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Numerical study of a family of dissipative KdV equations

J-P. Chehab *& G. Sadaka '
October 25, 2010

Abstract

The weak damped and forced KdV equation on the 1d Torus on [0, L] have been analyzed by
Ghidaglia[12, 13] Goubet[14, 15], Rosa and Cabral [4] and asymptotic regularization effects have been
proven and observed numerically. In this work, we consider a family of dampings that can be even
weaker, particularly it can dissipate very few the high frequencies. We give here numerical evidences
that point out dissipation of energy, regularization effect, and presence of special solutions that char-
acterize a non trivial dynamics.

1 Introduction

The modeling of the damping of asymptotic models for water wave is a very important challenge.
In [23], Ott and Sudan have proposed a damped KdV equation as a model of Landau damping for ion
acoustic wave, he damping being nonlocal, and in [24] they have presented different models of damping
with the operator L as
up + @y + Qolgry + agLiu] = 0,2 € Q,t > 0,

where 2 C IR and where L is the damping operator which satisfies
/ uL[u]dz > 0,
Q

and the L? norm of the solution is damped as

1d [,
5%/9 dx+043/QuL[u]dx—O.

Several authors have studied damped KdV equation, but anyway the literature is not so extensive and
particularly relatively very few works have been done on the numerical simulation of these models.

The damping model that have been considered are mainly of the form
Llu] = [D[*u,

where |D| is the operator associated to the square root of the negative laplacian, leading to the dissipative
KdV equation

Ut + Ugze + |D]|%u + vu, = 032 € Q,t > 0, (1)
u(x,0) = up(x), (2)
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with @ € [0,2]. A mathematical analysis have been done by S. Vento [29, 30] when Q2 = IR, particularly
asymptotic estimates of norm decreasing for large time and, recently, in [22] when Q = T(0, L), the torus
on [0, L]; D. Dutykh [11] has considered the case @ = 2 as a model of dissipative Tsunami wave (with
the addition of an nonlocal damping in time). Many question are open, particularly the long time
behavior in the periodic case. We here propose to explore numerically some questions related to the
time regularization, the asymptotic speed of norm-decreasing and also numerical implementation feature,
particularly when using spectral Fourier or highly accurate finite differences for the spatial discretization.
For that purpose, we restrict ourselves to the periodic case and consider the family of nonlocal dampings

N 2imkx
Ly[u] = ) wlge” ¢
keZL

Here ~; are positive real numbers in such a way we have

/ L [uludz > 0.
Q

This expression of the damping allows to recover number of situations that have been studied, e.g, the
[e%
choice v, = ‘%‘ corresponds to L [u] = |D|%u. However, more general cases can be considered and

the sequence v can be chosen in such a way to vary the damping by band of frequencies.

When khT Ve = 400, e.g. v = k? for a parabolic damping, the equation is regularizing at finite
— 400

time. When ~;, is constant, say Lu] = yu, the damping is said to be "weak" and is not regularizing at
finite time but, as proved by Ghidaglia [12, 13] and Goubet [14, 15], it allows the equation to have a
finite dimensional attractor which is in a more regular space than the initial data: this is the asymptotic
regularization property. Rosa and Cabral in [4] pointed out a non trivial long time dynamics for mild
values of v, they computed numerically time periodic solutions of various cycle length.

Let T be the torus built on [0, L]. The aim of the present work is to investigate numerically the long
time behavior of the forced damped KdV equation

Ut + Uz + LyJu] +uu, = f, x € T, t >0, (3)
’LL(QZ‘,O) = ’LL(](ZE), (4)

for different type of sequences v with a special focus when khT vt = 0: this gives rise to a damping
——+00

which is more weak than those mentioned before. Since the analysis seems very tricky, we first look on
the numerical side. We address in particular the following points
— computation of the damping rates for different sequences ~yg
— numerical measure of the Sobolev regularity
— computation of steady state solution
Finally, in the annex, we consider also KdV Equations with nonlocal damping in time,
11t w(s)

g + a1y + AoUpyy + V- —=
T Jo t—s

ds 4+ aguu, — agtgz, =0

and

vg 1 [t uy(s)
aoUy + a1Ug + a2Ugps — |/ 5 77 Jo mds + azuuy — aquze = 0,

as proposed in [6, 11] respectively and for which we study numerically the rate of damping,.

The paper is organized as follows: in Section 2, we give some properties of the equation for general
damping operators L. Then, in Section 3, we present the discretization schemes and establish some of
their properties. Finally, in section 4 we present number of numerical results with a special focus on the
rate of damping, the Sobolev regularization and the computation of special solutions (steady states - -)



2 A model of Damped KdV Equations

2.1 Problem setting

When u € L?(T), we can consider its Fourier expansion and write

2imkx

u(z,t) = Z p(t)e L

ke

We define the nonlocal damping (or dissipative) term as

N 2intkx
Lyu= Z Yag(t)e L.
keZ
For obvious symmetry arguments, we will assume in the sequel of the paper that v, € IR and that the
relations v, = v_j are satisfied for each k in ZZ.
The damped KdV equation we consider here is then

Ut + Upge + Lyu +uuy, = f,o € T, t >0, (5)
u(,0) = uo(x). (6)

As stated in the introduction, we do not address here to the study of the Cauchy problem. The presence of
the damping enforces the regularity properties of the solutions and we’ll have at least the same properties
of the Cauchy problem for the non damped KdV problem. The main problem will lie on the gain of
regularity carried by the damping according to the asymptotic behavior of the sequence .

Due to the particular form of the damping, we need to use some adapted energy space family: we
introduce the following notations

Notations:
- Hy={ueL?)) x> < +oo}.
keZl
~ H,={uc H,/ [} udz =0} = {uc H,/uy = 0}.
— Let (7)x and (0); be two sequences of positive real numbers. We’ll note v < § when v, < dg, Vk.
The associated norm is |ul, = Z Ve |tk )%
keZ

Finally, we will denote by < .,. > the standard L? product.

Remark 1. Let v be a sequence of strictly positive real numbers. It is easy to prove that H., is a Hilbert

space endowed with the scalar product (u,v), = Z Y tgdr and of induced norm |.|, = 1/(.,.).
keZ

Let o > 3 then H, — Hpg, with continuous injection.
We have also the inequality
<u,v >< |uly|v|1, Yu e H,, Vv e H1
Y Y

)k:{ = >0

where we have set for convention ( 0 .
else

Sl=

Remark 2. When the sequence v, is in £* the term L.u can be identified to the Fourier serie of the
convolution product
Lou(z) = A xu,

with A(x) = Z ’Ykezifx.
kel




2.2 Damping properties

When the KdV equation is nor forced nor damped, it possesses an infinite number of invariants, the
first ones being

L L
— The mass : Ip(u) :/0 u(x, t)dz :/0 uo(x)dz.
L L
~ The L2 norm : I, (u) = /0 (e, £))2de = /0 (uo(2))2da.
2
— The Energy : Ir(u) = /OL (E?u(a:,t)) dx — 1 L(u(x,t))gdw.

ox 6 Jo
It is then natural to study the effect of the damping on these quantities (the two first in practice). We

begin with the mean Iy(u). We have the

L
Lemma 3. For every sufficiently reqular function v, we set v(t) = E/ v(z,t)dz.
_ 0
Assume that f(t) =0 then u(t) = e~ (0)
Proof. We have

L
/ Ugze(z,t)dx = 0 and / uug(z, t)d 2/ 2 =0.
0

Hence integrating each term of the equation on space on the interval [0, L], we get

ou
/0 (875 —I-L,Yu)dx—O

L
But/ L, u(z, t)dx —/ Z ’quke 2 dx = Lyptliy = ’yo/ udx. Therefore
keZ

d1

L 1 L
- t — | L t)dz =
7T )y u(z,t)dr + L/o yu(z,t)dr =0

so, since %IOL u(x,t) = Gy, we have

1 (L 1 (L

Z/o u(z, t)dx = e_tz/o u(z,0)dz.
In particular, if @(0) = 0 then u(¢) =0, V¢ > 0. O
2.2.1 The linear homogeneous equation

To derive estimates of the propagator associated to the damping, we first consider the linear equation

ug + Ly[u] + Ugge = 052 € Q,t > 0, (7)
u(z,0) = ug(x). (8)

Assuming that u is regular enough and expanding it in Fourier serie, we get

d ’L‘Il' x 2 k imkx
3 ugt T+ Y (e < : F) Yig(t)e T = 0. 9)

keZ keZL

By orthogonality of the trigonometric polynomial, we obtain directly

() = e Ly, (0). (10)



Hence

ulfe = Dl = Y e > ar(0). (11)

keZ keZ

We can now derive bounds.

Proposition 4. Assume that v, > 0,Vk € Z and that ug € Hi. Then
Yy

-1
e
‘U’%z < Min (g"do’i, ‘UO’%Q) ,Vt > 0.
Y

More generally, if uop € Hg,., then

Proof. On the one hand we have, taking the scalar product of the equation with v in L?

d|ul|?
kel
Hence J ‘2
Ul
dt — 0

therefore |ul?, < |ug|?,. On the other hand we have, solving directly the equation, mode by mode,
1
2 2yt 2 —2v; - 2
ulf = D e ar(0))* = Y (e ) (—lar(0))
ke keZ Tk

The function

v — e

-1
is uniformly bounded by §2t_ on IR™*. Hence

e—l

1
<f vy = .
<5 | (0)|

Jul7»
wez Tk

The second inequality is obtained similarly starting from

Bl O = e a0 = e (Llan) )
Tk

Hence the result. 0
More generally, using the same elementary proof we can establish

Proposition 5. Assume that v, € [0,1],Vk € Z and that ug € H1 . Then, for every s > 0
,YS

. . s\?
‘u’%z < Min (e s (%) ‘uofi, ’Uo‘%g> ,Vt > 0.
;Y.S

Proof. By bounding uniformly the function v — %=, O

This simple result means that a better decay in time is obtained with higher regularity of the initial
data.



2.2.2 The nonlinear homogeneous equation
We take the scalar product in L? of the equation
e + Ly[u] + tgpe + uuy = 0;
and we obtain

5 ar >kl (®))* = 0. (12)

keZ

We have |u|,2Y = Z Y|t (t)|>. We can prove the
keZ

L
Proposition 6. Assume that v, > 0,Vk € Z and that / uo(z)dr = 0. Then u = 0 is the only one

critical point of the system and is asymptotically stable. More precisely
i. tl}I-Eloo |u|r2 = 0.
i. In addition, if wW(0) = 0 and if 3¢ > 0 such that v, > ¢ > 0,Vk € Z then |u|p> < e~ |ul2.

Proof. For the first assertion, we note that

d|u|2L2 <

dt =0

hence |u(t)|r2 < |ug|rz,Vt > 0 and t — |u(t)|72 is decreasing in time, consequently tlim lu(t)|2: = C. As-
—00
suming a sufficient regularity, we infer tlim |u(t)|%/ = 0. Now, since 7 > 0 then tlim iy, =0 and u =0 a.e.
— 00 — 00
This implies C' = 0.

Estimates [ii.] are obtained by a simple application of a Gronwall lemma: if v, > ¢ > 0, then
luly > clul?, and we have )
1 d|u|L2 2
——— +clu|2 <0,
2 dt fulz <
so, by integration, we get directly
ulfz < e > fug|7.

O
Corollary 7. Assume that v, > 0,Yk € Z*, 79 = 0 and ug € L?>. Then
. 1k
tl}gloou(t) =1y = Z/o uo(z)dz.
Proof. 1t suffices to introduce v = u — 1y and to combine Lemma 3 and proposition 6. [l

When the 7 are not bounded from below, the orbit converge to 0 in L? norm, but it can be at an
arbitrary slow velocity, it depends on how ;. converge to 0 as k goes to infinity.

The main difficulty comes out from the fact that, when v, converge toward 0 as |k| tends to infinity,
there is no injection from H. to L2 So, the ratio of the two associated norm of the solution plays an
important role as pointed out hereafter. We introduce the function

G(u,t) — G(u,t) = |uly _ ZkeZ’YkmkP
’ , Jul 2 Skez

and in practice we shall use G(t) for G(u,t) when there will be no ambiguity.




Proposition 8. Let u(x,t) be a regular solution of the homogeneous equation 5. We assume that G(u,t)
is C in t. Then we }%ave the estimates
.- / G(s)ds
~ Ju(®)|7. =€ Jo |uol7 2
t
) ) —/ 2(s)ds )
= u()5 = G*(t)e Jo |uol72
In particular, . liIJ::l lu|r2 = 0 iff t — G(t) € L?(0,+00).
— 100

Proof. As above, taking the scalar product of the equation in L? with u, we get

Ld|ul3,
2 dt

+ ]u\?y =0.

We have by definition of G : |ul? = G*(t)|u|7.. Hence

L L Gy = o
from that we infer directly
b o
o = b S, (3)

So tlim lulp2 = 0 iff t — G(t) & L?(0,+00). Estimate in H, norm follows directly with the definition of
G. We have

t
—2/ G?(s)ds
w2 = G o ol (14)
t
—/ G?(s)ds
We deduce from the proposition 8 that, since tlim |ul, = 0, then tlim G?(t)e Jo =0. g

The condition G(t) ¢ L?(0,+00) is of course automatically satisfied when H., C L? with continuous
injection or, equivalently when ~; are uniformly bounded by below by a strictly nonnegative constant. In
such a case, G(t) is bounded from below and |u|r2 converges to zero at an exponential rate as ¢ tends to
infinity. In the opposite case, say when len;O v, = 0, according to the previous proposition, we still have

G(t) € L?(0,4+00) but we can not obtain a rate of convergence of |u|z2 to 0. These points are crucial for
proving the existence of bounded absorbing sets, see [27].

2.2.3 The nonlinear forced equation

Our goal here is to explore numerically the long time behavior of the solutions of the forced and
damped equation, and particularly to look to the possible nontrivial dynamics in that case.
First, and as before, we derive estimates in L? and H, norms:

Proposition 9. Assume that f belongs to H1 and that uy € L? NH,. Then
Y

2

t t
[ G2s)ds - / G2 (r)dr
ol < h wolfa+ [ e /s 7l ds.
0 Y



Proof. Taking the scalar product of the equation in L? with u, we get

1d|ul?,
2 dt

+uff =< fiu>.

Now,
< o | < 1] ful.

Hence, introducing G(t) and using Young’s inequality,

2 dt

1 € 1 €
+ GOl < 5\ + Sl = 517 + 5CROluls,

for any € > 0. With ¢ = 1 we obtain, by Gronwall’s lemma

t
d | G*(7)d
(#) 8|u0|2L2 —I-/Ote /s ™ 7—|f|2%ds. (15)

In a same way, we derive estimates in H,, by multiplying each term by G?(t)

t
G2

Ju(t)2. < /o

—| G*(s)ds t—tG2TdT
o < @0 b C Mz, e e GH0)| 13 ds. (16)

We deduce immediately the following result:

Corollary 10. We make the assumptions of the previous proposition. In addition, we assume that the
function

¢
t —/ G*(r)dr
F:t»—>/ e Js ds
0
is uniformly bounded in t. Then the equation possesses a bounded absorbing set in L>.

Notice that it is difficult to obtain bounds on ~ that garanties the existence of steady state, as proposed
in [4] for the case v = cste. Indeed, assume that the equation possesses a stationary solution v, we set
w = u — v and we find that

Wi + Lyw + Wege + Uty — vv, = 0.

Hence, by taking the scalar product in L? with w

1djw|3
2 dt

I
—|—|w|ﬁ/+§/0 vew dr = 0.

When 7y, = cste or vy, > ¢ > 0, the equation is (at least) weakly damped and Rosa and Cabral [4] have
pointed out non trivial dynamics (multiple stationary solutions, periodic solutions). In such a case,

wl > cwl7a,
hence, if there exists a strictly positive constant x such that
USE N
c+ o5 >k > 0,a.e. in [0, L],

then
w2 < e wolLz,



so v is the only one steady state and it is asymptotically stable.

When +;, converge towards 0 it is not possible to proceed as above because, |.|, and |.| are not equivalent

f

norms. However when f is constant, u = o is a steady state of the equation and the only one steady
solution with mean equal to zero is u = 0.
The nontrivial long time dynamics occurs when the steady state u* is not unique. A uniqueness

condition is
1 /L 9
|w|,2Y + 5/0 vpwdr > 0.

We have o
VW2 = Uy % W * 0.
Setting 0 = vy, w?, we get
I~
/ 0z = 50
SO
~ —2imk _ . R
0y = Z V_k Z Wi—nWn
keZ nezZ

Finally the decreasing condition reads as

7 gl + > ikl | Y B_pnly | > 0.

ke keZ nex

When bounding from above the second term with the Cauchy-Schwarz inequality, we obtain

ok =D [kxv| | Y @n | > 0.

keZ keZ neZ
Noting that
21]€7T ~ 2ikTx 2k7T ~
|Um|:|z 7 ge 1| < ZT|U’9|’
keZ kEZ

we see that the decreasing condition can be satisfied only when ~; are large enough.

3 Numerical schemes

3.1 Spatial discretization

Since the boundary conditions are periodic, it is natural to first consider a spatial Fourier-like approx-
imation, in addition in that case the computation of the nonlocal damping terms will be easy. However,
we shall develop also a compact finite difference approximation scheme, to have a comparison, but also
to obtain a ground for the simulation when the boundary conditions can be non-periodic.

3.1.1 Fourier-like discretization

We set 2 = [0, L]. Let N € IN* we consider the expansion of L-periodic function u as

N/2 - 2kTa
un(z) = Z age' L,

k=—N/2+1




2 L
0

In such a way, we can define

Y2 iokn\ o W i2kn\3
(UN)m = Z T uge Lo, (UN)xmv = Z I uge L.
k=—N/2+1 k=—N/2+1
The non local term |D|*uy(x) is defined via its Fourier serie as
N/2 a
IDlfun(z) = S || aget i
k=—N/2+1

The nonlinear term is evaluated in the physical space, then transformed in the spectral one. More precisely,

2
ka _ L/ 2k7‘rz dx

setting v = u*,
Of course, in a computational point of view, it is preferable to consider interpolation values of the
truncated trigonometric expansion in such a way to use the FFT routines. To this end, we fix N points

of [0, L], x,, = m%, m=20,---,N —1 and we compute approximations of Uy(x,,) using the relations
N/2 2k N/2 2k
Un=Un(zm)= Y. e’ T = Y g
k=—N/2+1 k=—N/2+1
and

9 N=! ok
_s2kmm
= 2 ume N
m=0

these two sums being efficiently computed with FFT. Hence we have also, using the same notations,

N/2
2k o ; Tm
’D‘auN(xm) =NLp, = Z == akeZZkN
k=—N/2+1
and Nt
~ 2k7T 2 m
8, (u2), = ( > 32 e R
m=0
3.1.2 Finite differences discretization
As before, we give ourselves N regularly spaced discretization points x,, = m%, m=20,---,N and

we implement the periodicity with the relations
u(xm—l—kN) = u(xm)

In order to preserve the symmetry and the antisymmetry of the operators, we consider the following
family of schemes for the three first derivatives

p

Um0 — Um—2

g () = 3 g L Mt (17)
2 20
p

Um+¢ — 2um + Um—r

U (Trm) Zﬁﬁ 2 ) (18)
P (¢h)
p

Um-l,-é + Up— Z) + (um-l-é-‘rl + U —r— 1)
TTT m 19
Uz (@ E (20h)? (19)

(20)

10



Coefficients «y, 8 and 6 are chosen in such a way, for a given p, the scheme is of maximal order of
accuracy. If p =1 then oy = 81 = 01 = 1 and the schemes are second order accurate, see annex. Notice
that another possibility, not considered here consists in using compact schemes as presented e.g. in [18].

3.2 Time marching schemes

We present hereafter 4 implicit/semi-implicit time marching schemes for the damped KdV equation:

— Backward Euler’s

— Crank Nicolson

— Sanz-Serna

— Strang Splitting
We write them considering only the semi discretization in time and give for 3 of them L? stability results
which remain valid when finite dimension approximation in space is considered: this is simply due to
orthogonality property of the interpolation trigonometric polynomials.
Finally, we need to solve numerically at each time step a fixed point problem. It can be done by using
the classical Picard iterate. In some situations, e.g. for Sanz-Serna, the Picard fixed point method needs
a small time step At to converge: this is artificial since the scheme is unconditionally L2-stable. Such
drawback can be overcome by using other fixed point solver which ha a better stability, as proposed in
[1], see also subsection 3.2.5 below.

3.2.1 Backward Euler

As first numerical scheme, we propose

u D) )
At

Here £ is the skew symmetric linear operator of the first spatial derivative or of its discretization. We
prove the following result:

+ Lyu ) 4 304D 4 %c(uWH))? = (21)

Proposition 11. Assume that u®) = uy € L? and f € Hi. Then the sequence u™ generated by the
ol

Forward Euler scheme is well defined, belongs in L? and

1 .
‘ (n+1) ‘2+ ‘u (n+1) \2+Atz e ’u(n—i-l ’2 < ’u(n)@JFAtZ —!fk\2-
keZ keZ

In addition if f =0, then 111}_1 [u™]| 2 = 0.
Proof. Using the identity

< D) gy D) S _% (|u(n)|% a2 |u(n+1)|g) 7

we obtain after the usual computations

™2 4w — M3 oA < L™ D s= M 24 2AE <™ f > (22)
where
< Lyul ), 40 52 5 gt > 0,
=

At this point, we use the Young’s inequality

1
<u(n+1 f><22'7’ (n+1 ‘2+26

keZ ke%

—\fk\2

11



for € > 0 that will be fixed later on. Hence

1 1 .
D 4 [l — w4 2861 - 5) ST wlaf™ VP < ™+ 280 S —|fif
= 2€ e Tk

Hence the result with ¢ = 1.
If f =0, the identity (22) becomes

D3 4 ) — 2 2A D2 =y (23)

Hence, the sequence |u(™|; is decreasing, limited from below (by 0), then convergent to C. It follows that

Therefore, since 75 > 0, we have lim 4y = 0 and then C' = 0. O

n—-4oo

We give also a discrete version of proposition 8:

(n)
Proposition 12. Let u(™ the sequence generated by the backward Euler scheme. We set G = ’|u(n)‘|«, .
u L2
We have
L 1
(n)|2 R 2
Iz < (1:[1 1 +2At(G(j))2) ol 2.
]_
In addition, if (GY))jez & 02, then 11111 [u™] 2 = 0.
Proof. Taking the scalar product in L? with (™) we obtain
1
sz (I = ™ + ul™) —u[, ) 4 (G, = 0.
Therefore
(14 284G D) [tV 2, 4 ) — a7, < a2,
Now, for At small enough we have
1 — | ==Y log(1 4 2At(GY)?) ~ —2AtS (G2,
j= j= j=
Hence, if GU) ¢ ¢% then 111}_1 [u™] 2 = 0. O
3.2.2 Crank-Nicolson Scheme
The classical Crank-Nicolson scheme writes as
(n+1) _ 4, (n) (n+1) (n) (n+1) (n)
g gL o+ 7L (@) @™y = 1, (24)

with the notations as above. This scheme is second order accurate in time. Here we do not have

n n u(n+1) + u(n)
<£ ((u( Y2 4 (y ))2) ) =0,

so we can not derive uniform L? bounds for (™ from the scheme. However is practice, this scheme gives
satisfactory numerical results, see section 4.

12



3.2.3 Sanz-Serna Scheme

The Sanz-Serna scheme is second order accurate in time and corresponds to a mid point quadrature
formula in the evaluation of the vector field, see [26]. It writes here as

u(n+1) — u(n) + L u(n+1) _|_ u(n)
At K

+ 3

- - -7, (25)

W) L) D) g () 2
AL S —

with always the same the notations.

Proposition 13. Assume that ug € L? and f € L2ﬂH,Y. Then the scheme (25) is stable in L? for all
At > 0.

u(n+1) _|_ u(n)
Proof. We take the L? scalar product of each term of 25 with — and obtain

(n+1)‘%2 _ \u(")!%z

2At

|u

1 n n u(n+1) +u(n)
+ Z|u( 1) 4 g )|*2y — <f’f

So, using duality and Young’s inequality, we have

2
™V, — [ul 3, + l\u(nﬂ) +uM2 < 1]1"!2 + Llultt) 4+ ul
2At 4 v=2M ST 2 .
Finally, after the usual simplifications
)2, A i) | )2 (n) 2 2
Dy + S L uR < 2, 1 A7
S

Hence the L? stability on every time interval [O, T). O

The scheme (25) is indeed second order accurate and L? stable but we can not establish contraction
properties as for Backward Euler’s which is only first order accurate in time. Indeed, with f = 0 we only
obtain the relation

At n n n
St 4 ),3 = |u ),%2

4

which implies that [u(™];» is decreasing (then convergent) but we cannot conclude that the limit is 0. In
order to establish both accuracy and contraction properties we consider in the sequel a scheme based on
the Strang Splitting.

Ve +

3.2.4 A splitting scheme

The main idea of a time splitting scheme is to treat separately the time integration in the one hand
of pure dispersive part of the equation and the damped, and on the other hand of the damped part.
Of course this last one is less expensive in computations, so a natural approach is to apply the classical
Strang splitting as follows:

(n+1/3) _ () 1
v w2 (n+1/3) (n)) —
RN (Zyu + Lyu™) =0, (26)
(n+2/3) _ ,,(n+1/3) 1 1
u U L p3 (n+2/3) |, (n+1/3)) | L (n+2/3) 4, (n+1/3))2y —
A7 +3 (ﬁ u +u ) + 8E((u +u )°) =1, (27)
(n+1) _ ,,(n+2/3) 4
u u 2 (n+1) (n+2/3) _
ALj2 +3 (Lyu + Lyu ) 0, (28)
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or its simplified form

W(mH1/3) _ )

N Lyl =, (29)
(n+2/3) _ ,,(n+1/3) 1
u Atu L3203 §£(u(n+2/3))2 —f, (30)
(n+1) _ , (n+2/3)
U At;g + Lﬁ,u("ﬂ) =0, (31)

Proposition 14. Assume that f € L*(\H1 and that u9) = ug € L2. Then, the sequence u'™ generated
Y
by the scheme (29)-(31) is well defined and satisfies the estimate

|u(n+1)|%2 + At|u("+1)|3, < |u(")|%2 +2A¢t <|f|%2 + |f|21> )
>

In particular, the scheme is unconditionally stable in L>.
Moreover if f =0 and /uo(az)daj =0, then 11111 [u™|2 = 0.

Proof. We take the L? scalar product with u(+1/3) 4 (+2/3) and 4"+ with (29), (30) and (31) respec-
tively. We obtain

1 n n n n At n
2 (W — R 9 ) 4 S92 = o, (32)
% (‘u(n+2/3)‘2L2 N ’u(n+1/3)’%2 + ‘u(n+2/3) N u(n+l/3))’%2) — At < f7u(n+2/3) >, (33)
1 n n n n At n
5 (0D, — O B ) #2934 SR =0, (3)

We take the sum of these equalities and get
% (|u(n+1)|2L2 — ™2, 4 ) |2, 4y (2/3) gy (n /8y (2, () un+2/3)|%2)

+_Az_t (’u(n—l-l)‘?y 4 ’u(n+1/3)’g/) — At < f,u+2/3) > .
Using linearity, duality product and Young’s inequality, we have
<f, u(n+2/3)> — <f7 w®™t2/3) _ u(n+l/3)> + <f, u(n+l/3)>
< gelf e Gl —uC TN, 4 gl 13+ Ful )L,
where € and 7 are strictly nonnegative real number to be chosen. We obtain

n n n At n
b (ju e~ [u ) + Al + (4 - A1) jutrse
< Gelflh+ gl s
+ (1 _ e_%_t) (’u(n+l/3) _ u(n))’%2 + [ +2/3) - u(n+1/3))’%2
+|u(n+1) _ u(n+2/3))|%2)
We now take e =1 and n = ﬁ and, after the usual simplifications, we obtain the inequality

|u(n+1)|%2 — |u(n)|2L2 + 2At|u(n+1)|,2y < 2At (|f|%2 + |f|2%> .
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If we take the sum on n of these inequalities, for n = 0, --- Np, we find that

n
B+ 286) O < fuoffa -+ 27 (173 + 11 )
j=1 !

where we have set T'= NpAt. Hence the unconditional L? stability.
Now, if f = 0, we obtain the relation

D2, 4 13— )2, 4 [u(4203) — (LB [2, [y (rtD) gy (232,

LAt (‘u(n+1)’3 + ‘u(n+1/3)‘%)

The sequence \u(")liz > 0 is decreasing and then convergent to a limit C. Passing to the limit and
bounding from below we find that

With the hypothesis v > 0 and « = 0 we obtain the result. O

3.2.5 Implementation

The schemes presented above are implicit or semi implicit and a fixed point problem must be solved
at each iteration that can be written as

™) = (AL, u™, u D) (35)

where the definition of ® depends on the chosen time marching scheme. The simplest method to solve
(35) is Picard’s iterate:

For n=0 --.-

Set v =4 m=0
while [|¢(At,u™ v(™) —um™)]| > ¢
pm+1) — @(At,u(n),v(m))
m=m+1
End while

Set u(tl) = ¢(m)

End for

Here € > 0 is a small parameter fixed, e.g. € = 1.e — 12.

Following [1], we underline that, even when the time marching scheme is stable, and sometimes uncon-
ditionally stable, a numerical blow up can be observed because the Picard iterates do not converge if
At is not small enough. In such a case an artificial restriction on the time step destroys the interest of
the numerical method. This occurs here, e.g., when using Sanz-Serna scheme. A way to overcome this
drawback is to implement more stable fixed point schemes such as Lemarechal or Marder-Weitzner, see
[1] and the references therein for more details.

4 Numerical results

The results presented here have been obtained using Matlab software. We have used the Crank-
Nicolson scheme together with the standard Picard iterate to solve the fixed point at each step. The
other time schemes (Euler’s, Sanz-Serna, Splitting) give comparable results.
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4.1 Long time behavior : measure of the numerical Sobolev regularity, special solu-
tions

As said in the introduction, one of the aims of the present work is to observe an asymptotic regular-
ization of the solutions. This have been done for the so-called weak damping (v = ¢), but it remains to
be done for 7, — 0 . To this end we capture the discrete smoothing by analyzing the convergence of the
truncated Fourier expansion of the solution. More precisely if, for a fixed time ¢, we expand u(z,.) as

+0o0
u(z,.) = Z Upwy(x), (36)
k=1

where woy(x) = sin(2krz) , k>1 , wopii(x) = cos(2kmx) , k> 0.
The smoothness of the function u(x) shows on the decay of the high frequency modes. As in [1], we follow
[20] starting from the fact that a function u that is in L? belongs to H*, s > 0 iff

“+oo
3 N u - uy| 22 < +oo, (37)
N=1

where

un = Y alk)er(x). (39)

|k|>N

Of course, in practice, this formula will be applied with a finite number of Fourier modes. If we use two
levels of approximations, the fine one uy which will play the role of w in (37) and the coarse one Un/2
which will play the role of uy in (37), we have to compute s such that

N/2 N
>k (Z \akP) < +oo.
k=1

l=k

The numerical Sobolev exponent is computed by considering the queue of the spectral energy of the
solution. More precisely, we look to a linear behavior of the high frequencies Fourier coefficients as

N
C

Z |'ll[|2 >~ ﬁ’ for k> 1,

{=k

or equivalently
N
vp = lnz |Gg|? ~ In(C) — 2sInk, for k> 1.
=k

It suffices then to compute s by a linear regression (least square fitting). In practice, we’ll select a few
number (m) of 4. Hence s (and x = In(C) are computed as minimizers of

N
Z (vp — (k — 2s1n(k))%

k=N-—m

We now apply this technique to the forced damped KdV equation for different sequences v and more
precisely

— Constant damping v = 1,Vk

— Band limited damping: v, = Xk, <k<ko

16



1if k is even

— Comb-like damping: ~; = { 0 otherwise

2z7rk

Z Ug—pfin

neZ

In that case we have d,u2,

Hence, if top+1 = 0, for p € Z then 99541 = 0. Therefore, it is easy to show that if 4y and f have
only even nonzero frequency, then the sequence generated by the different schemes enjoy of the same
property. Consequently a comb damping supported by even frequency will damp all the solution
while a comb-damping supported only by odd frequency will have no damping effect. Indeed let
u € L? such that log+1 = 0,Vk € ZZ. We set v = d,u?. We have

217T/<: . 2imk . . . .
uk nUn = § U —2nU2p + § Uk —2n—1U2n+1
L
neZ ne ne

If K =2p+ 1, we have

2k

> dgpr1-ontion + Y opr1-2n—1font1 | = 0.
neZ neZ

Uopy1 =

More generally, we can prove the following result
Lemma 15. Let u,v € L>®(T). Assume that tog1 = Oox+1 = 0. Then

@2k+1 =0, keZ.

It follows by induction that if @9r+1 = 0, then ﬂng =0.

_ 1 i —
i > 0 with Erfooyk =0, such as vy, = CESEE with a =1/4,1,2,

4.2 The numerical tests

We first illustrate the effect of the damping for different sequences 7, on both the linear and the
nonlinear equation.
At first, we illustrate the damping effect in the two energy norms |.|;2 and |.|,. We see in particular
that, as expected, when 7; > 0 the solution of the homogeneous equation converges toward 0 in L? H,.

However, when klim v = 0 the rate of convergence depends on uy and on its Fourier decomposition.
— 400

When 7, = 0 on a band frequency, the solution do not automatically converge to 0; it depends on both
the Fourier decomposition of the initial data and of the right hand side.

In Figures 1 to 18 we observe a perfect agreement with the results established above: when 4 > 0,Vk
the solution converges to 0 in L? and H, norms, however, when kEI-ir-loo vk = 0 the rate (slope in log

scale) depends both on the initial data ug and on ~g; in the case of a bandpass, i.e., when 7, = 0 for
N; < |k| < Na, we observe according to the cases convergence to 0 if enough frequencies are damped but
this is not the case when the damping is not sufficient.

In a second time, we consider the forced and damped equation. We give a special focus to the
computation of special solutions as steady states.
We consider (Figure 19 to 39) a non zero source term in such a way we can obtain a non trivial dynamics
and observe regularization effects. At first we compute non trivial steady states for different sequences ~.
In particular, we look to the time evolution of the (exponential) factors of Proposition 9 and observe that
they behave like in the case of the presence of an absorbing set in L? (when 7, > 0). In Figures 40 to
43 we report the computation of nontrivial steady states when varying -, f and ug. Finally, in Figures
44 to 50, implementing the technique presented in section 4.1, we point out numerically regularization

effects even when khrf vt = 0: the numerical Sobolev regularity increases with the time.
——+00
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4.3 Homogeneous damped and forced KdV
4.3.1 Damping for different
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Figure 1: wo(xz) = 3 - c¢- sech(¥(x —p- L))* where ¢ = 0.16, p = 0.5 and L = 100,7; = 1,Vk with
— 99 —
N=290<z<100,f(z,t) =0
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Figure 3: ug(x) = sin(2rx/L), v = 1,Vk with N =2°,0 < z < 100, f(x,t) =0
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Figure 4: ug(x) = 3-c'sech(\/75(x—p'L))2 where ¢ = 0.16, p = 0.5 and L = 100,y = 1 if |k| < kg = N/4
else 0 with N = 2% 0 < 2 < 100, f(z,t) =0
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Figure 10: ug(z) = 3 - ¢ - sech(*(z — p - L))* where ¢ = 0.16, p = 0.5 and L = 100, v = ﬁ with
N =2°0< 2 <100, f(z,t) =0
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Figure 15: ug(z) = sin(2nx/L), v, = m with N =290 < 2 < 100, f(x,t) =0

log, () Iugw(exp(fZJ:)Gz(s)ds)), Slope =-4.0899 at T=5.00; dt=0.00500
10° . . . . . . . . .
107+ 1
107 F 1
10° F 1
10° + 1
107+ 1
L L L L L 10’]“ L L L L L L L L L
50 100 150 200 250 0 o5 1 15 2 25 3 35 4 45 5
t
log, (Ilull%2) at T=5.00; dt=0.00500 \ogm(nunj) at T=5.00; dt=0.00500
10° : : : : : : : : : 10° : : : : : : : : :
10° + 1
10’5 L L L L L L L L L 10’6 L L L L L L L L L
0o o5 1 15 2 25 3 35 4 45 5 o o5 1 15 2 25 3 35 4 45 5
t t
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0

100, f(z,t) =

26



4.3.2 Forced KdV
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Figure 23: ug(z) = (0.4 L < x) % (x < 0.6% L), v = 1if |[k| < kg = N/4 else 0 with N =20 < x <
100, f(x,t) = sin(2rx/L)
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Figure 24: ug(z) = sin(2rx/L), v = 1 if |k| < kg = N/4 else 0 with N = 22,0 < = < 100, f(x,t) =
sin(27z /L)
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Figure 27: ug(z) = sin(2rx/L), 1 = —37 with N =2 0 < x < 100, f(z,t) = sin(2wx/L)
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Figure 28: ug(z) =3-c¢- sech(%(m —p- L))? where ¢ = 0.16, p = 0.5 and L = 100, 7 = ﬁ with
N =290 <z <100, f(z,t) = sin(2rz/L)
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Figure 32: ug(x) = (0.4%L < x)*(z < 0.6%L), 7 = ﬁ with N = 2% 0 < 2 < 100, f(z,t) = sin(27z /L)
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Figure 33: ug(x) = sin(2nz/L), v, = W}HQ with N =20 < 2 < 100, f(x,t) = sin(2rx/L)
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Figure 34: ugp(x) = 3-c-sech(\/75(x—p'L))2 where ¢ = 0.16, p = 0.5 and L = 100,y = abs(f ft(exp(—(k—
L/2).2/5)),0 = 1/4; with N =2° 0 < x < 100, f(z,t) = sin(27z/L)
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Figure 37: up(z) =3-c- sech(%(:p —p- L))? where ¢ = 0.16, p = 0.5 and L = 100,y = 1 if k is even , 0
if k is odd; with N =290 < x < 100, f(z,t) = sin(27z/L)
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Figure 38: ug(z) = (0.4 % L < x) * (x < 0.6 *x L) ,y, = 1 if k is even , 0 if k is odd; with N =220 < z <
100, f(x,t) = sin(2rx/L)
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Figure 39: ug(x) = sin(2rx/L), 7, = 1 if k is even , 0 if k is odd; with N = 2,0 < 2 < 100, f(z,t) =
sin(27z /L)
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Figure 40: ug(z) = sin(2rx/L), v, = 1,Vk with N = 2°,0 < = < 100, f(x,t) = sin(2rz/L)
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Figure 41: wup(x) =3 -c- sech(‘/TE(x —p-L))?
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Figure 42: ug(z) = sin(2mx/L), v = 1 if |k| < kg = N/4 else 0 with N = 22,0 < = < 100, f(=x,t) =

sin(27z /L)
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Figure 43: ugp(x) = 3-c-sech(‘/75(m—p-L))2 where ¢ = 0.16, p = 0.5 and L = 100,y = 1 if |k| < kg = N/4
else 0 with N = 2% 0 < z < 100, f(z,t) = sin(27x/L)

4.5 Sobolev regularity

J ‘
\\ |

Figure 44: 45(0) = 1/|k + 1| if k is even, 0 if k is odd, vy = 1 if k is even , 0 if k is odd, with
N =29T=2350<z <100, f(x,t) = sin(2rx/L)
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Y Order of Sobolev regularity at T=2000.00; dt=0.05000
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Figure 45: ug(z) = (0.4* L < 2)*(x < 0.6+ L) ,y; = 1,Vk with N = 2% 0 < 2 < 100, f(z,t) = sin(27z/L)

Order of Sobolev regularity at T- =200.00. : dt=0.05000

Figure 46: ug(z) = 3-c¢- sech(‘/TE(az —p-L))? where ¢ = 0.16, p = 0.5 and L = 100y, = 1,Vk with
N =290 <z <100, f(z,t) = sin(2rz/L)
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Figure 47: ug(z) = (0.4* L < 2)* (x < 0.6 * L) 1y, = 1 if |[k| < ko = N/4 else 0 with N =2°0 < x <
100, f(z,t) = sin(2nz/L)
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Figure 48: ug(z) = 3-c- sech(‘[(x p-L))? where ¢ = 0.16, p = 0.5 and L = 100,y = 1 if |[k| < kg = N/4
else 0 with N =2° 0 < x < 100, f(z,t) = sin(27x/L)
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Figure 49: up(z) = (04« L < x)x (x <0.6* L) /v =
sin(27z /L)

|k+1‘1/4 else 0 with N =290 < z < 100, f(z,t) =

%9yt  order of Sobolev regulari ity at T=50.00; dt=0.05000

Figure 50: ug(x) =3-c¢- sech(‘/_(:zt —p-L))? where ¢ = 0.16, p = 0.5 and L = 100,y =
N =290 <z <100, f(z,t) = sin(27rz/L)

\k+1|1/4 with
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5 Concluding remarks and perspectives

The family of weak damped KdV equation we have presented here allows to consider damping weaker
than those studied in [12, 13, 14, 15] in the sense that, when v, — 0 as |k| — +o0,

Je > 0s.t. |uly < clu|2Yu € L and Bd > 0 s.t. dluly > |u|2Vu € L?,

for which an asymptotic regularization property was proved. The numerical illustrations show that a
damping is still present in energy norm, the main problem being that we do not have a uniform control
on the rate of damping. As possible perspectives of the present work, we propose:

1. The rough mathematical analysis of the long time behavior of (5) still remain to be done; it presents
technical difficulties due to the non embedding of H., in L? when i lim ~y; =0, it is then helpful to
——+00

produce first numerical evidences.

2. We can consider such damped KdV equations when the boundary conditions are not periodic. It
suffices to expand the solution in a proper (Hilbert) orthogonal polynomial basis pi with respect to
a weighted L? scalar product (.,.),,. We have then

u(a,t) =Y gy (@),
k=0

(uvpk)w

where 1y, =
Pk Pk )w

and we define the damping linear operator L, as

Ly(u) = vlupr(x).
k=0

More widely, the study of the long time behavior of equations as

ou
5 + Lyu+ F(u) =0,
with Re(F(u),u), = 0 and L, defined as above can be addressed following the same approach. For

example damped Nonlinear Schrodinger equations as presented in [1] can be considered.

3. In a numerical point of view, the damping when treated implicitly in a numerical marching scheme,
has a stabilization property. The Fourier expression of L, allows to study in a accurate way the effect
of the damping by band of frequency: this can be a first step before building filtering operators for
stabilizing numerical scheme without deteriorating the consistency, as done e.g. in [5] for nonlinear
parabolic equations.

4. Another weak damping can be considered: it consists in a local damping in the physical space and
reads as
Lu = Xjapu

where X|q5 is the characteristic function of [a,b] C [O, L] as studied in the perspective of the
stabilization of KdV equations, see [17, 25]; of course one can replace X[a,p] DY @ smooth function
with compact support in [a, b], see annex.

We hope to develop these topics in a near future.
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6 Annex

6.1 Non local time damped KdV

We consider the two problems
— NLTKdV1, see [6]

1 1t
aply + a1y + Aolgze + /U - ﬁ /0 —

ds 4+ aguu, — aggz, =0
s

— NLTKdV2, see [11]
v 1 [t ug(s
Aot + a1Uy + Q2Ugzy — Tg : ﬁ /0 \/gds + asuty — gz, =0

h3
wherealzh-\/%,QQZE'\/%,agzg'\/%anda4:2y

The time and space discretizations of these equations are presented below.

6.1.1 The Problem NLTKDV1

We here describe the time and space discretization of the problem

1 1t w(s
agly + a1y + Aolgre + /U - ﬁ ; —

ds 4+ aguu, — agtgz, =0
s

)
Vo VEt—s

Spatial discretization

) 3 n .
According to Dubois [9], 1/2 )" HQA Zgﬁl = ’/E . Zgnﬂ_ju] where g; are the Gear
j=0

coefficients computed in [8].
Taking the Fourier serie of each term we have

We set G1/2 (t) = ds

d 125 ([ 2nk [ 2mk\? 2k \ ? 2k u¥p
duk+\/7G al-z'<—L>—a2'z-(—L> +CL4-(—L> ur +as -1 (—L)'T—O
N—————
TL TNL

WenowsetC—%k TL=C- (al'i—ag-z"C’2+a4-C) and TNL =ag-i-C.

The system to be solved is then:

—

d 2
aoaﬂk—i—\/ﬂ-Giﬂﬂk—i—TL-ak—i—TNL-%:0

U (z,0) = u(0)

We will set for the sequel U(z,t) = u(x,t) — up(z)

d - N T2
= aOdUk+\/_ Gl/zUk—l—TL (Uk+ﬂa)+TNL.(U+%)k:0

Uk(x O) =0
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Time discretization

For simplicity, we consider the following explicit scheme

—

Un+1 on N n+1)2
ao N k4 G1/2U”+1+TL-(Ug+1+%)+TNL-( 2)k:0
Ur(z,0) =0

n+1
We have /v - Gip (UI?H) = Z gn1-U7 = Vv \V oAz (QOU"+1 + Zgn—i-l JUJ)

Therefore, we obtain

Ar , N /n+\12
Un+1 [_ 3v t.ZgnH_jU]—i-GO'U;?—At' (TL-%—FTNL'%)] /M1

Uk(z,0) =0
At
where M1 =ag + At-TL + 3V2 )

6.1.2 The problem NLTKDV?2

We here describe the time and space discretization of the problem NLTKDV2 [11].
[v Lt (s
Aot + a1Uy + Q2Ugze — Tg : ﬁ /0 \/gds + asuty — gz, =0

h3
wherealzh-\/%,QQZE'\/%,agzg'\/%anda4:2y

Space discretization

Considering the Fourier serie of each term of the equation, we get

27Tk: d n 27k (27Tk‘) n (27Tk‘) n (27Tk‘) k 0
a u ,/ s+ |ari— —agi | — ag | — Uy +agi | — | — =
0 k — 1 I 2 3 4 I k 3 I 2
—_———
Dg/m TL TNL

7k
WesetC— 7 ,TL=C"(a1-i—as-i-C?>+as-C)et TNL=ag-i-C

The time scheme reads as

d
GOEak—i'C'\/}lg D%y, + TL @y + TNL - 25 — ¢
g (z,0) = ug(0)

1 [t ag(s) d _1/2.. 1 1 [td ds
We b Dl/ZA:—/ ds = =DM = — .4 — [ Za
ehave By e =T | Vims it Jap WO+ 2 o) =
G,
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From [9] (G 1/2A =4/ 2A Zgﬁf"_ \/ ZgnH juk where g; are the Gear coefficients

given in [8].

It follows that

DPaptt = %Ay + At ( ,/ Zg,m ]uk) with D;/?a9 = 0

~n+1 + aouk

Time discretization
g (r,0) = g (0)
—At - 5 u”+12k /M1

/\n-i-l_/\n
aou (z C. /vy D1/2—|—TL) ~n+1 Tl;IL unt1?, =0
AL - 1/
) C- h
ug(z,0) = u(0)

At
1/2m /
D/ —i—At( 2A E In+1 juk)
TNL
where M1 = ag + At - TL

6.1.3 Numerical results for NLTKdV1

We hereafter represent the solution at different times when varying « and v.

Initial data

—— Exact KdV-Solution
computed KdV-solution
“““ 0=0.1,v=0.1

= = -0=0.0v=0.1

025~

015~

0.05—

230 235 240 245 250 255 260 265 270 275 280

Figure 51: T'=10, N =2499,0 < z < 500,a9 = 1,a; = 1l,a9 = 1,a3 = 6,a4 = v, f(z,t) =0
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6.1.4 Numerical results for NLTKdV?2

. . . . u(t L2
We here display on FIG.52 and FIG.53 the time evolution of the ratio M
[[uol| 22
x10° Time, t=0.2500; dt=0.0001; € =0.02; c1=1.02; x0=-1.5 and p =0.25
20
\ \
181 -
16 -
1t -
2 e
g 10 B
3
2
o i
oL i
L i
oL i
oL
! ! ! !
0 0.05 01 0.15 0.2 0.25

2
Figure 52: w is zero mean,||u(t)||/|luoll; uwo = 2(015_1) lsech (%(m —1—3:0)) ] ; Here: N = 2499,0 <

x < 500,g = 9.8,h = 3600,v = 1073, f(x,t) = 0
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= Time, t=0.2500; dt=0.0001; € =0.02; ¢1=1.02; x0=-1.5 and 1 =0.25
20 I I

18- -

161~ -

14 -

lu1|/|Juo]

0 0.05 0.1 0.15 0.2 0.25

2
Figure 53: w is non zero mean,||u(t)||/||uoll;uwo = 2(618_1) lsech (%(m—kxm) ] ; Here: N =

2499,0 < x < 500, g = 9.8, h = 3600, = 1073, f(a,t) =0

6.2 KdV with local damping in the physical space

We give hereafter a first illustration. Such a damped equation will be studied more widely in a
forthcoming work. We consider the damped KdV equation

Ut + EUggy + Llu] + v, =0

where the (linear) damping is defined by
Lu = x[q,pu

We can say that this is a weak damping, in the sense that the term < w, L[u] > is controlled by |u|?..
This was studied in the perspective of the stabilization of KdV equations, see [17, 25].

We take 8th order finite differences for the discretization in space as follows writing the finite differences
discretization schemes for the 3 first derivatives in space with periodic boundary conditions with centered
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stencils:

= 20h
p
Um+-¢ 2um + Um—r
Uz (Trm) = Z Be 2
=1 (Ch)
_2(um+5 - um—f) + (um—l—% — Um 25)
/=1

Here u,, stands for u(z,,) or an approximation of it. The non null coefficients «ay, §¢, 6, are computed
such that these schemes are 2p order accurate and given below. As time scheme we have implemented

Op. | p=1 |p=2 p=3 p=4

a:E O[lzl aq %7052:_% a1:%7a2 %7043 ﬂl)' a1:§7a2 _'57@3_%70[3__315

Qe |r=1B=38=—3|bi=5P=-30=m |A=2F=—20=wfh=—x

Onea | 01=1 |01 =3,00=-2 [01=50=-303=15 |01=8=—20==5 03=—4
Table 1:

RK34, see [7]. To illustrate the damping, we hereafter display the evolution in time of the mean value,
the L2 and the L*°. Here At = 0.005, N = 256, L. =1 and we take as initial data the soliton

u = A(sech(B(z — 20))?)

with L =1, A=0.8, C =2A4P/6 B =1/2-,/C/e. We observe that after a transient time, the damping
to zero is at an exponential rate (linear decreasing in log scale). In the figure, we see that the solution is
damped uniformly. Does it mean that after a transient time, the solution is damped in a same way as a

weak damping of type X[o,z] can do, say exponentially on the whole domain ?

) mean value vs time ) L2 norm vs time
10 \ \ 10
10—10 10—10
10" . 10" ‘
0 200 400 600 800 1000 0 200 400 600 800 1000
t t
. infinite norm vs time
10
10°
10" —
0 200 400 600 800 1000
Figure 54: [a,b] = [0.4L,0.6L]
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