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Regular solutions of a problem coupling a compressible fluid and an
elastic structure

M. Boulakia* and S. Guerrero*

Abstract

We are interested by the three-dimensional coupling between a compressible viscous fluid and an elastic
structure immersed inside the fluid. They are contained in a fixed bounded set. The fluid motion is modelled
by the compressible Navier-Stokes equations and the structure motion is described by the linearized elasticity
equation.

We establish the local in time existence and the uniqueness of regular solutions for this model. We emphasize
that the equations do not contain extra regularizing term. The result is proved by first introducing a problem
linearized and by proving that it admits a unique regular solution. The regularity is obtained thanks to
successive estimates on the unknowns and their derivatives in time and thanks to elliptic estimates. At
last, a fixed point theorem allows to prove the existence and uniqueness of regular solution of the nonlinear
problem.

Résumé

Nous étudions le couplage entre un fluide visqueux compressible et une structure élastique évoluant a
lintérieur en dimension 3. L’ensemble se trouve dans une cavité fixe bornée. Le fluide est décrit par
les équations de Navier-Stokes compressible et la structure est décrite par I’équation d’élasticité linéarisée.
Nous montrons I'existence locale en temps et I'unicité de solutions régulieres pour ce modele. Nous soulignons
le fait que les équations ne sont pas régularisées par des termes supplémentaires. Le résultat est prouvé en
considérant tout d’abord un probleme linéarisé pour lequel on montre ’existence et 1'unicité de solutions
régulieres. La régularité est obtenue grice a des estimations successives sur les inconnues et leurs dérivées
en temps et grace a des estimations elliptiques. Un argument de point fixe permet ensuite d’avoir 1’existence
et I'unicité de solution réguliere du probleme non linéaire.

1 Introduction

1.1 Statement of problem

We are interested by a coupled system involving an elastic structure and a surrounding viscous compressible
fluid. We suppose that the structure and the fluid move in a fixed connected bounded domain Q C R3. At
time ¢, we denote by Qg(t) the domain occupied by the solid and by Qg (t) = Q\ Qg(¢) the domain occupied
by the fluid. We suppose that the boundaries of Q5(0) and  are smooth (C* for instance). The fluid velocity
u and the fluid density p are described by the compressible Navier-Stokes equations: Vit € (0,T), Va € Qp(t),

{ (e + V- (pu)) (t,2) =0,
(pue + p(u-V)u)(t,x) = V- (2ue(uw) + 1/ (V - w)ld — pld) (t,z) =0,

(1)

where (e(u));; = 3(Vu+ Vu');; = 1(8;u; + 0;u;) denotes the symmetric part of the gradient. The viscosity
coefficients p and p’ are real constants which are supposed to satisfy

w>0, u >0. (2)
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Moreover, we assume that the pressure p only depends on p and is given by

p= P(p) - P(p) (3)

where P € C*°(R% ) and p > 0 is a constant.

Many works have been dedicated to study of the Navier-Stokes compressible equations. We only quote a
small part of them and refer to the books [20] and [12] for a complete presentation on the compressible fluids.
A result of local in time existence and uniqueness of regular solutions has been proved in [23]. In the case
of isentropic fluids (i.e. when P(p) = p? with v > 0), the papers [17] for v = 1 and [18] for v > 1 show
the global existence of a weak solution for small initial data. The first global existence result for large data
was proved in [19] with v > 9/5 for dimension N = 3 and with v > N/2 for N > 4. The conditions on the
coefficient v have been relaxed in [10] where it is assumed that v > N/2 for N > 3.

The motion of the structure is described by its elastic displacement £ defined on the initial domain Q5(0).
We represent the evolution of £ by the linearized elasticity equation: V (¢,y) € (0,T) x Qg(0),

€u(t,y) — V- (2Ae(§) + X(V - €)Id) (t,y) = 0. (4)

Here, we have considered, without lack of generality that the solid density is equal to 1. We assume that
Lame’s constants satisfy:
A>0, X >0. ()

In fact, these conditions can be relaxed by A > 0 and 3) + 2\ > 0 (and the same holds for the viscosity
coefficients p and p'.)

We now introduce the flow x(t,-) : Qr(0) — Qp(t) on the fluid domain which associates to the lagrangian
coordinate of a fluid particle its eulerian coordinate. For all y € Qg(0), the flow x(-,y) is solution of the

following ODE:
{ xe(t,y) = u(t, x(t,y))
x(0,y) =v.

This definition allows to make the link between the lagrangian point of view on the structure and the eulerian
point of view on the fluid.

The structure and fluid motions are coupled on the interface. Since the fluid is viscous, the velocity at the
interface is supposed to be continuous. Moreover, due to the law of reciprocal actions, the normal component
of the stress tensors is also supposed to be continuous. Thus, on (0,7) x 9Qg(0), we have

uox =&
7
{ (2ue(u) + 1/ (V- u)Id — (P(p) — P(p))Id) o x cof Vxn = (2Xe(§) + N'(V - £)Id)n, ™)

(6)

where n is the outward unit normal defined on 9Qg(0). The system is complemented with Dirichlet condition

on the external boundary:
u=0on (0,T) x IN. (8)

Observe that (p,0,0) is a stationary solution of system (1), (4) and (7)-(8).
Finally, we introduce the initial conditions

p(0,-) = po in Q2p(0), u(0,) = up in Qp(0) (9)
and

£(0,-) = &o in 25(0), &(0,-) = & in Q5(0) (10)
which satisfy

pPo € HS(QF(O)), P0 = Pmin > 0 in QF(O), Up € H4(QF(O)), & € HS(Qs(O)), fl S H2(Qs(0)) (11)



together with the following compatibility conditions:

ug =0 on 01},
ug = & on 004(0), 12)
(2pe(uo) + 1/ (V - uo)Id — (P(po) — P(p))Id)n = (2Xe(&o) + N(V - &o)Id)n on 0925(0),

V - (2pe(ug) + 1 (V - ug)ld — (P(po) — P(@)Id) = po¥ - (2Ac(€0) + N'(V - &)Id)  on 92s(0).

Different kinds of fluid-structure interaction problems have been studied in the literature.

A large number of studies deal with an incompressible fluid modelled by the incompressible Navier-Stokes
equations. For the coupling of an incompressible fluid with a rigid structure, we mention [14] which shows
the local in time existence of weak solutions and papers [6] and[8] (with variable density) which prove the
global existence of weak solutions. By ’global existence’, we mean that the solution exists until collisions
between the structure and the external boundary or between two structures. Paper [21] proves the global
existence of weak solutions beyond collisions and [22] proves the existence and uniqueness of strong solutions
(global in 2D and local in 3D). At last, [15] and [16] study the lack of collision in 2D or 3D.

For the coupling between an incompressible fluid and an elastic structure, the existence of global weak
solutions is proved in [9] when the elastic structure is given by a finite sum of modes and in [3] with a
regularizing term in the structure motion. These two results give the existence of solutions defined as long
as there is no collision between the structure and the boundary and as long as no interpenetration occurs
in the structure. The local existence of regular solutions is proved in [7]. Moreover, the coupling with an
elastic plate has also been studied: we quote [1] where the existence of local strong solution is obtained, [5]
which proves the existence of global weak solution with a regularizing term in the plate equation and [13]
which proves the same result without regularizing term in 2D.

Concerning compressible fluids, the global existence of weak solutions for the interaction with a rigid structure
is obtained in [8] (with v > 2) and in [11] (with v > N/2). Moreover, in [4], the existence of global regular
solutions is proved for small initial data. At last, for the interaction between a compressible fluid and an
elastic structure, [2] proves the global existence of a weak solution in 3D for v > 3/2. The result is obtained
for an elastic structure described by a regularized elasticity equation. In our paper, we do not need this
regularizing term anymore and we obtain the existence and uniqueness of regular solutions for system (1),
(3), (4) (7), (8). More precisely, we will prove the following theorem

Theorem 1 Let (po, uo, &0, 1) satisfy (11)-(12). Then, there exists T* > 0 such that the system of equations
(1), (3), (4) complemented with the boundary conditions (7)-(8) and the initial conditions (9)-(10) admits a
unique solution (p,u,€) defined in (0,T*) and belonging to the space Yy« 1= Y. x Y2 x V2., where

Vi o= L2(0, 7% H*(Qp(t)) N CO([0, T*); H/*(Qp(1))),
Vi o= L2(0, 7% H3(Qp(t)) x H*(0, T H (Qr () N C2([0,77]; L*(Qr (1)) N CO([0,T%]; HY/*(Qp(1))),
Yi. = C%([0,T*]; H*(Q5(0))) N C*([0, T*]; H (2s(0))) N C*([0,T*]; L*(225(0))).

Moreover, there exists a non-decreasing positive function f depending on 1/pmin, ||pollax(0), |0l mer(0))
H§O||H3(QS(O)) and ||£1HH2(QS(O)) such that

1(0s w E)lvze < F(1/ pmins ol o), 1ol 52 (2r 0)), €0l 23 (25 0)) > 1€1 12 (025 (0)))-

To prove this result, we will linearize our problem with respect to the fluid velocity, prove a regularity
result for this problem and then use a fixed point argument. In the next subsection, we introduce the
intermediate problem which is partially linearized with the help of a given fluid velocity.

Remark 2 One can prove that
(P7 u) € Y%* X YI%*

is equivalent to
(pox,uox) € Xp. x X2.,



where
Xp. = L*(0,T%; H*(2p(0))) N CO([0, T*]; H/*(2p(0))),

and
X7 := L*(0, T H*(Qr(0))) N H?(0, T H' (2£(0))) N C*([0, T*]; L*(Qp(0))) N C°((0, T); H/*(2(0))).
Moreover, there exists C' > 0 such that

1)l vz, < Ol o v Xt . + 100 xowo ks xz.):

1.2 A problem linearized with respect to the fluid velocity
Let (po,wo, &0, &1) satisfy (11)-(12). We introduce the following notations: for all ¢ > 0, we define
Q= (0,1) x Qr(0), 3¢ = (0,1) x 9Qs(0).

For all p,7 > 0 and ¢, s € [1,+0o0], we denote by WP 4(W"?) the space WP 4(0,T; W™*(Q2r(0))). Then, we
define the following fixed point space, for all R > 0

Xrr={veY,q,v=00n (0,T) x 9, v(0) = up in Qr(0) and Np(v) < R}, (13)

where
Y,.q = WHP(HY N W29(L2) 0 LIY(H™Y*) 0 LP(H?),

for 1 <p < 2and4 < q<ooand Nr is the natural norm associated to Xr g:
Nr(v) = [ollwze @y + [vlweawey + 10l Loy + vl Leas).-

Let 0 < T' < 1 and let ¥ be a lagrangian velocity given in X7 r with 0 < R < 1 specified later. We will use
this velocity to linearize our problem. Let us now define the flow y by

t
W =v+ [ oe)ds Ve ). (14)
0
We notice that
IXNlws.e ) + [[Xlw2oe ) + X o2y + (X wraay + [ Lo (e < C (15)
and
VX = dllwracgray < |0l pagmriay < R (16)

Here, and in the following, C represents a constant which only depends on the domain Qz(0). Since
WYe4(H7/1) is an algebra (i.e. g € WWI(H™/4), h € WH1(H™/*) = gh € WH9(H7/*)), we have, for R small
enough,

1Y)~ ~ Wdllygno gy < CR. (17)

Consequently, for R small enough, x(¢,-) is invertible from Q(0) onto Qp(t) =x(t,Q2p(0)) forall t € (0,T).
Thus, we can define the eulerian velocity 4 by

a(t,z) == o(t, ¢\ (t, 2)), Vt € (0,T), Vo € Qp(t) = X(t, 2r(0)).
We can now linearize partially the system satisfied by (p,u). We consider the following problem: for all

te(0,7)

{ (pe + V- (p)) (t,z) = 0, Vo € Qp(t), (18)

(pus + p(t - V)u)(t,z) — V- (2ue(u) + ¢/ (V - w)ld — (P(p) — P(p))Id) (¢t,2) =0, V& € Qr ().



We complement this system by the equation (4) satisfied by £ and by the boundary conditions (8) and on

ZT?
{ uwox =&, (19)
(2ue(u) + 1/ (V- u)Id — (P(p) — P(p))Id) o Y cof Vxn = (2Xe(§) + N'(V - £)1d)n.

The system is still non-linear since it is not linearized with respect to the fluid density. This system can be
written on the reference domain Qz(0) with the help of the flow x. Let us define, for all (¢,y) € Q7

ot y) = ult, X(t,9)), v(t ) = p(t, X (4, y)) — P (20)
The first equation of system (18) becomes
Y+ y(Vo(VY) ™ 1d) +p(Vo(Vy) ™t 1d) = 0 in Q7. (21)

Next, the second equation of system (18) becomes

(p+7)det Vv, — V- [(n(Vo(VX) ™! + (VX)) TV + 1/ (Vo(VR) 7! Id)Id

— (P(p+7) — P(p))Id)cof VX] = 0 in Q7. @2)
At last, on X7, we have
v =&,
(1(Vo(VX) ™!+ (VX) IV + 4/ (Vo(VX) !t Td)Id — (P(5 + 7) — P(p))Id)cof Vi n (23)
= (2Xe(&) + N(V - 9)Id)n
and the intial conditions satisfied by (v,v) are
Y(0,) = po — P in Qp(0), v(0,-) = ug in Qp(0). (24)
We introduce the following fixed point mapping;:
A: veXppr — v (25)

where v, together with v and &, is solution of system (4), (21), (22) and (23) with the initial conditions (10)
and (24). First, we will prove that A maps from Xp r in Xp r for T, R > 0 small enough. More precisely,
we will prove that, for ¥ € Xp g, v = A(0) belongs to

X :=C%([0,T); L*) n H*(HY) N C°([0, T); H'Y/*) N L*(H?)
and satisfies o
Nr(v) = [[vl g2y + [vllweee 2y + [Vl oo (grr/ay + [0l L2(s) < M, (26)

where M is a constant which depends on the norms of the initial conditions. Since Nr(v) < T*Nz(v) with
a > 0, this inequality allows to obtain that, for 7" small enough, v belongs to X7 gr.

2 Regularity results for the partially linearized problem

2.1 Regularity of the density

Since the equation (21) satisfied by 7 is decoupled from the other variables v and £, we can obtain a first
regularity result independently from the other equations.

Lemma 3 Let 1 <p<2,4<¢<o00,0<T<1,0<R<1and?de Xpgr. Then, the solution vy of (21)
belongs to Wh4(H/*) nW?24(L?) N L*(H?) and

{ IVlwacarray + 1Vllw2azzy + 1722y + 7l oo sy (27)
< Oy O)ll= + lluollm + 17 (O)f2 + lluolF + R).
Moreover, for R > 0 small enough, there exists Ymin > —p such that, on Qr



Proof: Equation (21) can be written as
Yo+ 75 = —p2 in Qr (29)
where 2 = Vi(Vx)~! : Id. Thus, v is explicitely given by, for all t € (0,T)
t s t
~(t) = —ﬁ/ Z(s) exp (/ 2(r) dr) ds + v(0) exp (—/ 2(s) ds) in Qp(0). (30)
0 ¢ 0

Thus, according to (17) and the definition of X7 g (see (13)), 2 belongs to LI(H™/*) N LP(H?) and
20l La(er/ay + |2l Lo 2y < CR. Moreover, since H™/* is an algebra and since R < 1, we have

‘/Oté'(s) exp (/:2(7") dr) ds
HV(O) exp ( /Ot?f(s) ds>

This implies that

< CRexp(CR) < CR

L°°(H7/4)0L2(H2)

< Oy (0)[ 2 exp(CR) < Clv(0) || 2

L‘X’(H7/4)F-]L2(H2)

Voo (rr7r4)nr2(mz) < CUVO0) a2 + R). 31)
Next, the regularity of v, in LI(H"/*) is readily obtained from equation (29):
Vel Lagareray < CIIv(0) |12 + R). (32)
To prove that vy, belongs to L4(L?), we differentiate this equation with respect to time and we obtain:
Vet = —VeE — VE — Pir
We have the following estimates
12l Lo (22) < Clloll Loy < Cllluollar + [10lwragar)) < Cllluollar + R) (33)

and
2l Loy < CUlollwracany + [10] Loe () [10] Laqwrioey) < CR(1+ [Juol| g1 )- (34)

Thus, using (31)-(34), we get

IVeellLaczy < Cllvellaee)llZllze 2y + Cll2el Lapy (1 + [[7llLo (<))
< C(lvO)z2 + R)(luoll 1 + R) + C R+ |luol| 1) (L + [[7(0)]| grr/4)-

Thus, (27) holds.
To prove (28), we remark (by considering the equation satisfied by 7+ ) that the formula satisfied by + can
also be written as follows:

t
~(t) = poexp (—/ 2(s) ds) —pin Qp(0),
0
where pg was introduced in (9). We have

t
exp (—/ Z(s) ds) > exp (—HVﬁHLl(LOQ)||(V>A()—1HLOO(LOQ)) > exp(—CR).
0

Thus, if R > 0 is such that exp(—CR) > 3, using (11) we deduce that

This inequality proves (28).



2.2 Regularity of the fluid velocity and the elastic displacement
We will prove the following regularity result:

Lemma 4 There exists a function h : (R])? x (RT)? — R increasing with respect to all five variables and
there exists Ry € (0,1) such that for every 0 < R < Ry and every (po, uo,&o,&1) satisfying (11)-(12), there
exists To > 0 such that VT < Ty and every 0 € X g, system (4), (8), (10) and (22)-(24) admits a unique
solution (v,&) in X x C3(]0,T]; L2(2s(0))) N C°([0, T); H3(Q2s(0)))). This solution satisfies the following
estimate: -

Nr7(v) + [[§]lws. (L2025 0))) + 1]l Loe (13 (25 00))

(35)
< (1 pmins [poll a2, [[woll 4, [1€o | 2 (25 0)) 5 1§11 172 (025 0)) ) -
Consequently, there exists T > 0 such that for every T < Ty we have v € Xr g, that is to say,
Nr(v) < R. (36)

Proof:

1) Existence and uniqueness.

Let {w; }ien € HE(Qr(0)) and {z; }ien € H(Q5(0)) two orthogonal basis in L? and {Z; };en the extension
on Q of {w; }ien by 0. The initial conditions &, & and uy can be decomposed on these basis:

oo oo oo oo
0 1 1z 0
& = E o %, €1 = E oy 7 and ug = E oz + E B w;
i=0 i=0 i=0 i=0

We try to find (v™, &™) satisfying

/Q " (VU™ (V)™ + (VX)) (VD)) + 4/ (Vo (VR) ™ Id)Id = (P(5 + ) = P(p)Id))cof (V) : V" dy

+/ i 2 dy + / (2Xe(€™) + N(V -£M)Id) - Vi dy + / (P + ) det(VX)viw™ dy = 0,
05(0) Q5(0) Qr(0)
(37)

for t € (0,T"), where

w'(ty) = xir(DZ(y) + > mit)wiy), t€(0,T), y € Qe (0)
=0

n
=0

and
n

'(ty) = xi(t)zi(y), te€(0,T),yeQs(0)
i=0
for i, k; € C([0,T]) (1 < i < n).
We look for (v™, &™) in the form

n

VMty) = Y ai(®)Z) + Y Biwily)  (ty) € (0,T) x Qr(0)
=0

=0

and
n

§"(ty) = Zai(t)éi(y) (t,y) € (0,T) x Q25(0)

=0
This yields the system
d &%) Q;
A(f)@ Qi t = M(t) Q¢ + B(t)7 te (0, T),
Bi Bi



complemented by the initial conditions:

Q; CVQ
(ai,t)(())(ozz1 )
Bi ?

The matrix A(t) = (Aij(t))1<i7j<3 for Aij S Mn+1 is given by A11 = Id, Alj =0 for ] = 2,3, Aﬂ =0 for

i=2,3,
Q5(0) Qr(0)

1<i,5<n+1

Ags(t) := </Q " (P + ) det(VX)Z; w; dy) ,

1<i,5<n+1

A372 = At273 and
Ass(t) = (/ (P + ) det(VX)w; w; dy)
Q27 (0) 1<, j<n+1

Next, M (t) := (M;;(t))1<i,j<3, where M;; € M, 41 are given by M;; =0 for j = 1,3, Mo :=Id,

Moy (t) = — (/Q (O)(2)\e(zj) + X (V- z)Id) : Vz; dy) ,

1<, j<n+1

Moy (t) := — (/Q o ((VZ (V) + (VX)) HVE)Y) + 1/ (VZ(VR) ! Id)Id)cof (VY) = VE dy) ,

1<6,j<n+1

Mas(t) = — </Q o (u(Vw;(VR) ™ + (V) H(Vw;)!) + i/ (Vw; (VR) ™ : Id)Id)cof (VX) : VZ dy> ,
F 1<i,j<n+1

M31 = 07

Mss(t) := — (/Q " (1(Z (V)™ + (VX)THVE)") + 1/ (VZ(VX) 7 Td)Id)eof (V) : Vu dy) ;

1<i,j<n+1

and

Ms3(t) := — (/Q (O)W(wj(vy()—l + (V)" H(Vw;)) + 1 (Vw; (VX) ™! 2 Id)Id)cof (VY) : Vw; dy>

1<i,g<n+1

On the other hand, B(t) := (B;(t))1<i<3 with B;(t) € R"*! given by B;(t) =0,

By(t) = ( / o (P+2) = PRl (V)5 V5 dy>

1<j<n+1
and

Bs(t) = ( / (P(p+7) — P(p))cof (VX) : Vu, dy>

Qr(0) 1<j<n+1

One can easily see that A(t) is positive definite thanks to p+~ > p+Ymin > 0 (see (28)) and det(Vy)(¢) >
C > 0, since © € X7 g and R is small enough. Moreover, A~!, M, B € L*(0,T). This gives the existence of
a unique solution

(v™,€") € Wh(0,T; H' (Qp(0))) x W20, T; H' (225(0))).



Finally, from (37) we can obtain an energy estimate of the form

0™ Loe 2y + 10" 221y + 16" Lo (11 (225 0))) + 1€ lwrie (22 (@5 (0))) < C

(see the details below (38)-(47)). Thanks to this estimate, one can pass to the limit as n — oo in (37) and
show the existence and uniqueness of (v, &) € (L= (L?) N L2(H')) x (L (H(Qs(0))) N W (L%(Qs(0)))) a
weak solution of (8), (10) and (22)-(23), (4).

Now, in the remaining of the proof, we will establish (35).
2) Regularity in time

e First, we multiply the equation (22) by v, we integrate on @; for any ¢t € (0,T). After a spatial
integration by parts and according to the boundary conditions (23), we have

1 . 1 1 _ N
5[ EEOROP e viOd -5 [ pludy -5 [[ (@) der T dyds
Qr(0) Qr(0) Q
+ // (%|W(V>2)—1 + (V) IVl |2 + i/ |Vo(VY) L Id|2) det Vx dy ds (38)

- // (P(p+~) — P(p)cof VY : Vudyds + //2 (2Xe(€) + X'(V - £)Id)n&; dy ds = 0.

For the first term, according to (28) and (16)

[ G+ @hOF i) dy > (4 wmin)1=CR) [ )Py (39)
Qr(0) Qr(0)
The second term is bounded by

1

5/@ o poluol® dy < C(IIy(0)[[ 7 + lluollZ> + lluollz2)- (40)

The third term is estimated by
/ /Q [W21((B + ) det V), | dy ds < / /Q (02 (17e] | det V| + 7+ | (det V). ]) dy ds
< OTY2 o) gy (Il a1y + B+ [l Vol i)

Here we have used (15) and the fact that (det V), = det V{ tr(VY~1Vd). Thus, according to (27) and the
fact that © belongs to X g,

[ 1P U@+ det Tl dyds < CTV2 ol < oy 01+ ) ()

where M; is defined by (it corresponds to the initial conditions term in the right-hand side of inequality

(27))
My = [[y(0)l[ a2 + lluoll s + (017> + luollZ:- (42)

We consider now the viscosity term corresponding to the second line of (38). The term in p’ is estimated in
the following way

/
w // |Vo(Vx) ™! :1d)* det VX dy ds > % // |V -v]?dyds — 1/ // |Vo((Vx)™' —1d) : 1d)? dy ds
t Qt t

!/
+u/// (Vo(VX) ™ 1d]*(det VY — 1) dy ds > %// IV - v>dyds — CR|[v72g1)-
t Q1
(43)



In the same way,
%// [Vo(VX) ™+ (VX)) 'Vl |2 det Vy dy ds > u// le(v)|? dy ds — CR||’U||%2(H1). (44)

For the first term in the third line of (38), we notice that, for any § > 0, there exists a positive constant C
such that

‘ /I (P(p-+7) = PG) ol Vi : Vodyds

<8IVolagy + € [ /Q IP(5+) - P(p)| dyds.

According to Lemma 3
0<a=p+Ymin <Pp+7< C(M1+1) =b.

Thus, there exists an interval I C R such that 5 € I and [a,b] C I. Then, we obtain
[ 1PG+2) - P@)? dyds < 1P iy 1Baa < Con (O + R
where Cyy, depends on M;. This implies that

‘// (P(p+) — P(p)) cof Vx : Vudyds| < 5||VU||%2(L2) + Ca, (M7 + R)*. (45)

At last, we have to estimate the last term in the left-hand side of (38). Let us multiply the equation (4) by
& and integrate on (0,t) x Qg(0). We obtain

J . :1 2 _1 2 2
/1 (2l + NVt dyds = / PGS / REIRES / NGLCRT

(46)

! !

A A
A ety ey [P [ 9GPy
25(0) Q5(0) 25(0)

Thus, we can reassemble inequalities (39) to (46) to estimate the terms in (38). Taking the supremum of
(38) in t in (0,7) and using Korn’s inequality, we obtain, for § and R small enough,

vl oo L2y + lvllL2cany + llwro (2 (0s0)) + 1l oe (a1 (s 0)))
< max{l,1/pmin} (C(H§0||H1(Qs(0)) + &1l 22 @s0))) + Cnry + CTY*Nr(v)(M; + R)1/2> (47)

= Cy+ CoTY* N (v),

where N7 (v) is defined by (26). Here and in the sequel, Cy denotes a generic constant depending increasingly

on 1/pmin, |lpollms, |uollae, [1Soll a3 s o)) and [|§1]l m2 s (0))-
e Now, we differentiate the equation (22) satisfied by v with respect to time. We obtain

(P +7) det Vv + (7 +7) det V)ive — V- [(1(Vo(VX) ™+ (V) TV + 4/ (Vo(VX) ! 1 Td)Id

(48)
— (P(p+7v) — P(p))Id)cof VK], = 0 in Q.

Next, we multiply this equation by v; and we integrate on Q; for any t € (0,T). For the first two terms of
(48), we have:

[ (@) det Tiwn + (54 ) det V) v} dy s

1 . 1 1 _ R
-1 / (P +)(t) det V(B)|op(6) dy — + / polve(O) dy + - / / [or 2((7 + ) det V'R dy ds.
2 Jar() 2 0 2JJq,

Qr(0)
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Thus, arguing exactly as in the previous step, we have

J[ @+ det s+ (5 +2) det Vi) v} dy s

1
> poin [P dy =L [ 0P dy O el (5 R a9
Qr(0) Qr(0)

> sznc/ |Ut(t)|2 dy — Cy — CoTl/QNT(’U)z.
Qr(0)
Now, the remaining terms of (48) are
// [(u(vq}(vx)—l + (VX)) IV 4+ i/ (Vo(VY) ! Td)Id — (P +7) — P(ﬁ))Id)cofVS(L : Vg dy ds
P
We notice that
W // [(Vo(VY) ™! Id)cof VX]; : Vuy dyds = 1/ // |V (VX) ™! 1] det VY dy ds
+4’ // (Vo((VX) ™) : Id)cof VX : Vo dy ds + ,// (Vo(VR) ™ 1d)(cof V)¢ : Vg dy ds.
Arguing again as in the previous step, the first term in the right-hand side is estimated by
/ ~\—1 | 2 S ,li/ 2 _ 2
I Vo (Vx)™ " :I1d|* det Vx dy ds > 5 |V - ve]”dy ds — CRv[| 71 (1)
Q Q

To bound the second line of (51), we use that [[((VX)™')illr2re) < ClIVO| 2=y < CR and
|(cof VX)ellz2(n) < Cl|V0||12(1=) < CR. Thus, for the term in x’ in (50), we have

!
M// (Vo(V) ! : Td)cof Vi, : Vo dyds > *;//Q IV vl dy ds — CR(Io) vy + 0] 2 ca10)

1
> 5 [ 19wl dyds - CRA g + ool

(52)
The term in p in (50) can be estimated in the same way by

// (Vo(VX)~ (V)%)_tht))cofV)Z]t : Vo dyds > u// le(ve)|? dy ds
t t (53)
—CR([0l 32 g1y + 010 (1)) = // le(ve)[* dy ds — CR(|[v]| 3 (grry + [lvoll7)-

Next, for the pressure term in (50), we see that, for any 6 > 0, there exists a positive constant C such that

// P(p+7) — P(3))cot Vil| [Voul dyds < 6]Vve2a 1) +C //Q P/ (p+ )| 2 dy dis

e / / P+ ) — P(p)P|(cof VR)i[? dyds.
Since

/ / P +7) — PE)EI(of VR dyds < Can, 112w ey [IV012 (1) < CoRZ 2 (10,

11



we have, according to (27),
// P(5+7) — P(3))cot Vx| [Vuel dy ds < 8| Vurl|22 1) + Co. (54)

At last, let us consider the boundary term in (50). If we differentiate with respect to time equation (4), we
multiply by &; and integrate on (0,t) x Qg(0), we obtain

// (2Xe(&) + N (V - &)Id)ny dfyds:l/ |gtt(t)\2dy—1/ 1€¢(0) dy
5, 2 Jas(o) 2 Jas(o) (55)

by N
o[ gdeoPay-a [ Py [ Vea@Pa-g [ Vel
Qs(0) Qs(0) Q25(0) Qs(0)

Thus, thanks to estimates (49) and (52) to (55), we obtain, for § and R small enough
[Vl 22y + [0l + €llwzee 22 s o)) + [€lwr (i @s))) < Co + CoT*Nr(v).  (56)
e Let us differentiate two times with respect to time the equation (22) satisfied by v. We obtain in Qr

(P + ) det Vxvgy + 2((p + v) det VX)rvee + ((p + y) det VX) vt

57
=V [((Vo(VR) ™+ (VX)) V') + 4/ (Vo(VX) ™! 1d)Id — (P(p + ) — P(p))Id)cof V], = 0. (57)

Then, we multiply this equation by v;; and integrate on ;. For the first two terms, we argue as in the first
and second steps:

// ((ﬁ + 7v) det Vv + 2((p + ) det V)A()tvtt)vtt dy ds

1 _ . 1 3 _ .
5 | OV @Pdy -5 [ plea@)Pdy+ 5 [[ o) det VOedy s
Qr(0) Qr(0) Q

This gives

// (P + ) det VXvee 4 2((p + ) det VX) vyt ) vee dy ds

1
2 sz’nc/ v (8)[* dy — 5/ polve(0)[* dy — CTl/QHU”%A/Zm(m)(Ml + R) (58)
2 pminC v (8)]? dy — Co — CoT *Nr(v)?.

Qr(0)

For the last term in the first line of (57), we have

\ / / (5 + %) det V) urvrvn dyds| < (7 + ) det V)eell ey lorll e o oue 2 (2.
t

We have
(5 +7) det V)i = Yo det VY + 27, (det V)¢ + (5 + ) (det V{)ze

Thus, we can estimate the L?(L?)-norm of ((p + 7) det V)¢ in the following way
[ 7ee det VX[ p2r2y < CTY2 Y9y || pacr2y < CTY27Y9(My + R) = CoT /711,
[7e(det VX)ell 2 (z2y < CTY2 Y9 || poo (22) I V0| pa ooy < CTY2VIR(M, + R) = CoT/2714,
since [illze(z2) < [Fe(O)llz2 + Cllellwrazey. At last,
1P+ ) (det VX)utll 22y < P+l poo (noe) (T2 79[V o4 || par2y + T2 V0|74 1ay)
< CTY22/9R(1 + My) = CoTY/?72/4.
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These estimates lead to the following inequality
‘ / / (B +7) det VX)qvpvy dy ds| < CoT"/ >IN 1 (v)2.

For the terms coming from the second line of (57), we have

(59)

- //Q V- [(1(Vo(VR) L+ (VR)TIV0) + 4/ (Vo(VR) L 1d)Id — (P(5 + %) — P(p)1d)cof VY], v dy ds

= // [(t(Vo(VR) ™!+ (V) 'Vo!) + 1/ (Vo(Vx) ™ Id)Id — (P(p+v) — P(p))Id)cof VY] ot Vo dyds

+ // (2)\6(5&) + )\/(V . ftt)Id) n{m d’y ds.
Xy
We detail the estimates for the term in u' in the right-hand side of (60).
w // [(Vo(VR) ™" 1 1d)cof VY], : Vou dyds = 1 // |Vug (VX) ™! 2 1d|? det Vy dy ds

+2u’/Q Vo [(VX) ™ 1d)cof VR : Vg dy ds + i // Vo[((VX) ™! - 1d)cof VXt : Vg dy ds.

t

For the first and second terms in the right-hand side, arguing as in the previous step, we have

!/
w // |V (VY) ™! 1d|? det VX dy ds > % // |V - v |? dy ds — C’R||U||§12(H1).
¢ Qt

and
/

7 < CR(I0llr2 a1y + 10l ()

/ Vo [(VR) ™! Id)cof VR]s : Vg dy ds
Q1

< CR(|[vllF vy + lvollzs + llpoll72)-
At last, for the third term in the right-hand side of (61), we notice that

!

I

/ Vo[(VX) ™! 1d)cof VR]y : Vg dy ds
Q1

Since [[((V)~! : [d)eof Vel r2(zs) < C
we conclude that

s // [(V’U(V)A()71 :Id)cofo(]tt : Vg dy ds

MI
> 5 [V vul dyds = CRO0Ia g + 10l oy + 01w )

lu/
> B [ 19wl dyds = CRUMIe o + Foolls + ool + 01~ )
With the same arguments, we obtain that
,u// [((VU(VX)*I + (VR)'Vo'))cof Vx| ot Vo dyds > p/ le(ve)|? dy ds
t Q+

—CR(I0l 7211y + [0lyn00 (gry + 10120 rre))-
Next, for the pressure term in (60), we have
[(P(B+7) = P(p)cot VR]ee| < C(IP(B+7) — P®)| (Vo] + [Vo*) + [P'(5+ )] vl VD]
+HP' (@ + ) el + [P (5 + )] el?)

13
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(61)

< Ol oo wroo) | [((VX) 7 = 1d)cof VR]eell 22 22) 0] 122 21y -

[Vorl| 2 (r2) + V)| 74¢4)) < CR, using the previous estimates,



Thus, using (27), we get
(P +7) = P@)cof Vet 1212y < Cory (BRIl zoe (poey + Rlellaczoe) + Ieellzzcezy + 17l 7aze)) < Co.

This allows to assert that, for any § > 0, there exists a positive constant C' such that
[ 1P @) = P@)eot Vi1a] Vvl dy ds < 8Vl + Co (64

We finish this step with the estimate of the boundary term in (60). Again, this term is directly estimated
from the elasticity equation. Let us differentiate two times (4) and multiply the equation by &;;. We obtain

// (2Xe(&et) + N (V - &) Td) 0y dy ds = % /
pap

Q2s(0)

1
e (t)|? dy — 3 / €464(0)]? dy
Qs5(0)

N \
A 2du — )\ 2 A ) 2 gy N . 2
+ /QS(O) le(€e) ()] dy /Qs(o) le(&e(0))]” dy + 5 /QS(O) IV - & (t)]° dy 5 /Qs(o) |V - &:(0)]° dy

(65)
Thus, using (58), (59) and estimates (62) to (65), we conclude that

vllwz.oe 2y + 0l a2y + 1Ellws.e 2 @s0))) + 1€llwz a1 (@5 0)))
< Co + CoT A=Y/ CON 1(v) + CRY?|[u] e o).

Since R < 1 and taking T small enough (depending on the initial conditions), we deduce that

lvllw2.00(n2y + 0l 2y + [[Ellws.e (22 Qs 0))) + [1€llwzee (H1 (05 (0)))

_ (66)
<Cy+ CoT1/4_1/(2q)NT(’U) + CRl/QHU”Loc(Wl,oo).
Here and in the sequel, « stands for a generic positive constant depending on gq.

2) Regularity in space
We regard system (22)-(23) like a stationary elliptic problem:

—V - (Vv + Vo) + 1/ (V- 0)Id) = F in Qp(0), (67)
with
Fi=—(y+7)det(V)v; + V - (P(y + ) — P(p))cof (VX))
+aV - (Vo((VR) ™ = Td) + (V)™ — 1d)(Vo))eof (VX)) + uV - (Vo + Vur)(cof (V) — 1d))
WV - (Vo(VR) 7! — 1d) : Td)eof (VX)) + 1V - (Vo(cof (V) — 1d))

and
(u(Vv + Vo) + ¢/ V-v)n =G on 0Qs(0), v =0 on 9Q, (68)

with
G = —p(Vo((VY) ™ —1d) + ((VY)~ — Id)(Vv)!)cof (VX)n — u(Vo + (Vv)t)(cof (VY) — Id)n
—p/ (Vo : 1d) (cof (VR) : Id)n — p/ (Vo((VY) ™! = Id) : Id)cof (VX)n
(PP +7) = P(p))eof (V)n + (MVE+ VE) + X'V - n.
e We will first prove that (v,&) € L®(H?) x L>®(H?(Q5(0))). In order to prove this for v, we will show

that F € L=(L?) and G € L>®(HY?(995(0))) with suitable estimates.
We observe that, thanks to (15) and (16),

|| det(V)A()”Loo(lg) + ||Cof(v>%)||Loo(Loo) < C and ||COf(V)A() — Id”Loo(Loo) < CR.
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Combining this with (27) and (56), we find
| Fll Lo 2y < Co 4+ TNz (v) + CRv| o2y
Analogously, we get
|Gl oo (172005 (0))) < Co + C(R||v| Lo 2y + 1§l Lo (2 (025 (0))))-
Using the elliptic regularity for (67)-(68), we obtain v € L>(H?) and
[0l Loe 2y < Co + TN (v) + C(R[|v] oo (rr2) + 1€l o= (112025 0)))-
Taking R small enough, we find that
[0l o= (r2) < Co + TN (v) + CI€]l o< (112 (025 0))) - (69)
Let us take a look now at the equation satisfied by &:
=V (2Ae(§) + N(V - Id) = =& in Qs(0),
{ §(t,) =60+ fotv on 99s(0).

Again classical elliptic estimates give

(70)

t
1€l (2 (250))) < CUIEktl Lo (2205 (0))) + €0l B2 (25 (0)) + H/O | Lo (1r2))s
< O(T[|setll o= (22 (s 0))) T 1ol 2 (25 (0)) + Tlvll oo (12))-
Using (66) to estimate the first term, we obtain

€]l Lo (2 (025 (0))) < Co + TN (v) + CTRY?||v|| oo oy + C |0l 2 (025 0)) + TVl oo (1r2))

=Cp+ TQNT(’U). (71)

Recall that « > 0 stands for a generic constant which may depend on ¢g. Combining (69) and (71), we find
[0l oo a2y + [€]| Lo (2 (25 (0))) < Co + TN (v). (72)

e Let us now prove that (v,&) € L®(HY*) x L>(H"/*(Qg(0))). Thus, we have to prove that F €
L®(H3/*) and G € L>(H*/*(005(0))). First, using (27), we have

1y +2) det(VX)vil| oo a1y < Clly + Pl poo a7y 1vel| Lo (1) < Col[voel| oo (-

Observe now that W2°°(L?) N L>(H?) Cc W1 (H'). Hence, (66) and (72) provide

_ N 1/2 1/2
1y + ) det (V) vil| e vy < Collvllwroe ey < Colloll 2 ey 0]y 12y

< Cy+ TO‘NT(’U) + CR1/2||’UHLoc(Wl,oo).

Next,
I(PGy+7) = P@))eof (VR arrrsy < Can Il e iy < Co

and
IVo((VX) ™! = Id)cof (VX)|| o g7y < ClIV| oo gz (V)™ = 1A oo (7703 lcof (V) || oo 1774

< OR||UHLoc(H11/4).

The other terms in the definition of F' are bounded similarly.
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Hence, we have
HFHLoo (H3/4) & < Cy+ TaNT( ) + CRHUHLOQ(Hu/z;) + CR1/2||U||L00(W1,00).

Then, we get
Gl oo (574005 (0))) < Co + C (R[] poo 1174y + 1]l oo (11174 (25 (0))) )
so that
0]l oo (gr11/4) < Co + TN (v) + C(R||vl| o (grrray + 1€l oo (11173025 (0))))-

Taking R small enough, we find
[0/l o (£r11/4y < Co + TN (v) 4+ Cll€]l Lo (11174025 0))) - (73)
Now, the solution ¢ of the elliptic problem (70) satisfies ¢ € L>(H'/*) and

t
€1l Loe (rrrrra s 0))) < CUI et oo (£33 025 0))) + [0l 1274 (0s o)) + 1 Jo ¥l Lo (pr11/4))
C(etll oo (rr3/4 (25 0))) T €0l 114 0y) + TNVl oo (rrr1/4y)-

Then, using (66) we deduce that

||5||Loo(H11/4(Qs(o))) < Co+ CTO‘NT(”) + C'Rl/z||U||L°°(W1’°<>) + C(||50||H11/4(Qs(o)) + THU||L°°(H11/4))-
Combining this with (73) and taking T and R small enough yields

[0l oo (1) + €]l oo (1172025 0)) < Co + TN (v). (74)

e Let us finally show that (v,€) € L2(H3) x LOO(H3(QS(O))). In order to do this, we will estimate F in
L?*(H") and G in L*(H*/?(9945(0))).

For the first term in the expression of F', we use that

IVl oo (pr7ray < Coy [ det(VX)|[Loo a2y < C

(see (27)) and B
lvell 2y < Co + TN (v)

(see (56)), so that o
|(v +p) det(VX)vell 21y < Co + TN (v).

For the second term, we combine [|7v||z2(z2) < Co (see (27)) with |[cof (VX)| £ (m2) < C and we get
IV - ((P(y +p) = P(p))cof (VX)) L2(z1) < Co.

Finally, the L?(H"')-norm of the last four terms is bounded by R||v||2(x3).
On the other hand, one can estimate G analogously as follows:

G|z 32005 0y)) < Co + C(Rlvll2(s) + €]l 23 @5 00)))-
Consequently, B
llvllL2(m3) < Co + CliEll L2305 (0))) + CoT* N (v). (75)
Regarding now (70), we get
¢
€1l oo (3 (25 0))) < CUEetll e (1 (25 0))) + €0l 11730250y + 1| Jo VllLoe (a3))
CllEllw2. s 0)) + N0l zraag o)y + T2 vl L2 m3))-
Using again (66), we have
€]l Lo (113 (25 (0))) < Co + T*Nr(v) + CRY[[0]| oo (wroe) + ClI€oll zra1ra (s 0y) + T 210l L2(3))
<Cy+ TQNT(’U),

where we have used (74) to estimate the third term.
Combining this with (75), we find that

vl 22y + 1€l Loe 712 25 0)) < Co + TN (v). (76)
As a conclusion, (76), (74) and (66) provide the desired estimate (35).
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3 Fixed point argument

We apply the following contraction fixed-point theorem:

Theorem 5 Let M be a nonempty, compact, convex subset of a Banach space Z and suppose that A : M —
M satisfies
[A(D1) = A(D2)]|z < |01 — D2z V1,02 € M. (77)

Then, A has a unique fized point.

Let Rp > 0 and 77 > 0 provided by Lemma 4. We apply Theorem 5 to A introduced in (25), Zp :=
L?*(0,T; H*) N HY(0,T; L?) and M := X1 g, where T' < Ty and R < Ry.

A is well-defined from Xp g to X r thanks to Lemma 4 (see (36)).

It remains to prove (77). Indeed, we will prove that there exists To > 0 such that for any T' < T5, the
following inequality holds:

[A(01) = A(B2)llzr < T |0y = Ballzr Vo1, 02 € M

for some £ > 0. Then, estimate (77) readily follows.
Let 01,02 € Xp.g and (y1,v1,&1) (resp. (y2,v2,&2)) the corresponding solution of (4), (21)-(24) associated
to 01 (resp. ¥2). Then, v := 1 — o satisfies

ai + (Vie(Vx2) ™t i Id)a=H  in Qg(0),
{ Q=0 =0 in Q5(0),
with
H := -5V, (Vx1) L Id + pVie(Vie) 7t i Id 4 (Vi (Vi) ™t i 1d — Vo (Vx1) 7L s Id) .
Since 01,02 € X7 g and -y, satisfies (27), we have that
|E 2y < Collon — bl

This proves that ||a||pe g1y < TV/2Co|01 — D2z, (see (30) for instance). From the equation of a, we also
have that
laellLzcmry < Collor — B2l z,- (78)
Let now w := v; — vy and 8 := & — &. They satisfy w(0,-) = 0 in Qz(0), w = 0 on 99, B(0,-) =0 in
Q5(0) and the following equations:

{ (72 +p) det(Vx2)w: — V- [(u(Vw(Vx2) ™' + (VX2) H(Vw)') + p/ (Vw(Vxe) ™! : Td)Id)cof (Vx2)] (79)
=V [(P(y2 +p) — P(y1+p))cof (VX2)] =g in Qp(0),
B — V- (2Xe(B) + )\'(V -B)Id) =0 in Qg(0), (80)

w=0 on d0g(0),

(1(Vw (Vi)™ + (VX2) " (Vw)") + i/ (Vw(Vie) ™ Id)Id + (P(5 +72) — P(p+71)))cof Vian  (81)

= (2XAe(B) + N (V- B)Id)n+h  on 002s(0),

where the right hand sides are given by
9= ((v2+ ) det(V2) — (31 +p) det(VX1))vr,e — pV - [Vur((VR2) " eof (ViXa) — (V1) ~Heof (VXa))]

—uV - ((Vx2) " H(Vor)teof (Vx2) — (Vx1) ~H (Vo) teof (V1))
W'V - [(Vor(Viz) ™t Id)eof (Vixz) = (Vi (Vi) ™" : Id)eof (V1))
=V - [(P(m +p) = P(p))(cof (VX1) — cof (VX2))]
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nd
“ h = uVv((Vyx2) teof (Vo) — (Vx1) teof (VX1))n

Fu((VX2) ™ (Vor)'eof (VX2) = (VX1) T (V1) eof (VX1))n
+u' (Vo1 (Vxe) ! s Id)cof (Vxa) — (Vur (V) ™1 s Id)cof (VX1))n
—(P(m1+p) = P(p))(cof (VX1) — cof (VX2))n.

1) Estimate of w in L>(L?)

Using the estimates

[[(det(Vx1) — det(VRa), (cof (VX1) — cof (VX2)), (VX1) ™" = (VX2) o) < Cllor — b2z,
71 = Y2l 1y < C[0y — 92|z, and 91,02 € X7 g we have that
190l z2(r2) + 12l L2 (L2005 (0))) < T¥[101 — 2|2, (82)
for some k > 0. Consequently, multiplying the equation of w by w and the equation of 8 by 3;, we find that
[ wll oo (z2) + 1Bl oo (rtyaw oo (r2) < TF|01 = D2 -

Here and in what follows, k > 0 is a constant which may change from line to line.
2) Estimate of w in HY(H') N W (L?)

Let us now differentiate the equation of w with respect to ¢. This yields

{ (v2 + ) det(VX2)wy — V - [(u(Vw (V) ™! + (Vx2) “H(Vw)?) + /' (Vw(Vxz) "t : Id)Id)cof (VX2)]
=V [(P(v2+p) = P(n1 +p))cof (VX2)]: =g in Qr(0),

(83)
Best — V- (2Xe(B) + N(V - B)Id) =0 in Q5(0). (84)
and
wy = By on 898(0)7
[(1(Vw(V2) ™" + (Vi) (Vo)) + @ (Ve(VR2) "t 1) + (P(5 +72) — (3 +71)))cof Vialim
= (QAE(ﬁt) -+ )\’(V . ﬁt)Id)n -+ ht on 895(0),
(85)
where

G =gt — Y2, det(Vx2)w: — (72 + p)(det(Vx2))sw:.

Arguing as we did for (48), we multiply equation (83) by w; and equation (84) by (. This gives an estimate
of
||wt||%2(H1) + ||wt||2L°°(L2) + Hﬁtt”ZLoo(L?) + HBtH%OO(Hl)

C’(’// wt-gtdydt‘—k‘// wt-htdadt’). (86)
T S
a) Estimate of g;.

Observe that g: = g1 + V - (g2) with

in terms of

g1 = [((v2 +7) det(VR2) — (11 +p) det(VXa1))vr e

g2 = —p[Vur((VXz) " eof (VXz) — (Vx1) " eof (Vx1))le
—p[((VX2)"Feof (VXz) — (V1) Feof (VX1)) (V)]s
— 1 [(Vo1(Vx2) ™t Id)cof (VX2) — (Vo1 (Vx1) 7t Id)cof (Vx1)]e — [P(71 + p)(cof (VX1) — cof (VX2))]:
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We have
’// we - g1 dydt’ < ellwellFe z2) + Clloall a2,
T

V/th.(v-gQ)dydt' = ‘//vat;gzdydt//Zth-(gz.n)dodt .

< 8||wt||2L2(H1) + C||92||2L2(Ws,4/3)>

for any s > 3/4. Here, we have used that H'/?(9Q5(0)) — L*(9Q5(0)), W3/44/3(Qx(0)) — L?*(Qr(0)) and
that the trace operator is continuous from W*4/3(Qx(0)) to L*/3(992g(0)) for any s > 3/4. Thus, it remains
to show an estimate of ||g1[|z1(z2) and ||gal2(yws.4/3) for some s > 3/4.

e Estimate of g; in L'(L?).
We are going to prove that

[((v2 +P) det(VX2) — (71 +p) det(VXa))va,ellwrarzy < T%([01 — 02 .- (88)
This expression can be rewritten as follows:
((v2 = 71) det(Vx2) — (71 +p)(det(VX1) — det(VX2)))v1 s

We have that |[v1|lwiey < R since vy € Xrg, 71 — Y2llwiany < TY2Co||o1 — 02|z, from (78)
and [[VX1 — VXelmiy < (|01 — O2flz, from (14). Finally, [[villwr.agr/ay < C thanks to (27) and
VX1illwi(m2) < R. Consequently, (88) is true for any x <1 —1/p.

e Estimate of gy in L2(W*4/54/3),
Due to the similar structure of the three first terms in the expression of go, we only deal with the first
one. Let us prove that

[Vo1((Vx2) ™ eof (VXa2) — (VR1) ™ cof (VX)) |1 wassarsy < T||01 — b2 2o (89)
This term can be rewritten as follows:
Vo (VX2) ™! = (VX1) ™ Heof (VXa) — (V1) ™' (cof (VX1) — cof (VX2))).

First, we have that ||(V)A(1)71 - (VX2)71||H11/10(H4/5) + HCOf(V)A(l) - COf(v)%2)||H9/8(H3/4) < ||'lA)1 - 'l/)QHZT.
Now, from (35), we get
[o1ll /1019710y < Nl0allz2synmzcany < Co.

Hence, ||Vv1|g11/10(g9/10) < Co. Since (HO10 . H45)(Qp(0)) € WH210/T(Qp(0) ¢ W4/54/3(Qx(0)) and
||V)A(1||H11/10(H19/10) < C(), (89) holds for any Kk < 1/10
For the fourth and last term in the expression of go, we are going to establish that

[[P(71 +p)(cof (VX1) — cof (V)| g (wass.assy < T |01 — D2 2, (90)
This comes from the estimates
[cof (VX1) — cof (VX2) || gr1/10(gass) + [[cof (VX1) — cof (VXe) || oo (mrr) < (|01 — D2l 2y,

1P(vi + P)lwraarray + 1P(v1 + )l oo (rrray < Co (see (27)) and H/4 . qHYS ¢ HYS ¢ W4/54/3. Since
q > 4, we can also take any x > 1/10 in (90).

b) Estimate of h;
In view of estimates (86)-(87), it suffices to prove that

1Al a1 ars o0 0y) < T 101 — D2l 27 (91)
For the three first terms we use that

[[(cof (V%1), cof (VR2), (VX1) ™", (VR2) "l (1005 (0))) < Co,
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VULl g (200 0y)) < Co,  lcof (VXa) — cof (VXe) || (z2(a0s(0))) < T (101 — 92|z
for any x > 1/5. For the last term, we observe that
1(VX1) ™ = (VR2) "l s oasoyy) < CoT 3101 — 02|z,
1Py + P)llwr.acrsrao0s(0))) < Co-
Since (H'/? - L?)(0Qs(0)) € L*3(8Q5(0)) and H/*(0925(0)) € L>®(995(0)), (91) holds for any x < 1/8.
So, for the moment we have that
W 71 (HY)NW (L2) W20 (L2)nWhoo (H1) S 01 — V2| 275
[[w] + (181l <T"| | (92)

for some x > 0.
3) Estimate of w in L?*(H?)

Let us consider the elliptic equation satisfied by w (see (79), (81)):
=V (u(Vw + (Vw)') + @'V - w) = g = (72 + p) det(VR2)we + V- (P(y2 + p) — P71 + p))cof (VX2))
—uV - (Vw(ld = (VX2) " eof (VX2)) + (Vw)' = (VX2) " (Vw)'eof (VX2)))

— 'V - (Vw(Id = (Vx2) ™ - Id)cof (Vx2))) == g + Zg in Qp(0

BV + (V) )n+ (7 - whn = h+ (2A(B) + N(V - Old)n — (P(ra +7) — Pl +7))eof (Via)n
+u(Vw(Id — (VX2) " teof (Vxz)) + (Vw)t — (Vx2) ~H(Vw)icof (VX2))n
4
1/ Vw(Id = (VR2) ™" Id)cof (Vxe))n :=h+ Y h* on 99(0).
i=1

As we showed before, ||g||2(r2) < T%(|01 — D2z, (see (82)). From (92), we have that ||g" || 22y < T%||61 —
02|z Since [[y1 — 72| poo (1) < CoT" /2|6y — 02| 2, we find that Hg2||Loo(L2) < CoT?||oy — g 2, At last,
the last two terms satisfy

4
Z 9|2 (z2) < CR[|w|| L2(ar2).

As long as the boundary term is concerned, we have that ||h|pe(gi/2(90500))) < Cllo1 — 922y
since [[(cof (Vixz) — cof (VX)) 2050y < Clor — b2llzz, [l @msia@oaso)y) < Co and

||VU1HL°°(H5/4(GQS(0 < Cy (see (35)). Next,
132 pos (21172 (0025 0))) < Cllv1 — V2llLoe (172005 0))) < CoT 2|61 — B2 2,.-

Finally,
4

Z 1B\ 2 (a2 005 (0))) < ORI 212y
=3

Consequently, we obtain w € L?(H?) and
[wl|L2(m2y < C(T7[|01 = D2ll 2 + 18Il L2 (2025 (0))) (93)
for some k > 0. On the other hand, (3 satisfies the following elliptic problem:
=V (2Xe(8) + N(V - B)Id) = =1 in 25(0),
{ B=[lw on 99(0).
This provides

¢
18]l 2 (225 0))) < CUIBeellz2Ley + I fo wllz2azy) < CUBNE2(L2) + Tllwl L2 (a2))-

Using (92) and combining this with (93), we conclude that ||w| p2(g2) < T"|[01 — 02|z, (we also have

1Bl L2 2025 00)) < T (101 = D2l z)-
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