N

N

Matching of Asymptotic Expansions for a 2-D eigenvalue
problem with two cavities linked by a narrow hole
Abderrahmane Bendali, Abdelkader Tizaoui, Sébastien Tordeux, Jean-Paul
Vila

» To cite this version:

Abderrahmane Bendali, Abdelkader Tizaoui, Sébastien Tordeux, Jean-Paul Vila. Matching of Asymp-
totic Expansions for a 2-D eigenvalue problem with two cavities linked by a narrow hole. [Research
Report] 2009, pp.78. inria-00527776

HAL 1d: inria-00527776
https://inria.hal.science/inria-00527776v1
Submitted on 20 Oct 2010

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00527776v1
https://hal.archives-ouvertes.fr

Eidgendssische Ecole polytechnique fédérale de Zurich
Technische Hochschule Politecnico federale di Zurigo
Ziirich Swiss Federal Institute of Technology Zurich

Matching of Asymptotic Expansions for a
2-D eigenvalue problem with two cavities
linked by a narrow hole

A. Bendali*, A. Tizaoui*, S. Tordeux® and J. P. Vila*

Research Report No. 2009-17
April 2009

Seminar fiir Angewandte Mathematik
Eidgenossische Technische Hochschule
CH-8092 Ziirich

Switzerland

*Institut de Mathématique de Toulouse, UMR CNRS 5219, INSA-Toulouse, 135 avenue
de Rangueil, 31077 Toulouse, France



SSopt,

“54INSR 2D I
Lo Z ﬁ-l 2
%

Matching of Asymptotic Expansions

for a 2-D eigenvalue problem with
two cavities linked by a narrow hole

A. Bendali, A. Tizaoui, S. Tordeux and J. P. Vila

Institut de Mathématique de Toulouse, UMR CNRS 5219,
INSA-Toulouse, 135 avenue de Rangueil, 31077 Toulouse, France.

Corresponding Author. { atizaoui, stordeux}@insa-toulouse.fr.



Abstract

One question of interest in an industrial conception of air planes motors is the
study of the deviation of the acoustic resonance frequencies of a cavity which is
linked to another one through a narrow hole. These frequencies have a direct im-
pact on the stability of the combustion in one of these two cavities. In this work,
we aim is analyzing the eigenvalue problem for the Laplace operator with Dirichlet
boundary conditions. Using the Matched Asymptotic Expansions technique, we
derive the asymptotic expansion of this eigenmodes. Then, these results are val-
idated through error estimates. Finally, we show how we can design a numerical
method to compute the eigenvalues of this problem. The results are compared
with direct computations.

Mathematics Subject Classification. 34E05, 35J05, 656M60, 78M30, 78M35.

Keywords. Helmholtz Equation, Matched Asymptotic Expansions, Eigenvalue
problem, High Order Finite Elements.
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Chapter 1

Introduction and Motivation

1.1 The scientific context

In a turbo engine, the temperature of the combustion chamber can reach 2000
Kelvin. In order to protect the structure, small holes are perforated throw the wall
linking the combustion chamber to the casing and fresh air is injected.

These small holes perturb the acoustic resonance frequencies and modes of the
combustion chamber. This have often a negative impact on the combustion but
a positive impact on the noise generated by the engine. The new environmental
standard imposes a precise study of the effects of these small holes.

Unfortunately, a direct numerical approach is nowadays technically not feasi-
ble due to two main reasons.

e A fine mesh (in space and time due to the CFL condition) is compulsorily
due to the small characteristic length of the holes.

e The mesh generation of a perforated structure is a hard job. This is mostly
the case when the holes are numerous.

This report is a part of the ANR APam which aims in providing an efficient
numerical method to take into account these small holes. The desired method
should fulfill the following conditions

e mesh refinement is not required in the neighborhood of the slot.

e it must only involve quantities that can be easily computed.

Two natural approaches can be envisaged. The first one consists in replacing
the effect of the wall by an equivalent transmission condition based on a surface
homogenization technique, see for example [25] or [7]. The second approach con-
sists in replacing each hole by equivalent source which intensity is derived by a
multiscale analysis.



The experiments of physicist (see for example [14] and [22]) does not give a
clear answer to which approach has to be considered. We have decided to approach
this question with the equivalent sources point of view.

Moreover, the physical problem is really to complicated to be considered at
this point. In the context of a 2-D toy model, we show that the so called technique
of Matching of Asymptotic Expansions (see for example [30], [15] and [11]) permits
to derive such an efficient method which can be interpreted as an equivalent point
source model.

To end this bibliography, we point out that the results of this report are very
close from the results of [13], where the asymptotic expansions of scattering poles
are obtained for a similar problem. Moreover, the problem of a wall perforated by
a small iris has been widely studied in the literature both from the theoretical and
numerical point of view, see [23, 26, 29| for example.

We also mention that this problem presents a lot of similarities with the
Dumbbell problem also called Helmholtz resonator (the eigenvalue problem of two
cavities linked by a thin slot of length O(1)), see [1, 9, 4, 2, 8, 16].

To our Knowlege this report constitutes the first attempt to derive a numerical
method for computing the derivation by a small hole of the eigenvalues of the
Dirichlet-Laplacian.

1.2 The toy model: A 2D eigenvalue problem

Let Q;,; and Q¢ be two open subsets of R? with
Qint N Qege =0 and  Ja>0: ({O}x] —a; a[) € 0Qint N Oyt (1.1)

For 6§ < a, we consider the domain Q° consisting of .y and €, linked by a slit

of width ¢

o 90
Q(S = Qint U Qe:}:t U ({O}X] — 5, 5[) C Rz (12)
which tends when 6 — 0 to
Q= Qint U Qe:}:t C R2. (13)

In these domains we consider the eigenvalue problems

Find v’ € Q% — R and A’ € R satisfying
—Au’(z,y) = Mu(x,y) in Q°, (1.4)
u®(z,y) =0 on 9°,

4
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Figure 1.1: Geometry of the domain of propagation.

Find u € 2 — R and \ € R satisfying
—Au(z,y) = Au(z,y) in Q, (1.5)
u(z,y) = 0 on 0L,

that defines discreet sets of eigenmodes

o (u®, \°),>o which can be chosen to be a bi-orthogonal basis of L?(2%) and
H'(9%) and to satisfy

M <A <. and  lim A = 4oo0. (1.6)

n—-4o0o

® (U, \y)n>0 which can be chosen to be a bi-orthogonal basis of L*(2) and of
H'(Q) and to satisfy

Ao <A <.. and lim A, = +o0. (1.7)

n—-4oo

Some natural questions arise:
e Does the eigenvalue \° converge to \,?
e s it possible to obtain an asymptotic expansion of \°?

e With this asymptotic expansion, is it possible to derive a numerical method
to compute an approximation of \°, with small computation cost?

For all this report and for the simplicity of a theoretical analysis, we assume
that

The eigenvalues (\,),>0, defined by (1.5), are simple (A, =\, = p=n)
(1.8)
In the continuation we aim in proving the following Theorem which give a
clear answer to these questions.



Theorem 1 Let n be a strictly positive integer. Under the hypothesis (1.8), the
eigenvalue \° can be expanded as follows

T
if up, =0 in Qe then Xfl =\, — lwﬁ + o (6%,
16 HunHLQ(Q 5—0
(1.9)
if u, =0 in Qi then )\5 =\, — —M52 + o (67).
16 ||un||L2(Q 6—0

Remark 1 The condition (1.8) is to our opinion not central and is mostly consid-
ered for convenience to avoid resonance phenomena between two close eigenvalues
of the Dirichlet-Laplacian in Q°.

Remark 2 The condition (1.8) implies that all the eigenvectors of the Dirichlet-
Laplacian of Q are eigenvectors of the Dirichlet-Laplacian of either Q;n: or of Qe
Consequently every eigenvector u,, satisfies

Up = 0 0 Qipe o1 10 Qs (1.10)

Remark 3 When 0 is small, the formula (1.9) provides a way to compute an
approzimation of the eigenvalue N> involving only the computation of the eigen-
modes of the Dirichlet-Laplacian in $2. This implies that, for small 6 > 0, no mesh
refinement is required to obtain a good approximation of the eigenvalues of Q°.

1.3 Matching of asymptotic expansions

The second order asymptotic expansion of \°
A= A0 0L+ 62N2 + 0(6%) (1.11)

is sought in parallel to the second order asymptotic expansion of the eigenvector
5
us.
The toy model involving multiple scales (the length of the cavity O(1) and
the width of the slot O(d)), we look for two asymptotic expansions of u®. The first
one is expressed with the unscaled variable x and called the far-field expansion.
The second one is the near-field expansion and is written with the scaling X = x/0
W) = a0+ Suplx) + 6% x) + o), -

w(6X) = TI%(X) = H5(X) + SIIL(X) + 62112(X) + o(5?). '

The far-field expansion approximates u’ in a domain excluding a small neighbor-
hood of the hole. The near-field expansion, can be used to approximate u° in a
small neighborhood of the hole.



Both being two approximations of the same function u$, they have to match
in some intermediate zone. More precisely, the terms of the asymptotic expansions
u! and IT, match through common spatial behaviors.

This approach, often called Matching of Asymptotic Expansions (MAE), have
been widely studied and is now rather well understood, see [30, 15] and references
therein (it is impossible to give a complete bibliography). This technique is very of-
ten considered as formal but can become rigorous if one can obtain error estimates
validating these expansions, see [17, 18, 27, 28].

1.4 Content

This report is organized as follows.

The Chapter 2 is devoted to the derivation of the second order asymptotic
expansion of the eigenvalue and eigenvector. After having derived problems solved
by ul, IT¢,, X, for 0 < i < 2 with formal computations, we show that these problems
are well-posed.

In Chapter 3, we validate this formal asymptotic expansion by obtaining
an error estimate, see Theorem 3 (one can note that Theorem 1 is one of its
corollary). The proof is based on a quasi-mode technique and on the classical min-
max theorem and require the third order asymptotic expansion, see Appendix
A.

The Chapter 4 is devoted to numerical simulations. The A\’ computed with a
high order finite elements method, are compare with \,, +§?A\? We observe a good
agreement with theory.



Chapter 2

The second order asymptotic
expansion: Leading equations

In this chapter we explain how one can get the second order asymptotic ex-
pansion of an eigenvalue \° defined by problem (1.4)

A= A0+ 5L+ 8202+ o (6%). (2.1)
6—0

This derivation is mostly formal and will be carried out in parallel to the derivation
of the second order asymptotic expansion of the eigenfunction u°.

The toy model (1.4) involving two characteristic lengths of different magnitude
(the length of the cavity L and the size of the hole § << L) it is necessary to use
multiple scalings to obtain an asymptotic approximation of the eigenvector u’
uniformly valid. The first scaling corresponds to the x-variable and takes care of
the cavity phenomenon. The second scaling x/§ permits to describe the boundary
layer phenomenons which happen in the neighborhood of the slot.

This is the reason why we will look for the expansions of the two functions

§ = ul(x) and § — I1°(X) := u (6X)

() = () + b (x) + %2 (%) + o (8%), (22)

I1° (X) 1= u’ (6X) = T1%(X) + 0TI} (X) + 6°T12(X) + 5‘)0(52)' (2.3)
The derivation of the leading equations defining the terms of the asymptotic ex-
pansions (A’ u! II') is mostly formal, based on the Matching of Asymptotic Ex-

pansions technique. However, one can note that the terms of the asymptotic
expansions are at the end of the day defined by well-posed problems.

Remark 4 One can find without detail the third order asymptotic expansion in
Appendiz A.



2.1 The far-field expansion

In this section, we are looking for a second order asymptotic expansion of u’
in the non-scaled coordinate x. We seek this asymptotic expansion with the form
(2.2). The terms of the asymptotic expansions u!, (0 <7 < 2) will be

e defined in the far-field domain € which is the limit of ° when § — 0, (see
Fig.2.1).

0—0
%)

Qo Q

Figure 2.1: The far-field domain

e independent of 4.
They are solutions of the following problems

Find u? : © — R and \? € R such that

Aul + X2 =0, in Q, (2.4)
ud =0, on 09 \ {0}.
Find u! : Q@ — R and A} € R such that
Aul + Nyl = —=ALu? in Q, (2.5)
ul =0, on 02\ {0}.
Find v2 : Q — R and A\? € R such that
Au? + X0u2 = =220 — Ayl in Q (2.6)
u? =0, on 02\ {0}.

Obtention of the equations (2.4), (2.5) and (2.6): We use the classical route
to obtain these equations. Inserting the Ansatz (2.1) and (2.2) in the equations
(1.4) satisfied by u® and X\° leads to

(A + (A 4 6A) 4+ 6202 + 500(52)> (ud + du, + 0%u2 + 500(52)) =0, inQ, (2.7)



or equivalently to
(Aug + )\gu2> + 5<Aui + A0+ )\}Lug)
+ 02 (Au2 + A2 + Aul + A200) + 0 (%) =0, InQ (28)
Now, we consider x € 9\ {0}. For § small enough, x € 9Q° and so we have
u’ (x) = 0. (2.9)
Inserting the Ansatz, we obtain
(ug +oul 4 622 + 0(52)) (x) = 0. (2.10)
The identification order by order leads to
ud =0, wu,=0, ui=0, ondN\{0}. (2.11)

This clearly leads to the result.

2.2 The near-field expansion

We introduce the scaling X = %, and Y = %, see Fig.2.2, and consider the
function I1° defined by
I°(X,Y) = u (6X,6Y). (2.12)

We are seeking a second order asymptotic expansion of II° with the form (2.3)
I(X,Y)=1%X,Y) + 0 HL(X,Y) + 0? TI2(X, Y) + o(6%). (2.13)
These functions will

e be defined on the near-field domain @, see Fig. 2.2,

~ 1 1
Q:=R?\ ({o} x (] = oo, —§[u], §,+oo[)) : (2.14)
which is the limit, when ¢ tends to zero, of
/5 = {(X, Y)eR? : (6X,6Y) € 95}, (2.15)

e independent of 4.
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Figure 2.2: The near-field domain.

They are solutions of the following problems

(

Find T1° : Q — R such that
—ATI? =0, inQ, (2.16)
2 =0, on 0f).

Find 1! : O — R such that
CAIL =0, inQ, (2.17)
Il =0, on 0f).

Find I12 : Q — R such that

—AI = \°T1°, in O, (2.18)
\ 12 =0, on 0N).

Obtention of the equations (2.16), (2.17), (2.18): Scaling equation (1.4)
with the change of variable X = x/§ (X = z/0 and Y = y/d) we have

(— LA+ Ag)ng —0, /s

52 (2.19)
I =0, on 9 /6.

We consider X € 8. For § small enough, X € 9€°/§. Inserting the Ansatz (2.1)
and (2.3) in equation (2.19) leads to

1
(EAXJr(/\?ﬁé AL 462 A3+o(52)))(ng+5 I+ T2+ o (5)(X) =0, (2.20)
or equivalently to

1

52 (AHQ(XD + %(Aﬂi(xﬁ + (Aﬂi(X) + AQHQ(X)) + o (1)=0. (221)

6—0

11
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Identifying order by order we obtain

~ATI? =0, —AIIl=0, —AI2Z=XT° inQ (2.22)
We consider X € €. For § small enough, X € 9929 /§ and we have
I (X) = 0. (2.23)

Inserting the Ansatz (2.1), we obtain

(Hg FOTI 4+ 62 II2 + 530(52)) (X) = 0. (2.24)
By identification order by order, it clearly leads to the following result

M =0, I.=0, IM2=0, ondX. (2.25)

2.3 The Matched Asymptotic Expansions: The
matching procedure

In this section, we describe an algorithm to close the problems defining the
far-fields and near-fields. For m < 2, we use the following procedure to obtain
these extra conditions and references therein [30, 21]:

1. We consider the far-field approximation of order m written with x = X

m

> 6'u, (5X). (2.26)

=0
2. Then this sum is expanded up to 500(<5m). This defines the U! in the X
coordinates . .
;5un(5X) :Z-:Zooé (Un)m(X) + 0 (67). (2.27)
3. The matching conditions are the following
(Urzz)m(X) =0, Vi <0,
(X)) = (U)p(X)= 0 (%), Vie]o,m].

R 100 Rm—1

(2.28)

Here we will not try to explain the reason of this coupling. Note however that this
coupling involves the behavior of the u!, in the neighborhood of zero and of TI!, at
infinity.

Remark 5 For m > 3, one has to consider poly-logarithmic gauge functions.
Therefore, the previous algorithm has to be slightly modified to take care of this
difficulty, see [21].

12



2.4 The limit field

To be the limit of the eigenfunction u’(x), the far-field u® and the near-field
1% has to solve equations (2.4) and (2.16). Assuming regularity for u? € H'(Q),
we obtain that u? has to solve
Find u® € H'(2) such that
Aul + X040 =0, inQ, (2.29)
u? =0, on 99,

which means that u? is an eigenvalue of the Dirichlet-Laplacian in  and \? is the
associated eigenvalue:

Im>0: A =\, and u} = u,y, (2.30)

with (U, A\m) the mi-eigenpair of the Dirichlet-Laplacian in 2, see (1.5).

Since the eigenvalues of the Dirichlet-Laplacian in €2 are supposed to be sim-
ple, see (1.8), \? is either an eigenvalue of the Dirichlet-Laplacian in €,; or in
Qeyze. In other words, (2.29) can be decomposed into two problems

p

Find u® € H'(Q) such that
Aul + A0 =0 in Qe and w) = 0 in Qe (2.31)
u? =0, on 99,

or
Find u® € H'(Q) such that

Aul + A0 =0 in Qe and ul =0 in Qjpy, (2.32)
ud =0, on .

\

To get 119, we use the the matching principle, (see section 2.3)

p

Find 110 : Q — R such that
—AIT° =0, in O,
~ (2.33)
I1° = 0, on 052,
(R, 0) = 1).
R0 = o (1)
We then remark that this problem admits as solution
% =0, inf. (2.34)



Remark 6 [t is possible to prove the uniqueness of the solution of problem (2.33).
The details will not be given here (the ezistence relies on tools introduced in the

following pages).

Remark 7 In the sequel, we will only detail the case ug # 0 in Qe and ug =0
in Qege. The case ul # 0 in Qi and u® = 0 in Qeyr can be deduced by symmetry

(replacing ext by int in the formulas).

Property of the limit. By elliptic regularity the functions u® in €, and «? in
eyt are infinitely differentiable on €2 in the neighborhood of 0. Consequently, the
expansion of u? is given by its Taylor expansion. Written at third order, this reads

ul (z,y) = x@xug’mm(o) + xyaiyug!mm(o)
3
O)% sin(30) + OO(T4), n Qi

3, 0
_8xun

ud(z,y) =0, in Qeqr,

Qint (

with 7 and 6 the polar coordinates (see Fig. 2.3)
r=rsinf, y=—rcosf, with r >0, and 0 < 0 < 2.

T
o L7
int ﬂ

Figure 2.3: Polar coordinates.

2.5 The first order asymptotic expansion

The first order expansion is given by
uld =0 + ul, TIM° =TI0 + 61T} and AL0 = X0 + 5AL

where all the terms of order 1 remains to be determined.

14
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2.5.1 Derivation of the first order

Here we use the matching principle of section 2.3 to find the problems satisfied
by IIL and w!.

1. We consider the far-field approximation of order one written with x = 6X

w0 (6X) + 6 ul (5X) (2.37)

2. Then we expand this sum up to o(d). To do so we need the spatial expansion
of u? and ul. The expression of u? is given by (2.35).
The term u. is solution of (2.5). It can be locally (r < ry) decomposed into
ub =ult + b (2.38)

with
e ulf a particular solution of (2.5)

{ Aubt + N0y bt = —\1y0, in QN {r <ry},

ul? =0, on (9Q\ {0}) N {r < ro}. (2.39)

0; 1,P

Since u,, is regular, u,”"" can be chosen to be regular and can be expanded
via its Taylor expansion

ubf(z,y) = u,ll’P(O) + 00(1) = 00(1), in e,
7—/ T— r— (240)
U:JP(:'E’ y) = 07 in Qewt’

e ul a homogeneous solution of the Helmholtz equation

AU}L’H + )\QU}L’H = O’ in QN {T S TO}a
ubt =, on (92\ {0}) N {r < ro}.

n

(2.41)

By separation of variables, see Appendix C.1, u> in ;,, (respectively
ubf in Q) is given by

—+00

ubt(r,0) = Z <(allnt o sin(pl) J,(\/A0r) + (b)), sin(pd) Y,(1/\or )
p=1
(2.42)
and respectively
+oo
ubt(r,0) = Z ((a}m o sin(pd) J,(\/A0r) + (bl,,), sin(pd) Y, (/Ao )
p=1
(2.43)

15



Since

0
\/77“ ) and Y, \/77“ ZYl

l=—p

we get u}LH as follows in €,

ubf(r,0) = Z Z ( int)p sin(pd) Y, \/77” )

p=1 l—fp

i Z ((b}m)p sin(pf) Yy ( ;\27“)1>

[=—o00 p=max(1,-1)

;

\
and respectively in €.,

U}L’H(Ta 0) = f i <(bixt)p sin(p0) ¥, \/77, )

p=1Il=—p

SIS (m o) 0 (L0

l=—00 p=maz(1,-1)

(2.46)

So (2.37) can be written in €);,,; as
400
AR
l 1 : n l

5X0,u5(0) + 4 ZZ 5 Z( 1) ((Bhao)y sin(p0) Yy (S522)) + o ().
=—o00 p=mazx(1l,—

(2.47)

and in €., as follows

0 +o00
IR ((bgmt)p sin(pf) Y, fR ) o (5). (2.48)

6—0

l=—00 p=maz(1,—1)

We have now to identify (2.47) and (2.48) with (U?); + 6 (U});. Firstly, for
the negative order we get

f ((b1 )p sin(pf) Y, ‘FR >:0 for [ < —1.  (2.49)

int,ext

p=maxz(1,—1)

which leads to

\/ R
'=0 forp> —1>1. (2.50)

(bzlnt ext)p Sll’l(p@

16



Taking [ = —p we get (b;

wnt,ext

)p =0 for all p > 1.

Moreover, the Bessel functions Y; can be expended for z — 0 (see [19])

17

2
Yi(z) := - + o 1 (2.51)
So we get for u}
ul(r,0) = (b} ) sin(0) Y1 (1/\0r) + 00(1) in Q.
= 2.52
w(r0) = Whs sn(®) Vi (VR) + 0 (1) Q. )
The equation (2.47) takes on ;,,; the form
§X0,ullq,  (0) — l<(b1 )1 sin(6) 2 )—l— (0) (2.53)
T |3dint T int \/T%R 550
and on €2, the form
Ll in(9) —= § 2.54
= 2 (s sin®) —m) + 0,(0) (2.54)
Therefore, we get (U?)1, (Ul); in Q;, and Qe
((UD1(X) = = 2((bh)s sin(®) —2=),  in Qi
(Ug)l(X) - = %((bixt)l Sln(e) i%R)’ in Qint7 (255)
(Ué)l(X) = X aﬂcumﬂmt(o)v n Qea:ta
{ (U (X)) =0, in Q.
. Finally, we use the matching conditions
(X)) — (U (X)= o (%), in Q;,; and Q...
. ) fimoe (2.56)
Hn(X) - (Un)l(X) - R OJr (1)7 m Qint and Qea:t~
Since I12(X) = 0 we get
(bine)1 =0 and (b1 =0,
1(X) = X Oz, (0) + o (1), in Qo
1 . .
Hn(X) - R~>0+oo(1)’ m Qeazt-
(2.57)



Conclusion. We have obtained the behaviors of u;, and TT},
ul(x) = 00(1) in Qe and Qeye,
1(X) — 0 in Q.
Hn<X> =X all?un Qint (0) + R—»O—i—oo(l)’ mn antu (258)

IL(X)= o (1), in Qe

R—+o00

2.5.2 Existence and uniqueness of I}

In this section, we give the concrete definition of IT..
In this geometrical context (with Dirichlet boundary condition), the natural
functional of Laplace problem is K}

K&::{U:Vu€L2<§) andluReLz(ﬁ) suchthatu:()on&ﬁ},

endowed with the norm ||.||x1 defined by

u
Jullg = 190y + || 7 oy ¥ € 5 (2.59)
The function IT} is solution of the following problem
Find 11! : O — R such that
YN n O
AIlL =0, in Q, (2.60)

L =0, on o0,

with U, (X) = U, (R) a regular cut-off function satisfying
‘I’mt(X) =01n ﬁem
We(X) = 0 in Qypy for R < 1, (2.61)
U, (X) =1in th for R > 2,

By separation of variables, see Appendix C.2, it is easy to see that the last line of
(2.60) prescribes the asymptotic behavior

H}L(X) =X axug,k)znt(o) + 0 (1)7 in Qe
. . fimeo (2.62)
IL(X)= o (1), in Qeye.
R—+o00

The space Kj equipped with ||.||x1 satisfies the Hardy (Poincaré type) inequality,
see [10] for example,

Fv>0: flullgy < [|Vullp2@), Yué€ K;. (2.63)
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Lemma 2.5.1 If the linear form F belongs to the functional space (K})", then
the following problem

Find v € K such that

(2.64)
/VU.V’U = F(v), forallv € K}

admits a unique solution.

Proof. This is a simple consequence of the Lax-Milgram theorem. Indeed, the
bilinear form a is continuous,

|3 (w, 0) | < [[Vull 20y x [Vl 20y < Hlullig > lvllxg- (2.65)

Due to (2.63), the bilinear form a is coercive (v > 0)
la (u,w) | = [IVullfaq) = vl (2.66)
]

Corollary 2.5.1 If (1+ R)F € L? <§) then the following problem

{ Au=F, in €, (2.67)

u =0, on 0@,

has a unique solution.

Proof. If (1 + R)F belongs to the space L? (@), then there exist a constant C'
such that
v

/QFU < ||+ R)F||, x H 1 +RHO < C o)l (2.68)
n
Theorem 2 The following problem
( Find 1T} : Q — R such that
T, = Win(X)Daty o, (0)X € K, (2:60)
N 2.69
ATIL =0, in Q,
L II, =0 on o0

admits a unique solution.
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Proof. We consider the function w! defined by w' = T} — W,,,,(X) X 9,u’
Using (2.69), it is easy to check that w! satisfies

Qint (O)

wt e K
Aw'=F, inQ, (2.70)
wt =10, on 09.

with
F(X) = —AU;,(X) (X0,upq,,.(0) = 2V V(X)) - V (X Dpupq,,..(0)) . (2.71)

Since the function F', defined in the two last lines of (2.70), is compactly supported,

(1 + R)F belongs to L2(§\2). Consequently, applying corollaray 2.5.1, the problem
(2.69) admits a unique solution. |

Remark 8 By linearity, we remark that 11} is given by

= 0,u0|q,,, (0) I in €, (2.72)
with the function ﬁl, dependant only from the geometry, defined by

Find TI' : Q — R such that
! — W, (X)X € K,

Al =0, nQ,

=0, ond.

(2.73)

By separation of variables, see Appendiz C.2, we obtain the expansion of II' near
nfinity

~ 6’ 20 1 N
H (X) X + At —— Sln ﬁznt Sln( ) + O <_> s ZTL Qint7
R—+o00 R3
- o 9) : (2.74)
~ sin sin o~
m(X) = OéeactT + Beat 22 + RHOJFOO (ﬁ) ) 1 eyt

With Qint, Olexts Bint, PBext are reals. Consequently, the expansion of I1L is given by

IT,(X) = 0,u;

51119 sin(20) 1 P
Qint (0) (X + Qint—H— ﬁlnt 7) + R—(Bl—oo (ﬁ) 5 m Qintu

sin 0 sin(260 1 PN
H111<X) 2 un|Qezt< ) (aext ﬁmt L) + R—Qi—oo (ﬁ) s i Qept.
(2.75)
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Remark 9 The coefficients ey and iy, are linked by the following relationship
Qegt + iy = 0. (2.76)

Indeed this can be proved in the following way. Firstly, we observe that
AII" (X) x (Rsinf) — II' (X) A (Rsin6) = 0 in €. (2.77)

Then, integrating this expression over Bg the ball of radius R and of center O we
get

0= /A AIT' (X) x (Rsinf) — II' (X) A (Rsin 6) dX. (2.78)

The Green formula leads to

0= / ~ ORITY(X) x (Rsinf) — II(X)dg (Rsin 0) Rd6. (2.79)
O(QNBR)

Using (2.74), we get after some calculation

By

Figure 2.4: The integration domain QN Br

21

( /0 ' sinQ(H)dQ)Ozem + ( /ﬂ sin2(0)d0>amt _, (2.80)

which leads to the conclusion.

Remark 10 Determination of o and (. We aim in this paragraph to de-
termine the explicit expression of Qintept and Bintext, see (2.74). We consider the
following conformal mapping

L
2o 2(2) = CO;, c (2.81)
7
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which maps the complex band
B:{2:f+igjeZ:(’x\,§)€Rx[O,ﬂ} (2.82)

nto

{z:x+z’yezz(x,y)e§}. (2.83)

This allows to determine the expression of ﬁl, see (2.73) for its definition, which
takes the form

(X) = %%(exp(—?(z))) with = = X +iY. (2.84)

Ezpanding this expression with respect to R — 400 leads to

1sind 1 sin(30) 0 1

(X)) =X + — ) in Q

R =X+ 57 o6 p g W (2.85)
~ 1 sinf 1 sin(36) A .
Hl X) = - - — Qe

X) 6 R 36 B elllgE) e

Identifying these expansions with the expansion (2.74) we obtain
1 1
Qint = E’ Qegt = _E’ ﬁint - ﬁea}t =0. (286)

2.5.3 Obtention of u! and \.

In this section, we determine ul and AL. They are solutions of the following

problem

Find u} € H'(Q) and A\! € R such that
Aul 4+ Nul = —ALud, in Q, (2.87)

ul =0, on 09 \ {0}.

1

By separation of variables, see appendix C.1, one can see that every solution u,

of problem (2.87) has the behavior

u) (x) = 0 (1). (2.88)

r—0

Lemma 2.5.2 Every solution of problem (2.87) takes the form

M =0, u =yud in Qy and u’ =0 in Qe with v € R. (2.89)
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Proof. The function u) belongs to H}(2). Moreover the problem (2.87) can be
rewritten with its variational form

Find u} € H}(Q) = H} (Qept) X HY(Qipy) and AL € R :

At (U V) = A (U, V)0.000 = Anlins (vV), V0 € Hy(Qin), (2.90)
Acat (U, V) — )‘?L(urlwv)o,ﬂem =0, Vv € Hy(Qea)-
with a(u,v) and ¢! defined for all u, v in H}(2) by
(
aint(u,v) = / (Vu . Vv) dzxdy, (u,v)0.0,,, = / dxdy,
Qint znt
sunlwe) = [ (V- Vo)dody, (uodoan = [ (u)dody,
Qezt e:ct
0 () = g (uv)dzdy.
\ (2.91)

Since A2 is an eigenvalue associated to the simple eigenvalue u? of the interior
cavity, the Fredholm alternative allows us to say that u!l exists if and only if

ALl (00) =0, < )\}L/ (u0)*dady = 0. (2.92)
That is to say "
AL =0. (2.93)
Hence, the function u} solves the following problem
Find u! € HJ () x HJ(Q) :
it (ul v) — )\g(u;,v)ovgm =0, Vo € Hy (Qine), (2.94)
et (U, V) = A (U V)00, =0, V0 € Hy(Qer)-

Since \! is an eigenvalue of the interior cavity but not of the exterior one, we
obtain that

ul =y ul in Q and ul = 01in Qupy,  with v € R. (2.95)
|

Remark 11 The term ul of the asymptotic is defined up to a component propor-
tional to u®. In order to ensure its uniqueness, we add the additional property

/ ul ud = 0. (2.96)
Q

This leads to v = 0 and finally to

ul = 0. (2.97)

This is our choice for the rest of the report.

1
n



2.6 Conclusion: summary

The first order asymptotic expansion takes the form (n is an integer)

Mo~ A0 4 oA with A2 =\, and AL =0, (2.98)
wl ~ul + dul with  u =wu,, and ul =0, (2.99)
10 ~ I1° 4 I} with 112 = 0 and II} = 8,u%|q,,,(0) IT', (2.100)

see (2.73) and (2.85) for its spatial asymptotic expansion.

2.7 The second order asymptotic expansion
For the second order, we adopt the following notations

uf;‘s = ug 44 u}L + 6 ui,
A28 =20+ 5 AL 46222, (2.101)
129 = T1° + § 1L + 62 112,

where all the terms of second order remains to be determined.

2.7.1 Derivation of the second order

In this subsection, we will use the principle of section 2.3 to derive the prob-
lems satisfied by w2, 112 and \2.

e We consider the far-field approximation of second order written in x = 0X

ul (6X) + 0%u2(6X)  (ul = 0). (2.102)

e Then, we expand this sum up to 0(6%). The spatial expansion of u! and u?
is required. As u? is a regular function, we use its series Taylor expansion
(u(0) = 0, Oyuy (0) = 0, Fjuy(0) = 0, Puy(0) = 0)

n

ul(x,y) =2 ul(0) + xy 02ul(0) + o (r?). (2.103)

Yy n r—0
The term u? is solution of (2.6). It can be locally (r < ry) decomposed into

u? =udt + w2 (2.104)

n

with
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u>? a particular solution of (2.6)
AuZP + \0u2P = X240 in QN {r <rg},
u>? =0, on (0Q\ {0}) N{r < re}.

n

(2.105)

0 ; 2,P

Since u,, is regular, u;>"" can be chosen to be regular and can be expanded
via its Taylor expansion

upl(z,y) = u2(0) + o (1) = o (1), in Qin,
N—— r—0

r—0

2.1
2,P _ 0 : (2.106)
Uy, (x,y) - 00(1)7 m Qea}t-
u?H a homogeneous solution of the Helmholtz equation
u>t =0, on (0Q\ {0}) N{r <re}. '

By separation of variables, see Appendix C.1, the term u2# is given in
Qint by

+00
ubt(r,0) = Z ((afnt )p sin(pd) J,(/A0r) + (b2,,), sin(pd) Y,(1/A0r) )
p=1
(2.108)
and respectively in §2.,; by
+oo
u>(r 0) = Z ((agmt )p sin(pd) J,(v/A0r) + (b2,,), sin(pf) Y,(1/\or) )
p=1
(2.100)

In order to simplify the computations, we will suppose that (This can be
proved using the technique of the first order by writing that (U!), =
for i < 0, see section 2.5.1)

(a2,,), =0 and (a?,,), = 0 for p > 2. (2.110)

This leads to the following behavior

up™(r,0) = (ai,)1 Yi(y/A9r)sin ()
+ (ai)2 Ya(3/ A7) sin (20) + o (1) in Qipy, (2.111)

r—0

since
—+o0

>, <(aixt p sin(pd) J,(v/A9r) ) = o (1); (2.112)

p=1
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respectively

upt(r,0) = (aZ, )1 Yi(y/Ahr) sin (6)
+ (d2,,)2 Ya(y/A0r) sin (26) + 0 (1) in Qe (2.113)

The Bessel functions Y7, and Y3 can be expanded for z — 0 (see [19])

2
Vi(2) = ——+ o (1), .
LN 1 (2.114)
B)=-217) —7+.o,0

Then, (2.111) and (2.113) can be rewritten respectively as follows

2

0
T/ AY T

u2(r,0) = (a2, (- sin (0))

2
1 2 1
+ (af,) —;( ) —— | sin(20) + o (1), in Quy, (2.115)

2

0
T/ AY T

u2(r,0) = (a2 - sin (0))

2
1 2 1
+(a2,) ( ) —— | sin(20) + o (1), in Qezr. (2116)

- N

With r = R4, x = X6, y = Y9, (2.102) can be written in {;,; as

2
2 2 .
+ 0 [(a’int)l <_ﬁ235> sin (0) +

s (a2 N 1) :
()2 | —— (W) - sm(29)}+520(5) (2.117)
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and in ., as

2 2 2 :
0 [(%u)l <_W> sin (0) +

2 ! 2 2 l sin o (6
(agye)2 <_7r <\/)\72R5> — W) (20)] +6_)0(5 ). (2.118)

Then we order (2.117) (resp. (2.118)) with respect to the order of &

Qint (O) -

2
( _ LA lan)s o (29)) +6 (X 9,10

2 (@)1 sin (6)
T A R?

/A R
Qe (0) + (a7,)2 <—l)) + 0 (6%, (2.119)

™ 6—0

Ty 'n

+ 62 <X Y 02 ul
respectively

(_%4;(33252)2 sin (29)> +0 (_2 (af%si; (9)> + 62 (a%,,) <_%) 4o ().

Therefore, (U2)a, (U})2, (U2)2 in Qi and in Qg are given by

4 (afnt)z sin (26)
A R?

4 (ag,)2 sin (20)

0y
(Un)e == A0 R?

, in Qi and (UD)y = —

, 111 Qea}ta

(2.121)

2 (a?,); sin (0)

W\/Y%R

and (U})y = —

(Ué)Q =X axu?z|9mt(0) - > in Qint

2 (aZy)1 sin (6)

/AR

,in Qe (2.122)

Ly .
(U2 = XY bl 0) + (e (—3 )+ in S

1
and (U?)y = (a2,,)2 (——) ,in Qepp. (2.123)
m
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e In the continuation we shall match (U!)
at infinity of the near-field IT¢.

o with the asymptotic expansions

We recall that the behaviors of TIY and IT,

defined by (2.34) and (2.60) are (the behavior of I12 will be exactly (U?)s)

I (X) = 0, (2.124)
I (X) = 9,u%|q,,,(0) (X + Ozmtﬂ) + o (l) ;o in Qi
" it R R—+oo \ R
ML (X) = D,00 o (0) e 220 (l) in O,
n niStert R  R-3o\R)’
(2.125)

e Finally, we use the matching conditions of second order

(000~ (UDX) =, 0 (),
M(X) — (Ua(X) = o (),
| EX) - (02:(%) = _o_(1),

in th and Qemt7 (a)

(b) (2.126)

()

n Qint and Qea}ta

in Q;,; and Qgyy.

Due to equations (2.121), (2.124), (2.126,a), we obtain (a3, .,;)2 = 0, and us-

ing (2.122), (2.125), (2.126,b), we deduce (a7, o)1 = —

2

amugl (0) aint,ezt .

Finally, we use (2.123), and (2.126,c) to obtain the behavior of u? and II2.

e Conclusion. The following behaviors of u? are required in order that the

matching occurs:

T,
wf

|th aznt }/1

0
a [ |Qezt aext Yi

(VA7) sin (0) + 00(1), in Qint,
(/A7) sin (

) + o (1), in Qey,

r—0

(2.127)
or equivalently
in (0
w2 (x) = 9,1%]q., (0) Qi sin(6) -, (1), in Qune,
r 0 2.128)
sin (6) (
ui(x) = 8ﬂcu2|ﬂezt(0) Alegt + 00(1)7 in Qeqy,
I2(X) = XY 8;,upla,,(0)+ o (1), in Qi
fimeo . (2.129)
H727,<X) = R O_’_ (1)7 il’l Qe:vta
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with a;,; and a.,; defined by the spatial expansion of I given by (2.73) and
(2.74).

Remark 12 In the continuation the definition of the U's will be required. We give
here their forms

(U%)9 =0 in Qe and Qe (2.130)
- -
(Un)2 = Osti]e,.(0) <X+Oémt%> in Qine and (Uy)2 = Ozup|a.,, (0) am% in Qeat,
(2.131)
(U2)y = XY 02,100, (0) in Qipe and (U2)s = 0 in Q. (2.132)

2.7.2 Existence and uniqueness of I1*

In this section we give the concrete definition of T12.

The function II? is solution of the following problem

( Find 112 : () — R such that
—AIIZ =0, inQ,
12 =0, on 8@,
M3(X) — U,(X) XY 9%, 4%]g,,,(0) € K},

\ n Ty 'n

(2.133)

with U;,; a regular cut-off function defined by (2.61). By separation of variables,
see Appendix C.2, it is easy to see that the last line of (2.133) prescribes the
asymptotic behavior

I2(X) = XY 07,u)(0) + o (1), in Quy,
) fimeo . (2.134)
Hn<X) = 0 <1>7 m Qe:vt-

R—+o00

Introducing the auxiliary function w?(X) = I3 (X) — ¥;,(X) XY 02,upla,,,(0)

and applying corollary 2.5.1, it is easy to prove that the problem (2.133) is well-
posed.
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2.7.3 Existence and uniqueness of u2> and \?

Here we give the concrete definition of u? and A2. In the last chapters, we
have seen that they are solutions of the following problem

( Find v : Q — R and A\? € R such that
Au? 4+ Xu? = —X\242, in Q,

u? =0, on 02\ {0}.
i 2.135
Ui(X) - axu701|ﬂznt(0) Qint Slntr(e) < Hl(QiNt)a ( )
Ui(X) - axUSL|th(0) Qegt = (9) S Hl(Qeaﬂt)a

\
By separation of variables, see Appendix C.1, one can note that the two last lines
of (2.135) prescribes the asymptotic behavior (2.128).

The following Lemma ensures the existence and uniqueness of u? and A2 up to
knowledge of the u®-component of 2. This component will be arbitrary chosen.

Lemma 2.7.1 The solution of problem (2.135) ewists. Moreover if (u2,\2) and

(up . A2 ) are solutions, one has \) = A, , and
[0t o, (O
2= —q,, Hling : 2.136
A T 0
IyeR:ul, —ul =uj. (2.137)

2

n’

Proof. In order to prove the existence of u?, we introduce the auxiliary function

n

wz = ui - X(r) 8xug|ﬂmt(0) Aint Ta n Qint (6 Hl (th))>

(2.138)

W?L = ui — X(T) 83371/2 Qint (0) Ulegt T, in Qemt (E Hl (Qemt))u

with y the regular cut-off function satisfying

x(z) =0, if 2 <1,
{ x(z) =1, if z > 2. (2.139)

Using (2.135), w? is solution of the problem
Find w? € H}(Q) such that
Aw? + N2 =F2in Q;y  and w2 =0 in 0Qyy, (2.140)
Aw? + N2 = F?in Qg and w2 =0 in 00y,
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with F2: Q — C defined by

sin (0)

F? = —=22ud — (A + X0 (x(r) Opuy, — ), i Qa,

Qint (O> Qint
sin (0)

F2 - _(A + )\SL) (X<T> amug th<0> et )7 in Qe:vt-

(2.141)
Since \! is an eigenvalue associated to the eigenvector u® (which is simple) of the
laplacian in €2, the problem (2.140) defining w? has solutions if and only if

/ F?ub =0. (2.142)
Q

Moreover this solution is determined up to its u®—component, ie. if w? and w? are
two solutions of (2.140) then

Iy ER:w? = w? +qul. (2.143)
e Since u? =0 in O, the condition (2.142) takes the form

sin (0)

Q'Lnt (0) Oéint

v /Q ) /Q (A + X0) (x(r) Do

int

Since Au® + \0u? = 0, this leads to

sin (0
WA=~ [ () el 0) i 22D
Qint

sin (0)

2 (0) Qint (Au?), in Q. (2.145)

+/ X (r) B
Qint

Introducing the ball B, of center 0 and radius 7 (see Figure (2.5)). Since the
domain ;¢ \ B, tends to €;,; when n — 0, we have (Lebesgues Theorem)

sin (0)

2l =t [~ [ AG) Butdlo(0) e )
= Qint\Bn

+ / X(1) 0,1l |a,,.,(0) aing M(Aug)}, in Q. (2.146)
Qint\ By r

Two Green formulas lead to
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Qemt

Qint

Figure 2.5: The ball B,,.

sin (0) )

/ A(X(T) axu2|91nt(0) Qint
Qint\Br

= - / 0, (x(r) Bt (0) e )0, @b (r =)
0
_ / V(x(r) 21l a,, (0) iy (9))vug rdrdf, (2.147)
Qint\Bn
and
[ 30 00l (0) e 22 (a00)
Qint\Bn
" 0 sin (9) 0
= = [ X() 0680, (0) i T2 Dyl (1) 7 B (r =)
0
sin (6)

Qint (0) Qine YV, rdrdf. (2.148)

- [ Vi o
Qint\Bn

Inserting (2.147), and (2.148) in (2.146), we obtain (x(n) = 1 and 0, x(n) = 0,
since 7 is small)

. 4 sin (6
Rl =ty { [ 0n(0.08la, (0) cn )t as

B /”a 0 sin (6)
0

r
Using the first order Taylor expansion of uY and of 9,u2 in 2, (see (2.35)),

Qi (0) Qing &u%hmt rdr dﬁ}('r’ =), in Q. (2.149)
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we obtain

w(r,0) = xd,ud(0)+O(r?) =7 sinf d,ul(0) + OO(TQ),
0ul(r,0) = sinf d,u’(0) + Oo(r). (2.150)
Inserting (2.150) in (2.149), we have
20,002 _ 1 _ " 0 2 -2
Rl = i { =2 [ (@udla (0)7 e sin® (0)d8 + O ().
(2.151)

Taking the limit we get (2.136).

e Under condition (2.136), we have seen that w? is defined up to its ud—

component, see (2.143), we get the last result. Taking into account (2.138),
we finally obtain (2.137).

2.7.4 Spatial expansion of the second order fields

In the continuation, a precise expression of the behavior of u? and IT? will
be required. By separation of variables, see Appendix B, one can prove that they
have the following expressions

sin (6 1. -
12(0X) = 22,1800, (0) (XY e 20 0 (yin D (2152
sin(# 1 .. -
Hi<X> = aﬂ%yumﬂezt(O)Mem& R( ) + R—g—oo(ﬁ) m Qe:vta (2'153)

ufl (x) = 8mug

0 )\0
Qi (0) Qing (% — M(ln \/77“) + YVint 7’) sin () + O (r®) in Qi,

2 2 r—0
(2.154)
1 X /A0
u2(%) = Ot (0) ear (5 =2 (Y50 ) +a 7) sin (6) + O (%) i Qe
T =
(2.155)

with 7;,; depending on the u®-component of u? (it can be chosen to be zero).

Remark 13 For 112, we can be much more precise. Using the conformal mapping

of remark 10, we obtain the expression of 112

12(X) = —2 92 u0q,,.(0) S(exp(—22(2))) (2.156)

Ty n
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with the conformal mapping

~ 1 N e T :
z(z):gcosh(z), z=X+1Y and z=X+1iY.

Expanding this expression for R — +00

1 sin (20) 1., -
2 o 2 0 .
M(X) = &uq,.(0) (Xy+ e ) +0(7) in Qi
1 sin(26) 1, -
2 _ 92,0 _
M(X) = 0%, (0) ( o ) +0(77) i Q.
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Chapter 3

Theoritical result: Error
estimates

For n € N we defined in the last chapter the eigenvalue terms A2, ALl A2
the far-field terms uY, ul, u? and the near-fields terms II°, II! | TI2 by well-posed
problems, see Chapter 2 or Appendlx A.

Since the derivation of these problems was a consequence of the formal (not
based only on rigorous consideration) technique of Matching of Asymptotic Ex-
pansions, there is no evidence that A2 + d\L + 6%2A? is an asymptotic expansion of
an eigenvalue Ao of the Dirichlet-Laplacian in Q°.

The following Theorem, that we aim to prove in this chapter, give a concreet
answer to this question.

Theorem 3 Let \O be the n'" eigenvalue of the Dirichlet-Laplacian in 0. Let
A\, and u, be the n'" eigenvalue and eigenvector of the Dirichlet-Laplacian in ).
Under hypothesis (1.8), we have

vneN 3C>0anddy>0: V5€[0,0] [A—A,—8°A2| <C6*|Ind| (3.1)

with | ( )|2
Oyl 0
)\i - Q”” , if up =0 in Qegy,
A= — |8 tnlo, t0)|2 if u, = 0 in |
n ||un||L2(Q lt) 9 n mnt-

Remark 14 One can note that the last Theorem reveals the first order Taylor
expansion of 6 — Ao
Moo=\, + 0202 + 500(52). (3.3)
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The proof of Theorem 3 will be decomposed into two steps.

e Section 3.1 is devoted to the first step. For every n, we will prove the
existence of an eigenvalue of the Dirichlet-Laplacian of Q% in a §° In ¢ neigh-
borhood of A, + 6% A2. The key argument will be Theorem 7 of Appendix
B.

e This result being demonstrated, it is still possible to do not have a one by
one correspondence between the eigenvalues Ao and \,. In Section 3.2 we
prove this one by one mapping using the min-max principle, see Theorem 6
of Appendix B.

3.1 First step

This section is devoted to the proof of the following theorem.

Theorem 4 Let \, and u, be the n'" eigenvalue and eigenvector of the Dirichlet-
Laplacian in Q. Under hypothesis (1.8), we have:

There exists 0y > 0 such that for all § €]0, 8| there exists an eigenvalue \° of
the Dirichlet-Laplacian of Q°, see (1.4), satisfying

)xs — O+ 22 < €8 | m(s)). (3.4)
with A2 given by
|8 Un|q, (0)?
)\2 — _ Qint ; — y Q
T g, T .
2 ™ |8 u"‘ﬂ 0)|2 .
A, = 2t , if up =0 in Q.

16 ”un”L2(Q

Proof. Since € is not connected, )\2 is either an eigenvalue of €;,; or of )., ie.
0

u, = 0 in €, or in €.,;. Due to symmetry, one has only to consider the case
where A\ is an eigenvalue of ;.

The first step of the proof consists in constructing a quasi-mode: A uniformly
valid approximation or global approximation of the eigenvector u® (The definition
of u!, T, and U’ can be found in Appendix A and the notation """ refers to the
change of variable I1(x) = II(x/d))

n

@0 =X (ud + 5 ul + 6% a2 + 8 ui)+@(ﬁ2+5 I 402 [12+6° TI204-6% In 6 ﬁiJ)
— P (T +8 (T + 62 (T2)s + 6" (T30)s + 6*md (T3)s), (3.6)
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l.e

@ = (U2 + +6% u2) + xp((s M4 62112 4+ 6° T30 + 6% Ind ﬁf;l)

=W ((T0)s+ 6 (T)s + 6% (T2)s + 0 (T30)s + 66 (03Y)s), (3.7)
and in proving the following non trivial estimate
2@, v) — (A% + 82 A2) (@8, v)o| < € 6* | ma] @ ollollo,  ¥o € HYQP). (3.8)
Obtention of estimate (3.8). Firstly, we use the Green formula
’a (@, v) — (A2 4 62A2) (@, v) ] - } /ﬂ (D] + (X +02) @) U}. (3.9)

The right hand side of (3.9) be decomposed into two terms: The first one over
Qe and the second one over €2.,.

2 (@5, 0) = (N + 0%02) (@, v)

- | / (AT, + (A + 8°A2) @)
Qint

+ ]/ (AW 4+ (AD +82A2) @)v|, Vo € Hy(°). (3.10)
Qezt

Here we only estimate the ;,,-part. The Q) ,-part can be estimated in the same
way.

Then, we explicit the expression of Aw® + (A0 + 62A\2) w° as follows (x° and W
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does not commute with the laplacian)

AT+ (482N @ = (A A)ud + (A +X)ul + A2ud)
———— N — L
=0, see (2.4) =0, see (2.135)

00X w2
xp( SATIL 4+ S2AM2 +  GPATEEY 4
—— ——— ——
=0, see (2.60) =0, see (2133) = _X0 4 1, see (A.14)

8 In SAIT>!
—_————
=0, see (A.15)

+(A0 + 6% A2) (OTIL + 0% T2 + 6% TI30
8% Ti31))
(08 (Thy + ATy +0°A (T30
E/—/ S ~ / N ~ ~,
=0, see (2.131) =0, see (2.132) =—5 A0 (U1)s

+ 8Iné A (U,

(048 X2) (5T + (0 + 5D,

5% 1nd ((75;71)3))
P2V (W0 + 6% ud — 8 (UY)s — 62 (U2)s

=03 (U30)3 — 63 Ind (U2)s)
FAX (up, + 82 up — 0 (Up)s — 0% (Un)s
—0% (U30)5 — 6318 (U)3)
+2 VUV (STTL 4 62 TI2 + 63 T130 + 6% In 6 T13!
—3(U3)s — 8(U2)s — 8° (U30)3 — 8° In§ (U3)s)

FAW (T 4 62 TI2 + 0% 1130 + 6% § 113!

=0(03)s = 0*(07)s = 6% (U3°)s = 6° 4 (U2)s)
(3.11)

since

V(X°U) = VY° + V. (3.12)
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This simplifies in
AT+ (N + 2N @ = (6022 u2)
+0 (503 (I, - °0)
H(A0 4 6% A2) (62 (TI2 — \OU2) + 6° (T30 — x°U30)
+5°In6 (T3 — x°T3)))
P2V (W + 6% ud — 8 (UY)s — 62 (U2)s

=% (U30)3 — 63 (U3)3) (3.13)
FAX (g + 0% ud — 6 (U})s — 0% (U2)s
—5% (U30)3 — 63 Ind (U1),)
+2 VUV (STTL 4 62 TI2 + 6% T30 + 6% In 6 T13!
—0(U})s = 0%(U2)s — 6 (U303 — 6° I (U3)s)
FAW (ST 4 62 T2 + 0% 130 + 6% In g T13!
—3(U})s — 0%(U2)s — 6 (U30)3 — 63 Ind (U2)s).

We shall now estimate each of these terms.

Estimate of (! (v) = / X (54 22 ufl)v Since the support of x° is QN {r >}

Qint
we can reduce the domain of integration to
11 (v)] < / ‘X‘S (54 22 ui)v‘ (3.14)
thﬁ{r26}
Then, equation (2.154) leads to
C
u3<x)) <= Ve in Qe (3.15)
It follows
[0 (v)] < CO*[[v]| 2 @iy - (3.16)

Finally due to a Cauchy-Schwartz inequality, we have

0 W) < C 8 ol < C 6 (03] [[o] 2,0 (3.17)

int

Estimate of
e = [ u[@ (T - Ta) + 08+ 52 02) (2 - X (02)
Qint
+ 03 (T30 — O (030)3) + 6° no (T3 — Xé(z?f;’l)g))]v. (3.18)
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We split the integral into four parts

o) = 22 5 / UL — O (T)s)o

Qint
M&+ﬁﬁW/ (T2 0 (02)s)0
Qint
L0 162 A28 / (20— (T30),)u
Qint

+ (A0 462 A2)8% In6 / U = X (T)s)v. (3.19)
Q

int

Since || V|| o (0.n) < 1, we use the Cauchy-Schwartz inequality and obtain

)| <C (8 T = X0l + T = X O2s] 2| 101200000

68 [T = X (T

+ ’1115} Hﬁil - Xé([?S’l)BHLOQ(Qm)] [Vl 2t (3:20)
Going back to the near-field coordinate
@) <0 6" I = XUl + O IT2 = XU ] 2| 102200000

+ I = x(U)s ]

+0% | Ino| |13 —X(Ug»l)g}}m@mt)] 1ol (3:21)

Due to equations (A.19) one gets

(X - X(R) (UDs(X) = O_(3).
I (X) ~ x(R) (U3s(X) = O_(%),
3,0 3,0 B (3.22)
LX) = x(R) (U;"):(X) = O _(5)
| (X)) = x(R) (Uz)s(X) = L O (),
and consequently
(T = X (U] e,y < €
HHEL - X(Ui)?,HLg(QW) <C,
|0 = X(U2)s]] yoir,.) < € (3:23)
L = x| e g,y < C
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Finally, we get the bound

()| < © 5° 08 ] [[v]| g, < C 8 [106] [Jo]] ey (3:24)

ol
1]l 2.,

Estimate of
Blo) = / 2 VXV (ug + 0% u2 — 8 (U))3—0% (U2)3—0° (U)3~6° Ind (175;1)3)@.

The vector field x — Vx°(x) has its support in C?, see Figure 3.1

Cé = Cz(snt U Cﬁmt?
Co i={(r,0):0 <r<25and m <6< 2r}, (3.25)

C0 L i=1{(r0):§<r<20,and0<0<7}.

Qea:t

Qint

Cé
20

Figure 3.1: Presentation of C°.

So one can reduce the domain of integration to C?

3 (v) :/ 2V’ -V (ug + 62w — 9 (Ai):;
(ol

int

5% (02)5 — 6% (U*0)5 — 6% Ind (ﬁg’l)g)v. (3.26)
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A Young inequality leads to

)| < Hw” V() + 6% ud

— 6 (U)s — 62 (U2)s

— 8 (U2)5 — 6° 6 (U3)s)

(3.27)

Loo(cfnt) Ll(Cz{Snt)

Bounding the two external terms,

C
HVX(SHLOO(Cfm) < 5

HUHLl(Cfm) <C§ HUHLQ(C?M) < C6 HUHLQ(Q), (Cauchy—Schwartz ineq.)

(3.29)
we obtain
Cw)] < ||V (Wl + 2 u2 — 6 (T -0 (T2
_ (030 — 5 o (ﬁj’;l)g)HLM(C{S )Hv oy 329)

Due to (A.18) and taking into account (A.16) and (A.21), we have
V (uh + 0% un) (%) =
V(8 (Un)s+0% (U2)s+ 0" (U2 +6° né (U31)s) ()
+ O (r)+ 6 0 (rlnr). (3.30)

r—0 r—0

This allows to obtain in C? ,

(6 <r <26)
Hv (W + 822 — & (U1)s — 0% (02)s
— (U3, — 6 Ing @’1)3)“@0(05 <c (53 + 63| 1n5}> (3.31)
Hence, we get the result

|C(v)] < C 6% |In(0)] HUHLQ(Q). (3.32)
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Estimate of
) = [ 8¢ (4 # i = 5 (T 28 O30)-8 s (T30 ).
Q'Lnt
Since the support of Ax?® is C?, we can reduce the domain of integration
C ~ .
)] < 55 8+ a2 — 3 (D))~ 8 (T2

=8 (U2 = 6* W8 (Tall oo 0l sy (3:33)

Using the triangular inequality we obtain
|u (%) + 0% w2 (x) — 6(0))s(x) — 62 (U2)3(x)
= 0% (03)a(x) = ° s (U)s(x)|
Bu?

T n

Qint(
3!
1 X0 A0
(0) cint <— — _T(ln \/_T> + Yint r) sin (0)‘ (3.34)
T 2 2
we have 0 <r < 20. According to (A.17), we get for x € C?

int
3,,0
8:1: n

znt ’< C st

<l (x) - 8u0’th( ) — ay 02 u

n Ty T’L’Q”Lt

(0) — 2 0)’

+ 52‘ui(x) - @Cug 0

int

In C?

int’

ud (x) —x &Bug‘gi (0) —ay 02

S,
O'r< vV \Or

1A
0
Pl (© o (7 = 5 (105

O)—:c

|u2 (x) — Dyu

) + e r) sin ()| < C 6% | nd].
(3.35)
This leads to
[ + 0% ul = 6 (Up)s — 0 (U2)s

— & (U5 — 6 Ind (U < C (8*+ 6% dl). (3.36)

HLOO s
Finally, inserting (3.28), and (3.36) in (3.33) we get the result

w)| < €6 (o) (3.37)

| HUHLQ(Q)'
Estimate of

/\

65(1)):/9' 2 V0 (5(0, — (1)) + 0% (T — (02)s)
8 (T30 = (T3%)3) + 0 o (T = (T3)s) Ju. (3.38)
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Since the support of VWV is
C = Cint U Cet,
Cint :={(r,0): 1 <r<2and 7 <60 <2r}, (3.39)
Cewt :={(r,0): 1 <r<2and 0<60<7},

we can reduce the domain of integration

~ ~

£w) = [ 2999 (3(01} - (T1) + (T - (T2))

+ 03130 — (039)3) + 6° o (T3 — ((75;53))@. (3.40)
The Young inequality leads to
()] < 2 [V|pee) (8 [V (T = (T)s) L2 cc)
+ 6 |V (T = (U2)s) |22y
+ 0 ||V (T = (U2)3) | (o)

£ 8 I V(T = (03) limie) [0l (3:41)

Due to (A.20), after scaling the gradient in the

For x € C, we have %g
he ists a constant C such that for all x € C

near field coordinate, t

m RSN

~

|V, ~ (F))5)] = %\vxm;(%)—( D) < 0"

VAl - (@) = 5 Vx(2(5) - D) < € 6,

(3.42)
V[0~ @30))] = 5 [T ~ (U3(5)] < €6,
V(= (T3)] = 5 V() - @) < 0
This allows to obtain the result
()] < 6 [d] o] 12q)- (3.43)

Estimate of
Bw)= [ AW (5(0H} - @) + 5 ([ - (T2))
Qint
O3 (T30 — (U30)3) + 6% g (T3 — (UPY)s))v. (3.44)
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Since the support of AV is C, we can reduce the domain of integration

(v) :/ AW (5(TT
Cznt
+ 0% (T30 —

The Young inequality leads to

@] <AV e, (ST~ (D

n)?’HLOO(Cmt)

+ 0 ||~ (T7)a

+ 6% g ||fi30 -

— (U})s) + 0> (112 -

(U20)3) +6° ng (I3 —

(T2)5)

(Th)s) v (3.45)

HL‘X’ (C'Lnt)

T3]l ) 121123 - (3:46)

Since
{ 1AV e,y = AV e = C (3.47)
ey < lvloe < C ol
one has
‘€6(v)} < C <5Hﬁ7ll - n)gHLoo(Cmt)
+ 6 T = (O2)s | e,
& HH30 U30 HL‘X’(Cmt)
+8° W6 [0~ (O3] e,y ) el (348)

Then for x € C we have 1/0 < r/d < 2/§. According to (A.19), we get the control

([0 = (U0 = |IL(5) = (Us(5)] < € 8% wxec,
() = ([02)s(x)] = [I2(5) = (UDs(3)| < O &, vx e,
R R N N (3.49)
]Hf’;o(x) — (U3° x)] = }Hi’o(g) — (Uf;o)g(g)} <Cé§ VWVxel,

| [T 00 = (02 s()| = [ (5) = (U3a(5)] < €6, wxec.
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Finally, inserting (3.49) in (3.48) , we get the estimate
1C(v)] < C 6 |Ind| [|v]|r2q).- (3.50)

Conclusion It follows from (3.10), (3.13) (3.17), (3.24), (3.32), (3.37), (3.43),
(3.50),

’a(ﬂ?‘s,v) — (A0 + 2 Ag) (f&‘s,v)ol < C & o) o, Yo HYQ).  (3.51)

To obtain (3.8), we remark that

10° )| 2@) = 10 L2 (0ngrzay) = [lum + 0% L2(0ngrz2))- (3.52)

Since u is not vanishing in €2,
|@°|| 20y > C > 0 (3.53)
with C' independent of  and apply Theorem 7 of Appendix B. ]

3.2 Second step

In the last section, we have proved, see Theorem 3, the existence of a )\f, in a
small neighborhood of \,. In this section we show that p = n and consequently
demonstrate Theorem 3.

Lemma 3.2.1 For alln > 0, we have
lm A} = G, < A, (3.54)
with 3, € R.

Proof. Let n € N be fixed. First, we remark that for &' < &, H}(Q) C H}(9°).
Due to the min-max principle (see Theorem 6 of Appendix B), we have

2= min max R(ud) > min max R(u’) = \°.
VCHN(Q) uw eV V CHNQ) w eV
dim(V)=n u’ #0 dim(V)=n u® #0
(3.55)

This prove that, § — ) is decreasing. On the other hand, we remark that
H}(Q) C H(2°). The same argument leads to ) < X,. This leads to the
existence of 3, € R such that (lsir% )\i =06, < \,. [

In the continuation, we associate to A a normalized eigenvector ud in Hj(Q°)
satisfying [|u? || z1qs) = 1, i.e we have

(Vi V) 1o gy = An (1 0) p(gsy = 0 Vo € Hy (7). (3.56)

46



Lemma 3.2.2 The mapping 6 — u® € HL(Q) admits an adherence value i, for
the weak topology of H} (Q) at 0 = 0 satisfying

(i) @, € H} ().
(i1) (Viin, Vv)
(iii) @, # 0.

o)~ Pa(@n0) o) =0 Yo € Hg ().

Proof. Since u? is bounded in H* (Q), there exists a sequence (5p)p6N* and u, €
H! (Q) satisfying
b, — 0 and @ — 4, in H'(Q) for p — +o0. (3.57)
Let V' C R be a neighborhood of zero. For p large enough, one has
@ = 0in L*(0Q\V). (3.58)

Since the trace operator is compact from H'! (Q) to L? (6Q\V), then @, = 0 in
L?(09\V'). Thus, we obtain

i, = 0in L*(09), (3.59)

which implies @, € H; ().
To get (i), we remark that Hj(Q) C Hj(€Q?). Consequently, due to (3.56), one
has

(Vulr, Vo)

) Aop (u‘sﬂ

o ,U)LQ(Q) =0 Yve Hy(Q). (3.60)

L2(Q
For p tending to infinity, we obtain (see lemma 3.2.1)

(Viin, V0) 1) = Ba(lin, v) o) = 0 Vv € Hy (). (3.61)

To obtain (7i7), we act by contradiction. Let us suppose that @, = 0. As the
space H; (Q) is compact in the space L? (Q), we have

u —0in L*(Q) & (uff,uff)LQ () e 0. (3.62)

Consequently, we get
(Vuff,Vuf{’)Lg(Q) =AY (ugpv“ip)ﬂ(ﬂ) 570 fasl =0, (3.63)
which is impossible because ||u?|| s = L. n

Theorem 5 If (1.8) is satisfied, we have the following result

A — A, for alln > 0. (3.64)

™50

47



Proof. According to Lemma 3.2.2, (3, is an eigenvalue of the Dirichlet-Laplacian.
To achieve the proof of theorem 5, it suffices now to verify that there exists a
unique p such that )\g — A, when 0 tends to 0 (see Lemma 3.2.1). We act by
contradiction. Suppose that there exist p and m such that

A0 = Ay, and A, — A, (3.65)

6—0 6—0

Since u) and ) are associated to two different eigenvalues of the Dirichlet-
Laplacian of €9, we have

(u5 u5

prUm) 2(p) = O- (3.66)

Since H{(€2) is compact in L?(Q), we obtain for the adherence values at § = 0 of

ug, and u, introduced in Lemma 3.2.2,

(tip; i) 12y = 0. (3.67)

According to Lemma 3.2.2, we deduce that the eigenvalue )\, is not simple, which
is impossible. ]
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Chapter 4

Numerical simulation

4.1 Introduction and presentation of simulation

For two geometries, we will numerically compare (a very precise direct numer-
ical approximation) of the exact eigenvalue \° to its second order approximation

A0 = N0 5202, (4.1)
e The first geometry is chosen in order to obtain explicit fomula for A2°.

e For the second geometry, a numerical simulation is required in order to com-
pute an approximation of \2?.

The numerical experiments are performed using GETFEM a high order finite
elements library (see http://home.gna.org/getfem/) on triangular meshes. We
aim in this chapter in checking the feasibility of the method and the agreement
between the theory and these simulations.

4.2 A semi-analytical test

For different , we consider domains €2° (see (1.2) and Fig. 4.1) corresponding
to

Qi =] — 2,0[x] —25,1.5] and  Qu =]0,2.5[x] — 2.5, 1], see Fig. 1.1. (4.2)

A very precise approximation of \° is computed via a P3-continuous finite element
on a very refined triangular mesh (h=0.03125, see FIG. 4.2). Taking into account
that the eigenvalues and eigenvectors of the Dirichlet-Laplacian of [0, a} X [O, b}
are given by formula

n®> m? nmw mm

Apym =T e + = Un.m (:c, y) = sin (755) sin (Ty) (4.3)
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—1 Qint Qe:vt

-2 -1 0 1 2

) ) Figure 4.2: A first computational mesh
Figure 4.1: The domain {2 (h = 0.03125, § = 0.125).

One can analytically compute the A\, and A\?

nl A A2

02.38] —0.087

11]3.08 | —0.207

2 [4.80 | —0.135 (4.4)
31493 |-0.121

41712 —0.347

5 18.02 ] —0.036

The reader can find the results of the numerical experiments in Fig. 4.3 and 4.4.
In order to perform the computation we were practically limited to § > 0.0625.
Anyway the results are to our opinion really convincing and in very good agreement
with the theory, see Theorem 3. For smaller §, we are convinced that this method
should give better results (due to memory limitation it was not possible to obtain
a precise value of ).
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Anl ——— )\, (analytical computation)
o o o A29 (analytical computation)

+ « » A\’ (numerical approximation)

B & & % 6@ —@¢—%— %% —w g g g N=20

e g e e e w e QU
L A
n=2
¥ %
4l
S L A e
@——@——®——@——@——&—v—w—w—-g——@——gg——@——g——g——g n=290
> | | | | |
0 0.z 0.4 0.6 0.8 T4

Figure 4.3: Comparison of the numerical value of A’ with its second order asymp-
totic expansion (analytical value) A2 = X, + §2)\2.
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IS = 2671/ A IS = A1 /A
101 4 n=>0 101 4+ n=1
1072 4 1072 4
1073 + 1073 +
1074 4 1074 4
107° + 107° +
1076 4 ) 107+ )
107! 1 1071 1
XS = 237/ A A5 = A3°1/ s
101 + 10-1 + n=3
1072 4 1072 4
1073 4 1073 4+
1074 4 1074 4
1075 + 1075 +
0%+ 0 10+ 0
107! 1 107! 1
RYEPYToW A3 — 2201/ As
101 + n=4 101 4+ n=>5
1072+ 1072
10-% + USRS §
10~ 4 1071
10-° 4 1077
106+ 5 1070 $O 5
107! 1 1071 1

Figure 4.4: Relative error |\S — A2°| /), with respect to § for n € [0,5] in log-log
scale.
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4.3 Numerical simulation

In contrary to the previous section, the eigenvalues of the Dirichlet Laplacian
of , see Fig. 4.5, can not be explicitly computed but just numerically. Like in the
last chapter a very precise approximation of A’ is computed via a P3-continuous
finite element on a very refined triangular mesh (h=0.03125, see Fig. 4.7). The
A, and A2 are computed using the same finite element but on a non refined mesh
(we do not have to take into account the hole, see Fig. 4.6)

2
ni A, A2
1 0] 96 | —1.2714
1(11.6 | —2.8253
0 ¢ 2115.2 | —1.8023 (4.5)
3116.9 | —0.6439
-1 4 119.7 | —0.0025
1 0 1 3 5125.3 ] —1.4571
Figure 4.5: The domain (2.
Figure 4.6: The computational mesh Figure 4.7: The computational mesh

for A, and A2 for A
The result of this numerical experiment is shown in Fig. 4.8. This confirms

the feasibility of the method (one does not need to use a mesh refinement to
compute an approximation of the eigenvalues).
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n —— )\, (numerical computation)
o o o A2 (numerical computation)
+ » » A\ (numerical computation)
o e e R e n=>5
25| TR g e ooy
* & g
* s} o
* o}
L .
20
4 S-S 4— V-9 F—f—g-—g-—o-—o-—o0-—o n=4
* * * i
0BV B3 B 8§ e o g . _ n=3
& & )
¥ 9
15 & T m TR T T T T T T T T T T n=2
S S
o o * #*
o]
o
o
®__®__®__®_; ————————————————————— TL:1
& & ®
5 g * L A
o
10k n=0
. e e -
& g g o o o
* e Ie) o
* & . o} o o 5 o
* o
*
*
*
*
| | | | | | | | | |
0 01 02 03 04 05 06 07 0F 03 1§

Figure 4.8: Result of the second numerical experiment.
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Eigenvectors for 6 = 0.0125.
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Figure 4.9: The eigenvector wuy
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Figure 4.10: The eigenvector u)
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Figure 4.12: The eigenvector u,
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Figure 4.13: The eigenvector u{

2
2
3
h i
-1 05 ] 05 1 15 2

0 _
Figure 4.14: %

0

02

04

06



Eigenvectors for 6 = 0.0125.

Figure 4.15: The eigenvector us

Figure 4.16: The eigenvector u)
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Figure 4.19: The eigenvector u3
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Eigenvectors for 6 = 0.0125.
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Chapter 5

Conclusion

In the framework of the 2D Dirichlet eigenvalue problem of the Laplace op-
erator, we have obtained a second order asymptotic expansion of an eigenvalue
problem on a domain consisting of two cavities linked by a small iris (see problem
(1.4) and (1.5)).

7 |0stino,, (0]

T TP O TOE @), ifuy=0in Qe
A\ = nll22(Q4r) , 651)
' Dytin| ... (0 .
n LQ(Qewt)

This provides an easy way to compute an approximation of the Dirichlet-Laplacian
eigenvalues when the width of the iris is small without any mesh refinement. The
theoretical results are in good agreement with numerical tests.

Acknowledgment: This work has been supported by the French National Agency
(ANR) in the frame of its programm Systemes Complexes et Modélisation: project
APAM (Acoustique et Paroi Multi-perforée).
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Appendix A

The third order asymptotic
expansion

Let us recall that A\, and u, are the n'* eigenvalue and eigenvector of the
Diriclet-Laplacian in €2, (see (1.5)) and that A, and u,, are the n'* eigenvalue and
eigenvector of the Diriclet-Laplacian in ©°, (see (1.5)).

In this section, we give without detail the third order asymyptotic expansion
of A% and u’. A polynomial gauge is not sufficient to describe the asymptotic, one
has to consider an extra polynomial-logarithmic gauge function (§° In (5)). We
introduce the following notations.

Ao AV g AL 467 A2 67 N2 (A.1)

TR VR N ViR S et S R Vi (A.2)

w)(XS) = M(X) ~ M0 + ¢ I} + 6% T2 + 63 112 + 6 1120 + 6 In 6 T12, (A.3)

We mention that the second order asymptotic expansion has been formally derived

in Chapter 2 and the second order asymptotic expansion has been mathematically
validated in Chapter 3.

A.1 The interior case (u, =0 in ;)

A.1.1 The eigenvalue expansion

A=\, (A4
A =0, (A5
Oy, 0)[?
v 7 Osualy (0)] "

16 Hun”%%gm)

99



A.1.2 The far-field expansion

ud = u,, (A.7)
ul =0, (A.8)

Find 2 : Q — R and A\? € R such that

Au? + Au2 = —N2u,, inQ,

u? =0, ondQ\ {0},

(A.9)
1 sin (0)
2 - ’ e Hl an
un<x) axun Q'Lnt(o) ]_6 r ( t)’
1 0
W2(x) 1 Bl (0) = D g,
\ . 16 r
ud =0. (A.10)
A.1.3 The near-field expansion
I =o, (A.11)
( Find IT! : O — R such that
I} — d,unq,,, (0)¥ (X)X € K,
R (A.12)
AIlL =0, inQ,
\ =0, on Q.
( Find 112 : O — R such that
—AII2 =0, inQ,
(A.13)

12 = 0, on 99,
\ (X)) — U (X) XY 92 ul

zy'n
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( Find I13° : Q — R such that
ATIBO = — )\, TIL | in Q,
N (A.14)
30 =0, on 0,
ILOX) = (UR:(X) = o (1), in Qe and Q.
\ — 400
( Find II3! : Q — R such that
AT =0, in Q,
~ (A.15)
3! =0, on 05,
I (X) = (U3)s(X) = o (1), in Qi and Qe
\ —+00
with
( X3
(UR0)s(X) = 5;O’Un|ﬂmt(0)§
Optinla,,, (0) An VAR o~
T (_ 7111( 2 ) +%”t> X, 10 S,
| A VA .
(US’O)3<X) — _M (_ - ln( "R) —0—%3;15))(, in Qe
16 2 2
(UB)(X) = _w M X, in Qi
w(x) = 2l o,
\

(A.16)
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A.1.4 Spatial asymptotic expansions of the far-field coeffi-
cients

3! - TQO(T4) n Qine,

L(E_M(mﬁn'f

) + Vint 7”) sin (0) = OO(T2 Inr) in Q)

" 16 \r 2 2 s
1 /1 X\ An . .
\ u? (%) + O un(0) 6 (; - %(ln Q) + Yeut r) sin (0) = TQ (r*Inr) in Q.
(A.17)
( 3
V(un(r,0) =z 0,u, (0) — zy 8§yun (0) — 2° 8mu§'(0)> = OO(T’3) in Qine,

) Vit 7») sin (0)) = O (rinr) in Qjy,

) e r) s (6)) = O (1) in Qe
(A.18)

A.1.5 Spatial asymptotic expansions of the near-field co-

efficients
(LX) = (U)s(X) = 0,
MX) - (Us(X) = 0 (),
MX) - (U2s(X) = 0 () (A.19)
LX) = (U")s(X) = 0 (),
LX) = (U)s(X) = L 0 (),
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with ) R R
(U0)3<X) = 07 in Qint and Qemtu

1 sind

16 R

1 sinf . -~
I_GT’ in Qeqe,

(U2)3(X) = & unla,, (0)XY, in Qu,

(Un)s(X) = Oatinla,, (0)(X + ), i Qg

(Uvi)?’(X) = —0Unla,,, (0)

| (U2)5(X) = 0, in Qep.

A.2 The exterior case (u, =0 in ;)

A.2.1 The eigenvalue expansion

A=\,
A =0,

7 0wl (OF

= — .
16 HunH%?(Qezt)

n

A.2.2 The far-field expansion

0 _
Uy, = U,

1_
u, =0,
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( Find v? : Q — R and A\? € R such that
Au? + Au2 = —N2u,, inQ,

u?2 =0, ondQ\{0}.

1 sin (0
W20 = Butinlo (0) = 0 ¢ i)
16 T
1 sin (6)
2 L 10y
\ uz (X) + Opunla,,, (0) T € H (Qint),
ud = 0.

A.2.3 The near-field expansion

\

I =0,
[ Find I : O — R such that

L — d,unlq,,, (0)V. (X)X € K,

ATlL =0, inQ,

\ I, =0, on 9.
( Find I12 : Q — R such that

—AII2 =0, inQ,

12 = 0, on 99,
[ I(X) = Pei(X) XY 03 unle,., (0) € Ky,

( Find I13° : Q — R such that

ATIBO = — )\, T1L | in Q,
30 =0, on 8@,

m30(X) — (U3%)3(X)= o (1), in ﬁm and ﬁemt.

R—+o00
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(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)



with

;

wat)(x) = %t

( Find IT3! : Q — R such that

AT =0, in Q,

. (A.33)
It =0, on 0,

| TEX) - (U3)(X)

o (1), in Qy and Qeyy.
R—+o00

X3
UE(X) = Ol (0)5
amun Qezt (O> )\n V )\TLR ’ . ~
+ 16 ( - ? hl ( 2 ) + ’763[:15) Xa m Qea:ta
3,0 _ ext _'n / '
(Un )3(X) 16 ( 2 hl ( 2 ) + 7@nt>X7 m antu
8:)3 n t 0
(US’J)?’(X) _ U ‘Qez ( )

29 A X, in ﬁem

(0 . A
——§$L2Mxﬂnmm

(A.34)
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Appendix B

Prerequisite on eigenvalue
problem

In this section, we recall briefly some classical results on eigenvalues of the
Dirichlet-Laplacian. One can find a survey of this very old topic in [19].

B.1 The eigenvalues of the Dirichlet-Laplacian

Let © be a bounded open domain of R? with Lipschitz boundary. We denote
by L?(£2) the space of square integrable functions and by Hj () the space

HY(Q) = {u € L2(Q) : Vu € LX) and u = 0 on m}. (B.1)

These spaces are equipped with the L?*(Q) and H{(f2) inner products and the
associated norms

1
(s o)ey = [l = (0o

Q (B.2)
a(u,v) = /QVU'VU, luly = (a(u,u))2.

M

The Dirichlet-Laplacian can be defined as an unbounded operator on L?((2)
A ur— Au = 0%u+ 8§u (B.3)
with domain
D(A) = {u e HY(Q): Au e L2(Q)}. (B.4)
The eigenvalues of the laplacian (their opposites for positivity) are defined like the
solution of the following problem

{ Find A € R such that Ju € D(A), u # 0 satisfying

—Au = \u (B.5)
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or equivalently by the variational problem

{ Find A € R such that Ju € H}(2), u # 0 satisfying (B.6)

a(u,v) = Mu,v)r2(0), Vv € Hy ().

Since (2 is bounded, the spectral theory of self-adjoint compact operator ensure
the existence of a countable set of eigenvalues {\,, > 0},~¢

A <A <---and lim A\, =400 (B.7)

n—-4o0o

with associated eigenvectors w, € H{(2) (w, # 0) which can be chosen to be an
orthogonal basis of L?(2) and of H} ()

(Wns W) r2(@) = 0 and (Vwp,, Vwy, )2 =0 for n # m. (B.8)

B.2 The min-max principle

Theorem 6 (min-max) The n''-eigenvalue of the Dirichlet-Laplacian in € is
given by
An = min max R(u) (B.9)
VCHI) ueV
dim(V)=n u#0

with R(u) the Rayleigh quotient

a(u, )
R(u) = ————. B.10
(u) (w0 (B.10)
Proof. One can refer to Theorem 6.2-2 of [24] for the proof. |

B.3 A theorem of localisation of eigenvalues

We recall now a basic tool often used to derive asymptotic expansions of
eigenvalues.

Theorem 7 If there exists u € Hj (), v € R, and e € R%. such that
|a(u, v) = v(w,0)| < efluflollvllo, Vv € Hy(Q) (B.11)
then there exists an eigenvalue \ of the operator —A with domain D(A) such that

vy—e<A<y+e. (B.12)
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Proof. We act by contradiction. We suppose that there exists no eigenvalues
satisfying the inequality (B.12). Let (A;),., be the set eigenvalues of the Dirichlet-
laplacian —A, and (w;);., the orthogonal eigenfunctions family associated to these
eigenvalues. For allu, v € Hj (2), there exist (u,),=0, and (v,),~0 (the coordinates
of w and v in the basis (w;);~0) such that

+oo +o00o
u = Z upw, and v = Z UpWp. (B.13)
p=1 p=1
Therefore, one has
+oo
a(u,v) = Z AplpUp. (B.14)
p=1
Consequently, we get
+oo +o00o
’a<u7 v) — "Y(Uav)’ = } Z ApUptp — "qupvp}a
-l p=l (B.15)
= } Z (Ap =) upvp’-
p=1
A —
By taking v, = };)77’ (Ap # 7 by hypothesis) and using equation (B.15) we
p —

obtain
+oo +00 +00 oo
’ Z)‘pupvp - ”qupvp’ = Z P‘p - 7’“;2) > 52%2; > ellullg.[lv]l3, (B.16)
p=1 p=1 p=1 p=1

which is impossible, and the existence of an eigenvalue in the e-neighborhood of
holds. |

Note that this Theorem does not involve constant depending on €. Con-
sequently, this Theorem will be one of the key point of the asymptotic analysis
carried through this report where the domain depend on the small parameter §.
The reader can also refer to [12, 5, 3, 6] to see another use of this Theorem.
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Appendix C

Some results on separation of
variables.

C.1 Separation of variables for the far-field
In the continuation, we denote by r and € the polar coordinates
x=rsinf, y=—rcosf, with r >0, and 0 < 0 < 2. (C.1)

Let B, be a neighborhood of zero (p is a real which quantifies the size of this
neighborhood)

Bm:{XERQ:x>Oandfr<p} (C.2)

For A > 0, we are interested in expanding solutions of the following equations

u € C(Bey) \ {0},
Au+ Au =0 in By, (C.3)
u(0,y) =0 for 0 < |y| < p.

By separation of variables, the solutions of this equation can be written with the

following form (the reader can refer for example to [27] for more details)

+o0
u(r,0) = Z (agmtJn(\/XT) + bgthn(\/Xr)) sinnd, (C4)

n=1
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where J,(z) and Y,,(z) for n € N are the Bessel functions (see for example [20, 31])
defined by the following series (which converges unconditionally)

= !
— Z T (f) ’

gy (©5)
= ZYn,l< ) ZtL@l( >10g
l=—00
with J, , and Y, , given by
Iyt =0 if l >0or!lodd,
(=" (C.6)
Jn,n+2l = m it >0,
Yo -nt1 =0 if l<0orlodd,
1 (n—101-1)! '
Jn,fn+2l — _;T if 0 S l S n, (07)
1 (=1 .
Yot = ] WIl+1D)+y(l+n+1)) if0<lI,
with (y = 0,5772157... is the Euler number)
"1
1) =— k+1)=— —,Vk € N*. C.8
v =-7  Ylk+1) Hmzlm’ € (C8)

Remark 15 Asymptotic expansion of J,(z) and Y, (z) in the neighborhood of zero:
The following equivalent will be required in the report

In(z) ~ wu Yo(2) ~ _n- D! <§>_n forn > 1. (C.9)

z—0 ’[’L' z—0 T

In the case of a regular functions (u € C'°(Bey)) one can simplify (C.4) in

= f iy (\/XT> sin(p 0). (C.10)

Taking into account the behavior of J, we get

N
=Y alud, (Vo) sin(p 6) + o (™), YN €N, (C.11)
p=1
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By symmetry, in B,
Bint = {XER2 :x<0andr<p} (C.12)

every solution of

u € O mt) \ {0},
Au+ Au =0 in By, (C.13)

u(0,y) =0 for 0 < |y| < p.
can be expanded as follows

—+00

Uing(r,0) = Z( ab . Jp (\/_7“) (\/_T)> sinpf, in B,
p=l (C.14)
Uegt(1,0) = Z ( al..J (\/_7“) (\/_7“)) sinpf, in Bgy.

C.2 Separation of variables for the near field

Let B;,; and B.,; be the two neighborhood of infinity

B = {XER2:X<0andR>1},
(C.15)
B, = {XeR? X>0andR>1}

We consider IT = (I1;,;, I1.,;) solution of the laplace equation with Dirichlet bound-
ary conditions

IT = (Hint, Megt) € (C®(Bint) \ {0}) x (C=(Bear) \ {0}),
ArIint =01n Bint7 AHext =01n Bext7
I1;,:(0,Y) =0 for |Y]| > 1. IT..+(0,Y) =0 for |Y] > 1.

(C.16)
This function can be expanded via its modal expansion
+o0
(R, 0) = Z (o ,RP + B0 R7P)sin(p ), in B,

et (R, 0) Z (af RP + L RP)sin(pf), inBey
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