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SEMICLASSICAL PROPAGATION OF COHERENT STATES FOR THE
HARTREE EQUATION

ABSTRACT. In this paper we consider the nonlinear Hartree equation in presence of a given
external potential, for an initial coherent state. Under suitable smoothness assumptions, we
approximate the solution in terms of a time dependent coherent state, whose phase and ampli-
tude can be determined by a classical flow. The error can be estimated in L? by C'y/z, € being
the Planck constant. Finally we present a full formal asymptotic expansion.

A. Athanassoulisf], T. Paulfl, F. Pezzottif}, M. Pulvirentif]
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1. INTRODUCTION

Let us consider the Hartree equation in R%:

10,0 (1, 1) = —S AV (2, t) + (V (2, 1) + Ula, t)) W& (z, t), "
1
U= (z,0) = ¥(),

where
Viet) = / ol — )|y, )|2dy 2)

is a self-consistent potential given by a smooth two-body interaction, ¢ : R - R, even, and
U(-,t) : R4 — R for all t > 0, is a smooth external potential (see the next section for the precise
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2 SEMICLASSICAL PROPAGATION OF COHERENT STATES FOR THE HARTREE EQUATION

assumptions on ¢ and U).

In a recent paper [l the authors of the present one considered the semiclassical limit of the
version of the Hartree equation corresponding to mixed states, for initial data whose Wigner
functions do not concentrate at the classical limit.

The problem we deal with in the present paper is the semiclassical asymptotics for ([l])
when the initial state is a coherent state centered around the point ¢, p of the classical phase
space, namely:

_d r—q jp(e=a) a
W) = = oo (1) 5 m v (3)

This problem was studied in [[d] in the kinetic (Wigner) picture, see Théoréme IV.2 therein.
There it is shown that, under appropriate conditions, the solution W¢ of the Wigner equation
corresponding to the dynarmcs ) namely

OWE + k-9, W = Zéy x—l——y £)— V(z— 2y )) dy We(z, k — €)dé +
Z£y _y _g €
+ o // UG+ L) U~ 1) dy WGk — e, (4)
where V' (z,t) is the same as in ([l) equivalently written as
Viat) = [ ol = )Wy, btk )

converges, in weaks#-sense, to the solution of the (classical) Vlasov equation

Of+k-0.f —0.Vo(x,t) - Opf —0,U(x,t) - Opf =0,

[z, K, t)]i=0 = folz, k),
where
Valat) = [ o1 = u) (g, ks t)dhd,
and U(z,t) is the same as in ([J) . The initial condition for (|) is given by fy = w —* llir(l) W§.

It is easy to check that the conditions of Théoreme IV.2 in [[] are satisfied for W§(z,v) =
We[WE](z,v), ¥§ as in equation (J). In that case (under appropriate assumptions on the pair-
interaction potential ¢ and the external potential U) it can be seen that the Wigner measure
of the wave function verifies

Wee|(z, k,t) — d(x — X(1)o(k — K(t)), as e—0,
where
X(t)=K(1), K()=-VU(X()1), X(0)=q  K(0)=p.

In that sense, the semiclassical limit of the problem ([[) is known to be the Vlasov dynamics (B),
since it is easy to recognize that, due to the smoothness of the potentials, the limiting measure
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d(z— X(t))0(k— K(t)) is the unique (weak) solution of the Vlasov equation with initial datum
6(z — q)o(k —p).

The goal of the present work is to strengthen this approximation. First of all, we construct
L? approximations, as opposed to the with weakx-limit, and this yields an explicit control of the
error in € which allows to recover the shape with which W¢ concentrates to a ¢ in phase-space.

2. MAIN RESULT

We will consider the Hartree equation in R%:

120, 0% (x,1) = =S AV (2, t) + (V (2, 1) + Uz, t)) U (z, t),

\Da(l‘,O) = \I/‘B(l‘),
where

Viet) = / ol — )| (y, )|2dy (8)

The initial condition will be of the form

_d xr—q jp(z—a) a
Uo(zr) =« 4a0( 7z )e = =y

and we will make the following assumptions on ag, ¢ and U:

Assumption 1.
laoll 2 = 15l > = 1,

1408 ao(x) € L? for any pair A, B € N with |A| + |B| < 3,

/xi|a0(x)|2dx:0, Vi=1...d. 9)

Assumption 2.

C3(R) > ¢ even
Assumption 3.
UeccC! (Rf,Cg(Ri)) .

Here and henceforth we denote by CF(R™) the space of continuous and uniformly bounded
functions on R™ whose all derivatives up the order k are also continuous and uniformly bounded.

Theorem 2.1. Under Assumptions [I, }} and [ there exist constants Cy and Cy depending only
on d,p,U,ay such that, ¥Vt > 0,

LB 4
[We (e ) — e Oys e < Cret Ve (10)

where By is the solution of

10, (x) = <_é n ¢"(0)x? L < x, VU (q(t), t)x >) bi(). (a1

2 2 2
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Bo(x) = ao(x), (12)

()= =S [ [ o150 Pans. (13)

(q(t),p(t)) is the Hamiltonian flow associated with % + Ul(q,t) + ¢(0) issued from (q,p),

and

c(t) = / (p()2/2 - Ulq(s). 5) — 6(0)) ds

(the Lagrangian action along such Hamiltonian flow).

Remarks:

e Note that in the classical flow the nonlinear potential enters only via the inessential
constant ¢(0). Indeed, due to the symmetry and smoothness of ¢, we have ¢'(0) = 0 so
that, in case of concentration as € — 0, the self-consistent field VV' vanishes.

e A similar problem for ¢”(0) > 0 has been faced in [ in a semirigorous way. Here
we treat the case ¢”(0) < 0 as well and present an explicit control of momenta and
derivatives of the solutions (see Lemma 2.3 below) which allow us to estimate the error
in L2

e For a related result (Gross-Pitaevskii equation with a different scaling) see [J].

e Assumption [] can be relaxed by dismissing equation (f). Indeed even if (f) does not
hold one can always make a change of variables z — x — [ z|ag(x)|*dz. However in that
case one would have to adjust appropriately the external potential, which of course is
not translation invariant.

e The constants depend on the data of the problem, i.e. the potentials and ag, only

through ||U||ws., ||]|ws~ and  sup ||2B02ag]|L2.
|Al+|B|<3

3. PROOFS

3.1. A Lemma. We first prove the following
Lemma 3.1. b,(z) := " B,(x) as defined by ([[A[TR[II) is the unique solution of the equation:

(10 + 3) bu(w) = S [ |z = [y (n) P by(w) + <2TLLOLE (), "
14
bo(x) = ag(z).
Proof.
Zatbt<$) = —”y'(t)bt(x) -+ e”(t)i&gﬁt(x). (15)
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By virtue of equations ([]), ([) and ([[J) we find

i0ubu(x) = L [ PGPy bi(x) + 0O (=3 Bu(a) + L2 () + UL ()

bo(z) = ag(z),
(16)
namely
@mmz—%ww+%%ﬁM@+ﬂ9fwmwmmmm+ﬁﬂﬁ#M2mm’< )
17
bo(x) = ap(x).
We first notice that the equation ([LT) for 8;(z) is a linear Schrodinger equation with an

harmonic potential; therefore the solution f;(x) of the initial value problem ([[1))-([2) is uniquely
determined in L?(RY) and

1Bell 2 = llaoll» =1, ¥Vt eR. (18)

As a consequence of that, it turns out that equation ([[) can be rewritten as

iOhby(x) = =S by(x) + @ I 2*Bi(n)|?dn by(x) + @ S 0?1 Bi(n)[Pdn by(x) + w be(),

bo(x) = ap(x).

(19)
Furthermore, it is easy to check that if
wag(r), dpap(x) € L*(RY), (20)
then
zfy(z), 0.B:(x) € L*(RY), for all ¢, (21)

(see Observation [L.3 below).
Condition (P0) is satisfied under Assumption [, so the property (P1)) holds and, in particular,
there exists a constant C' finite for any time ¢ such that

[kt <c. v rer 2
Thus, by virtue of (B2) and of Assumptions [ll, P and B, it follows that the initial value problem
([9) is guaranteed to have a unique solution in L? and, clearly, ||b]|;> = |laoll,- =1, V¢. In

fact, the equation for b;(z) has turned to be a linear Schrédinger equation with an harmonic
potential (and all constants appearing in the potential terms are finite thanks to Assumptions
and | and to (P3)).

Now, it remains only to recognize that ([J) is exactly the same as ([4). To this end it
is sufficient to observe that, since the equation ([[1]) for 5;(x) is a linear Schrédinger equation
with an harmonic potential, the condition (fJ) valid at time ¢ = 0 propagates in time, i.e

/n|ﬁt(n)|2dn=0, vt (23)
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Thus, by virtue of (3), it follows straightforwardly that ([9) can be rewritten as

0y (x) = —§bu(x) + Z5% [ | — 2B ) Py by () + S TEGODE (),
(24)
bo(x) = ap(z).
Finally, it is clear, by the definition of b;(x), that |5;(x)| = |b;(x)| for any = and t. Therefore
(4) turns to be exactly the same as ([[4). O

3.2. Proof of Theorem R.7. We seek an approximate solution to equation ([[]) of the form as

e.g. in [, @ § [, [

. _ x —q(t) OEe®) L0
Ue(x,t) = e 4qa( NG t)e (25)
where
q(t) = p(t), p(t) = =VU(q(t),1). (26)
By inserting the ansatz (R5) in equation ([) we get
P Iy r—q(t) q(t) .
iV (z,1) = ¢ {ze@ta( 7 ) z\/_Va( \/_ 1) - q(t)+
iy T at) z—q(t)
— L(t)a( NG t) = (p()(z — q(t)) — p(t)q(t)) a( NG )| X
el-p(t)-(w;q(t)) €i Cgt) ’ (27>
and
S A t) = et {—fm(‘c _\/g(t),t) 4 pzt)a(x }‘?t),m
—iv/zVa(= j?t) 1) -p(a} i H e (28)
while, with regard to the potential terms in ([]), we find
(V) + Ul ) Wo(a1) = e ( [tz = el oy + v, t>)
i S (29)

VE

By (B7), (B) and (£9) we get that the amplitude a solves the following initial value problem:
(10 + 3A) alpu, t) = 2Ve(p, t)alp, t)+

+2[U(q(t) + Vep,t) = Ulg(t), 1) — VEVU(a(t), 1) - ) alps, 1), (30)

a(p, 0) = ao(p),
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where

Vilit) = [ (6Bl =) = 6(0)) oo ), 31

q(t),p(t) are as in the claim of Theorem P1] and we have used the rescaling p = xi\}e(t).

Note that we should have

1) = / 6 (Valu — nl) la(n. 1) 2dn — 6(0), (32)

instead of (BIl) in equation (BQ). However equation (B{Q) with potential (BY) is an Hartree
equation which preserves the L? norm so that we can replace (B2) by (B1).
Since ¢ € C3(R) is even ¢'(0) = 0 and the Taylor expansion yields

S(VEln — 1)) — 6(0) = 222 ¢"(0) + 2 R(|p — ),

(33)
[ R(|e =l < Cllo" <l — nl,
while for the terms involving U we find:
U(q(t) + Ve 1) — Ula(t), t) = VEVU(q(t),) - pr = & < pp, “04O0 > 22 Ry (u, ), o

| Ry (i, t)] < C supgena.jo=s VU (q(t), )]l

where V2 :=V ® V. \ ,
The core of the proof is to estimates the two remainders €2 R(|p — n|) and €2 Ry (p,t) so

that we can substitute (¢(v/e|lp — n|) — ¢(0)) by €|“777|2gb”(0) (asin (B3)) and U(q(t)+ /ep, t) —
U(q(t),t) — VEVU(q(t),t) - by € < pu, “HLOD )y > (as in (BF)).

In the framework of semiclassical approximation for the linear Schrédinger equation using
coherent states the method is standard (see e.g. [0, @, B, [, [Z]), however we establish these
estimates again for completeness.

Denote a;(p) := a(u,t) and

he(p) = be(p) — ae(p).- (35)
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By straightforward substitution we get that ho(x) = 0 (see ([4)) and

V2U(q(t),1)

) 1 /! 0
i+ 58— (52 [l ntimnane <, 20000 ) L -

N J/

Vo (ust)

= 5 [l (o)) oy )+

-~

I (p,t)
e / Rl — n)lae(n)Pdn av() —v/ERy (1, t)ar (). (36)

Iz(p,t)

By standard manipulations it turns out that

d "(0
lhelle 2 nele < LN 1 )+ VR R+ VR B D) (37)

Moreover, the term involving I; can be estimated as follows:

Ln)| < / / = 1l (b ()2 — lau(m)P) dn @u(h(pe)da| =

= | = Qo) = o) (o) + o) iy )] <

I

IN

[ [ = ) o]+l iy )] <

< 2||ht||iz/(1+ )2 [l ()] + 1o ()] g, (38)

while, thanks to (B3), the term involving I, is estimated by:

(L2, W] < Cl9"]] L <

I [ 1= nlPlac(n)Pdn @ () h(p, t)dp

< C 10" oo (S dn [l (m)[?) lasl |2l 2+ (39)

+3(f dnnlPlac(m) ) el 12 + 3 ( dpp)*las(@)|2) 7 (f dn [0 Jae(n)]?) |1hal |2+

o (f e |pl¥laa() )2 Nl el 1)
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One should observe here that [ dn|n|[a:(n)[> < ([ dn(1+ |n|?)|a:(n)]?).

Finally, due to (B4), the term involving Ry (u,t) is controlled as follows:

|WW@%MH§<7prW@@®(/mewmmww§

o:al=3

1/2
gcmwmwmme@w%w@\wm (40)

t a:la]=3

Making use of Lemma [ and equation (B9) below to estimate terms of the form || | -

m m 1/2 m m 1/2
a2 = (f dnln[*a(m)?)"", for m < 3, and || |- ["0]|r2 = ([ dnln|*[b.(n)|?) ", for
m < 2, in terms of the same quantities evaluated at time ¢ = 0, we easily show, by summing
up the previous estimates, that there exist two e-independent constants C, Cy such that:

d
g 1hell2 < VECH+ Gl lhul| 2. (41)

In particular C,Cy depend on the potentials ¢ and U and on the L?-norm of moments and
derivatives of ag (up to the order 3).

The conclusion follows with application of the Gronwall lemma.
O

4. AUXILIARY RESULTS

Observation 4.1. Observe that under our assumptions the nonlinear equation (3Q) can be
shown to have, for any T > 0, a unique solution in C* ([0,T], L*(R)) (see e.g. []). Therefore
it follows (see e.g. [ ) that the correspondmg time-dependent linear problem

(10 + 2A) u(p,t) = L [ (d(vElr — nl) — 6(0)) |a(n, t)|*dn u(p, t)+
+2(U(q(t) + Vep, t) = Ulq(t), t) — /eVU(q(t), 1) - p) ulp, t), (42)

u(@,0) = ug(x), o € LARY) Jluoll 2 = 1,

has a unique and well-defined L? propagator.

Lemma 4.2 (Propagation of Moments and derivatives for a(x,t)). Let a(x,t) be the solution
of the initial value problem (BQ). Suppose that for some m € N there exists an e-independent
constant M, > 0 such that
240  ao||r2 < My, (43)
for all A, B € N¢ such that |A| + |B| < m.
For m > 2, assume ¢ € C"(RY) and U € CYR,,Ci"(R%)). Then, there exists a (finite)
e-independent constant C,(t) such that

12407 a(t)]] 12 < Con(t) M, (44)
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for all A, B € N* such that |A] + |B| < m

For m = 1 inequality ([f4) holds by assuming ¢ € CZ(RY) and U € CH(R], CZ(RY)), while
in the case m = 0 formula ([f4) becomes an equality and holds with Cy(t) = 1 for all t by simply
assuming ¢ € CP(RY) and U € CYR}, CL(R2)).
Remarks:

e We refer to the proof for a precise expression on the behaviour in time of the error.

e The proof makes no use of an energy conservation argument, and this is the reason why
the Lemma can be established for both signs of ¢"(0).

Proof. Denote
M (e, t) = 2P0 a(x, 1), (45)

e.g. Y0z, t) = a(x,t).
It is straightforward to check that

(z’&t + 1A = Wo(a, ) — 2U((t) + VEr, 1) + 1U(q(t), 1) + ZVU(q(t),t) - :1:) DAB (2, 1) =

zd: [Bk(Bk 1)wAB 26’“(1} t) —|—B wAJrekB e’“(:L’ t)] _i_%

k=1 o<l

d
[T (302 Ve, )yt (. 1)+
<Ak=1

LS T (90 1U(t) + Var, tBla,t) — 2 S T ()L (VU(q(t),t) - ) A5 ()

0<I<A k=1 VE 0 A, ks
=1
(46)
where B = (Bl,.. Bk,.. )l (ll...,lk,...,ld),A:(Al,...,Ak,...,Ad)aHdO§l<A
means that 0 < [, < A, for any k= 1,2,...,d. The consistent initial data for ([if]) are defined

by
VP (2,0) = 2P0 ag(2),

and in particular ¢¥*%(z,0) := ag(x).

Some remarks with regard to our notation are in order; it is clear for example that if
By = 0 or By =1, then the first term on the right-hand side yields no contribution. Similarly
for By, = 0 in the second term and |A| = 0 for the remaining terms respectively.
The derivation of (ffd) is straightforward by induction.

Denote by P(t,7) the propagator associated with the left-hand side of equation (ffd), which
is known to be uniquely well defined in L? (see Observation [.1]). As a consequence, for m = 0,
the result claimed by Lemma [£.9 follows from the existence of the propagator. We will proceed
for m € N by induction.
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mom —
We will work with vectors including all the moments and derivatives, namely, ¥ =
{¢A’B}A,B:\A|+\B\gm € X,, and

%
1T, = > 19,

0<|Al+|B|<m
where Xy := L?(R?).

For m = 1 we have

(i&t + %A _ évs(x, f - %U(q(t) + e ) + %U(q(t), £ + igvzf(q@),t) :1:) Ve (1) =

ot
— éamjve(x, Y0 (z,t) + % 0w, U(q(t) + ez, ) (z,t) — % 0, U (2, ) seqy ¥ (2, 1),
(47)
and
(@+%A—§%@ﬁ—§UMﬂ+¢&JHEUM@JH;%VWﬁmﬂw>W”@O=
= 02, t) (48)

By virtue of the Duhamel formula we get:

Ve0(x,t) = P(t,O)@Z)ej’O(:E,O)+/td7'P(t,7') E 8361.\/5(:16,7)@/)0’0(26,7')] +
0

+ /0 dr P(t,T) E 0., U(q(7) + Vez, D0 (z, 1) — 1 0.,U(q(7),7) Oz, T)}

\/E
(49)
and
¢O,ej (ZL‘, t) _ P(t, 0),¢)0,€j (ZL‘, 0) + /t dr P(t, 7‘) [¢ej70(;p, T)] . (50)
0
Then, by recalling that P(t,7) is L?>-norm preserving, we find
¢ 1
Hwej,o(t)HLQ < Hwej’o(o)HLQ _|_/ dr ||— 8mj%(x,r)¢0,o(T) +
0 3 .2
v [ar||(Fosvatn+ v - Zouen) v
(51)

and

”¢O,ej(t)”L2 < H¢O,Q]’(0)HL2 +/0 dr HweﬁO(T)HLQ. (52)
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Now, taking into account the terms involving U in (B1)), we get

1 1
= 05,Ula(r) + V. 7) = 20, U(a(7). 7) =

1 1
%821'U(27 T)|z:q(r)+\/§x - 75

8ZjU(Z, T)|Z:q(7-) =

= [02J.U(z,r)|zzq(t)+\/3x] z;, for some ¢ € (0,¢), (53)
therefore

L2

H <§ O, Ulal(r) + Ve, 7) = — 9:,U(q(7), T)> (1)

NG

= [22 U Dcgiryivaa] 70|,

<
2

- H [3§jU(Z,7)|Z:q(TH\/§x] 0 (7_)’

(54)

< sup U, 7)]| o [ ()] 2
T7€[0,t]

On the other side, with regard to the term involving V. in (F]]), we have

1
—833‘/; )
’5 Ve(z,7)

_ ' / A0 0r, 20Vl — )0, )P

< /d <b’(f5€_ nl)

where L is the global Lipschitz constant of ¢’ (i.e., the L>®-norm of ¢") that is known to be
finite since ¢ € CZ(RY). Then, by (FJ) we get that

W%, P <L [ dnle =l 07, (55)

2

H éaxjv;(a;, )0 (1)

< I / da / dnle — nl[¢*°(n, 7)? / dflz — [0, 7) P10, 7)

L2
2
< 22 [Pl e P + 32 ([ nllo* . 7)lan) <
< L] |2 ()72 + 22| 2™ (7)1, (56)
where we made use of the fact that [|[¢%°(7)||z2 = [|0*°(0)||z2 = ||ao||z2 = 1, for any time 7.
At this point we observe that || [z[¢"°(7)||2. = || |z]a(T)||3. = > [|¥%4(7)|[3.. So that, we

J
have just proven that there exists a constant C' > 0 depending only on the L*-norm of the
second derivative of ¢, such that

H 0, Ve(z, )20 (r

\/Z [0 (T)[72 = 1™ (7] 22 (57)
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Now, by using (b4)) and (B7) in (E]), we obtain that

s Ol < 50O+ C f el (@)laa +C [dr (e, (58)

where C' is not the same constant of formula (f7) - we denoted it by the same symbol just for
the sake of simplicity - since here it is depending on ¢, as previously, but even on U (through
the L>-norm of its second derivative, according to (54)).

Now after (B4), summing over j = 1,...,d in equations (b§) and (b3) and then adding them,
we get

— — ¢ —
II‘I’(t)|Ix1SII‘I’(0)||X1+bed7||‘1’(7)||x1- (59)
The conclusion follows by applying the Gronwall lemma, i.e.
e —
1V (0)]x, < [[W(0)]]x,e“" < Mye®, (60)
where M; has been defined in ().

For m > 2, the previous inductive step from m = 1 applies almost verbatim: first, by
virtue of the Duhamel formula, we write the solution of equation (ffd) by using the propagator
P(t,7) associated with the time evolution on the left-hand side. Then, by using the L?-control
on P(t,7), it only remains to show that the “source terms” appearing on the right-hand side

of (i) are suitably uniformly bounded in terms of |[¢)*F||.2 or ||V ||y, . The way to do that
is by using |[)5|| 12, |A| + |B|] < m as constants now.
For example, let us look at the term involving the potential V. on the right-hand side of

(), ie.
—ZH@FWWW“: ZH@MW)WM+

0<i<A k=1 0<I<A k=1
|A—1]=1
1 (A
2 I[(J)%“WxawWﬁ@¢><m>
0<I<A k=1
|[A—1|>1

The estimation for any of the terms in the last sum reads as:

10570 [ 2o(vel —n)[¥°(n, 1) Pdn "5 (2, )| [7. <

< (2F2 )00 @1e=) 1|l - 0000, Odn w5 (D) <

< 2D|| Inle™ @) 2l F @) 2] [ F @)]]z2 + DI I @)l [P O[22 + DI |z P (@)]]72 =

= 2D[[* (O 2 [ F (O[22 || )] [22 + DI @12 [0 P (B)]]72 + D\W’B+1(t)\\<ia,>
62
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where D is a constant only depending on ||¢*~Y(z)||z~ (that is finite under our assumptions
since A — [ < m). Furthermore, it is clear that, by construction, we are guaranteed that the

exponent W for € is non negative.
On the other side, the estimate for any of the terms in the first sum on the right-hand side of

(E7) is given by
1027 [ co(Velz = nD)[¢*°(n, t)Pdn v'F (x, 1)]|7. <

< LI =l (n, )Pdn 4 (2, 1)]|7. <
< 2L|| [l Ol [ E @) g2l 2" (O[22 + LI In[¢* @)l (OI]F2 + LI 2l (B)]]72 =
= 2L|[W™ O 2 [P O[Oz + LI O F OF2 + LI P (0],

(63)
where L is the global Lipshitz constant of ¢’ (see (BH)), which is guaranteed to be finite since
¢ € C"(RY), with m > 2.

Now, by virtue of the estimate we proved for m = 1 (see (£9)), from (£2) and (£3) we find
that

10270 [ 2o (el = nD) ¢ (n, 1) Pdn "5 (2, )| [7: <
< KMy [QM P () 2|[0M P (1) 22 + KMy e[ P ()72 + K[ (@)][22,

where K = maxz{D, L} and and we recall that |[|+|B| < |A|—1+|B| < m—1and |[|+|B|+1 <
|A| =1+ |B] + 1 <m. Thus:

1021 f L6(/2le — nDI® (. 1) Py B, D)2 < K(Mue® + 1)[[T (1), (65)

Concerning the terms involving the potential U on the right-hand side of (@), the idea is
quite similar. In fact, we observe that

LSS T ()0 glt) + e 9P, £) -

(64)

O<i<A k=1
d
2= 2 T ()L (VU(g(t), 1) - @) AP (e t) =
Oﬁ‘lif,kzl
= % Caun(UG) +VEr 094 ) = 0 (VUle),0)- ) 64~ .0)) + (66)
=1

d
+L 3 T (908U (a(t) + Ve, )hP (x, 1),
|(11<—lz<|éik:1
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where we made a discrete change of variable [ — A — [ in the first term of the left-hand side.
Now, with regard to first term of the right-hand side, the estimation that has to be used
is exactly the one we did in (F4), thus one finds, VI : |I| =1

Hgaxmq(t) T Ve () — %@g (VUG(0).0)-2) 0 20)| <

< sup U)o [0 D2 < 500 [P0 O] T D (o7

Now, for the last term in (B6) we have

[—2

<5 sup (|00 Dl ([ ()] 2 <

Hgaglmq@) + e a0

m -
< Sgplla( RUCOIPPHIEAG] [P (68)

where we used that A — [ < A<m,|[A—-I|—-2>0andl+B <A+ B <m.

Similar (simpler, in fact) estimates can be shown for the other terms on the right-hand

side of ([6).
U

Observation 4.3. [Propagation of moments and derivatives for ;(x)] f;(z) was defined in
equations (1), (I3). Under the assumptions of Lemma [[.3, reqularity estimates for [(z)
analogous to Lemma [[.3 for a(z,t) hold, i.e., for any t > 0

125028l < Cu(t) D 1270 aollr2, VA, Be N': |A|+|B| <m.

|A’|+[B'|<m

Remarks:

e The proof is in fact simpler with respect to the one of Lemma [£.3: it can be checked
easily that, due to the fact that we have to deal with harmonic potentials, the terms
that arise from the differentiation of the potentials turn to be exactly of the form x5, ()

%
(~ || Wps(t)||x, if we denote by wg"B(x, t) the quantities 2292 3;(x) and we define W 4(t)
consistently), i.e., precisely the kind of objects we want to recover to apply the Gronwall
Lemma (see the proof of Lemma [.9).

e As a consequence of Observation [L.3, by Assumptions [, P, | we are guaranteed that,
in particular, there exists a e-independent constant C' > 0 depending on the L*-norm
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of the second z-derivative of U(xz,t) and on |¢”(0)|, such that

[t < ([ dsloPlaol ) € <o, v

We remind that this is exactly what we need to make the proof of Theorem P.J] work
succesfully (see (P2)).

Observation 4.4. [Propagation of Moments and derivatives for b,(x)] Although apparently
bi(x) solves a nonlinear equation, it can be obtained as the solution of a linear Schrédinger
equation with an harmonic potential whose coefficients are determined by the L?>-norm of the
first moment of By(z), by ¢"(0) and V*U (see (B4) and Lemma F1).

Therefore, as a consequence of Observation [[.3, it follows that, as long as U € C! (R,?L, Cg”(Rﬁ))
and ¢"(0) is finite, we can get a result for by(x) e.g. analogous to Lemma [[.3 for a(x,t), i.e.

2P0, € L2, VA, Be N': |[A|+|B|<m Vt,
under the same assumption ({3) on the (common) initial datum ag(x).

Note that, in particular, by Assumptions [I|, B, § we are guaranteed that there exists a e-
independent constant C; > 0 depending on the L>-norm of the second z-derivative of U(z,t),
on |¢”(0)| and on time ¢ (but finite for any t), such that

/dx|x|2m|bt(x)|2 <Cy YV t, m<3. (69)

We observe that (£9), for m = 2, is exactly what we need to make the proof of Theorem P.J]
work succesfully (see (BY), (BY9) and (f0)).

5. HIGHER ORDER APPROXIMATIONS

On the basis of the above results, it seems natural to ask whether it is possible to go beyond
the y/e-approximation discussed previously (see ([[(J)) and to find higher order corrections al) (1)
to the amplitude a!” () := by () so that the right-hand side of ([[0) gets of size of any power of
€, as this is the case for the linear Schrodinger equation [[[1], [2]. Although we will not present
all the (tedious) details of the construction, we claim that one can determine a semiclassical
expansion

a; (1) = a{” () + vVEal (1) + e a® () + - + "0 () + .., (70)
with
a? (11) = dr0a0(1), (71)
such that

L

V(1) = OGS O(e).

t)p(t
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In order to determine the equations governing the evolution for each coefficient agk) (1) we need
to look at the expansion for the potential terms appearing in (B()). With regard to the nonlinear

part involving the pair interaction ¢, we get:

\/_‘M n‘g ///

L (otvEn—ah—00) = L Ma0) + o g0y 4 YA g
+ ---+W¢(’”(O)+... (72)

In Theorem .1 we were assuming ¢ € C3(R). Clearly, if we want to go to higher orders in
the approximation we need more smoothness on ¢ and on the external potential U. Therefore,
here and henceforth we assume:

¢ € C°(R), and ¢ even (73)

so that we have
|2n

(OBl = 1) - 6(0)) = PR 0) 4 R A

[

PP(O0) +... n>2 (74)

Observation 5.1. Assumption ([73) is actually too strong if one wants to deal with an approx-
imation up to a certain order k.

With regard to the linear terms in (B0) involving the external potential U, we get:

L(U(g() + vEm, 1) — Ula(t). 1) — VEVU a(t).1) - ) =

v? U(q( )5 ),M >4 (\/E)n—l VU (q(t),t) . IU/n + ...

n!

=< K,
where of course n > 3. Here we are using the notation
ou
viU - " = —_—— &, 75
u alzad R r (75)
S aj=n

Analogously to what we observed for the pair-interaction ¢, we need more smoothness for
U, so that here and henceforth we require:

U e CYR/,CP(RY)). (76)

Now, inserting ([(), ([4) and ([3) in (BJ) we readily arrive to a sequence of problems for
the coefficients agk) (1) of the expansion ([(). For £ = 0 we obviously find:

< 0, + 7 + ¢”2( ) Yot U(g(t)’t)n >) at” (1) = 0,

/ dnl — n2la® )P+ < u -

ay (n) = ag(p),
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namely, the initial value problem that we had for b;(x) in the previous sections (see ([4])). Then,
for k =1, we find:

( ( 0 + 7 + (b,/( ) /dn = 0@ ()Pt < p, LD D) U%(t)’t)u >) a (p) =
= 5 (f e 2R el ) )+ TR e,
ag” (1) = 0.

This is a linear initial value problem where the left-hand side is known to have a unique well-
defined L?-propagator P (t) due to the existence and uniqueness in L? of the solution ago)(u)
of the zero-order initial value problem ([7) and to the L2-control on its first moment (see

Observation .4 and (B9)). Then, it is easy to see that, writing the solution agl)(,u) through
the Duhamel formula (with “leading” propagator P()(t)), the well-posedeness in L? for (F§) is

guaranteed by the L?-control on the source term m -l a(o) (1) (which is achieved thanks

to the smoothness of U and to the L?-control on the third moment of a!” (1) - see (Fg)) and
by the following estimate:

1752 ([ dnlu = 2ria el ) 00|
(¢" ) /du/dm,u n[2a ()a ()/dn’m—n’|26§°)<n’)a§”<n’>\a§°)<u)\2+

(W ) / d / dilp—n*a” (n)a;" (n) / i lp = Pai” (g (') | () <
()

2

<C(0)

L2
Here C' 0 > 0 is a constant that only depends on the moments of at (,u) up to order 3,

dependmg on the potentials U (trought the L>-norm of its second derivative) and ¢ (through
the quantity |¢”(0)|) and on the initial derivatives and moments of a\” (11) up to the order 3 (see
Observation [[.4), that, as in the previous sections, we assume to be finite. By virtue of ([(9)
and the L?-control on the term involving U in ([/§), the Duhamel formula and the Gronwall
lemma allow to conclude that

ol € LX(RY), Vt. (80)
Moreover, following the same lines of the proofs presented and discussed in the previous sections
(see Lemma [L.9, Observation .4 and subsequent remarks), it can be easily checked that by
assuming enough regularity for the (zero-order) “full” initial datum aéo) (1) = ap(p), in such
a way that we control in L? a sufficiently high number of moments and derivatives, we can

control the derivatives and moments of agl)(u) up to any fixed order m, i.e:

2PotalY € LX(RY, Vi, V A BeN:|A|+|B|<m. (81)
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This will be crucial to go on with the higher orders dynamics because, for example, the equation

for the second coefficient a?)(u) is

(104 52+ L0 [anpu— ol <, TELDD, ) o2 =
-5 (/ dn | = 2R(@” (n)a;” (n)]) o )+ LD o 0,

+ 220 ([ anli =t @) o+ 2 ([ anla— il @) o)+

(b,/z(O ([ anlo— 2R el ) f? o+ TPl o,

) =0,

(82)
So, again, as for the case k = 1, we obtained a linear initial value problem where the propagator
associated with the left-hand side is P(¥)(¢), that is known to be uniquely well-defined in L2

Then, as before, the solution a?) (1) can be written through the Duhamel formula, applying the

propagator PO (t) to the term £ (0 (f dn |p — 77|22§R[ ( )a 9(7))]) al” () and to the various

source terms in (BJ). The term which is linear in a{” () is estimated as in ([9) while the source

terms are controlled in L? by virtue of the control on moments and derivatives of aio) (1) and

agl)(u). In the end, by using the Gronwall lemma, we get

al? € L*(RY), Vt. (83)

and, moreover, by assuming a sufficiently high number of moments and derivatives of the (zero-

(0) (

order) “full” initial datum ay” (1) = ao(p) to be controlled in L? we can control as well the

derivatives and moments of a,§2) (1) up to any fixed order m, i.e:

2Po4a® e IXRY, Vi, V A BeN:|A+|Bl <m. (84)

At this point it is clear how to proceed in general. The equation for aﬁk)(u) is a linear

Schrodinger equation with a source term involving the coefficients al(f") (1) with n < k, which
have been estimated by the previous steps. The L?-control of al(fk) (p) follows by the L2-control
on a sufficiently high number of moments and derivatives of a{ (1) with n < k.
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