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Synchronous Motor Observability Study and an Improved Zero-speed
Position Estimation Design

Dalila Zaltni, Malek Ghanes, Jean Pierre Barbot and Mohah&ckeur Abdelkrim

Abstract— This paper deals with the Permanent Magnet and [17], the author gives only the sufficient observability
Synchronous Motor (PMSM) observability analysis for sensb  condition (not necessary) of the PMSM in the particular
less control design. The problem of loss of observability dow 556 of constant speed. The current work is aimed especially

frequency range is always recognized in experimental settgs. . - .
Nevertheless, there are no sufficient theoretical observilyy ~ (© the necessary observability condition analysis. In [18]

analyses for the PMSM. In the literature, only the sufficient and [19], we have given the sufficient condition of loss
observability condition has been presented. Therefore, #n  of observability for the Surface PMSM (SPMSM). In this
current work is aimed especially to the necessary observality  paper, observability of both the Interior PMSM (IPMSM) and
condition analysis. Furthermore, an Estimator/Observer Svap- — yhe SPMSM s studied and discussed at different operating
ping system is designed here for the surface Permanent Maghe " . -
Synchronous Motor (PMSM) to overcome position observabity cond!t!on§ then the necessary and Suf‘fICIe.nt observability
problems at zero speed which is an unobservable state point. condition is presented. Furthermore, an Estimator/Oleserv
Swapping system is proposed, for the SPMSM, to overcome
I. INTRODUCTION position observability problems at zero speed which is an
Industries concerned by PMSMs are continuously seeknobservable state point. The designed observer based on
ing for cost reductions in their products. These reductiondigher Order Sliding Mode (HOSM) is used in order to
often impose the minimization of number of sensors use@nsure the robustness against disturbances and to avoid the
for control purposes because they substantially congibughattering phenomenon [20]. This paper is organized as
to increase the complexity and cost of the full installafollows: In the second section, mathematical models of both
tion (additional cables, maintenance, etc.), and the defalPMSM and SPMSM are presented. In section three, the non
probability. This imposes the use of observers in order tinear observability is recalled. The observability arsay
realize sensor-less control design. Since many obsergers pf both IPMSM and SPMSM s given in section four. The
electrical machines with sensor-less control are availablproposed observer is designed in section five. Simulation
as the extended Kalman filter [1], the full order and theéesults are illustrated in section six. Finally, some caduig
reduced order observers [2], the LMI based methods [3jemarks are drawn in the last section.

th_e_high-frequency signal injection meth_ods ([4],[5]) the Il. SYNCHRONOUS MOTOR MODELS
sliding mode observers ([6],[7]), the adaptive observéis [ )

and so on, the main research stream has been focused/on Nterior Permanent Magnet Case

searching for reliable speed and position estimation nistho The dynamic model of the IPMSM in théa, ) fixed
for PMSM with the aim to replace the mechanical sensorgoordinate is given by equation (1) and (2) ([21], [22]):
with the observer in the control system ([9]-[12]). However iy . Uy

the current problems to successfully apply sensor-lessaon ( ; ) = K Ug ) -

for PMSM are the existence of operating regimes for which . :

the observer performance is remarkably deteriorated due () R—2L1aSin(26) 2L1wecos{29e) ) < la )
the difficulties in estimating correctly the motor position 2L10COS26e) R+ 2L10wesin(26e) g
The failure of sensor-less schemes in some particular oper- —weKe( —sin(6e) ﬂ (1)
ating conditions has been always recognized in experirhenta cog6e)

setting. In the case of induction motors, the observability

has been studied by many authors ([13],[14]). Neverthelesswe _ E[ZLl(cos(Ge)ia +5iN(Be)ig) + @nl (—SiIN(Be)i
there are no sufficient theoretical observability studagtie J
PMSM. Only the sufficient observability condition has been +  cos(Be)ig) — &we— 0 2)
presented in literature. For instance, in [15], obserigts J J
analyzed in the case of constant high speed operation. Jn [16 wherel 1 = PE_LZ
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voltage vector respectively. equal ton.
Ly = =55 and Lo = =519, where Ly, Lq are the (d-q)

stator inductance components; 2. The condition (6) depends ofu,u,...) and this is an
implicit justification of the universal inputs introduced i
B. Surface Mounted Permanent Magnet Case [24].

In the SPMSM we havéy = Lq thenl, =0.
Thus, from equation (1) and (2), we can deduce the dynamic

model of the SPMSM: IV. OBSERVABILITY ANALYSIS OF THE PMSM
i 1 u i Let's consider the state vectar= [iq, ig, e, we| "
la _+ o . o X T
( ig ) 1L [( Ug ) R( ig ) and the output vectoy = [iq, ig] . Voltages and currents

. are assumed to be measurable. The order of the state vector
—weKe< —sin(6e) )} (3) of the PMSM isn = 4. Thus, according to the observability

cos(6e) rank criterion mentioned earlier, the PMSM is locally regu-
larly weakly observable atg for (u,u,...) if the following

Gn(—Sin(Be)ir + cOS(Be)ig) — %we condition is fulfilled:
(4) rank(J) [xo,u.....) =4 (7)
A. Observability analysis of the IPMSM
Consider the system (1) and (2) as:

u|Awl T

WhereKe is the BEMF constant.

lIl. NONLINEAR OBSERVABILITY % (Aayi +Aizy) /(L2 —L2)
In this section, the nonlinear observability is recalled X | | (Aayi+NA2p)/(L5—L2) ®)
[23]. We consider systems of the form: X3 | X4
Xa Te—mxg—T
| x=1f(xu)
Z : { y=h(x) (5)  Where
Wherex € X c R" is the state vecton € U ¢ R" is the A~ < Lo—Licog26)  —Lisin(26) >
control vectory € RP is the output vectorf andh areC® —Lisin(20)  Lo+Licog20)
functions.
Aij is theith row of the j'" column of the matrixA
Definition 3-1(Locally weak observability) ¥i = Ug — (R — 2L1x4Sin(2x3))x1 + 2L1X4€092%3)%2 +
Consider the systerfi and letxy be a point of the state spaceXsKesin(xs)
X. Vo = Ug — (R — 2L1X4SiN(2x3))X2 — 2L1X4COY2X3)X1 —

« Y is locally weakly observable afy if there exist an X4Ke005|gX3) _ _
open neighborhood of xo such that for every open Te = 7[2L1(Cos(Xa)x1 + sin(xs)x2) + @l(—sin(xa)x1 +
neighborhood of x, contained inV, 1y(xo) =X, and is  C0S(X3)X2) is the electromagnetic torgue.

2_ 2
locally weakly observable if it is so at everye X. (/\11V1+/\12V2)/(Lg - L%)
. Y is locally regularly weakly observable &b if it is  Let f(x) = (Aawvi +A22y2) /(L5 —L1) | ang h(x) =y.
locally weakly observable ag and then— 1 derivatives X4
outputs are sufficient to locally observe the system. Te—Mxg—T
Rank Criterion Then, look at the vector of information generated from the
A sufficient locally regularly weakly observable conditien  output and its only first derivatives:
xo of (5) is that there existéu, U, ...,) such that: hy
dh o = | ™ 9
deh 1 thl ( )
dL2h Lihy

rank(J) = rank ' o= (6) The associated observability matrix is:

1 0 0 0

dL?th 0 1 0 0
Jy = oLt oLin  dLthy  dLimy (10)
Remark 3-1 X1 % 9%3 9%
dLih,  odLth,  dLth,  dLth,
1. The notion of locally regularly weakly observability is M g O OX

introduced in order to design an observer of dimensiomhe computation of the corresponding determinant gives:



_ 9
N = [[2L13|”(2X3)V1+(Lo—Llcoizxs))a—z
— 2L1cos(2x3)y2
. de . (9)/1
- Llsln(2x3)0—X3].[—Lls|n(2x3)m (11)
9
+ (Lot Licos2x) 32 - [-2Lrcos2x)n
— Lisin(2e) 22 2 sin2xa)
0x3
9 9
+ (Lo~ Licos2x) 3 2]l(Lo ~ Licos2e) 37!

Lusin(2x) 321}/ (L3 - L3)

Case 1: IPMSM at zero speed It is important to note
that for interior permanent magnet synchronous matpr
is always different from 0, consequently te determinant
at zero speedxg = 0) is:
A = [[2L18i|’l(2X3)(Ug — R)(l) — 2L100$(2X3)(UB
sz)].[—Llsin(2>@)(2Llsin(2>@)x1
+ 2L1c092x3)%2 4+ Kesin(xz)) + (Lo
+ Licog2x3))(—2L1coq2x3)x1
—  2L3sin(2x3)%2 — KeCOgX3))]]/ (L5 — L2)

(12)

Remark 4-1: Looking at the previous expression (12), we
remark that at zero speed operatitp depends on current
and voltage. Therefore, we have always the opportunity
to find again the observability property by injection of a
continue current. Thus, we can conclude that the IPMSM is

always observable.

B. Observability analysis of the SPMSM

Let's look to the following vector of information generated
from:

0 = (14)

The associated observability matrix is:

90,

J =
2 ox

(15)
Condition (7) can be tested by searching for a regular matrix
constructed from any four rows of matrils. Let's consider
only the &, 29 5h and the 8 rows of J, as.

1 0 0 0
0 1 0 0

b = aLzny  dL2h dL3hy dL3hy (16)
oxq %o 0X3 %4
dL2hy  dL2h,  dL%hy  dL3hp
0xq 0% X3 0xq

The computation of the corresponding determinant gives:

dL2hy dL?hy,  dL%hy dLZhy
%3 ~ 0xq  Oxg  OX
b?[—a? 4 am+ 2k (—cos(x3)x1
sin(x3)x2)]Xs — 206°G — b?(a— m)xy

(17)

From equation (17) the observability loss for the considere
output and only its first and second derivativeshis= 0.

In this section, we present the observability analysis ofhe associated manifold of unobservability is given®y=
the SPMSM and we give a sufficient condition of loss of thgx: A,(x) = 0 andA; = 0}.

observability property.

Remark 4-3 In (17), at zero spees, = 0, it is obvious

In this case, we haveq = Lq thenl, = 0. Therefore, the that the SPMSM is locally weakly observable fer # 0.

expression of the determinant &f given in (11) becomes:
h = K (13)

Remark 4-2: The determinanf\; is dependant only omy.

This is less restrictive than conditiaky = 0 given by (13).
Case 2: SPMSM at zero speed and acceleration

The problem now it is to consider the particular case where

X4 = X4 = 0 (zero speed and acceleration), and to look if

Thus, for the considered output and only its first derivativeyossible to recover the observability of SPMSM by using

the SPMSM s locally weakly observable & if x4 # 0.
This condition is independent on the considered ingy.

the higher order derivatives (greater than 2) of the output.
First: consider zero acceleration &4 = 0)

Now the question is to look if higher derivatives of outputThe model of the SPMSM used in this case is given by (3)-

overcome the observability singularity at zero speqd+0).

(4) in the form of (5) where the functioh(x, u) is replaced

For that, let's consider the model of the SPMSM given byy

equations (3) and (4) in the form of (5) where :

ax1 + bxasin(xz) + cug
axp — bxscos(xz) + cug
_ Xa
ki (—Sin(X3)Xq + COS(X3)X2) — MXq — T
andh(x) = [xl,sz]T, with a= 8, b=fe, c= L, k = M,

_ 1y _ T
m= < and7 = 5.

f(x,u) =

axy + bxysin(x3) + cuy
fox,u) = | &2~ bmcsf(&) +Cug
0

andh(x) = [xg, %] ",
Consider now the vector of information generated by the



output and its first, second and third derivatives: k=23 i=12 and can be generalized for higher
derivatives. Thus, the higher derivatives of the outpuaitge

21 than three do not recover additional information.
L 2h Remark 4-6. Equations (20) and (21) show that for the
L:Ohl considered output (currents) and its derivatives at angrord
o2

O3 = L2h (18) the conditionxs = x4 = 0 (zero speed and acceleration) gen-
fo 1 erates a structural subset of indistinguishabi{iy: x4 =

2
L§0h2 0 and x4=0}. A physical interpretation is related to have
L§0h1 the Back Electromotive Forces (BEMFs) equal to zero at any
L, hy time forxy = x4 = 0, then any information with respect to the
The associated observability matrix is: SPMSM rotor position is in the dynamics of stator currents.
9 V. THE OBSERVER DESIGN
b= 5(03 - In order, to overcome the observability problems of
1 0 0 0 the SPMSM at zero speed, we propose here an Estima-
0 1 0 0 tor/Observer swapping system based on the "Super Twisting
a 0 bxscos(xs) bsin(xz) Algorithm” (STA). Thus, in this section, the used STA is
0 a bxsin(xz) —bcos(xs) recalled and then applied to the SPMSM. The convergence
a2 0 Cs ds (19)  of the developed observer is studied.
2
% "’(‘) Co 36 A. The Super Twisting Algorithm
% 3 © ’ The general form of the STA is defined as follows [25]:
a Cg dg
with 1
uer) = u+Ailer?sgn(er)
cs = abxscos(xz) — bx2sin(xs) up = aisgn(er) (22)
ds = absin(xz)+ 2bx4cos(X3)
_ : 2
cs = abxgsin(xs)+ bx4co§(x3) with &) = x; — &1,
ds = —abcos(xz)+ 2bxssin(xz) A1,01 > 0 are the observer parameteus, is the output of
c; = a?hcos(xa)Xs + (—absin(xs)xs — bX5cos(x3))X4 the observery; is the estimated variable and:
d; = a?bsin(xs)+ abmcgs(x3) — bxZsin(xa) 1 it e>0
+ (abcos(xz) — 2bxasin(x3))Xa sgn(ey) = -1 if e <0
cg = a’bsin(xg)x4+ (abcos(xg)xs — bx3sin(xg))xs el-1 1 if e=0
ds = —abcos(x3)+ abxssin(xs) + bx3cos(x3) B. Application to Surface PMSM
+ (@bsin(x3) 4 2bx4C08(X3))X4 Let e; and eg be the BEMFs. Consider only current

, , o dynamic equations of the SPMSM, we can write:
Remark 4-4 In (19), at zero accelerationy = 0, it is

obvious that the SPMSM is locally weakly observable for { >'_<1 = Xy + Xa + Clg 23)
X4 # 0. Xz = aXz +Xp+ CUg

Second: consider alsax = 0 (this corresponds to zero Where
acceleration and speed) { €y = —weSin(6e) (24)

In this case the observability matris (19) becomes: eg = WeCOY 6e)
1 0 O 0 and
0 1 0 0
X) = —bles ¢ 25
a 0 0 bsn(x) Ma %l lea €] (25)
B 0 a 0 —bcos(xz) 20
Jo = a> 0 0 absin(xs) (20) [Xa Xp] is the vector of unknown variables. Currents and
0 a 0 —abcos(xs) voltages are assumed to be measurable. Applying the STA
a> 0 0 a’bsin(xa) (22) to system (23), we obtain systems (26) and (27):
3 _ a2 5 ~
0 a® 0 —abcos(xs) { R4 = %o+ 8% + CUg + A]er] 2sgn(ey) (26)
Remark 4-5: From the equation (20) a recurrence relation Xa = 015gn(ey)
can be obtained _ )
d 0 11 { %o = Ko -+ ax% + CUg + Az|es] 2sgn(ey) 27
a_XLfohi = ad_XLfO hi |X4:O (21) Ko = 0osgn(es) (27)



Where g = x3 — X1, € = X2 — X and A1,A2,a1,0, are  However, as it is shown in section four, the rotor position is
positive constants that will be given late dnd X, are the not observable at zero speed and acceleration begaass ™

estimated values of the unknown variabigsand x,. %, are non existent in this condition and then we can not use
According to equations (23), (26) and (27), error dynamicthe observer equation (32). For this reason, we propose here
of the observer are given by: an Estimator/Observer swapping system which allows the
. 1 use of the observer at high speed and swap automatically to
{ €1 =€ —Ailer|Zsgn(ey) (28) the estimator when the speed becomes under a defined very
€a = f1(xp) — c1sgn(er) low value. The estimated position is calculated as:
N t
{ & = & — Azlez| 2sun(ez) (29) b = [ laaldtrcte (33)
& = f20a) — a250n(e;) Where
With € = Xa — %, & = X% — %, fi(%) = wx and i G+ %2
f2(Xa) = —weXa e = S (34)

Following the results proposed in [26] and [27] withThe initial value of the estimated positiofie(0) = cte) is
respect to the STA (22) dedicated to the observer desig@iual to the last value computed by the observer (32) before

given by equations (26) and (27), we set: swapping to the estimator. The estimated speed is caldulate
as:
Corollary: For any initial condition(0), X(0), there exists [o2 | o2
a choice ofA; anda; such that the error dynamicse;, ey, Qe = ﬂsgn(f(asin(ée) — ibCOS(ée)) (35)
€ ande, converge to zero and by consequerge—» x4 and b
%o — Xp. (See proof in [22]) VI. SIMULATION RESULTS
Figure 1 shows the finite time convergence of the proposed The used motor in the simulation testing is a three-phase
observer. Parameters of the observer are given by : SPMSM. The specifications and parameters are : Rated

Power P, = 1.7KW ; Rated speedu, = 157rad.s!; Rated
— (30) voltage U, = 380V; Rated currentl, = 3.8A; Number of
—f; pole pairsP = 3; Stator inductancdy = 0.027H; Stator
resistanc&k = 3.3Q; Rotor flux @, = 0.341; Rotor inertial =
> 0.0026&g.m?; Viscous friction fy = 0.0034%g.nm?.s 1. The
a;>f7 and A > (f +az),/ T (31) proposed observer is tested in open loop to the benchmark
2

trajectories [28] presented in Fig. 2. In this benchmark,

ap>f7 and A > (ff +aq)

Where f; = max(fa(xa)) and f;" = max(fi(x)), two refergnce trajectories are defined: Thg reference rotor
speed (Fig. 2(a)) and the load torque (Fig. 2(b)). In this

600 — work, we are interesting only to the observability of the

ool | SPMSM. Two tests are carried out. In the first test, we

use only the observer ( Fig. 3). In this case, we remark

that the estimated position and speed reach the real ones
with good accuracy and robustness when the motor operates
out of the unobservable condition. However, at zero speed

and acceleration, the rotor position is not observable. In

the second test, we use the proposed Estimator/Observer
swapping system (Fig. 4). Thus, in this case, we show that

the rotor position can be obtained at all range of speed.

400

300

200

del/dt

100

0

\“

739(?04 70.(‘)2 0 002 0.04 0.68 0.‘08 0‘.1 0.‘12 O.‘lA 0.16 VII. CONCLUS'ON
In this paper, the observability analysis of both the
Fig. 1. The trajectonye; = f(ey): Finite time convergence. SPMSM and the IPMSM has been presented and discussed

at different operating conditions. A necessary and sufiicie
C. Position and speed estimation observapility condition has be_e.n pres_ente.d. Furthermore,
] ) _order to improve the rotor position estimation at zero speed

Having the estimated value of and x, we can easily an Estimator/ Observer swapping system has been designed
deduce the rotor position and speed using equations (24gr the SPMSM. The convergence of the observer is proved.
(25), (26) and (27). When the motor operates out of th§ome simulation results has been presented to illustrate th
unobservable region, the rotor position can be calculased &erformance of the proposed Estimator/Observer swapping
—%a system compared to the results obtained when using only
%o ) (32) the observer.

B = arctan(
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