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Three zones

Three zones

η S η H x y
The asymptotic assumptions:

ε η H (ε) λ, ε η S (ε) λ. ε → 0 η(ε) → 0 η(ε)/ε → +∞
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Three zones

x y

Far field

The asymptotic assumptions:

ε η H (ε) λ, ε η S (ε) λ. ε → 0 η(ε) → 0 η(ε)/ε → +∞
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Three zones

x y

Near field

The asymptotic assumptions:

ε η H (ε) λ, ε η S (ε) λ. ε → 0 η(ε) → 0 η(ε)/ε → +∞
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Three zones

x y

Slot field

The asymptotic assumptions:

ε η H (ε) λ, ε η S (ε) λ. ε → 0 η(ε) → 0 η(ε)/ε → +∞
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Three zones

x y

Far and near

The asymptotic assumptions:

ε η H (ε) λ, ε η S (ε) λ. ε → 0 η(ε) → 0 η(ε)/ε → +∞
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Three zones

x y

Slot and near

The asymptotic assumptions:

ε η H (ε) λ, ε η S (ε) λ. ε → 0 η(ε) → 0 Far field Asymptotic context: ε η H λ. (x, y) η H
No normalization:

X = x, Y = y.

Far field

Asymptotic context:

ε η H λ. (x, y) η H ε → 0 (x, y) Ω A
No normalization:

X = x, Y = y.

Far field

Asymptotic context:

ε η H λ. (x, y) η H ε → 0 (x, y) Ω A u ε = u 0 + +∞ i=1 i-1 k=0 ε i (log ε) k u k i + o(ε ∞ ), in Ω.

Far field

Asymptotic context:

ε η H λ. (x, y) η H ε → 0 (x, y) Ω A
where the u k i satisfy the homogeneous Helmholtz equation

∆u k i + ω 2 u k i = 0.
Slot field

u ε (x, y) = U ε (x, y ε )
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Slot field

ε η S x y
The asymptotic context: ε η S λ.

The normalization:

X = x, Y = y ε Slot field ε η S x y scaling 1 ¡ η S x Y
The asymptotic context: ε η S λ.

The normalization:

X = x, Y = y ε
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Slot field

ε η S x y scaling 1 ¡ η S x Y ε → 0 1 x Y
The asymptotic context: ε η S λ.

The normalization:

X = x, Y = y ε
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Slot field

ε η S x y scaling 1 ¡ η S x Y ε → 0 1 x Y u ε (x, Y ε) = U ε (x, Y ) = +∞ i=0 i k=0 ε i (log ε) k U k i (x, Y ) + o(ε ∞ ),
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Slot field

ε η S x y scaling 1 ¡ η S x Y ε → 0 1 x Y
where the U k i satisfy the 1D Helmholtz equation:

d 2 U k i dx 2 + ω 2 U k i = 0
Near field

u ε (x, y) = u ε p ( x ε , y ε )
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Near field

The Asymptotic context:

ε η H λ, ε η S λ.
The normalization:

X = x ε , Y = y ε
Near field

(x, y) ε η S η H The Asymptotic context: ε η H λ, ε η S λ.
The normalization:

X = x ε , Y = y ε
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Near field

(x, y) ε η S η H 1 η H ε η S ε 1 (X, Y ) scaling The Asymptotic context: ε η H λ, ε η S λ.
The normalization:

X = x ε , Y = y ε
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Near field

(x, y) ε η S η H 1 η H ε η S ε 1 (X, Y ) scaling ε → 0 (X, Y ) B 1 The Asymptotic context: ε η H λ, ε η S λ.
The normalization:

X = x ε , Y = y ε
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Near field

(x, y) ε η S η H 1 η H ε η S ε 1 (X, Y ) scaling ε → 0 (X, Y ) B 1 u ε (εX, εY ) = u ε p (X, Y ) = +∞ i=0 i k=0 ε i (log ε) k (u p ) k i (X, Y ) + o(ε ∞ ) Near field (x, y) ε η S η H 1 η H ε η S ε 1 (X, Y ) scaling ε → 0 (X, Y ) B 1
where the (u p ) k i satisfy the (in)-homogeneous Laplace equation.

   ∆(u p ) k i = 0, if i = k or k + 1, ∆(u p ) k i = -ω 2 (u p ) k i-2 , else.
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Order 0 : u 0 , (u p ) 0 0 , U 0 0

A Far field:                Find u 0 ∈ H 1 loc (Ω) such that : -∆u 0 -ω 2 u 0 = f, in Ω, ∂u 0 ∂n = 0, on ∂Ω, u 0 is outgoing.
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Order 0 : u 0 , (u p ) 0 0 , U 0 0

B 1
Near field:

(u p ) 0 0 (X, Y ) = u 0 (A), in B 1 .
Order 0 : u 0 , (u p ) 0 0 , U 0 0

O 1 Slot field: U 0 0 (x, Y ) = u 0 (A) exp(iω x), in O 1 .
Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 A r θ
Approximation of the exact Solution:

u ε u 0 + ε u 0 1
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Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 A r θ explicit form of u 0 1 u 0 1 (r, θ) = - ω 2 u 0 (A) H
(1) 0 (ωr).
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Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 X Y B 1 ρ θ
Approximation of the exact solution:

   u ε (εX, εY ) = u ε p (X, Y ), u ε p (u p ) 0 0 + ε (u p ) 0 1 + ε log ε (u p ) 1 1 .
Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 X Y B 1 ρ θ
Near field:

Find (u p ) 0 1 ∈ H 1 loc (B 1 ) such that:      ∆(u p ) 0 1 = 0, in B 1 ∂(u p ) 0 1 ∂n = 0, on ∂B 1 .
Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 X Y B 1 ρ θ
Behavior at infinity in the half-space:

(u p ) 0 1 (ρ, θ) - ∂u 0 ∂y (A) ρ cos θ + ω 2 u 0 (A) 1 + 2i π log ρ + γ = O( 1 ρ ).
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Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 X Y B 1 ρ θ
Behavior at infinity in the half-space:

(u p ) 0 1 (ρ, θ) - ∂u 0 ∂y (A) ρ cos θ + ω 2 u 0 (A) 1 + 2i π log ρ + γ = O( 1 ρ ).
Behavior at infity in the slot:

(u p ) 0 1 (X, Y ) -i ω u 0 (A) X = O(1).
Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 X Y B 1 ρ θ (u p ) 1 1 = - iω π u 0 (A)
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Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 O 1 x
Approximation of the exact solution:

   u ε (x, εY ) = U ε (x, Y ), U ε U 0 0 + ε U 0 1 + ε log ε U 1 1 .
Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 O 1
x

The slot field:

U 0 1 (x) = 1 0 U 0 1 (0, Y ) dY exp (iωx),
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Order 1 :

u 0 1 , (u p ) 0 1 , (u p ) 1 1 , U 0 1 , U 1 1 O 1
x

The slot field:

U 1 1 (x) = - iω π
ependance diagram of the asymp. terms

¡ ¢ £ ¤ ¥ ¦ § ¨© 4 3 2 1 0 i = 0 1 2 3 4 k= ε i log k ε Any point corresponds to the 3 functions (u k i , (u p ) k i , U k i ).
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¡ ¢ £ ¤ ¥ ¦ § ¨© 4 3 2 1 0 i = 0 1 2 3 4 k= ε i log k ε Any point corresponds to the 3 functions (u k i , (u p ) k i , U k i ).
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Natural scheduling of the computations

¡ ¢ £ ¤ ¥ ¦ § ¨© 4 3 2 1 0 i = 0 1 2 3 4 k= ε i log k ε Any point corresponds to the three functions (u k i , (u p ) k i , U k i ).
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Devirvate the terms of the as. exp.

We search for solutions of the form:

i∈Z k∈Z ε i (log ε) k u k i (far field) i∈Z k∈Z ε i (log ε) k (u p ) k i (near field) i∈Z k∈Z ε i (log ε) k U k i (slot field)
Matching of asymptotic expansions for the wave propagation in media with thin slot -p.32/38

Devirvate the terms of the as. exp.

We search for solutions of the form:

i∈Z k∈Z ε i (log ε) k u k i (far field) i∈Z k∈Z ε i (log ε) k (u p ) k i (near field) i∈Z k∈Z ε i (log ε) k U k i (slot field)
We inject the equations (Helmholtz, Neumann)
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Devirvate the terms of the as. exp.

We search for solutions of the form:

i∈Z k∈Z ε i (log ε) k u k i (far field) i∈Z k∈Z ε i (log ε) k (u p ) k i (near field) i∈Z k∈Z ε i (log ε) k U k i (slot field)
We inject the equations (Helmholtz, Neumann)

We obtain the coupling conditions: (the difficulty)
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Far-Near coupling

λ η H ε η H
In a thick zone:

ε η H λ.
We write the coupling condition:

u ε (η H , θ) = (u p ) ε ( η H ε , θ). +∞ i∈Z k∈Z ε i (log ε) k u k i (η H , θ) i∈Z k∈Z ε i (log ε) k (u p ) k i ( η H ε , θ) η H → 0 η H ε → +∞
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Far-Near coupling i∈Z k∈Z

ε i (log ε) k u k i (η H , θ) i∈Z k∈Z ε i (log ε) k (u p ) k i ( η H ε , θ) η H → 0 η H ε → +∞
We expand the left serie according to η H near 0

The right serie according to η H /ε tending ot infinity

Mathematical analysis

Ω R,R R R u ε -u 0 - n i=1 i-1 k=0 ε i (log ε) k u k i H 1 (Ω R,R ) ≤ C ε n+1 (log ε) n f L 2 (Ω) .
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Mathematical analysis

Ω R,R R R B L,L 1 L L u ε -u 0 - n i=1 i-1 k=0 ε i (log ε) k u k i H 1 (Ω R,R ) ≤ C ε n+1 (log ε) n f L 2 (Ω) . u ε p - n i=0 i k=0 ε i (log ε) k (u p ) k i H 1 (B L,L 1 ) ≤ C ε n+1 (log ε) n+1 f L 2 (Ω) .
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Mathematical analysis

Ω R,R R R B L,L 1 L L l l O l,l 1 u ε -u 0 - n i=1 i-1 k=0 ε i (log ε) k u k i H 1 (Ω R,R ) ≤ C ε n+1 (log ε) n f L 2 (Ω) . u ε p - n i=0 i k=0 ε i (log ε) k (u p ) k i H 1 (B L,L 1 ) ≤ C ε n+1 (log ε) n+1 f L 2 (Ω) . U ε - n i=0 i k=0 ε i (log ε) k U k i H 1 (O l,l 1 ) ≤ C ε n+1 (log ε) n+1 f L 2 (Ω) .
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Idea of the proof

We want to define an approximation u ε n of the exact solution which coincide with: the truncated expansion of the far field away from the slot in the half space. 

Idea of the proof

Global error estimates

     u ε -u ε n H 1 (Ω R,δ ε ) C η H (ε) n + ε η H (ε) n + C η S (ε) n + ε η S (ε) n . δ R
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Idea of the proof

Global error estimate

     u ε -u ε n H 1 (Ω R,δ ε ) C η H (ε) n + ε η H (ε) n + C η S (ε) n + ε η S (ε) n .
One can choose η H (ε) and η S (ε) to optimize this relation

η H (ε) = η S (ε) = √ ε
This leads to

u ε -u ε n H 1 (Ω R,δ ε ) C ε n 2
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Idea of the proof

u ε -u ε n H 1 (Ω R,δ ε ) C ε n 2 δ R
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  expansions for the wave propagation in media with thin slot -p.11/38
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Comparison with the multi-scale technique

The 3D Maxwell equation Matching of asymptotic expansions for the wave propagation in media with thin slot -p.38/38
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The near fields of order i > 1

Y ) are defined in the canonical domain: by Laplace equation: by polynomial growings at infinity: The growings in the half space are functions of far field of lower (or equal) order The growings in the slot are functions of the slot fields of lower order Matching of asymptotic expansions for the wave propagation in media with thin slot -p.27/38

The near fields of order i > 1

The (u p ) k i (X, Y ) are defined in the canonical domain:

Proof of the existence-unicity: with truncature functions, we subtract the growing behavior at infinity of the (u p ) k i We use the "classical" variational theory (wheighted Sobolev spaces, Leroux, Hardy,...)
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Some properties

We see that:

i is singular at the origin:
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The far fiel of order i > 1

The field u k i are defined in the half space:

p (ωr) cos pθ
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The far fiel of order i > 1

The field u k i are defined in the half space:

p (ωr) cos pθ
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The far fiel of order i > 1

The field u k i are defined in the half space:

p (ωr) cos pθ

The a p are functions of lower order terms
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The far fiel of order i > 1

The field u k i are defined in the half space:

The a p are functions of lower order terms
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The far fiel of order i > 1

The field u k i are defined in the half space:

The a p are functions of lower order terms
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The near fields of order i > 1

The (u p ) k i (X, Y ) are defined in the canonical domain:
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The near fields of order i > 1

The (u p ) k i (X, Y ) are defined in the canonical domain:

by Laplace equation:

The slot field of order i > 1

The U k i are defined on the canonical domain:

O 1

x
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The slot field of order i > 1

The U k i are defined on the canonical domain:

The U k i does not depend on y.
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The slot field of order i > 1

The U k i are defined on the canonical domain:

The U k i does not depend on y.
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Some properties

We see that:

More ik is large more u k i is singular at the origin:
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Some properties

We see that:

More ik is large more u k i is singular at the origin:

When the order i grows, one has O( i 2 2 ) (×3) terms to compute...

Idea of the proof

We want to define an approximation u ε n of the exact solution which coincide with:

The truncated expansion of the near field in the neighbourhood of the end of the slot
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Idea of the proof

We want to define an approximation u ε n of the exact solution which coincide with: the truncated expansion of the slot field far away in the slot
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Idea of the proof

Introduce a partition of unity
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Idea of the proof

The error equation: 

Idea of the proof

The error equation e

(δ H-N ) ε n is related to the matching error between the far field ans the near field 

Idea of the proof

The error equation e

e ε n is outgoing.

(δ S-N ) ε n is related to the matching error between the slot field and the near champ 

Idea of the proof

The error equation: Idea of the proof
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Idea of the proof

In the far field zone:
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Idea of the proof

In the far field zone:
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Idea of the proof

In the far field zone:

One can conclude using the triangular inequality.
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Mathematical analysis

Matching of asymptotic expansions for the wave propagation in media with thin slot -p.37/38 Perspectives 1. Mathematical analysis of the finite slot (resonance phenomena)

x y

The difficulty: the stability result.
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