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Abstract

The study of non-stationary processes whose local form has controlled properties is a fruit-
ful and important area of research, both in theory and applications. In [9], a particular
way of constructing such processes was investigated, leading in particular to multifrac-
tional multistable processes, which were built using sums over Poisson processes. We
present here a different construction of these processes, based on the Ferguson - Klass
- LePage series representation of stable processes. We consider various particular cases
of interest, including multistable Lévy motion, multistable reverse Ornstein-Uhlenbeck
process, log-fractional multistable motion and linear multistable multifractional motion.
We also show that the processes defined here have the same finite dimensional distri-
butions as the corresponding processes constructed in [9]. Finally, we display numerical
experiments showing graphs of synthesized paths of such processes.

Keywords: localisable processes, stable processes, Ferguson - Klass - LePage series repre-
sentation, multifractional processes.

1 Introduction

This work deals with a general method for building stochastic processes for which certain
aspects of the local form are prescribed. We will mainly be interested here in local Hélder
regularity and local intensity of jumps, but our construction allows in principle to control
other properties that could be of interest. Our approach is in the same spirit as the one
proposed in [9], but it uses different methods. In particular, in [9], multistable processes, that



is localisable processes which are locally a-stable, but where the index of stability « varies
with time, were constructed using sums over Poisson processes. We present here an alternative
construction of such processes, based on the Ferguson - Klass - LePage series representation of
stable stochastic processes [10, 13, 14]. This representation is a powerful tool for the study of
various aspects of stable processes, see for instance [3, 18]. A comprehensive reference for the
properties of this representation that will be needed here is [19].

Stochastic processes where the local Holder regularity varies with a parameter ¢ are inter-
esting both from a theoretical and practical point of view. A well-known example is multi-
fractional Brownian motion (mBm), where the Hurst index h of fractional Brownian motion
[12, 15] is replaced by a functional parameter h(t), permitting the Holder exponent to vary
in a prescribed manner [1, 2, 11, 16]. This allows in addition local regularity and long range
dependence to be decoupled to give sample paths that are both highly irregular and highly
correlated, a useful feature for instance in terrain or TCP traffic modeling.

However, local regularity, as measured by the Holder exponent, is not the only local feature
of a process that is useful in theory and applications. Jump characteristics also need to be
accounted for, e.g. for studying processes with paths in D(R) (the space of cadlag functions,
i.e. functions which are continuous on the right and have left limits at all ¢ € T'). This has
applications for instance in the modeling of financial or medical data. Stable non-Gaussian
processes yield relevant models for data containing discontinuities, with the stability index «
controlling the distribution of jumps.

Just for the same reason why it is interesting to consider stochastic processes whose local
Holder exponent changes in a controlled manner, tractable models where the “jump intensity”
« is allowed to vary in time are needed, for instance to obtain a more accurate description of
some aspects of the local structure of functions in D(R).

The approach described in this work allows in particular to construct processes where both
h and « evolve in time in a prescribed way. Having two functional parameters allows to finely
tune the local properties of these processes. This may prove useful to model two distinct
aspects of financial risk, to describe epileptic episodes in EEG where for some periods there
may be only small jumps and at other instants very large ones, or to study textured images
where both Holder regularity and the distribution of discontinuities vary.

Let us now recall the definition of a localisable process [6, 7]: Y = {Y'(¢) : t € R} is said to
be h—localisable at u if there exists an & € R and a non-trivial limiting process Y, such that

lim LD =YW gy (1.1)

r—0 rh w

(Note Y, may and in general will vary with w.) When the limit exits, Y, = {Y/(t) : t €
R} is termed the local form or tangent process of Y at u (see [2, 16] for similar notions).
The limit (1.1) may be taken in several ways. In this work, we will only deal with the case
where convergence occurs in finite dimensional distributions (equality in finite dimensional

distributions is denoted fid). When convergence takes place in distribution, the process is

called strongly h-localisable (equality in distributions is denoted g).

As mentioned above, a now classical example is multifractional Brownian motion Y which
“looks like” index-h(u) fractional Brownian motion close to time u but where h(u) varies, that
is

Y t)—-Y
lim (u+rt) (u)
r—0 rh

= Biu)(t) (1.2)



where By, is index-h fractional Brownian motion. A generalization of mBm, where the Gaussian
measure is replaced by an a-stable one, leads to multifractional stable processes, where the
local form is an h(u)-self-similar linear a-stable motion [20, 21].

The h-local form Y, at u, if it exists, must be h-self-similar, that is Y (rt) < r"Y!(t) for
r > 0. In addition, as shown in [6, 7], under quite general conditions, Y, must also have
stationary increments at almost all u at which there is strong localisability. Thus, typical local
forms are self-similar with stationary increments (sssi), that is r="(Y/(u+ rt) — Y/ (u)) < Y!(t)
for all w and r > 0. Conversely, all sssi processes are localisable. Classes of known sssi processes
include fractional Brownian motion, linear fractional stable motion and a-stable Lévy motion,
see [5, 19].

Similarly to [9], our method for constructing localisable processes is to make use of stochastic
fields { X (¢,v), (t,v) € R?}, where t is time, and where the process ¢t — X (¢, v) is localisable for
all v. This field will allow to control the local form of a ‘diagonal’ process Y = { X (¢,t) : t € R}.
For instance, in the case of mBm, X will be a field of fractional Brownian motions, i.e.
X(t,v) = Bpw)(t), where h is a smooth function of v ranging in [a,b] C (0,1). This is the
approach that was used originally in [1] for studying mBm. From a heuristic point of view,
taking the diagonal of such a stochastic field constructs a new process with local form depending
on t by piecing together known localisable processes. In other words, we shall use random fields
{X(t,v) : (t,v) € R?} such that for each v the local form X/ (-,v) of X(-,v) at v is the desired
local form Y, of Y at v. An easy situation is when, for each v, the process {X(¢,v) : t € R} is
sssi, since this automatically entails localisability.

It is clear that, in this approach, the structure of X (-, v) for v in a neighbourhood of u will
be crucial to determine the local behaviour of Y near u. A simple way to control this structure
is to define the random field as an integral or sum of functions that depend on ¢ and v with
respect to a single underlying random measure so as to provide the necessary correlations.

General criteria that guarantee the transference of localisability from the X (-,v) to Y =
{X(t,t) : t € R} were obtained in [9]. We will make use of the following one:

Theorem 1.1 Let U be an interval with u an interior point. Suppose that for some 0 < h <n
the process { X (t,u),t € U} is h-localisable at u € U with local form X! (-,u) and

P(| X (v,v) — X(v,u)| > |v—u|") — 0 (1.3)

asv — u. ThenY = {X(t,t):t € U} is h-localisable at u with Y,|(-) = X (-, u).

In the sequel, we shall consider specific classes of random fields and use Theorem 1.1 to
build localisable processes with interesting local properties. As a particular case, we will study
multifractional multistable processes, where both the local Holder regularity and intensity of
jumps will evolve in a controlled manner.

The remaining of this article is organized as follows: we first collect some notations in
section 2. We then build localisable processes using a series representation that yields the
necessary flexibility required for our purpose. We need to distinguish between the situations
where the underlying space is finite (section 3), or merely o— finite (section 4). In each
case, we define a random field depending on a “kernel” f, and give conditions on f ensuring
localisability of the diagonal process. We then consider in section 5 some examples: multistable
Lévy motion, multistable reverse Ornstein-Uhlenbeck process, log-fractional multistable motion
and linear multistable multifractional motion. Section 6 is devoted to computing the finite



dimensional distributions of our processes, and proving that they are the same as the ones of
the corresponding processes constructed in [9]. Finally, section 7 displays graphs of certain
localisable processes of interest, in particular multifractional multistable ones.

Before we proceed, we note that constructing localisable processes using a stochastic field
composed of sssi processes is obviously not the only approach that one can think of. It is
for instance possible to follow a rather different path and construct localisable processes from
moving average ones by imposing conditions on the kernel defining the moving average. See
[8] for details.

2 Notations

We refer the reader to the first chapters of [19] for basic notions on stable random variables
and stable processes. In particular, recall that a process {X (¢) : t € T}, where T is generally
a subinterval of R, is called a-stable (0 < o < 2) if all its finite-dimensional distributions
are a-stable. Many stable processes admit a stochastic integral representation as follows.
Write S, (o, 3, i) for the a-stable distribution with scale parameter o, skewness § and shift-
parameter p; we will assume throughout that g = 0. Let (E,E,m) be a sigma-finite measure
space. Taking m as the control measure and 3 : E — [—1,1] a measurable function, this
defines an a-stable random measure M on FE such that for A € £ we have that M(A) ~
Sa (m(A)Ye, [, B(x)m(dzx)/m(A),0). If 8 = 0, the process is termed symmetric a-stable, or
Sas.
Let
Fo=Fo(E,E,m)={f: [ is measurable and || f||o < oo},

where || ||, is the quasinorm (or norm if 1 < a < 2) given by

{ (Jy | (@)l m(da)) (o #1) (2.4)
Jp 11 @lm(dz) + [ |f(@)3(@) n | (@) m(dz) (o =1)

The stochastic integral of f € F,(E, &, m) with respect to M then exists [19, Chapter 3] with

1flle =

1) = [ M) ~ Salor,Br.0), (25
where
or =l = L1
and a<*> = sign(a)|al’, see [19, Section 3.4]. In particular,
EL(F)P :{ c(a,ﬁ£>|!f||§ (0(;5)@) (2.6)

where ¢(«, 3,p) < oo, see [19, Property 1.2.17].

In this work, we will only consider the symmetric case, 7.e. we take 8 = 0 for the remaining
of the article. We believe most results should have a counterpart in the non-symmetric case,
although the proofs would probably have to be much more involved.



3 A Ferguson - Klass - LePage series representation of
localisable processes in the finite measure space case

A well-known representation of stable random variables is the Ferguson - Klass - LePage series
one [3, 10, 13, 14, 18]. This representation is particularly adapted for our purpose since, as we
shall see, it allows for easy generalization to the case of varying «.

In this work, we will use the following version:

Theorem 3.2 (19, Theorem 3.10.1])

Let (E,E,m) be a finite measure space, and M be a symmetric a-stable random measure
with o € (0,2) and finite control measure m. Let (I';);>1 be a sequence of arrival times of a
Poisson process with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables with
distribution m = m/m(E) on E, and (7V;)i>1 be a sequence of i.i.d. random variables with
distribution P(vy; = 1) = P(y; = —1) = 1/2. Assume finally that the three sequences (I';)i>1,
(Vi)i>1, and (7;)i>1 are independent. Then, for any f € Fo(E,E,m),

/ F)M(dz) £ (Cam(B)Y™ S 5T e F(V2), (3.7)
B i=1
where C, := m for « # 1, C1 = 2/m (Theorem 3.10.1 in [19] is more general,

as it extends to non-symmetric stable processes, that are not considered here.) As mentioned
above, a relevant feature of this representation for us is that the distributions of all random
variables appearing in the sum are independent of a. We will use (3.7) to contruct processes
with varying « as described in the following Theorem.

Theorem 3.3 Let (E,E,m) be a finite measure space. Let a be a C' function defined on R
and ranging in [c,d] C (0,2). Let b be a C function defined on R. Let f(t,u,.) be a family of
functions such that, for all (t,u) € R?, f(t,u,.) € Fow)(E,E,m). Let (I';);>1 be a sequence of
arrival times of a Poisson process with unit arrival time, (V;);>1 be a sequence of i.i.d. random
variables with distribution m = m/m(E) on E, and (7Vi)i>1 be a sequence of i.i.d. random
variables with distribution P(y; = 1) = P(y; = —1) = 1/2. Assume finally that the three
sequences (I';)i>1, (Vi)i>1, and (7:)i>1 are independent. Consider the following random field:

X (t,u) = b(w) (m(E)MCy Nyl f (e u, Vi), (3.8)
=1

where Co = ([, 27 sin(:v)dx)fl. Assume that X (t,u) (as a process in t) is localisable at u
with exponent h € (0,1) and local form X! (t,u). Assume in addition that:

e (C1) The family of functions v — f(t,v,x) is differentiable for all (v,t) in a neighbour-
hood of u and almost all x in E. The deriwatives of f with respect to v are denoted by

-
e (C2) There exists € > 0 such that:

sup /E sup  (|f(t,w, z)[*™) m(dz) < co. (3.9)

teB(u,e) wEB(u,e)



e (C3) There exists € > 0 such that:

sup /E sup (| f2(t, w, 2)|*™) m(dz) < oo. (3.10)

teB(u,e) wEB(u,e)

o (C4) There exists € > 0 such that:

sup /E sup [|f(t,w,:c)log|f(t,w,:U)Ha(w) m(dx) < oo. (3.11)

teB(u,e) weB(u,e)
Then Y (t) = X (t,t) is localisable at u with exponent h and local form Y, (t) = X/ (t,u).

Proof

The function u — C’i{g‘(u) is C! since a(u) ranges in [c,d] C (0,2). We shall denote

a(u) = b(u)(m(E))Y “)Ci{:)u . The function a is thus also C'. We want to apply Theorem
1.1. With that in view, we estimate, for v € B(u, ) (the ball centered at u with radius €),

XW@—X@wﬁizh%Mw—QWD+XhMMw—%WM

where

i(u) = a(u)i™* f(v,u, Vi)

and
Wi(u) = afu) (170 =720 f(0,u, V).

The reason for introducing the ®; and the V; is that the random variables I'; are not indepen-
dent, which complicates their study. We shall decompose the sum involving the ®; into series
of independent random variables which will be dealt with using the three series theorem. The
sum involving the ¥; will be studied by taking advantage of the fact that, for large enough 1,
each I'; is “close” to 7 in some sense.

In the sequel, since only the values of « inside B(u, ) matter, we shall agree by convention
that ¢ denotes in fact inf,e p(u,c) @(v) and likewise d = sup,cg(, ) @(v). Note that, by decreasing
¢, d — ¢ may be made arbitrarily small.

Thanks to the assumptions on a and f, ®; and ¥; are differentiable and one computes:

Q' (u) = a’(u)i_l/a(“)f(v,u, Vi) + a(u)i_l/a(“)f;(v, u, Vi) + a(u)% log(i)i 1/ W f(v,u, Vi),

and

\I//(U) _ a/(u) (le/a(u) o ifl/a(u)) f(v,u, ‘/z) + G(U) (le/a(u) o Z'fl/a(u)) fl (v,u, ‘/z)

u

(1og(ri)r;1/a<“ log(i)i~ 1/ >) F(o,u, V),

The mean value theorem yields that there exists a sequence of independent random numbers
w; € [u,v] (or [v,u]) and a sequence of random numbers x; € [u,v] (or [v,u]) such that:

X(v,u) — X(v,v) = (u—v)Z(Zl—I—ZZ+Z3 (u—w Z V' +Y2+Y?),
=1

=1



where
Z} = yid ()i f(v,w,, Vi),

22 = yia(wy)i™ o) £ (v, w,, Vi),

/
5o al(wy) 1 fa(w;) v
Zi — fyla(wz)—a(wi)2 lOg(Z)’l f(vu wy, 1)7

Y = v (1) (Ffl/a(mi) _ i—l/a(zi)) Fo, 25, V),

7

Y2 = va(z:) <Ff1/a(m> _ Z»q/a(m)) £l (v, 21, Vi),

7

, .
YP= %am)—j(;f ;Z (log(T)r; /) —log i)™/ f(v,2:, Vi),
Note that each w; depends on a, f, o, u, v, V;, but not on ;. This remark will be useful in the

sequel.
The remainder of the proof is divided into four steps. The first step will apply the three-

0 .
series theorem to show that each series > Z7, j = 1,2, 3, converges almost surely. In the second
i=1

o .
step, we will prove that > Y/ also converges almost surely for j = 1,2,3. In the third step we
i=1

will prove that condition (1.3) is verified by Zf ,j = 1,2,3. Finally, step four will prove the
i=1

same thing for S Y/, j = 1,2, 3.
i=1

First step: almost sure convergence of > Zij .7 =1,2,3.

i=1
Consider Z' = " Z!. Fix A > 0. We shall deal successively with the three series involved
i=1
the three-series theorem.
First series: S; = Y P(|Z}| > \).
i=1
P(21> ) = P (1fw vl > 25
il > = UV, Wi, Vi)l > ———
|’ (w;)]

A a(w)
< P00 V)@ > i int (—) :
< <|f( )l weB(u,e) [ |a/ (w)|

a(w)
Note that, since a’ is bounded on the compact interval [u,v], K := inf,cpu,) [(ﬁ) } is

strictly positive.

weB(u,e)

— P

wEB(u,e)

P(1Z}| >\ < P( sup |f(v,w,%>|“<W’>Ki>

sup | f (v, w, V;)[*™) > Kz') :



Thus

+o0 —+o00
S Pz >N < ZP( sup |f(v,w,V1)|"‘(w>>Kz'>
i=1

i—1 wEB(u,e)

1
< —E sup ‘f(U,’LU, ‘/'1)’01(11))
K wEB(u,e)
1
< gosw [ osw (1w ) i)
K teB(u,e) J E weB(u,e)
< 400
by (C2).
Second series: Sy = Y E(Z;1{|Z}| < A\}).

=1

E(ZI|Z] < A)) = E(wd (wi)i ) fo, w5, Vi) 1 [a (w, )i/ f (v, w3, Vi) < A})
= E(y)E(a (wy)i ) f (0, w;, Vi) I/ (wy)i /) f (0, w;, Vi) < A})
= ()’
where we have used the facts that ~; is independent of w;, V; and E(v;) = 0. As a conse-
quence, lim, ;. S5 = 0.
Third series: The final series we need to consider is S3 = > E[(Z!1{|Z}| < 1})?]. Take
i=1
A=1%L
Let 1 be such that d < n < 2.

(ZiY|Zi| < 1})*
E[(Z{|z;] < 1})7]

|21 "{| Z}] < 1}
EllZi"{]z}] < 1}]

IA A

—+o00
- / PIZA |2} < 1} > a)de
0

1
[ Pz z < 1) > a)do
0

1
< /P(|ZZ-1]’7>:U)da:.
0

'Recall that, in the three series theorem, for the series >~ X; to converge almost surely, it is necessary
that, for all A > 0, the three series Y .o, P(|X;| > A), > o E(X;1(|1X;| < N)), and .2, Var(X;1(|X;| < X))
converge, and it is sufficient that they converge for one A > 0, see, e.g. [17], Theorem 6.1.



Now, for all z in (0, 1),

PUZi"> ) = P(Z}] > ")

a(wi)
a(Ww; - z "
< P ’f(v7wi7‘/i)|( )>Z|a/<wA)|oz(wi)
< P

wEB(u,e)

= P sup |f(v,w,V1)\a(“’) > K'izn
wEB(u,e)

sup |f(v, w, Vi) > K'z':c?f)

|a’ (w

a(w)
where K’ := infep(u,e) [(ﬁ) } is strictly positive. Thus,

wEB(u,e)

1 oo

%= / ZP( oy 'f<“,w7vl>|a<w>>f<'mi> di
0 =1
|

< / CEC sup (0, w0, V)P da
o K'rn

wEB(u,e)
1 o) ~ Udx
< = < sup / sup  (|.f(t, w, x)[*) m(dx)> (/ —d>
teB(u,e) J E weB(u,e) 0 xn
< +o00.
The case of the Z? = > Z?2 is treated similarly, since the conditions required on (d’, f) in
i=1

the proof above are also satisfied by (a, f).
Consider finally 72 = Y Z3. Fix A > 0.
=1

(2

First series: S; = Y P(|Z}] > \).
i=1

)\ i2'1/a(wi)
P23 > ) — P(|f<v7wi,vz->|> (i) )

la(w;)a! (w;)| log 1

o(w; i
< P(|f(v,wi,‘/%)\( )>Kﬂw),

la(w)a (w

a(w)
where K" := inf e p(ue) {( da(w)? )‘> } is strictly positive by the assumptions on a,a and

o/. In the sequel, K will always denote a finite positive constant, that may however change

from line to line.



Let g;(z) = W for z > 1 and ¢ € N*. For x large enough and for all 7, g; is strictly
increasing and lim,_, ., g;(x) = +o0. For z large enough (independently of i),

_ K z(log z)*(w:)
; 1 a(w;) _
9 (Z( og Z) ) (10gz + a(wi) log log Z)a(wi)
K=z
> —.
-2

Let A > e be such that: Vz > A,Vi € N*, g7'(2) < Z(log z)*4).
Let U = |£(v, s, Vi) |20,

?

P(|Z3| >\ < P(U>K——
(201> %) < P> K iy

)
(({U < A} nA{U; >KW}) ({U > Ayn{g (U, )>z}))

PA>U > K——

IA

IN

o g ) =)+ P{U; = A} N {Ui|log U;| ™) > Ki})

Ug)
oge) P (0w g 00, ) > G

IN

P(A>U; > K———) + P(Uj| log U|*™) > Ki)

IN

PA>U >K——

On the one hand, P(A > U; > K —— ) 7) vanishes for i large. On the other hand, by (C3),

(log

ZP( sup [ £ (v, w, Vi) log |f(v, w, 13)|[*)] > %) <

wEB(u,e)

weB(u,e)

d
%E( sup Hf(v,w,vl)log|f<v,w,v1>\|“<w>1> < 400

and thus S; < +o0.
Second series: ST = Y" E(Z31{|Z3| < A\}).
i=1
For the same reason as in the case of Z} (i.e. 7; is independent of w;, V;), Si = 0, Vn.

Third series: S3 = Y E((Z21{|Z3] < 1})?). Take again A = 1.
i=1

Let n > 0 be such that d < n < 2, and p > 0 be such that 0 < pu < 1—%. Using the same

line of reasoning as in the case of Z},

1
E(Z01{| 28 < 1)) < / P(IZ]" > )d.
0

10



We have, for all z in (0, 1),
PIZ}|" > 2) = P(Z}| > ')

< p e < gt b
< P (I 0 > Kot ).

where K := inf,cpu.) {(Ia(a(w)Q

w)a! (w)]

P(Z}" >2) < PA>U, > Kan

(10g Z) weEB(u,e)

Let us deal with the first term of the sum in the right hand side of the above inequality.

1

< P(A>U; > Kxni'™
(logi)d) (A>U;, > Kxni™*)

P(A>U,; > Ko

for ¢ large enough, i.e. i > ¢*, where ¢* depends only on d and p. As a consequence :

+oo ' o
d 1 i,
;P(A>Ui>Kxn(logi)d) < ;P(A>Ui>Kan u)
A \Tx
< ( )
Kan
K/
< ;
rnd—p)
But —%— < 1 and thus
n(1—p)

1 +oo .
P(A K 0 d .
/ Z > U, > Kz (logz)d) r < +oo

Now for the second term in the sum:

ZP sup [|f(v,w, Vi) log | f (v, w, V)||*)) > —7=i)

i—1 weB(u,e)

d
< ddE( sup nf(v,w,vnbg|f<v,w,v1>||a<w>])

xn wEB(u,e)

11

3) P sup [|f(v,w, Vi) log | f(v,w, V1)||*)] >

a(w)
> } is strictly positive by the assumptions on a, « and «’.

d
Kaxn

dd

i).



and as a consequence

1 oo 2

Kaxn

[ 30RO sup (17w, Voo (o, Vo)) > =)o
0 =1 weB(u,e)

g/—dx
o

We have thus verified all the conditions in the three series theorem, and shown that the
series Z1, Z% and Z3 are almost surely convergent.

Second step: almost sure convergence of ) Yij,j =1,2,3.
i=1

To prove that the series > Yij ,j = 1,2,3 converge almost surely, we will first show that
i=1

it is enough to prove that ZYZ] (1c

i=1 (3=
Indeed, we prove now that » .° P <{% <L <yu{|y/| > 1}) < o0, where T denotes the
complementary set of the set T'.

<Ticopnqjyi|<y COMVerges almost surely for j = 1,2,3.

I

p (@u{mﬂ 1) = =y

U (71> 10 (< 7 <2}))

< PUL; < %}) +P{L; > 2i}) +P ({|Yg| >1}n {% FT < 2})

[';, as a sum of independent and identically distributed exponential random variables with
mean 1, satisfy a Large Deviation Principle with rate function A*(x) = x — 1 — log(z) for
z > 0 and infinity for z < 0 (see for instance [4] p.35), thus > P({T; < %}) < 400 and

i>1
ST PT; > 2i}) < 4o0.
>1

Consider now Y. P ({|Y/| > 1} n{

i>1

<Li<2}) forj=1,23.

1
2

Case j=1lorj=2:

P<{|Yﬂ>1}ﬂ{% F7§2}) = P({|Zﬂ|y( H-Velm) ) > 1304z <F7<2})
r

< P({(Ql/am ~DIZ >0 {g < <)

; 1
J

thus >, P {1 > 13n{i <L <2}) < +oo.

N—

IN

12



Case j = 3:
Fori>1:

<

@|’1

teay) = (U e sy < gy,

N | —

P@Mﬂ>un{

(1(1;§ng (L)=t/e@) — 1) ;5 is bounded on {1 < Li <2}, thus there exists K > 0 such that

) <p (121> )

which entails that z P({IY? >1}n{} <k <2}) < +o0.

IN

(21> nngg <

We are thus left with proving that ZYZ] 1 (i<
j=1,2,3.

Ti coyqvy|<1y COLVErges almost surely for
2 7
In that view, we shall apply the following well-known lemma:

i=1

+o0
Lemma 3.4 Let {X;,k > 1} be a sequence of random variables such that Y E|X,| < +oo,

n=1
+o0o

then > X, converges almost surely.
n=1

j
Let us show that Z E []Y |1 (1<Tico }m{mjlgl}} < +00.

o 1 T,
[Ilel {i<fi<e }m{mﬂg}} = /0 P ({1 > Y| > a}n 5=7=< 2}> dx

/01 ({|YJ|>x}m{ <F_,<2})d;c.

]

IN

Let B; = {3 <L <2}

)

Case j = 1:

1
Using the finite-increments formula applied to the function z — x *@) on [%, 2], one easily
shows that

PH{IY!| >2}nB;) < P({|Z}|| —1\>x21+1/c}ﬂB)

IA

—1/a(x; I'; c
°(

T, _ o
{0f (v, 23, Vi) [9@) | =L — 1]9@) > K jze@)Y 0 B,)
7

13



alw
where K. := inf,cp(u,e) {(W) ] is strictly positive by the assumptions on a’ and a.

Thus

¥ .
PHIY'|>2}nB;) < P( sup ]f(v,w,Vl)|°‘(w)|—,—1|C>Kczxd>.
i

weB(u,e)

Case d > 1:

Fix n € (d,1+ §) (since « is continuous and d < 2, by decreasing if necessary &, one may
ensure that d < 1+ ¢/2). By Markov and Hélder inequalities,

1/n
I .
P{IY|>2}nB) < P [ sup |f(v,w,V1)|"(”)] =L~ 1l > KMty
1

wEB(u,e)

(Kci:L‘d vEB(u,e) weB(ue)
K 1
xd/n j1/n+c/2n

1 I, o/2n v
o[BS 1] <sup E( sup |f(v,w,V1)Ia“”)))

where we have used that the variance of I'; is equal to 7, and K does not depend on v thanks
to assumption (C2). Thus E [|Y;1|1{

T
<F<2n{yl<1y

K 1 c
%_ Smwhereﬁ+%>l

Case d < 1:
PV >2}NB) < ——E( sup |f(v,w, V)PO)EI — 1]
l B deci weB(u,e) T 1
11,1,
< K—Z(E -t 1 2\c/2
< 1 1
- Z‘l+c/2ﬁ’

1
thus E |Yz |1{%§%g2}m{\Yil|Sl}

]gw%with1+§>1.

The case of Y E [|YZ2|1 ( Bim{D/fISl}] is treated similarly, since the conditions required on
i>1
(@', f) in the proof above are also satisfied by (a, f).

Case j =3:
We now consider > E [|Y;3|1{Bm{|yis|§1}]
i>1
Again by the finite-increments formula, there exists a constant K. 4, which depends on ¢
and d, such that, for i > 1,

logl'; T';, _ ; L
i)g . (_) Vea(zi) _q 1p, < Kc,d|_~ - 1|1Bi'
ogi 1 !

14



Then,

I;
PH{IY?>2}nB) < P ({yzfu(cm—, — 1| >2}n BZ-)
1

I
< P( sup |f(v,w,V1)\°‘(w)] - —1° >K(logz) xd>.

weB(u,e)

Cased>1:
Fix n e (d,1+5).

K (logi)¥/m
3 . R Sk = AN
P ({|Yz | >z} 0 Bl) = xd/n §1/nte/2n”
Cased < 1:

K (logi)?
= gl o2

P({|Y}’| >z} N B)

As a conclusion, for j =1,2,3, > Y;j converges almost surely.
i=1

We now move to the last two steps of the proof: to verify h-localisability, we need to check
that for some 7 such that h < n < 1, P(|Z7] > |v — u|""!) and P(|Y7]| > |v — u|7"!) tend to 0
when v tends to u, for j = 1,2, 3.

Third step: verification of (1.3) for Z7,j =1,2,3.

We need to estimate P(|Z7] > |v — u|7™!).

Let a € (0, 20=2).

P ('Zzﬂ > o —ul" 1) < P <\ DA el >
=1 j

Since 7; is independent from 7, for i # k and |Z/| is independent of ;, Markov inequality
yields

|ZZ]- |>|U_u|771 <LiE[|Z1|21 , ]
|Z] |<jv—u|=® = o — w201 A A N e
i=1

Let v € (d,2). For any M > 1, using the same computations as in the first step, third
series (page 10), we get:

15



2]

1
E [IZf|21\zg|3M] = M°E ﬁhzﬂw] < M2/0 P(|Z]| > Mz'/")dz.

For j =1,

1 1
/ P(|Z} > Mz'/")dx < / P( sup |f(v,w, V))|*™ > M%Kz¥)dz,
0 0

wEB(u,e)
thus
ZE [|Z E 1|ZI‘<M < M? Z/ sup | f(v,w, V4)[*™) > MKz )dx < KM*°.
weB(ua

The same conclusion holds for j = 2:

Z E [|Z12|21\Zf|§Mi| < KM

=1

For j = 3, choose p € (0,1 — %), and compute as on page 11:

1 1
/ P(|ZZ3| >Ma:1/7)d:v < / P(A > |f(v,w;,V; )\O‘ wi) > KM ——— )dx
0 0 108?( )¢
1 Megd/n
+/ P( sup [|f(v,w,V1)log f(v,w, Vi)[]*") > K———i)da.
0 wEB(u,e) d

For i large enough, ¢ > ¢* where ¢* depends only on d and g,

P(A > | f(v,w;, V) |*) > KMol P(A > [f(v,w;, V)| > KMz it

log ()2 <

thus

PA>|f(v,w,Vi)|*™) > KM — )
3 ( (o, wi, V)| pn

=1

(Zzlog(i)d> . sup E( sup | f(v,w, Vi)|]*™)

i=1 t KM¢ veB(u,e) weB(u,e)

3 PUA > [f(v,w, VOIPW) > KMEgt/7iiw),

1=1%

As a consequence, for M > 1:

1 o0
/ ZP A > |f(v,w, V)|[*®) > KM — — ) < KM °4+ KM =
(— log()

< KM~™“

16



Since

Megd/n
21/ sup (1 (v. . Vi) log £ w0, VI > K200 < pere

weB(u,e)

we get

> E [|ZE|21\Z¢3ISM} < KM
=1

Let M = |v — u|~®. Using previously obtained inequalities, we get, for j = 1,2, 3:

- i v —ul"! 2(1—n)—a(2—c)
PLUID_ 2 gicpygel > ——— | S Klv—ul
i1
and

v —u"!
lim P <|ZZ 1 gl > ——5— | =0.

. on—1
We consider now the second term P (| St Zi i ol > v 1;\*1 )

Let i* = inf{n > 1:4 > n,|Z/| < |v —u|™®}. Since S.P(|Z/| > |v — u|~*) < +oo, the
i>1

Borel-Cantelli lemma yields P(i* = +00) = 0. As a consequence,

<‘ZZ 1|Z]|>\U ul~ a‘ - |U_u’n ) - Z (ﬂZZ 1|ZJ\>|U u|~ “’ > | | - }ﬂ{l _n}>

n=1

- Z <{’ZZ L2915 jo—ul~ a’>| | }ﬂ{l —n}>

A
NE
P
||*
S

For n > 2, P(i* =n) < P(|Z._,| > |[v —u|™).
For j =1, P(i* = n) < P(Sup,epue | f (v, w, VD)|1*®) > |v — u|~*K(n — 1)), and thus

YP(i*=n) < Klv—u“E( sup |f(v,w,V})[*™)

wEB(u,e)
< Klo—ul* sup E( sup |f(tw, ;)"
teB(u,e) weEB(u,e)

For 7 =2,

Y P(i*=n) < Klv—u|* sup E( sup |[f,(t,w,V3)|]*™),
n=2

teB(u,e) weB(u,e)

17



and for j = 3,

S P =n) < Klo—u* sup E( sup |f(t,w,Vi)log|f(t,w,V)||"™)
n=2 teB(u,e) weB(u,g)

Ki
log(7)?

+ ) P(A> | f(o,w;, V)20 > [ — uf 7o)

n>2

).

We have shown previously that the second term in the sum on the right hand side of the
above inequality is bounded from above by K|v — u|*. Finally,

. |U—U|
Jim P ( ZZ 123 s o—u)-a| > = 0.

Fourth step: verification of (1.3) for Y7 j =1,2,3.

We consider now P(|Y7] > v —u|"). .
Let i = inf{n > 1:4 > n,|Y/| < land i < L <2} Since Y} P({|Y/| > 1} U{T; <

i>1

13 U{T; > 2i}) < 400, the Borel-Cantelli lemma yields P(i* = +00) = 0. As a consequence,

P(Y/| = v —ul™) ZF’({IZWPI@ ul" —n}>

n>1

Let b,(v) = P [ {| ZY]| > v —u|T N {* = n}) Our strategy is the following: we show

that, for each ﬁxed n, b,(v) tend to 0 when v tends to w. Then we prove that there exists a
summable sequence (cn)n such that, for all n and all v, b,(v) < ¢,. We conclude using the
dominated convergence theorem that »_ ., b,(v) tends to 0 when v tends to w.

For alln > 1, -

n—1
TR e e o — ufr!
P(‘HZ;YHZ 5 1)+ P( {|ZY 1{‘YJ|<1}O{% <Tig 2}|ZT})'
n—1 . .
For n > 2, consider P({] ; Y| > %})
o o= =i o=l
PHIY Y| > T}) < > P> ﬁ)'
=1 i=1

Let p € (0,5). With K a positive constant that may change from line to line and depend
on n but not on v, we have, for j = 1:

18



(112 B ) < P (s (e W e >

ilv — u|a($i)(7771)
=~ 1))

weB(u,e) N (2<n

) 1a(z;) _ ch(m) > K|v _ u|c(n—1)>

T,
< P sup |f(v,w, V3)|*™ (=
wEB(u,e) i
aw)\p|( Liy—1/a(z:) _ 1 pala) pe(n—1)
< P{( sup [f(v,w, V5)["™) Ki;) — 1] > Klv — ul :

wEB(u,e)

Using the independence of V; and I'; and Markov inequality,

wEB(u,e)

I,
< Ko —uUUE(](=
1

1 | u‘n ! pc(l—nm -\ [a(w)\p
(12 5 ) < o )EQ wp|ﬂqu®U))>HK7

1)~ Va(z) _ Hpa(wi))_

Iy

) Va(z:) _

1 pete)

It remains to check that the expectation in the right hand side of the above inequality is finite:

T

I\N—1/a(x; o(T; iN—1/o(z (T F a(x
E(|(=2) Vol — qjpaledy = E(|(=2)~Vel@) - ’p(llr>l)+E(|<Z) 1e(zi) _

7 2
I
< 14+E((= z Ly=Vale) _qpl=dyn )
FZ c (T,
< LHE(() T =t )
I I
< LHE((S) T =) BT = 1),

Py, )

Since p < £, E(|(2)7/¢ = 1[°) < +00 and E(|(1)71¢ — 1|Pd) < +o0 (this is easily verified by

computing these expectations using the density of I';). Thus we have E(|(L) =1/

~+00, and

_ -1
imp (> L=
vou 2(n — 1)

Since the conditions required on (@', f) are also satisfied by (a, f!),

_ g1
imp (2> L= g
v—u Q(TL — 1)

We consider now the case j = 3. When ¢ = 1:

(112 52 ) = P (Josrr v 2

ey <

2mmmMMMn—nw‘”m)

IN

o(z1)
K’U . u’pc(lfn)E (((log(?)) )p) :
1
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where again K depends on n but not on v. Since p < 1 and « is bounded, E ((M)ﬁ <

400, and
_ qqln—1
im P (e > =) )
vou 2(n—1)

For i > 2,
P (1 ﬂ—%Tﬁg;)::P(K?§$N%me”‘0f“”%”)Zkggiig?@maizﬁ

NdN\ P
% log(z) |U B u|pc(1_")E |10g(1—ji) (E)—l/a(ﬂci) _ ]_|O‘($i)17 )
log(z) " i

IN

E (IIOg(F,i) (E)_ua(m) _ Ha(:ci)p) < E <|Ifg((ri)) (E)—l/c 1|o@p 4 |li)g((l“)) (P)—l/d _ 1|a(xi)p> _
og(i) i og(i

e (1R e — ) < e (IR e ape ) e (|RE e )

log(4) log(i) " @ log(4)
and
log(Is) i\ 174 1 jatp log(T) T\ 14 < 1ep log(Ty) Ti\1/a - ap
e (g ) = (g ) e (g e m).

Since p € (0,5), the four terms in the right hand sides of the two last inequalities are

finite (use again the density of I';) and thus E (|li’ogg(l (Liy=tale) — qa@) > < 400. As a
consequence,

— qln—1
P (e > =) )
vou 2(n—1)
Finally, we have, for j € {1,2, 3},

|U—u|77 !

hmP {|ZYJ| >

Let us now consider, for n > 1, P <{| S Y1 Livij<nngie &<2}| > %})

2— 1 —

i

DIREETITE £<2}’]

i=n

{] ZY 1 | > M} < 2v— u|17’7E
v/ |<1pn{i<ti<2} 2 -

IN

2v — 'Y EY|1
=1
< Klo—ut"

{v{1<1yn{i<ti<2}
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(recall that the constants K used in bounding the series E(|Y;|1

on v). Thus b,(v) — 0 when v — u for each n.
In view of using the dominated convergence theorem, we compute (recall that B; = {
L <2}):

{|yl,j‘§1}m{%g%§2}) do not depend

1
3 <

bu(v) < P({i" =n})
< P<{|Y71jfl’ > 1} U B,_)
< PV > 13N Boa) + P < 5) + P(—— > 2).

For j=1and d > 1,

K
(n — 1)1/77+C/277

PHIYaoal > 13N Bay) < ((sup E( sup |f(t,w,V3)[*))H

teB(u,e) weB(u,e)

and if d < 1,

K
P{IY,-1| > 13N B,) < oz sup E( sup |F(t,w, V1) [*)).

(n—1) t€B(ug)  weB(ue)

The same conclusion holds for j = 2, while, for j = 3,

(log(n — 1))

L pellogln = )
(n — 1)1+e/2

(n — 1)Ynte/2n Laz1.

PAIY Al > 13N By) < K +K

This finishes the proof. m

4 A Ferguson - Klass - LePage series representation of
localisable processes in the o-finite measure space case

When the space E has infinite measure, one cannot use the representation above, since it is no
longer possible to renormalize by m(FE). This is a major drawback, since typical applications
we have in mind deal with processes defined on the real line, 7.e. £ = R and m is the Lebesgue
measure. However, in the o-finite case, one may always perform a change of measure that allows
to reduce to the finite case, as explained in [19], proposition 3.11.3 (for specific examples of
changes of measure, see section 5). In terms of localisability, this merely translates into adding
a natural condition involving both the kernel and the change of measure:

Theorem 4.5 Let (E,E,m) be a o-finite measure space. Letr : E — Ry be such that m(dz) =
Tlx)m(da:) is a probability measure. Let o be a C' function defined on R and ranging in
[c,d] C (0,2). Let b be a C* function defined on R. Let f(t,u,.) be a family of functions such
that, for all (t,u) € R?, f(t,u,.) € Fow)(E,E,m). Let (T';)i>1 be a sequence of arrival times
of a Poisson process with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables
with distribution m on E, and (7;)i>1 be a sequence of i.i.d. random variables with distribution
P(yi=1) = P(y; = —1) = 1/2. Assume finally that the three sequences (I';)i>1, (Vi)i>1, and
(7i)i>1 are independent. Consider the following random field:
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X (t,u) = bu)Cope™ D Al V(i) f(t,u, Vi), (4.12)
i=1

where Co = (f;7 a7 sin(x)dx)_l. Assume that X (t,u) (as a process in t) is localisable at u
with exponent h € (0,1) and local form X! (t,u). Assume in addition that:

e (Cs1) The family of functions v — f(t,v,x) is differentiable for all (v,t) in a neigh-
bourhood of u and almost all x in E. The derivatives of f with respect to v are denoted

o
(Cs2) There exists € > 0 such that:

sup /E sup  (|f(t,w,z)|[*™) m(dzx) < co. (4.13)

teB(u,e) wEB(u,e)

(Cs3) There exists € > 0 such that:

sup /E sup (| f.(t,w, z)|*™) m(dz) < oo. (4.14)

teB(u,e) wEB(u,e)

(Cs4) There exists € > 0 such that:

sup /E sup [|f(t,w,x)log|f(t,w,x)Ha(w)} m(dx) < oo. (4.15)

teB(u,e) wEB(u,e)

(Cs5) There ezists € > 0 such that :

sup [E sup 1 (t,w,2) log(r(@)|**] m(dr) < . (4.16)

teB(u,e) wEB(u,e)

Then Y (t) = X(t,t) is localisable at u with exponent h and local form Y. (t) = X (t,u).

Remark: from (4.12), it may seem as though the process Y depends on the particular
change of measure used, i.e. the choice of a specific . However, this is not case. More
precisely, proposition 6.11 below shows that the finite dimensional distributions of Y only
depend on m.

Proof
We shall apply Theorem 3.3 to the function g(t,w, ) = r(z)"/*®) f(t,w,x) on (E,&,m).
e By (Csl), the family of functions v — f(t,v,x) is differentiable for all (v,t) in a neigh-

bourhood of u and almost all z in E thus v — g(¢,v,z) is differentiable too and (C1)
holds.
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Choose ¢ > 0 such that (Cs2) holds.

sup (|g(t,w,2)|*™)) =r(z) sup (|f(t,w,2)]*™).

wEB(u,e) wEB(u,e)
One has
| sw (gtw ) intdn) = [ r(@) sup (1ftw,0)) ()
R weB(u,e) R weB(u,e)
= [ sup (1f(tw,2) ) m(do
R weB(u,e)
thus
sup [ sup (Igttw,n) ") ide) = swp [ sup (1f(tw) ") mido)
teB(u,e) JR weB(u,e) teB(u,e) JR weB(u,e)

and (C2) holds.
Choose € > 0 such that (Cs4) and (Cs5) hold.

[ s [lgttw.a)tog lg(t,w. )] ()
R

weB(u,e)

S/Rr(cc) sup [‘f(t,w,x)log|r(q;)1/a(w)f(t,w,a:)Ha(w)] m(dx)

weB(u,e)
1/a(w) a(w)
< [ sup [|f(tw,a)tog (@) it w,2)|[ ] mid).
R weB(u,e)
Expanding the logarithm above and using the inequality |a-+b[° < max(1,2°71)(|a|’+]b]%),

valid for all real numbers a, b and all positive d, one sees that (C4) holds.

Choose € > 0 such that (Cs3) and (Csb) hold.

oLt w,2) = r(x) /o (f;@, w,7) % log(r(2)) (1. w. x>>

and
[ s (gt 2 ()
R weB(u,e)
/
o/(w)

f;(t,w,x) - OZZ(’LU)

a(w)
§/Rw€s;1(€7€)[ og(r(x)) f(t,w, ) ] m(dz).

The inequality |a + b|° < max(1,2°71)(|a|® + |b]°) shows that (C3) holds.

Theorem 3.3 allows to conclude.
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5 Examples of localisable processes

In this section, we apply the results above and obtain some localisable processes of interest. In
particular, we consider “multistable versions” of several classical processes. Similar multistable
extensions were considered in [9], to which the interested reader might refer for comparison.

We first recall some definitions. In the sequel, M will denote a symmetric a-stable (0 <
a < 2) random measure on R with control measure Lebesgue measure £. We will write

La(t) == /0 t M (dz)

for a-stable Lévy motion.
The log-fractional stable motion is defined as

Au(t) = / " (log([t — «|) — log(|a])) M(dx) (t € R).

[e.9]

This process is well-defined only for a@ € (1,2] (the integrand does not belong to F, for
a < 1). Both Lévy motion and log-fractional stable motion are 1/a-self-similar with stationary
increments.

The following process is called linear fractional a-stable motion:

Lo pp+ - (1) :/ fa7H(b+,b_,t,:p)M(dx)
where t € R, H € (0,1), b*,b~ € R, and

Fourr (007 ) = 0% (¢ = )70 = (=)0
b (e ().

Lo mp+ p- 18 again an sssi process. When b = b~ = 1, this process is called well-balanced
linear fractional c-stable motion and denoted L, g.
Finally, for A > 0, the stationary process

Y(t):/tooexp(—k(x—t))]\/[(dx) (teR)

is called reverse Ornstein-Uhlenbeck process.

The localisability of Lévy motion, log-fractional stable motion and linear fractional a-stable
motion simply stems from the fact that they are sssi. The localisability of the reverse Ornstein-
Uhlenbeck process is proved in [8].

We will now define multistable versions of these processes.

For the multistable Lévy motion, we give two versions: one is fitted to the case where the
time parameter varies in a compact interval [0, 7], and one where it spans R.

Theorem 5.6 (symmetric multistable Lévy motion, compact case). Let o : [0,T] — [¢,d] C
(1,2) and b : [0,T] — R*T be continuously differentiable. Let (I';);>1 be a sequence of arrival
times of a Poisson process with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables
with distribution m(dx), the uniform distribution on [0,T], and (v;)i>1 be a sequence of i.i.d.
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random variables with distribution P(y; = 1) = P(y; = —1) = 1/2. Assume finally that the
three sequences (I';)i>1, (Vi)i>1, and (7;)i>1 are independent and define

Y (t) = b(t)Co T Z% “q(Vi)  (te[0,T)). (5.17)

then Y is 1/a(u)-localisable at any u € (0,T), with local form Y, = b(w)La(u)-
The proof is a simple application of Theorem 3.3, and is omitted.

Theorem 5.7 (symmetric multistable Lévy motion, non-compact case). Let o : R — [e,d] C
(1,2) and b : R — RY be continuously differentiable. Let (I';);>1 be a sequence of arrival times
of a Poisson process with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables with
distribution m(dz) = ;;OT 2791 ji(x)dx on R, and (v;)i>1 be a sequence of i.i.d. random
variables with distribution P(y; = 1) = P(y; = —1) = 1/2. Assume finally that the three
sequences (I';)i>1, (Vi)i>1, and (7;)i>1 are independent and define

400 +oo

Y () = b(t)Cai DD "l 20O s (Vi) (t € Ry). (5.18)

i=1 j=1

then Y is 1/a(u)-localisable at any v € Ry, with local form Y, = b(u)La)-

Proof

We apply Theorem 4.5 with m(dr) = dz, r(z) = 372, 21y ji(x), f(t,u,x) = 1pg(x)
and the random field

1 a(u) —1 a(u
X(tu) = bu)Cofr Z 7 I o o1 51 (V)-

3,7=1

X (., u) is the symmetrical a(u)-Lévy motion [19] and is thus ﬁ—localisable with local form
Xo(u) = X ().

e (Csl) The family of functions v — f(t, v, z) is differentiable for all (v,¢) in a neighbour-
hood of u and almost all  in E. The derivatives of f with respect to u vanish.

o (Cs2)
[f(t,w, 2)[ ") =1 ()
thus
/ sup  (|f(t,w,z)|*™) de =t
R weB(u,e)
and (Cs2) holds.
e (Cs3) f/ =0so (Cs3) holds.

o (Cs4) f(t,w,z)log|f(t,w,z)] =0 so (Cs4) holds.
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e (Csbh)

+00
|f(t,w, z) log(r(z))|*® = Zja(w) log(2)*™) 1o grj—1,51()
=1
+00
< 10g(2)*) Lo gny-11(7)
=1

thus

wEB(u,e)

[t]+1
[ s [Iftwo)losr@)] do < 1og(2)? Y
R j=1
and (Csb) holds m

Theorem 5.8 (Log-fractional multistable motion). Let o : R — [¢,d] C (1,2) and b : R —
R™ be continuously differentiable. Let (I';);>1 be a sequence of arrival times of a Poisson
process with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables with distribution

m(dr) = =5 Z+ I -1 (x)dz on R, and (v;)is1 be a sequence of i.i.d. random
variables with dzstmbutzon P(yi = 1) = P(y; = —1) = 1/2. Assume finally that the three
sequences (I';)i>1, (Vi)i>1, and (7i)i>1 are independent and define

“+oo 400

V(1) =b(t)Cy SN "y (log |- V|—log|V|)

i=1 j=1

2/‘1(”1[ Sj—irip-1(Vi) (€ R),

(5.19)
then Y is 1/a(u)-localisable at any u € R, with Y, = b(w)Aqw)-

Proof
We apply Theorem 4.5 with m(dz) = dz, r(z) = %2 > 3P - (@), f(tu,x) =
log(|t — x|) — log(|x|) and the random field

T e
J L j—j1up-1,5(Va)-

X (1) = b)CLs™ S A ot — Vi - log 1) 35727

1,7=1

X(.,u) is the symmetrical a(u)-Log-fractional motion. It is ;7-localisable with local form
Xo(ou) = b(u) Ao [9]-

e (Csl) The family of functions v — f(t,v,x) is differentiable for all (v,t) in a neighbour-
hood of u and almost all z in E. The derivatives of f with respect to u vanish.
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e (Cs2) Ya > 1, 3K, > 0 such that [ [f(t,w,z)|*dx < K,[t| so
[t w,2) | = [log([t — z[) — log(|z[)|*™
t
= Jlog]L— L
T

t t
< |log[l — —[|*+ [log|1 — —|I°
X i

and

/ sup (|f(tw, )@Y dz < (K. + K]
R

we B(u,e)

thus (Cs2) holds.
e (Cs3) f/ =0 so (Cs3) holds.
o (Cs4)
(b, w.) log(f (6 w2 D = (6 w,2) g1 (6w, 2)) " L s ity
+f (8w, ) log (| £ (2, w, 2) DI L tog( sty pi>1y

< [ f(tw, 2)| " 4 | £t w, @) log(|f (8w, @) )L frw0) 51
+|f(t,w,x) log(|f<t7w?$)|)|a(w)1{|f(t,w,a:)|<é}'

We shall bound each of the three terms that are added up in the right hand side of the
above inequality. For the first term,

|t w,2)|*™ < sap | f(tw, x) |2,
weB(u,e)

For the second term, fix K > 0, € > 0 such that Vz > e, |zlog(|z|)| < K|z|'**.

|f(t7 w, Z)Z) 10g(|f(t, w, x)|)|a(w)1{|f(t,w,x)|>e} S K|f(t7 w, 17>|d(1+€).

For the third term, fix K; < Ky < 0 and K; > K3 > 0 such that

L sty <2y < Yoot (%) + Lirje) st (%) + Lt 4001 (),
then

’f(t’ w, l’) 10g(‘f(t, w, x)’)‘a(w)l{U(t,w,z)Ké} < ‘f(ta w, x)’C‘ log(\f(t, w, x)')‘dl}—oo,Kﬂt\[(x)
| £t w, )| log (| F(E, w, ) )Lk s ()
_Hf(t? w, m>|c| 10g<|f(t, w, x)|)|d1}K4|t|,+OO[(x)'
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The function z — |z|°|log(|z|)| is bounded for # < 1. With M denoting an upper bound
of this function, one has

Kslt|
/ F(w,2) [ log (£t w, ) ['de < MK — Kyt

Kolt|

With v =1 — %, we obtain

oo . 0 |log |ul|¢| log | log |ul||*
A R At

Kalt| (1 —wu)?

< O(Jt)),

where K’ and K" are numbers verifying K" > 1 and K’ > 0.
For the same reason, LK;M |f(t,w, )| log(| f(t,w, z)|)|*dx < K|t|. We conclude that

sup /R sup [[(¢.w.2) log(| (1, w, 2) )] dr < oo.

teB(u,e) wEB(u,e)

(Csb)

2

|f(t,w,2)log(r(2))|*™ < Kllf(t>w7fv)10g(%)|“(w)

+o0
+Ky > | f(tw, )| (log (1)L —japup—1.51(2)-

Jj=1

For j large enough (j > j*), |f(t, w, #)|*™) 11 _ja0p-15(2) < Ksfiz i jeaug-15(().

Thus

altl’

Wl[,j,,jﬂ[uu,l,j[(x).

+oo
[f(t,w,2) log(r(@))[*™) < Kol f(t,w,2)|"™) + K7 ) (log(j))
i=i®
To conclude, note that

N d 1 d J dilf
R(log(J)) Wl[—jr]’-i-l[u[j—l,j[(m)dx = 2(log(y)) T

j—1 ||

-\ \d
~ e — 1))
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Theorem 5.9 (Linear multistable multifractional motion). Let b : R — RT , o : R —
[e,d] € (0,2) and h : R — (0,1) be continuously differentiable. Let (I';);>1 be a sequence of
arrival times of a Poisson process with unit arrival time, (V;);>1 be a sequence of i.i.d. random
variables with distribution m(dx) = 2 +°°j 1 —jripupj-1,j](®)de on R, and (7;)i>1 be a
sequence of i.i.d. random variables with distribution P(yi=1)=P(y; = —1) =1/2. Assume

finally that the three sequences (I';)i>1, (Vi)i>1, and (7i)i>1 are independent and define fort € R

2.2

1 e -1/« «a o mJ a

Y (1) = b(t)Coy E iy VO ([t — vy PO |y O/ ))(—3 YO e (Va)-
i,7=1

(5.20)
The process Y is h(u)-localisable at all u € R, with Y, = b(u) Lo nw) (the well balanced
linear fractional stable motion).

Proof
We apply Theorem 4.5 with m(dz) = dx, r(z) = %2 > P g —g(@), f(tu,x) =
|t — p|pw)=1/alw) _|gphw)=1/a(w) and the random field

2 .2 o0

a() T a(u —1/a(u u)—1/a(u) o(u

X (t,u) = b(u) oo™ 3 Yl N VA ([ Vi 1)y 0= ety g (V).
ij—=1

1

X(.,u) is the (a(u),h(u))-well balanced linear fractional stable motion and it is OB

localisable with local form X (., u) = b(u)La(u)ne) [9]-

e (Csl) The family of functions v — f(t, v, z) is differentiable for all (v, ) in a neighbour-
hood of u and almost all z in E. The derivatives of f with respect to u read:

o (w)

a?(w)

fult,w,x) = (B (w) + ) [(log [t — 2|t — z["=/2) — (log |z]) |7 1/] .

e (Cs2) In [9], it is shown that, given v € R, one may choose ¢ > 0 small enough and
numbers a,b,h_,hy with 0 < a < a(w) < b < 2,0 < h. < h(w) < hy < 1 and
I3 <h.<hy<1—(:—3)suchthat, forall t and win U := (u—¢e,u+¢) and all

real x:

|f(t,w,x)|, |f&(t,w,x)| < kl(tax) (5'21)

where

_ lh——1/a h_—1/a <
b (t, ) = { cymax{l, |t — z| + || bo(Jx] <14 2maxyey |t]) (5.22)

Co| |+ —1/01 (|z] > 1+ 2max;cy |t])

for appropriately chosen constants ¢; and ¢;. The conditions on a,b, h_, h, entail that
sup,err [|k1(t,+)]lap < 00 and (Cs2) hold.

e (Cs3) is obtained with (5.21) for the same reason as in (Cs2).
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o (Cs4)

(¢, w, ) log(|f(,w, 2))[*™) < | f(tw, @) + [ f(t,w,2) log(| £ (£, w, 2))|* L s t) )
-|—|f(t,w,x) log(|f<t7w?I)D|a<w>1{|f(t,w,:t)|<é}'

Since
|f(t,w, x)] < ka(t, ) (5.23)

one gets

| f(t,w, z)log (| f(t, w, 2) ) [1gf(twa)>e} ki (t, 2) log (ki (t, @) 1q)p(tw ) >e}
k1 (¢, ) log(kq (¢, )]

|k (¢, @) log (ky (£, 2))|*™)

IA A IA

| (t,w, 2) Tog (| £ (£, w, 2) )14ty e}

Fixn>()suchthat1<77<a—i—‘—g—ah+and)\>()suchthat%<)\<1.

|f(t,w,z) 10%(\f(t>w>w)’)\a(w)1{|f(t,w,x)\<§} < K[f(t,w, z)™)
< Kk (t, x) P

and thus (Cs4) holds.
e (Csb) For j large enough (5 > j*),
|f(t7 w, CL’) log<r(l‘))|a(w) < K1|k1<t7 x)|o¢(w)

+oo
+K Y | f(E w,2) M (0g (1) U jag-1.1()-

Jj=j*
alw 1

[f (8w, 2)[* o) < Kgm1[,,-,,j+1[u[j,1,,-[(x).

Thus
ol —  (log(j
£t 0, 2) loa(r@)*™ < Kalka(t, )| ¢1[a )
To conclude, note that
(log(j g [? dx
/ |x|a(1+1/b h+)1[ —j,—j+1[Uj— 1][( )d = 2(10g(])) /jl |x|a(1+1/b—h+)
(log(j))

~ 2(a(14+1/b—hy) - 1)m
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Theorem 5.10 (Multistable reverse Ornstein-Uhlenbeck process). Let A > 0, a : R — [¢,d] C
(1,2) and b: R — RY be continuously differentiable. Let (I';);>1 be a sequence of arrival times
of a Poisson process with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables
with distribution (dx) = Y%7 2777 iaup-1(z)de on R, and (v;)ix1 be a sequence of
i.i.d. random variables with distribution P(~; = 1) = P(y; = —1) = 1/2. Assume finally that
the three sequences (I';)i>1, (Vi)i>1, and (7;)i>1 are independent and define

+oo0 400
Y(t) = b(t) Oy Y Y "l VAo e®e AVt ooy (Vi) (EER),
i=1 j=1
(5.24)
Then'Y is 1/a(u)-localisable at any uw € R, with local form Y, = b(u) La(u)-

Proof
We apply Theorem 4.5 with m(dz) = d, r(z) = 3272, 2701 jyoy-1h)(2), f(tu,2) =
e M@0, +o)(z) and the random field

1/a(u —1/a(u i alu) — i —
X(tu) = b(u)ca{u)( ) Z v o) o (j+1)/au) o= A(V; t)1[t,+oo)m([—j,—j+1)u[j—1,j))(Vi)~

ij=1
X(.,u) is the symmetrical a(u)-reverse Ornstein-Uhlenbeck process and is ﬁ—localisable
with local form X7, (., u) = b(w) Lo [8].

e (Csl) The family of functions v — f(t,v, ) is differentiable for all (v,) in a neighbour-
hood of u and almost all  in E. The derivatives of f with respect to u vanish.

o (Cs2)
|f(t7 w, x)|o¢(w) = 6_>\Oé(w)(gﬁ_t)]-[t,Jroo[(x)

and

+oo
[ osw (stwol@yar < [ et
R t

wEB(u,e)

1

e

IN

thus (Cs2) holds.
e (Cs3) f/ =0so (Cs3) holds.
o (Cs4)

[f(t.w, 2) log(|f (¢, w, )| = A (& — )2 e 201, ()

as a consequence

+00
/ sup [|f(t,w,:1:) IOg(ff(t,w,x)ma(w)} dr < / Aude=A gy
R 0

wEB(u,e)
< +o00.
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e (Csbh)

“+o00

|f(t,w, x) log(r('%))‘a(w) - Z(J + 1) )log(Q) o) _)\a(w)(x_t)1[t,+oo[ﬂ([fj,fjJrl[U[jfl,j[)(x)'
j=1

Fix j* large enough such that for all j > j*, 1y {ocfn(—j—j+10l-1,5D (2) = L—1,5(x). Then

it a1 p
/R sup [\f(t,w,x)log(r(x))’a(w)} dr < ;(]+1))\i 2(2)

wEB(u,e)

+00 7
+ Z (j+ 1)dlog(2)d/ e 2@ dg
j=j*+1 i—1

6 Finite dimensional distributions

In this section, we compute the finite dimensional distributions of the family of processes
defined in theorem 4.5, and compare the results with the ones in [9].

Proposition 6.11 With notations as above, let { X (t,u),t,u € R} be as in (4.12) and Y (t) =
X(t,t). The finite dimensional distributions of the process Y are equal to

1/a(t;)

P50, (1) o m Catty)
Efei™ = exp —2/ / sin ( 6,b(t; )2 1/at)f(t-,tj7$)) dy m(dx)
EJO j=1 Y

formeN, 0= (b1,...,0,) € R™" t =(t,...,t,) € R™.

i3 0,Y(t)
Proof. Let m € N and write ¢,(f) = E | e 7= . We proceed as in [19], proposition
1.4.2. Let {U;}ien be an i.i.d sequence of uniform random variables on (0, 1), independent of

the sequences {v;} and {V;}, and g(t,u,x) = b(u)C;{:)(u)r(x)l/a(“)f(t, u, ). For all n € N,

L/a(t;) n

“1/a a(ty) a - n —1/alt;
Zen el Z’y’fU Hal) t]vtja‘/k Zej( +1> Z’ykrkl/ ¢ )g(tJ'?tj’Vk)'

j=1 k=1
(6.25)
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The right-hand side of (6.25) converges almost surely to > 6;Y (¢;) when n tends to infinity

j=1
and thus
(b (9) li E Z oin e Z ’W‘U /a(tj)g( tjsts; Vi)
= 1m .
t n—-+oo
iiej —1/a(t;) Z WU, —1/a(ty) 95,45, Vi)
Set ¢} (0) =E | e 7= . This function may be written as:

U Z 6;n —1/a(t; >U 1/af(t ]>g( t,45,Vi)
or(0) =E (H = -

k=1

All the sequences {v}, {Ux}, {Vi} are i.i.d. As a consequence,

i Z O;n —1/alt; >U 1/ety) g(tj,t5,V1) "
op(0) = (E (6 j .

We compute now the expectation using conditioning and independence of the sequences
{7}, {Ux} and {Vi}.

1/a(t; al(t
i Z o;n —1/a(t; )U [ex(ts) PORIRT 2’71 E 6;n —1/a(t; >U 1/a(ty) 9t V1)
E{e = |U17‘/1

(cos Zé’ n~ /et Ua(tj)g(tj,tja‘/l)))
— ( coszey Lalty) (tj,t],\/l))d)
S ( 0 G t],t].,m) iy

The function sin? is positive and thus, when n tends to +oo,

n m 0. +00 m 0
/ (sm Z gy’l/“(t tj,tj,‘ﬁ))> dyﬁ/ (sm Zéyil/at) tj7tj;‘/1))> dy.
J=1 0

J=1

To conclude, note that
m 0 m
(sm Zgjy’l/a g(t,t5, V1)) ) = / sin? Z Vel g(t; t;,x)) m(dr).
J=1 =

Comparing with proposition 8.2, Theorems 9.3, 9.4, 9.5 and 9.6 in [9], it is easy to prove
the following corollary, which shows that the approach based on the series representation and
the one based on sums over Poisson processes yield essentially the same processes:
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Corollary 6.12 The linear multistable multifractional motion, multistable Lévy motion, log-
fractional multistable motion and multistable reverse Ornstein-Uhlenbeck process defined in
section 5 have the same finite dimensional distributions as the corresponding processes consid-

ered in [9].

7 Numerical experiments

We display in this section graphs of synthesized paths of some of the processes defined above.
The idea is just to picture how multistability translates on the behaviour of random trajectories,
and, in the case of linear multistable multifractional motion, to visualize the effect of both a
varying H and a varying «, these two parameters corresponding to two different notions of
irregularity. The synthesis method is described in [8]. Theoretical results concerning the
convergence of this method will be presented elsewhere.

The two graphs on the first line of Figure 1 ((a) and (b)) display multistable Lévy motions,
with respectively « increasing linearly from 1.02 to 1.98 (shown in (c¢)) and « a sine function
ranging in the same interval (shown in (d)). The graph (e) displays an Ornstein-Uhlenbeck
multistable process with same sine « function. A linear multistable multifractional motion
with linearly increasing o and H functions is shown in (f). H increases from 0.2 to 0.8 and «
from 1.41 to 1.98 (these two functions are displayed on the right part of the bottom line). The
graph in (g) is again a linear multistable multifractional motion, but with linearly increasing
« and linearly decreasing H. H decreases from 0.8 to 0.2 and « increases from 1.41 to 1.98
(these two functions are displayed on the left part of the bottom line). Finally, a zoom on the
second half of the process in (f) is shown, that allows to appreciate how the graph becomes
smoother as H increases.

In all these graphs, one clearly sees how the variations of « translates in terms of the
“intensity” of jumps. Additionally, in the case of linear multistable multifractional motions,
the interplay between the smoothness governed by H and the jumps tuned by « indicate that
such processes may prove useful in various applications such as finance or biomedical signal
modeling.
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a: Lévy multistable motion b: Lévy multistable motion
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Figure 1: Paths of multistable processes. First line: Levy multistable motions with sine (a)
and linear (b) a function. Second line: (c¢) « function for the process in (a), (d) « function
for the process in (b). Third line: (e) multistable Ornstein-Uhlenbeck process with o function
displayed in (c), and (f) linear multistable multifractional motion with linear increasing o and
H functions. Fourth line: (g) linear multistable multifractional motion with linear increasing
« function and linear decreasing H function, and zoom on the second part of the process in (f).
Last line: o and H functions for the process in (g) (left), o and H functions for the process in

(f) (right).
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