❡✜♥❡♠❡♥t str❛t❡❣②✳ ■t s❤♦✉❧❞ ❛❧❧♦✇ ❜♦t❤ ❝♦❛rs❡✱
♣♦ss✐❜❧② ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝✱ ✐♥✜♥✐t❡✱ ✉♥❜♦✉♥❞❡❞ s♣❡❝✐✜❝❛t✐♦♥s ❛t t❤❡ s②st❡♠ ❧❡✈❡❧ ❜✉t ❛❧s♦
♠♦r❡ ♣r❡❝✐s❡ s♣❡❝✐✜❝❛t✐♦♥s ❢r♦♠ ✇❤✐❝❤ ❝♦❞❡ ❣❡♥❡r❛t✐♦♥✱ s❝❤❡❞✉❧❛❜✐❧✐t② ❛♥❞ ❢♦r♠❛❧ ❛♥❛❧②s✐s
❛r❡ ♣♦ss✐❜❧❡✳

■♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❤❛r❞✇❛r❡ ❡❧❡❝tr♦♥✐❝ s②st❡♠s✱ ✇❤✐❝❤ ✐s ♦♥❡ ♦❢ t❤❡ s✉❜❞♦♠❛✐♥s t❛r❣❡t❡❞
❜② ▼❆❘❚❊✱ ❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥ ✐s ❛♥ ✐♠♣♦rt❛♥t st❡♣ ♦❢ t❤❡ ❞❡✈❡❧♦♣♠❡♥t✳ ❚♦ ❛❧❧♦✇ s✐♠✉✲
❧❛t✐♦♥ ❛♥❞ ❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥ ♦❢ s✉❝❤ s②st❡♠s✱ t❤❡ ■❊❊❊ Pr♦♣❡rt② ❙♣❡❝✐✜❝❛t✐♦♥ ▲❛♥❣✉❛❣❡
✭P❙▲ ❬✶✵❪✮ ♣r♦✈✐❞❡s ❛ ❢♦r♠❛❧ ♥♦t❛t✐♦♥ ❢♦r t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♥✐❝ s②st❡♠ ❜❡❤❛✈✐♦r✱
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ♠✉❧t✐♣❧❡ ❡❧❡❝tr♦♥✐❝ s②st❡♠ ❞❡s✐❣♥ ❧❛♥❣✉❛❣❡s ✭❱❍❉▲✱ ❱❡r✐❧♦❣✱ ❙②st❡♠❈✱
❙②st❡♠❱❡r✐❧♦❣✮✳

■♥ ❛ ▼♦❞❡❧✲❉r✐✈❡♥ ❛♣♣r♦❛❝❤ ✇❤❡r❡ ❝♦❞❡ ✭❡✳❣✳✱ ❙②st❡♠❈ ♦r ❱❍❉▲✮ ✐s ❣❡♥❡r❛t❡❞ ❢r♦♠
♠♦❞❡❧s ✭❯▼▲✴▼❆❘❚❊✮✱ t✇♦ q✉❡st✐♦♥s ❛r✐s❡✳ ■s ▼❆❘❚❊ ❡①♣r❡ss✐✈❡ ❡♥♦✉❣❤ t♦ ❝❛♣t✉r❡ ❛♥
❛❜str❛❝t ✈✐❡✇ ♦❢ ❤❛r❞✇❛r❡ s②st❡♠s❄ ■s ❈❈❙▲ ❡①♣r❡ss✐✈❡ ❡♥♦✉❣❤ t♦ ❡①♣r❡ss ♣r♦♣❡rt✐❡s ✉s✉❛❧❧②
♠♦❞❡❧❡❞ ✐♥ P❙▲❄ ❙♦♠❡ ❡✛♦rts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦ ❛♥s✇❡r t❤❡ ✜rst q✉❡st✐♦♥ ❬✾✱ ✶✸❪✳ ❲❡ ❛r❡
❛❞❞r❡ss✐♥❣ ❤❡r❡ t❤❡ s❡❝♦♥❞ q✉❡st✐♦♥ ❛♥❞ ✇❡ ❢♦❝✉s ♦♥ s❛❢❡t② ♣r♦♣❡rt✐❡s ❡①♣r❡ss❡❞ ✇✐t❤ ❈❈❙▲
♦♥ t♦♣ ♦❢ ▼❆❘❚❊ ♠♦❞❡❧s✳

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❡♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ P❙▲ ❛♥❞ ❈❈❙▲ ❡①♣r❡ss✐✈❡✲
♥❡ss✳ ❚❤❡ ✜rst r❡s✉❧t ✐s t❤❛t ♥♦♥❡ ♦❢ t❤❡s❡ ❧❛♥❣✉❛❣❡s s✉❜s✉♠❡ t❤❡ ♦t❤❡r ♦♥❡✳ ❈♦♥s❡q✉❡♥t❧②✱
✇❡ ✐❞❡♥t✐❢② t❤❡ ❈❈❙▲ ❝♦♥str✉❝ts t❤❛t ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡♠♣♦r❛❧ ❧♦❣✐❝s ❛♥❞ ♣r♦♣♦s❡
r❡str✐❝t✐♦♥s t♦ t❤❡s❡ ♦♣❡r❛t♦rs s♦ t❤❛t t❤❡② ❜❡❝♦♠❡ tr❛❝t❛❜❧❡ ✐♥ t❡♠♣♦r❛❧ ❧♦❣✐❝s✳ ❈♦♥✈❡rs❡❧②✱
✇❡ ❛❧s♦ ✐❞❡♥t✐❢② t❤❡ ❝❧❛ss ♦❢ P❙▲ ❢♦r♠✉❧❛s t❤❛t ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥ ❈❈❙▲ ✳ ❯s✐♥❣ t❤✐s ✐♥❢♦r♠❛✲
t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t tr❛♥s❧❛t✐♦♥s ❜❡t✇❡❡♥ ❧❛r❣❡ ❢r❛❣♠❡♥ts ♦❢ ❈❈❙▲ ❛♥❞ P❙▲ ❝❛♥ ❜❡ ❞❡✜♥❡❞✳
❇❡❝❛✉s❡ ❞✐r❡❝t ♠♦❞✉❧❛r tr❛♥s❧❛t✐♦♥ ✐s ♠♦r❡ t❡❞✐♦✉s✱ ✇❡ ✉s❡ ❛♥ ❛✉t♦♠❛t♦♥✲❜❛s❡❞ ❛♣♣r♦❛❝❤✳
❚❤♦✉❣❤ tr❛♥s❧❛t✐♦♥ ❢r♦♠ P❙▲ t♦ ❛✉t♦♠❛t❛ ✐s ❛ ✇❡❧❧ st✉❞✐❡❞ t♦♣✐❝ ✭s❡❡ ❡✳❣✳✱ ❬✸❪✮✱ s✐♠✐❧❛r
tr❛♥s❢♦r♠❛t✐♦♥s ❢♦r ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s ✐s ❛ ♥❡✇ ❛♥❞ ✐♥t❡r❡st✐♥❣ r❡s✉❧t✳ ❚❤✐s ✐♥t❡r♠❡❞✐❛t❡
tr❛♥s❧❛t✐♦♥ ♦❢ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s t♦ ❛✉t♦♠❛t❛ ❝♦✉❧❞ ❜❡ ❛❧t❡r♥❛t✐✈❡❧② ✉s❡❞ ❞✐r❡❝t❧② ❜② t❤❡
s✉❜❞♦♠❛✐♥ t♦♦❧s ✭❛♥❞ ♣♦ss✐❜❧② ❝♦♠♣❧❡t❡❞ ❜② ♦t❤❡r P❙▲ ♣r♦♣❡rt✐❡s ✐❢ ♥❡❡❞❡❞✮✳ ❍♦✇❡✈❡r✱ t❤❡
♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤❡ ♣❛♣❡r ✐s t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ P❙▲ ❛♥❞ ❈❈❙▲ ❛♥❞ ✇❡ ❞♦ ♥♦t ❝❧❛✐♠ t❤❛t
t❤❡ r✐❣♦r♦✉s tr❛♥s❧❛t✐♦♥ ❝❤❛✐♥s ✇❡ ❞❡✜♥❡ ✐s ♥♦t ❛❞❡q✉❛t❡ t♦ ♣❡r❢♦r♠ ❢❛st ❛♥❛❧②s❡s✳

❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✳ ✷ ✇❡ ✐♥tr♦❞✉❝❡ ❈❈❙▲ ❛♥❞
P❙▲ ❛♥❞ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❦✐♥❞ ♦❢ ♣r♦♣❡rt✐❡s ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❡❛❝❤ ❧❛♥❣✉❛❣❡✳ ❲❡
❞❡✜♥❡ ✐♥ ❙❡❝t✳ ✸ t❤❡ ❝❧❛ss ♦❢ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ✇❤✐❝❤ ✐s ✉s❡❞ ✐♥ ❙❡❝t✳ ✹ t♦ ❞❡✜♥❡ tr❛♥s❧❛t✐♦♥s
❜❡t✇❡❡♥ ❢r❛❣♠❡♥ts ♦❢ ❈❈❙▲ ❛♥❞ P❙▲✳ ❙❡❝t✳ ✺ ❝♦♥t❛✐♥s ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛♥❞ ❢✉t✉r❡ ✇♦r❦✳

❘❘ ♥➦ ✼✹✺✾



✹ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

✷ ❉❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡s

❲❡ ❞❡✜♥❡ ❤❡r❡ t❤❡ ❧❛♥❣✉❛❣❡s t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♣❛♣❡r ❛♥❞ ❣✐✈❡ ✜rst ❝♦♠♣❛r✐s♦♥s
r❡❧❛t❡❞ t♦ t❤❡✐r ❡①♣r❡ss✐✈❡ ♣♦✇❡r✳

✷✳✶ ❈❧♦❝❦ ❈♦♥str❛✐♥t ❙♣❡❝✐✜❝❛t✐♦♥ ▲❛♥❣✉❛❣❡

❈❈❙▲ ✐s t❤❡ ❝♦♠♣❛♥✐♦♥ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ ❯▼▲ ▼❆❘❚❊ ♣r♦✜❧❡ ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ❡♠❜❡❞❞❡❞
s②st❡♠s✳ ■t ❝♦♠❜✐♥❡s ❝♦♥str✉❝ts ❢r♦♠ t❤❡ ❣❡♥❡r❛❧ ♥❡t t❤❡♦r② ❛♥❞ ❢r♦♠ t❤❡ s②♥❝❤r♦♥♦✉s
❧❛♥❣✉❛❣❡s✳ ❈❈❙▲ ♦✛❡rs ❛ s❡t ♦❢ ❝❛✉s❛❧ ❛♥❞ t✐♠❡❞ ♣❛tt❡r♥s ❝❧❛ss✐❝❛❧❧② ✉s❡❞ ✐♥ ❡♠❜❡❞❞❡❞
s②st❡♠s✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ t❤❡ ❧❛♥❣✉❛❣❡ ❈❈❙▲ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❝❧♦❝❦s ✇❤✐❝❤ ✐s ❛
❣❡♥❡r❛❧ ♥❛♠❡ t♦ ❞❡♥♦t❡ ❛ t♦t❛❧❧② ♦r❞❡r❡❞ s❡q✉❡♥❝❡ ♦❢ ❡✈❡♥t ♦❝❝✉rr❡♥❝❡s✱ ❝❛❧❧❡❞ t❤❡ ✐♥st❛♥ts
♦❢ t❤❡ ❝❧♦❝❦✳ ■♥st❛♥ts ❞♦ ♥♦t ❝❛rr② ✈❛❧✉❡s✳ ❈❈❙▲ ❞❡✜♥❡s ❛ s❡t ♦❢ ❝❧♦❝❦ r❡❧❛t✐♦♥s✿

r ::= c1 ⊂ c2 | c1 # c2 | c1 ≺ c2 | c1 4 c2.

✇❤❡r❡ c1, c2 r❡♣r❡s❡♥t ❝❧♦❝❦s ♦❢ t❤❡ s②st❡♠✳ ■♥❢♦r♠❛❧❧②✱ c1 ⊂ c2 ♠❡❛♥s t❤❛t c1 ✐s ❛ s✉❜❝❧♦❝❦

♦❢ c2✱ c1 # c2 t❤❛t t❤❡ ✐♥st❛♥ts ♦❢ t❤❡ t✇♦ ❝❧♦❝❦s ♥❡✈❡r ♦❝❝✉r ❛t t❤❡ s❛♠❡ t✐♠❡ ❛♥❞ c1 ≺ c2

t❤❛t t❤❡ nt❤ ♦❝❝✉rr❡♥❝❡ ♦❢ c1 str✐❝t❧② ♣r❡❝❡❞❡s t❤❡ nt❤ ♦❝❝✉rr❡♥❝❡ ♦❢ c2 ❢♦r ❡✈❡r② n ∈ N
∗✳

❚❤❡ r❡❧❛t✐♦♥ c1 4 c2 ✐s t❤❡ ♥♦♥ str✐❝t ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥✳
❈❈❙▲ ✐s ❛ ❤✐❣❤✲❧❡✈❡❧ ♠✉❧t✐❝❧♦❝❦ ❧❛♥❣✉❛❣❡ ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧ s❡♠❛♥t✐❝s ❞♦❡s ♥♦t r❡q✉✐r❡

t♦t❛❧❧② ♦r❞❡r❡❞ ♠♦❞❡❧s✳ ❍♦✇❡✈❡r✱ ❛t ❧♦✇❡r ❧❡✈❡❧ ♦r ❢♦r s✐♠✉❧❛t✐♦♥ ♣✉r♣♦s❡s✱ ♦♥❡ ♥❡❡❞s t♦
r❡♣r❡s❡♥t t❤❡ ❡①❡❝✉t✐♦♥ ❛s ❛ t♦t❛❧❧② ♦r❞❡r❡❞ s❡q✉❡♥❝❡✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ❛❧t❡r♥❛t✐✈❡ s❡✲
♠❛♥t✐❝s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶❪ ✐❞❡♥t✐✜❡s ❝❧♦❝❦s ✇✐t❤ ❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s ❡✈♦❧✈✐♥❣ ❛❧♦♥❣ t✐♠❡✳ ■♥ t❤❡
r❡♠❛✐♥✐♥❣✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❛t ❛ ❝❧♦❝❦ c ❜❡❧♦♥❣s t♦ ❛ s❡t ♦❢ ♣r♦♣♦s✐t✐♦♥s VAR ❛♥❞ ❈❈❙▲
♠♦❞❡❧s ❛r❡ ✜♥✐t❡ ♦r ✐♥✜♥✐t❡ s❡q✉❡♥❝❡s ♦❢ ❡❧❡♠❡♥ts ✐♥ 2VAR✳ ❚❤❡ s❡t ♦❢ ✐♥st❛♥ts ♦❢ t❤❡ ❝❧♦❝❦
c ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡t ♦❢ ♣♦s✐t✐♦♥s ✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡ c ❤♦❧❞s✳

▲❡t σ ❜❡ ❛ ❈❈❙▲ ♠♦❞❡❧✳ ❋♦r s✉❝❤ ❛ s❡q✉❡♥❝❡✱ ✇❡ ❞❡♥♦t❡ ❜② |σ| t❤❡ ❧❡♥❣t❤ ♦❢ σ ❛♥❞ ❛ss✉♠❡
t❤❛t |σ| = ω ✇❤❡♥ σ ✐s ❛♥ ✐♥✜♥✐t❡ ✇♦r❞✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s σ(i) ❢♦r t❤❡ it❤ ❡❧❡♠❡♥t ♦❢
σ ❛♥❞ σi ❢♦r t❤❡ s✉✣① ♦❢ σ st❛rt✐♥❣ ❛t t❤❡ it❤ ♣♦s✐t✐♦♥✳ ❚♦ ❡✈❛❧✉❛t❡ t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢
♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥s✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛st ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ ❝❧♦❝❦s ❛t ❡❛❝❤
♣♦s✐t✐♦♥ ♦❢ σ✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ χσ s✳t✳ ❢♦r ❡✈❡r② i ∈ N ❛♥❞ c ∈ VAR ✇❡ ❤❛✈❡

χσ(c, i) = |{j ∈ N s✳t✳ j ≤ i ❛♥❞ c ∈ σ(j)}|.

❚❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ ❈❈❙▲ r❡❧❛t✐♦♥s ✐s ❞❡✜♥❡❞ ❜②✿

❼ σ |=ccsl c1 ⊂ c2 ✐✛ ❢♦r ❡✈❡r② 0 ≤ i < |σ|✱ ✐❢ c1 ∈ σ(i) t❤❡♥ c2 ∈ σ(i)✳ ❲❡ ❛❧s♦ ❞❡✜♥❡
t❤❡ ❝♦✐♥❝✐❞❡♥❝❡ r❡❧❛t✐♦♥ = s✉❝❤ t❤❛t σ |=ccsl c1 = c2 ✐✛ σ |=ccsl c1 ⊂ c2 ❛♥❞
σ |=ccsl c2 ⊂ c1✳

❼ σ |=ccsl c1 # c2 ✐✛ ❢♦r ❡✈❡r② 0 ≤ i < |σ| ✇❡ ❤❛✈❡ c1 6∈ σ(i) ♦r c2 6∈ σ(i)✳

■◆❘■❆



▲♦❣✐❝❛❧ t✐♠❡ ❛♥❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✿ ❈♦♠♣❛r✐♥❣ ❯▼▲ ▼❆❘❚❊✴❈❈❙▲ ❛♥❞ P❙▲ ✺

❼ σ |=ccsl c1 ≺ c2 ✐✛ ❢♦r ❡✈❡r② 0 ≤ i < |σ| s✉❝❤ t❤❛t χσ(c1, i) > 0 ❛♥❞ χσ(c2, i) > 0 ✇❡
❤❛✈❡ χσ(c1, i) > χσ(c2, i)✳

❼ σ |=ccsl c1 4 c2 ✐✛ ❢♦r ❡✈❡r② 0 ≤ i < |σ| ✇❡ ❤❛✈❡ χσ(c1, i) ≥ χσ(c2, i)✳

❈❈❙▲ ❝❛♥ ❛❧s♦ ❡①♣r❡ss ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❝❧♦❝❦s ❜② ✉s✐♥❣ ❝❧♦❝❦ ❞❡✜✲
♥✐t✐♦♥s✳ ❈❈❙▲ ❝❧♦❝❦ ❞❡✜♥✐t✐♦♥s ❛❧❧♦✇ ♦♥❡ t♦ ❞❡✜♥❡ ❛ ❝❧♦❝❦ ❜② ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♦t❤❡r ❝❧♦❝❦s

❣✐✈❡♥ ❛s ❛r❣✉♠❡♥ts✳ ❆ ❝❧♦❝❦ ❞❡✜♥✐t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠ c , e ✇❤❡r❡ c ∈ VAR ❛♥❞ e ✐s ❛ ❝❧♦❝❦
❡①♣r❡ss✐♦♥ ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿

e := c | e + e | e ∗ e | e ❉ e | e ❈ e | e  e | e H bw | e $e n | e ∨ e | e ∧ e

✇❤❡r❡ c ∈ VAR✱ n ∈ N
∗ ❛♥❞ bw : N

∗ → B ✐s ❛ ❜✐♥❛r② ✇♦r❞✳ ❚❤❡ ❡①♣r❡ss✐♦♥s e1 + e2
❛♥❞ e1 ∗ e2 r❡♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② t❤❡ ✉♥✐♦♥ ❛♥❞ ✐♥t❡rs❡❝t✐♦♥ ♦❢ e1 ❛♥❞ e2✳ ❚❤❡ str✐❝t ❛♥❞
♥♦♥ str✐❝t s❛♠♣❧❡ ❡①♣r❡ss✐♦♥s ❛r❡ ❞❡♥♦t❡❞ r❡s♣❡❝t✐✈❡❧② ❜② e1 ❉ e2 ❛♥❞ e1 ❈ e2✳ ❚❤❡ ❞❡❧❛②
♦♣❡r❛t✐♦♥ e1 $e2 n ✐s ❛ ✈❛r✐❛t✐♦♥ ♦❢ s❛♠♣❧✐♥❣ t❤❛t s❛♠♣❧❡s e1 ♦♥ t❤❡ nt❤ ♦❝❝✉rr❡♥❝❡ ♦❢ e2✳
❚❤❡ ❡①♣r❡ss✐♦♥ e1  e2 ✐s t❤❡ ♣r❡❡♠♣t✐♦♥ ✭e1 ✉♣ t♦ e2✮✱ e H bw r❡♣r❡s❡♥ts t❤❡ ✜❧t❡r✐♥❣
♦♣❡r❛t✐♦♥✳ ❋✐♥❛❧❧②✱ e1 ∨ e2 ✭r❡s♣✳ e1 ∧ e2✮ r❡♣r❡s❡♥ts t❤❡ ❢❛st❡st ✭r❡s♣✳ s❧♦✇❡st✮ ♦❢ t❤❡ ❝❧♦❝❦s
t❤❛t ❛r❡ s❧♦✇❡r ✭r❡s♣✳ ❢❛st❡r✮ t❤❛♥ ❜♦t❤ e1 ❛♥❞ e2✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❣r❡❛t❡st ❧♦✇❡r ❜♦✉♥❞
❛♥❞ ❧♦✇❡st ✉♣♣❡r ❜♦✉♥❞✳

●✐✈❡♥ ❛ ❝❧♦❝❦ ❡①♣r❡ss✐♦♥ e ❛♥❞ ❛ ❈❈❙▲ ♠♦❞❡❧ σ ✇❡ ♥♦t❡ σ, i |=ccsl e ✐✛ t❤❡ ❡①♣r❡ss✐♦♥ e
❤♦❧❞s ❛t ♣♦s✐t✐♦♥ i ♦❢ σ✳ ❚♦ ❞❡✜♥❡ t❤✐s r❡❧❛t✐♦♥✱ ✇❡ ❡①t❡♥❞ t❤❡ ❢✉♥❝t✐♦♥ χσ t♦ ❡①♣r❡ss✐♦♥s ✐♥
❛ ♥❛t✉r❛❧ ✇❛②✿

χσ(e, i) = |{j ∈ N s✳t✳ j ≤ i ❛♥❞ σ, j |=ccsl e}|.

❚❤❡ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ ❢♦r ❡①♣r❡ss✐♦♥s ✐s ❞❡✜♥❡❞ ❜②✿

❼ σ, i |=ccsl c ✐✛ c ∈ σ(i)✳

❼ σ, i |=ccsl e1 + e2 ✐✛ σ, i |=ccsl e1 ♦r σ, i |=ccsl e2✳

❼ σ, i |=ccsl e1 ∗ e2 ✐✛ σ, i |=ccsl e1 ❛♥❞ σ, i |=ccsl e2✳

❼ σ, i |=ccsl e1 ❉ e2 ✐✛

✕ σ, i |=ccsl e2✱

✕ t❤❡r❡ ✐s 0 ≤ j < i s✉❝❤ t❤❛t σ, j |=ccsl e1 ❛♥❞ ❢♦r ❡✈❡r② j ≤ k < i ✇❡ ❤❛✈❡
σ, k 6|=ccsl e2✳

❼ σ, i |=ccsl e1 ❈ e2 ✐✛

✕ σ, i |=ccsl e2✱

✕ t❤❡r❡ ✐s 0 ≤ j ≤ i s✉❝❤ t❤❛t σ, j |=ccsl e1 ❛♥❞ ❢♦r ❡✈❡r② j ≤ k < i ✇❡ ❤❛✈❡
σ, k 6|=ccsl e2✳

❘❘ ♥➦ ✼✹✺✾



✻ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

❼ σ, i |=ccsl e1 $e2 n t❤❡r❡ ✐s ❛ ♣♦s✐t✐♦♥ 0 ≤ j ≤ i s✉❝❤ t❤❛t

✕ σ, j |=ccsl e1 ❛♥❞

✕ t❤❡r❡ ❛r❡ ❡①❛❝t❧② n ❞✐st✐♥❝t ♣♦s✐t✐♦♥s i1, . . . , in ✭in = i✮ s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
k ∈ {1, . . . , n} ✇❡ ❤❛✈❡ j < ik ≤ i ❛♥❞ σ, ik |=ccsl e2✳

❼ σ, i |=ccsl e1  e2 ✐✛

✕ σ, i |=ccsl e1✱

✕ ❢♦r ❡✈❡r② 0 ≤ j ≤ i ✇❡ ❤❛✈❡ σ, j 6|=ccsl e2✳

❼ σ, i |=ccsl e H bw ✐✛

✕ σ, i |=ccsl e

✕ bw(χσ(e, i)) = 1✳

❼ σ, i |=ccsl e1 ∧ e2 ✐✛ ❡✐t❤❡r

✕ χσ(e1, i) > χσ(e2, i) ❛♥❞ σ, i |=ccsl e1✱

✕ ♦r χσ(e1, i) < χσ(e2, i) ❛♥❞ σ, i |=ccsl e2✱

✕ ♦r χσ(e1, i) = χσ(e2, i) ❛♥❞ σ, i |=ccsl e1 ❛♥❞ σ, i |=ccsl e2✳

❼ σ, i |=ccsl e1 ∨ e2 ✐✛ ❡✐t❤❡r

✕ χσ(e1, i) > χσ(e2, i) ❛♥❞ σ, i |=ccsl e2✱

✕ ♦r χσ(e1, i) < χσ(e2, i) ❛♥❞ σ, i |=ccsl e1✱

✕ ♦r χσ(e1, i) = χσ(e2, i) ❛♥❞ ✇❡ ❤❛✈❡ σ, i |=ccsl e1 ♦r σ, i |=ccsl e2✳

❆ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥ ✐s ❛ ❧✐st ♦❢ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡❧❛t✐♦♥s s❡❡♥ ❛s ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❝♦♥✲
str❛✐♥ts✳ ❲❡ ❝❛♥ r❡♣r❡s❡♥t ✐t ❜② ❛ tr✐♣❧❡ 〈C,Def ,Rel〉 s✉❝❤ t❤❛t

❼ C ⊆ VAR ✐s ❛ s❡t ♦❢ ❝❧♦❝❦s✱

❼ Def ✐s ❛ s❡t ♦❢ ❞❡✜♥✐t✐♦♥s✱

❼ Rel ✐s ❛ s❡t ♦❢ r❡❧❛t✐♦♥s✳

❆ ♠♦❞❡❧ σ ♦✈❡r 2C s❛t✐s✜❡s t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✐✛

❼ ❢♦r ❡✈❡r② ❞❡✜♥✐t✐♦♥ c , e ✐♥ Def ✇❡ ❤❛✈❡ c ∈ σ(i) ✐✛ σ, i |=ccsl e✱

■◆❘■❆



▲♦❣✐❝❛❧ t✐♠❡ ❛♥❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✿ ❈♦♠♣❛r✐♥❣ ❯▼▲ ▼❆❘❚❊✴❈❈❙▲ ❛♥❞ P❙▲ ✼

❼ ❡✈❡r② r❡❧❛t✐♦♥ ✐♥ Rel ✐s s❛t✐s✜❡❞ ❜② σ✳

❋r♦♠ t❤❡ ❜❛s✐s ❈❈❙▲ ❧❛♥❣✉❛❣❡✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ♦t❤❡r ❡①♣r❡ss✐♦♥s ❛♥❞ r❡❧❛t✐♦♥s✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s ❛r❡ ✉s❡❢✉❧✿

❼ c1 − c2 ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❝❧♦❝❦s c1 ❛♥❞ c2✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ c , c1 − c2 ❝❛♥ ❜❡

❡♥❝♦❞❡❞ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ c1 , c + c2 ❛♥❞ t❤❡ r❡❧❛t✐♦♥ c # c2✳

❼ c $c n ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❞❡❧❛② ❡①♣r❡ss✐♦♥ t❤❛t ✇❡ ❞❡♥♦t❡ c $ n✳ ❚❤✐s ❡①♣r❡ss✐♦♥
r❡♣r❡s❡♥ts t❤❡ ✉s✉❛❧ s②♥❝❤r♦♥♦✉s ❞❡❧❛② ♦♣❡r❛t✐♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥ st❛rts ❛t
t❤❡ nt❤ ♦❝❝✉rr❡♥❝❡ ♦❢ c ❛♥❞ t❤❡♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ c✳

❼ ❘✐❣❤t ✇❡❛❦ ❛❧t❡r♥❛t✐♦♥ c1 ∼
=

c2 ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❡❧❛t✐♦♥s c1 4 c2 ❛♥❞ c2 ≺ c′1

✇❤❡r❡ c′1 , c1 $ 1✳ ❙✐♠✐❧❛r❧②✱ ❧❡❢t ✇❡❛❦ ❛❧t❡r♥❛t✐♦♥ c1 =
∼ c2 ✐s ❞❡✜♥❡❞ ❜② c1 4 c2

❛♥❞ c2 ≺ c′1✳

✷✳✷ Pr♦♣❡rt② ❙♣❡❝✐✜❝❛t✐♦♥ ▲❛♥❣✉❛❣❡

❚❤❡ ■❊❊❊ st❛♥❞❛r❞ P❙▲ ❬✶✵❪ ❤❛s ❜❡❡♥ ❞❡s✐❣♥❡❞ t♦ ♣r♦✈✐❞❡ ❛♥ ✐♥t❡r❢❛❝❡ t♦ ❤❛r❞✇❛r❡ ❢♦r♠❛❧
✈❡r✐✜❝❛t✐♦♥✳ ■ts t❡♠♣♦r❛❧ ❧❛②❡r ✐s ❛ t❡①t✉❛❧ ❧❛♥❣✉❛❣❡ t♦ ❜✉✐❧❞ t❡♠♣♦r❛❧ ❧♦❣✐❝ ❡①♣r❡ss✐♦♥s✳
P❙▲ ❛ss❡rt✐♦♥s ❝❛♥ t❤❡♥ ❜❡ ✈❛❧✐❞❛t❡❞ ❜② ♠♦❞❡❧✲❝❤❡❝❦✐♥❣ ♦r ❡q✉✐✈❛❧❡♥❝❡ ❝❤❡❝❦✐♥❣ t❡❝❤♥✐q✉❡s✳
❚❤❡ ✉♥❞❡r❧②✐♥❣ ❧✐♥❡❛r✲t✐♠❡ ❧♦❣✐❝ ✐♥ P❙▲ ❡①t❡♥❞s ▲❚▲ ✇✐t❤ r❡❣✉❧❛r ❡①♣r❡ss✐♦♥s ❛♥❞ s✉❣❛r✐♥❣
❝♦♥str✉❝ts✳ ❍♦✇❡✈❡r P❙▲ r❡♠❛✐♥s ❛s ❡①♣r❡ss✐✈❡ ❛s ω✲r❡❣✉❧❛r ❧❛♥❣✉❛❣❡s✳ ❆s ✐t ✇♦✉❧❞ ❜❡
t❡❞✐♦✉s t♦ ❝♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥t s✉❣❛r✐♥❣ ♦♣❡r❛t♦rs ♦❢ P❙▲ ✐♥ ❢♦r♠❛❧ r❡❛s♦♥✐♥❣✱ ✇❡ ✉s❡ ✐♥
t❤✐s ♣❛♣❡r t❤❡ ♠✐♥✐♠❛❧ ❝♦r❡ ❧❛♥❣✉❛❣❡ ❞❡✜♥❡❞ ✐♥ ❬✸❪✳

▲❡t VAR ❜❡ ❛ s❡t ♦❢ ♣r♦♣♦s✐t✐♦♥s ✭❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s✮ t❤❛t ❛✐♠s ❛t r❡♣r❡s❡♥t✐♥❣ s✐❣♥❛❧s
♦❢ t❤❡ s②st❡♠✳ P❙▲ ❛t♦♠✐❝ ❢♦r♠✉❧❛s ❛r❡ ❝❛❧❧❡❞ ❙❡q✉❡♥t✐❛❧ ❊①t❡♥❞❡❞ ❘❡❣✉❧❛r ❊①♣r❡ss✐♦♥s
✭❙❊❘❊✮✳ ❙❊❘❊s ❛r❡ ❜❛s✐❝❛❧❧② r❡❣✉❧❛r ❡①♣r❡ss✐♦♥s ❜✉✐❧t ♦✈❡r t❤❡ ❇♦♦❧❡❛♥ ❛❧❣❡❜r❛✿

b ::= x | x | b ∧ b | b ∨ b

✇❤❡r❡ x ∈ VAR ✐s ❛ ❇♦♦❧❡❛♥ ✈❛r✐❛❜❧❡✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ st❛♥❞❛r❞ ✐♠♣❧✐❝❛t✐♦♥ ❛♥❞
❡q✉✐✈❛❧❡♥❝❡ ♦♣❡r❛t♦rs ⇒ ❛♥❞ ⇔ t❤❛t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❣r❛♠♠❛r ❛❜♦✈❡✶✳ ❚❤❡ s❡t ♦❢
❙❊❘❊s ✐s ❞❡✜♥❡❞ ❜②✿

r ::= b | r · r | r ∪ r | r∗

✇❤❡r❡ b ✐s ❛ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛✳ ❚❤❡ ♦♣❡r❛t♦rs ❤❛✈❡ t❤❡✐r ✉s✉❛❧ ♠❡❛♥✐♥❣✿ r1 · r2 ✐s t❤❡
❝♦♥❝❛t❡♥❛t✐♦♥✱ r1 ∪ r2 t❤❡ ✉♥✐♦♥ ❛♥❞ r∗ ✐s t❤❡ ❑❧❡❡♥❡ st❛r ♦♣❡r❛t♦r✳ ❋r♦♠ t❤❡s❡ r❡❣✉❧❛r
❡①♣r❡ss✐♦♥s✱ P❙▲ ❧✐♥❡❛r ♣r♦♣❡rt✐❡s✷ ❛r❡ ❞❡✜♥❡❞ ❜②✿

φ ::= r | φ ∧ φ | ¬φ | Xφ | φUφ | r ֌ φ.

✶
x ⇒ y ✐s ❡q✉✐✈❛❧❡♥t t♦ x ∨ y ❛♥❞ x ⇔ y t♦ (x ⇒ y) ∧ (y ⇒ x)✳

✷P❙▲ st❛♥❞❛r❞ ❛❧s♦ ❞❡✜♥❡s ❛ ❜r❛♥❝❤✐♥❣ t✐♠❡ ♣❛rt t❤❛t ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ❤❡r❡✳

❘❘ ♥➦ ✼✹✺✾



✽ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

✇❤❡r❡ r ✐s ❛ ❙❊❘❊✳ ❚❤❡ ♦♣❡r❛t♦rs X ✭♥❡①t✮ ❛♥❞ U ✭✉♥t✐❧✮ ❛r❡ t❤❡ ❝❧❛ss✐❝❛❧ t❡♠♣♦r❛❧ ❧♦❣✐❝
♦♣❡r❛t♦rs✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ ❛❜❜r❡✈✐❛t✐♦♥s Fφ ≡ ⊤Uφ ✭❡✈❡♥t✉❛❧❧②✮ ❛♥❞ Gφ ≡ ¬F¬φ
✭❛❧✇❛②s✮✳ ❚❤❡ ❢♦r♠✉❧❛ r ֌ φ ✐s ❛ ✏s✉✣① ❝♦♥❥✉♥❝t✐♦♥✑ ♦♣❡r❛t♦r ♠❡❛♥✐♥❣ t❤❛t t❤❡r❡ ♠✉st
❡①✐st ❛ ✜♥✐t❡ ♣r❡✜① s❛t✐s❢②✐♥❣ r ❛♥❞ t❤❛t φ ♠✉st ❜❡ s❛t✐s✜❡❞ ❛t t❤❡ ♣♦s✐t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ❡♥❞ ♦❢ t❤✐s ♣r❡✜① ✭✇✐t❤ ❛ ♦♥❡✲❧❡tt❡r ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ♣r❡✜① ❛♥❞ t❤❡ s✉✣①✮✳

❚❤❡ s❡♠❛♥t✐❝s ♦❢ P❙▲ ✐s ❞❡✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ♦✈❡r
✐♥✜♥✐t❡ ✇♦r❞s ❛s ✇❡❧❧ ❛s ✜♥✐t❡ ♦r tr✉♥❝❛t❡❞ ✇♦r❞s✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t ❢♦r ❛♣♣❧✐❝❛t✐♦♥ ❧✐❦❡
s✐♠✉❧❛t✐♦♥ ♦r ❜♦✉♥❞❡❞ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣✳ ❙✐♠✐❧❛r❧② t♦ ❈❈❙▲✱ t❤❡ ♠♦❞❡❧s ♦❢ P❙▲ ❛r❡ ✜♥✐t❡ ♦r
✐♥✜♥✐t❡ s❡q✉❡♥❝❡s ♦✈❡r ❡❧❡♠❡♥ts ♦❢ 2VAR t❤❛t r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s t❤❛t ❤♦❧❞s ❛t
❡❛❝❤ ♣♦s✐t✐♦♥✳

❋♦r ❡✈❡r② X ∈ 2VAR ❛♥❞ p ∈ VAR✱ ✇❡ ♥♦t❡ X |=b p ✐✛ p ∈ X ❛♥❞ X |=b p ✐✛ p 6∈ X✳
❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ ❇♦♦❧❡❛♥ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥ |=b ✐s st❛♥❞❛r❞✳ ❙❊❘❊s r❡❢❡r t♦ ❛ ✜♥✐t❡
✭♣♦ss✐❜❧② ❡♠♣t②✮ ♣r❡✜① ♦❢ t❤❡ ♠♦❞❡❧✳ ❙♦ σ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✜♥✐t❡ ✐♥ ❙❊❘❊ s❛t✐s❢❛❝t✐♦♥
r❡❧❛t✐♦♥ ✭✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ P❙▲ s❛t✐s❢❛❝t✐♦♥ r❡❧❛t✐♦♥✮✳ ❚❤❡ ❙❊❘❊ s❛t✐s❢❛❝t✐♦♥ ✐s ❞❡✜♥❡❞
❜② ✐♥❞✉❝t✐♦♥ ❛s ❢♦❧❧♦✇s✿

❼ σ |=re b ✐✛ |σ| = 1 ❛♥❞ σ(0) |=b b✱

❼ σ |=re r1 · r2 ✐✛ t❤❡r❡ ❛r❡ σ1, σ2 s✳t✳ σ = σ1σ2 ❛♥❞ σ1 |=re r1 ❛♥❞ σ2 |=re r2✳

❼ σ |=re r1 ∪ r2 ✐✛ σ |=re r1 ❛♥❞ σ |=re r2✳

❼ σ |=re r
∗ ✐✛ ❡✐t❤❡r σ = ǫ ♦r t❤❡r❡ ❡①✐st σ1 6= ǫ ❛♥❞ σ2 s✳t✳ σ = σ1σ2✱ σ1 |=re r ❛♥❞

σ2 |=re r
∗✳

❋✐♥❛❧❧②✱ t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ P❙▲ ♣r♦♣❡rt✐❡s ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❼ σ |=psl ¬φ ✐✛ σ 6|=psl φ✱

❼ σ |=psl φ1 ∧ φ2 ✐✛ σ |=psl φ1 ❛♥❞ σ |=psl φ2✱

❼ σ |=psl Xφ ✐✛ |σ| > 1 ❛♥❞ σ1 |=psl φ✱

❼ σ |=psl φ1Uφ2 ✐✛ t❤❡r❡ ✐s 0 ≤ i < |σ| s✳t✳ σi |=psl φ2 ❛♥❞ ❢♦r ❡✈❡r② 0 ≤ j < i ✇❡ ❤❛✈❡
σj |=psl φ1✱

❼ σ |=psl r ֌ φ ✐✛ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ♣r❡✜① σ1α ♦❢ σ ✭α ∈ 2VAR ✐s ❛ s✐♥❣❧❡ ❧❡tt❡r✮ s✳t✳
σ = σ1ασ2✱ σ1α |=re r ❛♥❞ ασ2 |=psl φ✱

❼ σ |=psl r ✐✛ ❢♦r ❡✈❡r② ✜♥✐t❡ ♣r❡✜① σ1 ♦❢ σ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ✇♦r❞ σ2 s✳t✳ σ1σ2 |=re r ֌ ⊤✳

✷✳✸ ❈♦♠♣❛r✐♥❣ P❙▲ ❛♥❞ ❈❈❙▲

❚❤❡ ❈❈❙▲ s❡♠❛♥t✐❝s ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♣❛♣❡r ✐s r❡str✐❝t❡❞✳ ■♥ t❤❡ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥✱ ♠♦❞❡❧s
♦❢ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s ❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ t♦t❛❧❧② ♦r❞❡r❡❞✳ ❍♦✇❡✈❡r✱ ✉♥❞❡r t❤✐s r❡str✐❝t✐♦♥

■◆❘■❆



▲♦❣✐❝❛❧ t✐♠❡ ❛♥❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✿ ❈♦♠♣❛r✐♥❣ ❯▼▲ ▼❆❘❚❊✴❈❈❙▲ ❛♥❞ P❙▲ ✾

❈❈❙▲ ❛♥❞ P❙▲ s❤❛r❡ ❝♦♠♠♦♥ ♠♦❞❡❧s✳ ❙♦ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ❝❧❛ss❡s ♦❢ ♣r♦♣❡rt✐❡s t❤❡②
❝❛♥ ❡①♣r❡ss✳

▲❡t S ❜❡ ❛ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥ ♦✈❡r ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s VS ⊆ VAR ❛♥❞ φ ❛ P❙▲ ❢♦r♠✉❧❛
♦✈❡r ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s Vφ ⊆ VAR✳ ❲❡ ✇✐❧❧ s❛② t❤❛t S ✐s ❡♥❝♦❞❡❞ ❜② ✭♦r s✐♠✉❧❛t❡❞ ❜②✮ φ s✳t✳
VS ⊆ Vφ ✐✛ ❡✈❡r② ♠♦❞❡❧ ♦❢ φ ✐s ❛❧s♦ ❛ ♠♦❞❡❧ ♦❢ S ❛♥❞ ❡✈❡r② ♠♦❞❡❧ ♦❢ S ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ♦♥
Vφ t♦ ❛ ♠♦❞❡❧ ♦❢ φ✳

❚❤❡ ❝♦♥✈❡rs❡ s✐♠✉❧❛t✐♦♥ r❡❧❛t✐♦♥ ✐s ❛ ❜✐t ❞✐✛❡r❡♥t✳ ❈❈❙▲ ♠♦❞❡❧s ❤❛✈❡ t❤❡ ♣r♦♣❡rt✐❡s
t❤❛t ♦♥❡ ❝❛♥ ❛❞❞ ❛♥ ✉♥❜♦✉♥❞❡❞ ❛♠♦✉♥t ♦❢ ❡♠♣t② st❛t❡s ❜❡t✇❡❡♥ t✇♦ r❡❧❡✈❛♥t st❛t❡s ❛♥❞
❧❡❢t t❤❡ s❛t✐s❢❛❝t✐♦♥ ✉♥❝❤❛♥❣❡❞✳ ❚❤✐s ❝❛♥ ❡❛s✐❧② ❜❡ ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢
❛ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥✳

▲❡♠♠❛ ✶✳ ▲❡t S ❜❡ ❛ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥✳ ❋♦r ❡✈❡r② ♠♦❞❡❧ σ s❛t✐s❢②✐♥❣ S ❛♥❞ ❡✈❡r② 0 ≤
i ≤ |σ| t❤❡ ♠♦❞❡❧ σ′ ❞❡✜♥❡❞ ❜②

σ′(j) = σ(j) ❢♦r ❡✈❡r② j < i

σ′(i) = ∅
σ′(j) = σ(j − 1) ❢♦r ❡✈❡r② i < j ≤ |σ| + 1

❛❧s♦ s❛t✐s✜❡s S✳

❚❤✐s ♣r♦♣❡rt② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠✉❧t✐❝❧♦❝❦ ❛s♣❡❝t ♦❢ ❈❈❙▲✳ ■t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦
❝♦♠♣❧❡t❡❧② ❧✐♥❦ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥ t♦ ❛ ❣❧♦❜❛❧ ❝❧♦❝❦✳ ❍♦✇❡✈❡r✱ t❤❡ st❛t❡s
✇❤❡r❡ ♥♦ ❝❧♦❝❦s ♦❝❝✉r ❛r❡ ✐rr❡❧❡✈❛♥t ✐♥ ❈❈❙▲ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛s t❤❡② ❞♦ ♥♦t ♠❛❦❡ t❤❡ s②st❡♠
❡✈♦❧✈❡✳ ❙♦ ✐t ✐s ♥♦t r❡❛❧❧② ❛ ♣r♦❜❧❡♠ t♦ ❞✐s❝❛r❞ t❤❡♠✳ ❆❝t✉❛❧❧②✱ t❤✐s ✐s ✇❤❛t ✐s ❞♦♥❡ ✐♥ t❤❡
❈❈❙▲ s✐♠✉❧❛t♦r ❝❛❧❧❡❞ ❚✐♠❡❙q✉❛r❡✳❲❡ ✇✐❧❧ s❛② t❤❛t φ ✐s s✐♠✉❧❛t❡❞ ❜② S s✳t✳ Vφ ⊆ VS ✐✛
❡✈❡r② ♠♦❞❡❧ ♦❢ S ✇✐t❤ ♥♦ ✐rr❡❧❡✈❛♥t st❛t❡s ✐s ❛❧s♦ ❛ ♠♦❞❡❧ ♦❢ φ ❛♥❞ ❡✈❡r② ♠♦❞❡❧ ♦❢ φ ❝❛♥ ❜❡
❡①t❡♥❞❡❞ t♦ ❛ ♠♦❞❡❧ ♦❢ S✳

❙♦♠❡ ❈❈❙▲ r❡❧❛t✐♦♥s ♦r ❡①♣r❡ss✐♦♥s ✐♠♣❧✐❝✐t❧② ✐♥tr♦❞✉❝❡ ✉♥❜♦✉♥❞❡❞ ❝♦✉♥t❡rs✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ♦♥❡ ❤❛✈❡ t♦ st♦r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ ❝❧♦❝❦s c1 ❛♥❞ c2 ✭♦r ❛t ❧❡❛st t❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡♠✮ t♦ ❡♥❝♦❞❡ t❤❡ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥ c1 4 c2✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❧❛♥❣✉❛❣❡ ✐s ♠❛❞❡ ♦❢ ❛❧❧ t❤❡ ✇♦r❞s s✉❝❤ t❤❛t ❡✈❡r② ✜♥✐t❡ ♣r❡✜① ❝♦♥t❛✐♥s ♠♦r❡ ♦❝❝✉rr❡♥❝❡s ♦❢
c1 t❤❛♥ c2✳ ❙✉❝❤ ❛ ❧❛♥❣✉❛❣❡ ✐s ♥❡✐t❤❡r r❡❣✉❧❛r ♥♦r ω✲r❡❣✉❧❛r ❛♥❞ ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ ✐♥ P❙▲✳
❚❤❡ s❛♠❡ r❡♠❛r❦ ❤♦❧❞s ❢♦r t❤❡ ❡①♣r❡ss✐♦♥s c1 ∧ c2 ❛♥❞ c1 ∨ c2✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡
❞✐✛❡r❡♥t ❈❈❙▲ r❡❧❛t✐♦♥s ❛♥❞ ❡①♣r❡ss✐♦♥s ♦♥❧② st❛t❡s s❛❢❡t② ❝♦♥str❛✐♥ts✳ ❆s ❛ s♣❡❝✐✜❝❛t✐♦♥
✐s ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ s✉❝❤ ❝♦♥str❛✐♥ts t❤❡ r❡s✉❧t ✐s ❛❧✇❛②s ❛ s❛❢❡t② ♣r♦♣❡rt②✳ ❈❈❙▲ ❝❛♥♥♦t
❡①♣r❡ss ❧✐✈❡♥❡ss ❧✐❦❡ t❤❡ r❡❛❝❤❛❜✐❧✐t② ♣r♦♣❡rt② Fp✳ ❋♦r ✜♥✐t❡ ❡①❡❝✉t✐♦♥s✱ t❤❡r❡ ✐s ❛❧s♦ ♥♦ ✇❛②
t♦ ❡①♣r❡ss t❤❛t t❤❡ ♠♦❞❡❧ ♠✉st ❤❛✈❡ ❛ ♥❡①t ♣♦s✐t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ st❛t❡❞ ❜② X⊤ ✐♥ P❙▲✳
❚♦ s✉♠♠❛r✐③❡✱ t❤❡ ♣r❡❧✐♠✐♥❛r② ❝♦♠♣❛r✐s♦♥ ♦❢ ❡①♣r❡ss✐✈❡♥❡ss ♦❢ ❈❈❙▲ ❛♥❞ P❙▲ ❣✐✈❡s t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳

▲❡♠♠❛ ✷✳ ✭■✮ ❚❤❡r❡ ❛r❡ P❙▲ ❢♦r♠✉❧❛s t❤❛t ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ ✐♥ ❈❈❙▲✳
✭■■✮ ❚❤❡r❡ ❛r❡ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s t❤❛t ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ ✐♥ P❙▲✳

■t ✐s ♥♦✇ ❝❧❡❛r t❤❛t P❙▲ ❛♥❞ ❈❈❙▲ ❛r❡ ♥♦t ❝♦♠♣❛r❛❜❧❡ ✐♥ t❤❡✐r ✇❤♦❧❡ ❞❡✜♥✐t✐♦♥✳ ❲❡
s❤♦✇ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ t❤❛t r❡str✐❝t✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❡❛❝❤ ❧❛♥❣✉❛❣❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡

❘❘ ♥➦ ✼✹✺✾



✶✵ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

♦❜s❡r✈❛t✐♦♥s ❛❜♦✈❡ ✐s ❡♥♦✉❣❤ t♦ ♦❜t❛✐♥ ❧❛r❣❡ ❢r❛❣♠❡♥ts t❤❛t ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥ ❡❛❝❤ ♦t❤❡r✳
❲❡ ♣r♦✈❡ t❤✐s ❜② ❞❡✜♥✐♥❣ ❛✉t♦♠❛t❛ ❜❛s❡❞ tr❛♥s❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❢r❛❣♠❡♥ts✳

✸ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛

❚r❛♥s❧❛t✐♥❣ ❞✐r❡❝t❧② P❙▲ ♣r♦♣❡rt✐❡s ✐♥t♦ ❈❈❙▲ ✐s ♥♦t ♦❜✈✐♦✉s✳ ❋♦r ❡①❛♠♣❧❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ P❙▲ ❢♦r♠✉❧❛✿

G(p0 ⇒ ¬(p1Up2)).

❖♥❡ ❝❛♥ tr② t♦ tr❛♥s❧❛t❡ t❤✐s ♣r♦♣❡rt② ❜② ❝♦♥s✐❞❡r✐♥❣ ✐ts ❣❡♥❡r❛❧ ♠❡❛♥✐♥❣ ✇❤✐❝❤ ✐s ✏t❤❡r❡ ✐s
❛❧✇❛②s p1 ✐♥ ❛♥ ✐♥t❡r✈❛❧ st❛rt✐♥❣ ✇✐t❤ p0 ❛♥❞ ❡♥❞✐♥❣ ✇✐t❤ p2✑✳ ■t ✐s ♠♦r❡ ❞✐✣❝✉❧t t♦ ❞❡✜♥❡ ❛
♠♦❞✉❧❛r ❛♣♣r♦❛❝❤ ❜② ❝♦♠♣♦s✐♥❣ ❛t♦♠✐❝ tr❛♥s❧❛t✐♦♥s ❢r♦♠ P❙▲ ♦♣❡r❛t♦r t♦ ❈❈❙▲✳ ❲❡ ✉s❡
❛♥ ❛✉t♦♠❛t♦♥ ❜❛s❡❞ ❛♣♣r♦❛❝❤✳ ❲❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❛ ❝❧❛ss ♦❢ ❛✉t♦♠❛t❛ t❤❛t ✇❡
✇✐❧❧ ✉s❡ t♦ ❡st❛❜❧✐s❤ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ P❙▲ ❛♥❞ ❈❈❙▲ ❢r❛❣♠❡♥ts✳

✸✳✶ ❉❡✜♥✐t✐♦♥

❲❡ ❝♦♥s✐❞❡r ❛✉t♦♠❛t❛ t❤❛t ❤❛♥❞❧❡ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s ✐♥ VAR✳ ❚❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡s❡
❛✉t♦♠❛t❛ ❛r❡ ❧❛❜❡❧❡❞ ❜② ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛s ✐♥t❡r♣r❡t❡❞ ❧✐❦❡ ❣✉❛r❞s✳ ❋♦r♠❛❧❧②✱ ❛ ❇♦♦❧❡❛♥
❛✉t♦♠❛t♦♥ ✐s ❛ str✉❝t✉r❡ A = 〈Q, q0, F,A, V, δ〉 s✳t✳✿

❼ Q ✐s ❛ s❡t ♦❢ st❛t❡s ❛♥❞ q0 ∈ Q ❛♥ ✐♥✐t✐❛❧ st❛t❡✱

❼ F ⊆ Q ❛♥❞ A ⊆ Q ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ s❡t ♦❢ ✜♥❛❧ ❛♥❞ ❛❝❝❡♣t✐♥❣ st❛t❡s✱

❼ V ⊆ VAR ✐s ❛ s❡t ♦❢ ♣r♦♣♦s✐t✐♦♥s✱

❼ δ : Q × Bool(V ) × Q ✐s ❛ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ✇❤❡r❡ Bool(V ) ✐s t❤❡ s❡t ♦❢ ❇♦♦❧❡❛♥
❢♦r♠✉❧❛s ♦✈❡r V ✳

❲❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❙❡❝t✳ ✷✳✷ ❢♦r ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛s✳ ❆ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ ✐s ❞❡t❡r♠✐♥✲
✐st✐❝ ✐✛ ❢♦r ❡✈❡r② st❛t❡ ✐♥ Q t❤❡r❡ ❞♦ ♥♦t ❡①✐st t✇♦ ♦✉t❣♦✐♥❣ tr❛♥s✐t✐♦♥s ❧❛❜❡❧❡❞ ✇✐t❤ φ ❛♥❞
φ′ s✳t✳ φ ∧ φ′ ✐s s❛t✐s✜❛❜❧❡✳

❆ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ A ✐s ❛ ♣❛✐r 〈q,X〉 ❝♦♠♣♦s❡❞ ♦❢ ❛ st❛t❡ ✐♥ Q ❛♥❞ ❛ s✉❜s❡t ♦❢ V ✳ ❲❡

♥♦t❡ 〈q,X〉
φ
−→ 〈q′, X ′〉 ✐✛ t❤❡r❡ ✐s ❛ tr❛♥s✐t✐♦♥ q

φ
−→ q′ s✳t✳ X |=b φ✳ ❆ r✉♥ ♦❢ A ✐s ❛ s❡q✉❡♥❝❡

σ : N → (Q × 2V ) s✳t✳ σ(0) ✐s ♦❢ t❤❡ ❢♦r♠ 〈q0, X0〉 ✭♦♥❡ st❛rts ✐♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡✮ ❛♥❞

❢♦r ❡✈❡r② i ∈ N✱ t❤❡r❡ ❡①✐sts φi s✳t✳ σ(i)
φi

−→ σ(i + 1)✳ ❆ ✜♥✐t❡ r✉♥ ✐s ❛❝❝❡♣t✐♥❣ ✐✛ ✐t ❡♥❞s
✐♥ ❛ ✜♥❛❧ st❛t❡✳ ❆♥ ✐♥✜♥✐t❡ r✉♥ ✐s ❛❝❝❡♣t✐♥❣ ✐✛ ✐t ✈✐s✐ts ✐♥✜♥✐t❡❧② ♦❢t❡♥ ❛♥ ❛❝❝❡♣t✐♥❣ st❛t❡
✭❇ü❝❤✐ ❝♦♥❞✐t✐♦♥✮✳ ❚❤❡ ❧❛♥❣✉❛❣❡ ❛❝❝❡♣t❡❞ ❜② A ✐s ♠❛❞❡ ♦❢ t❤❡ ✇♦r❞s ♦♥ t❤❡ ❛❧♣❤❛❜❡t 2V

❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛❝❝❡♣t✐♥❣ r✉♥s✳
❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝❛♥ ❜❡ ❝♦♠♣♦s❡❞ ❛s ❢♦❧❧♦✇✐♥❣✳ ▲❡t A1 = 〈Q1, (q0)1, F1, A1, V1, δ1〉 ❛♥❞

A2 = 〈Q2, (q0)2, F2, A2, V2, δ2〉 ❜❡ t✇♦ ❛✉t♦♠❛t❛✳ ❚❤❡ ♣r♦❞✉❝t ❛✉t♦♠❛t♦♥ A = A1 × A2 ✐s
t❤❡ str✉❝t✉r❡ 〈Q, q0, V, δ〉 s✳t✳✿

■◆❘■❆



▲♦❣✐❝❛❧ t✐♠❡ ❛♥❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✿ ❈♦♠♣❛r✐♥❣ ❯▼▲ ▼❆❘❚❊✴❈❈❙▲ ❛♥❞ P❙▲ ✶✶

❼ Q = Q1×Q2×{0, 1} ✇❤❡r❡ t❤❡ ❧❛st ❝♦♠♣♦♥❡♥t ♦❢ ❡❛❝❤ st❛t❡ ✭✐♥ {0, 1}✮ ✐s ♦♥❧② ♥❡❡❞❡❞
❢♦r t❤❡ ❇ü❝❤✐ ❛❝❝❡♣t❛♥❝❡ ❝♦♥❞✐t✐♦♥✱

❼ q0 = 〈(q0)1, (q0)2, 0〉✱

❼ F = F1 × F2 × {0, 1} ❛♥❞ A = Q1 ×A2 × {1}✱

❼ V = V1 ∪ V2✱

❼ ❋♦r ❡✈❡r② 〈q1, q2, i〉 ❛♥❞ 〈q′1, q
′
2, i

′〉 ✐♥ Q ✇❡ ❤❛✈❡ 〈q1, q2, i〉
φ
−→ 〈q′1, q

′
2, i

′〉 ✐✛

✕ t❤❡r❡ ❡①✐st q1
φ1

−→ q′1 ❛♥❞ q2
φ2

−→ q′2 s✳t✳ φ ✐s ❡q✉✐✈❛❧❡♥t t♦ φ1 ∧ φ2✱

✕ ✐❢ i = 0 t❤❡♥ i′ = 1 ✐✛ q1 ∈ A1✱

✕ ✐❢ i = 1 t❤❡♥ i′ = 0 ✐✛ q2 ∈ A2✳

◆♦t❡ t❤❛t t❤❡ ❧❛st ❝♦♠♣♦♥❡♥t ♦❢ ❡❛❝❤ st❛t❡ ✐s ♥♦t ♥❡❡❞❡❞ ✇❤❡♥ ❡✈❡r② st❛t❡ ✐s ❛❝❝❡♣t✐♥❣
✭A1 = Q1 ❛♥❞ A2 = Q2✮✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ t❤❡ ❝❛s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✸✳✷ ❈❈❙▲ ❛♥❞ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛

❙✐♥❝❡ ❈❈❙▲ ❡①♣r❡ss❡s ♦♥❧② s❛❢❡t②✱ t❤❡ ❛❝❝❡♣t❛♥❝❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❛✉t♦♠❛t❛ ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞✳
❍♦✇❡✈❡r✱ ✐❢ ❡✈❡r② r✉♥ ✐s ❛❝❝❡♣t✐♥❣ ✇❡ ❝❛♥ ❡♥❝♦❞❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ ✐♥t♦
❛ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥✳ ❲❡ ✉s❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❡♥❝♦❞✐♥❣ s✐♠✐❧❛r t♦ ❙❡❝t✳ ✷✳✸ ✭❥✉st r❡♣❧❛❝❡ t❤❡
s❡t ♦❢ ♠♦❞❡❧s ♦❢ t❤❡ P❙▲ ❢♦r♠✉❧❛ ❜② t❤❡ ❧❛♥❣✉❛❣❡ ❛❝❝❡♣t❡❞ ❜② t❤❡ ❛✉t♦♠❛t♦♥✮✳

▲❡♠♠❛ ✸✳ ❊✈❡r② ❞❡t❡r♠✐♥✐st✐❝ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ s✉❝❤ t❤❛t ❡✈❡r② ❡①❡❝✉t✐♦♥ ✐s ❛❝❝❡♣t✐♥❣
❝❛♥ ❜❡ s✐♠✉❧❛t❡❞ ❜② ❛ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ A = 〈Q, I, V, δ〉✳ ❆❝❝❡♣t✐♥❣ ❛♥❞ ✜♥❛❧ st❛t❡s ❛r❡ ♥♦t
♥❡❡❞❡❞ s✐♥❝❡ ❡✈❡r② ❡①❡❝✉t✐♦♥ ✐s ❛❝❝❡♣t✐♥❣✳ ❙♦✱ ✇❡ ❢♦r❣❡t t❤❡♠ ❤❡r❡✳

❲❡ ❞❡✜♥❡ t❤❡ s❡t ♦❢ ❝❧♦❝❦s C = V ⊎ Q✳ ❚♦ ❡♥❝♦❞❡ A✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❈❙▲
❞❡✜♥✐t✐♦♥s✳ ❲❡ ❞❡✜♥❡ ❛ ❣❧♦❜❛❧ ❝❧♦❝❦ ❛♥❞ ❛ ❝❧♦❝❦ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❡t ♦❢ st❛t❡s Q ❛s
❢♦❧❧♦✇s✿

(1) Glob ,
∑

c∈C

c ❛♥❞ cQ ,
∑

q∈Q

q

✇❤❡r❡
∑

c∈X c ✐s t❤❡ ❈❈❙▲ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤❡ ❝❧♦❝❦s ✐♥ X✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ♥♦t❡
∏

c∈X c t❤❡

❈❈❙▲ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❝❧♦❝❦s ✐♥ X✳ ❋♦r ❡❛s❡ ♦❢ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ♥♦t❡ q
X
−→ q′ ✐✛ t❤❡r❡

✐s ❛ tr❛♥s✐t✐♦♥ q
φ
−→ q′ ✐♥ A s✉❝❤ t❤❛t X |=b φ✳ ❋♦r ❡✈❡r② st❛t❡ q ∈ Q \ {q0}✱ ✇❡ ❞❡✜♥❡ t❤❡

❝❧♦❝❦ Iq ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥❝♦♠✐♥❣ tr❛♥s✐t✐♦♥s ♦❢ q✿

(2) Iq ,
∑

q′
X−→q

(

q′ ∗ (
∏

p∈X

p) − (
∑

p6∈X

p)
)

.

❘❘ ♥➦ ✼✹✺✾



✶✷ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

◆♦✇ ✇❡ ❜✉✐❧❞ t❤❡ s❡t ♦❢ ❈❈❙▲ r❡❧❛t✐♦♥s✳ ❋✐rst ✇❡ ❡①♣r❡ss t❤❛t ❛t ❡✈❡r② ♣♦s✐t✐♦♥ ✐♥ t❤❡
r✉♥✱ ❡①❛❝t❧② ♦♥❡ st❛t❡ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ❤♦❧❞s✳ ❚❤✐s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❧❛t✐♦♥s

(3) cQ = Glob ❛♥❞ q # q′ ❢♦r ❡✈❡r② q, q′ ∈ Q (q 6= q′).

❲❡ ❛❧s♦ ✐♠♣♦s❡ t❤❛t t❤❡ ❣❧♦❜❛❧ ❝❧♦❝❦ ❛❧✇❛②s ❝♦✐♥❝✐❞❡s ✇✐t❤ ❛ ✈❛❧✐❞ tr❛♥s✐t✐♦♥ ✐♥ ♦r❞❡r t♦
❛✈♦✐❞ ✉♥❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦rs✿

(4) Glob =
∑

q∈Q

IQ.

❚❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ✐s s✉❝❤ t❤❛t ❡✈❡r② st❛t❡ ❛❧t❡r♥❛t❡s ✇✐t❤ ✐ts ✐♥❝♦♠✐♥❣ tr❛♥s✐t✐♦♥s✳ ❚❤✐s
♠❡❛♥s t❤❛t ❢♦r ❡✈❡r② q ∈ Q

(5) q0 ∼
=

Iq0 ❛♥❞ Iq
=
∼ q.

❚❤❡ r❡❧❛t✐♦♥ ✐s s②♠♠❡tr✐❝ ❢♦r q0 s✐♥❝❡ t❤❡ ❡①❡❝✉t✐♦♥ st❛rts ✐♥ t❤✐s st❛t❡✳ ❚❤❡ ❛❧t❡r♥❛t✐♦♥ ✐s
♥♦t str✐❝t ♦♥ t❤❡ s✐❞❡ ♦❢ t❤❡ ✐♥❝♦♠✐♥❣ tr❛♥s✐t✐♦♥ s✐♥❝❡ ✐t ✐s ❛❧❧♦✇❡❞ t♦ r❡t✉r♥ t♦ t❤❡ s❛♠❡
st❡♣ ✭❧♦♦♣s✮✳

❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ❛ ♠♦❞❡❧ σ s❛t✐s✜❡s t❤❡ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐✛ t❤❡r❡ ✐s ❛
r✉♥ ρ ♦❢ A s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ∈ N✱ ❢♦r ❡✈❡r② c ∈ V ✇❡ ❤❛✈❡ c ∈ σ(i) ✐✛ ρ(i) = 〈qi, Xi〉 ❛♥❞
c ∈ Xi✳

❋✐rst ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛♥② ♠♦❞❡❧ σ s❛t✐s❢②✐♥❣ t❤❡ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥✱ ✐❢ Iq ∈ σ(i) t❤❡♥
q ∈ σ(i + 1) ❢♦r ❡✈❡r② i ∈ N✳ ❚❤❡ ❛❧t❡r♥❛♥❝❡ r❡❧❛t✐♦♥s ❛❧❧♦✇s ❛ ❝❧♦❝❦ q t♦ ♦❝❝✉r ♦♥❧② ✐❢ Iq
❤❛s ♦❝❝✉r❡❞ ❜❡t✇❡❡♥ t❤❡ ❧❛st ♦❝❝✉r❡♥❝❡ ♦❢ q ❛♥❞ t❤❡ ❝✉rr❡♥t ♣♦s✐t✐♦♥ ✭❝❢ ✭✺✮✮✳ ❍♦✇❡✈❡r✱ t❤❡
❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t Iq ❛r❡ ❞❡✜♥❡❞ ✇✳r✳t✳ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ♦❢ A ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥✐st✐❝
❛♥❞ ❝♦♠♣❧❡t❡ ✭❝❢ ✭✷✮✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❡①❛❝t❧② ♦♥❡ Iq ❜❡❧♦♥❣s t♦ σ(i) ❢♦r ❡✈❡r② i ∈ N✳ ❙♦✱
✐❢ Iq ∈ σ(i) t❤❡ ♦♥❧② ❡❧❡♠❡♥t ♦❢ Q t❤❛t ❝❛♥ ❜❡❧♦♥❜ t♦ σ(i + 1) ✐s q✳ ❇② ✭✸✮✱ ❡①❛❝t❧② ♦♥❡
❡❧❡♠❡♥t ♦❢ Q ♠✉st ❤♦❧❞ ❛t ❡❛❝❤ ♣♦s✐t✐♦♥✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❞❡♠♦♥str❛t✐♦♥✳

❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡s✳ ❙✉♣♣♦s❡ t❤❛t ✇❡ ❛r❡ ❣✐✈❡♥ σ
✭r❡s♣✳ ρ✮✳ ❋♦r ❡✈❡r② i ∈ N ✇❡ ♥♦t❡ ρ(i) = 〈qi, vi〉✳ ❲❡ s❤♦✇ ❢♦r ❡✈❡r② i ∈ N t❤❛t ❢♦r ❡✈❡r②
♣♦s✐t✐♦♥ j < i ❛♥❞ ✈❛r✐❛❜❧❡ c ∈ VAR ✇❡ ❝❛♥ ❜✉✐❧❞ ρ ✭r❡s♣✳ σ✮ s✉❝❤ t❤❛t

❼ c ∈ σ(j) ✐✛ c ∈ Xj ✱

❼ ❛♥❞ qi + 1 ∈ σ(i+ 1) ✐✛ qi + 1 ✐s t❤❡ st❛t❡ ♦❢ ρ(i+ 1)✳

❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛♥② ♠♦❞❡❧✱ t❤❡ ♦♥❧② ❝❧♦❝❦ ✐♥ Q t❤❛t ❝❛♥ ❜❡❧♦♥❣ t♦ σ(0) ✐s q0✳ ■♥❞❡❡❞✱ ♥♦
❝❧♦❝❦ Iq ❤❛s ♦❝❝✉rr❡❞ ✇❤✐❝❤ ♣r❡✈❡♥t t❤❡ ♦t❤❡r q ∈ Q ❢r♦♠ ♦❝❝✉rr✐♥❣ ❜❡❝❛✉s❡ ♦❢ ❛❧t❡r♥❛t✐♦♥
r❡❧❛t✐♦♥s ✭s❡❡ ✭✺✮✮✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ✐♥✐t✐❛❧ s❛t❡ ♦❢ A ✐s ❛❧✇❛②s q0✳

◆♦✇ ❧❡t σ ❜❡ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♣r♦♣❡rt② ❤♦❧❞s
✉♥t✐❧ ♣♦s✐t✐♦♥ i ❛♥❞ t❤❛t ✇❡ ❤❛✈❡ qi ∈ σ(i) ❛♥❞ t❤❡ st❛t❡ ♦❢ ρ(i) ✐s qi✳ ❙✐♥❝❡ t❤❡ tr❛♥s✐t✐♦♥

r❡❧❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡ ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ q′ ∈ Q s✉❝❤ t❤❛t q
φ
−→ q′ ❛♥❞

σ(i) |= φ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ Iq ′ ∈ σ(i) ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t q′ ∈ σ(i+1) ❛s s❤♦✇♥ ❜❡❢♦r❡✳ ❲❡

❝❛♥ ❞♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦✈❡ ✐♥ A ❜② ❝❤♦♦s✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ q
φ
−→ q′ ❛♥❞ s❡tt✐♥❣ c ∈ Xi ✐✛

■◆❘■❆



▲♦❣✐❝❛❧ t✐♠❡ ❛♥❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✿ ❈♦♠♣❛r✐♥❣ ❯▼▲ ▼❆❘❚❊✴❈❈❙▲ ❛♥❞ P❙▲ ✶✸

c ∈ σ(i) ∩ V ✳ ❇② ✐♥❞✉❝t✐♦♥✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ r✉♥ ρ ♦❢ A s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ∈ N✱ ❢♦r ❡✈❡r②
c ∈ VAR ✇❡ ❤❛✈❡ c ∈ σ(i) ✐✛ c ∈ ρ(i)✳

❈♦♥✈❡rs❡❧②✱ ❧❡t ρ ❜❡ ❛ r✉♥ ♦❢ A✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ✉♥t✐❧ ♣♦s✐t✐♦♥ i✱
ρ(i) = 〈qi, vi〉 ❛♥❞ qi ∈ σ(i)✳ ❚❤❡ ❞❡♠♦♥str❛t✐♦♥ ✐s s②♠♠❡tr✐❝❛❧✳ ❚❤❡r❡ ✐s ❛ ✉♥✐q✉❡ tr❛♥s✐t✐♦♥

qi
φ
−→ qi+1 s✉❝❤ t❤❛t vi |= φ ❜❡❝❛✉s❡ t❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ❝♦♠♣❧❡t❡✳

▲❡t s❡t σ(i) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② c ∈ VAR ✇❡ c ∈ σ(i) ✐✛ ρ(i) = 〈qi, vi〉 ❛♥❞ vi(c) = ⊤✳ ❇②
❝♦♥str✉❝t✐♦♥✱ ✇❡ ♠✉st ❤❛✈❡ Iq i+1 ∈ σ(i) ❛♥❞ s♦ qi+1 ∈ σ(i + 1)✳ ❚❤✉s✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❜②
✐♥❞✉❝t✐♦♥ σ ✈❡r✐❢②✐♥❣ t❤❡ ♣r♦♣❡rt②✳

❚❤❡ ❝♦♥✈❡rs❡ tr❛♥s❧❛t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ ❜②
❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s t❤❛t ♣r❡✈❡♥t ❡♥❝♦❞✐♥❣ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s ✐♥t♦ P❙▲
♣r♦♣❡rt✐❡s✳ ❙♦♠❡ r❡❧❛t✐♦♥s ♦r ♦♣❡r❛t♦rs ❧✐❦❡ ♣r❡❝❡❞❡♥❝❡ ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ ❜② ✉s✐♥❣ ✜♥✐t❡
st❛t❡ s②st❡♠s ✭s❡❡ ❙❡❝t✳ ✷✳✸✮✳

✸✳✸ P❙▲ ❛♥❞ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ ♦r ❛ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ t❤❛t ❛❝❝❡♣ts
r❡s♣❡❝t✐✈❡❧② t❤❡ ✜♥✐t❡ ❛♥❞ ✐♥✜♥✐t❡ ♠♦❞❡❧s ♦❢ ❛ ❣✐✈❡♥ P❙▲ ❢♦r♠✉❧❛✳ ●✐✈❡♥ ❛ P❙▲ ❢♦r♠✉❧❛ φ✱
t❤❡ ❝♦♥str✉❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❬✸❪ ❝❛♥ ❡❛s✐❧② ❜❡ ❛❞❛♣t❡❞ t♦ ❜✉✐❧❞ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❛❝❝❡♣t✐♥❣
t❤❡ s❡t ♦❢ ♠♦❞❡❧s ♦❢ φ✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐ts❡❧❢ ✐s ❛ s❧✐❣❤t ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ❢♦r ▲❚▲
♦r✐❣✐♥❛❧❧② ❞❡✜♥❡❞ ❜② ❬✶✷❪✳ ❲❡ ❞♦ ♥♦t ❞❡✈❡❧♦♣ t❤✐s ❝♦♥str✉❝t✐♦♥ ❤❡r❡ s✐♥❝❡ t❤❡ ❝♦♥str✉❝t✐♦♥
✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✉♣❝♦♠✐♥❣ ▲❡♠♠❛ ✻ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ♠❛✐♥ st❡♣s✳

▲❡♠♠❛ ✹✳ ❋r♦♠ ❛♥② P❙▲ ♣r♦♣❡rt✐❡s φ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ Aφ s✉❝❤ t❤❛t t❤❡
❧❛♥❣✉❛❣❡ ❛❝❝❡♣t❡❞ ❜② A ✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ ♠♦❞❡❧s ♦❢ φ✳

❚❤❡ ❝♦♥✈❡rs❡ tr❛♥s❧❛t✐♦♥ ✐s ❡❛s② s✐♥❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ▲❚▲ ✐s ✐♥❝❧✉❞❡❞ ✐♥ P❙▲✳ ❆ ❝♦♥✲
str✉❝t✐♦♥ s✐♠✐❧❛r t♦ ❬✶✶❪ ❛❧❧♦✇s ♦♥❡ t♦ ❡♥❝♦❞❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ ✐♥t♦ ❛♥
▲❚▲ ❢♦r♠✉❧❛✳

▲❡♠♠❛ ✺✳ ❋r♦♠ ❛♥② ❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ A✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ P❙▲ ❢♦r♠✉❧❛ φA s✉❝❤ t❤❛t t❤❡
s❡t ♦❢ ♠♦❞❡❧s ♦❢ φA ❡♥❝♦❞❡s t❤❡ s❡t ♦❢ r✉♥s ♦❢ A✳

❚❤❡ st❛t❡♠❡♥t ❛❜♦✈❡ ♠❡❛♥s t❤❛t ❡❛❝❤ ♠♦❞❡❧ ♦❢ φA ✐s ❛❝❝❡♣t❡❞ ❜② A ❛♥❞ ❡❛❝❤ ❛❝❝❡♣t✐♥❣
r✉♥ ♦❢ A ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ♠♦❞❡❧ ♦❢ φA✳ ■♥❞❡❡❞✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ φA ✉s❡s ❛❞❞✐t✐♦♥❛❧
✈❛r✐❛❜❧❡s t♦ ❡♥❝♦❞❡ t❤❡ st❛t❡s ♦❢ A✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❛ r✉♥ ♦❢ A ✐♥t♦ ❛ ♠♦❞❡❧ ♦❢ φA ✐s
str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s✐❞❡r✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥✳

✹ ❚r❛♥s❧❛t✐♦♥s ❜❡t✇❡❡♥ ❈❈❙▲ ❛♥❞ P❙▲ ❢r❛❣♠❡♥ts

❲❡ ❞❡✜♥❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❧❛r❣❡ ❢r❛❣♠❡♥ts ♦❢ ❈❈❙▲ ❛♥❞ P❙▲ t❤❛t ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞ ✐♥ ❡❛❝❤
♦t❤❡r✳ ❲❡ ❞❡✜♥❡ t❤❡ tr❛♥s❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ❢r❛❣♠❡♥ts ✉s✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ❇♦♦❧❡❛♥ ❛✉✲
t♦♠❛t❛ ❡♥❝♦❞✐♥❣✳

❘❘ ♥➦ ✼✹✺✾



✶✹ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

✹✳✶ ❋r♦♠ P❙▲ t♦ ❈❈❙▲

▲❡♠♠❛ ✸ st❛t❡s t❤❛t ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥ ❈❈❙▲ ✇❤❡♥ ❡✈❡r② r✉♥ ✐s ❛❝❝❡♣t✐♥❣✳
❚❤✉s ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❧❛ss ♦❢ P❙▲ ❢♦r♠✉❧❛s t❤❛t ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ t❤✐s
s✉❜❝❧❛ss ♦❢ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❛❢❡t② ❢r❛❣♠❡♥t ♦❢ P❙▲ ❞❡✜♥❡❞ s✐♠✐❧❛r❧②
t♦ ❬✹❪ ❜② r❡str✐❝t✐♥❣ t❤❡ ✉s❡ ♦❢ ♥❡❣❛t✐♦♥s✳ ❆ P❙▲ ❢♦r♠✉❧❛ ❜❡❧♦♥❣s t♦ s❛❢❡t② P❙▲ ❢♦r♠✉❧❛s
✐✛ ✭❙✶✮ s✉❜❢♦r♠✉❧❛s ♦❢ t❤❡ ❢♦r♠ φ1Uφ2 ❛♥❞ r ֌ φ ♥❡✈❡r ♦❝❝✉r ✉♥❞❡r ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢
♥❡❣❛t✐♦♥s✱ ❛♥❞ ✭❙✷✮ ❙❊❘❊s ♥❡✈❡r ♦❝❝✉r ✉♥❞❡r ❛♥ ♦❞❞ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐♦♥s✳ ◆♦t❡ t❤❛t ♦♥❡
❝❛♥ ❞❡✜♥❡ s❛❢❡t② ❢r❛❣♠❡♥ts ♦❢ P❙▲ ❜② r❡str✐❝t✐♥❣ t❡♠♣♦r❛❧ ♠♦❞❛❧✐t✐❡s ❜✉t t❤✐s ♦♥❡ ✐s ♠♦r❡
❣❡♥❡r❛❧✳ ❋♦r t❤❡ ✜♥✐t❡ ❝❛s❡✱ ✇❡ ❛❧s♦ ❤❛✈❡ t♦ r❡str✐❝t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥❡①t ♦♣❡r❛t♦r t♦ ✐ts
✇❡❛❦ ✈❛r✐❛♥t ✭✐✳❡✳✱ t❤❡ ❢♦r♠✉❧❛ ✐s s❛t✐s✜❡❞ ❛❧s♦ ✐❢ t❤❡ ♠♦❞❡❧ ❤❛s ♥♦ ♥❡①t ♣♦s✐t✐♦♥✮✳

▲❡♠♠❛ ✻✳ ❋♦r ❡✈❡r② ♣r♦♣❡rt② ✐♥ s❛❢❡t② P❙▲✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛♥ ❛✉t♦♠❛t♦♥ s✉❝❤ t❤❛t ❡✈❡r②
❡①❡❝✉t✐♦♥ ✐s ❛❝❝❡♣t✐♥❣✳

Pr♦♦❢✳ ■♥ ❬✸❪ ✐s ❞❡s❝r✐❜❡❞ ❛ ✇❛② t♦ ❜✉✐❧❞ ❛✉t♦♠❛t❛ ❢r♦♠ P❙▲ ♣r♦♣❡rt✐❡s✳ ❲❡ r❡❝❛❧❧ ❜❡❧♦✇
t❤❡ ♠❛✐♥ st❡♣s ♦❢ t❤✐s ❝♦♥str✉❝t✐♦♥ ❛♥❞ s❤♦✇ t❤❛t t❤❡ r❡str✐❝t✐♦♥s ✇❡ ❤❛✈❡ ♠❛❞❡ ❛❧❧♦✇ ✉s t♦
♦❜t❛✐♥ ❛♥ ❛✉t♦♠❛t♦♥ s✉❝❤ t❤❛t ❡✈❡r② r✉♥ r❡s♣❡❝t✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ✐s ❛❝❝❡♣t✐♥❣✳

❋✐rst✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❜✉✐❧❞ ❛ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ ❛❝❝❡♣t✐♥❣ t❤❡ s❡t ♦❢ ✜♥✐t❡ ✇♦r❞s t❤❛t
❝♦rr❡s♣♦♥❞s t♦ ❛ ❣✐✈❡♥ ❙❊❘❊✳ ■♥❞❡❡❞✱ ❙❊❘❊ ❛r❡ ❡ss❡♥t✐❛❧❧② r❡❣✉❧❛r ❡①♣r❡ss✐♦♥s✳ ❙♦ ✇❡
❛ss✉♠❡ t❤❛t ❢♦r ❡✈❡r② ❙❊❘❊ r t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ Af

r = 〈2VAR, Qr, Ir, Fr, δ
f
r 〉 s✉❝❤

t❤❛t σ ∈ L(Ar) ✐✛ σ |=re r✳ ❋r♦♠ t❤✐s ❛✉t♦♠❛t♦♥ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥
Ar = 〈2VAR, Qr, Ir, Qr, Qr, δr〉 s✉❝❤ t❤❛t σ ∈ L(Ar) ✐✛ σ |=psl r✳ ❚❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ δr
✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s t♦ δfr ✿

〈qf , X, qf 〉 ∈ δr ❢♦r ❡✈❡r② qf ∈ Fr ❛♥❞ X ∈ 2VAR.

❚❤✐s ❛✉t♦♠❛t♦♥ ❤❛s ♦♥❧② ❛❝❝❡♣t✐♥❣ ❛♥❞ ✜♥❛❧ st❛t❡s✳ ■♥❞❡❡❞✱ ❛❝❝♦r❞✐♥❣ t♦ P❙▲ s❛t✐s❢❛❝t✐♦♥
r❡❧❛t✐♦♥✱ ❡✈❡r② ♣r❡✜① t❤❛t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥ ❡①♣r❡ss✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❙❊❘❊ ♠✉st ❜❡
❛❝❝❡♣t❡❞✳

❚❤❡♥ ✇❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❢♦r♠✉❧❛✳ ❚❤❡ r❡s✉❧t ♦❢ t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ✐s ❛♥ ❛❧t❡r♥❛t✐♥❣ ❛✉t♦♠❛t❛✳ ❚❤✐s ❛❧❧♦✇s r✉♥♥✐♥❣ ❛✉t♦♠❛t❛ ❢♦r t❤❡ ❙❊❘❊ ❛t♦♠✐❝
❢♦r♠✉❧❛s ✐♥ ♣❛r❛❧❧❡❧ ♦❢ t❤❡ t❡♠♣♦r❛❧ ❧♦❣✐❝ ♣❛rt✳ ❚❤❡♥✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ❛♥ ❛❧t❡r♥❛t✐♥❣ ❇ü❝❤✐
❛✉t♦♠❛t♦♥ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ❛ st❛♥❞❛r❞ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ❬✼❪✳ ■❢ ❡✈❡r② st❛t❡ ✐♥ t❤❡ ❛❧✲
t❡r♥❛t✐♥❣ ❛✉t♦♠❛t♦♥ ✐s ❛❝❝❡♣t✐♥❣ ❛♥❞ ✜♥❛❧✱ ✐t ✇✐❧❧ ❛❧s♦ ❜❡ t❤❡ ❝❛s❡ ✐♥ t❤❡ r❡s✉❧t✐♥❣ st❛♥❞❛r❞
❇ü❝❤✐ ❛✉t♦♠❛t♦♥✳

❚❤❡ ❜❛s❡ ❝❛s❡ ✐s ❣✐✈❡♥ ❛❜♦✈❡✳ ❙♦ ✇❡ s✉♣♣♦s❡ t❤❛t ❢♦r ❡✈❡r② s✉❜❢♦r♠✉❧❛ ψ ♦❢ φ ✇❡ ❝❛♥ ❜✉✐❧❞
❛♥ ❛✉t♦♠❛t♦♥ Aψ = 〈2VAR, Qψ, Iψ, Aψ, Fψ, δr〉 s✉❝❤ t❤❛t s✉❝❤ t❤❛t ❡✈❡r② r✉♥ ✐s ❛❝❝❡♣t✐♥❣
❛♥❞ σ ∈ L(Aψ) ✐✛ σ |=psl ψ✳ ❚❤❡r❡ ❛r❡ ❛❝t✉❛❧❧② t✇♦ ❝♦♥str✉❝t✐♦♥s ❜❡❝❛✉s❡ t❤❡ ❝❛s❡ ✇❤❡r❡
t❤❡ ❢♦r♠✉❧❛ φ ✐s ♦❢ t❤❡ ❢♦r♠ ¬(r ֌ ψ) ♠✉st ❜❡ tr❡❛t❡❞ s❡♣❛r❛t❡❧②✳ ■♥ t❤❛t ❝❛s❡✱ Aφ ✐s ❜✉✐❧t
❢r♦♠ t❤❡ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ Af

r = 〈2VAR, Qr, Ir, Fr, δ
f
r 〉 ❛♥❞ Aψ = 〈2VAR, Qψ, Iψ, Qψ, Qψ, δψ〉

❛s ❢♦❧❧♦✇s✳

❼ t❤❡ s❡t ♦❢ st❛t❡s ✐s t❤❡ ✉♥✐♦♥ ♦❢ Qr ❛♥❞ Qψ ❛♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ st❛t❡ qt✱

❼ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s ✐s Ir✱

■◆❘■❆



▲♦❣✐❝❛❧ t✐♠❡ ❛♥❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✿ ❈♦♠♣❛r✐♥❣ ❯▼▲ ▼❆❘❚❊✴❈❈❙▲ ❛♥❞ P❙▲ ✶✺

❼ t❤❡ s❡t ♦❢ ✜♥❛❧ st❛t❡s ✐s t❤❡ ✉♥✐♦♥ ♦❢ qt✱ Qr ❛♥❞ F¬ψ✱ s♦ Fφ = Qφ ❜❡❝❛✉s❡ F¬ψ = Q¬ψ✱

❼ t❤❡ s❡t ♦❢ ❛❝❝❡♣t✐♥❣ st❛t❡s ✐s t❤❡ ✉♥✐♦♥ ♦❢ qt✱ Qr ❛♥❞ A¬ψ✱ s♦ Aφ = Qφ ❜❡❝❛✉s❡
A¬ψ = Q¬ψ✱

❼ ❋♦r ❡✈❡r② qf ∈ Fr ❛♥❞ X ∈ 2VAR ✇❡ ❤❛✈❡

δ(qf , X) =
∧

q′∈δr(q,X)

q′ ∧ δ¬ψ(q0, X)

✇❤❡r❡ q0 ✐s t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ A¬ψ✳

❼ ❋♦r ❡✈❡r② q ∈ Qr \ Fr ❛♥❞ X ∈ 2VAR

✕ ✐❢ δr(q,X) ✐s ❞❡✜♥❡❞ t❤❡♥

δ(q,X) =
∧

q′∈δr(q,X)

q′

✱

✕ ♦t❤❡r✇✐s❡ δ(q,X) = qt✱

❼ ❢♦r ❡✈❡r② q ∈ Q¬ψ t❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ δ¬ψ✱

❼ ✜♥❛❧❧② δ(qt, X) = qt ❢♦r ❡✈❡r② X ∈ 2VAR✳

◆♦t❡ t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ♥❡❣❛t❡❞ ♦❝❝✉rr❡♥❝❡s ♦❢ r ֌ ψ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❛❢❡t②
❢r❛❣♠❡♥t✳

❋♦r t❤❡ ♦t❤❡r ❝❛s❡s✱ A ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ s❡t ♦❢ st❛t❡s ✐s ❝♦♠♣♦s❡❞ ♦❢

❼ t❤❡ s❡t ♦❢ st❛t❡s ♦❢ t❤❡ ❛✉t♦♠❛t❛ Ar ❢♦r ❡✈❡r② ❙❊❘❊ r ♦❝❝✉rr✐♥❣ ✐♥ φ✱

❼ t❤❡ s❡t ♦❢ st❛t❡s ♦❢ t❤❡ ❛✉t♦♠❛t❛ A¬(r֌ψ) ❢♦r ❡✈❡r② s✉❜❢♦r♠✉❧❛ r ֌ ψ ♦❝❝✉rr✐♥❣ ✐♥ φ✱

❼ t❤❡ s❡t ♦❢ s✉❜❢♦r♠✉❧❛s ♦❢ φ ❛♥❞ t❤❡✐r ♥❡❣❛t✐♦♥ ✭✇❡ ✐❞❡♥t✐❢② ¬¬ψ ✇✐t❤ ψ✮✳

❚❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s φ✳ ❚❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ δ ✐s ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧②✿

❼ δ(p,X) = ⊤ ✐✛ p ∈ X✳

❼ δ(r,X) = δ(qr0, X) ✇❤❡r❡ qr0 ✐s t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ Ar✳

❼ δ(φ1 ∧ φ2, X) = δ(φ1, X) ∧ δ(φ2, X)✳

❼ δ(φ1 ∨ φ2, X) = δ(φ1, X) ∨ δ(φ2, X)✳

❼ δ(¬φ,X) = δ(φ,X)✳

❼ δ(Xφ,X) = φ✳

❘❘ ♥➦ ✼✹✺✾



✶✻ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

❼ δ(φ1Uφ2, X) = δ(φ2, X) ∨ (δ(φ1, X) ∧ φ1Uφ2)✳

❲❤❡r❡ t❤❡ ♦✈❡r❧✐♥❡❞ ❡①♣r❡ss✐♦♥s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s ❢♦❧❧♦✇s✿

❼ a ∧ b = a ∨ b✱

❼ a ∨ b = a ∧ b✱

❼ δ(q¬r0 , X) = δ(qr0, X) ✇❤❡r❡ qr0 ✐s t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ Ar✱

❼ δ(qr֌ψ
0 , X) = δ(q

¬(r֌ψ)
0 , X) ✇❤❡r❡ q¬(r֌ψ)

0 ✐s t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ A¬(r֌ψ)✱

❼ ψ = ¬ψ✱ ❢♦r ❡✈❡r② s✉❜❢♦r♠✉❧❛ ✭✇❡ st✐❧❧ ✐❞❡♥t✐❢② ¬¬ψ ✇✐t❤ ψ✮✳

◆♦t❡ t❤❛t ❜❡❝❛✉s❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛❢❡t② ❢r❛❣♠❡♥t t❤❡ ❝❛s❡s δ(qr0, X) ❛♥❞ δ(qr֌ψ
0 , X) ♥❡✈❡r

♦❝❝✉r ✭s❡❡ r❡str✐❝t✐♦♥s ♦❢ ♥❡❣❛t✐♦♥✮✳
■♥ t❤❡ ❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❛❝❝❡♣t✐♥❣ st❛t❡s ✇♦✉❧❞ ❜❡ t❤♦s❡ ♦❢ t❤❡ ❢♦r♠ ¬φ1Uφ2 ♦r

t❤❡ st❛t❡s ♦❢ t❤❡ ❛✉t♦♠❛t❛ A¬(r֌ψ) ❛♥❞ Ar✳ ❍♦✇❡✈❡r✱ ❢♦r ❢♦r♠✉❧❛s ✐♥ t❤❡ s❛❢❡t② ❢r❛❣♠❡♥t
t❤❡ ❝♦♥str✉❝t✐♦♥ ❛❜♦✈❡ ✐s ♣❛rt✐❝✉❧❛r✳ ❋♦r ❡✈❡r② r✉♥ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ♦❜t❛✐♥❡❞ ✐t ❝❛♥♥♦t ❜❡
t❤❡ ❝❛s❡ t❤❛t ❛♥ ✐♥✜♥✐t❡ ❜r❛♥❝❤ ❞♦❡s ♥♦t ❡♥❝♦✉♥t❡r ♦♥❡ ♦❢ t❤♦s❡ ✜♥❛❧ st❛t❡s✳

❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥✳ ■❢ ✇❡ ❛r❡ ✐♥ ❛ st❛t❡ ♦❢ t❤❡ ❢♦r♠ p✱ t❤❡ ❜r❛♥❝❤ ✐s ✜♥✐t❡✳ ❙✐♠✐❧❛r❧②✱
✐♥ t❤❡ ❝❛s❡s r ♦r ¬(r ֌ ψ) ✇❡ ❛r❡ ❞♦♥❡ s✐♥❝❡ ❛❧❧ t❤❡ st❛t❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✉t♦♠❛t❛
❛r❡ ❛❝❝❡♣t✐♥❣✳ ◆♦✇ ✇❡ s✉♣♣♦s❡ t❤❛t ❡✈❡r② s✉❜❢♦r♠✉❧❛ ♦❢ φ ❛♥❞ ✐ts ♥❡❣❛t✐♦♥ s❛t✐s❢② t❤❡
♣r♦♣❡rt②✳ ■♥ ❛❧♠♦st ❛❧❧ ❝❛s❡s✱ t❤❡ ❞✐✛❡r❡♥t ❜r❛♥❝❤❡s ♦❢ δ(φ,X) ❣♦❡s t♦ st❛t❡s ❧❛❜❡❧❡❞ ❜②
str✐❝t s✉❜❢♦r♠✉❧❛s ♦❢ φ✳ ■♥ t❤❛t ❝❛s❡s ✇❡ ❝❛♥ ✉s❡ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t♦ ❝♦♥❝❧✉❞❡✳ ❚❤❡
♦♥❧② r❡♠❛✐♥✐♥❣ ❝❛s❡ ✐s ✇❤❡♥ φ ✐s ♦❢ t❤❡ ❢♦r♠ φ1Uφ2 ♦r ¬φ1Uφ2✳ ❚❤❡ ✜rst ❝❛s❡ ❝❛♥♥♦t ❛r✐s❡
s✐♥❝❡ ✇❡ ❛r❡ ✐♥ t❤❡ s❛❢❡t② ❢r❛❣♠❡♥t✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ t❤❡ tr❛♥s✐t✐♦♥ r✉❧❡ ✐s t❤❡ ❢♦❧❧♦✇s✿

δ(¬φ1Uφ2) = δ(φ1Uφ2) = δ(¬φ2, X) ∧ (δ(¬φ1, X) ∨ ¬(φ1Uφ2)).

❲❡ ❝❛♥ ✉s❡ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❜r❛♥❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ φ2✳ ❋♦r t❤❡ ♦t❤❡r
❜r❛♥❝❤✱ ✇❡ ❝❛♥ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t

❼ ❡✐t❤❡r ✇❡ r❡❛❝❤ ❛ ♣♦s✐t✐♦♥ ✇❤❡♥ ¬φ2 ❛♥❞ ¬φ1 ❤♦❧❞ ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ✉s❡ t❤❡ ✐♥❞✉❝t✐♦♥
❤②♣♦t❤❡s✐s✱

❼ ♦r ¬(φ1Uφ2) ✐s ✈✐s✐t❡❞ ✐♥✜♥✐t❡❧② ♦❢t❡♥✳ ❙✐♥❝❡ t❤✐s st❛t❡ ✐s ❛❝❝❡♣t✐♥❣ ✇❡ ❛r❡ ❛❧s♦ ❞♦♥❡✳

❋♦r t❤❡ ✜♥✐t❡ ❝❛s❡✱ ❡✈❡r② st❛t❡ ✐s ❛❧s♦ ✜♥❛❧ s✐♥❝❡ ✇❡ ❛r❡ ✐♥ t❤❡ s❛❢❡t② ❢r❛❣♠❡♥t ❛♥❞ ✇❡ ✉s❡
t❤❡ ✇❡❛❦ ✈❛r✐❛♥t ♦❢ t❤❡ ♥❡①t ♦♣❡r❛t♦r✳ ❙♦ ✇❡ ❝❛♥ s❡t Aφ = Fφ = Qφ✳

❇② ❝♦♥str✉❝t✐♦♥✱ ❡✈❡r② st❛t❡ ♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❇ü❝❤✐ ❛✉t♦♠❛t♦♥ ♦❜t❛✐♥❡❞ ✐s ✜♥❛❧ ❛♥❞
❛❝❝❡♣t✐♥❣✳ ■❢ ✇❡ ✉s❡ t❤❡ ♣♦✇❡rs❡t ❝♦♥str✉❝t✐♦♥ ♦❢ ❬✼❪ t♦ ❜✉✐❧❞ ❛♥ ❡q✉✐✈❛❧❡♥t ♥♦♥✲❛❧t❡r♥❛t✐♥❣
❛✉t♦♠❛t♦♥✱ t❤❡ s❡ts ♦❢ ✜♥❛❧ ❛♥❞ ❛❝❝❡♣t✐♥❣ st❛t❡s ❛r❡ ❛❧s♦ ❡q✉❛❧ t♦ t❤❡ ✇❤♦❧❡ s❡t ♦❢ st❛t❡s✳
❙♦ ❡✈❡r② r✉♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❛✉t♦♠❛t♦♥ ✐s ❛❝❝❡♣t✐♥❣✳

❇② ▲❡♠♠❛s ✻ ❛♥❞ ✸ ✇❡ ❝❛♥ ❡♥❝♦❞❡ ❡✈❡r② s❛❢❡t② P❙▲ ❢♦r♠✉❧❛ ✐♥t♦ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s✳

■◆❘■❆



▲♦❣✐❝❛❧ t✐♠❡ ❛♥❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✿ ❈♦♠♣❛r✐♥❣ ❯▼▲ ▼❆❘❚❊✴❈❈❙▲ ❛♥❞ P❙▲ ✶✼

q0 q1

p0 ∧ p1 ∧ p2

p1

p0 ∧ p1

p0

p1 ∧ p2

❋✐❣✉r❡ ✶✿ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ ❢♦r G(p0 ⇒ ¬(p1U(p1 ∧ p2)))

▲❡♠♠❛ ✼✳ ❊✈❡r② s❛❢❡t② P❙▲ ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② ❛ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥✳

❋♦r ✐♥st❛♥❝❡✱ ❋✐❣✉r❡ ✶ r❡♣r❡s❡♥ts t❤❡ ❛✉t♦♠❛t♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢♦r♠✉❧❛ G(p0 ⇒
¬(p1Up2)) ❛❢t❡r s✐♠♣❧✐✜❝❛t✐♦♥s✳ ❚❤✐s ❛✉t♦♠❛t♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥
〈V,Def ,Rel〉 s✉❝❤ t❤❛t V = {p0, p1, p2} ❛♥❞

Def =























Q , q0 + q1 , Glob , Q + p0 + p1 + p2,

Iq0 ,
(

(q0 − p0) + (q0 ∗ p0 ∗ p1) + (q1 ∗ p1)
)

,

Iq1 ,
(

((q0 ∗ p0) − (p1 + p2)) + (q1 − (p1 + p2))
)























,

Rel =

{

Glob = Q , q0 # q1 , Glob = Iq0 + Iq1,

q0 =
∼ Iq0 , Iq1 ∼

=
q1

}

.

✹✳✷ ❋r♦♠ ❈❈❙▲ t♦ P❙▲

❚♦ ♦❜t❛✐♥ ❛ ❢r❛❣♠❡♥t ♦❢ ❈❈❙▲ t❤❛t ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥ P❙▲✱ ✇❡ r❡str✐❝t t❤❡ ♣r❡❝❡❞❡♥❝❡
r❡❧❛t✐♦♥s ❛♥❞ t❤❡ ♦♣❡r❛t♦rs c1 ∧ c2 ❛♥❞ c1 ∨ c2✳ ❲❡ ❞❡✜♥❡ ❛ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥ s✉❝❤ t❤❛t
t❤❡ ❛❞✈❛♥❝❡ ♦❢ t❤❡ ❢❛st❡st ❝❧♦❝❦ ✐s ❜♦✉♥❞❡❞✳ ❲❡ ❞❡♥♦t❡ t❤❡s❡ r❡❧❛t✐♦♥s ≺n ❛♥❞ 4n ✇❤❡r❡

n ∈ N✳ ❆ ♠♦❞❡❧ σ s❛t✐s✜❡s c1 ≺n c2 ✐✛ ❢♦r ❡✈❡r② i ∈ N ✇❡ ❤❛✈❡ χσ(c2, i) < χσ(c1, i) ≤

χ(c2, i) + n✳ ❚❤❡ r❡❧❛t✐♦♥ 4n ✐s ❞❡✜♥❡❞ s✐♠✐❧❛r❧② ✇✐t❤ ♥♦♥ str✐❝t ✐♥❡q✉❛❧✐t✐❡s✳ ❲❡ ❞❡✜♥❡
s✐♠✐❧❛r ✈❛r✐❛♥ts c1 ∧n c2 ❛♥❞ c1 ∨n c2 t❤❛t r❡str✐❝t t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❝❧♦❝❦s c1 ❛♥❞ c2 t♦ ❜❡
❜♦✉♥❞❡❞ ❜② n✳ ❙✉❝❤ ❡①♣r❡ss✐♦♥s ❛r❡ ♣❛rt✐❝✉❧❛r s✐♥❝❡ t❤❡② ❛❧s♦ ✐♠♣♦s❡ ✐♠♣❧✐❝✐t ❝♦♥str❛✐♥ts ♦♥
t❤❡ ♣❛r❛♠❡t❡rs✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s t❤❡ ♠♦st ❝♦♥✈❡♥✐❡♥t ✇❛② ♦❢ ❞❡✜♥✐♥❣ ❛ s②♥t❛❝t✐❝ ❢r❛❣♠❡♥t
♦❢ ❈❈❙▲ t❤❛t ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ❈❈❙▲✳

❲❡ ❝❛❧❧ ❜♦✉♥❞❡❞ ❈❈❙▲ t❤❡ ❧❛♥❣✉❛❣❡ ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ✐♥ ❈❈❙▲ t❤❡ ♣r❡❝❡❞❡♥❝❡
r❡❧❛t✐♦♥s✱ ❣r❡❛t❡st ❧♦✇❡r ❜♦✉♥❞ ❛♥❞ ❧♦✇❡st ✉♣♣❡r ❜♦✉♥❞ ♦♣❡r❛t♦rs ❜② t❤❡✐r ❜♦✉♥❞❡❞ ✈❛r✐❛♥ts✳
❚❤✐s ❧❛♥❣✉❛❣❡ ✐s s✉❜s✉♠❡❞ ❜② ❈❈❙▲✳ ■♥❞❡❡❞✱ t❤❡ ♦♣❡r❛t♦rs ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ ❢✉❧❧ ❈❈❙▲✿

❼ c1 ≺n c2 ✐s ❡q✉✐✈❛❧❡♥t t♦ c1 ≺ c2 ❛♥❞ c2 4 c′1 ✇❤❡r❡ c′1 , c1 $ n✳ ◆♦♥ str✐❝t
♣r❡❝❡❞❡♥❝❡ ❝❛s❡ ✐s s✐♠✐❧❛r✳

❘❘ ♥➦ ✼✹✺✾



✶✽ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

❼ c , c1 ∧n c2 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ c , c1 ∧ c2 ✇✐t❤ t❤❡ r❡❧❛t✐♦♥s

c1 4 c′2 ❛♥❞ c2 4 c′1 ✇❤❡r❡ c′1 , c1 $ n ❛♥❞ c′2 , c2 $ n✳ ❚❤✐s ❡q✉✐✈❛❧❡♥❝❡
♠❛❦❡ ❝❧❡❛r t❤❡ r❡❧❛t✐♦♥s ✐♠♣❧✐❝✐t❧② ✐♠♣♦s❡❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❡①♣r❡ss✐♦♥✳ ❚❤❡
♦♣❡r❛t♦r c1 ∨n c2 ❝❛♥ ❜❡ ❞❡✜♥❡❞ s✐♠✐❧❛r❧②✳

❚❤❡s❡ r❡str✐❝t✐♦♥s ❛❧❧♦✇ ✉s t♦ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳

▲❡♠♠❛ ✽✳ ✭■✮ ❊✈❡r② ❜♦✉♥❞❡❞ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛✳
✭■■✮ ❊✈❡r② ❜♦✉♥❞❡❞ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② ❛ P❙▲ ❢♦r♠✉❧❛✳

Pr♦♦❢✳ ✭■✮ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s✳ ❆s ❡✈❡r② st❛t❡
✐♥ t❤❡ r❡s✉❧t✐♥❣ ❛✉t♦♠❛t❛ ❛r❡ ✜♥❛❧ ❛♥❞ ❛❝❝❡♣t✐♥❣✱ ✇❡ ❞♦ ♥♦t ♠❡♥t✐♦♥ t❤❡♠✳ ❋✐rst✱ ❧❡t ✉s
❝♦♥s✐❞❡r ❈❈❙▲ r❡❧❛t✐♦♥s✳ ❋♦r ❡✈❡r② ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ φ ✇❡ ❞❡♥♦t❡ ❜② Bφ t❤❡ s✐♥❣❧❡ st❛t❡
❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ ✇✐t❤ ❛ s❡❧❢ ❧♦♦♣ ❧❛❜❡❧❡❞ ❜② φ✳

❼ ❚❤❡ s✉❜❝❧♦❝❦✐♥❣ r❡❧❛t✐♦♥ c1 ⊂ c2 ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② B(c1∨c2)✳

❼ ❙✐♠✐❧❛r❧②✱ t❤❡ ❡①❝❧✉s✐♦♥ r❡❧❛t✐♦♥ c1 # c2 ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② B(c1∨c2)✳

❼ ❚❤❡ ❜♦✉♥❞❡❞ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥ c1 ≺n c2 ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② ❛♥ ❛✉t♦♠❛t♦♥ ✇✐t❤
n st❛t❡s✳ ❚❤❡s❡ st❛t❡s s✐♠✉❧❛t❡ t❤❡ ✐♥❝r❡♠❡♥t❛t✐♦♥ ❛♥❞ ❞❡❝r❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❝♦✉♥t❡r
t❤❛t st♦r❡ t❤❡ ❛❞✈❛♥❝❡ ♦❢ c1 ♦♥ c2✳ ❙♦ ♦♥❡ ♥❡❡❞s t♦ ♠♦✈❡ t♦ t❤❡ ♥❡①t st❛t❡ ✇❤❡♥ ♦♥❧②
c1 ✐s tr✉❡✱ t♦ ♠♦✈❡ ❜❛❝❦ ✇❤❡♥ ♦♥❧② c2 ✐s tr✉❡ ❛♥❞ t♦ st❛② ✐♥ t❤❡ s❛♠❡ st❛t❡ ✇❤❡♥ ❜♦t❤
✭♦r ♥♦♥❡✮ ❛r❡ tr✉❡✳ ❋✐❣✳ ✷ ✐s t❤❡ ❛✉t♦♠❛t♦♥ ❢♦r n = 3✳

0 1 2 3
c1 ∧ c2

c1 ∧ c2

c2 ∧ c1

c1 ∧ c2

c2 ∧ c1
c1 ∧ c2 c1 ∧ c2 c1 ∧ c2 c1 ∧ c2

c1 ∧ c2 c1 ∧ c2 c1 ∧ c2

❋✐❣✉r❡ ✷✿ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ ❢♦r c1 ≺3 c2

❼ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ❢♦r t❤❡ r❡❧❛t✐♦♥ c1 4n c2 ✐s s✐♠✐❧❛r ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❧♦♦♣ ❧❛❜❡❧❡❞
c1 ∧ c2 ♦♥ st❛t❡ 0 ❛♥❞ ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ st❛t❡ 1 ❜❛❝❦ t♦ st❛t❡ 0✳

❆ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ c , e ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❜② t❤❡ ♣r♦❞✉❝t ❛✉t♦♠❛t♦♥ Ae × Bc⇔e

✇❤❡r❡ Ae ✐s ❞❡✜♥❡❞ ❜❡❧♦✇✳

❼ ■❢ e ✐s ♦❢ t❤❡ ❢♦r♠ e1 + e2 t❤❡♥ Ae ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♠❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ Ae1 ✱ Ae2

❛♥❞ B((e1∨e2)⇔e)✳

❼ ❚❤❡ ❛✉t♦♠❛t♦♥ ❢♦r e1 ∗ e2 ✐s ❜✉✐❧t s✐♠✐❧❛r❧② ❜② r❡♣❧❛❝✐♥❣ t❤❡ t❤✐r❞ ❛✉t♦♠❛t♦♥ ❜②
B((e1∧e2)⇔e)✳

■◆❘■❆



▲♦❣✐❝❛❧ t✐♠❡ ❛♥❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✿ ❈♦♠♣❛r✐♥❣ ❯▼▲ ▼❆❘❚❊✴❈❈❙▲ ❛♥❞ P❙▲ ✶✾

❼ ❚❤❡ ❡♥❝♦❞✐♥❣ ♦❢ e1 ❉ e2 ✐s ❛ ❜✐t ♠♦r❡ ❝♦♠♣❧❡①✳ ❈♦♥s✐❞❡r t✇♦ ❝♦♣✐❡s A ❛♥❞ A′ ♦❢ t❤❡
♣r♦❞✉❝t ❛✉t♦♠❛t♦♥ Ae1 × Ae2 ✳ ❲❡ ❞❡♥♦t❡ ❜② q0, q1 . . . t❤❡ st❛t❡s ♦❢ A ❛♥❞ q′0, q

′
1 . . .

t❤❡ st❛t❡s ♦❢ A′ s✉❝❤ t❤❛t qi ❛♥❞ q′i r❡♣r❡s❡♥t t❤❡ s❛♠❡ st❛t❡ ✐♥ t❤❡ ❞✐✛❡r❡♥t ❝♦♣✐❡s✳

❚♦ ❜✉✐❧❞ t❤❡ ❛✉t♦♠❛t♦♥ Ae ✇❡ ✉s❡ A t♦ s✐♠✉❧❛t❡ t❤❡ ♣❛rt ✇❤❡r❡ e1 ❤❛s ♥♦t ♦❝❝✉rr❡❞
②❡t ❛♥❞ A′ t❤❡ ♣❛rt ✇❤❡r❡ e1 ❤❛s ♦❝❝✉rr❡❞ ❛♥❞ ✇❡ ✇❛✐t ❢♦r t❤❡ ♥❡①t ♦❝❝✉rr❡♥❝❡ ♦❢ e2✳
❙♦✱ ✇❡ ❤❛✈❡ t♦ ♠♦✈❡ ❢r♦♠ A t♦ A′ ✇❤❡♥ e1 ✐s tr✉❡✳ ❚❤❡♥ ✇❡ ♠♦✈❡ ❜❛❝❦ t♦ A ❛♥❞
s❡t e t♦ tr✉❡ ✇❤❡♥ e2 ✐s tr✉❡✳ ❚❤✐s ❛✉t♦♠❛t♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ♠❛❦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
tr❛♥s❢♦r♠❛t✐♦♥s ♦♥ A ❛♥❞ A′✳

(⋆) ❋♦r ❡✈❡r② tr❛♥s✐t✐♦♥ qi
φ
−→ qj ✐♥ A ✇❡ r❡♣❧❛❝❡ t❤❡ ❧❛❜❡❧ ❜② φ ∧ e1 ∧ e ❛♥❞ ❛❞❞ t❤❡

tr❛♥s✐t✐♦♥ qi
φ∧e1∧e
−−−−→ q′j ❢r♦♠ A t♦ A′✳

(⋆⋆) ❋♦r ❡✈❡r② tr❛♥s✐t✐♦♥ q′i
φ
−→ q′j ✐♥ A′ ✇❡ r❡♣❧❛❝❡ t❤❡ ❧❛❜❡❧ ❜② φ∧ e2 ∧ e ❛♥❞ ❛❞❞ t❤❡

tr❛♥s✐t✐♦♥ q′i
φ∧e2∧e
−−−−→ qj ❢r♦♠ A′ t♦ A✳

❖❜✈✐♦✉s❧② ✐❢ t❤❡ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ ♦❢ ❛ ❧❛❜❡❧ r❡❞✉❝❡s t♦ ❢❛❧s❡ t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
tr❛♥s✐t✐♦♥ ✐s r❡♠♦✈❡❞ ✭♦r ♥♦t ❛❞❞❡❞✮✳

❼ ❚❤❡ ❡♥❝♦❞✐♥❣ ♦❢ e1 ❈ e2 ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❝❛s❡ e1 ❉ e2✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✇❤❡♥
✇❡ ❛r❡ ✐♥ t❤❡ ✜rst ❝♦♣② ❛♥❞ ❜♦t❤ e1 ❛♥❞ e2 ❛r❡ tr✉❡ t❤❡♥ e ✐s ❛❧s♦ tr✉❡ ❛♥❞ ✇❡ st❛② ✐♥
t❤❡ s❛♠❡ ❝♦♣②✳ ❲❡ ♦♥❧② ♠♦✈❡ t♦ t❤❡ s❡❝♦♥❞ ❝♦♣② ✇❤❡♥ e1 ✐s tr✉❡ ❛♥❞ e2 ✐s ❢❛❧s❡✳ ❙♦
t❤❡ st❡♣ (⋆) ❤❛s t♦ ❜❡ r❡♣❧❛❝❡❞ ❜②

❋♦r ❡✈❡r② tr❛♥s✐t✐♦♥ qi
φ
−→ qj ✐♥ A ✇❡ r❡♣❧❛❝❡ t❤❡ ❧❛❜❡❧ ❜② φ ∧ e1 ∧ e ❛♥❞ ❛❞❞ t❤❡

t✇♦ tr❛♥s✐t✐♦♥s qi
φ∧e1∧e2∧e
−−−−−−→ q′j ❛♥❞ qi

φ∧e1∧e2∧e
−−−−−−→ qj ✳

❼ ❚❤❡ ❡♥❝♦❞✐♥❣ ♦❢ e1 $e2 n ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝♦♥str✉❝t✐♦♥✳ ❲❤❡♥ e1
❤♦❧❞s ✇❡ ❤❛✈❡ t♦ ✇❛✐t ❢♦r n ♣♦s✐t✐♦♥s ✇❤❡r❡ e2 ❤♦❧❞s✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ n + 1
❝♦♣✐❡s ♦❢ Ae1 ×Ae2 ✳ ❆♥♦t❤❡r ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s t❤❛t ❛ ❝♦✉♥t❡r ✐s ❡♥❝♦❞❡❞ ✐♥ t❤❡ st❛t❡s ♦❢
t❤❡ r❡s✉❧t✐♥❣ ❛✉t♦♠❛t♦♥✳ ■♥ t❤❡ s❛♠❡ ✇❛② t❤❛♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ❢♦r t❤❡ ❝❛s❡ e1 ❉ e2
✇❡ ❛❞❞ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❝♦♣② ❛s ❢♦❧❧♦✇✐♥❣✿

✕ ❢r♦♠ t❤❡ ✜rst ❝♦♣② t♦ t❤❡ s❡❝♦♥❞ ✇❤❡♥ e1 ♦❝❝✉rs✱

✕ ❢r♦♠ t❤❡ it❤ t♦ t❤❡ i+ 1t❤ ✇❤❡♥ e2 ♦❝❝✉rs ❢♦r 2 ≤ i ≤ n+ 1✱

✕ ❢r♦♠ t❤❡ n+1t❤ t♦ t❤❡ ✜rst ✇❤❡♥ e2 ♦❝❝✉rs ❛♥❞ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ tr❛♥s✐t✐♦♥s
✇❤❡r❡ e ♠✉st ♦❝❝✉r✳

❼ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✜❧t❡r✐♥❣ ♦♣❡r❛t✐♦♥ e1 H bw ✳ ❙✉♣♣♦s❡ t❤❛t bw = u · vω✳ ❚❤❡
❡①♣r❡ss✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ❡♥❝♦❞❡❞ s✐♠✐❧❛r❧② ✇✐t❤ |u| + |v| ❝♦♣✐❡s ♦❢ Ae1 ✳ ❊❛❝❤ ❝♦♣② ✐s
❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣♦s✐t✐♦♥s ✐♥ bw ✐♥ ❛ ♥❛t✉r❛❧ ✇❛②✳ ❚❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❛ ❝♦♣② t♦ t❤❡

❘❘ ♥➦ ✼✹✺✾



✷✵ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

♥❡①t ♦♥❡ ✐s ❞♦♥❡ ✇❤❡♥ e1 ❤♦❧❞s ❛♥❞ ❛❢t❡r t❤❡ ❧❛st ❝♦♣② ✇❡ ❥✉♠♣ t♦ t❤❡ (|u| + 1)t❤

♦♥❡ ✭♣❡r✐♦❞✐❝ ♣❛rt✮✳ ❚❤❡ ✈❛r✐❛❜❧❡ e ♦❝❝✉rs ✐✛ e1 ♦❝❝✉rs ✐♥ ❛ ❝♦♣② ✇❤♦s❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣♦s✐t✐♦♥ ✐♥ bw ✐s ❡q✉❛❧ t♦ 1✳

❼ ❚❤❡ ❛✉t♦♠❛t♦♥ ✇❤❡♥ e ✐s ♦❢ t❤❡ ❢♦r♠ e1  e2 ❝❛♥ ❡❛s✐❧② ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣r♦❞✉❝t
❛✉t♦♠❛t♦♥ A = Ae1 ×Ae2 × B((e1∧e2)⇔e) ❛s ❢♦❧❧♦✇✐♥❣✳

✕ ❲❡ ❛❞❞ ❛ s✐♥❦ st❛t❡ qs ✇✐t❤ ❛ ❧♦♦♣ qs
e
−→ qs✳

✕ ❲❡ r❡♣❧❛❝❡ ❡✈❡r② tr❛♥s✐t✐♦♥ q
φ
−→ q′ ✐♥ A ✭q, q′ 6= qs✮ ❜② q

φ∧e2
−−→ q′ ❛♥❞ ✇❡ ❛❞❞ t❤❡

tr❛♥s✐t✐♦♥ q
φ∧e2
−−→ qs✳

❚❤✐s ♦♣❡r❛t✐♦♥ ♣r❡✈❡♥ts ❢✉t✉r❡ ♦❝❝✉rr❡♥❝❡s ♦❢ e ❛s s♦♦♥ ❛ e2 ❤❛s ♦❝❝✉r❡❞✳

❼ ❚❤❡ ✇❛② ♦❢ ❡♥❝♦❞✐♥❣ e1 ∨n e2 ✐s ❝❧♦s❡ t♦ t❤❡ ❜♦✉♥❞❡❞ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥ s✐♥❝❡ ✇❡ ♥❡❡❞
t♦ st♦r❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦❝❝✉rr❡♥❝❡s ♦❢ c1 ❛♥❞ c2✳ ❚♦ ❞♦ t❤✐s ✇❡ ♥❡❡❞ ❤❡r❡
2n+ 1 st❛t❡s✳ ❚❤❡ ❡①♣r❡ss✐♦♥ e ❤♦❧❞s ✇❤❡♥ t❤❡ ✈❛r✐❛❜❧❡ t❤❛t ❤❛s t❤❡ ❧❡ss ♦❝❝✉rr❡♥❝❡s
❤♦❧❞s✳ ❋✐❣✳ ✸ ✐s t❤❡ ❛✉t♦♠❛t♦♥ ❢♦r n = 2✳ ❚❤❡ r✐❣❤t ♣❛rt ✭♣♦s✐t✐✈❡ ❧❛❜❡❧s✮ ❝♦rr❡s♣♦♥❞s
t♦ ♣♦s✐t✐♦♥s ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ c1 ✐s ❣r❡❛t❡r t❤❛♥ c2✳ ❙♦ c ✐s tr✉❡ ✐♥
t❤✐s ♣❛rt ✇❤❡♥ c2 ✐s tr✉❡✳ ❚❤❡ ❧❡❢t ♣❛rt ✐s s②♠♠❡tr✐❝❛❧✳

0 1 2-1-2

c1 ∧ c2 ∧ e

c2 ∧ c1 ∧ e

c1 ∧ c2 ∧ e

c2 ∧ c1 ∧ e

c1 ∧ c2 ∧ e

c2 ∧ c1 ∧ e

c1 ∧ c2 ∧ e

c2 ∧ c1 ∧ e

c1 ∧ c2 ∧ e c1 ∧ c2 ∧ e c1 ∧ c2 ∧ ec1 ∧ c2 ∧ ec1 ∧ c2 ∧ e

c1 ∧ c2 ∧ e c1 ∧ c2 ∧ e c1 ∧ c2 ∧ ec1 ∧ c2 ∧ ec1 ∧ c2 ∧ e

❋✐❣✉r❡ ✸✿ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t♦♥ ❢♦r c1 ∧2 c2

❼ ❚❤❡ ❝❛s❡ e1 ∧n e2 ✐s q✉✐t❡ s✐♠✐❧❛r✳ ❋♦r n = 2 t❤❡ ❛✉t♦♠❛t♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② s✇✐t❝❤✐♥❣
e ❛♥❞ e ✐♥ t❤❡ tr❛♥s✐t✐♦♥s t❤❛t ❛r❡ ♥♦t ❧♦♦♣s ✐♥ ❋✐❣✳ ✸✳

❚❤❡ ❣❧♦❜❛❧ ❛✉t♦♠❛t♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❣✐✈❡♥ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛❧❧
t❤❡ ❛✉t♦♠❛t❛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞✐✛❡r❡♥t ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡❧❛t✐♦♥s✳ ❚❤❡ s❡t ♦❢ r✉♥s ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ s✉❝❤ ❛♥ ❛✉t♦♠❛t♦♥ ✐s t❤❡ s❛♠❡ t❤❛♥ t❤❡ s❡t ♦❢ ♠♦❞❡❧s ♦❢ t❤❡ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥✳
■♥❞❡❡❞✱ ❛ ❝❛r❡❢✉❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞✐✛❡r❡♥t st❡♣s s❤♦✇s t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ str✐❝t❧② ❢♦❧❧♦✇s
❈❈❙▲ s❡♠❛♥t✐❝s✳
✭■■✮ ❚❤✐s s❡❝♦♥❞ ♣❛rt ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭■✮ ❛♥❞ ▲❡♠♠❛ ✺✳

❚❤❡ ❢♦r♠✉❧❛ ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣♦s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ❈❈❙▲ t♦ ❛✉t♦♠❛t❛ ❛♥❞
❢r♦♠ ❛✉t♦♠❛t❛ t♦ P❙▲ ✐s ♥♦t ♠✐♥✐♠❛❧✳ ❖✉r ✐♥t❡♥t ✐s ♥♦t t♦ ❞❡✜♥❡ ♦♣t✐♠❛❧ tr❛♥s❢♦r♠❛t✐♦♥
❜✉t ♣r♦✈❡ t❤❛t P❙▲ ❡♥❝♦❞✐♥❣ ✐s ♣♦ss✐❜❧❡✳ ▼♦r❡♦✈❡r✱ ❛✉t♦♠❛t♦♥ ❡♥❝♦❞✐♥❣ s❤♦✉❧❞ ❜❡ ♠♦r❡

■◆❘■❆



▲♦❣✐❝❛❧ t✐♠❡ ❛♥❞ t❡♠♣♦r❛❧ ❧♦❣✐❝s✿ ❈♦♠♣❛r✐♥❣ ❯▼▲ ▼❆❘❚❊✴❈❈❙▲ ❛♥❞ P❙▲ ✷✶

✉s❡❢✉❧ t♦ ❞❡✜♥❡ ✐♥t❡r❢❛❝❡s ❜❡t✇❡❡♥ ❈❈❙▲ ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ t♦♦❧s✳ ❉✐r❡❝t tr❛♥s❧❛t✐♦♥ ❢r♦♠
❜♦✉♥❞❡❞ ❈❈❙▲ t♦ P❙▲ ✇♦✉❧❞ ♥♦t ❣✐✈❡ ♠✉❝❤ ❜❡tt❡r r❡s✉❧ts✳ ❚❤❡ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡ ❝♦✉♥t❡rs ♦❢
r❡❧❛t✐♦♥s ❧✐❦❡ ♣r❡❝❡❞❡♥❝❡✱ ✜❧t❡r✐♥❣ ♦r ❞❡❧❛② ✐s t❡❞✐♦✉s ✇✐t❤ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✳ ■t s❤♦✉❧❞
❜❡ ♠♦r❡ ❡✣❝✐❡♥t ✐♥ ♣r❛❝t✐❝❡ t♦ ✉s❡ ❛ r✐❝❤❡r t❡♠♣♦r❛❧ ❧♦❣✐❝ ✇✐t❤ ❝♦✉♥t❡rs ♦r t♦ ❝♦♥s✐❞❡r ♠♦r❡
r❡str✐❝t❡❞ ❢r❛❣♠❡♥ts ♦❢ ❈❈❙▲✳

◆♦t❡ ❛❧s♦ t❤❛t ✇❡ ❤❛✈❡ ❛r❜✐tr❛r✐❧② ❝❤♦s❡♥ t♦ ❜♦✉♥❞ t❤❡ ♣r❡❝❡❞❡♥❝❡ ♦♣❡r❛t♦rs✳ ❙♦♠❡t✐♠❡s
t❤❡ ❝♦♥t❡①t ❛❧r❡❛❞② ❜♦✉♥❞s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❛ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥
✭s❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❧t❡r♥❛t✐♦♥ ✐♥ ❙❡❝t✳ ✷✳✶✮✳ ❙♦✱ ❜♦✉♥❞❡❞ ❈❈❙▲ ✐s ♥♦t t❤❡
❧❛r❣❡st ❢r❛❣♠❡♥t t❤❛t ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥ P❙▲✳ ❉❡t❡r♠✐♥✐♥❣ ✇❤❡t❤❡r t❤❡ st❛t❡ s♣❛❝❡ ♦❢ ❛
❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥ ✐s ✜♥✐t❡ ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳ ❆❧s♦✱ ✐t s❡❡♠s ✈❡r② ❞✐✣❝✉❧t t♦ ❞❡t❡r♠✐♥❡ ❛
s②♥t❛❝t✐❝ ❢r❛❣♠❡♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s✉❝❤ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s✳

✺ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ❝♦♠♣❛r❡❞ t❤❡ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡s ❈❈❙▲ ❛♥❞ P❙▲✳ ❇♦t❤ ❧❛♥❣✉❛❣❡s ❝❛♥
❜❡ ✉s❡❞ t♦ s♣❡❝✐❢② ❜❡❤❛✈✐♦r❛❧ ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❤❛r❞✇❛r❡ ❡❧❡❝tr♦♥✐❝ s②st❡♠s ❜✉t
❛t ❞✐✛❡r❡♥t ❞❡s✐❣♥ ❧❡✈❡❧s✳ ❖✉r r❡s✉❧ts ❝♦♥tr✐❜✉t❡ t♦ ❝❧❛r✐❢② t❤❡✐r r♦❧❡ ✇❤❡♥ ❛❞❞r❡ss✐♥❣ t❤✐s
❞♦♠❛✐♥ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ t②♣❡ ♦❢ ♣r♦♣❡rt✐❡s t❤❛t ❡❛❝❤ ❧❛♥❣✉❛❣❡ ❝❛♥ ❡①♣r❡ss✳

❲❡ ❤❛✈❡ ✜rst ✐❞❡♥t✐✜❡❞ t❤❡ ❈❈❙▲ ❝♦♥str✉❝ts t❤❛t ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ P❙▲ ❛♥❞ t❤❡
❝❧❛ss ♦❢ P❙▲ ❢♦r♠✉❧❛s t❤❛t ❝❛♥♥♦t ❜❡ st❛t❡❞ ✐♥ ❈❈❙▲✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ r❡s✉❧ts ♦❢ t❤❡s❡
♦❜s❡r✈❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❢r❛❣♠❡♥ts ♦❢ ❈❈❙▲ ❛♥❞ P❙▲ t❤❛t ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥t♦ ❡❛❝❤
♦t❤❡r✳ ❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ tr❛♥s❧❛t❡ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s ✐♥t♦ P❙▲ ✐s t♦ ❜♦✉♥❞ t❤❡
✐♥t❡❣❡r ❝♦✉♥t❡rs ✉s❡❞ t♦ ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ ❝❧♦❝❦s✳ Pr❡❝✐s❡❧②✱ t❤❡ r❡❧❛t✐✈❡
❛❞✈❛♥❝❡ ♦❢ t❤❡ ❝❧♦❝❦s ♣✉t ✐♥ r❡❧❛t✐♦♥ ❜② t❤❡s❡ ❈❈❙▲ ❝♦♥str✉❝ts ♠✉st ❜❡ ❜♦✉♥❞❡❞✳ ❈♦♥✈❡rs❡❧②✱
❈❈❙▲ ❝❛♥♥♦t ❡①♣r❡ss t❤❡ ❝❧❛ss ♦❢ ❧✐✈❡♥❡ss ♣r♦♣❡rt✐❡s ❜✉t ❝❛♥ ❡①♣r❡ss ❡✈❡r② P❙▲ s❛❢❡t②
♣r♦♣❡rt②✳

❲❡ ❤❛✈❡ ❞❡✜♥❡❞ tr❛♥s❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ❢r❛❣♠❡♥ts ✉s✐♥❣ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❛✉t♦♠❛t❛
❜❛s❡❞ ❛♣♣r♦❛❝❤✳ ■♥ t❤❡ ❢✉t✉r❡✱ ✇❡ ❝❛♥ t❛❦❡ ❜❡♥❡✜ts ♦❢ t❤❡ ❛✉t♦♠❛t❛ ❡♥❝♦❞✐♥❣ t♦ ❡st❛❜❧✐s❤
❝♦♠♣❛r✐s♦♥s ♦❢ ❈❈❙▲ ✇✐t❤ ♦t❤❡r ❧❛♥❣✉❛❣❡s ♦r t♦ ❛♣♣❧② s♦♠❡ ✈❡r✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ❲❡ ❞♦
♥♦t ❝❧❛✐♠ t❤❛t t❤❡s❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ❝❛♥ ❞✐r❡❝t❧② ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❝♦♥❝r❡t❡ s②st❡♠ ❞❡s✐❣♥
❛♥❞ ❛♥❛❧②s✐s✳ ❲❡ ❤❛✈❡ ❧❡❢t ❢♦r ❢✉t✉r❡ ✇♦r❦ t❤❡ ❝♦♠♣❧❡①✐t② ❛♥❛❧②s✐s ❛♥❞ ♦♣t✐♠✐s❛t✐♦♥ ♦❢ t❤❡
❝♦♥str✉❝t✐♦♥s ♣r❡s❡♥t❡❞ ❤❡r❡✳ ❍♦✇❡✈❡r✱ t❤✐s tr❛♥s❧❛t✐♦♥ ✐s ❛♥ ✐♠♣♦rt❛♥t st❡♣ t♦✇❛r❞s t❤❡
❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❛ ❈❈❙▲ s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ ✐ts st❛t❡ s♣❛❝❡✳

◆♦t❡ t❤❛t ❈❈❙▲ ❝❛♥♥♦t ❡①♣r❡ss ❧✐✈❡♥❡ss ❜❡❝❛✉s❡ ✐t ❤❛s ♥♦t ❜❡❡♥ ❞❡s✐❣♥❡❞ ❢♦r t❤✐s ♣✉r♣♦s❡✳
❍♦✇❡✈❡r✱ ✐t ❝♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝❛♣t✉r❡ ❛❧❧ t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ P❙▲ ✐♥ ❛ ❤✐❣❤❡r ❧❡✈❡❧
❞❡s❝r✐♣t✐♦♥ ❧❛♥❣✉❛❣❡✳ ❆ ✜rst st❡♣ t♦ ✜❧❧ t❤❡ ❣❛♣ ❝♦✉❧❞ ❜❡ t♦ ✐❞❡♥t✐❢② ✇❤❛t ❦✐♥❞ ♦❢ t❡♠♣♦r❛❧
❧♦❣✐❝ ❝❛♥ ❛❧s♦ t❛❦❡ ❝❛r❡ ♦❢ ♠✉❧t✐✲❝❧♦❝❦ ❛s♣❡❝ts✳

❘❘ ♥➦ ✼✹✺✾



✷✷ ❘✳ ●❛s❝♦♥ ✱ ❋✳ ▼❛❧❧❡t ✱ ❏✳ ❉❡❆♥t♦♥✐

❘❡❢❡r❡♥❝❡s

❬✶❪ ❈✳ ❆♥❞ré✳ ❙②♥t❛① ❛♥❞ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❝❧♦❝❦ ❝♦♥str❛✐♥t s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡✳ ❚❡❝❤♥✐❝❛❧
❘❡♣♦rt ✻✾✷✺✱ ■◆❘■❆✱ ✷✵✵✾✳

❬✷❪ ❈✳ ❆♥❞ré✱ ❋✳ ▼❛❧❧❡t✱ ❛♥❞ ❏✳ ❉❡❆♥t♦♥✐✳ ❱❍❉▲ ♦❜s❡r✈❡rs ❢♦r ❝❧♦❝❦ ❝♦♥str❛✐♥t ❝❤❡❝❦✐♥❣✳
■♥ ■♥❞✉str✐❛❧ ❊♠❜❡❞❞❡❞ ❙②st❡♠s ✭❙■❊❙✮✱ ✷✵✶✵ ■♥t✳ ❙②♠♣✳ ♦♥✱ ♣❛❣❡s ✾✽✕✶✵✼✱ ❏✉❧② ✷✵✶✵✳

❬✸❪ ❉✳ ❇✉st❛♥✱ ❉✳ ❋✐s♠❛♥✱ ❛♥❞ ❏✳ ❍❛✈❧✐❝❡❦✳ ❆✉t♦♠❛t❛ ❝♦♥str✉❝t✐♦♥ ❢♦r P❙▲✳ ❚❡❝❤♥✐❝❛❧
r❡♣♦rt✱ ■❇▼ ❍❛✐❢❛ ❘❡s❡❛r❝❤ ▲❛❜✱ ✷✵✵✺✳

❬✹❪ ❘✳ ▲❛③✐➣✳ ❙❛❢❡❧② ❢r❡❡③✐♥❣ ▲❚▲✳ ■♥ ■♥ ❋❙❚✫❚❈❙✬✵✻✱ ♣❛❣❡s ✸✽✶✕✸✾✷✳ ❙♣r✐♥❣❡r✱ ✷✵✵✻✳

❬✺❪ ❋✳ ▼❛❧❧❡t✱ ❈✳ ❆♥❞ré✱ ❛♥❞ ❏✳ ❉❡❆♥t♦♥✐✳ ❊①❡❝✉t✐♥❣ ❆❆❉▲ ♠♦❞❡❧s ✇✐t❤ ❯▼▲✴▼❛rt❡✳ ■♥
■❈❊❈❈❙✬✵✾✱ ♣❛❣❡s ✸✼✶✕✸✼✻✱ P♦ts❞❛♠✱ ●❡r♠❛♥②✱ ❏✉♥❡ ✷✵✵✾✳ ■❊❊❊ ❈♦♠♣✉t❡r Pr❡ss✳

❬✻❪ ❋✳ ▼❛❧❧❡t✱ ▼✳✲❆✳ P❡r❛❧❞✐✲❋r❛t✐✱ ❛♥❞ ❈✳ ❆♥❞ré✳ ▼❛rt❡ ❈❈❙▲ t♦ ❡①❡❝✉t❡ ❊❛st✲❆❉▲
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