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❆❧❣♦r✐t❤♠✐❝s✱ Pr♦❣r❛♠♠✐♥❣✱ ❙♦❢t✇❛r❡ ❛♥❞ ❆r❝❤✐t❡❝t✉r❡

➱q✉✐♣❡✲Pr♦❥❡t ❱❡rt❡❝s

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✸✽✶ ✖ ❙❡♣t❡♠❜❡r ✷✵✶✵ ✖ ✷✷ ♣❛❣❡s

❆❜str❛❝t✿ ❚✐♠❡❞ ❛✉t♦♠❛t❛ ❛r❡ ❢r❡q✉❡♥t❧② ✉s❡❞ t♦ ♠♦❞❡❧ r❡❛❧✲t✐♠❡ s②st❡♠s✳ ❚❤❡✐r ❞❡t❡r♠✐♥✐③❛t✐♦♥
✐s ❛ ❦❡② ✐ss✉❡ ❢♦r s❡✈❡r❛❧ ✈❛❧✐❞❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❍♦✇❡✈❡r✱ ♥♦t ❛❧❧ t✐♠❡❞ ❛✉t♦♠❛t❛ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥✐③❡❞✱
❛♥❞ ❞❡t❡r♠✐♥✐③❛❜✐❧✐t② ✐ts❡❧❢ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ ❛ ❣❛♠❡✲❜❛s❡❞ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤✱
❣✐✈❡♥ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥✱ tr✐❡s t♦ ♣r♦❞✉❝❡ ❛ ❧❛♥❣✉❛❣❡✲❡q✉✐✈❛❧❡♥t ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥✱ ♦t❤✲
❡r✇✐s❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳ ❖✉r ♠❡t❤♦❞ s✉❜s✉♠❡s t✇♦ r❡❝❡♥t ❝♦♥tr✐❜✉t✐♦♥s✿ ✐t ✐s ❛t
♦♥❝❡ ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ❡①✐st✐♥❣ ❞❡t❡r♠✐♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡ t❤❛♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠✳ ▼♦r❡♦✈❡r✱ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❡①t❡♥❞ ♦✉r ♠❡t❤♦❞ t♦ ❞❡❛❧ ✇✐t❤ ✐♥✈❛r✐❛♥ts ❛♥❞ ε✲tr❛♥s✐t✐♦♥s✱
❛♥❞ ❛❧s♦ ❝♦♥s✐❞❡r ♦t❤❡r ✉s❡❢✉❧ ❛♣♣r♦①✐♠❛t✐♦♥s✿ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✉♥❞❡r✲ ❛♥❞
♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✳

❑❡②✲✇♦r❞s✿ t✐♠❡❞ ❛✉t♦♠❛t❛✱ ❞❡t❡r♠✐♥✐③❛t✐♦♥

❚❤✐s ✇♦r❦ ✇❛s ♣❛rt✐❛❧❧② ❢✉♥❞❡❞ ❜② t❤❡ ❢r❡♥❝❤ ❆◆❘ ❚❡st❡❝



❯♥ ❥❡✉ ♣♦✉r ❞ét❡r♠✐♥✐s❡r ❞❡s ❛✉t♦♠❛t❡s t❡♠♣♦r✐sés

❘és✉♠é ✿ ▲❡s ❛✉t♦♠❛t❡s t❡♠♣♦r✐sés s♦♥t ❝❧❛ss✐q✉❡♠❡♥t ✉t✐❧✐sés ♣♦✉r ♠♦❞é❧✐s❡r ❞❡s s②stè♠❡s t❡♠♣s✲
ré❡❧✳ ▲❡✉r ❞ét❡r♠✐♥✐s❛t✐♦♥ ❡st ✉♥ ♣r♦❜❧è♠❡ ❝❧❡❢ ♣♦✉r ♣❧✉s✐❡✉rs ♣r♦❜❧è♠❡s ❞❡ ✈❛❧✐❞❛t✐♦♥✳ P♦✉rt❛♥t ❝❡rt❛✐♥s
❛✉t♦♠❛t❡s t❡♠♣♦r✐sés ♥❡ s♦♥t ♣❛s ❞ét❡r♠✐♥✐s❛❜❧❡s ❡t ❧❛ ❞ét❡r♠✐♥✐s❛❜✐❧✐té ❡❧❧❡✲♠ê♠❡ ❡st ✐♥❞é❝✐❞❛❜❧❡✳ ❉❛♥s
❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ q✉✐✱ ét❛♥t ❞♦♥♥é ✉♥ ❛✉t♦♠❛t❡ t❡♠♣♦r✐sé✱ ❡ss❛✐❡ ❞❡ ♣r♦❞✉✐r❡
✉♥ ❛✉t♦♠❛t❡ ❞ét❡r♠✐♥✐st❡ éq✉✐✈❛❧❡♥t✱ ♦✉ à ❞é❢❛✉t ✉♥❡ s✉r❛♣♣r♦①✐♠❛t✐♦♥ ❞ét❡r♠✐♥✐st❡✳ ◆♦tr❡ ♠ét❤♦❞❡
❛♠é❧✐♦r❡ ❞❡✉① ❝♦♥tr✐❜✉t✐♦♥s ré❝❡♥t❡s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ✿ ❡❧❧❡ ❡st à ❧❛ ❢♦✐s ♣❧✉s ❣é♥ér❛❧❡ q✉❡ ❧❛ ♣r♦❝é❞✉r❡
❞❡ ❞ét❡r♠✐♥✐s❛t✐♦♥ ❡①✐st❛♥t❡ ❡t ♣❧✉s ♣ré❝✐s❡ q✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❡①♣❧✐q✉♦♥s
❝♦♠♠❡♥t ét❡♥❞r❡ ♥♦tr❡ ♠ét❤♦❞❡ ♣♦✉r tr❛✐t❡r ❧❡s ✐♥✈❛r✐❛♥ts ❡t ❧❡s ε✲tr❛♥s✐t✐♦♥s✱ ❡t ❝♦♥s✐❞ér♦♥s é❣❛❧❡♠❡♥t
❞✬❛✉tr❡s t②♣❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ✉t✐❧❡s ✿ ❧❡s s♦✉s✲❛♣♣r♦①✐♠❛t✐♦♥s ❡t ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ s♦✉s✲ ❡t s✉r✲
❛♣♣r♦①✐♠❛t✐♦♥s✳

▼♦ts✲❝❧és ✿ ❛✉t♦♠❛t❡s t❡♠♣♦r✐sés✱ ❞ét❡r♠✐♥✐s❛t✐♦♥



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❚✐♠❡❞ ❛✉t♦♠❛t❛ ✭❚❆✮✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❆❉✾✹❪✱ ❢♦r♠ ❛ ✉s✉❛❧ ♠♦❞❡❧ ❢♦r t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ r❡❛❧✲t✐♠❡
❡♠❜❡❞❞❡❞ s②st❡♠s✳ ❊ss❡♥t✐❛❧② ❚❆s ❛r❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❛✉t♦♠❛t❛ ✇✐t❤ ❣✉❛r❞s ❛♥❞ r❡s❡ts ♦❢ ❝♦♥t✐♥✉♦✉s
❝❧♦❝❦s✳ ❚❤❡② ❛r❡ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠❛♥② ✈❛❧✐❞❛t✐♦♥ ♣r♦❜❧❡♠s s✉❝❤ ❛s ✈❡r✐✜❝❛t✐♦♥✱ ❝♦♥tr♦❧
s②♥t❤❡s✐s ♦r ♠♦❞❡❧✲❜❛s❡❞ t❡st✐♥❣✳ ❖♥❡ ♦❢ t❤❡ r❡❛s♦♥s ❢♦r t❤✐s ♣♦♣✉❧❛r✐t② ✐s t❤❛t✱ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t
t❤❡② r❡♣r❡s❡♥t ✐♥✜♥✐t❡ st❛t❡ s②st❡♠s✱ t❤❡✐r r❡❛❝❤❛❜✐❧✐t② ✐s ❞❡❝✐❞❛❜❧❡✱ t❤❛♥❦s t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
r❡❣✐♦♥ ❣r❛♣❤ ❛❜str❛❝t✐♦♥✳

❉❡t❡r♠✐♥✐③❛t✐♦♥ ✐s ❛ ❦❡② ✐ss✉❡ ❢♦r s❡✈❡r❛❧ ♣r♦❜❧❡♠s s✉❝❤ ❛s ✐♠♣❧❡♠❡♥t❛❜✐❧✐t②✱ ❞✐❛❣♥♦s✐s ♦r t❡st ❣❡♥✲
❡r❛t✐♦♥✱ ✇❤❡r❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛♥❛❧②s❡s ❞❡♣❡♥❞ ♦♥ t❤❡ ♦❜s❡r✈❛❜❧❡ ❜❡❤❛✈✐♦r✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ t✐♠❡❞
❛✉t♦♠❛t❛✱ ❞❡t❡r♠✐♥✐③❛t✐♦♥ ✐s ♣r♦❜❧❡♠❛t✐❝ ❢♦r t✇♦ r❡❛s♦♥s✳ ❋✐rst✱ ❞❡t❡r♠✐♥✐③❛❜❧❡ t✐♠❡❞ ❛✉t♦♠❛t❛ ❢♦r♠
❛ str✐❝t s✉❜❝❧❛ss ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ ❬❆❉✾✹❪✳ ❙❡❝♦♥❞✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐③❛❜✐❧✐t② ♦❢ ❛ t✐♠❡❞
❛✉t♦♠❛t♦♥✱ ✭✐✳❡✳ ❞♦❡s t❤❡r❡ ❡①✐st ❛ ❞❡t❡r♠✐♥✐st✐❝ ❚❆ ✇✐t❤ t❤❡ s❛♠❡ ❧❛♥❣✉❛❣❡ ❛s ❛ ❣✐✈❡♥ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝
♦♥❡❄✮ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ❬❋✐♥✵✻✱ ❚r✐✵✻❪✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥✐③❡ t✐♠❡❞ ❛✉t♦♠❛t❛✱ t✇♦ ❛❧t❡r♥❛t✐✈❡s
❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞✿ ❡✐t❤❡r r❡str✐❝t✐♥❣ t♦ ❞❡t❡r♠✐♥✐③❛❜❧❡ ❝❧❛ss❡s ♦r ❝❤♦♦s✐♥❣ t♦ ❡♥s✉r❡ t❡r♠✐♥❛t✐♦♥
❢♦r ❛❧❧ ❚❆s ❜② ❛❧❧♦✇✐♥❣ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✱ ✐✳❡✳ ❞❡t❡r♠✐♥✐st✐❝ ❚❆s ❛❝❝❡♣t✐♥❣ ♠♦r❡ t✐♠❡❞ ✇♦r❞s✳ ❋♦r
t❤❡ ✜rst ❛♣♣r♦❛❝❤✱ s❡✈❡r❛❧ ❝❧❛ss❡s ♦❢ ❞❡t❡r♠✐♥✐③❛❜❧❡ ❚❆s ❤❛✈❡ ❜❡❡♥ ✐❞❡♥t✐✜❡❞✱ s✉❝❤ ❛s str♦♥❣❧② ♥♦♥✲❩❡♥♦
❚❆s ❬❆▼P❙✾✽❪✱ ❡✈❡♥t✲❝❧♦❝❦ ❚❆s ❬❆❋❍✾✹❪✱ ♦r ❚❆s ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts ❬❙P❑▼✵✽❪✳ ■♥ ❛ r❡❝❡♥t ♣❛♣❡r✱
❇❛✐❡r✱ ❇❡rtr❛♥❞✱ ❇♦✉②❡r ❛♥❞ ❇r✐❤❛②❡ ❬❇❇❇❇✵✾❛❪ ♣r♦♣♦s❡ ❛ ♣r♦❝❡❞✉r❡ ✇❤✐❝❤ ❞♦❡s ♥♦t t❡r♠✐♥❛t❡ ✐♥
❣❡♥❡r❛❧✱ ❜✉t ❛❧❧♦✇s ♦♥❡ t♦ ❞❡t❡r♠✐♥✐③❡ ❚❆s ✐♥ ❛ ❝❧❛ss ❝♦✈❡r✐♥❣ ❛❧❧ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❞❡t❡r♠✐♥✐③❛❜❧❡
❝❧❛ss❡s✳ ■t ✐s ❜❛s❡❞ ♦♥ ❛♥ ✉♥❢♦❧❞✐♥❣ ♦❢ t❤❡ ❚❆ ✐♥t♦ ❛ tr❡❡✱ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡s ❛ ♥❡✇ ❝❧♦❝❦ ❛t ❡❛❝❤ st❡♣✱
r❡♣r❡s❡♥t✐♥❣ ♦r✐❣✐♥❛❧ ❝❧♦❝❦s ❜② ❛ ♠❛♣♣✐♥❣❀ ❛ s②♠❜♦❧✐❝ ❞❡t❡r♠✐♥✐③❛t✐♦♥ ✉s✐♥❣ t❤❡ r❡❣✐♦♥ ❛❜str❛❝t✐♦♥❀ ❛
❢♦❧❞✐♥❣ ✉♣ ❜② t❤❡ r❡♠♦✈❛❧ ♦❢ r❡❞✉♥❞❛♥t ❝❧♦❝❦s✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ❤❛s ♦♥❧② ❜❡❡♥
✐♥✈❡st✐❣❛t❡❞ ❜② ❑r✐❝❤❡♥ ❛♥❞ ❚r✐♣❛❦✐s ❬❑❚✵✾❪✳ ❚❤❡② ♣r♦♣♦s❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ♣r♦❞✉❝❡s ❛ ❞❡t❡r♠✐♥✐st✐❝
♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ ❛ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❚❆ ❜② ❛ ❞❡t❡r♠✐♥✐st✐❝ ❚❆ ✇✐t❤ ✜①❡❞ r❡s♦✉r❝❡s ✭♥✉♠❜❡r
♦❢ ❝❧♦❝❦s ❛♥❞ ♠❛①✐♠❛❧ ❝♦♥st❛♥t✮✳ ■ts ❧♦❝❛t✐♦♥s ❝♦❞❡ ✭♦✈❡r✲❛♣♣r♦①✐♠❛t❡✮ ❡st✐♠❛t❡s ♦❢ ♣♦ss✐❜❧❡ st❛t❡s ♦❢
t❤❡ ♦r✐❣✐♥❛❧ ❚❆✱ ❛♥❞ ✐t ✉s❡s ❛ ✜①❡❞ ♣♦❧✐❝② ❣♦✈❡r♥❡❞ ❜② ❛ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ ❢♦r r❡s❡tt✐♥❣ ❝❧♦❝❦s✳

❖✉r ♠❡t❤♦❞ ❝♦♠❜✐♥❡s t❡❝❤♥✐q✉❡s ❢r♦♠ ❛♥❞ ✐♠♣r♦✈❡s t❤❡ ❛♣♣r♦❛❝❤❡s ♦❢ ❬❇❇❇❇✵✾❛❪ ❛♥❞ ❬❑❚✵✾❪✱
❞❡s♣✐t❡ t❤❡✐r ♥♦t❛❜❧❡ ❞✐✛❡r❡♥❝✐❡s✳ ▼♦r❡♦✈❡r✱ ✐t ❞❡❛❧s ✇✐t❤ ❜♦t❤ ✐♥✈❛r✐❛♥ts ❛♥❞ ε✲tr❛♥s✐t✐♦♥s✱ ❜✉t ❢♦r ❝❧❛r✐t②
✇❡ ♣r❡s❡♥t t❤❡s❡ tr❡❛t♠❡♥ts ❛s ❡①t❡♥s✐♦♥s✳ ❖✉r ♠❡t❤♦❞ ✐s ❛❧s♦ ✐♥s♣✐r❡❞ ❜② ❛ ❣❛♠❡ ❛♣♣r♦❛❝❤ t♦ ❞❡❝✐❞❡
t❤❡ ❞✐❛❣♥♦s❛❜✐❧✐t② ♦❢ ❚❆s ✇✐t❤ ✜①❡❞ r❡s♦✉r❝❡s ♣r❡s❡♥t❡❞ ❜② ❇♦✉②❡r✱ ❈❤❡✈❛❧✐❡r ❛♥❞ ❉✬❙♦✉③❛ ✐♥ ❬❇❈❉✵✺❪✳
❙✐♠✐❧❛r❧② t♦ ❬❑❚✵✾❪✱ t❤❡ r❡s✉❧t✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ ❚❆ ✐s ❣✐✈❡♥ ✜①❡❞ r❡s♦✉r❝❡s ✭♥✉♠❜❡r ♦❢ ❝❧♦❝❦s ❛♥❞ ♠❛①✐♠❛❧
❝♦♥st❛♥t✮ ✐♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ t❤❡ ♦r✐❣✐♥❛❧ ❚❆ ❜② ❛ ❝♦❞✐♥❣ ♦❢ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ♥❡✇ ❝❧♦❝❦s ❛♥❞ ♦r✐❣✐♥❛❧
♦♥❡s✳ ❚❤❡ ❝♦r❡ ♣r✐♥❝✐♣❧❡ ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ✜♥✐t❡ t✉r♥✲❜❛s❡❞ s❛❢❡t② ❣❛♠❡ ❜❡t✇❡❡♥ t✇♦ ♣❧❛②❡rs✱
❙♣♦✐❧❡r ❛♥❞ ❉❡t❡r♠✐♥✐③❛t♦r✱ ✇❤❡r❡ ❙♣♦✐❧❡r ❝❤♦♦s❡s ❛♥ ❛❝t✐♦♥ ❛♥❞ t❤❡ r❡❣✐♦♥ ♦❢ ✐ts ♦❝❝✉rr❡♥❝❡✱ ✇❤✐❧❡
❉❡t❡r♠✐♥✐③❛t♦r ❝❤♦♦s❡s ✇❤✐❝❤ ❝❧♦❝❦s t♦ r❡s❡t✳ ❖✉r ♠❛✐♥ r❡s✉❧t st❛t❡s t❤❛t ✐❢ ❉❡t❡r♠✐♥✐③❛t♦r ❤❛s ❛ ✇✐♥♥✐♥❣
str❛t❡❣②✱ t❤❡♥ ✐t ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❛❝❝❡♣t✐♥❣ ❡①❛❝t❧② t❤❡ s❛♠❡ t✐♠❡❞ ❧❛♥❣✉❛❣❡ ❛s
t❤❡ ✐♥✐t✐❛❧ ❛✉t♦♠❛t♦♥✱ ♦t❤❡r✇✐s❡ ✐t ♣r♦❞✉❝❡s ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s ♠♦r❡
❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❬❇❇❇❇✵✾❛❪✱ t❤✉s ❛❧❧♦✇✐♥❣ ♦♥❡ t♦ ❡♥❧❛r❣❡ t❤❡ s❡t ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ t❤❛t
❝❛♥ ❜❡ ❛✉t♦♠❛t✐❝❛❧❧② ❞❡t❡r♠✐♥✐③❡❞✱ t❤❛♥❦s t♦ ❛♥ ✐♥❝r❡❛s❡❞ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ✐♥ t❤❡ ❝♦❞✐♥❣ ♦❢ r❡❧❛t✐♦♥s
❜❡t✇❡❡♥ ♥❡✇ ❛♥❞ ♦r✐❣✐♥❛❧ ❝❧♦❝❦s✱ ❛♥❞ r♦❜✉st♥❡ss t♦ s♦♠❡ ❧❛♥❣✉❛❣❡ ✐♥❝❧✉s✐♦♥s✳ ❈♦♥tr❛r② t♦ ❬❇❇❇❇✵✾❛❪
♦✉r t❡❝❤♥✐q✉❡s ❛♣♣❧② t♦ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✿ ❚❆ ✇✐t❤ ε✲tr❛♥s✐t✐♦♥s ❛♥❞ ✐♥✈❛r✐❛♥ts✳ ■t ✐s ❛❧s♦
♠♦r❡ ♣r❡❝✐s❡ t❤❛♥ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬❑❚✵✾❪ ✐♥ s❡✈❡r❛❧ r❡s♣❡❝ts✿ ❛♥ ❛❞❛♣t❛t✐✈❡ ❛♥❞ t✐♠❡❞ r❡s❡tt✐♥❣ ♣♦❧✐❝②✱
❣♦✈❡r♥❡❞ ❜② ❛ str❛t❡❣②✱ ❝♦♠♣❛r❡❞ t♦ ❛ ✜①❡❞ ✉♥t✐♠❡❞ ♦♥❡ ❛♥❞ ❛ ♠♦r❡ ♣r❡❝✐s❡ ✉♣❞❛t❡ ♦❢ t❤❡ r❡❧❛t✐♦♥s
❜❡t✇❡❡♥ ❝❧♦❝❦s✱ ❡✈❡♥ ❢♦r ❛ ✜①❡❞ ♣♦❧✐❝②✱ ❛❧❧♦✇ ♦✉r ♠❡t❤♦❞ t♦ ❜❡ ❡①❛❝t ♦♥ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ❚❆s✳ ❚❤❡ ♠♦❞❡❧
✉s❡❞ ✐♥ ❬❑❚✵✾❪ ✐♥❝❧✉❞❡s s✐❧❡♥t tr❛♥s✐t✐♦♥s✱ ❛♥❞ ❡❞❣❡s ❛r❡ ❧❛❜❡❧❡❞ ✇✐t❤ ✉r❣❡♥❝② st❛t✉s ✭❡❛❣❡r✱ ❞❡❧❛②❛❜❧❡✱ ♦r
❧❛③②✮✱ ❜✉t ✉r❣❡♥❝② ✐s ♥♦t ♣r❡s❡r✈❡❞ ❜② t❤❡✐r ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ✐❧❧✉str❛t❡
t❤❡ ❜❡♥❡✜ts ♦❢ ♦✉r ❣❛♠❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ❝♦♠♣❛r❡❞ t♦ ❡①✐st✐♥❣ ✇♦r❦✳

❆♥♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥ ✐s t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ♦✉r ❣❛♠❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤ t♦ ❣❡♥❡r❛t❡ ❞❡t❡r♠✐♥✐st✐❝
✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ♦r ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ❝♦♠❜✐♥✐♥❣ ✉♥❞❡r✲ ❛♥❞ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✳ ❚❤❡
♠♦t✐✈❛t✐♦♥ ❢♦r t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s t♦ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦✛✲❧✐♥❡ ♠♦❞❡❧✲❜❛s❡❞ t❡st ❣❡♥❡r❛t✐♦♥ ❢♦r ♥♦♥✲
❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t❛ s♣❡❝✐✜❝❛t✐♦♥s✳ ■♥❞❡❡❞ ✐♥ t❤✐s ❝♦♥t❡①t✱ ✐♥♣✉t ❛❝t✐♦♥s ❛♥❞ ♦✉t♣✉t ❛❝t✐♦♥s
❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❞✐✛❡r❡♥t❧② t♦ ❜✉✐❧❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲❡ ♣r♦✈✐❞❡ ❛ ♥♦t✐♦♥ ♦❢ r❡✜♥❡♠❡♥t ✭❛♥❞
t❤❡ ❞✉❛❧ ❛❜str❛❝t✐♦♥✮ ❛♥❞ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❡①t❡♥❞ ♦✉r ❛♣♣r♦❛❝❤ t♦ ❣❡♥❡r❛t❡ ❞❡t❡r♠✐♥✐st✐❝ ❛❜str❛❝t✐♦♥s✳

❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ r❡♣♦rt ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ r❡❝❛❧❧ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s r❡❧❛t✐✈❡ t♦
t✐♠❡❞ ❛✉t♦♠❛t❛✱ ❛♥❞ ♣r❡s❡♥t t❤❡ t✇♦ r❡❝❡♥t ♣✐❡❝❡s ♦❢ ✇♦r❦ t♦ ❞❡t❡r♠✐♥✐③❡ t✐♠❡❞ ❛✉t♦♠❛t❛ ♦r ♣r♦✈✐❞❡

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✹

❛ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳ ❙❡❝t✐♦♥ ✸ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ♦✉r ❣❛♠❡ ❛♣♣r♦❛❝❤ ❛♥❞
✐ts ♣r♦♣❡rt✐❡s✳ ❆ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①✐st✐♥❣ ♠❡t❤♦❞s ✐s ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❊①t❡♥s✐♦♥s ♦❢ t❤❡ ♠❡t❤♦❞
t♦ t✐♠❡❞ ❛✉t♦♠❛t❛ ✇✐t❤ ✐♥✈❛r✐❛♥ts ❛♥❞ ε✲tr❛♥s✐t✐♦♥s ❛r❡ t❤❡♥ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ✇❡
✜♥❛❧❧② ❞✐s❝✉ss ❤♦✇ t❤❡ ❝♦♥str✉❝t✐♦♥ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ♣❡r❢♦r♠ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✱ ♦r ❝♦♠❜✐♥❛t✐♦♥s
♦❢ ✉♥❞❡r✲ ❛♥❞ ✲♦✈❡r❛♣♣r♦①✐♠❛t✐♦♥s✳

✷ Pr❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st❛rt ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♠♦❞❡❧ ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✱ ❛♥❞ t❤❡♥ r❡✈✐❡✇ t✇♦ ❛♣♣r♦❛❝❤❡s
❢♦r t❤❡✐r ❞❡t❡r♠✐♥✐③❛t✐♦♥✳

✷✳✶ ❚✐♠❡❞ ❆✉t♦♠❛t❛

❲❡ st❛rt ❜② ✐♥tr♦❞✉❝✐♥❣ ♥♦t❛t✐♦♥s ❛♥❞ ✉s❡❢✉❧ ❞❡✜♥✐t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t✐♠❡❞ ❛✉t♦♠❛t❛ ❬❆❉✾✹❪✳
●✐✈❡♥ ❛ ✜♥✐t❡ s❡t ♦❢ ❝❧♦❝❦s X✱ ❛ ❝❧♦❝❦ ✈❛❧✉❛t✐♦♥ ✐s ❛ ♠❛♣♣✐♥❣ v : X → R+✳ ❲❡ ♥♦t❡ 0 t❤❡ ✈❛❧✉❛t✐♦♥

t❤❛t ❛ss✐❣♥s 0 t♦ ❛❧❧ ❝❧♦❝❦s✳ ■❢ v ✐s ❛ ✈❛❧✉❛t✐♦♥ ♦✈❡r X ❛♥❞ t ∈ R+✱ t❤❡♥ v + t ❞❡♥♦t❡s t❤❡ ✈❛❧✉❛t✐♦♥ ✇❤✐❝❤
❛ss✐❣♥s t♦ ❡✈❡r② ❝❧♦❝❦ x ∈ X t❤❡ ✈❛❧✉❡ v(x) + t✱ ❛♥❞ ←→v = {v + t | t ∈ R} ❞❡♥♦t❡s ♣❛st ❛♥❞ ❢✉t✉r❡ t✐♠❡❞
❡①t❡♥s✐♦♥s ♦❢ v✳ ❋♦r X ′ ⊆ X ✇❡ ✇r✐t❡ v[X′←0] ❢♦r t❤❡ ✈❛❧✉❛t✐♦♥ ❡q✉❛❧ t♦ v ♦♥ X \ X ′ ❛♥❞ t♦ 0 ♦♥ X ′✱
❛♥❞ v|X′ ❢♦r t❤❡ ✈❛❧✉❛t✐♦♥ v r❡str✐❝t❡❞ t♦ X ′✳

●✐✈❡♥ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r M ✱ ❛♥ M ✲❜♦✉♥❞❡❞ ❣✉❛r❞✱ ♦r s✐♠♣❧② ❣✉❛r❞ ✇❤❡♥ M ✐s ❝❧❡❛r ❢r♦♠ ❝♦♥t❡①t✱
♦✈❡r X ✐s ❛ ✜♥✐t❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠ x ∼ c ✇❤❡r❡ x ∈ X, c ∈ [0,M ] ∩ N ❛♥❞
∼∈ {<,≤,=,≥, >}✳ ❲❡ ❞❡♥♦t❡ ❜② GM (X) t❤❡ s❡t ♦❢ M ✲❜♦✉♥❞❡❞ ❣✉❛r❞s ♦✈❡r X✳ ●✐✈❡♥ ❛ ❣✉❛r❞ g
❛♥❞ ❛ ✈❛❧✉❛t✐♦♥ v✱ ✇❡ ✇r✐t❡ v |= g ✐❢ v s❛t✐s✜❡s g✳ ■♥✈❛r✐❛♥ts ❛r❡ r❡str✐❝t❡❞ ❝❛s❡s ♦❢ ❣✉❛r❞s✿ ❣✐✈❡♥
M ∈ N✱ ❛♥ M ✲❜♦✉♥❞❡❞ ✐♥✈❛r✐❛♥t ♦✈❡r X ✐s ❛ ✜♥✐t❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠ x ✁ c ✇❤❡r❡
x ∈ X, c ∈ [0,M ] ∩ N ❛♥❞ ✁ ∈ {<,≤}✳ ❲❡ ❞❡♥♦t❡ ❜② IM (X) t❤❡ s❡t ♦❢ ✐♥✈❛r✐❛♥ts✳ ●✐✈❡♥ t✇♦ ✜♥✐t❡
s❡ts ♦❢ ❝❧♦❝❦s X ❛♥❞ Y ✱ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝❧♦❝❦s ♦❢ X ❛♥❞ t❤♦s❡ ♦❢ Y ✐s ❛ ✜♥✐t❡ ❝♦♥❥✉♥❝t✐♦♥ C ♦❢
❛t♦♠✐❝ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠ x − y ∼ c ✇❤❡r❡ x ∈ X, y ∈ Y, ∼∈ {<,=, >} ❛♥❞ c ∈ N✳ ❲❤❡♥✱
♠♦r❡♦✈❡r✱ t❤❡ ❝♦♥st❛♥t c ✐s ❝♦♥tr❛✐♥❡❞ t♦ ❜❡❧♦♥❣ t♦ [−M ′,M ]✱ ❢♦r s♦♠❡ ❝♦♥st❛♥ts M,M ′ ∈ N✱ ✇❡ ❞❡♥♦t❡
❜② RelM,M ′(X, Y ) t❤❡ s❡t ♦❢ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ X ❛♥❞ Y ✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✭❚❆ ❢♦r s❤♦rt✮ ✐s ❛ t✉♣❧❡ A = (L, ℓ0, F, Σ, X,M,E, Inv) s✉❝❤ t❤❛t✿ L
✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s✱ ℓ0 ∈ L ✐s t❤❡ ✐♥✐t✐❛❧ ❧♦❝❛t✐♦♥✱ F ⊆ L ✐s t❤❡ s❡t ♦❢ ✜♥❛❧ ❧♦❝❛t✐♦♥s✱ Σ ✐s ❛ ✜♥✐t❡
❛❧♣❤❛❜❡t✱ ❳ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❝❧♦❝❦s✱ M ∈ N✱ E ⊆ L × GM (X) × (Σ ∪ {ε}) × 2X × L ✐s ❛ ✜♥✐t❡ s❡t ♦❢
❡❞❣❡s✱ ❛♥❞ Inv : L→ IM (X) ✐s t❤❡ ✐♥✈❛r✐❛♥t ❢✉♥❝t✐♦♥✳

❚❤❡ ❝♦♥st❛♥t M ✐s ❝❛❧❧❡❞ t❤❡ ♠❛①✐♠❛❧ ❝♦♥st❛♥t ♦❢ A✱ ❛♥❞ ✇❡ ✇✐❧❧ r❡❢❡r t♦ (|X|,M) ❛s t❤❡ r❡s♦✉r❝❡s ♦❢
A✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ A ✐s ❣✐✈❡♥ ❛s ❛ t✐♠❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ TA = (S, s0, SF , (R+ ×
(Σ ∪ {ε})),→) ✇❤❡r❡ S = L × RX

+ ✐s t❤❡ s❡t ♦❢ st❛t❡s✱ s0 = (ℓ0, 0) t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ SF = F × RX
+

t❤❡ ✜♥❛❧ st❛t❡s✱ ❛♥❞ →⊆ S × (R+ × (Σ ∪ {ε})) × S t❤❡ tr❛♥s✐t✐♦♥ r❡❧❛t✐♦♥ ❝♦♠♣♦s❡❞ ♦❢ ♠♦✈❡s ♦❢ t❤❡
❢♦r♠ (ℓ, v)

τ,a
−→ (ℓ′, v′) ✇❤❡♥❡✈❡r t❤❡r❡ ❡①✐sts ❛♥ ❡❞❣❡ (ℓ, g, a,X ′, ℓ′) ∈ E s✉❝❤ t❤❛t v + τ |= g ∧ Inv(ℓ)✱

v′ = (v + τ)[X′←0] ❛♥❞ v′ |= Inv(ℓ′)✳

❆ r✉♥ ρ ♦❢ A ✐s ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ♠♦✈❡s st❛rt✐♥❣ ✐♥ s0✱ ✐✳❡✳✱ ρ = s0
τ1,a1

−→ s1 · · ·
τk,ak−→ sk✳ ❘✉♥ ρ ✐s

s❛✐❞ ❛❝❝❡♣t✐♥❣ ✐❢ ✐t ❡♥❞s ✐♥ sk ∈ SF ✳ ❆ t✐♠❡❞ ✇♦r❞ ♦✈❡r Σ ✐s ❛♥ ❡❧❡♠❡♥t (ti, ai)i≤n ♦❢ (R+ × Σ)∗ s✉❝❤
t❤❛t (ti)i≤n ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳ ❚❤❡ t✐♠❡❞ ✇♦r❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ρ ✐s w = (ti1 , ai1) . . . (tim

, aim
) ✇❤❡r❡

(ai ∈ Σ ✐✛ ∃n, ai = ain
) ❛♥❞ ti =

∑i
j=1 τj ✳ ❲❡ ✇r✐t❡ L(A) ❢♦r t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ A✱ t❤❛t ✐s t❤❡ s❡t ♦❢

t✐♠❡❞ ✇♦r❞s w s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❛❝❝❡♣t✐♥❣ r✉♥ ✇❤✐❝❤ r❡❛❞s w✳ ❲❡ s❛② t❤❛t t✇♦ t✐♠❡❞ ❛✉t♦♠❛t❛
A ❛♥❞ B ❛r❡ ❡q✉✐✈❛❧❡♥t ✇❤❡♥❡✈❡r L(A) = L(B)✳

❆ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✭❛❜❜r❡✈✐❛t❡❞ ❉❚❆✮ A ✐s ❛ ❚❆ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② t✐♠❡❞ ✇♦r❞
w✱ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ r✉♥ ✐♥ A r❡❛❞✐♥❣ w✳ A ✐s ❞❡t❡r♠✐♥✐③❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞
❛✉t♦♠❛t♦♥ B ✇✐t❤ L(A) = L(B)✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t s♦♠❡ t✐♠❡❞ ❛✉t♦♠❛t❛ ❛r❡ ♥♦t ❞❡t❡r♠✐♥✐③✲
❛❜❧❡ ❬❆❉✾✹❪❀ ♠♦r❡♦✈❡r✱ t❤❡ ❞❡t❡r♠✐♥✐③❛❜✐❧✐t② ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ ✐s ❛♥ ✉♥❞❡❝✐❞❛❜❧❡ ♣r♦❜❧❡♠✱ ❡✈❡♥ ✇✐t❤
✜①❡❞ r❡s♦✉r❝❡s ❬❚r✐✵✻✱ ❋✐♥✵✻❪✳

❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❚❤✐s ♥♦♥❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❤❛s
ℓ0 ❛s ✐♥✐t✐❛❧ ❧♦❝❛t✐♦♥ ✭❞❡♥♦t❡❞ ❜② ❛ ♣❡♥❞✐♥❣ ✐♥❝♦♠✐♥❣ ❛rr♦✇✮✱ ℓ3 ❛s ✜♥❛❧ ❧♦❝❛t✐♦♥ ✭❞❡♥♦t❡❞ ❜② ❛ ♣❡♥❞✐♥❣
♦✉t❣♦✐♥❣ ❛rr♦✇✮ ❛♥❞ ❛❝❝❡♣ts t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❛♥❣✉❛❣❡✿ L(A) = {(t1, a) · · · (tn, a)(tn+1, b) | tn+1 < 1}✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✺

ℓ0

ℓ1

ℓ2

ℓ3

0 < x < 1, a0 < x < 1, a

0 < x < 1, a, {x}

0 < x < 1, b, {x}

x = 0, b

❋✐❣✉r❡ ✶✿ ❆ t✐♠❡❞ ❛✉t♦♠❛t♦♥ A✳

❚❤❡ r❡❣✐♦♥ ❛❜str❛❝t✐♦♥ ❢♦r♠s ❛ ♣❛rt✐t✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥s ♦✈❡r ❛ ❣✐✈❡♥ s❡t ♦❢ ❝❧♦❝❦s✳ ■t ❛❧❧♦✇s ♦♥❡ t♦
♠❛❦❡ ❛❜str❛❝t✐♦♥s ✐♥ ♦r❞❡r t♦ ❞❡❝✐❞❡ ♣r♦♣❡rt✐❡s ❧✐❦❡ t❤❡ r❡❛❝❤❛❜✐❧✐t② ♦❢ ❛ ❧♦❝❛t✐♦♥✳ ❲❡ ❧❡t X ❜❡ ❛ ✜♥✐t❡
s❡t ♦❢ ❝❧♦❝❦s✱ ❛♥❞ M ∈ N✳ ❲❡ ✇r✐t❡ ⌊t⌋ ❛♥❞ {t} ❢♦r t❤❡ ✐♥t❡❣❡r ♣❛rt ❛♥❞ t❤❡ ❢r❛❝t✐♦♥❛❧ ♣❛rt ♦❢ ❛ r❡❛❧
t✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ≡X,M ♦✈❡r ✈❛❧✉❛t✐♦♥s ♦✈❡r X ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ v ≡X,M v′

✐❢ (i) ❢♦r ❡✈❡r② ❝❧♦❝❦ x ∈ X✱ v(x) ≤ M ✐✛ v′(x) ≤ M ❀ (ii) ❢♦r ❡✈❡r② ❝❧♦❝❦ x ∈ X✱ ✐❢ v(x) ≤ M ✱ t❤❡♥
⌊v(x)⌋ = ⌊v′(x)⌋ ❛♥❞ {v(x)} = 0 ✐✛ {v′(x)} = 0 ❛♥❞ (iii) ❢♦r ❡✈❡r② ♣❛✐r ♦❢ ❝❧♦❝❦s (x, y) ∈ X2 s✉❝❤ t❤❛t
v(x) ≤ M ❛♥❞ v(y) ≤ M ✱ {v(x)} ≤ {v(y)} ✐✛ {v′(x)} ≤ {v′(y)}✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡
r❡❣✐♦♥ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r t❤❡ s❡t ♦❢ ❝❧♦❝❦s X ✇✳r✳t✳ M ✱ ❛♥❞ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ✐s ❝❛❧❧❡❞ ❛ r❡❣✐♦♥✳ ❚❤❡ s❡t
♦❢ r❡❣✐♦♥s✱ ❣✐✈❡♥ X ❛♥❞ M ✱ ✐s ❞❡♥♦t❡❞ RegX

M ✳ ❆ r❡❣✐♦♥ r′ ✐s ❛ t✐♠❡✲s✉❝❝❡ss♦r ♦❢ ❛ r❡❣✐♦♥ r ✐❢ t❤❡r❡ ✐s
v ∈ r ❛♥❞ t ∈ R+ s✉❝❤ t❤❛t v + t ∈ r′✳ ❚❤❡ s❡t ♦❢ ❛❧❧ t✐♠❡✲s✉❝❝❡ss♦rs ♦❢ r ✐s ❞❡♥♦t❡❞ −→r ✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♦❢t❡♥ ❛❜✉s❡ ♥♦t❛t✐♦♥s ❢♦r ❣✉❛r❞s✱ ✐♥✈❛r✐❛♥ts✱ r❡❧❛t✐♦♥s ❛♥❞ r❡❣✐♦♥s✱ ❛♥❞ ✇r✐t❡ g✱
I✱ C ❛♥❞ r✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ❜♦t❤ t❤❡ ❝♦♥str❛✐♥ts ♦✈❡r ❝❧♦❝❦ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ s❡ts ♦❢ ✈❛❧✉❛t✐♦♥s t❤❡②
r❡♣r❡s❡♥t✳

✷✳✷ ❊①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ❞❡t❡r♠✐♥✐③❛t✐♦♥ ♦❢ ❚❆s

❚♦ ♦✈❡r❝♦♠❡ t❤❡ ♥♦♥✲❢❡❛s❛❜✐❧✐t② ♦❢ ❞❡t❡r♠✐♥✐③❛t✐♦♥ ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ ✐♥ ❣❡♥❡r❛❧✱ t✇♦ ❛❧t❡r♥❛t✐✈❡s ❤❛✈❡
❜❡❡♥ ❡①♣❧♦r❡❞✿ ❡✐t❤❡r ❡①❤✐❜✐t✐♥❣ s✉❜❝❧❛ss❡s ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ ✇❤✐❝❤ ❛r❡ ❞❡t❡r♠✐♥✐③❛❜❧❡ ❛♥❞ ♣r♦✈✐❞❡
❞❡t❡r♠✐♥✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱ ♦r ❝♦♥str✉❝t✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✳ ❲❡ r❡❧❛t❡ ❤❡r❡✱ ❢♦r ❡❛❝❤
♦❢ t❤❡s❡ ❞✐r❡❝t✐♦♥s✱ ❛ r❡❝❡♥t ❝♦♥tr✐❜✉t✐♦♥✳

❉❡t❡r♠✐♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❆♥ ❛❜str❛❝t ❞❡t❡r♠✐♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❤✐❝❤ ❡✛❡❝t✐✈❡❧② ❝♦♥str✉❝ts
❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❢♦r s❡✈❡r❛❧ ❝❧❛ss❡s ♦❢ ❞❡t❡r♠✐♥✐③❛❜❧❡ t✐♠❡❞ ❛✉t♦♠❛t❛ ✐s ♣r❡s❡♥t❡❞
✐♥ ❬❇❇❇❇✵✾❛❪✳ ●✐✈❡♥ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ A✱ t❤✐s ♣r♦❝❡❞✉r❡ ✜rst ♣r♦❞✉❝❡s ❛ ❧❛♥❣✉❛❣❡✲❡q✉✐✈❛❧❡♥t ✐♥✲
✜♥✐t❡ t✐♠❡❞ tr❡❡✱ ❜② ✉♥❢♦❧❞✐♥❣ A✱ ✐♥tr♦❞✉❝✐♥❣ ❛ ❢r❡s❤ ❝❧♦❝❦ ❛t ❡❛❝❤ st❡♣✳ ❚❤✐s ❛❧❧♦✇s ♦♥❡ t♦ ♣r❡s❡r✈❡
❛❧❧ t✐♠✐♥❣ ❝♦♥str❛✐♥ts✱ ✉s✐♥❣ ❛ ♠❛♣♣✐♥❣ ❢r♦♠ ❝❧♦❝❦s ♦❢ A t♦ t❤❡ ♥❡✇ ❝❧♦❝❦s✳ ❚❤❡♥✱ t❤❡ ✐♥✜♥✐t❡ tr❡❡ ✐s
s♣❧✐t ✐♥t♦ r❡❣✐♦♥s✱ ❛♥❞ s②♠❜♦❧✐❝❛❧❧② ❞❡t❡r♠✐♥✐③❡❞✳ ❯♥❞❡r ❛ ❝❧♦❝❦✲❜♦✉♥❞❡❞♥❡ss ❛ss✉♠♣t✐♦♥✱ t❤❡ ✐♥✜♥✐t❡
tr❡❡ ✇✐t❤ ✐♥✜♥✐t❡❧② ♠❛♥② ❝❧♦❝❦s ❝❛♥ ❜❡ ❢♦❧❞❡❞ ✉♣ ✐♥t♦ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✭✇✐t❤ ✜♥✐t❡❧② ♠❛♥② ❧♦❝❛✲
t✐♦♥s ❛♥❞ ❝❧♦❝❦s✮✳ ❚❤❡ ❝❧♦❝❦✲❜♦✉♥❞❡❞♥❡ss ❛ss✉♠♣t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r s❡✈❡r❛❧ ❝❧❛ss❡s ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✱
s✉❝❤ ❛s ❡✈❡♥t✲❝❧♦❝❦ ❚❆ ❬❆❋❍✾✹❪✱ ❚❆ ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts ❬❙P❑▼✵✽❪ ❛♥❞ str♦♥❣❧② ♥♦♥✲❩❡♥♦ t✐♠❡❞ ❛✉✲
t♦♠❛t❛ ❬❆▼P❙✾✽❪✱ ✇❤✐❝❤ ❝❛♥ t❤✉s ❜❡ ❞❡t❡r♠✐♥✐③❡❞ ❜② t❤✐s ♣r♦❝❡❞✉r❡✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞
❛✉t♦♠❛t♦♥ ✐s ❞♦✉❜❧② ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ A✳

❉❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❇② ❝♦♥str❛st✱ ❑r✐❝❤❡♥ ❛♥❞ ❚r✐♣❛❦✐s ♣r♦♣♦s❡ ✐♥ ❬❑❚✵✾❪ ❛♥ ❛❧❣♦✲
r✐t❤♠ ❛♣♣❧✐❝❛❜❧❡ t♦ ❛♥② t✐♠❡❞ ❛✉t♦♠❛t♦♥ A✱ ✇❤✐❝❤ ♣r♦❞✉❝❡s ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❛t
✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❚❆ B ❛❝❝❡♣t✐♥❣ ❛t ❧❡❛st ❛❧❧ t✐♠❡❞ ✇♦r❞s ✐♥ L(A)✳ ❚❤✐s ❚❆ B ✐s ❜✉✐❧t ❜② s✐♠✉❧❛t✐♦♥ ♦❢
A ✉s✐♥❣ ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ❝❛rr✐❡❞ ❜② ❝❧♦❝❦s ♦❢ B✳ ❆ ❧♦❝❛t✐♦♥ ♦❢ B ✐s t❤❡♥ ❛ st❛t❡ ❡st✐♠❛t❡ ♦❢ A ❝♦♥s✐st✐♥❣
♦❢ ❛ ✭❣❡♥❡r❛❧❧② ✐♥✜♥✐t❡✮ s❡t ♦❢ ♣❛✐rs (ℓ, v) ✇❤❡r❡ ℓ ✐s ❛ ❧♦❝❛t✐♦♥ ♦❢ A ❛♥❞ v ❛ ✈❛❧✉❛t✐♦♥ ♦✈❡r t❤❡ ✉♥✐♦♥ ♦❢
❝❧♦❝❦s ♦❢ A ❛♥❞ B✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✉s❡ ♦❢ ❛ ✜①❡❞ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ ✭❝❛❧❧❡❞ s❦❡❧❡t♦♥✮ ✇❤✐❝❤
❣♦✈❡r♥s t❤❡ r❡s❡tt✐♥❣ ♣♦❧✐❝② ❢♦r t❤❡ ❝❧♦❝❦s ♦❢ B✳ B ✐s ❛❧s♦ ❞♦✉❜❧② ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ A✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✻

✸ ❆ ❣❛♠❡ ❛♣♣r♦❛❝❤

■♥ ❬❇❈❉✵✺❪✱ ❣✐✈❡♥ ❛ ♣❧❛♥t ✖♠♦❞❡❧❧❡❞ ❜② ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥✖ ❛♥❞ ✜①❡❞ r❡s♦✉r❝❡s✱ t❤❡ ❛✉t❤♦rs ❜✉✐❧❞
❛ ❣❛♠❡ ✇❤❡r❡ s♦♠❡ ♣❧❛②❡r ❤❛s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣❧❛♥t ❝❛♥ ❜❡ ❞✐❛❣♥♦s❡❞ ❜② ❛ t✐♠❡❞
❛✉t♦♠❛t♦♥ ✉s✐♥❣ t❤❡ ❣✐✈❡♥ r❡ss✉r❝❡s✳ ■♥s♣✐r❡❞ ❜② t❤✐s ❝♦♥str✉❝t✐♦♥✱ ❣✐✈❡♥ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ A ❛♥❞ ✜①❡❞
r❡s♦✉r❝❡s✱ ✇❡ ❞❡r✐✈❡ ❛ ❣❛♠❡ ❜❡t✇❡❡♥ t✇♦ ♣❧❛②❡rs ❙♣♦✐❧❡r ❛♥❞ ❉❡t❡r♠✐♥✐③❛t♦r✱ s✉❝❤ t❤❛t ✐❢ ❉❡t❡r♠✐♥✐③❛t♦r
❤❛s ❛ ✇✐♥♥✐♥❣ str❛t❡❣②✱ t❤❡♥ ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥ B ✇✐t❤ L(B) = L(A) ❝❛♥ ❜❡ ❡✛❡❝t✐✈❡❧②
❣❡♥❡r❛t❡❞✳ ▼♦r❡♦✈❡r✱ ❛♥② str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✭✇✐♥♥✐♥❣ ♦r ♥♦t✮ ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r A✳ ❲❡ ♣r❡s❡♥t ❤❡r❡ t❤❡ ♠❡t❤♦❞ ❢♦r t✐♠❡❞ ❛✉t♦♠❛ ✇✐t❤♦✉t ε✲tr❛♥s✐t✐♦♥s ❛♥❞ ✇❤✐❝❤ ❛❧❧
✐♥✈❛r✐❛♥ts ❛r❡ tr✉❡✳ ❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✐s ♣r❡s❡♥t❡❞✱ ❢♦r ❝❧❛r✐t②✱ ❛s ❡①t❡♥s✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳

✸✳✶ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣❛♠❡

▲❡t A = (L, ℓ0, F, Σ, X,M,E) ❜❡ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥✳ ❲❡ ❛✐♠ ❛t ❜✉✐❧❞✐♥❣ ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉✲
t♦♠❛t♦♥ B ✇✐t❤ L(A) = L(B) ✐❢ ♣♦ss✐❜❧❡✱ ♦r L(A) ⊆ L(B)✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦✱ ✇❡ ✜① r❡s♦✉r❝❡s (k, M ′)
❢♦r B ❛♥❞ ❜✉✐❧❞ ❛ ✜♥✐t❡ ✷✲♣❧❛②❡r t✉r♥✲❜❛s❡❞ s❛❢❡t② ❣❛♠❡ GA,(k,M ′)✳ P❧❛②❡rs ❙♣♦✐❧❡r ❛♥❞ ❉❡t❡r♠✐♥✐③❛t♦r
❛❧t❡r♥❛t❡ ♠♦✈❡s✱ ❛♥❞ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ♣❧❛②❡r ❉❡t❡r♠✐♥✐③❛t♦r ✐s t♦ ❛✈♦✐❞ ❛ s❡t ♦❢ ❜❛❞ st❛t❡s ✭t♦ ❜❡ ❞❡✜♥❡❞
❧❛t❡r✮✳ ■♥t✉✐t✐✈❡❧②✱ ✐♥ t❤❡ s❛❢❡ st❛t❡s✱ ❢♦r s✉r❡✱ ♥♦ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞✳

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✜rst ❞❡t❛✐❧ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ A ❤❛s ♥♦ ε✲tr❛♥s✐t✐♦♥s ❛♥❞ ❛❧❧ ✐♥✈❛r✐❛♥ts
❛r❡ tr✉❡✳

▲❡t Y ❜❡ ❛ s❡t ♦❢ ❝❧♦❝❦s ♦❢ ❝❛r❞✐♥❛❧✐t② k✳ ❚❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ ❣❛♠❡ ✐s ❛ st❛t❡ ♦❢ ❙♣♦✐❧❡r ❝♦♥s✐st✐♥❣
♦❢ ❧♦❝❛t✐♦♥ ℓ0 ✭✐♥✐t✐❛❧ ❧♦❝❛t✐♦♥ ♦❢ A✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ s✐♠♣❧❡st r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ X ❛♥❞ Y ✿ ∀x ∈ X, ∀y ∈
Y, x − y = 0✱ ❛♥❞ ❛ ♠❛r❦✐♥❣ ⊤ ✭♥♦ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ✇❛s ❞♦♥❡ s♦ ❢❛r✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♥✉❧❧ r❡❣✐♦♥
♦✈❡r Y ✳ ■♥ ❡❛❝❤ ♦❢ ✐ts st❛t❡s✱ ❙♣♦✐❧❡r ❝❤❛❧❧❡♥❣❡s ❉❡t❡r♠✐♥✐③❛t♦r ❜② ♣r♦♣♦s✐♥❣ ❛♥ ▼✬✲❜♦✉♥❞❡❞ r❡❣✐♦♥ r
♦✈❡r Y ✱ ❛♥❞ ❛♥ ❛❝t✐♦♥ a ∈ Σ✳ ❉❡t❡r♠✐♥✐③❛t♦r ❛♥s✇❡rs ❜② ❞❡❝✐❞✐♥❣ t❤❡ s❡t ♦❢ ❝❧♦❝❦s Y ′ ⊆ Y ❤❡ ✇✐s❤❡s t♦
r❡s❡t✳ ❚❤❡ ♥❡①t st❛t❡ ♦❢ ❙♣♦✐❧❡r ❝♦♥t❛✐♥s ❛ r❡❣✐♦♥ ♦✈❡r Y ✭r′ = r[Y ′←0]✮✱ ❛♥❞ ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s✿
tr✐♣❧❡s ❢♦r♠❡❞ ♦❢ ❛ ❧♦❝❛t✐♦♥ ♦❢ A✱ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝❧♦❝❦s ✐♥ X ❛♥❞ ❝❧♦❝❦s ✐♥ Y ✱ ❛♥❞ ❛ ❜♦♦❧❡❛♥ ♠❛r❦✐♥❣
✭⊤ ♦r ⊥✮✳ ❆ st❛t❡ ♦❢ ❙♣♦✐❧❡r t❤✉s ❝♦♥st✐t✉t❡s ❛ st❛t❡s ❡st✐♠❛t❡ ♦❢ A✱ ❛♥❞ t❤❡ r♦❧❡ ♦❢ t❤❡ ♠❛r❦✐♥❣s ✐s
t♦ ✐♥❞✐❝❛t❡ ✇❤❡t❤❡r ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ♣♦ss✐❜❧② ❤❛♣♣❡♥❡❞✳ ❆ st❛t❡ ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ✐s ❛ ❝♦♣② ♦❢ t❤❡
♣r❡❝❡❞✐♥❣ st❛t❡s ❡st✐♠❛t❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠♦✈❡ ♦❢ ❙♣♦✐❧❡r✳ ❇❛❞ st❛t❡s ♣❧❛②❡r ❉❡t❡r♠✐♥✐③❛t♦r ✇❛♥ts t♦
❛✈♦✐❞ ❛r❡ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ st❛t❡s ♦❢ t❤❡ ❣❛♠❡ ✇❤❡r❡ ❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ♠❛r❦❡❞ ⊥ ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ st❛t❡s ✇❤❡r❡ ❛❧❧ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ✭✐❢ ❛♥②✮ ❛r❡ ♠❛r❦❡❞ ⊥✳

❋♦r♠❛❧❧②✱ ❣✐✈❡♥ A ❛♥❞ (k, M ′) ✇❡ ❞❡✜♥❡ GA,(k,M ′) = (V, v0,Act, δ, Bad) ✇❤❡r❡✿

❼ ❚❤❡ s❡t ♦❢ ✈❡rt✐❝❡s V ✐s ♣❛rt✐t✐♦♥♥❡❞ ✐♥t♦ VS ❛♥❞ VD✱ r❡s♣❡❝t✐✈❡❧② ✈❡rt✐❝❡s ♦❢ ❙♣♦✐❧❡r ❛♥❞ ❉❡t❡r✲
♠✐♥✐③❛t♦r✳ ❱❡rt✐❝❡s ♦❢ VS ❛♥❞ VD ❛r❡ ❧❛❜❡❧❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥ 2L×RelM,M′ (X,Y )×{⊤,⊥} × RegY

M ′ ❛♥❞
2L×RelM,M′ (X,Y )×{⊤,⊥} × (RegY

M ′ × Σ)❀

❼ v0 = ({0}, {(ℓ0, X − Y = 0,⊤)}) ✐s t❤❡ ✐♥✐t✐❛❧ ✈❡rt❡① ❛♥❞ ❜❡❧♦♥❣s t♦ ♣❧❛②❡r ❙♣♦✐❧❡r✶❀

❼ Act = (RegY
M ′ × Σ) ∪ 2Y ✐s t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ❛❝t✐♦♥s❀

❼ δ ⊆ VS × (RegY
M ′ × Σ)× VD ∪ VD × 2Y × VS ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s❀

❼ Bad = {({(ℓj , Cj ,⊥)}j , r)} ∪ {({(ℓj , Cj , bj)}j , r) | {ℓj}j ∩ F 6= ∅ ∧ ∀j, ℓj ∈ F ⇒ bj = ⊥} ✐s t❤❡ s❡t
♦❢ ❜❛❞ st❛t❡s✳

❲❡ ♥♦✇ ❞❡t❛✐❧ t❤❡ ❡❞❣❡ r❡❧❛t✐♦♥ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ♣♦ss✐❜❧❡ ♠♦✈❡s ♦❢ t❤❡ ♣❧❛②❡rs✳ ●✐✈❡♥ vS = ({(ℓj , Cj , bj)}j , r) ∈
VS ❛ st❛t❡ ♦❢ ❙♣♦✐❧❡r ❛♥❞ (r′, a) ♦♥❡ ♦❢ ✐ts ♠♦✈❡s✱ t❤❡ s✉❝❝❡ss♦r st❛t❡ ✐s ❞❡✜♥❡❞✱ ♣r♦✈✐❞❡❞ r′ ✐s ❛
t✐♠❡✲s✉❝❝❡ss♦r ♦❢ r✱ ❛s t❤❡ st❛t❡ vD = ({(ℓj , Cj , bj)}j , (r

′, a)) ∈ VD ✐❢ ∃(ℓ, C, b) ∈ {(ℓj , Cj , bj)}j ❛♥❞

∃ℓ
g,a,X′

−−−−→ ℓ′ ∈ E s✳t✳ [r′ ∩ C]|X ∩ g 6= ∅✳
●✐✈❡♥ vD = ({(ℓj , Cj , bj)}j , (r

′, a)) ∈ VD ❛ st❛t❡ ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ❛♥❞ Y ′ ⊆ Y ♦♥❡ ♦❢ ✐ts ♠♦✈❡s✱
t❤❡ s✉❝❝❡ss♦r st❛t❡ ♦❢ vD ✐s t❤❡ st❛t❡ (E , r′[Y ′←0]) ∈ VS ✇❤❡r❡ E ✐s ♦❜t❛✐♥❡❞ ❛s t❤❡ s❡t ♦❢ ❛❧❧ ❡❧❡♠❡♥t❛r②
s✉❝❝❡ss♦rs ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ {(ℓj , Cj , bj)}j ❜② (r′, a) ❛♥❞ ❜② r❡s❡tt✐♥❣ Y ′✳ Pr❡❝✐s❡❧②✱ ✐❢ (ℓ, C, b) ✐s ❛

✶X − Y = 0 ✐s ❛ s❤♦rt❝✉t t♦ ❞❡♥♦t❡ t❤❡ r❡❧❛t✐♦♥ ∀x ∈ X, ∀y ∈ Y, x − y = 0✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✼

❝♦♥✜❣✉r❛t✐♦♥✱ ✐ts ❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦rs s❡t ❜② (r′, a) ❛♥❞ Y ′ ✐s✿

Succe[r
′, a, Y ′](ℓ, C, b) =











(ℓ′, C ′, b′)

∣

∣

∣

∣

∣

∣

∣

∃ℓ
g,a,X′

−−−−→ ℓ′ ∈ E s✳t✳ [r′ ∩ C]|X ∩ g 6= ∅
C ′ = up(r′, C, g, X ′, Y ′)
b′ = b ∧ ([r′ ∩ C]|X ∩ ¬g = ∅)











✇❤❡r❡ up(r′, C, g, X ′, Y ′) ✐s t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝❧♦❝❦s ✐♥ X ❛♥❞ Y ❛❢t❡r t❤❡ ♠♦✈❡s ♦❢ t❤❡
t✇♦ ♣❧❛②❡rs✱ t❤❛t ✐s ❛❢t❡r t❛❦✐♥❣ ❛❝t✐♦♥ a ✐♥ r′✱ r❡s❡tt✐♥❣ X ′ ⊆ X ❛♥❞ Y ′ ⊆ Y ✱ ❛♥❞ ❢♦r❝✐♥❣ t❤❡ s❛t✐s❢❛❝t✐♦♥

♦❢ g✳ ❋♦r♠❛❧❧②✱ up(r′, C, g, X ′, Y ′) =
←−−−−−−−−−−−−−−−−→
(r′ ∩ C ∩ g)[X′←0][Y ′←0]✳ ❇♦♦❧❡❛♥ b′ ✐s s❡t t♦ ⊥ ✐❢ ❡✐t❤❡r b = ⊥

♦r t❤❡ ✐♥❞✉❝❡❞ ❣✉❛r❞ [r′ ∩ C]|X ♦✈❡r✲❛♣♣r♦①✐♠❛t❡s g✳ ■♥ t❤❡ ✉♣❞❛t❡✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ g ❛✐♠s ❛t
st♦♣♣✐♥❣ r✉♥s t❤❛t ❢♦r s✉r❡ ✇✐❧❧ ❝♦rr❡s♣♦♥❞ t♦ t✐♠❡❞ ✇♦r❞s ♦✉t ♦❢ L(A)❀ t❤❡ ❜♦♦❧❡❛♥ b ❛♥②✇❛② t❛❦❡s ❝❛r❡
♦❢ ❦❡❡♣✐♥❣ tr❛❝❦ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳ ❘❡❣✐♦♥ r′✱ r❡❧❛t✐♦♥ C ❛♥❞ ❣✉❛r❞ g ❝❛♥ ❛❧❧ ❜❡ s❡❡♥
❛s ③♦♥❡s ✭✐✳❡✳ ✉♥✐♦♥s ♦❢ r❡❣✐♦♥s✮ ♦✈❡r ❝❧♦❝❦s X ∪ Y ✳ ■t ✐s st❛♥❞❛r❞ t❤❛t ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ♦♥ ③♦♥❡s✱
s✉❝❤ ❛s ✐♥t❡rs❡❝t✐♦♥s✱ r❡s❡ts✱ ❢✉t✉r❡ ❛♥❞ ♣❛st✱ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❡✛❡❝t✐✈❡❧②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✉♣❞❛t❡
♦❢ ❛ r❡❧❛t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ❝♦♠♣✉t❡❞ ❡✛❡❝t✐✈❡❧②✳

●✐✈❡♥ t❤❡ ❧❛❜❡❧❧✐♥❣ ♦❢ st❛t❡s ✐♥ t❤❡ ❣❛♠❡ GA,(k,M ′)✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❣❛♠❡ ✐s ❞♦✉❜❧② ❡①♣♦♥❡♥t✐❛❧ ✐♥
t❤❡ s✐③❡ ♦❢ A✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✸ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ GA,(k,M ′) ❝❛♥ ❜❡ ✐♠♣r❡ss✐✈❡❧②
❞❡❝r❡❛s❡❞✱ s✐♥❝❡ r❡str✐❝t✐♥❣ t♦ ❛t♦♠✐❝ r❡s❡ts ✭r❡s❡ts ♦❢ ❛t ♠♦st ♦♥❡ ❝❧♦❝❦ ❛t ❛ t✐♠❡✮ ❞♦❡s ♥♦t ❞✐♠✐♥✐s❤ t❤❡
♣♦✇❡r ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r✳

❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❛♠❡ ✐s ✐❧❧✉str❛t❡❞ ♦♥ t❤❡ ♥♦♥❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥
A ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✱ ❢♦r ✇❤✐❝❤ ✇❡ ❝♦♥str✉❝t t❤❡ ❛ss♦❝✐❛t❡❞ ❣❛♠❡ GA,(1,1) r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳
❘❡❝t❛♥❣✉❧❛r st❛t❡s ❜❡❧♦♥❣ t♦ ❙♣♦✐❧❡r ❛♥❞ ❝✐r❝❧❡s ❝♦rr❡s♣♦♥❞ t♦ st❛t❡s ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r✳ ◆♦t❡ t❤❛t✱ ❢♦r
t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ t❤❡ ❧❛❜❡❧s ♦❢ st❛t❡s ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ❛r❡ ♦♠✐tt❡❞ ✐♥ t❤❡ ♣✐❝t✉r❡✳ ●r❛② st❛t❡s ❢♦r♠
t❤❡ s❡t Bad✳ ▲❡t ✉s ❞❡t❛✐❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s✉❝❝❡ss♦rs ♦❢ t❤❡ t♦♣ ❧❡❢t st❛t❡ ❜② t❤❡ ♠♦✈❡ ((0, 1), b) ♦❢
❙♣♦✐❧❡r ❛♥❞ ♠♦✈❡s ✭∅ ♦r {y}✮ ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱ ♥♦t❡ t❤❛t b ❝❛♥♥♦t ❜❡ ✜r❡❞ ❢r♦♠ ℓ0 ✐♥ A✱
t❤❡r❡❢♦r❡ t❤❡ ✜rst ❝♦♥✜❣✉r❛t✐♦♥ ❤❛s ♥♦ ❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦r✳ ❲❡ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤✐❝❤
❝♦♥t❛✐♥s t❤❡ ❧♦❝❛t✐♦♥ ℓ1✳ ❚❤❡ ❣✉❛r❞ ✐♥❞✉❝❡❞ ❜② x−y = 0 ❛♥❞ y ∈ (0, 1) ✐s s✐♠♣❧② 0 < x < 1 ❛♥❞ t❤❡ ❣✉❛r❞
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ ℓ1 ❛♥❞ ℓ3 ✐♥ A ✐s ❡①❛❝t❧② 0 < x < 1✱ ♠♦r❡♦✈❡r t❤✐s tr❛♥s✐t✐♦♥
r❡s❡ts x✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s✉❝❝❡ss♦rs st❛t❡s ❝♦♥t❛✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♠❛r❦❡❞ ⊤ ✇✐t❤ ❧♦❝❛t✐♦♥ ℓ3 ❛♥❞✱
r❡s♣❡❝t✐✈❡❧②✱ r❡❧❛t✐♦♥s −1 < x− y < 0 ❛♥❞ x− y = 0 ❢♦r t❤❡ t✇♦ ❞✐✛❡r❡♥t ♠♦✈❡s ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r✳ ▲❛st✱
✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❧♦❝❛t✐♦♥ ℓ2✱ ✇❡ ♦❜t❛✐♥ ❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦rs ♠❛r❦❡❞ ⊥✳ ■♥❞❡❡❞✱
t❤❡ ❣✉❛r❞ ✐♥❞✉❝❡❞ ❜② t❤✐s ♠♦✈❡ ♦❢ ❙♣♦✐❧❡r ❛♥❞ t❤❡ r❡❧❛t✐♦♥ −1 < x − y < 0 ✐s −1 < x < 1 ✇❤❡r❡❛s
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣✉❛r❞ ✐♥ A ✐s x = 0✳ ❚♦ ♣r❡s❡r✈❡ ❛❧❧ t✐♠❡❞ ✇♦r❞s ❛❝❝❡♣t❡❞ ❜② A✱ ✇❡ r❡♣r❡s❡♥t t❤❡s❡
❝♦♥✜❣✉r❛t✐♦♥s✱ ❜✉t t❤❡② ✐♠♣❧② ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✳ ❚❤✉s t❤❡ s✉❝❝❡ss♦r st❛t❡s ❝♦♥t❛✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥
♠❛r❦❡❞ ⊥ ✇✐t❤ ❧♦❝❛t✐♦♥ ℓ3 ❛♥❞ t❤❡ s❛♠❡ r❡s♣❡❝t✐✈❡ r❡❧❛t✐♦♥s ❛s ❜❡❢♦r❡✱ t❤❛♥❦s t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤
t❤❡ ✐♥✐t✐❛❧ ❣✉❛r❞ x = 0 ✐♥ A✳

✸✳✷ Pr♦♣❡rt✐❡s ♦❢ t❤❡ str❛t❡❣✐❡s

●✐✈❡♥ A ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❛♥❞ r❡s♦✉r❝❡s (k, M ′)✱ t❤❡ ❣❛♠❡ GA,(k,M ′) ✐s ❛ ✜♥✐t❡✲st❛t❡ s❛❢❡t② ❣❛♠❡✳ ■t
✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t✱ ❢♦r t❤✐s ❦✐♥❞ ♦❢ ❣❛♠❡s✱ ✇✐♥♥✐♥❣ str❛t❡❣✐❡s ❝❛♥ ❜❡ ❝❤♦s❡♥ ♣♦s✐t✐♦♥❛❧ ❛♥❞ t❤❡② ❝❛♥ ❜❡
❝♦♠♣✉t❡❞ ✐♥ ❧✐♥❡❛r t✐♠❡ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❛r❡♥❛ ❬●❚❲✵✷❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ s✐♠♣❧② ✇r✐t❡ str❛t❡❣✐❡s ❢♦r
♣♦s✐t✐♦♥❛❧ str❛t❡❣✐❡s✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✸ t❤❛t ♣♦s✐t✐♦♥❛❧ str❛t❡❣✐❡s ✭✇✐♥♥✐♥❣ ♦r ♥♦t✮ ❛r❡ ✐♥❞❡❡❞
s✉✣❝✐❡♥t ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳ ❆ str❛t❡❣② ❢♦r ♣❧❛②❡r ❉❡t❡r♠✐♥✐③❛t♦r t❤✉s ❛ss✐❣♥s t♦ ❡❛❝❤ st❛t❡ vD ∈ VD ❛
s❡t Y ′ ⊆ Y ♦❢ ❝❧♦❝❦s t♦ ❜❡ r❡s❡t❀ t❤❡ s✉❝❝❡ss♦r st❛t❡ ✐s t❤❡♥ vS ∈ VS s✉❝❤ t❤❛t (vD, Y ′, vS) ∈ δ✳

❲✐t❤ ❡✈❡r② str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r σ ✇❡ ❛ss♦❝✐❛t❡ t❤❡ t✐♠❡❞ ❛✉t♦♠❛t♦♥ Aut(σ) ♦❜t❛✐♥❡❞ ❜②
♠❡r❣✐♥❣ ❛ tr❛♥s✐t✐♦♥ ♦❢ ❙♣♦✐❧❡r ✇✐t❤ t❤❡ tr❛♥s✐t✐♦♥ ❝❤♦s❡♥ ❜② ❉❡t❡r♠✐♥✐③❛t♦r ❥✉st ❛❢t❡r✱ ❛♥❞ s❡tt✐♥❣ ✜♥❛❧
❧♦❝❛t✐♦♥s ❛s st❛t❡s ♦❢ ❙♣♦✐❧❡r ❝♦♥t❛✐♥✐♥❣ ❛t ❧❡❛st ♦♥❡ ✜♥❛❧ ❧♦❝❛t✐♦♥ ♦❢ A✳ ■❢ ❛ str❛t❡❣② σS ❢♦r ❙♣♦✐❧❡r ✐s
✜①❡❞ t♦♦✱ ✇❡ ❞❡♥♦t❡ ❜② Aut(σ, σS) t❤❡ r❡s✉❧t✐♥❣ s✉❜✲❛✉t♦♠❛t♦♥✷✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤❡ ♣❛♣❡r ✐s st❛t❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❛♥❞ ❧✐♥❦s str❛t❡❣✐❡s ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ✇✐t❤ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s
♦❢ t❤❡ ✐♥✐t✐❛❧ t✐♠❡❞ ❧❛♥❣✉❛❣❡✳

❚❤❡♦r❡♠ ✶✳ ▲❡t A ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥✱ ❛♥❞ k, M ′ ∈ N✳ ❋♦r ❡✈❡r② str❛t❡❣② σ ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r
✐♥ GA,(k,M ′)✱ Aut(σ) ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ♦✈❡r r❡s♦✉r❝❡s (k, M ′) ❛♥❞ s❛t✐s✜❡s L(A) ⊆
L(Aut(σ))✳ ▼♦r❡♦✈❡r✱ ✐❢ σ ✐s ✇✐♥♥✐♥❣✱ t❤❡♥ L(A) = L(Aut(σ))✳

✷■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ σ ❛♥❞✴♦r σS ❤❛✈❡ ❛r❜✐tr❛r② ♠❡♠♦r②✱ ✇❡ ❛❜✉s❡ ♥♦t❛t✐♦♥ ❛♥❞ ✇r✐t❡ Aut(σ) ❛♥❞ Aut(σ, σS) ❢♦r t❤❡
r❡s✉❧t✐♥❣ ♣♦t❡♥t✐❛❧❧② ✐♥✜♥✐t❡ ♦❜❥❡❝ts✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✽

ℓ0, x− y = 0,⊤ {0}
ℓ0, x− y = 0,⊤

✭✵✱✶✮ℓ1, x− y = 0,⊤
ℓ2,−1 < x− y < 0,⊤

ℓ3,−1 < x− y < 0,⊤
✭✵✱✶✮

ℓ3,−1 < x− y < 0,⊥

ℓ3, x− y = 0,⊤
④✵⑥

ℓ3, x− y = 0,⊥
ℓ0, 0 < x− y < 1,⊤

④✵⑥ℓ1, 0 < x− y < 1,⊤
ℓ2, x− y = 0,⊤

ℓ0, 0 < x− y,⊥
✭✵✱✶✮ℓ1, 0 < x− y,⊥

ℓ2,−1 < x− y < 0,⊥

ℓ0, 0 < x− y < 1,⊥
④✵⑥ℓ1, 0 < x− y < 1,⊥

ℓ2, x− y = 0,⊥

ℓ3, x− y = 0,⊤ {0}

ℓ3, x− y = 0,⊥ {0}ℓ3, 0 < x− y < −1,⊥ (0, 1)

{y}

(0, 1), a

(0, 1), b

(0, 1), a
{0
},

b

{0}
, a

{y}

∅

(0, 1), b

{y}

∅

(0, 1),
a

{y}

∅

∅

(0, 1), a

(0, 1), b

{y}

(0, 1), a

{y}
∅

(0, 1), b

{0}, b
{0}, a

{y}∅

{y}

∅

{y}
∅

{y}

∅ {y}

∅

❋✐❣✉r❡ ✷✿ ❚❤❡ ❣❛♠❡ GA,(1,1) ❛♥❞ ❛♥ ❡①❛♠♣❧❡ ♦❢ ✇✐♥♥✐♥❣ str❛t❡❣② σ ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r✳

❚❤❡ ❢✉❧❧ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✭✇✐t❤ ε✲tr❛♥s✐t✐♦♥s ❛♥❞ ✐♥✈❛r✐❛♥ts ✐♥ A✮ ✐♥ ❙❡❝t✐♦♥ ✺✳✸❀ ✇❡
❤♦✇❡✈❡r ❣✐✈❡ ❜❡❧♦✇ ✐ts ♠❛✐♥ ✐❞❡❛s✳

❙❦❡t❝❤ ♦❢ ♣r♦♦❢✳ ●✐✈❡♥ ❛ str❛t❡❣② σ✱ ✇❡ s❤♦✇ t❤❛t L(A) ⊆ L(Aut(σ)) ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❧❡♥❣t❤ ♦❢
t❤❡ r✉♥s✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ st❡♣ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t ✐♥❞✉❝❡❞ ❣✉❛r❞s ❢♦r A ❛♥❞ r❡❧❛t✐♦♥s ❛❧✇❛②s ❛r❡
♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ✐♥ t❤❡ ❣❛♠❡✳ ▼♦r❡♦✈❡r✱ ✐❢ σ ✐s ✇✐♥♥✐♥❣✱ ✇❡ s❤♦✇ t❤❛t L(A) = L(Aut(σ))✳ ■♥❞❡❡❞✱
❛♥② s❛❢❡ st❛t❡ ✭v /∈ Bad✮ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ♠❛r❦❡❞ ⊤✳ ❚❤❡ ❧❛tt❡r ✐s ♥❡❝❡ss❛r✐❧② ♦❜t❛✐♥❡❞
❢r♦♠ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♠❛r❦❡❞ ⊤ ✇✐t❤♦✉t ❛♥② ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳ ❍❡♥❝❡ ❛♥② r✉♥ ❡♥❞✐♥❣ ✐♥ ❛ s❛❢❡ st❛t❡
❤❛s ❛♥ ❡q✉✐✈❛❧❡♥t r✉♥ ✐♥ A✳

❇❛❝❦ t♦ ♦✉r r✉♥♥✐♥❣ ❡①❛♠♣❧❡✱ ♦♥ ❋✐❣✉r❡ ✷✱ ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✐s r❡♣r❡s❡♥t❡❞ ❜②
t❤❡ ❜♦❧❞ ❛rr♦✇s✳ ❚❤✐s str❛t❡❣② ②✐❡❧❞s t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐✈❛❧❡♥t ❢♦r A ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳

❘❡♠❛r❦ ✶✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ t❤❡ ❞❡t❡r♠✐♥✐③❛❜✐❧✐t② ✇✐t❤ ✜①❡❞ r❡s♦✉r❝❡s ❬❚r✐✵✻✱ ❋✐♥✵✻❪✱
❝♦♥tr❛r② t♦ t❤❡ ❞✐❛❣♥♦st✐❝❛❜✐❧✐t② ♣r♦❜❧❡♠✱ t❤❡r❡ ✐s ♥♦ ❤♦♣❡ t♦ ❤❛✈❡ ❛ r❡❝✐♣r♦❝❛❧ st❛t❡♠❡♥t t♦ t❤❡ ♦♥❡ ♦❢
❚❤❡♦r❡♠ ✶ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ✐❢ A ❝❛♥ ❜❡ ❞❡t❡r♠✐♥✐③❡❞ ✇✐t❤ r❡s♦✉r❝❡s (k, M ′) t❤❡♥ ❉❡t❡r♠✐♥✐③❛t♦r
❤❛s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ✐♥ GA,(k,M ′)✳ ❋✐❣✉r❡ ✹ ✐❧❧✉str❛t❡s t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❜② ♣r❡s❡♥t✐♥❣ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥
A ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥✐③❛❜❧❡ ✇✐t❤ r❡s♦✉r❝❡s (1, 1)✱ ❜✉t ❢♦r ✇❤✐❝❤ ❛❧❧ str❛t❡❣✐❡s ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✐♥ GA,(1,1)

❛r❡ ❧♦s✐♥❣✳ ■♥t✉✐t✐✈❡❧② t❤❡ s❡❧❢ ❧♦♦♣ ♦♥ ℓ0 ❢♦r❝❡s ❉❡t❡r♠✐♥✐③❛t♦r t♦ r❡s❡t t❤❡ ❝❧♦❝❦ ✐♥ ❤✐s ✜rst ♠♦✈❡❀
❛❢t❡r✇❛r❞s ♦♥ ❡❛❝❤ ❜r❛♥❝❤ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥ ✭♣❛ss✐♥❣ t❤r♦✉❣❤ ℓ1✱ ℓ2 ♦r ℓ3✮ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ A ✐s str✐❝t❧②
♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ✐♥ t❤❡ ❣❛♠❡✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡s❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ❝♦✈❡r ❡❛❝❤ ♦t❤❡rs✱ t❤✐s ❧♦s✐♥❣
str❛t❡❣② ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐✈❛❧❡♥t t♦ A✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✾

ℓ0, x− y = 0,⊤ {0}
ℓ0, x− y = 0,⊤

✭✵✱✶✮ℓ1, x− y = 0,⊤
ℓ2,−1 < x− y < 0,⊤

ℓ3, x− y = 0,⊤
④✵⑥

ℓ3, x− y = 0,⊥

0 < y < 1, a

0 < y < 1, a

0 < y < 1, b

{y}

❋✐❣✉r❡ ✸✿ ❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❚❆ Aut(σ) ♦❜t❛✐♥❡❞ ❜② ♦✉r ❝♦♥str✉❝t✐♦♥✳

ℓ0 ℓ2 ℓ4

ℓ1

ℓ3

0 < x < 1, a

0 < x < 1, a

0 < x < 1, a

0 < x < 1, a

x = 1, a

1 < x, a

0 < x < 1, a, {x}

❋✐❣✉r❡ ✹✿ ❆ ❞❡t❡r♠✐♥✐③❛❜❧❡ ❚❆ ❢♦r ✇❤✐❝❤ t❤❡r❡ ✐s ♥♦ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r✳

✸✳✸ ❈❤♦♦s✐♥❣ ❛ ❣♦♦❞ ❧♦s✐♥❣ str❛t❡❣②

❙t❛♥❞❛r❞ t❡❝❤♥✐q✉❡s ❛❧❧♦✇ ♦♥❡ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡r❡ ✐s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r✱ ❛♥❞ ✐♥
t❤❡ ♣♦s✐t✐✈❡ ❝❛s❡✱ ❡①tr❛❝t s✉❝❤ ❛ str❛t❡❣② ❬●❚❲✵✷❪✳ ❍♦✇❡✈❡r✱ ✐❢ ❉❡t❡r♠✐♥✐③❛t♦r ❤❛s ♥♦ ✇✐♥♥✐♥❣ str❛t❡❣②
t♦ ❛✈♦✐❞ t❤❡ s❡t ♦❢ ❜❛❞ st❛t❡s✱ ✐t ✐s ♦❢ ✐♥t❡r❡st t♦ ❜❡ ❛❜❧❡ t♦ ❝❤♦♦s❡ ❛ ❣♦♦❞ ❧♦s✐♥❣ str❛t❡❣②✳ ❚♦ t❤✐s ❛✐♠✱
✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❛t✉r❛❧ ♣❛rt✐❛❧ ♦r❞❡r ♦✈❡r t❤❡ s❡t ♦❢ str❛t❡❣✐❡s ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ❜❛s❡❞ ♦♥ t❤❡ ❞✐st❛♥❝❡
t♦ t❤❡ s❡t Bad✿ dBad(A) ❞❡♥♦t❡s t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ st❡♣s ✐♥ s♦♠❡ ❛✉t♦♠❛t♦♥ A t♦ r❡❛❝❤ Bad ❢r♦♠
t❤❡ ✐♥✐t✐❛❧ st❛t❡✳

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t σ1 ❛♥❞ σ2 ❜❡ str❛t❡❣✐❡s ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ✐♥ GA,(k,M ′)✳ ❙tr❛t❡❣② σ1 ✐s s❛✐❞ ✜♥❡r t❤❛♥
σ2✱ ❞❡♥♦t❡❞ σ1 ≪ σ2✱ ✐❢ ❢♦r ❡✈❡r② str❛t❡❣② σS ♦❢ ❙♣♦✐❧❡r✱ dBad(Aut(σ1, σS)) ≥ dBad(Aut(σ2, σS))✳

●✐✈❡♥ t❤✐s ❞❡✜♥✐t✐♦♥✱ ❛♥ ♦♣t✐♠❛❧ str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✐s ❛ ♠✐♥✐♠❛❧ ❡❧❡♠❡♥t ❢♦r t❤❡ ♣❛rt✐❛❧
♦r❞❡r ≪✳ ◆♦t❡ t❤❛t✱ ✐❢ t❤❡② ❡①✐st✱ ✇✐♥♥✐♥❣ str❛t❡❣✐❡s ❛r❡ t❤❡ ♦♣t✐♠❛❧ ♦♥❡s s✐♥❝❡ ❛❣❛✐♥st ❛❧❧ str❛t❡❣✐❡s ♦❢
❙♣♦✐❧❡r✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐st❛♥❝❡ t♦ Bad ✐s ✐♥✜♥✐t❡✳ ❚❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ str❛t❡❣✐❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
❡✛❡❝t✐✈❡❧② ❜② ❛ ✜①✲♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ ❛ r❛♥❦ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ❣❛♠❡✳

❲✐t❤ r❡s♣❡❝t t♦ t❤✐s ♣❛rt✐❛❧ ♦r❞❡r ♦♥ str❛t❡❣✐❡s✱ ♣♦s✐t✐♦♥❛❧ str❛t❡❣✐❡s ❛r❡ s✉✣❝✐❡♥t ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❋♦r ❡✈❡r② str❛t❡❣② σ ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ✇✐t❤ ❛r❜✐tr❛r② ♠❡♠♦r②✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐♦♥❛❧
str❛t❡❣② σ′ s✉❝❤ t❤❛t σ′ ≪ σ✳

❙tr❛t❡❣② σ′ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ σ ❜② ❧❡tt✐♥❣ ❢♦r ❡❛❝❤ st❛t❡ t❤❡ ✜rst ❝❤♦✐❝❡ ♠❛❞❡ ✐♥ σ❀ t❤✐s ❝❛♥♥♦t ❞❡❝r❡❛s❡
t❤❡ ❞✐st❛♥❝❡ t♦ Bad✳ ❙tr❛t❡❣✐❡s ♦❢ ✐♥t❡r❡st ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ❝❛♥ ❜❡ ❡✈❡♥ ♠♦r❡ r❡str✐❝t❡❞✳ ■♥❞❡❡❞✱ ❛♥②
t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❝❛♥ ❜❡ t✉r♥❡❞ ✐♥t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ♦♥❡ ✇✐t❤ ❛t♦♠✐❝ r❡s❡ts ♦♥❧②✱ ✉s✐♥❣ ❛ ❝♦♥str✉❝t✐♦♥
s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ t❤❛t r❡♠♦✈❡s ❝❧♦❝❦ tr❛♥s❢❡rs ✭✉♣❞❛t❡s ♦❢ t❤❡ ❢♦r♠ x := x′✮ ❬❇♦✉✵✾❪✳ ❚❤✉s✱ ❢♦r ❡✈❡r②
str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r t❤❡r❡ ✐s ✜♥❡r ♦♥❡ ✇❤✐❝❤ r❡s❡ts ❛t ♠♦st ♦♥❡ ❝❧♦❝❦ ♦♥ ❡❛❝❤ tr❛♥s✐t✐♦♥✱ ✇❤✐❝❤
❝❛♥ ❜❡ t✉r♥❡❞ ✐♥t♦ ❛ ✜♥❡r ♣♦s✐t✐♦♥❛❧ str❛t❡❣② t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇✐t❤ r❡s♣❡❝t
t♦ ≪✱ ♣♦s✐t✐♦♥❛❧ str❛t❡❣✐❡s t❤❛t ♦♥❧② ❛❧❧♦✇ ❢♦r ❛t♦♠✐❝ r❡s❡ts ❛r❡ s✉✣❝✐❡♥t ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r✳

✹ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①✐st✐♥❣ ♠❡t❤♦❞s

❚❤❡ ♠❡t❤♦❞ ✇❡ ♣r❡s❡♥t❡❞ ✐s ❜♦t❤ ♠♦r❡ ♣r❡❝✐s❡ t❤❛♥ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬❑❚✵✾❪ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡
♣r♦❝❡❞✉r❡ ♦❢ ❬❇❇❇❇✵✾❛❪✳ ▲❡t ✉s ❞❡t❛✐❧ t❤❡s❡ t✇♦ ♣♦✐♥ts✳
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❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✵

✹✳✶ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❬❑❚✵✾❪

❋✐rst ♦❢ ❛❧❧✱ ♦✉r ♠❡t❤♦❞ ❝♦✈❡rs t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛r❡❛ ♦❢ ❬❑❚✵✾❪ s✐♥❝❡ ❡❛❝❤ t✐♠❡ t❤❡ ❧❛tt❡r ❛❧❣♦r✐t❤♠
♣r♦❞✉❝❡s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐✈❛❧❡♥t ✇✐t❤ r❡s♦✉r❝❡s (k, M ′) ❢♦r ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ A✱ t❤❡r❡ ✐s ❛ ✇✐♥♥✐♥❣
str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✐♥ GA,(k,M ′)✳

▼♦r❡♦✈❡r✱ ❝♦♥tr❛r② t♦ t❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ ❬❑❚✵✾❪✱ ♦✉r ❣❛♠❡✲❛♣♣r♦❛❝❤ ✐s ❡①❛❝t ♦♥ ❞❡t❡r♠✐♥✐s✲
t✐❝ t✐♠❡❞ ❛✉t♦♠❛t❛✿ ❣✐✈❡♥ ❛ ❉❚❆ A ♦✈❡r r❡s♦✉r❝❡s (k, M)✱ ❉❡t❡r♠✐♥✐③❛t♦r ❤❛s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ✐♥
GA,(k,M)✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❢❛❝t t❤❛t✱ ✐♥ ♦✉r ❛♣♣r♦❛❝❤✱ ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ❝❛♥
❜❡ s❡❡♥ ❛s ❛ t✐♠❡❞ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ s❦❡❧❡t♦♥ ❬❑❚✵✾❪✱ ❛♥❞ s♦❧✈✐♥❣ ♦✉r ❣❛♠❡ ❛♠♦✉♥ts t♦
✜♥❞✐♥❣ ❛ r❡❧❡✈❛♥t t✐♠❡❞ s❦❡❧❡t♦♥✳

❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬❑❚✵✾❪ r✉♥ ♦♥ t❤❡ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ♦❢ ❋✐❣✉r❡ ✶ ♣r♦❞✉❝❡s ❛ str✐❝t
♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✱ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✺✳

ℓ0, x = y

ℓ0, 0 < x− y < 1
ℓ1, 0 < x− y < 1
ℓ2, x = y

ℓ0, 0 ≤ x− y
ℓ1, 0 ≤ x− y
ℓ2, x = y

ℓ3, 0 ≤ x− y

0 < y < 1, a, {y}

0 ≤ y < 1, a, {y}

0 ≤ y < 1, a, {y}

0 ≤ y < 1, b, {
y}

0 ≤ y < 1, b, {y}

❋✐❣✉r❡ ✺✿ ❚❤❡ r❡s✉❧t ♦❢ ❛❧❣♦r✐t❤♠ ❬❑❚✵✾❪ ♦♥ t❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡✳

❖✉r ❛♣♣r♦❛❝❤ ❛❧s♦ ✐♠♣r♦✈❡s t❤❡ ✉♣❞❛t❡s ♦❢ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❝❧♦❝❦s ❜② t❛❦✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❣✉❛r❞
✐♥t♦ ❛❝❝♦✉♥t✳ Pr❡❝✐s❡❧②✱ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ upS ✱ ❛♥ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ t❤❡ ❣✉❛r❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❚❆ ✐s
♣❡r❢♦r♠❡❞✳ ❚❤✐s ✐♠♣r♦✈❡♠❡♥t ❛❧❧♦✇s ♦♥❡✱ ❡✈❡♥ ✉♥❞❡r t❤❡ s❛♠❡ r❡s❡tt✐♥❣ ♣♦❧✐❝②✱ t♦ r❡✜♥❡ t❤❡ ♦✈❡r✲
❛♣♣r♦①✐♠❛t✐♦♥ ❣✐✈❡♥ ❜② ❬❑❚✵✾❪✳

✹✳✷ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❬❇❇❇❇✵✾❛❪

✹✳✷✳✶ ●❡♥❡r❛❧✐t✐❡s

❖✉r ❛♣♣r♦❛❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ ♦♥❡ ✐♥ ❬❇❇❇❇✵✾❛❪ s✐♥❝❡✱ ❢♦r ❛♥② t✐♠❡❞ ❛✉t♦♠❛t♦♥ A s✉❝❤ t❤❛t t❤❡ ♣r♦✲
❝❡❞✉r❡ ✐♥ ❬❇❇❇❇✵✾❛❪ ②✐❡❧❞s ❛♥ ❡q✉✐✈❛❧❡♥t ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ k ❝❧♦❝❦s ❛♥❞ ♠❛①✐♠❛❧
❝♦♥st❛♥t M ′✱ t❤❡r❡ ✐s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✐♥ GA,(k,M ′)✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡
❢❛❝t t❤❛t r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❝❧♦❝❦s ♦❢ A ❛♥❞ ❝❧♦❝❦s ✐♥ t❤❡ ❣❛♠❡ ❛❧❧♦✇ ♦♥❡ t♦ r❡❝♦r❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥
t❤❛♥ t❤❡ ♠❛♣♣✐♥❣ ✉s❡❞ ✐♥ ❬❇❇❇❇✵✾❛❪✳ ▼♦r❡♦✈❡r✱ ♦✉r ❛♣♣r♦❛❝❤ str✐❝t❧② ❜r♦❛❞❡♥s t❤❡ ❝❧❛ss ♦❢ ❛✉t♦♠❛t❛
❞❡t❡r♠✐♥✐③❡❞ ❜② t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❬❇❇❇❇✵✾❛❪ ✐♥ t✇♦ r❡s♣❡❝ts✳ ❋✐rst ♦❢ ❛❧❧✱ ♦✉r ♠❡t❤♦❞ ❛❧❧♦✇s ♦♥❡ t♦ ❝♦♣❡
✇✐t❤ s♦♠❡ ❧❛♥❣✉❛❣❡ ✐♥❝❧✉s✐♦♥s✱ ❝♦♥tr❛r② t♦ ❬❇❇❇❇✵✾❛❪✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❚❆ ❞❡♣✐❝t❡❞ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞
s✐❞❡ ♦❢ ❋✐❣✉r❡ ✻ ❝❛♥♥♦t ❜❡ tr❡❛t❡❞ ❜② t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❬❇❇❇❇✵✾❛❪ ❜✉t ✐s ❡❛s✐❧② ❞❡t❡r♠✐♥✐③❡❞ ✉s✐♥❣ ♦✉r
❛♣♣r♦❛❝❤✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ t✐♠❡❞ ✇♦r❞s ❛❝❝❡♣t❡❞ ✐♥ ❧♦❝❛t✐♦♥ ℓ3 ✐s ♥♦t ❞❡t❡r♠✐♥✐③❛❜❧❡✳
❚❤✐s ✇✐❧❧ ❝❛✉s❡ t❤❡ ❢❛✐❧✉r❡ ♦❢ ❬❇❇❇❇✵✾❛❪✳ ❍♦✇❡✈❡r✱ ❛❧❧ t✐♠❡❞ ✇♦r❞s ❛❝❝❡♣t❡❞ ✐♥ ℓ3 ❛❧s♦ ❛r❡ ❛❝❝❡♣t❡❞ ✐♥
ℓ4 ❛♥❞ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ t✐♠❡❞ ✇♦r❞s ❛❝❝❡♣t❡❞ ✐♥ ℓ4 ✐s ❝❧❡❛r❧② ❞❡t❡r♠✐♥✐③❛❜❧❡✳ ❖✉r ❛♣♣r♦❛❝❤ ❛❧❧♦✇s ♦♥❡ t♦
❞❡❛❧ ✇✐t❤ s✉❝❤ ❧❛♥❣✉❛❣❡ ✐♥❝❧✉s✐♦♥s✱ ❛♥❞ ✇✐❧❧ t❤✉s ♣r♦✈✐❞❡ ❛♥ ❡q✉✐✈❛❧❡♥t ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥✳
❙❡❝♦♥❞✱ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❝❧♦❝❦s ♦❢ t❤❡ ❚❆ ❛♥❞ ❝❧♦❝❦s ♦❢ t❤❡ ❣❛♠❡ ❛r❡ ♠♦r❡ ♣r❡❝✐s❡ t❤❛♥ t❤❡ ♠❛♣♣✐♥❣
✉s❡❞ ✐♥ ❬❇❇❇❇✵✾❛❪✱ s✐♥❝❡ t❤❡ ♠❛♣♣✐♥❣ ❝❛♥ ❜❡ s❡❡♥ ❛s r❡str✐❝t❡❞ r❡❧❛t✐♦♥s✿ ❛ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts
♦❢ t❤❡ ❢♦r♠ x− y = 0✳ ❚❤❡ ♣r❡❝✐s✐♦♥ ✇❡ ❛❞❞ ❜② ❝♦♥s✐❞❡r✐♥❣ r❡❧❛t✐♦♥s r❛t❤❡r t❤❛♥ ♠❛♣♣✐♥❣s ✐s s♦♠❡t✐♠❡s
❝r✉❝✐❛❧ ❢♦r t❤❡ ❞❡t❡r♠✐♥✐③❛t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❚❆ r❡♣r❡s❡♥t❡❞ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❋✐❣✉r❡ ✻ ❝❛♥
❜❡ ❞❡t❡r♠✐♥✐③❡❞ ❜② ♦✉r ❣❛♠❡✲❛♣♣r♦❛❝❤✱ ❜✉t ♥♦t ❜② ❬❇❇❇❇✵✾❛❪✳

❆♣❛rt ❢r♦♠ str✐❝t❧② ❜r♦❛❞❡♥✐♥❣ t❤❡ ❝❧❛ss ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ t❤❛t ❝❛♥ ❜❡ ❛✉t♦♠❛t✐❝❛❧❧② ❞❡t❡r♠✐♥✐③❡❞✱
♦✉r ❛♣♣r♦❛❝❤ ♣❡r❢♦r♠s ❜❡tt❡r ♦♥ s♦♠❡ t✐♠❡❞ ❛✉t♦♠❛t❛ ❜② ♣r♦✈✐❞✐♥❣ ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥
✇✐t❤ ❧❡ss r❡s♦✉r❝❡s✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ♦♥ t❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✶✳ ❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❛✉t♦♠❛t♦♥
♦❜t❛✐♥❡❞ ❜② ❬❇❇❇❇✵✾❛❪ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✼✿ ✐t ♥❡❡❞s 2 ❝❧♦❝❦s ✇❤❡♥ ♦✉r ♠❡t❤♦❞ ♣r♦❞✉❝❡s ❛ s✐♥❣❧❡✲❝❧♦❝❦
❚❆✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✶

ℓ0

ℓ4

ℓ1 ℓ2

ℓ3

b

a

a, {x} x = 1, a

a a

b
ℓ0 ℓ1

x = 1

x ≥ 2x = 1, {x}

❋✐❣✉r❡ ✻✿ ❊①❛♠♣❧❡s ♦❢ ❞❡t❡r♠✐♥✐③❛❜❧❡ ❚❆ ♥♦t tr❡❛t❛❜❧❡ ❜② ❬❇❇❇❇✵✾❛❪✳

ℓ0, y0 {0}
ℓ0, y0

(0, 1)× {0}ℓ1, y0

ℓ2, y1

ℓ3, y0 ④0⑥
ℓ3, y1

ℓ3, y0 {0} × (0, 1)

0 < y0 < 1, a, {y1}

0 < y0 < 1, a, {y1}

y1 = 0, b, {y0}

0 < y1 < y0 < 1, b, {y0}

❋✐❣✉r❡ ✼✿ ❚❤❡ r❡s✉❧t ♦❢ ♣r♦❝❡❞✉r❡ ❬❇❇❇❇✵✾❛❪ ♦♥ t❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡✳

❚❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥ ❤❛♣♣❡♥s ✇✐t❤ t✐♠❡❞ ❛✉t♦♠❛t❛ ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts✳ ❚✐♠❡❞ ❛✉t♦♠❛t❛ ✇✐t❤
✐♥t❡❣❡r r❡s❡ts✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❙P❑▼✵✽❪✱ ❢♦r♠ ❛ ❞❡t❡r♠✐♥✐③❛❜❧❡ s✉❜❝❧❛ss ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✱ ✇❤❡r❡ ❡✈❡r②
❡❞❣❡ (ℓ, g, a,X ′, ℓ′) s❛t✐s✜❡s X ′ 6= ∅ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g ❝♦♥t❛✐♥s ❛♥ ❛t♦♠✐❝ ❝♦♥str❛✐♥t ♦❢ t❤❡ ❢♦r♠ x = c ❢♦r
s♦♠❡ ❝❧♦❝❦ x✳ ■♥t✉✐t✐✈❡❧②✱ ❛ s✐♥❣❧❡ ❝❧♦❝❦ ✐s ♥❡❡❞❡❞ t♦ r❡♣r❡s❡♥t ❝❧♦❝❦s ♦❢ A s✐♥❝❡ t❤❡② ❛❧❧ s❤❛r❡ ❛ ❝♦♠♠♦♥
❢r❛❝t✐♦♥❛❧ ♣❛rt✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❋♦r ❡✈❡r② t✐♠❡❞ ❛✉t♦♠❛t♦♥ A ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts ❛♥❞ ♠❛①✐♠❛❧ ❝♦♥st❛♥t M ✱ ❉❡t❡r✲
♠✐♥✐③❛t♦r ❤❛s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ✐♥ GA,(1,M)✳

Pr♦♦❢✳ ▲❡t A ❜❡ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts ♦✈❡r s❡t ♦❢ ❝❧♦❝❦s X ❛♥❞ ♠❛①✐♠❛❧ ❝♦♥st❛♥t M ✳
◆♦t❡ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ❚❆ ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts✱ ❛❧♦♥❣ ❛♥② ❡①❡❝✉t✐♦♥ ♦❢ A✱ ❛❧❧ ❝❧♦❝❦s s❤❛r❡ ❛ ❝♦♠♠♦♥
❢r❛❝t✐♦♥❛❧ ♣❛rt✳ ❚❤✐s ✈❡r② ♣r♦♣❡rt② ❡♥s✉r❡s t❤❛t ❛♥ ❡q✉✐✈❛❧❡♥t ❞❡t❡r♠✐♥✐st✐❝ ❚❆ ✇✐t❤ ♦♥❡ ❝❧♦❝❦ ❝❛♥ ❜❡
❝♦♥str✉❝t❡❞✳ Pr❡❝✐s❡❧②✱ ✐♥ GA,(1,M) ✇❡ ❝♦♥s✐❞❡r t❤❡ str❛t❡❣② σ ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✇❤✐❝❤ r❡s❡ts t❤❡ s✐♥❣❧❡
❝❧♦❝❦ y ❡①❛❝t❧② ❢♦r tr❛♥s✐t✐♦♥s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ❛t ❧❡❛st ♦♥❡ tr❛♥s✐t✐♦♥ ♦❢ A ❝♦♥t❛✐♥✐♥❣ ❛♥ ❡q✉❛❧✐t②
❝♦♥tr❛✐♥t ✭❛t♦♠✐❝ ❝♦♥str❛✐♥t ♦❢ t❤❡ ❢♦r♠ x = c✮✳ ❙✐♥❝❡ A ✐s ❛ ❚❆ ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts✱ ❝❧♦❝❦s ✐♥ X ❝❛♥♥♦t
❜❡ r❡s❡t ♦✉t ♦❢ t❤❡s❡ tr❛♥s✐t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② ❝❧♦❝❦ x ∈ X✱ t❤❡ ✈❛❧✉❡ ♦❢ y ✐s ❛❧✇❛②s s♠❛❧❧❡r t❤❛♥
t❤❡ ♦♥❡ ♦❢ x ✐♥ Aut(σ) ❛♥❞ ❡❛❝❤ r❡❧❛t✐♦♥ ❝♦♥t❛✐♥s ❡✐t❤❡r x − y = c ✇✐t❤ 0 ≤ c ≤ M ✱ ♦r x − y > M ✳ ■♥
t❤❡ ❧❛tt❡r ❝❛s❡✱ ♥❡❝❡ss❛r✐❧② x > M ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❣✉❛r❞s ♦✈❡r X ❝❛♥ ❛❧✇❛②s ❜❡ ❡①❛❝t❧② ❡①♣r❡ss❡❞
✐♥ GM ({y})✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ♦♥❧② st❛t❡s ✇❤❡r❡ ❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s ♠❛r❦❡❞ ⊤ ✇✐❧❧ ❜❡ ✈✐s✐t❡❞ ✐♥ Aut(σ)✳
❍❡♥❝❡✱ σ ✐s ✇✐♥♥✐♥❣ ❛♥❞ L(Aut(σ)) = L(A)✳ ◆♦t❡ t❤❛t Aut(σ) ✐s st✐❧❧ ❛ ❚❆ ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts ❛♥❞ ✐ts
s✐③❡ ✐s ❞♦✉❜❧② ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ A✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✱ ❛♥② t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts ❝❛♥ ❜❡ ❞❡t❡r♠✐♥✐③❡❞ ✐♥t♦
❛ ❞♦✉❜❧② ❡①♣♦♥❡♥t✐❛❧ s✐♥❣❧❡✲❝❧♦❝❦ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ t❤❡ s❛♠❡ ♠❛①✐♠❛❧ ❝♦♥st❛♥t✳ ❚❤✐s ✐♠♣r♦✈❡s t❤❡
r❡s✉❧t ❣✐✈❡♥ ✐♥ ❬❇❇❇❇✵✾❛❪ ✇❤❡r❡ ❛♥② t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ ✐♥t❡❣❡r r❡s❡ts ❛♥❞ ♠❛①✐♠❛❧ ❝♦♥st❛♥t M ❝❛♥
❜❡ t✉r♥❡❞ ✐♥t♦ ❛ ❞♦✉❜❧② ❡①♣♦♥❡♥t✐❛❧ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥✱ ✉s✐♥❣ M + 1 ❝❧♦❝❦s✳ ▼♦r❡♦✈❡r✱ ♦✉r
♣r♦❝❡❞✉r❡ ✐s ♦♣t✐♠❛❧ ♦♥ t❤✐s ❝❧❛ss t❤❛♥❦s t♦ t❤❡ ❧♦✇❡r✲❜♦✉♥❞ ♣r♦✈✐❞❡❞ ✐♥ ❬▼❑✶✵❪✳

✹✳✷✳✷ ❆ ❞❡❡♣❡r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❬❇❇❇❇✵✾❛❪

❆ ❣❡♥❡r❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✇✐t❤ ❬❇❇❇❇✵✾❛❪ ✐s ❣✐✈❡♥ ✐♥ ✹✳✷✳✶✳ ❲❡ ♥♦✇ ❞✐s❝✉ss ❤♦✇ ♦✉r ♠❡t❤♦❞
❡✈❡♥ ✇❤❡♥ r❡str✐❝t❡❞ t♦ ❡q✉❛❧✐t② r❡❧❛t✐♦♥s ✭❝♦♥❥✉♥❝t✐♦♥s ♦❢ x− y = c✮ ❡①t❡♥❞s t❤❡ ♣r♦❝❡❞✉r❡ ❬❇❇❇❇✵✾❛❪✳
◆♦t❡ t❤❛t ❢♦r t❤✐s ❛♣♣r♦❛❝❤ t❤❡ ❡✛❡❝t✐✈❡ ❝♦♥str✉❝t✐♦♥✱ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ t❡❝❤♥✐❝❛❧ r❡♣♦rt ❬❇❇❇❇✵✾❜❪✱ ✐s
s✐♠✐❧❛r t♦ ♦✉r ❛♣♣r♦❛❝❤ r❡str✐❝t❡❞ t♦ ♠❛♣♣✐♥❣s ✐♥st❡❛❞ ♦❢ r❡❧❛t✐♦♥s✳ ❚❤❡ ✉s❡ ♦❢ r❡❧❛t✐♦♥s✱ ❡✈❡♥ r❡str✐❝t❡❞
t♦ ❡q✉❛❧✐t② r❡❧❛t✐♦♥s✱ ❛❧❧♦✇s t♦ ❡①t❡♥❞ s❡✈❡r❛❧ r❡s✉❧ts ♦❢ ❬❇❇❇❇✵✾❛❪✱ ❛s ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ ❤❡r❡✳

■♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ ♣r❡❝✐s❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❬❇❇❇❇✵✾❛❪✱ ✇❡ ♥❡❡❞ t♦ r❡❝❛❧❧ s♦♠❡ ❡❧❡♠❡♥ts ♦❢ t❤✐s ♣❛♣❡r✳
❚❤❡ ❛✉t❤♦rs ♣r♦♣♦s❡ t✇♦ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡✐r ❞❡t❡r♠✐♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✿
♦♥❡ ✐s ♥❡❝❡ss❛r② ❛♥❞ ♦♥❡ ✐s ❡❛s✐❧② ❞❡❝✐❞❛❜❧❡ ♦♥ t❤❡ r❡❣✐♦♥ ❛✉t♦♠❛t♦♥✳ ❚❤❡ ✜rst s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✷

❛♣♣❧✐❡s t♦ s♦♠❡ ✐♥t❡r♠❡❞✐❛r② ❝♦♥str✉❝t✱ SymbDet(R(A∞))✱ ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ ❞❡t❡r♠✐♥✐③❛t✐♦♥ st❡♣ ♦❢
t❤❡ ♣r♦❝❡❞✉r❡✳ SymbDet(R(A∞)) ✐s ❛♥ ✐♥✜♥✐t❡ tr❡❡ ❛♥❞ ✐ts ♥♦❞❡s ❛r❡ ❧❛❜❡❧❧❡❞ ❜② ❛ r❡❣✐♦♥ ♦✈❡r ♥❡✇
❝❧♦❝❦s ❛♥❞ ❛ s❡t ♦❢ ♣❛✐rs ❝♦♥s✐st✐♥❣ ♦❢ ❛ ❧♦❝❛t✐♦♥ ♦❢ A t♦❣❡t❤❡r ✇✐t❤ ❛ ♠❛♣♣✐♥❣ ♦❢ ♦r✐❣✐♥❛❧ ❝❧♦❝❦s t♦ ♥❡✇
♦♥❡s✳ ■♥ ❛ ♥♦❞❡ ♦❢ t❤✐s ✐♥✜♥✐t❡ tr❡❡✱ ❛ ❝❧♦❝❦ ✐s s❛✐❞ ❛❝t✐✈❡ ✐❢ ✐t ✐s ♠❛♣♣❡❞ t♦ ✐♥ ♦♥❡ ♦❢ t❤❡ ♠❛♣♣✐♥❣s✳
SymbDet(R(A∞)) ✐s s❛✐❞ γ✲❝❧♦❝❦✲❜♦✉♥❞❡❞ ✐❢ γ ✐s ❛ ✉♥✐❢♦r♠ ❜♦✉♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ❝❧♦❝❦s ✐♥ ❡✈❡r②
♥♦❞❡✳ ❆ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ✇✐t❤ γ ❝❧♦❝❦s ✐s t❤✉s t❤❛t
SymbDet(R(A∞)) ✐s γ✲❝❧♦❝❦✲❜♦✉♥❞❡❞✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ♥♦♥✲s②♥t❛❝t✐❝❛❧ ❝♦♥❞✐t✐♦♥ ✐s ❝♦♠♣❧❡①✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡ ❛ str♦♥❣❡r ❝♦♥❞✐t✐♦♥✱ s✉✣❝✐❡♥t ❜✉t ♥♦t ♥❡❝❡ss❛r② ❢♦r t❡r♠✐♥❛t✐♦♥ ✐s ♣r♦♣♦s❡❞ ✐♥ ❬❇❇❇❇✵✾❛❪✳
●✐✈❡♥ p ∈ N✱ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ A ✇✐t❤ ♠❛①✐♠❛❧ ❝♦♥st❛♥t M ❛♥❞ s❡t ♦❢ ❝❧♦❝❦s X ✐s s❛✐❞ t♦ s❛t✐s❢② t❤❡
p✲❛ss✉♠♣t✐♦♥ ✐❢ ❢♦r ❡✈❡r② n ≥ p✱ ❢♦r ❡✈❡r② r✉♥ ρ = (ℓ0, v0)

τ1,a1

−→ (ℓ1, v1) · · ·
τn,an
−→ (ℓn, vn) ✐♥ A✱ ❢♦r ❡✈❡r②

❝❧♦❝❦ x ∈ X✱ ❡✐t❤❡r x ✐s r❡s❡t ❛❧♦♥❣ ρ ♦r vn(x) > M ✳
❚❤❡s❡ t✇♦ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ✭γ✲❝❧♦❝❦✲❜♦✉♥❞❡❞♥❡ss ❛♥❞ p✲❛ss✉♠♣t✐♦♥✮ ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞ ✐❢ ✐♥st❡❛❞

♦❢ t❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❬❇❇❇❇✵✾❛❪ ♦♥❡ ✐s ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇✐♥♥✐♥❣ str❛t❡❣②
❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✐♥ ♦✉r ❣❛♠❡✳

❼ ❋✐rst✱ ✐❢ ✐♥ t❤❡ ♥♦❞❡s ♦❢ SymbDet(R(A∞))✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❢r❛❝t✐♦♥❛❧ ♣❛rts ♦❢ ❛❝t✐✈❡ ❝❧♦❝❦s
✐s ❜♦✉♥❞❡❞ ❜② γ✱ t❤❡♥ ❉❡t❡r♠✐♥✐③❛t♦r ❤❛s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ✐♥ GA,(γ,M)✱ ✇❤❡r❡ M ✐s t❤❡ ♠❛①✐♠❛❧
❝♦♥st❛♥t ♦❢ A✳ ◆♦t❡ t❤❛t✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❧♦❝❦✲❜♦✉♥❞❡❞♥❡ss✱ t❤✐s ✇❡❛❦❡♥❡❞ ❝♦♥❞✐t✐♦♥ ✐s ♥♦t
s✉✣❝✐❡♥t ❢♦r t❤❡ t❡r♠✐♥❛t✐♦♥ ✐♥ ❬❇❇❇❇✵✾❛❪✳ ◆♦t❡ ❛❧s♦ t❤❛t ✐t ✐s ♥♦t ♥❡❝❡ss❛r② ❢♦r ♦✉r ❛♣♣r♦❛❝❤
s✐♥❝❡ ✐t ♦♥❧② ❞❡❛❧s ✇✐t❤ t✐♠❡❞ ❛✉t♦♠❛t❛ s✉❝❤ t❤❛t ❉❡t❡r♠✐♥✐③❛t♦r ❤❛s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ✇✐t❤
❡q✉❛❧✐t② r❡❧❛t✐♦♥s ✭❝♦♥❥✉♥❝t✐♦♥s ♦❢ x− y = c✮ ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r✳

❼ ❙❡❝♦♥❞✱ t❤❡ p✲❛ss✉♠♣t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ r❡❧❛①❡❞✳ ●✐✈❡♥ p ∈ N✱ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ A ✇✐t❤ ♠❛①✐♠❛❧
❝♦♥st❛♥t M ❛♥❞ s❡t ♦❢ ❝❧♦❝❦s X ✐s s❛✐❞ t♦ s❛t✐s❢② t❤❡ ✇❡❛❦✲p✲❛ss✉♠♣t✐♦♥ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛rt✐t✐♦♥
X = H ⊔ H ′ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② n ≥ p✱ ❢♦r ❡✈❡r② r✉♥ ρ = (ℓ0, v0)

τ1,a1

−→ (ℓ1, v1) · · ·
τn,an
−→ (ℓn, vn)

✐♥ A✱ ❢♦r ❡✈❡r② ❝❧♦❝❦ x ∈ H✱ ❡✐t❤❡r x ✐s r❡s❡t ❛❧♦♥❣ ρ ♦r vn(x) > M ❛♥❞ ❢♦r ❡✈❡r② m ≤ n ❛♥❞
❡✈❡r② ❝❧♦❝❦ x′ ∈ H ′✱ t❤❡r❡ ❡①✐sts h ∈ H s✉❝❤ t❤❛t {vm(x′)} = {vm(h)}✳ ■♥ ✇♦r❞s✱ ❝❧♦❝❦s ✐♥
H s❛t✐s❢② t❤❡ p✲❛ss✉♠♣t✐♦♥✱ ❛♥❞ ❝❧♦❝❦s ✐♥ H ′ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② t❤❡ s❛♠❡ ❝❧♦❝❦s ❛s t❤♦s❡ ✐♥
H ✭s✐♥❝❡ t❤❡✐r ❢r❛❝t✐♦♥❛❧ ♣❛rt ❛❣r❡❡✮ ❛❧❧ ❛❧♦♥❣ t❤❡ r✉♥✳ ❯♥❞❡r t❤❡ ✇❡❛❦✲p✲❛ss✉♠♣t✐♦♥✱ ✐t ✐s ❡❛s②
t♦ s❡❡ t❤❛t ❉❡t❡r♠✐♥✐③❛t♦r ❝❛♥ ❡♥❢♦r❝❡ t♦ ✉s❡ ♦♥❧② ❡q✉❛❧✐t② r❡❧❛t✐♦♥s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ ❛
t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ ♠❛①✐♠❛❧ ❝♦♥st❛♥t M s❛t✐s✜❡s t❤❡ ✇❡❛❦✲p✲❛ss✉♠♣t✐♦♥ t❤❡♥ ❉❡t❡r♠✐♥✐③❛t♦r
❤❛s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ✐♥ GA,(p,M)✳ ◆♦t❡ t❤❛t t❤✐s ✇❡❛❦❡♥❡❞ ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s✉✣❝✐❡♥t ❢♦r t❤❡
t❡r♠✐♥❛t✐♦♥ ✐♥ ❬❇❇❇❇✵✾❛❪✱ ❜✉t st✐❧❧ ❞❡❝✐❞❛❜❧❡✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ✇❡❛❦✲p✲❛ss✉♠♣t✐♦♥ ♥❛t✉r❛❧❧②
✐♠♣❧✐❡s t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ✇❡❛❦❡♥❡❞ ❝♦♥❞✐t✐♦♥ ♦✈❡r SymbDet(R(A∞))✳

❚❤❡s❡ t✇♦ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r s❤♦✇ t❤❛t ♦✉r
❛♣♣r♦❛❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ ❞❡t❡r♠✐♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢ ❬❇❇❇❇✵✾❛❪ ❡✈❡♥ ✐❢ ✇❡ r❡str✐❝t r❡❧❛t✐♦♥s ✐♥ t❤❡
❣❛♠❡ t♦ ❡q✉❛❧✐t② ♦♥❡s✳

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ✐❞❡❛s✱ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ♥❛t✉r❛❧❧② ❡①t❡♥❞ t❤❡ ❝❧❛ss ♦❢ ❡✈❡♥✲❝❧♦❝❦ t✐♠❡❞ ❛✉t♦♠❛t❛
✐♥t♦ ❛ ❝❧❛ss ❞❡t❡r♠✐♥✐③❛❜❧❡ ❜② ♦✉r ❣❛♠❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤✳ ❆♥ ❡✈❡♥t✲❝❧♦❝❦ ❛✉t♦♠❛t♦♥ ♦✈❡r ❛❧♣❤❛❜❡t Σ ✐s ❛
t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ ♦♥❡ ❝❧♦❝❦ ♣❡r ❛❝t✐♦♥ ✇❤✐❝❤ ✐s r❡s❡t ❡①❛❝t❧② ✇❤❡♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❛❝t✐♦♥ ✐s ✜r❡❞✳ ❚❤❡
❝❧❛ss ♦❢ ❡✈❡♥✲❝❧♦❝❦ t✐♠❡❞ ❛✉t♦♠❛t❛ ✐s ❞❡t❡r♠✐♥✐③❛❜❧❡ ❬❆❋❍✾✹❪✱ ❛♥❞ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥✐③❡❞ ❜② t❤❡ ♣r♦❝❡❞✉r❡
♦❢ ❬❇❇❇❇✵✾❛❪ ❜❡❝❛✉s❡ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❞❡t❡r♠✐♥✐st✐❝ ✐♥✜♥✐t❡ tr❡❡s ❛r❡ |Σ|✲❝❧♦❝❦✲❜♦✉♥❞❡❞✳ ■♥ ❢❛❝t✱ ❡✈❡♥t✲
❝❧♦❝❦ ❛✉t♦♠❛t❛ ❡♥❥♦② ❛♥ ✐♥♣✉t✲❞❡t❡r♠✐♥❛❝② ♣r♦♣❡rt②✿ r❡s❡ts ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ t✐♠❡❞ ✇♦r❞ ❛♥❞ ♥♦t ♦♥
t❤❡ ♣r❡❝✐s❡ ❡❞❣❡s t❤❛t ❛r❡ t❛❦❡♥✳ ❚♦ ❡①t❡♥❞ t❤❡ ❝❧❛ss ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ ❞❡t❡r♠✐♥✐③❛❜✐❧✐t②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡
♥♦t✐♦♥s ♦❢ ✜♥✐t❡❧②✲ ❛♥❞ t❡♠♣♦r❛❧❧②✲❢r❛♠❡❞ t✐♠❡❞ ❛✉t♦♠❛t❛✳ ❆ t✐♠❡❞ ❛✉t♦♠❛t♦♥A ✐s ✜♥✐t❡❧②✲❢r❛♠❡❞ ✭r❡s♣✳
t❡♠♣♦r❛❧❧②✲❢r❛♠❡❞✮ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❞❡t❡r♠✐♥✐st✐❝ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ ✭r❡s♣✳ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥✮
✇❤✐❝❤ ✐s ❝♦♠♣❧❡t❡ ♦✈❡r t❤❡ ❛❧♣❤❛❜❡t ♦❢ ❛❝t✐♦♥s ❛♥❞ ✇❤✐❝❤ ❣♦✈❡r♥s t❤❡ ❝❧♦❝❦s r❡s❡ts ✐♥ A✳ ❚❤❡s❡ ♥♦t✐♦♥s
❛r❡ ✐♥s♣✐r❡❞ ❜② t❤❡ s❦❡❧❡t♦♥ ♦❢ ❑r✐❝❤❡♥ ❛♥❞ ❚r✐♣❛❦✐s ❬❑❚✵✾❪ ✇❤✐❝❤ ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ t❤❛t
❣✉✐❞❡s ❜② ✜①✐♥❣ t❤❡ ❝❧♦❝❦s r❡s❡ts t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳ ❆ ✭✜♥✐t❡❧②✲
♦r t❡♠♣♦r❛❧❧②✲✮ ❢r❛♠❡❞ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✐s ❞❡t❡r♠✐♥✐③❛❜❧❡ ❜② t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❬❇❇❇❇✵✾❛❪ ❛♥❞ ♦✉r
❣❛♠❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤✳ ❚❤❡s❡ t✇♦ ❝❤❛r❛❝t❡r✐st✐❝s ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞ s✐♠✐❧❛r❧② ❛s γ✲❝❧♦❝❦✲❜♦✉♥❞❡❞♥❡ss ❛♥❞
p✲❛ss✉♠♣t✐♦♥✳ ❆ t✐♠❡❞ ❛✉t♦♠❛t♦♥ A ✐s ✇❡❛❦❧② ✜♥✐t❡❧②✲❢r❛♠❡❞ ✭r❡s♣✳ ✇❡❛❦❧② t❡♠♣♦r❛❧❧②✲❢r❛♠❡❞✮ ✐❢ t❤❡r❡
❡①✐sts ❛ ♣❛rt✐t✐♦♥ X = H ⊔ H ′ ♦❢ ✐ts s❡t ♦❢ ❝❧♦❝❦s s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❧❡t❡ ❞❡t❡r♠✐♥✐st✐❝
✜♥✐t❡ ❛✉t♦♠❛t♦♥ ✭r❡s♣✳ ❛ ❝♦♠♣❧❡t❡ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥✮ ✇❤✐❝❤ ❞❡s❝r✐❜❡s r❡s❡ts ♦❢ ❝❧♦❝❦s
♦❢ H✱ ❛♥❞ ✐❢ ❢♦r ❡✈❡r② ❝❧♦❝❦ x′ ∈ H ′ ❛♥❞ ❡✈❡r② st❛t❡ (ℓ, v) ♦❢ A✱ t❤❡r❡ ❡①✐sts ❛ ❝❧♦❝❦ h ∈ H s✉❝❤ t❤❛t
{vm(x′)} = {vm(h)}✳ ❆♥② ✇❡❛❦❧② ❢r❛♠❡❞ ❛✉t♦♠❛t♦♥ A ✐s ❞❡t❡r♠✐♥✐③❛❜❧❡ ❜② ♦✉r ❛♣♣r♦❛❝❤ ✇✐t❤ r❡s♦✉r❝❡s

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✸

(|H|,M) ✇❤❡r❡ M ✐s t❤❡ ♠❛①✐♠❛❧ ❝♦♥st❛♥t ♦❢ A✱ ✇❤❡r❡❛s t❤❡ ♣r♦❝❡❞✉r❡ ❬❇❇❇❇✵✾❛❪ ✇♦✉❧❞ ♥♦t ♥❡❝❡ss❛r✐❧②
t❡r♠✐♥❛t❡✳

✺ ❊①t❡♥s✐♦♥ t♦ ε✲tr❛♥s✐t✐♦♥s ❛♥❞ ✐♥✈❛r✐❛♥ts

■♥ ❙❡❝t✐♦♥ ✸ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❛♠❡ ❛♥❞ ✐ts ♣r♦♣❡rt✐❡s ✇❡r❡ ♣r❡s❡♥t❡❞ ❢♦r ❛ r❡str✐❝t❡❞ ❝❧❛ss ♦❢
t✐♠❡❞ ❛✉t♦♠❛t❛ ✇✐t❤ ♥♦ ε✲tr❛♥s✐t✐♦♥s ❛♥❞ ♥♦ ✐♥✈❛r✐❛♥ts✳ ▲❡t ✉s ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s
❝♦♥str✉❝t✐♦♥ t♦ ❞❡❛❧ ✇✐t❤ t❤❡s❡ t✇♦ ❛s♣❡❝ts✳

✺✳✶ ε✲tr❛♥s✐t✐♦♥s

▲❡t ✉s ✜rst ❡①♣❧❛✐♥ ✐♥❢♦r♠❛❧❧② t❤❡ ♠♦❞✐✜❝❛t✐♦♥s t❤❛t ❛r❡ ♥❡❡❞❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣❛♠❡ t♦ ❞❡❛❧
✇✐t❤ ε✲tr❛♥s✐t✐♦♥s✳ ◗✉✐t❡ ♥❛t✉r❛❧❧②✱ ❛♥ ε✲❝❧♦s✉r❡ ❤❛s t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ♥❡✇ st❛t❡s ✐♥ t❤❡
❣❛♠❡✳ ❚❤✐s ❝❧♦s✉r❡ ❝❛❧❧s ❢♦r ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ st❛t❡s✿ ❞❡❧❛②s ♠✐❣❤t ❜❡ ♠❛♥❞❛t♦r② ❜❡❢♦r❡
t❛❦✐♥❣ ❛♥ ε✲tr❛♥s✐t✐♦♥✱ ❛♥❞ ❤❡♥❝❡✱ ♣♦t❡♥t✐❛❧❧② ❞✐✛❡r❡♥t r❡❣✐♦♥s ❛r❡ ❛tt❛❝❤❡❞ t♦ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ❛ st❛t❡ ✐♥
t❤❡ ❣❛♠❡✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ✐❧❧✉str❛t❡❞ ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❚❆ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✽ ❧❡❢t✳ ❚❤❡ r❡s✉❧t✐♥❣
❣❛♠❡✱ ✐s r❡♣r❡s❡♥t❡❞ ❋✐❣✉r❡ ✽ r✐❣❤t✱ ✇❤❡r❡ t❤❡ r✐❣❤t✲♠♦st st❛t❡ ✐s t❤❡ ε✲❝❧♦s✉r❡ ♦❢ t❤❡ ❢♦r♠❡r st❛t❡
{ℓ1, x− y = 0,⊤, {0}}✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ (ℓ1, x− y = −2,⊤) ❝❛♥ ♦♥❧② ❜❡ r❡❛❝❤❡❞ ❛❢t❡r t✇♦
ε✲tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❚❆✱ t❛❦❡♥ r❡s♣❡❝t✐✈❡❧② ❛❢t❡r ♦♥❡ ♦r t✇♦ t✐♠❡ ✉♥✐ts✳ ❚❤✉s t❤✐s ❝♦♥✜❣✉r❛t✐♦♥
❝❛♥ ♦♥❧② ❜❡ ♦❜s❡r✈❡❞ ✇❤✐❧❡ ✐♥ r❡❣✐♦♥ {2} ❛♥❞ ❛❢t❡r✱ ✇❤❡r❡❛s t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ (ℓ1, x − y = 0,⊤) ❝♦✉❧❞
❜❡ ♦❜s❡r✈❡❞ ❛❧r❡❛❞② ✐♥ r❡❣✐♦♥ {0}✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇✐t❤✐♥ ❛ st❛t❡✱ ❝♦♥✜❣✉r❛t✐♦♥s ❝❛♥ ❤❛✈❡ ❞✐✛❡r❡♥t
❛ss♦❝✐❛t❡❞ r❡❣✐♦♥s✱ ❛♥❞ ❡✈❡r② r❡❣✐♦♥ ✐s ❛ t✐♠❡ s✉❝❝❡ss♦r ♦❢ t❤❡ ✐♥✐t✐❛❧ r❡❣✐♦♥ ♦❢ t❤❡ st❛t❡✳ ❈♦♠♣✉t✐♥❣ t❤❡

ℓ0 ℓ1
x = 0, a

x = 1, ε, {x}

(ℓ0, x− y = 0,⊤, {0})

(ℓ1, x− y = 0,⊤, {0})
(ℓ1, x− y = −1,⊤, {1})
(ℓ1, x− y = −2,⊤, {2})
(ℓ1, x− y < −2,⊥, (2,∞))

y = 0, a

{x}

∅

❋✐❣✉r❡ ✽✿ ❆ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ ε✲tr❛♥s✐t✐♦♥s ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ε✲❝❧♦s✉r❡✳

ε✲❝❧♦s✉r❡ ♦❢ ❛ st❛t❡ ✐♥ t❤❡ ❣❛♠❡ ❛♠♦✉♥ts t♦ ❝♦♠♣✉t✐♥❣ t❤❡ s❡t ♦❢ r❡❛❝❤❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ❜② ε✲tr❛♥s✐t✐♦♥s✱
❛♥❞ ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ r❡❣✐♦♥✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛
❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❜r❛♥❝❤ ♦❢ t❤❡ ❣❛♠❡ ✇❤❡r❡ ε ✇♦✉❧❞ ❜❡ ❛ st❛♥❞❛r❞ ❛❝t✐♦♥✱ ❜✉t ✇❤❡r❡ ❉❡t❡r♠✐♥✐s❛t♦r ✐s
♥♦t ❛❧❧♦✇❡❞ t♦ r❡s❡t ❛♥② ❝❧♦❝❦❀ ❛❧❧ t❤❡ st❛t❡s ♦❜t❛✐♥❡❞ t❤✐s ✇❛② ❛r❡ t❤❡♥ ❣❛t❤❡r❡❞ ✐♥t♦ ❛ ✉♥✐q✉❡ st❛t❡✳ ❋♦r
✐♥st❛♥❝❡✱ ❋✐❣✉r❡ ✾ r❡♣r❡s❡♥ts t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ε✲❝❧♦s✉r❡ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳ ❚❤✐s ❛❧t❡r♥❛t✐✈❡ ♣♦✐♥t ♦❢
✈✐❡✇ ❥✉st✐✜❡s t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❛❧✇❛②s t❡r♠✐♥❛t❡s✳

(ℓ1, x− y = 0,⊤, {0}) (ℓ1, x− y = −1,⊤, {1}) (ℓ1, x− y = −2,⊤, {2}) (ℓ1, x− y < −2,⊥, (2,∞))
y = 1, ε y = 2, ε y < 2, ε

y > 2, ε

❋✐❣✉r❡ ✾✿ ❙t❡♣✲✇✐s❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ε✲❝❧♦s✉r❡✱ ❜❡❢♦r❡ ♠❡r❣✐♥❣✳

❚❤❡ s❡t ❇❛❞ ❛❧s♦ ♥❡❡❞s t♦ ❜❡ r❡❞❡✜♥❡❞ ✇❤❡♥ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♣♦ss✐❜❧❡ ε✲tr❛♥s✐t✐♦♥s✱ s✐♥❝❡ r❡❣✐♦♥s
❛r❡ ♥♦✇ ❛tt❛❝❤❡❞ t♦ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ♥♦ ❧♦♥❣❡r t♦ st❛t❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❤❡♥ t❤❡ ε✲❝❧♦s✉r❡ ❧❡❛❞s t♦
❛ ❝♦♥✜❣✉r❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✜♥❛❧ ❧♦❝❛t✐♦♥ ❜✉t ❛❢t❡r ❛ ♥♦♥③❡r♦ ❞❡❧❛②✱ ♦r ✇❤❡♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✜♥❛❧ ❧♦❝❛t✐♦♥ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ r❡❣✐♦♥ ✭✐♥❞✉❝❡❞ ❜② t❤❡ ❜♦t❤ ❧❛st ♠♦✈❡s✮ ❛r❡ ♠❛r❦❡❞ ⊥✱
t❤❡r❡ ✐s ❛ r✐s❦ ♦❢ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ ❛ str❛t❡❣② σ ✐s ✜①❡❞✱ t❤❡s❡ st❛t❡s ♦❢ ❙♣♦✐❧❡r ❜❡❝♦♠❡
♥❛t✉r❛❧❧② ✜♥❛❧ ❧♦❝❛t✐♦♥s ♦❢ Aut(σ)✱ ❜✉t ❉❡t❡r♠✐♥✐③❛t♦r ✇❛♥ts t♦ ❛✈♦✐❞ t❤❡s❡ st❛t❡s ✐♥ t❤❡ ❣❛♠❡ ❛♥❞ t❤❡
s❡t Bad s❤♦✉❧❞ t❤✉s ❜❡ ❡①t❡♥❞❡❞✳

❲❡ ♥♦✇ ❝♦♠❡ t♦ t❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣❛♠❡✳ ●✐✈❡♥ A ❛♥❞ (k, M ′) ✇❡ ❞❡✜♥❡ GA,(k,M ′) =
(V, v0,Act, δ,Bad) ✇❤❡r❡✿

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✹

❼ ❚❤❡ s❡t ♦❢ ✈❡rt✐❝❡s V ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ VS ❛♥❞ VD✱ r❡s♣❡❝t✐✈❡❧② ✈❡rt✐❝❡s ♦❢ ❙♣♦✐❧❡r ❛♥❞ ❉❡✲

t❡r♠✐♥✐③❛t♦r✳ ❱❡rt✐❝❡s ♦❢ VS ❛♥❞ VD ❛r❡ ❧❛❜❡❧❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥ 2
L×Rel

X,Y

M,M′
×{⊤,⊥}×RegY

M′ ❛♥❞

2
L×Rel

X,Y

M,M′
×{⊤,⊥}×RegY

M′ × (RegY
M ′ × Σ)❀

❼ v0 = clε({(ℓ0, X − Y = 0,⊤, {0})}) ✐s t❤❡ ✐♥✐t✐❛❧ ✈❡rt❡① ❛♥❞ ❜❡❧♦♥❣s t♦ ♣❧❛②❡r ❙♣♦✐❧❡r❀

❼ Act = (RegY
M ′ × Σ) ∪ 2Y ✐s t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ❛❝t✐♦♥s❀

❼ δ ⊆ VS × (RegY
M ′ × Σ)× VD ∪ VD × 2Y × VS ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s❀

❼ Bad = {{(ℓj , Cj ,⊥, rj)}j} ∪ {(({(ℓj , Cj , bj , rj)}j , S
−), (I, b)) | ∀k

(

(∀j rj ∈
−→rk) ⇒ (ℓk ∈ F ⇒ bk =

⊥)
)

} ✐s t❤❡ s❡t ♦❢ ❜❛❞ st❛t❡s✳

❲❡ ♥♦✇ ❞❡t❛✐❧ t❤❡ ❡❞❣❡ r❡❧❛t✐♦♥ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ♣♦ss✐❜❧❡ ♠♦✈❡s ♦❢ t❤❡ ♣❧❛②❡rs✳ ●✐✈❡♥ vS = {(ℓj , Cj , bj , rj)}j ∈
VS ❛ st❛t❡ ♦❢ ❙♣♦✐❧❡r ❛♥❞ (r′, a) ♦♥❡ ♦❢ ❤✐s ♠♦✈❡s✱ t❤❡ s✉❝❝❡ss♦r st❛t❡ ✐s ❞❡✜♥❡❞✱ ♣r♦✈✐❞❡❞ r′ ✐s ❛ t✐♠❡✲
s✉❝❝❡ss♦r ♦❢ rj ❢♦r s♦♠❡ j✱ ❛s t❤❡ st❛t❡ vD = ({(ℓj , Cj , bj , rj)}j , (r

′, a)) ∈ VD ✐❢ t❤❡r❡ ❡①✐sts (ℓ, C, b, r) ∈ vS ✱

s✉❝❤ t❤❛t r′ ∈ −→r ❛♥❞ t❤❡r❡ ❡①✐sts ℓ
g,a,X′

−−−−→ ℓ′ ∈ E ✇✐t❤ [r′ ∩ C]|X ∩ g 6= ∅✳
●✐✈❡♥ vD = ({(ℓj , Cj , bj , rj)}j , (r

′, a)) ∈ VD ❛ st❛t❡ ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ❛♥❞ Y ′ ⊆ Y ♦♥❡ ♦❢ ❤✐s ♠♦✈❡s✱
t❤❡ s✉❝❝❡ss♦r st❛t❡ vS ✐s ♦❜t❛✐♥❡❞ ❛s t❤❡ ε✲❝❧♦s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ❛❧❧ ❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦rs ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s
✐♥ {(ℓj , Cj , bj , rj)}j ❜② (r′, a) ❛♥❞ r❡s❡tt✐♥❣ Y ′✳ Pr❡❝✐s❡❧②✱ ✐❢ (ℓ, C, b, r) ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥ s✉❝❤ t❤❛t r′ ∈ −→r ✱
✐ts ❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦rs s❡t ❜② (r′, a) ❛♥❞ r❡s❡tt✐♥❣ Y ′ ✐s✿

Succe[r
′, a, Y ′](ℓ, C, b, r) =











(ℓ′, C ′, b′, r′[Y ′←0])

∣

∣

∣

∣

∣

∣

∣

∃ℓ
g,a,X′

−−−−→ ℓ′ ∈ E s✳t✳ [r′ ∩ C]|X ∩ g 6= ∅
C ′ = up(r′, C, g, X ′, Y ′)
b′ = b ∧ ([r′ ∩ C]|X ∩ ¬g = ∅)











✇❤❡r❡ up(r′, C, g, X ′, Y ′) ✐s t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ r❡❧❛t✐♦♥ C ❜❡t✇❡❡♥ ❝❧♦❝❦s ✐♥ X ❛♥❞ Y ❛❢t❡r t❤❡ ♠♦✈❡s
♦❢ t❤❡ t✇♦ ♣❧❛②❡rs✱ t❤❛t ✐s ❛❢t❡r t❛❦✐♥❣ ❛❝t✐♦♥ a ✐♥ r′✱ r❡s❡tt✐♥❣ X ′ ⊆ X ❛♥❞ Y ′ ⊆ Y ✱ ❛♥❞ ❢♦r❝✐♥❣ t❤❡

s❛t✐s❢❛❝t✐♦♥ ♦❢ g✳ ❋♦r♠❛❧❧②✱ up(r′, C, g, X ′, Y ′) =
←−−−−−−−−−−−−−−−−→
(r′ ∩ C ∩ g)[X′←0][Y ′←0]✳ ❇♦♦❧❡❛♥ b′ ✐s s❡t t♦ ⊥ ✐❢ ❡✐t❤❡r

b = ⊥ ♦r t❤❡ ✐♥❞✉❝❡❞ ❣✉❛r❞ [r′ ∩ C]|X ♦✈❡r✲❛♣♣r♦①✐♠❛t❡s g✳ ■♥ t❤❡ ✉♣❞❛t❡✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ g ❛✐♠s
❛t st♦♣♣✐♥❣ r✉♥s t❤❛t ❢♦r s✉r❡ ✇✐❧❧ ❝♦rr❡s♣♦♥❞ t♦ t✐♠❡❞ ✇♦r❞s ♦✉t ♦❢ L(A)❀ t❤❡ ❜♦♦❧❡❛♥ b ❛♥②✇❛② t❛❦❡s
❝❛r❡ ♦❢ ❦❡❡♣✐♥❣ tr❛❝❦ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳ ❚♦ ❝♦♠♣❧❡t❡ t❤✐s ❞❡✜♥✐t✐♦♥✱ ❧❡t ✉s ❢♦r♠❛❧✐③❡
t❤❡ ε✲❝❧♦s✉r❡ ♦❢ ❛ st❛t❡ ♦❢ ❙♣♦✐❧❡r✳ ❚❤❡ ε✲❝❧♦s✉r❡ ♦❢ ❛ ❝♦♥✜❣✉r❛t✐♦♥ (ℓ, C, b, r)✱ ❞❡♥♦t❡❞ ❜② clε(ℓ, C, b, r)✱
✐s ❞❡✜♥❡❞ ❛s t❤❡ s♠❛❧❧❡st ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧

X 7→ (ℓ, C, b, r) ∪
⋃

(ℓ′, C′, b′, r′) ∈ X

r′′ ∈
−→
r′

Succe[r
′′, ε, ∅](ℓ′, C ′, b′, r′).

❚❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐✈❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✜①♣♦✐♥t ✐s tr✐✈✐❛❧✳

✺✳✷ ■♥✈❛r✐❛♥ts

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❛❞❛♣t t❤❡ ❢r❛♠❡✇♦r❦ t♦ t✐♠❡❞ ❛✉t♦♠❛t❛ ✇✐t❤ ✐♥✈❛r✐❛♥ts✳ ❋✐rst✱ ✇❤✐❧❡ ❝♦♠♣✉t✐♥❣
t❤❡ ❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦rs ❢♦r ❝♦♥✜❣✉r❛t✐♦♥s✱ ✐♥✈❛r✐❛♥ts ❤❛✈❡ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❙❡❝♦♥❞✱ ✇✐t❤ ❡❛❝❤
st❛t❡ ♦❢ t❤❡ ❣❛♠❡✱ ✇❡ ❛ss♦❝✐❛t❡ ❛♥ ✐♥✈❛r✐❛♥t✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡s♣❡❝t✐✈❡ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ♦r✐❣✐♥❛❧
❧♦❝❛t✐♦♥s✳ ▲❛st✱ t❤❡ s❡t ♦❢ ❜❛❞ st❛t❡s ♥❡❡❞s t♦ ❜❡ r❡❞❡✜♥❡❞✳

■♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s✉❝❝❡ss♦rs st❛t❡s✱ t❤❡ ✐♥✈❛r✐❛♥ts ❛r❡ t❛❦❡♥ ❝❛r❡ ♦❢ s✐♠✐❧❛r❧② t♦ t❤❡ ❣✉❛r❞s✿

t❤❡✐r s❛t✐s❢❛❝t✐♦♥ ✐s ❝❤❡❝❦❡❞ ♦♥ ❜♦t❤ tr❛♥s✐t✐♦♥s ❡①tr❡♠✐t✐❡s✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦✱ ❢♦r ❛ tr❛♥s✐t✐♦♥ ℓ
g,a,X′

−−−−→ ℓ′

t❤❡ ❝♦♥❞✐t✐♦♥ [r′ ∩C]|X ∩ g 6= ∅ ✐s r❡♣❧❛❝❡❞ ❜② [r′ ∩C]|X ∩ g∩ Inv(ℓ)∩ (Inv(ℓ′))[X′←0]−1 6= ∅✳ ❚❤❡ ❜♦♦❧❡❛♥✱
✐s t❤✉s ♥❛t✉r❛❧❧② ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ b′ = b∧ ([r′ ∩C]|X ∩¬(g ∩ Inv(ℓ)∩ (Inv(ℓ′))[X′←0]−1) = ∅)✳ ❆s ❛ ❝♦♥✲
s❡q✉❡♥❝❡✱ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❜✉✐❧t ✈✐❛ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s♦♠❡ ✐♥✈❛r✐❛♥t ❛r❡ ♠❛r❦❡❞ ⊥✳ ❚❤❡
r❡❧❛t✐♦♥ ✉♣❞❛t❡s ❛r❡ ❛❧s♦ r❡❞❡✜♥❡❞✱ t♦ ❡♥❢♦r❝❡ t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ t❤❡ ✐♥✈❛r✐❛♥ts✿ up(r′, C, g, ℓ, ℓ′, X ′, Y ′) =
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
(r′ ∩ C ∩ g ∩ Inv(ℓ))[X′←0][Y ′←0] ∩ Inv(ℓ′)✳

❚♦ ❡❛❝❤ st❛t❡ ♦❢ ❙♣♦✐❧❡r✱ ✇❡ ❛tt❛❝❤ ❛♥ ✐♥✈❛r✐❛♥t ✐♥ IM ′(Y )✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤✐s ✐♥✈❛r✐❛♥t ♠❛② ❜❡ ♦✈❡r✲
❛♣♣r♦①✐♠❛t❡❞ ✭❞✉❡ t♦ ✉♥s✉✣❝✐❡♥t ♣r❡❝✐s✐♦♥ ✐♥ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝❧♦❝❦s ✐♥ X ❛♥❞ Y ✮✱ ❛ ❜♦♦❧❡❛♥ ✐s ❛s✲
s♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ✐♥✈❛r✐❛♥t✳ ■♥❢♦r♠❛❧❧②✱ ❛ st❛t❡ vS ♦❢ ❙♣♦✐❧❡r ❤❛s t❤❡ ❢♦r♠ vS = ({(ℓj , Cj , bj , rj)}j , (I, b))

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✺

✇❤❡r❡ I ✐s t❤❡ ♠♦st r❡str✐❝t✐✈❡ ✐♥✈❛r✐❛♥t ♦✈❡r Y t❤❛t ♦✈❡r✲❛♣♣r♦①✐♠❛t❡s ❡✈❡r② ✐♥✈❛r✐❛♥t ❢♦r t❤❡ ❝♦♥✜❣✉✲
r❛t✐♦♥s ❝♦♠♣♦s✐♥❣ vS ✳ ❋♦r♠❛❧❧②✱ I =

⋃

{r′′ ∈ RegY
M ′ | ∃j ∈ J s✳t✳ r′′ ∈ −→rj ∧ [r′′ ∩ Cj ]|X ∩ Inv(ℓj) = ∅}✳

❚❤❡ ❜♦♦❧❡❛♥ b✱ r❡✢❡❝t✐♥❣ t❤❛t ❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ♣♦ss✐❜❧② ❤❛♣♣❡♥❡❞ ❢♦r t❤❡ ✐♥✈❛r✐❛♥t✱ ✐s ❞❡✜♥❡❞
❛s b =

∨

j(bj ∧ ([I ∩Cj ]|X ∩¬Inv(ℓj) = ∅))∧
∨

j, ℓj∈F (bj ∧ ([I ∩Cj ]|X ∩¬Inv(ℓj) = ∅))✳ ■♥❞❡❡❞✱ ✐t ✐s s❡t t♦
⊥ ❡✐t❤❡r ✐❢ ❢♦r ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ s♦♠❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ ✐♥✈❛r✐❛♥t ♠✐❣❤t ❤❛✈❡ ♦❝❝✉rr❡❞✱ ♦r ✐❢
t❤❡r❡ ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✜♥❛❧ ❧♦❝❛t✐♦♥ ❛♥❞ ❢♦r ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❛ ✜♥❛❧ ❧♦❝❛t✐♦♥
t❤❡r❡ ✐s ❛ r✐s❦ ♦❢ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❜② t❤❡ ✐♥✈❛r✐❛♥t✳❲❡ ♥♦✇ ✐❧❧✉str❛t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥ts ♦♥
❛♥ ❡①❛♠♣❧❡✳ ❋✐❣✉r❡ ✶✵ r❡♣r❡s❡♥ts ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ ✐♥✈❛r✐❛♥ts✳ ❖♥❡ ❜r❛♥❝❤ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❣❛♠❡ ♦✈❡r r❡s♦✉r❝❡s (1, 3) ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✶✳ ❚❤❡ ✐♥✈❛r✐❛♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥

ℓ0

ℓ1 ℓ2

ℓ′1 ℓ′2

x < 2

x < 2

0 < x < 1
x = 1

0 < x < 1, {x}
0 < x < 1

❋✐❣✉r❡ ✶✵✿ ❆ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✇✐t❤ ✐♥✈❛r✐❛♥ts✳

(ℓ2, x− y = 0,⊤, {1})
(ℓ′2, 0 > x− y > −1,⊤, {1})

(ℓ1, x− y = 0,⊤, (0, 1))
(ℓ′1, 0 > x− y > −1,⊤, (0, 1))

(ℓ0, x− y = 0,⊤, {0})

y < 3,⊥tt,⊤
tt,⊤

∅y = 1∅0 < y < 1

❋✐❣✉r❡ ✶✶✿ ❇r❛♥❝❤ ♦❢ t❤❡ ❣❛♠❡ ✇✐t❤ r❡s♦✉r❝❡s (1, 3)✳

(ℓ2, x − y = 0,⊤) ✐s tr✐✈✐❛❧❧② y < 2✳ ❚❤❡ ♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (ℓ′2, 0 > x − y > −1,⊤) ✐s y < 3✱ s✐♥❝❡
x < 2 ✐♠♣❧✐❡s y < 3✱ ♠♦r❡♦✈❡r t❤❡ r❡❣✐♦♥ 2 < y < 3 ✐s ♥❡❝❡ss❛r✐❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s ✐♥✈❛r✐❛♥t ❜❡❝❛✉s❡ ❡✳❣✳✱
y = 2.1, x = 1.9 ✐s ❛ ✈❛❧✉❛t✐♦♥ s❛t✐s❢②✐♥❣ 0 > x − y > −1✱ 2 < y < 3 ❛♥❞ x < 2✳ ❚❤✉s✱ t❤❡ ✐♥✈❛r✐❛♥t
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ st❛t❡ ♦❢ t❤❡ ❣❛♠❡ ✐s y < 3 ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦♦❧❡❛♥ ✐s ⊥ ❜❡❝❛✉s❡ t❤❡ ✐♥✈❛r✐❛♥t
✐s ❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳

❆♣♣r♦①✐♠❛t✐♥❣ ✐♥✈❛r✐❛♥ts ✐s s✉✣❝✐❡♥t t♦ ❧❡❛❞ t♦ ❛ str✐❝t ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ t✐♠❡❞
❧❛♥❣✉❛❣❡✳ ❚❤❡r❡❢♦r❡ t❤❡ s❡t ♦❢ ❜❛❞ st❛t❡s ♥❡❡❞ t♦ ❜❡ r❡❞❡✜♥❡❞✱ ✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ t❤❛t ❛♥② ✇✐♥♥✐♥❣
str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦r✐❣✐♥❛❧ t✐♠❡❞ ❛✉t♦♠❛t♦♥✳ ❲❡ t❤✉s
❞❡✜♥❡ t❤❡ s❡t Bad ❛s ❢♦❧❧♦✇s✿

Bad = {({(ℓj , Cj ,⊥, rj)}j , (I, b))} ∪ {({(ℓj , Cj , bj , rj)}j , (I,⊥))}

∪ {({(ℓj , Cj , bj , rj)}j , (I, b) | ∃j0, ℓj0 ∈ F ∧ bj0 = ⊥ ∧ ∄j, ℓj ∈ F ∧ bj = ⊤ ∧ rj0 ∈
−→rj }.

✺✳✸ Pr♦♣❡rt✐❡s ♦❢ t❤❡ str❛t❡❣✐❡s ✐♥ t❤❡ ❡①t❡♥❞❡❞ ❣❛♠❡

Pr♦♣❡rt✐❡s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ✸✳✷ ❛r❡ ♣r❡s❡r✈❡❞ ❜② t❤❡ ❡①t❡♥s✐♦♥✳

❚❤❡♦r❡♠ ✷✳ ▲❡t A ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥✱ ❛♥❞ k, M ′ ∈ N✳ ❋♦r ❡✈❡r② str❛t❡❣② σ ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r
✐♥ GA,(k,M ′)✱ Aut(σ) ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ♦✈❡r r❡s♦✉r❝❡s (k, M ′) ❛♥❞ s❛t✐s✜❡s L(A) ⊆
L(Aut(σ))✳ ▼♦r❡♦✈❡r✱ ✐❢ σ ✐s ✇✐♥♥✐♥❣✱ t❤❡♥ L(A) = L(Aut(σ))✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s♣❧✐t ✐♥ t✇♦ ♣❛rts✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ s❤♦✇ t❤❛t ❛♥② str❛t❡❣② σ ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r
❡♥s✉r❡s t❤❛t L(A) ⊆ L(Aut(σ))✳ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛t ❢♦r ❡✈❡r② ✇✐♥♥✐♥❣ str❛t❡❣② σ✱ t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥
❛❧s♦ ❤♦❧❞s✳

✭⊆✮✿ ▲❡t σ ❜❡ ❛ str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✐♥ GA,(k,M ′)✳ ❚♦ s❤♦✇ t❤❛t L(A) ⊆ L(Aut(σ)) ✇❡ ♣r♦✈❡
❛ str♦♥❣❡r ❢❛❝t ♦♥ t❤❡ tr❛♥s✐t✐♦♥ s②st❡♠s TA ❛♥❞ TAut(σ)✳ ■❢ TA = (S, s0, SF , (R+ × (Σ∪{ε})),→A)✱
TAut(σ) = (S′, s′0, S

′
F , (R+ × Σ),→Aut(σ))✱ t❤❡♥ t❤❡ r❡❧❛t✐♦♥ ρ ⊆ S × S′ ❞❡✜♥❡❞ ❛s✿

ρ = {
(

(ℓ, v), ((E , (I, bI)), v
′)

)

| ∃(ℓ, C, b, r) ∈ E , (v, v′) ∈ C}

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✻

s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

❼ (s0, s
′
0) ∈ ρ✱

❼ ❢♦r ❛❧❧ (s, s′) ∈ ρ✱ ❢♦r ❛❧❧ a ∈ Σ ✇❤❡♥❡✈❡r s
τ1,ε
−−→A s1 · · ·

τn−1,ε
−−−−→A sn−1

τn,a
−−−→A sn✱ t❤❡r❡ ❡①✐sts

s′n ∈ S′ s✉❝❤ t❤❛t (sn, s′n) ∈ ρ ❛♥❞ s′
τ,a
−−→Aut(σ) s′n ✇✐t❤ τ =

∑n
i=1 τi✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✜♥❛❧ ❧♦❝❛t✐♦♥s ❢♦r Aut(σ)✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ r❡❧❛t✐♦♥ ρ ✐♠♣❧✐❡s t❤❡ ❧❛♥❣✉❛❣❡
✐♥❝❧✉s✐♦♥ L(A) ⊆ L(Aut(σ))✳ ▲❡t ✉s t❤✉s s❤♦✇ ρ ✐♥❞❡❡❞ s❛t✐s✜❡s t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥
❛❜♦✉t t❤❡ ✐♥✐t✐❛❧ st❛t❡s ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✳ ❆ss✉♠❡ ♥♦✇ t❤❛t s = (ℓ, v) ❛♥❞ s′ = ((E , (I, bI)), v

′) ❛r❡
st❛t❡s ♦❢ TA ❛♥❞ TAut(σ) r❡s♣❡❝t✐✈❡❧② s✉❝❤ t❤❛t (s, s′) ∈ ρ✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts (ℓ, C, b, r) ∈ E s✉❝❤ t❤❛t

(v, v′) ∈ C✳ ▲❡t s
τ1,ε
−−→A s1 · · ·

τn−1,ε
−−−−→A sn−1

τn,a
−−−→A sn ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s ❢r♦♠ s ✐♥ A✳ ▲❡tt✐♥❣

sj = (ℓj , vj) ✭j ∈ [1, n − 1] ❛♥❞ s = s0✮✱ t❤❡r❡ ❡①✐st ❡❞❣❡s ✐♥ A ♦❢ t❤❡ ❢♦r♠ (ℓj−1, gj , ε,Xj , ℓj) ✇✐t❤
vj−1 + τj |= gj ∩ Inv(ℓj−1) ∩ (Inv(ℓj))[Xj←0]−1 ❛♥❞ vj = (vj−1 + τj)[Xj←0]✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ε✲❝❧♦s✉r❡

♦♣❡r❛t♦r clε✱ ❢♦r ❡❛❝❤ j ∈ [0, n−1] t❤❡r❡ ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥ (ℓj , Cj , bj , rj) ∈ E s✉❝❤ t❤❛t (vj , v
′+

∑j
i=1 τi) ∈

Cj ❛♥❞ v′ +
∑j

i=1 τi ∈ rj ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥ (ℓn−1, Cn−1, bn−1, rn−1) ∈ E s✉❝❤ t❤❛t

(vn−1, v
′ +

∑n−1
i=1 τi) ∈ Cn−1 ❛♥❞ v′ +

∑n−1
i=1 τi ∈ rn−1✳ ◆♦✇✱ ❜❡❝❛✉s❡ sn−1

τn,a
−−−→A sn t❤❡r❡ ❡①✐sts ❛♥

❡❞❣❡ ✐♥ A ♦❢ t❤❡ ❢♦r♠ (ℓn−1, gn, ε,Xn, ℓn) ✇❤❡r❡ ℓn ✐s t❤❡ ❧♦❝❛t✐♦♥ ♦❢ sn✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❜② ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ❣❛♠❡✱ ❢♦r ❛♥② r❡❣✐♦♥ r′ ∈ −−→rn−1 ❛♥❞ r′ ⊆ [Cn−1 ∩ gn ∩ Inv(ℓn−1) ∩ (Inv(ℓn))[Xn←0]−1 ]|Y t❤❡r❡

✐s ❛♥ ❡❞❣❡ (E , (I, bI))
r′,a,Y ′

−−−−→ (E ′, (I′, bI′)) ✐♥ Aut(σ) ❛♥❞ ❛ ❝♦♥✜❣✉r❛t✐♦♥ (ℓn, C ′, b′, r′) ∈ E ′ ✇❤✐❝❤ ✐s ❛♥
❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦r ♦❢ (ℓn−1, Cn−1, bn−1, rn−1)✳ ▲❡tt✐♥❣ s′n = ((E ′, (I′, bI′)), v

′
n) ✇❤❡r❡ v′n = [v′+τ ]Y ′←0✱

✇❡ ♦❜s❡r✈❡ t❤❛t (vn, v′n) ∈ C ′ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡s ❢♦r t❤❡ r❡❧❛t✐♦♥ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
(vn−1, v

′ +
∑n−1

i=1 τi) ∈ Cn−1✳ ❍❡♥❝❡ (sn, s′n) ∈ ρ✳ ◆♦t❡ t❤❛t t❤❡ ✇❛② ✐♥✈❛r✐❛♥ts ❛r❡ ❞❡✜♥❡❞ ❢♦r st❛t❡s ♦❢
❙♣♦✐❧❡r ✭❛♥❞ t❤✉s ❧♦❝❛t✐♦♥s ✐♥ Aut(σ)✮✱ t❤❡ tr❛♥s✐t✐♦♥ ♦♥❡✲st❡♣ r✉♥ ✇❡ ❝♦♥str✉❝t ✐♥ Aut(σ) s❛t✐s✜❡s t❤❡
✐♥✈❛r✐❛♥ts ❛t t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❧♦❝❛t✐♦♥s✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ t❤❛t L(A) ⊆ L(Aut(σ))✳

✭⊇✮✿ ❆ss✉♠❡ ♥♦✇ t❤❛t σ ✐s ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ✐♥ GA,(k,M ′)✳ ❲❡ s❤♦✇ t❤❛t t❤❡ r❡❧❛t✐♦♥ ρ ❞❡✜♥❡❞ ✐♥
t❤❡ ❧❛tt❡r ❞✐r❡❝t✐♦♥ s❛t✐s✜❡s ✐♥ ❛❞❞✐t✐♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿

❼ ❢♦r ❛❧❧ s′✱ ❢♦r ❛❧❧ a ∈ Σ✱ ✇❤❡♥❡✈❡r s′
τ,a
−−→Aut(σ) s′′ t❤❡r❡ ❡①✐sts s s✉❝❤ t❤❛t (s, s′) ∈ ρ ❛♥❞ t❤❡r❡ ❡①✐sts

s
τ1,ε
−−→A s1 · · ·

τn−1,ε
−−−−→A sn−1

τn,a
−−−→A sn ✇✐t❤

∑n
i=1 τi = τ ❛♥❞ (sn, s′′) ∈ ρ✳

❆❣❛✐♥✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✜♥❛❧ ❧♦❝❛t✐♦♥s ✐♥ Aut(σ) ❛♥❞ t❤❡ ❢❛❝t t❤❛t σ ✐s ✇✐♥♥✐♥❣✱ t❤✐s ❧❛st
❝♦♥❞✐t✐♦♥ ♦♥ ρ ✐♠♣❧✐❡s t❤❛t L(Aut(σ)) ⊆ L(A)✳ ❚❤✐s r❡❧✐❡s ♦♥ t✇♦ ♦❜s❡r✈❛t✐♦♥s✿ ✜rst ♦❢ ❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ Bad ❡♥s✉r❡s t❤❛t s❛❢❡ ❧♦❝❛t✐♦♥s ❛r❡ ♥❡✈❡r ♣❛rt✐❛❧❧② ❛❝❝❡♣t✐♥❣❀ s❡❝♦♥❞ t❤❡ ❜♦♦❧❡❛♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
✐♥✈❛r✐❛♥t ✐s ❛❧✇❛②s ⊤✱ ❤❡♥❝❡ ✐♥ ❧♦❝❛t✐♦♥s ♦❢ Aut(σ) t❤❡ ✐♥✈❛r✐❛♥t ✐s ♥❡✈❡r ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ❢♦r s♦♠❡
✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ▲❡t ✉s ♥♦✇ s❤♦✇ t❤❛t ρ s❛t✐s✜❡s t❤❡ ❧❛st ❝♦♥❞✐t✐♦♥✳ ▲❡t s′ = ((E ′, (I′,⊤)), v′) ❜❡ ❛

st❛t❡ ♦❢ Aut(σ) ❛♥❞ s′
τ,a
−−→Aut(σ) s′′✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ❛♥ ❡❞❣❡ (E ′, (I′,⊤))

r′,a,Y ′

−−−−→ (E ′′, (I′′,⊤)) ✐♥ Aut(σ)
❛♥❞ s′′ = ((E ′′, (I′′,⊤)), v′′)✳ ❙✐♥❝❡ σ ✐s ✇✐♥♥✐♥❣✱ t❤❡r❡ ♠✉st ❜❡ ❛ ❝♦♥✜❣✉r❛t✐♦♥ (ℓn, Cn, bn, rn) ∈ E ′′ ✇✐t❤
bn = ⊤✳ ▲❡t vn ❜❡ ❛♥② ✈❛❧✉❛t✐♦♥ s✉❝❤ t❤❛t (vn, v′′) ∈ Cn ✭s✉❝❤ ❛ vn ❡①✐sts s✐♥❝❡ v′′ |= [Cn ∩ rn]|Y ✮✳ ❚❤✉s
t❤❡ ♣❛✐r (sn, s′′) ✇❤❡r❡ sn = (ℓn, vn) ❜❡❧♦♥❣s t♦ ρ✳ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ (ℓn, Cn,⊤, rn) ❤❛s ❛ ♣r❡❞❡❝❡ss♦r
✐♥ E ′ ❜② ❛❝t✐♦♥ a✱ s❛② (ℓn−1, Cn−1, bn−1, rn−1) ❛♥❞ bn−1 ✐s ♥❡❝❡ss❛r✐❧② ⊤ ♦t❤❡r✇✐s❡ bn ✇♦✉❧❞ ❛❧s♦ ❜❡
⊥✳ ▲❡t (ℓn−1, gn, a,Xn, ℓn) ❜❡ t❤❡ ❡❞❣❡ ✐♥ A t❤❛t ❣❡♥❡r❛t❡❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ (ℓn, Cn,⊤, rn) ❢r♦♠

(ℓn−1, Cn−1,⊤, rn−1)✳ ▲❡t ṽn−1 ∈ [Cn−1 ∩ (vn)[Xn←0]−1 ]|X ❛♥❞ s̃n−1 = (ℓn−1, ṽn−1)
0,a
−−→A sn ✇✐t❤

(ṽn−1, v
′ + τ) ∈ Cn−1✳

❈❛s❡ ✶ ■❢ v′ ∈ rn−1✱ ✇❡ ❧❡t vn−1 = ṽn−1 − τ ✳ ❚❤❡♥ (vn−1, v
′) ∈ Cn−1✱ t❤❡r❡ ✐s ❛ tr❛♥s✐t✐♦♥ sn−1 =

(ℓn−1, vn−1)
τ,a
−−→A sn ❛♥❞ (sn−1, s

′) ∈ ρ✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

❈❛s❡ ✷ ■❢ v′ /∈ rn−1✱ ✇❡ ❧❡t r′ s✉❝❤ t❤❛t v′ ∈ r′✳ ❚❤❡♥ rn−1 ∈
−→
r′ ❛♥❞ ✇❡ ❞❡✜♥❡ τn ❛s t❤❡ ♠❛①✐♠❛❧ ❞❡❧❛②

s✉❝❤ t❤❛t v′+(τ−τn) ∈ rn−1✳ ❖❜s❡r✈❡ t❤❛t (vn−1, v
′+(τ−τn)) ∈ Cn−1 ✇❤❡r❡ vn−1 = ṽn−1−τn✳ ❚❤❡

s✐t✉❛t✐♦♥ ❢♦r (sn−1, s
′+(τ − τn)) ∈ ρ ✐s ♥♦✇ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❢♦r (sn, s′′) s✐♥❝❡ v′+(τ − τn) ∈ rn−1

✭❛s v′ ∈ rn✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ (ℓn−1, Cn−1,⊤, rn−1) ❝❛♥ ❜❡ ❧✐❢t❡❞ t♦ ❛ ❝♦♥✜❣✉r❛t✐♦♥
(ℓn−2, Cn−2,⊤, rn−2) ∈ E

′ ✇❤✐❝❤ ✐s ❛♥ ❡❧❡♠❡♥t❛r② ♣r❡❞❡❝❡ss♦r ❜② ❛♥ ε✲tr❛♥s✐t✐♦♥✳ ❚❤✐s ♣r♦❝❡ss ✐s
✐t❡r❛t❡❞ ✉♥t✐❧ s♦♠❡ ❝♦♥✜❣✉r❛t✐♦♥ (ℓ, C,⊤, r) ∈ E ′ ✐s r❡❛❝❤❡❞ ✇✐t❤ r = r′✳ ❆t t❤✐s ♣♦✐♥t✱ s♦♠❡ st❛t❡

s ♦❢ A ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✇✐t❤ (s, s′) ∈ ρ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ r✉♥ s
τ1,ε
−−→A s1 · · ·

τn−1,ε
−−−−→A sn−1❀ t❤❡ τi✬s

❛r❡ ❜✉✐❧t t❤❡ s❛♠❡ ✇❛② ❛s τn✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✼

❚❤✐s ♣r♦✈❡s t❤❛t ρ s❛t✐s✜❡s t❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ L(Aut(σ)) ⊆ L(A)✳

✺✳✹ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①✐st✐♥❣ ♠❡t❤♦❞s

■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❝♦♠♣❛r❡❞ ♦✉r ❛♣♣r♦❛❝❤ ✇✐t❤ ❡①✐st✐♥❣ ♠❡t❤♦❞s ✐♥ t❤❡ r❡str✐❝t❡❞ ❝❛s❡ ✇❤❡r❡ t✐♠❡❞
❛✉t♦♠❛t❛ ❤❛✈❡ ♥❡✐t❤❡r ✐♥✈❛r✐❛♥ts ♥♦r ε✲tr❛♥s✐t✐♦♥s✳ ▲❡t ✉s ❤❡r❡ ❝♦♠♣❛r❡ ♦✉r ❡①t❡♥❞❡❞ ❛♣♣r♦❛❝❤ ✇✐t❤
t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬❑❚✵✾❪ s✐♥❝❡ t❤❡ ❞❡t❡r♠✐♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢ ❬❇❇❇❇✵✾❛❪ ❞♦❡s ♥♦t ❞❡❛❧ ✇✐t❤ ✐♥✈❛r✐❛♥ts
❛♥❞ ε✲tr❛♥s✐t✐♦♥s✳

❚❤❡ ♠♦❞❡❧ ✐♥ ❬❑❚✵✾❪ ❝♦♥s✐sts ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ ✇✐t❤ s✐❧❡♥t tr❛♥s✐t✐♦♥s ❛♥❞ ❛❝t✐♦♥s ❛r❡ ❝❧❛ss✐✜❡❞
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r ✉r❣❡♥❝②✿ ❡❛❣❡r✱ ❧❛③② ♦r ❞❡❧❛②❛❜❧❡✳ ❋✐rst ♦❢ ❛❧❧✱ t❤❡ ❛✉t❤♦rs ♣r♦♣♦s❡ ❛♥ ε✲❝❧♦s✉r❡
❝♦♠♣✉t❛t✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t t❡r♠✐♥❛t❡ ✐♥ ❣❡♥❡r❛❧✱ ❛♥❞ ❜r✐♥❣ ✉♣ t❤❡ ❢❛❝t t❤❛t t❡r♠✐♥❛t✐♦♥ ❝❛♥ ❜❡ ❡♥s✉r❡❞
❜② s♦♠❡ ❛❜str❛❝t✐♦♥✳ ❙❡❝♦♥❞✱ t❤❡ ✉r❣❡♥❝② ✐♥ t❤❡ ♠♦❞❡❧ ✐s ♥♦t ♣r❡s❡r✈❡❞ ❜② t❤❡✐r ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥
❝♦♥str✉❝t✐♦♥ ✇❤✐❝❤ ♦♥❧② ♣r♦❞✉❝❡s ❧❛③② tr❛♥s✐t✐♦♥s✳ ◆♦t❡ t❤❛t ✇❡ ❝❧❛ss✐❝❛❧❧② ❞❡❝✐❞❡❞ t♦ ✉s❡ ✐♥✈❛r✐❛♥ts
t♦ ♠♦❞❡❧ ✉r❣❡♥❝②✱ ❜✉t ♦✉r ❛♣♣r♦❛❝❤ ❝♦✉❧❞ ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ s❛♠❡ ♠♦❞❡❧ ❛s t❤❡② ✉s❡✱ ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣
✉r❣❡♥❝② ♠✉❝❤ ♠♦r❡ ♦❢t❡♥✱ t❤❡ s❛♠❡ ✇❛② ❛s ✇❡ ❞♦ ❢♦r ✐♥✈❛r✐❛♥ts✳

❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ✉♥❞❡r❧✐♥❡ t❤❡ ❜❡♥❡✜ts ♦❢ ♦✉r ❣❛♠❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ❡①t❡♥❞❡❞ t♦ ❞❡❛❧ ✇✐t❤ ✐♥✈❛r✐❛♥ts
❛♥❞ ε✲tr❛♥s✐t✐♦♥s ❝♦♠♣❛r❡❞ t♦ ❡①✐st✐♥❣ ✇♦r❦✳

✻ ❖t❤❡r ✉s❡❢✉❧ ❛♣♣r♦①✐♠❛t✐♦♥s

❲❡ ♣r❡s❡♥t❡❞ ❛ ❣❛♠❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡
❝♦♥t❡①t✱ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ♠✐❣❤t ❜❡ ♠♦r❡ s✉✐t❛❜❧❡ t❤❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✳ ❲❡ t❤❡r❡❢♦r❡ ❡①♣❧❛✐♥
✐♥ t❤✐s s❡❝t✐♦♥ ❤♦✇ t♦ ❛❞❛♣t t❤❡ ❢r❛♠❡✇♦r❦ t♦ ❣❡♥❡r❛t❡ ❞❡t❡r♠✐♥✐st✐❝ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✱ ❛♥❞ ❛❧s♦
❝♦♠❜✐♥❡ ♦✈❡r✲ ❛♥❞ ✲✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✳

✻✳✶ ❯♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥

❋♦r ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✱ ❞✉r✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❛♠❡✱ ❛❧❧ ❧✐t✐❣✐♦✉s s✉❝❝❡ss♦rs ✭t❤♦s❡ ♠❛r❦❡❞
⊥✮ ❛r❡ ❜✉✐❧t✱ ♣♦ss✐❜❧② ✐♥tr♦❞✉❝✐♥❣ ♠♦r❡ ❜❡❤❛✈✐♦rs t❤❛♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❚❆✳ ■♥ ♦r❞❡r t♦ ②✐❡❧❞ ❛♥ ✉♥❞❡r✲
❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❧✐t✐❣✐♦✉s s✉❝❝❡ss♦rs ❛r❡ s✐♠♣❧② ♥♦t ❝♦♥tr✉❝t❡❞✳ ❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇✐t❤ ε✲tr❛♥s✐t✐♦♥s
❛♥❞ ✐♥✈❛r✐❛♥ts ✐s ❛❧s♦ ❡❛s② t♦ ❤❛♥❞❧❡✿ t❤❡ ε✲❝❧♦s✉r❡ ✐s ✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ ❛♥❞ t❤❡
✐♥✈❛r✐❛♥t ♦❢ ❛ st❛t❡ ✐s r❡❞❡✜♥❡❞ ❛s t❤❡ ❧❛r❣❡st ✐♥✈❛r✐❛♥t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❧❛r❣❡st ✐♥✈❛r✐❛♥t ♦❢ ❛❧❧ ✐♥✈❛r✐❛♥ts
♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ♠❛r❦❡❞ ⊤✳ ❋✐♥❛❧❧②✱ t❤❡ s❡t Bad ✐s ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ st❛t❡s ✇❤❡r❡ ❡✐t❤❡r s♦♠❡
❧✐t✐❣✐♦✉s s✉❝❝❡ss♦r ❡①✐st❡❞ ✭❜✉t ✇❛s ♥♦t ❜✉✐❧t✮✱ ♦r ❢♦r ✇❤✐❝❤ t❤❡ ✐♥✈❛r✐❛♥t ♦r t❤❡ ε✲❝❧♦s✉r❡ ❤❛s ❜❡❡♥
✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞✳

❆ ♠♦t✐✈❛t✐♦♥ ❢♦r ❜✉✐❧❞✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ✐s t❤❛t t❤❡ ❧❛♥❣✉❛❣❡ ✐♥❝❧✉s✐♦♥ ✐s ❞❡✲
❝✐❞❛❜❧❡ ✇❤❡♥ t❤❡ ✬❧❛r❣❡st✬ ❧❛♥❣✉❛❣❡ ✐s r❡❝♦❣♥✐③❡❞ ❜② ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥✳ ❚❤❡r❡❢♦r❡✱ ❣✐✈❡♥
A ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥✱ ❢♦r ❡✈❡r② ❞❡t❡r♠✐♥✐st✐❝ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥ B✱ ♦♥❡ ❝❛♥ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ✐s str✐❝t ♦r ♥♦t✱ t❤❛t ✐s ✇❤❡t❤❡r L(A) = L(B)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥ ❞❡t❡❝t ✐❢ ❛ ❧♦s✐♥❣
str❛t❡❣② ②❡t ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦r✐❣✐♥❛❧ t✐♠❡❞ ❛✉t♦♠❛t♦♥✳

✻✳✷ ❈♦♠❜✐♥✐♥❣ ♦✈❡r✲ ❛♥❞ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥

❈♦♠❜✐♥✐♥❣ ♦✈❡r✲ ❛♥❞ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ♠✐❣❤t s♦♠❡t✐♠❡s ❜❡ ✉s❡❢✉❧✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝♦♥✲
t❡①t ♦❢ t❡st✐♥❣✱ ♣r❡s❡r✈✐♥❣ t❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥ ❛♠♦✉♥ts t♦ ♦✈❡r✲❛♣♣r♦①✐♠❛t❡ ♦✉t♣✉t ❛❝t✐♦♥s ❛♥❞
✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡ ✐♥♣✉t ❛❝t✐♦♥s✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ♠♦r❡ ❣❡♥❡r❛❧❧② ❤♦✇ t♦ ❝♦♠❜✐♥❡ ♦✈❡r✲ ❛♥❞ ✉♥❞❡r✲
❛♣♣r♦①✐♠❛t✐♦♥s✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ❝♦♥s✐❞❡r t✐♠❡❞ ❛✉t♦♠❛t❛ ✇✐t❤ ❛ ♣❛rt✐t✐♦♥♥❡❞ ❛❧♣❤❛❜❡t✱ Σ = Σ1 ⊔ Σ2✱
❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ (Σ1,Σ2)✲r❡✜♥❡♠❡♥t r❡❧❛t✐♦♥✸✳

❉❡✜♥✐t✐♦♥ ✸✳ ▲❡t A ❜❡ ❛ ❚❆ ❛♥❞ A′ ❜❡ ❛ ❉❚❆ ♦✈❡r t❤❡ ❛❧♣❤❛❜❡t Σ = Σ1⊔Σ2✱ ❛♥❞ TA = (S, s0, SF , (R+×
(Σ∪{ε})),→A)✱ TA′ = (S′, s′0, S

′
F , (R+×(Σ∪{ε})),→A′) t❤❡✐r ❛ss♦❝✐❛t❡❞ tr❛♥s✐t✐♦♥ s②st❡♠s✳ ❲❡ s❛② t❤❛t

A (Σ1,Σ2)✲r❡✜♥❡s A′ ❛♥❞ ✇r✐t❡ A � A′ ✐❢ t❤❡r❡ ❡①✐sts ❛ r❡❧❛t✐♦♥ ρ ⊆ S × S′ s✉❝❤ t❤❛t✿

❼ (s0, s
′
0) ∈ ρ❀

✸◆♦t❡ t❤❛t (Σ1, Σ2)✲r❡✜♥❡♠❡♥t ✐s ♦♥❧② ❞❡✜♥❡❞ ❢♦r ❛ ♣❛✐r ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ (A,A′) ✇❤❡♥ A′ ✐s ❞❡t❡r♠✐♥✐st✐❝✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✽

❼ ✐❢ (s, s′) ∈ ρ ❛♥❞ s
τ1,ε
−→A s1 · · ·

τk−1,ε
−→ A sk−1

τk,a2

−→A s̃ ✇✐t❤ a2 ∈ Σ2 t❤❡♥ t❤❡r❡ ❡①✐sts s̃′ ∈ S′ s✉❝❤

t❤❛t s′
Pk

i=1
τi,a2

−→ A′ s̃′ ❛♥❞ (s̃, s̃′) ∈ ρ❀

❼ ❢♦r ❛❧❧ s′ ∈ S′✱ ✐❢ s′
τ,a1

−→A′ s̃′ ✇✐t❤ a1 ∈ Σ1 t❤❡♥ t❤❡r❡ ❡①✐sts s, s̃ ∈ S s✉❝❤ t❤❛t (s, s′) ∈ ρ✱ (s̃, s̃′) ∈ ρ✱

❛♥❞ s
τ1,ε
−→A s1 · · ·

τk−1,ε
−→ A sk−1

τk,a1

−→A s̃ ✇❤❡r❡
∑k

i=1 τi = τ ✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ Σ1 ❛♥❞ Σ2 ❝♦♥s✐st r❡s♣❡❝t✐✈❡❧② ✐♥ t❤❡ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❛❧♣❤❛❜❡ts✱ t❤❡ (Σ1,Σ2)✲
r❡✜♥❡♠❡♥t r❡❧❛t✐♦♥ ❣❡♥❡r❛❧✐③❡s t❤❡ ✐♦✲r❡✜♥❡♠❡♥t r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❞❡t❡r♠✐♥✐t✐❝ t✐♠❡❞ ❛✉t♦♠❛t❛ ✐♥tr♦✲
❞✉❝❡❞ ✐♥ ❬❉▲▲+✶✵❪✱ ✇❤✐❝❤ ✐ts❡❧❢ ❣❡♥❡r❛❧✐③❡s t❤❡ ❛❧t❡r♥❛t✐♥❣ s✐♠✉❧❛t✐♦♥ ❬❆❍❑❱✾✽❪✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥✈❡rs❡
r❡❧❛t✐♦♥ ✭❣❡♥❡r❛❧✐③❡❞ ✐♦✲❛❜str❛❝t✐♦♥✮ st✐❧❧ ♣r❡s❡r✈❡s t❤❡ tioco ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥ ❬❑❚✵✾❪✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t s♦✉♥❞♥❡ss ♦❢ t❡st ❝❛s❡s ✐s ♣r❡s❡r✈❡❞ ❜② ✐♦✲❛❜str❛❝t✐♦♥✳

❚❤❡ ❛✐♠ ✐s t❤✉s t♦ ❝♦♠❜✐♥❡ ♦✈❡r✲ ❛♥❞ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❛♠❡ s✉❝❤ t❤❛t
❛♥② str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝ (Σ1,Σ2)✲❛❜str❛❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❛✉t♦♠❛t♦♥✳
❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s t❤❡r❡❢♦r❡ ❛❞❛♣t❡❞ ❜② ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♥❣ tr❛♥s✐t✐♦♥s ♦✈❡r ❛❝t✐♦♥s ♦❢ Σ2 ❛s ✇❡❧❧ ❛s
✐♥✈❛r✐❛♥ts ❛♥❞ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♥❣ tr❛♥s✐t✐♦♥s ♦✈❡r ❛❝t✐♦♥s ♦❢ Σ1✳ ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♣♦ss✐❜❧❡ ε✲
tr❛♥s✐t✐♦♥s✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ st❛t❡s ♦❢ ❙♣♦✐❧❡r ♥❡❡❞s t♦ ❜❡ ❡♥r✐❝❤❡❞✳ ■♥❞❡❡❞ t❤❡ ε✲❝❧♦s✉r❡ s❤♦✉❧❞ ❜❡
♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ❜❡❢♦r❡ ❛ Σ2✲❛❝t✐♦♥ ❛♥❞ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞ ❜❡❢♦r❡ ❛ Σ1✲❛❝t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡
s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ✐s r❡♣❧❛❝❡❞ ❜② ❛ ♣❛✐r ♦❢ s❡ts ✇❤✐❝❤ ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♦✈❡r✲ ❛♥❞ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞

❋♦r♠❛❧❧②✱ ❣✐✈❡♥ A ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❛♥❞ (k, M ′) r❡s♦✉r❝❡s ✇❡ ❞❡✜♥❡ GA,(k,M ′) = (V, v0,Act, δ, Bad)
✇❤❡r❡✿

❼ ❱❡rt✐❝❡s V ❛r❡ ♣❛rt✐t✐♦♥♥❡❞ ✐♥t♦ VS ⊔ VD✱ ❛♥❞ ✈❡rt✐❝❡s ♦❢ VS ❛♥❞ VD ❛r❡ ❧❛❜❡❧❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥
(2L×RelM,M′ (X,Y )×{⊤,⊥}×RegY

M′ )2× (IM (X)×{⊤,⊥}) ❛♥❞ 2L×RelM,M′ (X,Y )×{⊤,⊥}×RegY
M′ × (RegY

M ′ ×
Σ)❀

❼ v0 = (({(ℓ0, X−Y = 0,⊤, {0})}, {(ℓ0, X−Y = 0,⊤, {0})}), (Inv(ℓ0)[X←Y ]
✹,⊤)) ✐s t❤❡ ✐♥✐t✐❛❧ ✈❡rt❡①

❛♥❞ ❜❡❧♦♥❣s t♦ ♣❧❛②❡r ❙♣♦✐❧❡r❀

❼ Act = (RegY
M ′ × Σ) ∪ 2Y ✐s t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ❛❝t✐♦♥s❀

❼ δ ⊆ VS × (RegY
M ′ × Σ)× VD ∪ VD × 2Y × VS ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s❀

❼ Bad = {(({(ℓj , Cj ,⊥, rj)}j , E
−), (I, b))} ∪ {({(ℓj , Cj , bj , rj)}j , (I,⊥))}

blab ∪ {(({(ℓj , Cj , bj , rj)}j , E
−), (I, b)) | ∀k

(

(∀j rj ∈
−→rk)⇒ (ℓk ∈ F ⇒ bk = ⊥)

)

}

blab ∪ {((E+, E−), (I, b)) | ∃s ∈ E−, a ∈ Σ1, r
′ ❛♥❞ Y ′ s✳t✳ Succ−e [r′, a, Y ′](s) 6= Succ+

e [r′, a, Y ′](s)}
✐s t❤❡ s❡t ♦❢ ❜❛❞ st❛t❡s✳

❚❤❡ ♣♦ss✐❜❧❡ ♠♦✈❡s ♦❢ t❤❡ ♣❧❛②❡rs ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ●✐✈❡♥ vS = ((E+, E−), (I, b)) ∈ VS ❛ st❛t❡
♦❢ ❙♣♦✐❧❡r ❛♥❞ (r′, a) ♦♥❡ ♦❢ ❤✐s ♠♦✈❡s✱ t❤❡ s✉❝❝❡ss♦r st❛t❡ ✐s ❞❡✜♥❡❞✱ ❛s ❛ st❛t❡ vD = (E , (r′, a)) ∈ VD✳ ❚❤❡
❞❡✜♥✐t✐♦♥ ❞❡♣❡♥❞s ♦♥ a✿ ✐❢ a ∈ Σ2 ✇❡ ♣❡r❢♦r♠ ❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡r❡❢♦r❡ E = E+✳ ◆♦t❡ t❤❛t vD ✐s

♦♥❧② ❜✉✐❧t ✐❢ ∃(ℓ, C, b, r) ∈ E+, r′ ∈ −→r ❛♥❞ ∃ℓ
g,a,X′

−−−−→ ℓ′ ∈ E s✳t✳ [r′∩C]|X∩g∩Inv(ℓ)∩Inv(ℓ′)[X′←0]−1 6= ∅✳
❖t❤❡r✇✐s❡ ✭✐❢ a ∈ Σ1✮ ✇❡ ♣❡r❢♦r♠ ❛♥ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡r❡❢♦r❡ E = E−✳ ❍❡r❡ ❛❣❛✐♥✱ vD ✐s ❜✉✐❧t ✐❢

∃((ℓ, C, b), r) ∈ E−, r′ ∈ −→r ❛♥❞ ∃ℓ
g,a,X′

−−−−→ ℓ′ ∈ E s✳t✳ [r′ ∩ C]|X ⊆ g ∩ Inv(ℓ) ∩ Inv(ℓ′)[X′←0]−1 ✳
●✐✈❡♥ vD = (E , (r′, a)) ∈ VD ❛ st❛t❡ ♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ❛♥❞ Y ′ ⊆ Y ♦♥❡ ♦❢ ❤✐s ♠♦✈❡s✱ t❤❡ s✉❝❝❡ss♦r

st❛t❡ vS ✐s ♦❜t❛✐♥❡❞ ❜② ♦✈❡r✲ ❛♥❞ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞ ε✲❝❧♦s✉r❡s ♦❢ t❤❡ s❡t ♦❢ ❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦rs ♦❢
❝♦♥✜❣✉r❛t✐♦♥s ✐♥ E ❜② (r′, a) ❛♥❞ r❡s❡tt✐♥❣ Y ′ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✈❛r✐❛♥t ❛♥❞ ❜♦♦❧❡❛♥✳
●✐✈❡♥ (ℓ, C, b, r) ❛ ❝♦♥✜❣✉r❛t✐♦♥ s✉❝❤ t❤❛t r′ ✐s ❛ t✐♠❡✲s✉❝❝❡ss♦r ♦❢ r ✇❡ ❞❡t❛✐❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦rs ❞❡♣❡♥❞✐♥❣ ♦♥ a✳ ■❢ a ∈ Σ2✱ ✐ts ❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦rs s❡t ❜② (r′, a) ❛♥❞ Y ′ ✐s✿

Succ+
e [r′, a, Y ′](ℓ, C, b, r) =











(ℓ′, C ′, b′, r′[Y ′←0])

∣

∣

∣

∣

∣

∣

∣

∃ℓ
g,a,X′

−−−−→ ℓ′ ∈ E s✳t✳ [r′ ∩ C]|X ∩ g 6= ∅
C ′ = up(r′, C, g, Inv(ℓ), Inv(ℓ′), X ′, Y ′)
b′ = b ∧ ([r′ ∩ C]|X ∩ ¬g = ∅)











✹Inv(ℓ0)[X←Y ] ✐s ❛ s❤♦rt❝✉t t♦ ❞❡♥♦t❡ [Inv(ℓ0)∩X − Y = 0]|Y t❤❡ ✐♥✈❛r✐❛♥t ♦✈❡r Y ♥❛t✉r❛❧❧② ✐♥❞✉❝❡❞ ❜② Inv(ℓ0) ♦✈❡r X

❛♥❞ X − Y = 0✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✶✾

◆♦✇✱ ✐❢ a ∈ Σ1✱ ✐ts ❡❧❡♠❡♥t❛r② s✉❝❝❡ss♦rs s❡t ❜② (r′, a) ❛♥❞ Y ′ ✐s✿

Succ−e [r′, a, Y ′](ℓ, C, b, r) =



















(ℓ′, C ′, b′, r′[Y ′←0])

∣

∣

∣

∣

∣

∣

∣

∣

∣

∃ℓ
g,a,X′

−−−−→ ℓ′ ∈ E s✳t✳
[r′ ∩ C]|X ⊆ g ∩ Inv(ℓ) ∩ Inv(ℓ′)[X′←0]−1

C ′ = up(r′, C, g, Inv(ℓ), Inv(ℓ′), X ′, Y ′)
b′ = b



















■♥ ❜♦t❤ ❞❡✜♥✐t✐♦♥s✱ up(r′, C, g, Inv(ℓ), Inv(ℓ′), X ′, Y ′) ✐s t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ r❡❧❛t✐♦♥ C ❜❡t✇❡❡♥ ❝❧♦❝❦s ✐♥
X ❛♥❞ Y ❛❢t❡r t❤❡ ♠♦✈❡s ♦❢ t❤❡ t✇♦ ♣❧❛②❡rs✱ t❤❛t ✐s ❛❢t❡r t❛❦✐♥❣ ❛❝t✐♦♥ a ✐♥ r′✱ r❡s❡tt✐♥❣ X ′ ⊆ X
❛♥❞ Y ′ ⊆ Y ✱ ❛♥❞ ❢♦r❝✐♥❣ t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ g✱ Inv(ℓ) ❛♥❞ Inv(ℓ′)✳ ❋♦r♠❛❧❧②✱ up(r′, C, g, X ′, Y ′) =
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
(r′ ∩ C ∩ g ∩ Inv(ℓ))[X′←0][Y ′←0] ∩ Inv(ℓ′)✳

❚♦ ❢♦r♠❛❧✐③❡ ♦✈❡r✲ ❛♥❞ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞ ε✲❝❧♦s✉r❡s ♦❢ ❛ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s✱ ✇❡ ❞❡✜♥❡ ε✲❝❧♦s✉r❡s ♦❢
❛ s✐♥❣❧❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ❝❧♦s✉r❡ ♦❢ s❡t ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ❜❡✐♥❣ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❝❧♦s✉r❡s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧
❝♦♥✜❣✉r❛t✐♦♥s✳ ●✐✈❡♥ (ℓ, C, b, r) ❛ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐ts ε✲❝❧♦s✉r❡s ♥♦t❡❞ cl+ε (ℓ, C, b, r) ❛♥❞ cl−ε (ℓ, C, b, r)✱ ❛r❡
t❤❡ s♠❛❧❧❡st ✜①❡❞ ♣♦✐♥ts s❛t✐s❢②✐♥❣ r❡s♣❡❝t✐✈❡❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ s②st❡♠s✿

X 7→ (ℓ, C, b, r) ∪
⋃

(ℓ′, C′, b′, r′) ∈ X

r′′ ∈
−→
r′

Succ+
e [r′′, ε, ∅](ℓ′, C ′, b′, r′), ❛♥❞

X 7→ (ℓ, C, b, r) ∪
⋃

(ℓ′, C′, b′, r′) ∈ X

r′′ ∈
−→
r′

Succ−e [r′′, ε, ∅](ℓ′, C ′, b′, r′).

❚❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐✈❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ❜♦t❤ ✜①♣♦✐♥ts ✐s tr✐✈✐❛❧✳
❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s✉❝❝❡ss♦rs✱ ❧❡t ✉s ❞✐s❝✉ss t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥✈❛r✐❛♥ts ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ st❛t❡s ♦❢ t❤❡ ❣❛♠❡✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❝❛s❡✱ ✐♥✈❛r✐❛♥ts ❛r❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞✳
❚❤✐s ✐s ♥♦ ♣r♦❜❧❡♠ ❝♦♥❝❡r♥✐♥❣ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✱ s✐♥❝❡ ❣✉❛r❞s ❛❧✇❛②s ❛r❡ ✐♥t❡rs❡❝t❡❞ ✇✐t❤ t❤❡ ♦r✐❣✲
✐♥❛❧ ✐♥✈❛r✐❛♥ts✱ r❛t❤❡r t❤❛♥ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♦♥❡✱ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❛♠❡✳ ❍♦✇❡✈❡r✱ ✉♥❞❡r✲
❛♣♣r♦①✐♠❛t✐♥❣ ✐♥✈❛r✐❛♥ts ❝♦✉❧❞ ❤✐♥❞❡r ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ❜② ❝♦♥str❛✐♥✐♥❣ t♦ ♠✉❝❤ t❤❡ ❣✉❛r❞s✳ ❆s ✐♥
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ✐♥✈❛r✐❛♥t I ♦❢ ❛ st❛t❡ vS = (({(ℓj , Cj , bj , rj)}j , E

−), (I, b)) ∈ VS ✐s ❞❡✜♥❡❞ ❛s ❢♦❧✲
❧♦✇s✿ I =

⋃

j rj ∪{r
′ ∈ RegY

M ′ | ∃j r′ ∈ −→rj ∧ [r′ ∩Cj ]|X ∩ Inv(ℓj) 6= ∅}✳ ■♥t✉✐t✐✈❡❧②✱ I ✐s t❤❡ ♠♦st r❡str✐❝t✐✈❡
✐♥✈❛r✐❛♥t ♦✈❡r Y t❤❛t ♦✈❡r✲❛♣♣r♦①✐♠❛t❡s ❛❧❧ ✐♥✈❛r✐❛♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ t❤❡ ♦✈❡r✲
❛♣♣r♦①✐♠❛t✐♦♥ ♣❛rt ✭E+✮ ♦❢ vS ✳ ■❢ t❤❡ ✐♥✈❛r✐❛♥t ✐s ❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡r❡
✐s ❛ r✐s❦ ♦❢ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❧❛♥❣✉❛❣❡✳ ❆♥♦t❤❡r s♦✉r❝❡ ♦❢ ♣♦ss✐❜❧❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s
♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❧❛♥❣✉❛❣❡ ✐s ✇❤❡♥ t❤❡ ✐♥✈❛r✐❛♥t I ♦✈❡r✲❛♣♣r♦①✐♠❛t❡s ❛❧❧ ✐♥✈❛r✐❛♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ✜♥❛❧
❧♦❝❛t✐♦♥✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s ❞✉❡ t♦ t❤❡ ✐♥✈❛r✐❛♥t ❛r❡ r❡✢❡❝t❡❞ ✐♥ t❤❡ ❜♦♦❧❡❛♥ b✱ t❤✉s
❞❡✜♥❡❞ ❜② b =

∨

j(bj ∧ ([I ∩ Cj ]|X ∩ ¬Inv(ℓj) = ∅)) ∧
∨

j, ℓj∈F (bj ∧ ([I ∩ Cj ]|X ∩ ¬Inv(ℓj) = ∅))✳
▲❛st✱ ✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ ❡①❛❝t♥❡ss ♦❢ ✇✐♥♥✐♥❣ str❛t❡❣✐❡s ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r✱ t❤❡ s❡t Bad ❤❛s ❜❡❡♥

❡①t❡♥❞❡❞✿ ❙t❛t❡s ♦❜t❛✐♥❡❞ ❜② ❛ str✐❝t ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❛r❡ ❛❞❞❡❞ t♦ Bad✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛♥② st❛t❡
♦❢ ❙♣♦✐❧❡r vS ❝♦♥t❛✐♥✐♥❣ ❛ ❝♦♥✜❣✉r❛t✐♦♥ (ℓ, C, b, r) s✉❝❤ t❤❛t ❢♦r (r′, a1), Y ′ ♠♦✈❡s ♦❢ t❤❡ t✇♦ ♣❧❛②❡rs
Succ+

e [r′, a1, Y
′](ℓ, C, b, r) 6= Succ−e [r′, a1, Y

′](ℓ, C, b, r)✱ ✐s ✐♥ Bad✳
❚❤✐s ❡①t❡♥s✐♦♥ ✐s ♥❡❝❡ss❛r②✱ ❛s ❞❡♠♦♥str❛t❡❞ ♦♥ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✷✳ ❚❤❡

str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ❝♦♥s✐st✐♥❣ ✐♥ r❡s❡tt✐♥❣ y ❛t ❡❛❝❤ tr❛♥s✐t✐♦♥ ✇♦✉❧❞ ❜❡ ✇✐♥♥✐♥❣ ✇✐t❤♦✉t t❤❡
❡①t❡♥s✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s str❛t❡❣② ❝❧❡❛r❧② ②✐❡❧❞s ❛ str✐❝t ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ✭s❡❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❛✉t♦♠❛t♦♥ ✐♥ ❋✐❣✉r❡ ✶✸✮✳

❯♥❞❡r ❛❧❧ t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❣❛♠❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❤♦❧❞s✿

Pr♦♣♦s✐t✐♦♥ ✸✳ ▲❡t A ❜❡ ❛ ❚❆ ♦✈❡r t❤❡ ❛❧♣❤❛❜❡t Σ = Σ1 ⊔ Σ2✱ ❛♥❞ k, M ′ ∈ N✳ ❋♦r ❡✈❡r② str❛t❡❣② σ
♦❢ ❉❡t❡r♠✐♥✐③❛t♦r ✐♥ GA,(k,M ′)✱ Aut(σ) ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❚❆ ♦✈❡r r❡s♦✉r❝❡s (k, M ′) ❛♥❞ A � Aut(σ)✳
▼♦r❡♦✈❡r✱ ✐❢ σ ✐s ✇✐♥♥✐♥❣✱ t❤❡♥ L(A) = L(Aut(σ))✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣❛♠❡✱ ❛♥② str❛t❡❣② σ ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t♦♥ Aut(σ) ♦✈❡r
r❡s♦✉r❝❡s (k, M ′)✳ ❚❤❡ ❞✐✣❝✉❧t ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ❝♦♥❝❡r♥s ❛r❜✐tr❛r② str❛t❡❣✐❡s✳ ❆ss✉♠✐♥❣ σ ✐s ❛ str❛t❡❣②
❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ✐♥ GA,(k,M ′)✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t Aut(σ) ✐s ❛ (Σ1,Σ2)✲❛❜str❛❝t✐♦♥ ♦❢ A✱ t❤❛t ✐s A �

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✷✵

a1, {
x}

x = 1, a1

0 < x < 1, a2

a2

❋✐❣✉r❡ ✶✷✿ ❊①❛♠♣❧❡ ♦❢ ❛ ❚❆ ✐❧❧✉str❛t✐♥❣ t❤❡ ♥❡❡❞ t♦ ❡①t❡♥❞ Bad✳

({(0, x− y = 0,⊤, 0)}, (⊤,⊤)) ({(1, 0 < x− y < 1,⊤, 0)}, (⊤,⊤)) ({(2, x− y = 0,⊤, 0)}, (⊤,⊤))
ry, a1, {y}(0, 1), a2, {y}

❋✐❣✉r❡ ✶✸✿ ❆✉t♦♠❛t♦♥ ❢♦r ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❉❡t❡r♠✐♥✐③❛t♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ str✐❝t ✉♥❞❡r✲
❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Bad ✐s ♥♦t ❡①t❡♥❞❡❞✳

Aut(σ)✳ ❚♦ ❞♦ s♦✱ ✇❡ ❡①❤✐❜✐t ❛ r❡❧❛t✐♦♥ ρ ❜❡t✇❡❡♥ st❛t❡s ♦❢ A ❛♥❞ Aut(σ) s❛t✐s❢②✐♥❣ t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s
♦❢ (Σ1,Σ2)✲r❡✜♥❡♠❡♥t✿

ρ = {((ℓ, v), ((E+, E−), (I, bI)), ṽ) | ∃(ℓ, C, b, r) ∈ E+, (v, ṽ) ∈ C}.

◆♦t❡ t❤❛t st❛t❡s ♦❢ Aut(σ) ❝♦♥s✐st ♦❢ ❛ st❛t❡ ♦❢ ❙♣♦✐❧❡r ✐♥ t❤❡ ❣❛♠❡ ❛♥❞ ❛ ✈❛❧✉❛t✐♦♥✳

❼ ❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ❝♦♥❝❡r♥s t❤❡ ✐♥✐t✐❛❧ st❛t❡s ❛♥❞ ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✳

❼ ■♥t✉✐t✐✈❡❧②✱ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ❜❡❝❛✉s❡ Σ2✲❛❝t✐♦♥s ❛r❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ✐♥ t❤❡ ❝♦♥str✉❝✲
t✐♦♥ ♦❢ t❤❡ ❣❛♠❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t (s, s′) ∈ ρ ✇✐t❤ s = (ℓs, vs) ❛♥❞ s′ = (((E+

s′ , E
−
s′ ), (Is′ , bs′)), vs′))✳

❋♦r ❡✈❡r② s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s s
τ1,ε
−→A s1 · · ·

τk−1,ε
−→ A sk−1

τk,a2

−→A s̃ ✇✐t❤ a2 ∈ Σ2✱ ✇❡
❞❡♥♦t❡ sj = (ℓj , vj)✱ ❢♦r 1 ≤ j ≤ k − 1✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ε✲❝❧♦s✉r❡
cl+ε ✱❢♦r ❛❧❧ j✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥✜❣✉r❛t✐♦♥ (ℓj , Cj , bj , rj) ✐♥ E+

s′ s✉❝❤ t❤❛t (vj , vs′ +
∑j

i=1 τi) s❛t✲
✐s✜❡s t❤❡ r❡❧❛t✐♦♥ Cj ✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ρ t❤✉s ❡♥s✉r❡s t❤❛t t❤❡ ♣❛✐r (sk−1, s

′′) ❜❡❧♦♥❣s t♦ ρ✱ ✇❤❡r❡
s′′ = (((E+

s′ , E
−
s′ ), (Is′ , bs′)), vs′ +

∑k−1
i=1 τi))✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s✉❝❝❡ss♦rs ❜② ❛ Σ2✲❛❝t✐♦♥✱

t❤❡r❡ ❡①✐sts s̃′ s✉❝❤ t❤❛t s′′
τk,a2

−→Aut(σ) s̃′✱ (s̃, s̃′) ∈ ρ ❛♥❞ t❤❡r❡❢♦r❡ s̃
Pk

i=1
τi,a2

−→ Aut(σ) s̃′✳

❼ ▲❛st✱ t❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ s✐♥❝❡ Σ1✲❛❝t✐♦♥s ❛r❡ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞ ✐♥ t❤❡ ❣❛♠❡ ❝♦♥✲
str✉❝t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t s′ ❜❡ ❛ st❛t❡ ♦❢ TAut(σ) ❛♥❞ s′

τ,a1

−→Aut(σ) s̃′ ✇✐t❤ a1 ∈ Σ1✳ ❲❡ ✇r✐t❡
s′ + τ ❢♦r (((E+

s′ , E
−
s′ ), (Ip′ , bp′)), vs′ + τ)✳ ❇❡❝❛✉s❡ Σ1✲❛❝t✐♦♥s ❛r❡ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞✱ t❤❡r❡ ❡①✐sts

s′′ ❛♥❞ s′ s✉❝❤ t❤❛t (s′′, s′ + τ) ∈ ρ✱ s′′
0,a1

−→A s̃ ❛♥❞ (s̃, s̃′) ∈ ρ✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡

✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞ ε✲❝❧♦s✉r❡ cl−ε ✱ t❤❡r❡ ❡①✐sts s
τ1,ε
−→A s1 · · ·

τk−1,ε
−→ A sk−1

τk,ε
−→A s′′ s✉❝❤ t❤❛t ❢♦r

❛❧❧ 0 ≤ j ≤ k − 1 t❤❡ ♣❛✐r (sj , (((E
+
s′ , E

−
s′ ), (Is′ , bs′)), vs′ +

∑j
i=1 τi)) ❜❡❧♦♥❣s t♦ ρ✳ ■♥ ♣❛rt✐❝✉❧❛r✱

(s, s′) ∈ ρ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥ ✐s ♠❡t✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❛❜♦✈❡✲❞❡✜♥❡❞ r❡❧❛t✐♦♥ ρ ✈❡r✐✜❡s t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (Σ1,Σ2)✲
r❡✜♥❡♠❡♥t ❛♥❞ t❤✉s A � B✳

❆ss✉♠❡ ♥♦✇ t❤❛t σ ✐s ✇✐♥♥✐♥❣✳ ❚❤❛♥❦s t♦ t❤❡ ❡①t❡♥❞❡❞ ❞❡✜♥✐t✐♦♥ ♦❢ Bad✱ ✐♥ t❤✐s ❝❛s❡ ✇❡ r❡❝♦✈❡r
t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠❡t❤♦❞✳ ■♥❞❡❡❞✱ ❢♦r ❛❧❧ ❧♦❝❛t✐♦♥s ♦❢ Aut(σ) t❤❡r❡ ✐s ❝❡rt❛✐♥❧② ♥♦ ✉♥❞❡r✲
❛♣♣r♦①✐♠❛t✐♦♥✱ ❞✉❡ t♦ t❤❡ ❝♦♥❞✐t✐♦♥ Succ+

e [r′, a1, Y
′](ℓ, C, b, r)=Succ−e [r′, a1, Y

′](ℓ, C, b, r)✳ ❚❤❡r❡❢♦r❡
L(A) = L(B)✳

◆♦t❡ t❤❛t t❤✐s ❡①t❡♥s✐♦♥ t♦ ✉♥❞❡r✲ ❛♥❞ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❝♦✉❧❞ ❜❡ ♠♦r❡ ♣r❡❝✐s❡ ♣r♦✈✐❞❡❞ ✇❡ ✉s❡
❛♥♦t❤❡r ❜♦♦❧❡❛♥ t♦ tr❛❝❦ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✳ ❋♦❧❧♦✇✐♥❣ t❤✐s ✐❞❡❛✱ ✇❡ ❝♦✉❧❞ st✐❧❧ ❜✉✐❧❞ t❤❡ ❧✐t✐❣✐♦✉s
s✉❝❝❡ss♦rs ✇❤✐❧❡ ♠❛r❦✐♥❣ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❛✈♦✐❞ t♦ ❜✉✐❧❞ st❛t❡s ❢♦r ✇❤✐❝❤ ❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡
♠❛r❦❡❞✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❛ ♣r✐♦r✐ ❧❡ss ♣❡ss✐♠✐st✐❝ ❛♥❞ ✇♦✉❧❞ ②✐❡❧❞ ♠♦r❡ ♣r❡❝✐s❡ ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❆s ❛
❞r❛✇❜❛❝❦✱ t❤❡ ❞❡✜♥✐t✐♦♥ ✇♦✉❧❞ ❜❡ ❡✈❡♥ ❤❡❛✈✐❡r✳

❘❘ ♥➦ ✼✸✽✶



❆ ●❛♠❡ ❆♣♣r♦❛❝❤ t♦ ❉❡t❡r♠✐♥✐③❡ ❚✐♠❡❞ ❆✉t♦♠❛t❛ ✷✶

✼ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡❞ ❛ ❣❛♠❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❞❡t❡r♠✐♥✐③❛t✐♦♥ ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✳ ●✐✈❡♥
❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ A ✭✇✐t❤ ε✲tr❛♥s✐t✐♦♥s ❛♥❞ ✐♥✈❛r✐❛♥ts✮ ❛♥❞ r❡s♦✉r❝❡s (k, M)✱ ✇❡ ❜✉✐❧❞ ❛ ✜♥✐t❡ t✉r♥✲
❜❛s❡❞ s❛❢❡t② ❣❛♠❡ ❜❡t✇❡❡♥ t✇♦ ♣❧❛②❡rs ❙♣♦✐❧❡r ❛♥❞ ❉❡t❡r♠✐♥✐③❛t♦r✱ s✉❝❤ t❤❛t ❛♥② str❛t❡❣② ❢♦r ❉❡t❡r✲
♠✐♥✐③❛t♦r ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ A ❛♥❞ ❛♥② ✇✐♥♥✐♥❣ str❛t❡❣②
♣r♦✈✐❞❡s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐✈❛❧❡♥t ❢♦r A✳ ❖✉r ❝♦♥str✉❝t✐♦♥ str✐❝t❧② ❝♦✈❡rs ❛♥❞ ✐♠♣r♦✈❡s t✇♦ ❡①✐st✐♥❣
❛♣♣r♦❛❝❤❡s ❬❑❚✵✾✱ ❇❇❇❇✵✾❛❪✳ ❲❡ ❛❧s♦ ❞❡t❛✐❧ ❤♦✇ t♦ ❛❞❛♣t t❤❡ ❢r❛♠❡✇♦r❦ t♦ ❣❡♥❡r❛t❡ ❞❡t❡r♠✐♥✐st✐❝
✉♥❞❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✱ ♦r ❡✈❡♥ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ❝♦♠❜✐♥✐♥❣ ✉♥❞❡r✲ ❛♥❞ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥s✳
❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s t♦ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦✛✲❧✐♥❡ ♠♦❞❡❧✲❜❛s❡❞ t❡st ❣❡♥❡r❛t✐♦♥ ❢♦r
♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ t✐♠❡❞ ❛✉t♦♠❛t❛ s♣❡❝✐✜❝❛t✐♦♥s✳

❘❡❢❡r❡♥❝❡s

❬❆❉✾✹❪ ❘❛❥❡❡✈ ❆❧✉r ❛♥❞ ❉❛✈✐❞ ▲✳ ❉✐❧❧✳ ❆ t❤❡♦r② ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱
✶✷✻✭✷✮✿✶✽✸✕✷✸✺✱ ✶✾✾✹✳

❬❆❋❍✾✹❪ ❘❛❥❡❡✈ ❆❧✉r✱ ▲✐♠♦r ❋✐①✱ ❛♥❞ ❚❤♦♠❛s ❆✳ ❍❡♥③✐♥❣❡r✳ ❆ ❞❡t❡r♠✐♥✐③❛❜❧❡ ❝❧❛ss ♦❢ t✐♠❡❞ ❛✉✲
t♦♠❛t❛✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✻t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❆✐❞❡❞ ❱❡r✐✜❝❛t✐♦♥
✭❈❆❱✬✾✹✮✱ ✈♦❧✉♠❡ ✽✶✽ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✶✕✶✸✳ ❙♣r✐♥❣❡r✱ ✶✾✾✹✳

❬❆❍❑❱✾✽❪ ❘❛❥❡❡✈ ❆❧✉r✱ ❚❤♦♠❛s ❆✳ ❍❡♥③✐♥❣❡r✱ ❖r♥❛ ❑✉♣❢❡r♠❛♥✱ ❛♥❞ ▼♦s❤❡ ❨✳ ❱❛r❞✐✳ ❆❧t❡r♥❛t✐♥❣
r❡✜♥❡♠❡♥t r❡❧❛t✐♦♥s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✾t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♥❝✉rr❡♥❝②
❚❤❡♦r② ✭❈❖◆❈❯❘ ✬✾✽✮✱ ✈♦❧✉♠❡ ✶✹✻✻ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✶✻✸✕✶✼✽✳
❙♣r✐♥❣❡r✱ ✶✾✾✽✳

❬❆▼P❙✾✽❪ ❊✉❣❡♥❡ ❆s❛r✐♥✱ ❖❞❡❞ ▼❛❧❡r✱ ❆♠✐r P♥✉❡❧✐✱ ❛♥❞ ❏♦s❡♣❤ ❙✐❢❛❦✐s✳ ❈♦♥tr♦❧❧❡r s②♥t❤❡s✐s ❢♦r t✐♠❡❞
❛✉t♦♠❛t❛✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✺t❤ ■❋❆❈ ❙②♠♣♦s✐✉♠ ♦♥ ❙②st❡♠ ❙tr✉❝t✉r❡ ❛♥❞ ❈♦♥tr♦❧
✭❙❙❙❈✬✾✽✮✱ ♣❛❣❡s ✹✻✾✕✹✼✹✳ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡✱ ✶✾✾✽✳

❬❇❇❇❇✵✾❛❪ ❈❤r✐st❡❧ ❇❛✐❡r✱ ◆❛t❤❛❧✐❡ ❇❡rtr❛♥❞✱ P❛tr✐❝✐❛ ❇♦✉②❡r✱ ❛♥❞ ❚❤♦♠❛s ❇r✐❤❛②❡✳ ❲❤❡♥ ❛r❡ t✐♠❡❞
❛✉t♦♠❛t❛ ❞❡t❡r♠✐♥✐③❛❜❧❡❄ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✸✻t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦❧❧♦q✉✐✉♠ ♦♥ ❆✉✲
t♦♠❛t❛✱ ▲❛♥❣✉❛❣❡s ❛♥❞ Pr♦❣r❛♠♠✐♥❣ ✭■❈❆▲P✬✵✾✮✱ ✈♦❧✉♠❡ ✺✺✺✻ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠✲
♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✹✸✕✺✹✳ ❙♣r✐♥❣❡r✱ ✷✵✵✾✳

❬❇❇❇❇✵✾❜❪ ❈❤r✐st❡❧ ❇❛✐❡r✱ ◆❛t❤❛❧✐❡ ❇❡rtr❛♥❞✱ P❛tr✐❝✐❛ ❇♦✉②❡r✱ ❛♥❞ ❚❤♦♠❛s ❇r✐❤❛②❡✳ ❲❤❡♥ ❛r❡ t✐♠❡❞
❛✉t♦♠❛t❛ ❞❡t❡r♠✐♥✐③❛❜❧❡❄ ❘❡s❡❛r❝❤ ❘❡♣♦rt ▲❙❱✲✵✾✲✵✽✱ ▲❛❜♦r❛t♦✐r❡ ❙♣é❝✐✜❝❛t✐♦♥ ❡t ❱ér✐✜✲
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t♦♠❛t❛✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✽t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❋♦✉♥❞❛t✐♦♥s ♦❢ ❙♦❢t✇❛r❡
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✐✴♦ ❛✉t♦♠❛t❛✿ ❛ ❝♦♠♣❧❡t❡ s♣❡❝✐✜❝❛t✐♦♥ t❤❡♦r② ❢♦r r❡❛❧✲t✐♠❡ s②st❡♠s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢
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