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❆❜str❛❝t✳ ❉✉❡ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♠♦❞❡r♥ ❞❛t❛ ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ✐♠❛❣❡ ♣r♦✲
❝❡ss✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛✉t♦♠❛t✐❝ ❛♣♣r♦❛❝❤ t♦ ✐♥❢❡r s✉✐t❛❜❧❡ ❛♥❞ ❡✣❝✐❡♥t ❤❛r❞✇❛r❡ r❡❛❧✐③❛✲
t✐♦♥s ❛r❡ ♠♦r❡ ❛♥❞ ♠♦r❡ r❡q✉✐r❡❞✳ ❚②♣✐❝❛❧❧②✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❞❛t❛ tr❛♥s❢❡r ❛♥❞ st♦r❛❣❡
♠✐❝r♦✲❛r❝❤✐t❡❝t✉r❡ ❤❛s ❛ ❦❡② r♦❧❡ ❢♦r t❤❡ ❞❛t❛ ♣❛r❛❧❧❡❧✐s♠✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ ❛ ❝♦♠✲
♣r❡❤❡♥s✐✈❡ ♠❡t❤♦❞ t♦ ❡①♣❧♦r❡ t❤❡ ♠❛♣♣✐♥❣ ♦❢ ❛ ❤✐❣❤✲❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥
✐♥t♦ ❛ ❝✉st♦♠✐③❛❜❧❡ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦r✳ ❚❤❡ ❤✐❣❤✲❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ✐♥ ❛ ❧❛♥❣✉❛❣❡
❝❛❧❧❡❞ ❆rr❛②✲❖▲✳ ❚❤❡ ❝✉st♦♠✐③❛❜❧❡ ❛r❝❤✐t❡❝t✉r❡ ✉s❡s ❋■❋❖ q✉❡✉❡s ❛♥❞ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣
♠❡❝❤❛♥✐s♠ t♦ ♠❛s❦ t❤❡ ❧❛t❡♥❝② ♦❢ ❞❛t❛ tr❛♥s❢❡rs ❛♥❞ ❡①t❡r♥❛❧ ♠❡♠♦r② ❛❝❝❡ss✳ ❚❤❡ ♠❛♣✲
♣✐♥❣ ♦❢ ❛ ❤✐❣❤✲❧❡✈❡❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦♥t♦ t❤❡ ❣✐✈❡♥ ❛r❝❤✐t❡❝t✉r❡ ✐s ♣❡r❢♦r♠❡❞ ❜② ❛♣♣❧②✐♥❣ ❛
s❡t ♦❢ ❧♦♦♣ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ❆rr❛②✲❖▲✳ ❆ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ✐♥t❡❣❡r ♣❛rt✐t✐♦♥ ✐s ✉s❡❞ t♦
r❡❞✉❝❡ t❤❡ s♣❛❝❡ ♦❢ ❡①♣❧♦r❡❞ s♦❧✉t✐♦♥s✳

❑❡② ✇♦r❞s✿ ❞❡s✐❣♥ s♣❛❝❡ ❡①♣❧♦r❛t✐♦♥✱ ❞❛t❛ ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✱ ❆rr❛②✲
❖▲✱ ❤❛r❞✇❛r❡ ❛r❝❤✐t❡❝t✉r❡✱ ❞❛t❛ ♠❛♥❛❣❡♠❡♥t
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❍✐st♦r✐❝❛❧❧②✱ t❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ♠♦❞❡❧ ❛♥❞ s♦❧✈❡ ❝♦♠♣❧❡① ♣r♦❜❧❡♠s r❡❧❛t❡❞
t♦ t❤❡ r❡❛❧ ✇♦r❧❞✿ ♠❡t❡♦r♦❧♦❣②✱ ♣❤②s✐❝s ♣❤❡♥♦♠❡♥❛ ❛♥❞ ♠❛t❤❡♠❛t✐❝s✳ ❚♦❞❛②✱ ❛ ❧❛r❣❡ ♣❛rt ♦❢ ❝♦♠✲
♠❡r❝✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✉s❡s t❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ t♦ ♣r♦❝❡ss ❧❛r❣❡ s❡ts ♦❢ ❞❛t❛ ✐♥ s♦♣❤✐st✐❝❛t❡❞
✇❛②s✱ ❡✳❣✳✱ ✇❡❜ s❡❛r❝❤✐♥❣✱ ✜♥❛♥❝✐❛❧ ♠♦❞❡❧✐♥❣ ❛♥❞ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣✳ ❆ ♠❛❥♦r ♣r♦❜❧❡♠ ✐♥ ❞❡s✐❣♥✐♥❣
❛❝❝❡❧❡r❛t♦rs ❢♦r ❞❛t❛ ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s ✐s t❤❡ ❞❡s✐❣♥ ♦❢ ❛♥ ❡✣❝✐❡♥t ❞❛t❛ tr❛♥s❢❡r ❛♥❞ st♦r❛❣❡
♠✐❝r♦✲❛r❝❤✐t❡❝t✉r❡✳ ■♥ ❢❛❝t✱ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ❞❛t❛ ♣❛r❛❧❧❡❧✐s♠ ✐ts❡❧❢ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦ss✐❜✐❧✲
✐t② t♦ ❡❛s✐❧② ❞✐str✐❜✉t❡ ❞❛t❛ ♦♥ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞❛t❛ tr❛♥s❢❡r ❛♥❞
st♦r❛❣❡ ♠✐❝r♦✲❛r❝❤✐t❡❝t✉r❡ ❛✛❡❝ts t❤❡ t❤r❡❡ ♠♦st ✐♠♣♦rt❛♥t ♦♣t✐♠✐③❛t✐♦♥ ❝r✐t❡r✐❛ ♦❢ ❛ ❤❛r❞✇❛r❡
❛❝❝❡❧❡r❛t♦r ❞❡s✐❣♥✿ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✱ ❛r❡❛ ♦❝❝✉♣❛♥❝② ❛♥❞ t❡♠♣♦r❛❧ ♣❡r❢♦r♠❛♥❝❡ ❬✶❪✳

❘❡❧❛t❡❞ ❲♦r❦s✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛♥ ❡✣❝✐❡♥t ❞❛t❛ tr❛♥s❢❡r ❛♥❞ st♦r❛❣❡ ♠✐❝r♦✲
❛r❝❤✐t❡❝t✉r❡ ❤❛s ❜❡❡♥ ❧❛r❣❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞ ✐s r❡❧❛t❡❞ t♦ s❡✈❡r❛❧ r❡s❡❛r❝❤ ❞♦♠❛✐♥s✳
❲❡ ❢♦❝✉s ♦♥ t❤r❡❡ ♦❢ t❤❡♠✿ ♠❡♠♦r② ❤✐❡r❛r❝❤② ❢♦r ❞❛t❛ ♣❛r❛❧❧❡❧✐s♠✱ ♠❛♣♣✐♥❣ ♦❢ ❛ ❤✐❣❤ ❧❡✈❡❧
s♣❡❝✐✜❝❛t✐♦♥s ♦♥t♦ ❛ ♣❛r❛❧❧❡❧ ❛r❝❤✐t❡❝t✉r❡ ❛♥❞ ❞❡s✐❣♥ s♣❛❝❡ ❡①♣❧♦r❛t✐♦♥✳

❆♥ ❡✣❝✐❡♥t ♠❡♠♦r② ❤✐❡r❛r❝❤② ❡①♣❧♦r❛t✐♦♥ ✐♥❝❧✉❞❡s ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ st♦r❛❣❡ r❡q✉✐r❡♠❡♥t
❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❤✐❡r❛r❝❤② str✉❝t✉r❡✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❛t❛ ♠❛♣♣✐♥❣✳ ❇❛❧❛s❛ ❡t ❛❧✳ ❬✷❪✱
s✉r✈❡② t❤❡ ✇♦r❦s ♦♥ st♦r❛❣❡ r❡q✉✐r❡♠❡♥t ❡st✐♠❛t✐♦♥ ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡② ❛r❡ ❧✐♠✐t❡❞ t♦ t❤❡
❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ♠❡♠♦r②✳ ❚❤❡ ✇♦r❦s ❡①♣❧♦r✐♥❣ t❤❡ ❤✐❡r❛r❝❤② str✉❝t✉r❡ ❬✸✱✹❪ ❛r❡ ✉s✉❛❧❧② ❧✐♠✐t❡❞ t♦
t❤❡ ✉s❛❣❡ ♦❢ ❝❛❝❤❡ ♠❡♠♦r✐❡s✳ ❚❤❡ ❝❛❝❤❡s ❛r❡ ♣♦✇❡r ❛♥❞ t✐♠❡ ❝♦♥s✉♠✐♥❣ ♠❡♠♦r✐❡s ❜❡❝❛✉s❡ ♦❢
t❤❡ ❢❡t❝❤✲♦♥✲♠✐ss ❛♥❞ ❝❛❝❤❡ ♣r❡❞✐❝t✐♦♥ ♠❡❝❤❛♥✐s♠s✳ ❲❡ ❛r❣✉❡ t❤❛t ❛♥ ✐♥t❡r♥❛❧ ♠❡♠♦r② ✇✐t❤ ❛
♣r❡✲❝❛❧❝✉❧❛t❡❞ ❞❛t❛ ❢❡t❝❤✐♥❣ ✐s ♠♦r❡ ❡✣❝✐❡♥t ❢♦r ❛♣♣❧✐❝❛t✐♦♥ s♣❡❝✐✜❝ ❝✐r❝✉✐ts✳ ■♥ ❛❞❞✐t✐♦♥✱ ❈❤❡♥
❡t ❛❧✳ ❬✺❪ s❤♦✇ t❤❛t ❧♦❝❛❧ ♠❡♠♦r✐❡s ✇✐t❤ ❛ ✏♣r❡✲❡①❡❝✉t✐♦♥ ♣r❡✲❢❡t❝❤✐♥❣✑ ❛r❡ ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ t♦
❤✐❞❡ t❤❡ ■✴❖ ❧❛t❡♥❝②✳
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▼❛♥② st✉❞✐❡s ❡①✐st ♦♥ ♠❡t❤♦❞s t♦ ♠❛♣ ❛ ❤✐❣❤✲❧❡✈❡❧ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦♥t♦ ❛
♣❛r❛❧❧❡❧ ❛r❝❤✐t❡❝t✉r❡✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❛r❡ ✉s✉❛❧❧② ❧♦♦♣ tr❛♥s❢♦r♠❛t✐♦♥s ❬✻❪✱ ✇❤✐❝❤ ❡♥❤❛♥❝❡ ❞❛t❛
❧♦❝❛❧✐t② ❛♥❞ ❛❧❧♦✇ ♣❛r❛❧❧❡❧✐s♠✳ ❉❛t❛✲♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ✉s✉❛❧❧② ♠❛♣♣❡❞ ♦♥t♦ s②st♦❧✐❝ ❛r✲
❝❤✐t❡❝t✉r❡s ❬✼❪✱ ✐✳❡✳✱ ♥❡ts ♦❢ ✐♥t❡r❝♦♥♥❡❝t❡❞ ♣r♦❝❡ss♦rs✱ ✐♥ ✇❤✐❝❤ ❞❛t❛ ❛r❡ str❡❛♠❡❞ t❤r♦✉❣❤ ✐♥ ❛
r❤②t❤♠✐❝ ✇❛②✳ ❆♠❛r ❡t ❛❧ ❬✽❪ ♣r♦♣♦s❡ t♦ ♠❛♣ ❛ ❤✐❣❤✲❧❡✈❡❧ ❞❛t❛ ♣❛r❛❧❧❡❧ s♣❡❝✐✜❝❛t✐♦♥ ♦♥t♦ ❛ ❑❛❤♥
Pr♦❝❡ss ◆❡t✇♦r❦ ✭❑P◆✮✱ ✇❤✐❝❤ ✐s ❛ ♥❡t✇♦r❦ ♦❢ ♣r♦❝❡ss✐♥❣ ♥♦❞❡s ✐♥t❡r❝♦♥♥❡❝t❡❞ ❜② ❋■❋❖ q✉❡✉❡s✳
❲❡ ❛r❣✉❡ t❤❛t ❑P◆s ❛r❡ ♥♦t s✉✐t❛❜❧❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ tr❛♥s❢❡r ♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛✳
❚❤❡ ❋■❋❖ q✉❡✉❡s ❝❛♥ ❜❡ ✉s❡❞ ♦♥❧② ✇❤❡♥ t✇♦ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣r♦❝❡ss♦rs ♣r♦❞✉❝❡ ❛♥❞ ❝♦♥s✉♠❡
❞❛t❛ ✐♥ t❤❡ s❛♠❡ ♦r❞❡r✳ ■♥ t❤❡ ♦t❤❡r ❝❛s❡s✱ ❛ ❧♦❝❛❧ ♠❡♠♦r② ✐s ♥❡❝❡ss❛r②✳ ❲❤❡♥ ❛ ❧♦❝❛❧ ♠❡♠♦r②
✐s ✉s❡❞✱ t❤❡ r✐s❦ ♦❢ ❝♦♥✢✐❝ts ♦♥ ❛ ♠❡♠♦r② ❧♦❝❛t✐♦♥ ✐♠♣♦s❡s t❤❛t t❤❡ ♣r♦❝❡ss♦r ♣r♦❞✉❝✐♥❣ ❛♥❞ t❤❡
♣r♦❝❡ss♦r ❝♦♥s✉♠✐♥❣ t❤❡ ❞❛t❛ ❡①❡❝✉t❡ ❛t ❞✐✛❡r❡♥t t✐♠❡s✳ ❚❤✐s ❝r❡❛t❡s ❛ ❜♦tt❧❡♥❡❝❦ ✐♥ t❤❡ ♣✐♣❡❧✐♥❡
❡①❡❝✉t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ❜② ✉s✐♥❣ ❛ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣ ♠❡❝❤❛♥✐s♠ ❬✾❪✳ ❙✉❝❤ ❛ ♠❡❝❤❛♥✐s♠
❝♦♥s✐sts ✐♥ ✉s✐♥❣ t✇♦ ❜✉✛❡rs t❤❛t ❝❛♥ ❜❡ ❛❝❝❡ss❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ✇✐t❤♦✉t ❝♦♥✢✐❝t✿ t❤❡ ✜rst
❜✉✛❡r ✐s ✇r✐tt❡♥ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s r❡❛❞ ❛♥❞ ✈✐❝❡✲✈❡rs❛✳

❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❞❛t❛ ♣❛r❛❧❧❡❧ ❛r❝❤✐t❡❝t✉r❡s ✐s s♦ ❤✐❣❤ t❤❛t ♦♥❧② ❛♥ ❊❧❡❝tr♦♥✐❝ ❉❡s✐❣♥ ❆✉✲
t♦♠❛t✐♦♥ ✭❊❉❆✮ t♦♦❧ ❝❛♥ ❡✣❝✐❡♥t❧② ✉♥❞❡rt❛❦❡ t❤❡✐r ❞❡s✐❣♥✳ ❖♥❡ ♦❢ t❤❡ ❜✐❣❣❡st ❝❤❛❧❧❡♥❣❡ ♦❢ t❤❡
❊❉❆ ✐s t♦ ♣❡r❢♦r♠ ❛ ❉❡s✐❣♥ ❙♣❛❝❡ ❊①♣❧♦r❛t✐♦♥ ✭❉❙❊✮ ❛❜❧❡ t♦ ✜♥❞ ✐♥ ❛ s❤♦rt t✐♠❡ ❛♥ ♦♣t✐♠❛❧
❤❛r❞✇❛r❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ t❛r❣❡t ❛♣♣❧✐❝❛t✐♦♥✳ ❲❡ ❝❛♥ ❞✐st✐♥❣✉✐s❤ t✇♦ ❦✐♥❞s ♦❢ ❛♣♣r♦❛❝❤❡s t♦ ♣❡r✲
❢♦r♠ ❛♥ ❡①♣❧♦r❛t✐♦♥✿ ❡①❛❝t ❛♥❞ ❛♣♣r♦①✐♠❛t❡❞ ❛♣♣r♦❛❝❤❡s✳ ❆s❝✐❛ ❡t ❛❧✳ ❬✶✵❪ ❜r✐❡✢② s✉r✈❡② t❤❡s❡
❛♣♣r♦❛❝❤❡s ❛♥❞ ♣r♦♣♦s❡ t♦ ♠✐① t❤❡♠ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❡①♣❧♦r❛t✐♦♥ t✐♠❡ ❛♥❞ ❛♣♣r♦①✐♠❛t❡
t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♠♦r❡ ♣r❡❝✐s❡❧②✳

❖✉r ❝♦♥tr✐❜✉t✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛♥ ❡①❛❝t ❉❙❊ ❛♣♣r♦❛❝❤ t♦ ♠❛♣ ❞❛t❛ ♣❛r❛❧❧❡❧ ❛♣✲
♣❧✐❝❛t✐♦♥s ♦♥t♦ ❛ s♣❡❝✐✜❝ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦r✳ ❚❤❡ ❛♥❛❧②s✐s st❛rts ❢r♦♠ ❛ ❤✐❣❤ ❧❡✈❡❧ s♣❡❝✐✜❝❛t✐♦♥
❞❡✜♥❡❞ ✐♥ ❛ ❧❛♥❣✉❛❣❡ ❝❛❧❧❡❞ ❆rr❛②✲❖▲ ❬✶✶❪✳ ❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❝♦♠❜✐♥❡s s❡✈❡r❛❧ ♦♣t✐♠✐③❛t✐♦♥s
❢r♦♠ t❤❡ t❤r❡❡ r❡s❡❛r❝❤ ❞♦♠❛✐♥s ♣r❡✈✐♦✉s❧② ♣r❡s❡♥t❡❞✿ t❤❡ ♠❡♠♦r② ❤✐❡r❛r❝❤② ❢♦r ❞❛t❛ ♣❛r❛❧❧❡❧✐s♠✱
t❤❡ ♠❛♣♣✐♥❣ ♦❢ ❛ ❤✐❣❤ ❧❡✈❡❧ s♣❡❝✐✜❝❛t✐♦♥s ♦♥t♦ ❛ ♣❛r❛❧❧❡❧ ❛r❝❤✐t❡❝t✉r❡ ❛♥❞ ❉❙❊✳ ❚❤❡ ♠❡t❤♦❞ ✐s
❜❛s❡❞ ♦♥ ❛ ❝✉st♦♠✐③❛❜❧❡ ❛r❝❤✐t❡❝t✉r❡ ✐♥❝❧✉❞✐♥❣ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss♦rs ❛♥❞ ❞✐str✐❜✉t❡❞ ❧♦❝❛❧ ♠❡♠♦r✐❡s
✉s❡❞ t♦ ❤✐❞❡ t❤❡ ❞❛t❛ tr❛♥s❢❡r ❧❛t❡♥❝②✳ ❚❤❡ t❛r❣❡t ❛♣♣❧✐❝❛t✐♦♥ ✐s tr❛♥s❢♦r♠❡❞ ✐♥ ♦r❞❡r t♦ ❡♥❤❛♥❝❡
❞❛t❛ ♣❛r❛❧❧❡❧✐s♠ t❤r♦✉❣❤ ❞❛t❛ ♣❛rt✐t✐♦♥✐♥❣✳ ❚❤❡ ❜❧♦❝❦s ♦❢ ❞❛t❛ ❛r❡ r❤②t❤♠✐❝❛❧❧② str❡❛♠❡❞ ✐♥t♦
t❤❡ ❛r❝❤✐t❡❝t✉r❡✳ ❙❡✈❡r❛❧ ♣❛r❛❧❧❡❧✐s♠ ❧❡✈❡❧s ❛r❡ ♣♦ss✐❜❧❡✿ ✐♥t❡r✲t❛s❦ ♣❛r❛❧❧❡❧✐s♠ t❤❛♥❦s t♦ ❛ s②st♦❧✐❝
♣r♦❝❡ss✐♥❣ ♦❢ ❜❧♦❝❦s ♦❢ ❞❛t❛❀ ♣❛r❛❧❧❡❧✐s♠ ❜❡t✇❡❡♥ t❤❡ ❞❛t❛✲❛❝❝❡ss ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t❤❛♥❦s
t♦ t❤❡ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣ ♠❡❝❤❛♥✐s♠❀ ❞❛t❛ ♣❛r❛❧❧❡❧✐s♠ ✐♥ ❛ s✐♥❣❧❡ t❛s❦ t❤❛♥❦s t♦ t❤❡ ♣✐♣❡❧✐♥✐♥❣ ♦r
t❤❡ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ ♣❛r❛❧❧❡❧ ❤❛r❞✇❛r❡ r❡s♦✉r❝❡s✳ ❚❤❡ ♣❛r❛❧❧❡❧✐s♠ ❧❡✈❡❧ ❛♥❞ t❤❡ s✐③❡ ♦❢ tr❛♥s❢❡rr❡❞
❜❧♦❝❦s ♦❢ ❞❛t❛ ❛r❡ ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ ❤✐❞❡ t❤❡ ❧❛t❡♥❝② ♦❢ ❞❛t❛ tr❛♥s❢❡rs✳

❚♦ ✐❧❧✉str❛t❡ ♦✉r ❛♣♣r♦❛❝❤ ✇❡ ✇✐❧❧ r❡❢❡r t♦ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ❝❛❧❧❡❞ ❧♦✇✲♣❛ss s♣❛t✐❛❧
✜❧t❡r ✭▲P❙❋✮✳ ▲P❙❋ ✜❧t❡r ✐s ✉s❡❞ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❤✐❣❤ s♣❛t✐❛❧ ❢r❡q✉❡♥❝② ✐♥ t❤❡ r❡t✐♥❛ ♠♦❞❡❧
❬✶✷✱✶✸❪✳ ■t ✐s ❝♦♠♣♦s❡❞ ♦❢ ❢♦✉r ✐♥t❡r✲❞❡♣❡♥❞❡♥t ✜❧t❡rs ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✳ ❊❛❝❤ ✜❧t❡r ♣❡r❢♦r♠s ❛
❧♦✇ ♣❛ss ✜❧t❡r✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❣✐✈❡♥ ❞✐r❡❝t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ❍❋▲❘ ❝♦♠♣✉t❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
♣✐①❡❧ ♦❢ ❝♦♦r❞✐♥❛t❡s (i, j) ❛t ✐♥st❛♥t t = 1✱ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♣♦♥❞❡r❡❞ s✉♠ ♦❢ t❤❡ ♣✐①❡❧ (i, j − 1)
❛t ✐♥st❛♥t t = 1 ❛♥❞ t❤❡ ♣✐①❡❧ (i, j) ❛t ❛ ♣r❡✈✐♦✉s ✐♥st❛♥t t = 0✳

❍❋▲❘

❱❋❚❉

❍❋❘▲

❱❋❇❯

❥

✐

▼

◆

HFLR : p1(i, j) = a p1(i, j − 1) + (1 − a)p0(i, j)

V FTD : p2(i, j) = a p2(i − 1, j) + (1 − a)p1(i, j)

HFRL : p3(i, M − j) = a p3(i, M − j − 1) + (1 − a)p2(i, M − j)

V FBU : p4(N − i, j) = a p4(N − i − 1, j) + (1 − a)p3(N − i, j)

❋✐❣✳ ✶✿ ❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛ ▲♦✇ P❛ss ❙♣❛t✐❛❧ ❋✐❧t❡r✿ ❍❋▲❘✱ ❱❋❚❉✱ ❍❋❘▲ ❛♥❞ ❱❋❇❯ r❡s♣❡❝t✐✈❡❧② st❛♥❞ ❢♦r ❍♦r✐③♦♥t❛❧
❋✐❧t❡r ▲❡❢t ❘✐❣❤t✱ ❱❡rt✐❝❛❧ ❋✐❧t❡r ❚♦♣ ❉♦✇♥✱ ❍❋ ❘✐❣❤t ▲❡❢t ❛♥❞ ❱❋ ❇♦tt♦♠ ❯♣✳ pt(i, j) ✐s ❛ ♣✐①❡❧ ♦❢ ❝♦♦r❞✐♥❛t❡s (i, j) ❛t
t❤❡ t✐♠❡ t✳ M ❛♥❞ N ❛r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ s✐③❡s ♦❢ t❤❡ ✜❧t❡r❡❞ ✐♠❛❣❡✳ a ✐s t❤❡ ✜❧t❡r✐♥❣ ❢❛❝t♦r✳



❆r❝❤✐t❡❝t✉r❡ ❊①♣❧♦r❛t✐♦♥ ❢♦r ❊✣❝✐❡♥t ❉❛t❛ ❚r❛♥s❢❡r ❛♥❞ ❙t♦r❛❣❡ ✐♥ ❉❛t❛✲P❛r❛❧❧❡❧ ❆♣♣❧✐❝❛t✐♦♥s ✸

■♥ ❙❡❝t✐♦♥ ✷ ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❆rr❛②✲❖▲ ❢♦r♠❛❧✐s♠ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ s♣❡❝✐✜❝❛t✐♦♥
tr❛♥s❢♦r♠❛t✐♦♥s✳ ❚❤❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛r❝❤✐t❡❝t✉r❡ ❢♦r ❞❛t❛ ♣❛r❛❧❧❡❧
❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ✇❡ ❞❡✜♥❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛♣♣✐♥❣ ♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❞❡✜♥❡ ❛ ♠❡t❤♦❞
t♦ s②st❡♠❛t✐❝❛❧❧② ❛♣♣❧② ❛ s❡t ♦❢ ❆rr❛②✲❖▲ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ♦♣t✐♠✐③❡ t❤❡ ♠❡♠♦r②
❤✐❡r❛r❝❤② ❛♥❞ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s✉❜✲s②st❡♠ ❢♦r ❛ t❛r❣❡t ❛♣♣❧✐❝❛t✐♦♥✳ ❲❡ ✐❧❧✉str❛t❡ t❤❡ ♠❡t❤♦❞
✇✐t❤ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❧♦✇ ♣❛ss s♣❛t✐❛❧ ✜❧t❡r✳

✷ ❍✐❣❤✲❧❡✈❡❧ ❞❡s✐❣♥ ♦❢ ❞❛t❛ ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ❆rr❛②✲❖▲

❆rr❛②✲❖▲ ✭❆rr❛②✲❖r✐❡♥t❡❞ ▲❛♥❣✉❛❣❡✮ ✐s ❛ ❢♦r♠❛❧✐s♠ ❛❜❧❡ t♦ r❡♣r❡s❡♥t ❞❛t❛ ✐♥t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥s
❛s ❛ ♣✐♣❡❧✐♥❡ ♦❢ t❛s❦s ❛♣♣❧✐❡❞ ♦♥ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛ ❛rr❛②s ❬✶✶❪✳

LPSF

HFLR
VFTD

HFRL

VFBU

input port

output portImage
displaygenerator

Image

❋✐❣✳ ✷✿ ❙❦❡t❝❤ ♦❢ ❛♥ ❆rr❛②✲❖▲ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r t❤❡ ▲P❙❋ ✜❧t❡r✳

❚❤❡ t❛r❣❡t ❛♣♣❧✐❝❛t✐♦♥s ❤❛✈❡ ❛✣♥❡ ❛rr❛② r❡❢❡r❡♥❝❡s✳ ❆♥ ❆rr❛②✲❖▲ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ▲P❙❋
✐s ❣✐✈❡♥ ❛s ✐♥ ❋✐❣✳ ✷✳ ❊❛❝❤ ✜❧t❡r ❤❛s ❛♥ ✐♥t❡r✲r❡♣❡t✐t✐♦♥ ❞❡♣❡♥❞❡♥❝②✱ ✐✳❡✳✱ t❤❡ r❡s✉❧t ♦❢ ❛ t❛s❦
r❡♣❡t✐t✐♦♥ ✐♥st❛♥❝❡ ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♥❡①t r❡♣❡t✐t✐♦♥ ✐♥st❛♥❝❡✳ ■♥ ❛♥ ❆rr❛②✲❖▲ r❡♣r❡s❡♥t❛t✐♦♥
✇❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❦✐♥❞s ♦❢ t❛s❦s✿ ❡❧❡♠❡♥t❛r②✱ ❝♦♠♣♦✉♥❞ ❛♥❞ r❡♣❡t✐t✐✈❡ t❛s❦s✳ ❆♥ ❡❧❡♠❡♥t❛r②
t❛s❦✱ ❡✳❣✳ ✐♠❛❣❡ ❣❡♥❡r❛t♦r ✐♥ ❋✐❣✳ ✷✱ ✐s ❛♥ ❛t♦♠✐❝ ❜❧❛❝❦ ❜♦① t❛❦❡♥ ❢r♦♠ ❛ ❧✐❜r❛r② ❛♥❞ ✐t ❝❛♥♥♦t ❜❡
❞❡❝♦♠♣♦s❡❞ ✐♥ s✐♠♣❧❡r t❛s❦s✳ ❆ ❝♦♠♣♦✉♥❞ t❛s❦✱ ❡✳❣✳ ▲P❙❋ ✜❧t❡r ✐♥ ❋✐❣✳ ✷✱ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥
s✐♠♣❧❡r ✐♥t❡r❝♦♥♥❡❝t❡❞ t❛s❦ ❤✐❡r❛r❝❤②✳ ❆ r❡♣❡t✐t✐✈❡ t❛s❦✱ ❡✳❣✳ ❍❋▲❘ ✜❧t❡r ✐♥ ❋✐❣✳ ✷✱ s♣❡❝✐✜❡s ❤♦✇
❛ t❛s❦ ✐s r❡♣❡❛t❡❞ ♦♥ ❞✐✛❡r❡♥t s✉❜s❡ts ♦❢ ❞❛t❛✿ ❞❛t❛ ♣❛r❛❧❧❡❧✐s♠✳ ■♥ ❛♥ ❆rr❛②✲❖▲ r❡♣r❡s❡♥t❛t✐♦♥✱
♥♦ ✐♥❢♦r♠❛t✐♦♥ ✐s ❣✐✈❡♥ ♦♥ t❤❡ ❤❛r❞✇❛r❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❛s❦s✳ ❋✐❣✳ ✸ s❤♦✇s ❛ ❞❡t❛✐❧❡❞ ❆rr❛②✲❖▲
r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ❍❋▲❘ ✜❧t❡r✳

d=<1,0>
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0

0
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0

0
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

4 0 0

0 1 0

0 0 1





❁✶✾✷✵✱✶✵✽✵✱∞❃
sp❂❁✹❃

T1
sp❂❁✹❃ T2

❋✐❣✳ ✸✿ ❊①❛♠♣❧❡ ♦❢ ❛♥ ❆rr❛②✲❖▲ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❛ ❍❋▲❘ ✜❧t❡r✳ ❚❤❡ ✜❧t❡r ❡①❡❝✉t❡s 480×1080 r❡♣❡t✐t✐♦♥s ✭R1✮ ♣❡r ❢r❛♠❡
♦❢ 1920×1080 ♣✐①❡❧s✳ ❚❤❡ t❛s❦ r❡♣❡t✐t✐♦♥s ❛r❡ ❡①❡❝✉t❡❞ ♦♥ ❛♥ ✐♥✜♥✐t❡ ✢♦✇ ♦❢ ❢r❛♠❡s✳ ❚❡♠♣♦r❛❧ ❛♥❞ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s ❛r❡
❛❧❧ ❛rr❛② ❞✐♠❡♥s✐♦♥s ✇✐t❤♦✉t ❛♥② ❞✐st✐♥❝t✐♦♥ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❇✉t ✉s✉❛❧❧② t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ t✐♠❡✳
❚❤❡ t✐❧❡rs ✭T1 ❛♥❞ T2✮ ❞❡s❝r✐❜❡ t❤❡ s❤❛♣❡✱ t❤❡ s✐③❡ ❛♥❞ t❤❡ ♣❛rs✐♥❣ ♦r❞❡r ♦❢ t❤❡ ♣❛tt❡r♥s t❤❛t ♣❛rt✐t✐♦♥ t❤❡ ♣r♦❝❡ss❡❞
❢r❛♠❡s✳ ❚❤❡ ♣❛tt❡r♥ sp✱ t❤❛t t✐❧❡s t❤❡ ✐♥♣✉t ❞❛t❛ ❛♥❞ ✐s ❞❡s❝r✐❜❡❞ ❜② T1✱ ✐s ♠♦♥♦❞✐♠❡♥s✐♦♥❛❧✳ ■t ❝♦♥t❛✐♥s ✹ ♣✐①❡❧s ❛♥❞
❧✐❡s ❛❧♦♥❣ t❤❡ ❤♦r✐③♦♥t❛❧✲s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥✳ ❚❤❡ ✈❡❝t♦r d ✐s ❛♥ ✐♥t❡r✲r❡♣❡t✐t✐♦♥ ❞❡♣❡♥❞❡♥❝② ✈❡❝t♦r✳

❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❛rr❛② t✐❧✐♥❣ ✐s ❣✐✈❡♥ ❜②✿ t❤❡ ♦r✐❣✐♥ ✈❡❝t♦r ❖✱ t❤❡ ✜tt✐♥❣ ♠❛tr✐① ❋ ❛♥❞
t❤❡ ♣❛✈✐♥❣ ♠❛tr✐① P✳ ❚❤❡ ♦r✐❣✐♥ ✈❡❝t♦r s♣❡❝✐✜❡s t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ✜rst ❞❛t✉♠ t♦ ❜❡ ♣r♦❝❡ss❡❞✳
❚❤❡ ✜tt✐♥❣ ♠❛tr✐① ❋ s❛②s ❤♦✇ t♦ ♣❛rs❡ ❡❛❝❤ ❞❛t❛ ♣❛tt❡r♥ ❛♥❞ t❤❡ ♣❛✈✐♥❣ ♠❛tr✐① P s❛②s ❤♦✇ t❤❡
❝❤♦s❡♥ ♣❛tt❡r♥ ❝♦✈❡rs t❤❡ ❞❛t❛ ❛rr❛②✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ♣❛tt❡r♥ ✐s ❞❡♥♦t❡❞ ❜② sp✳ ❆rr❛②✲❖▲ ✐s ❛
s✐♥❣❧❡ ❞❛t❛ ❛ss✐❣♥♠❡♥t ❛♥❞ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❧❛♥❣✉❛❣❡✱ ✐✳❡✳✱ ❡❛❝❤ ❞❛t✉♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ♦♥❧② ♦♥❝❡
❛♥❞ ❛♥② ♣♦ss✐❜❧❡ s❝❤❡❞✉❧✐♥❣✱ ✇❤✐❝❤ r❡s♣❡❝ts t❤❡ ❞❛t❛ ❞❡♣❡♥❞❡♥❝✐❡s✱ ♣r♦❞✉❝❡s t❤❡ s❛♠❡ r❡s✉❧t✳ ❋♦r



✹ ❘✳ ❈♦r✈✐♥♦✱ ❆✳ ●❛♠❛t✐é✱ P✳ ❇♦✉❧❡t

t❤✐s r❡❛s♦♥✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❆rr❛②✲❖▲ ❝❛♥ ❜❡ st❛t✐❝❛❧❧② s❝❤❡❞✉❧❡❞✳ ❆ ❝r✉❝✐❛❧ ♣r♦❜❧❡♠
❢♦r ❛♥ ❆rr❛②✲❖▲ ❞❡s❝r✐♣t✐♦♥ ✐s t♦ ❞❡✜♥❡ t❤❡ ♦♣t✐♠❛❧ ❣r❛♥✉❧❛r✐t② ♦❢ t❤❡ r❡♣❡t✐t✐♦♥s✱ ✐✳❡✳✱ ✜♥❞✐♥❣
❛♥ ♦♣t✐♠❛❧ ❞❛t❛ ♣❛✈✐♥❣ ✐♥ ♦r❞❡r t♦ ♦♣t✐♠✐③❡ t❤❡ t❛r❣❡t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛r❝❤✐t❡❝t✉r❡✳

●❧✐t✐❛ ❡t ❛❧ ❬✶✹❪ ❞❡s❝r✐❜❡ s❡✈❡r❛❧ ❆rr❛②✲❖▲ tr❛♥s❢♦r♠❛t✐♦♥s✳ ■♥ ♦✉r ✇♦r❦✱ ✇❡ ✉s❡ t❤❡ ❢✉s✐♦♥✱
t❤❡ ❝❤❛♥❣❡ ♣❛✈✐♥❣ ❛♥❞ t❤❡ t✐❧✐♥❣✳ ❚❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡ r❡s♣❡❝t✐✈❡❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❧♦♦♣
❢✉s✐♦♥ ❬✶✺❪✱ ❧♦♦♣ ✉♥r♦❧❧✐♥❣ ❬✶✻❪ ❛♥❞ ❧♦♦♣ t✐❧✐♥❣ ❬✶✼✱✶✽❪✳ ❖♥❡ ♦❢ t❤❡ ❜✐❣❣❡st ♣r♦❜❧❡♠ ❢♦r ❛ ❝♦♠♣❡t✐t✐✈❡
❡①♣❧♦r❛t✐♦♥ ✐s t♦ ❞❡✜♥❡ ❛♥ ♦♣t✐♠❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s✳ ■♥ ❢❛❝t✱ ❜② ❝♦♠♣♦s✐♥❣
t❤❡♠ ✇❡ ❝❛♥ ♦♣t✐♠✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐❛✿ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦✈❡r❤❡❛❞✱ t❤❡ ❤✐❡r❛r❝❤② ❝♦♠♣❧❡①✐t②✱
t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❛rr❛② ❛♥❞ t❤❡ ♣❛r❛❧❧❡❧✐s♠ ❧❡✈❡❧✳ ❲❡ ♣r♦♣♦s❡ t♦ ❝♦♠♣♦s❡ t❤❡♠ ✐♥ ♦r❞❡r
t♦ ✜♥❞ ❛ ❡✣❝✐❡♥t ❛r❝❤✐t❡❝t✉r❡ t♦ ♠❛s❦ t❤❡ ❞❛t❛ ❛❝❝❡ss ❛♥❞ tr❛♥s❢❡r ❧❛t❡♥❝✐❡s✳

✸ ❆ t❛r❣❡t ❝✉st♦♠✐③❛❜❧❡ ❛r❝❤✐t❡❝t✉r❡

✸✳✶ ❖✈❡r✈✐❡✇

❲❡ ♣r♦♣♦s❡ ❛ s②♥❝❤r♦♥♦✉s ❛r❝❤✐t❡❝t✉r❛❧ ♠♦❞❡❧ ✭❋✐❣✳ ✹✮ t♦ r❡❛❧✐③❡ ❞❛t❛ ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s
♠♦❞❡❧ ❝❛♥ ❜❡ ❝✉st♦♠✐③❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❛t❛ tr❛♥s❢❡r✱ t❤❡ ❞❛t❛ st♦r❛❣❡ ❛♥❞ t❤❡ ❝♦♠♣✉t✐♥❣
♣r♦❝❡ss t♦ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞✳ ❆❧❧ t❤❡ ❞❛t❛ tr❛♥s❢❡rs ❛r❡ ♠❛♥❛❣❡❞ ❜② ❋■❋❖ q✉❡✉❡s s♦ t❤❛t t❤❡ t❛s❦
❡①❡❝✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❛t❛ ✢♦✇✱ ✐✳❡✳ ✐❢ t❤❡r❡ ❛r❡ ❞❛t❛ ✐♥ t❤❡ q✉❡✉❡s t❤❡ t❛s❦s ❝❛♥ ❜❡ ❡①❡❝✉t❡❞
♦t❤❡r✇✐s❡ t❤❡② st❛❧❧✳ ❚❤❡ ♠❛♥✐♣✉❧❛t❡❞ ❞❛t❛ ❝❛♥ ❛❧s♦ ❜❡ st♦r❡❞ ✐♥t♦ ❧♦❝❛❧ ♠❡♠♦r✐❡s✱ ❜✉t t❤❡ ❛❝❝❡ss
t♦ t❤❡s❡ ♠❡♠♦r✐❡s ✐s ♠❛♥❛❣❡❞ ❜② ❛ ❧♦❝❛❧ ❝♦♥tr♦❧❧❡r ❛♥❞ ❋■❋❖ q✉❡✉❡s✳ ❆t ❛ ❤✐❣❤❡r ❛❜str❛❝t✐♦♥
❧❡✈❡❧ ✭❋✐❣✳ ✹✭❛✮✮✱ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ✐s ❛ ♠❡s❤ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣r♦❝❡ss♦rs Pk ✇✐t❤ ❛♥ ❡①t❡r♥❛❧
♠❡♠♦r② ✭❊❳❚✳ ▼❊▼✮ ✐♥t❡r❢❛❝❡ ❛♥❞ ❛ ❣❧♦❜❛❧ ❝♦♥tr♦❧❧❡r ✭❈❚❘▲✮✳ ❚❤❡ ❣❧♦❜❛❧ ❝♦♥tr♦❧❧❡r st❛rts t❤❡
❝♦♠♠✉♥✐❝❛t✐♦♥ ✇✐t❤ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❜② ✐♥❥❡❝t✐♥❣ ❞❛t❛ ✐♥t♦ t❤❡ ♠❡s❤ ♦❢ ♣r♦❝❡ss♦rs✳ ■t ❛❧s♦
s②♥❝❤r♦♥✐③❡s t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❛❝❝❡ss❡s✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✭❜✮✱ ❡❛❝❤ s✐♥❣❧❡ ♣r♦❝❡ss♦r ❤❛s
❡ss❡♥t✐❛❧❧② t❤r❡❡ ❝✉st♦♠✐③❛❜❧❡ ♣❛rts✿ ❛ ❧♦❝❛❧ ♠❡♠♦r② ❝♦♥tr♦❧❧❡r ✭CTRLk✮✱ ❛ s❡t ♦❢ ❜✉✛❡rs ✭▲♦❝❛❧
▼❡♠♦r② LMk✮ ❛♥❞ ❛ ❝♦♠♣✉t✐♥❣ ✉♥✐t ✭CUk✮✳ ❚❤❡ ❜❡❤❛✈✐♦r ♦❢ s✉❝❤ ❛ ♣r♦❝❡ss♦r ❤❛s ❜❡❡♥ t❡st❡❞
❛t t❤❡ ❘❚▲ ❧❡✈❡❧ ❜② ❈♦r✈✐♥♦ ❡t ❛❧✳ ✐♥ ❬✶✾❪✳
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✭❛✮ ❆❜str❛❝t ♠♦❞❡❧✳
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CU4

CTRL4 CTRL5

LM5

CU5

❊❳❚✳ ▼❊▼

CU3CU2

CTRL2CTRL1

LM1

CU1

✭❜✮ ❉❡t❛✐❧❡❞ ♠♦❞❡❧✿ ❝✉st♦♠✐③❛❜❧❡ s✉❜✲s②st❡♠ ❢♦r ❞❛t❛ tr❛♥s❢❡r
❛♥❞ st♦r❛❣❡✳

❋✐❣✳ ✹✿ ❚❛r❣❡t ❝✉st♦♠✐③❛❜❧❡ ❛r❝❤✐t❡❝t✉r❡✳

❚✇♦ ♣r♦❝❡ss♦rs ♠❛② ❝♦♠♠✉♥✐❝❛t❡ t❤r♦✉❣❤ ❛ st❛♥❞✲❛❧♦♥❡ ❋■❋❖ q✉❡✉❡ ♦r t❤r♦✉❣❤ ❛ ❧♦❝❛❧
♠❡♠♦r②✳ ■♥ t❤❡ ❢♦r♠❡r ❝❛s❡✱ t❤❡ ❧♦❝❛❧ ♠❡♠♦r② ❝♦♥tr♦❧❧❡r ❛♥❞ t❤❡ ❜✉✛❡rs ❛r❡ ♥♦t ✐♥st❛♥t✐❛t❡❞✳



❆r❝❤✐t❡❝t✉r❡ ❊①♣❧♦r❛t✐♦♥ ❢♦r ❊✣❝✐❡♥t ❉❛t❛ ❚r❛♥s❢❡r ❛♥❞ ❙t♦r❛❣❡ ✐♥ ❉❛t❛✲P❛r❛❧❧❡❧ ❆♣♣❧✐❝❛t✐♦♥s ✺

■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ❜✉✛❡rs ❛♥❞ t❤❡ ❝♦♥tr♦❧❧❡r ❛r❡ ✐♥st❛♥t✐❛t❡❞✳ ❊❛❝❤ ❜✉✛❡r ✐s ❛ s✐♥❣❧❡ ♣♦rt
♠❡♠♦r② ❜❡❝❛✉s❡ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ♠✉❧t✐♣♦rt ♠❡♠♦r✐❡s ✐s ♥♦t ♠❛t✉r❡ ②❡t ❛♥❞ ✐t ✐s s✉❜❥❡❝t t♦
♠❛♥② t❡❝❤♥♦❧♦❣✐❝❛❧ ♣r♦❜❧❡♠s ❬✷✵❪✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❛ ♣r♦❝❡ss♦r r❡❝❡✐✈✐♥❣ t✇♦ ❞❛t❛ ✢♦✇s ✐♥❝❧✉❞❡s
t✇♦ ❞✐st✐♥❝t ❜✉✛❡rs✱ ♦♥❡ ❢♦r ❡❛❝❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✢♦✇✳ ❋✉rt❤❡r♠♦r❡✱ ❛s ❛ ❜✉✛❡r r❡❝❡✐✈❡s ❛ s✐♥❣❧❡
❞❛t❛ ✢♦✇✱ ❛❧❧ ❞❛t❛ tr❛♥s❢❡rs ❝❛♥ ❜❡ ♣❛r❛❧❧❡❧ ✇✐t❤♦✉t ❛♥② ❝♦♥✢✐❝t✳ ❋✐♥❛❧❧②✱ ❡❛❝❤ ❧♦❝❛❧ ❜✉✛❡r ❤❛s
❛ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣ ♠❡❝❤❛♥✐s♠ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ♣❛r❛❧❧❡❧✐③❡ t❤❡ ❞❛t❛ ❛❝❝❡ss ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳
❋♦r ❛ ❣✐✈❡♥ ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡ ❞❛t❛ t♦ ❜❡ ♣r♦❝❡ss❡❞ ❛r❡ st♦r❡❞ ✐♥t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✳ ❚❤❡② ❛r❡
str❡❛♠❡❞ ♣❡r ❣r♦✉♣s ♦❢ ♣❛r❛❧❧❡❧ ❜❧♦❝❦s ✐♥t♦ t❤❡ ❛r❝❤✐t❡❝t✉r❡✳ ❚❤❡ s✐③❡ ♦❢ ❞❛t❛ ❜❧♦❝❦s ✐s ❝❤♦s❡♥✱
♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐♥ ♦r❞❡r t♦ ♠❛s❦ t❤❡ ❞❛t❛ ❛❝❝❡ss ❧❛t❡♥❝② t❤❛♥❦s t♦ t❤❡ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣✱ ❛♥❞
♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ♦r❞❡r t♦ r❡s♣❡❝t t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❜❛♥❞✇✐❞t❤✳

✸✳✷ ❚❤❡ ❞❛t❛ tr❛♥s❢❡r ❛♥❞ st♦r❛❣❡ ♠♦❞❡❧

❆s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✭❛✮✱ ❡❛❝❤ ♣r♦❝❡ss♦r ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛r❝❤✐t❡❝t✉r❡ ❝❛♥ ❤❛✈❡ s❡✈❡r❛❧ ✐♥♣✉t ❞❛t❛
❜❧♦❝❦s xj ❜✉t ❛ s✐♥❣❧❡ ♦✉t♣✉t ❞❛t❛ ❜❧♦❝❦ xi✳

xj

xi

Pk

✭❛✮ ❙❦❡t❝❤ ♦❢ ❛ ♣r♦❝❡ss♦r
✇✐t❤ ✐ts ✐♥♣✉t ❛♥❞ ♦✉t♣✉t
❞❛t❛ ✢♦✇s✳

❖✉t♣✉t ❈♦♠♣✉t❛t✐♦♥ i

❚✐♠❡

s②♥❝

❉❛t❛ ♣r❡✲❢❡t❝❤ j

✭❜✮ ❊①❛♠♣❧❡ ♦❢ t❤❡ t✐♠❡❧✐♥❡ ❢♦r s❡q✉❡♥t✐❛❧
❣r♦✉♣s ♦❢ ✐t❡r❛t✐♦♥s ♦♥ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r✳
❚❤❡ ♣r♦❝❡ss♦r ❤❛s ♠✉❧t✐♣❧❡ ✐♥♣✉t ✢♦✇s ✭j✮
❛♥❞ ❛ s✐♥❣❧❡ ♦✉t♣✉t ✢♦✇ ✭i✮✳

❋✐❣✳ ✺✿ ❚❤❡ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣ ♠❡❝❤❛♥✐s♠ ❛❧❧♦✇s t♦ ♠❛s❦ t❤❡ t✐♠❡ t♦ ❢❡t❝❤ ✇✐t❤ t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡✳

❚❤❛♥❦s t♦ t❤❡ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣ ♠❡❝❤❛♥✐s♠✱ ❡❛❝❤ ♣r♦❝❡ss♦r ❢❡t❝❤❡s t❤❡ ❞❛t❛ ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡
t❤❡ ♥❡①t ❣r♦✉♣ ♦❢ ✐t❡r❛t✐♦♥s ✇❤✐❧❡ ✐t ✐s ❝♦♠♣✉t✐♥❣ t❤❡ ❝✉rr❡♥t ❣r♦✉♣ ♦❢ ✐t❡r❛t✐♦♥s✳ ❖♥❡ ♦❢ t❤❡ ❛✐♠
♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐s t♦ ❝❤♦s❡ ❛ ❞❛t❛ ❜❧♦❝❦ s✐③❡ t❤❛t ❛❧❧♦✇s t♦ ♠❛s❦ t❤❡ t✐♠❡ t♦ ❢❡t❝❤ ✇✐t❤
t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡✳ ❆s ❛ r❡s✉❧t✱ s✉❝❤ ❛ ❜❧♦❝❦ s✐③❡ ♠✉st r❡s♣❡❝t t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣♣✐♥❣ r✉❧❡✿

max
j

{tfetch(xj)} ≤ tcom(xi). ✭✶✮

❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✺✭❜✮✱ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡❧✐♥❡ ❤❛✈❡ t✇♦ ♣❛r❛❧❧❡❧ ❝♦♥tr✐❜✉t✐♦♥s✿ t❤❡ t✐♠❡ t♦
♣r❡✲❢❡t❝❤ ❛♥❞ t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡✳ ❚❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❧♦♥❣❡st ♦❢ t❤❡s❡ ❝♦♥tr✐❜✉t✐♦♥s s②♥❝❤r♦♥✐③❡s
t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ♥❡✇ s❡t ♦❢ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ♣✐♣❡❧✐♥❡✳ ❚❤❡ t✐♠❡ t♦ ♣r❡✲❢❡t❝❤ ❛ s❡t ♦❢ ❞❛t❛
❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t②♣❡✱ ✐✳❡✳✱ ✇❤❡♥ t❤❡ ♣r♦❝❡ss♦r r❡❝❡✐✈❡s ❞❛t❛ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧
♠❡♠♦r② ♦r ❢r♦♠ ❛♥♦t❤❡r ♣r♦❝❡ss♦r✳ ❲❡ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ❢♦r ❡❛❝❤ ♦❢ t❤❡s❡ tr❛♥s❢❡r t②♣❡s✳

❉❛t❛ tr❛♥s❢❡r ✇✐t❤ ❡①t❡r♥❛❧ ♠❡♠♦r②✳ ❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s❡s✿
❚❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ✐s ❛❝❝❡ss❡❞ ✐♥ ❛ ❜✉rst ♠♦❞❡ ❬✷✶❪✱ ✐✳❡✳ t❤❡r❡ ✐s ❛ ❧❛t❡♥❝② ❜❡❢♦r❡ ❛❝❝❡ss✐♥❣ t❤❡
✜rst ❞❛t✉♠ ♦❢ ❛ ❜✉rst✱ t❤❛♥ ❛ ♥❡✇ ❞❛t✉♠ ♦❢ t❤❡ ❜✉rst ❝❛♥ ❜❡ ❛❝❝❡ss❡❞ ❛t ❡❛❝❤ ♣r♦❝❡ss♦r ❝②❝❧❡✳ ❆
✇❤♦❧❡ ❞❛t❛ ♣❛rt✐t✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ♠❡♠♦r② ❜✉rst ❛♥❞ t❤❡ ❛❝❝❡ss t♦ ❛ ✇❤♦❧❡ ❞❛t❛ ♣❛rt✐t✐♦♥ ✐s
❛♥ ❛t♦♠✐❝ ♦♣❡r❛t✐♦♥✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ st♦r❡ m ❞❛t❛ ♣❡r ✇♦r❞ ♦❢ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ✭❢♦r ❡①❛♠♣❧❡
✇❡ ❝❛♥ ❤❛✈❡ ✹ ♣✐①❡❧s ♦❢ ✽ ❜✐ts ♣❡r ❡❛❝❤ ♠❡♠♦r② ✇♦r❞ ♦❢ ✸✷ ❜✐ts✮✳

❯♥❞❡r t❤❡ ❛❜♦✈❡ ❤②♣♦t❤❡s❡s✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿
❉❡✜♥✐t✐♦♥ ✶✳ ●✐✈❡♥ L ❛♥❞ m ❞❡♥♦t✐♥❣ r❡s♣❡❝t✐✈❡❧② t❤❡ ❧❛t❡♥❝② ❜❡❢♦r❡ ❛❝❝❡ss✐♥❣ ❛ ❜✉rst ❛♥❞

t❤❡ ♥✉♠❜❡r ♦❢ ❞❛t❛ ♣❡r ❡①t❡r♥❛❧ ♠❡♠♦r② ✇♦r❞✱ t❤❡ t✐♠❡ t♦ ❢❡t❝❤ ❛ s❡t ♦❢ ❞❛t❛ xj ❢r♦♠ ❛♥ ❡①t❡r♥❛❧
♠❡♠♦r② ✐s✿

tfetch(xj) = L(j) +
xj

m
✇✐t❤ xj ,m ∈ N

∗.



✻ ❘✳ ❈♦r✈✐♥♦✱ ❆✳ ●❛♠❛t✐é✱ P✳ ❇♦✉❧❡t

❚❤❡ ❧❛t❡♥❝② L(j) ❤❛s t❤r❡❡ ❝♦♥tr✐❜✉t✐♦♥s✿ t❤❡ ❧❛t❡♥❝② ❞✉❡ t♦ t❤❡ ♦t❤❡r ❞❛t❛ tr❛♥s❢❡rs ❜❡t✇❡❡♥
t❤❡ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡ ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✱ t❤❡ ❧❛t❡♥❝② ❞✉❡ t♦ t❤❡ ❜✉rst ❛❞❞r❡ss ❞❡❝♦❞❡
❛♥❞ t❤❡ ❧❛t❡♥❝② ❞✉❡ t♦ ♦t❤❡r ❞❛t❛ tr❛♥s❢❡rs ✇❤✐❝❤ ❛r❡ ❡①t❡r♥❛❧ t♦ t❤❡ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡ ✭t❤❡s❡
t✇♦ ❧❛st ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ✐♥❞✐❝❛t❡❞ ❛s Lm✮✳ ■♥ t❤❡ ✇♦rst ❝❛s❡✱ t❤✐s ❧❛t❡♥❝② ✐s✿

L(j) = Lm +
∑

z 6=j

{Lm +
xz

m
} ✭✷✮

✇✐t❤ xz ∈ XMem ❛♥❞ XMem ❜❡✐♥❣ r❡s♣❡❝t✐✈❡❧② t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ❞❛t❛ tr❛♥s❢❡rs ✭✐♥ ✐♥♣✉t ❛♥❞
♦✉t♣✉t✮ ❜❡t✇❡❡♥ t❤❡ ❣✐✈❡♥ ❛r❝❤✐t❡❝t✉r❡ ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡✿

tfetch(xj) = NkLm +
1

m
V ect(1)XMem. ✭✸✮

✇❤❡r❡ Nk ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❞❛t❛ ❜❧♦❝❦s ❡①❝❤❛♥❣❡❞ ❜❡t✇❡❡♥ t❤❡ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡ ❛♥❞ t❤❡ ❡①t❡r♥❛❧
♠❡♠♦r②✳ ❚❤❡ ❡①♣r❡ss✐♦♥ V ect(1) ✐♥❞✐❝❛t❡s ❛ ❧✐♥❡ ✈❡❝t♦r ♦❢ ❝♦♦r❞✐♥❛t❡s ✶✳

❚r❛♥s❢❡r ❜❡t✇❡❡♥ t✇♦ ♣r♦❝❡ss♦rs ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳ ■♥ t❤❡ ♣r♦♣♦s❡❞ ❛r❝❤✐✲
t❡❝t✉r❡✱ t❤❡ ❞❛t❛ ❝♦♠♣✉t❡❞ ❜② ❛ ♣r♦❝❡ss♦r ❛r❡ ✐♠♠❡❞✐❛t❡❧② ❢❡t❝❤❡❞ ✐♥t♦ ❛ s❡❝♦♥❞ ♣r♦❝❡ss♦r✱ ✐♥ ❛
❞❡❞✐❝❛t❡❞ ❜✉✛❡r✳ ❚❤✉s✱ t❤❡ t✐♠❡ t♦ ❢❡t❝❤ ❛ s❡t ♦❢ ❞❛t❛ xj ✐♥t♦ ❛ ♣r♦❝❡ss♦r Pk ❝♦rr❡s♣♦♥❞s t♦ t❤❡
t✐♠❡ t♦ ❝♦♠♣✉t❡ ❛ s❡t ♦❢ ❞❛t❛ xj ❜② ❛ ♣r♦❝❡ss♦r Pl✳ ❚♦ ❞❡✜♥❡ t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡ ✇❡ ✉s❡ t❤❡
s✐♠♣❧✐✜❝❛t✐♦♥ ❤②♣♦t❤❡s✐s ♣r♦♣♦s❡❞ ❜② ❙❝❤r❡✐❜❡r ❡t ❛❧ ✐♥ ❬✷✷❪✿
❚❤❡ ✐t❡r❛t✐♦♥s ♦❢ ❛ t❛s❦ ❝❛♥ ❜❡ ♣✐♣❡❧✐♥❡❞ ♦♥ t❤❡ s❛♠❡ ❤❛r❞✇❛r❡✱ ❜✉t ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❝♦♥✢✐❝ts
♦♥ t❤❡ str❡❛♠s ♦r ♠❡♠♦r② ❛❝❝❡ss❡s✱ ❛ ♠✐♥✐♠✉♠ ✐♥t❡r✈❛❧ ♦❢ t✐♠❡ ✭❝❛❧❧❡❞ ■♥✐t✐❛t✐♦♥ ■♥t❡r✈❛❧ ✲ ■■✮
❤❛s t♦ ♣❛ss ❜❡t✇❡❡♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t✇♦ s✉❝❝❡ss✐✈❡ ✐t❡r❛t✐♦♥s✳ ❚❤❡ t✐♠❡ t♦ ❛❝❝❡ss ❞❛t❛ ✐♥❝r❡❛s❡s
✇✐t❤ t❤❡ ✐♥❝r❡❛s✐♥❣ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✇❤✐❧❡ t❤❡ ❞❛t❛♣❛t❤ ❧❛t❡♥❝② r❡♠❛✐♥s ❝♦♥st❛♥t ✭❝❢✳
❋✐❣✳ ✻✮✳ ■❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣✐♣❡❧✐♥❡❞ ✐t❡r❛t✐♦♥s ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤✱ t❤❡ ❞❛t❛♣❛t❤ ❧❛t❡♥❝② ❝❛♥ ❜❡
♥❡❣❧❡❝t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ s♣❡♥t t♦ ❛❝❝❡ss ❞❛t❛✳
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Output Computation

❚✐♠❡

❢♦r ❛ s✐♥❣❧❡ ❝♦♠♣✉t❛t✐♦♥
❚✐♠❡ t♦ ❛❝❝❡ss t❤❡ ✐♥♣✉t

ITN

IT4

IT3

IT2

IT1

❚✐♠❡ t♦ ❛❝❝❡ss ❞❛t❛ ❞❛t❛ ♣❛t❤ ❧❛t❡♥❝②

▲▼ ♦r ❋■❋❖ ❛❝❝❡ss

❈♦♠♣✉t✐♥❣

♦✉t♣✉t ❋■❋❖ tr❛♥s❢❡r

❋✐❣✳ ✻✿ ❊①❛♠♣❧❡ ♦❢ ❛ ♣✐♣❡❧✐♥❡ ♦❢ ✐t❡r❛t✐♦♥s ✭IT ✮ ❞✉r✐♥❣ ✇❤✐❝❤ t✇♦ s✉❜✲
t❛s❦s ❛r❡ r❡❛❧✐③❡❞✿ t❤❡ ❛❝❝❡ss t♦ ❛ ▲♦❝❛❧ ▼❡♠♦r② ✭LMj✮ ❛♥❞ t❤❡ ♦✉t♣✉t
❝♦♠♣✉t✐♥❣✳ ■❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥ N ✐s ✈❡r② ❤✐❣❤✱ t❤❡ ❞❛t❛♣❛t❤ ❧❛✲
t❡♥❝② ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ s♣❡♥t t♦ ❛❝❝❡ss ❞❛t❛✳

xd

xj xi

❊①t❡r♥❛❧ ♠❡♠♦r② ❜✉s

x0

■■✿ ■♥✐t✐❛t✐♦♥ ■♥t❡r✈❛❧

✸❘

PkPl

✻❘ ✶❘✸❘

■■❂✸

❘✿ ♥✉♠❜❡r ♦❢ ✐♥♣✉t ❞❛t❛ r❡❛❞ t♦ ❝♦♠♣✉t❡ ❛ s✐♥❣❧❡ ♦✉t♣✉t

■■❂✻

❋✐❣✳ ✼✿ ❊①❛♠♣❧❡ ♦❢ ❛ ♣r♦❝❡ss♦r
r❡❝❡✐✈✐♥❣ t❤r❡❡ ✐♥♣✉t ❞❛t❛ ❜❧♦❝❦s
❛♥❞ ♣r♦❞✉❝✐♥❣ ❛ s✐♥❣❧❡ ♦✉t♣✉t ❞❛t❛
❜❧♦❝❦✳

❚❤✐s s✐♠♣❧✐✜❝❛t✐♦♥ ❧❡❛❞s t♦ ❛ tr❛♥s❛❝t✐♦♥✲❜❛s❡❞ ♠♦❞❡❧✱ ✇✐t❤♦✉t ♣r❡❝✐s✐♦♥ ♦♥ t❤❡ ❡①❡❝✉t✐♦♥
t✐♠❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝♦r❡✳ ❯♥❞❡r t❤❡ ❣✐✈❡♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❞❡✜♥❡✿

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t cxl
❜❡ t❤❡ ■♥✐t✐❛t✐♦♥ ■♥t❡r✈❛❧ ♦❢ ❛ ♣r♦❝❡ss♦r Pl✳ ❚❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡ ❛ s❡t

♦❢ ❞❛t❛ xj ✐s✿ tcom(xj) = cxl
xj .

❊①❛♠♣❧❡ ✶✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✐♥❡q✉❛❧✐t② ✭✶✮✳ ▲❡t Pk ❜❡ ❛ ♣r♦❝❡ss♦r✱ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✼✳
■t ❤❛s t❤r❡❡ ✐♥♣✉t ✢♦✇s✿ ♦♥❡ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✱ ♦♥❡ ❢r♦♠ ❛ ♣r♦❝❡ss♦r Pl ❛♥❞ ❛♥♦t❤❡r
❞✉❡ t♦ ❛♥ ✐♥t❡r✲r❡♣❡t✐t✐♦♥✳ ❚♦ ❛✈♦✐❞ ❛ ❞❡❛❞❧♦❝❦✱ ❛❧❧ t❤❡ ❞❛t❛ ♥❡❡❞❡❞ ❜② ❛♥ ✐♥t❡r✲r❡♣❡t✐t✐♦♥ ❛r❡
st♦r❡❞ ✐♥ ✐♥t❡r♥❛❧ ♠❡♠♦r✐❡s ✇✐t❤♦✉t ❛♥② ❧❛t❡♥❝②✳ ❋r♦♠ ❞❡✜♥✐t✐♦♥s ✶ ❛♥❞ ✷✱ t❤❡ t✐♠❡ t♦ ❢❡t❝❤
✐s tfetch = max{L + x0

m
, 3xj} ❛♥❞ t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡ ✐s tcom = 6xi✳ ❚❤❛♥❦s t♦ t❤❡ ❛❝❝❡ss

❛✣♥✐t② ✇❡ ❦♥♦✇ t❤❛t✱ x0 = 6xi ❛♥❞ xj = 3xi✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ✭✶✮✱ ✇❡ ❤❛✈❡ t❤❛t ❡✐t❤❡r



❆r❝❤✐t❡❝t✉r❡ ❊①♣❧♦r❛t✐♦♥ ❢♦r ❊✣❝✐❡♥t ❉❛t❛ ❚r❛♥s❢❡r ❛♥❞ ❙t♦r❛❣❡ ✐♥ ❉❛t❛✲P❛r❛❧❧❡❧ ❆♣♣❧✐❝❛t✐♦♥s ✼

L + 6xi

m
≤ 6xi✱ ♣♦ss✐❜❧❡ ♦♥❧② ✐❢ m > 1 ♦r 9xi > 6xi✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ■♥ t❤✐s ❧❛st ❝❛s❡✱ t❤❡

✉s❛❣❡ ♦❢ ❞❛t❛ ♣❛r❛❧❧❡❧✐s♠ ❝❛♥ ♠❛s❦ t❤❡ t✐♠❡ t♦ ❢❡t❝❤✳
❙❝❛❧✐♥❣ t❤❡ ♣❛r❛❧❧❡❧✐s♠ ❧❡✈❡❧✳ ■♥ t❤❡ ♣r♦♣♦s❡❞ ❛r❝❤✐t❡❝t✉r❡ t❤❡r❡ ❛r❡ t✇♦ ❧❡✈❡❧s ♦❢ ♣❛r✲

❛❧❧❡❧✐s♠✿ ✶✮ t❤❡ ♣❛r❛❧❧❡❧✐s♠ ❜❡t✇❡❡♥ ❞❛t❛ ❛❝❝❡ss ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ✷✮ t❤❡ ♣❛r❛❧❧❡❧✐s♠ ❞✉❡ t♦ t❤❡
♣✐♣❡❧✐♥❡ ♦❢ ✐t❡r❛t✐♦♥s ♦♥ t❤❡ s❛♠❡ ♣r♦❝❡ss♦r✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❢✉rt❤❡r s❝❛❧❡ t❤❡ ♣❛r❛❧❧❡❧✐s♠ ❧❡✈❡❧✱ ❜②
❝♦♠♣✉t✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ ✐♥❞❡♣❡♥❞❡♥t ❣r♦✉♣s ♦❢ ❞❛t❛✳ ❲❡ ✐♥❞✐❝❛t❡ ✇✐t❤ Ncuk

t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧
❝♦♠♣✉t❛t✐♦♥ ✉♥✐ts ♦❢ ❛ ♣r♦❝❡ss♦r Pk✱ ✇❤✐❝❤ ✐s ❛❜❧❡ t♦ ❝♦♠♣✉t❡ Ncuk

❜❧♦❝❦s ♦❢ ❞❛t❛ ✐♥ ♣❛r❛❧❧❡❧✳
❚♦ ❛♣♣❧② t❤❡ ❞❛t❛ ♣❛r❛❧❧❡❧✐s♠✱ ✇❡ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡ ♣r♦❝❡ss♦rs ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇✐t❤ t❤❡
❡①t❡r♥❛❧ ♠❡♠♦r② ❛♥❞ t❤❡ ♣r♦❝❡ss♦rs ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❋♦r t❤❡ ♣r♦❝❡ss♦rs ❝♦♠✲
♠✉♥✐❝❛t✐♥❣ ✇✐t❤ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ ✉♥✐ts Ncuk

✐s ❧✐♠✐t❡❞
❜② t❤❡ ♠❡♠♦r② ❜❛♥❞✇✐❞t❤✳ ❲❤❡♥ ❛ ♣r♦❝❡ss♦r ✇r✐t❡s ❛ ❞❛t❛ ✢♦✇ ✐♥t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✱ ✐ts
♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ ✉♥✐ts Ncuk

✐s ❧✐♠✐t❡❞ t♦ m t❤❡ ♥✉♠❜❡r ♦❢ ❞❛t❛ ♣❡r ♠❡♠♦r② ✇♦r❞✿

Ncuk
< m. ✭✹✮

❲❤❡♥ ❛ ♣r♦❝❡ss♦r r❡❝❡✐✈❡s ❛♥ ✐♥♣✉t ❞❛t❛ ✢♦✇ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✱ ❛❧❧ t❤❡ ❞❛t❛ ❛r❡ s❡q✉❡♥✲
t✐❛❧❧② str❡❛♠❡❞ ♦♥ ❛ ✉♥✐q✉❡ ✐♥♣✉t ❋■❋❖ q✉❡✉❡✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❞✉♣❧✐❝❛t❡ t❤❡ ✐♥t❡r♥❛❧ ♠❡♠♦r✐❡s
❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✉♥✐ts✱ ❜✉t t❤❡ t✐♠❡ t♦ ❢❡t❝❤ t❤❡ ✐♥♣✉t ❞❛t❛ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢
♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ ✉♥✐ts Ncuk

✱ ✇❤✐❧❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✇✐❧❧ ❜❡ ❞✐✈✐❞❡❞ ❜② ❛ ❢❛❝t♦r Ncuk
✿

Ncuk

(

L +
xj

m

)

<
cxk

xi

Ncuk

. ✭✺✮

❋♦r t❤❡ ♣r♦❝❡ss♦r ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇✐t❤ ❡❛❝❤ ♦t❤❡r t❤❡ ♣❛r❛❧❧❡❧✐s♠ ❧❡✈❡❧ r❡❞✉❝❡s ❜♦t❤ t❤❡ t✐♠❡ t♦

❢❡t❝❤ ❛♥❞ t❤❡ t✐♠❡ t♦ ❝♦♠♣✉t❡✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✭✶✮❜❡❝♦♠❡s
Cxl

xj

Ncul

≤
Cxk

xi

Ncuk

✳ ❚❤❛♥❦s t♦ t❤❡ ❛✣♥✐t②

♦❢ t❤❡ ❛rr❛② ❛❝❝❡ss❡s✱ ✐✳❡✳ xj = kijxi ✇✐t❤ kij ∈ N
∗✱ ✇❡ ❝❛♥ ✐♥❢❡r ❛ ❝♦♥str❛✐♥t ♦♥ t❤❡ ♣❛r❛❧❧❡❧✐s♠

❧❡✈❡❧ ♦❢ t✇♦ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣r♦❝❡ss♦rs✿

Ncuk

Cxk

≤
Ncul

Cxl
kij

. ✭✻✮

●❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ tr❛♥s❢❡r ❛♥❞ st♦r❛❣❡ ♠♦❞❡❧✳ ❲❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ♠❛♣♣✐♥❣ r✉❧❡ ♦❢
✐♥❡q✉❛❧✐t② ✭✶✮t♦ t❤❡ ✇❤♦❧❡ ♣r♦❝❡ss♦r ♥❡t✇♦r❦✱ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r♦❝❡ss♦rs ✐♥t❡r❝♦♥♥❡❝✲
t✐♦♥s✳ ❋♦r t❤❛t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❛ ♣r♦❣r❡ss✐✈❡ ✇❛②✳

❉❡✜♥✐t✐♦♥ ✸✳ ●✐✈❡♥ ❛ ♥❡t✇♦r❦ ♦❢ ♣r♦❝❡ss♦rs✱ ❛ ❝♦❧✉♠♥✲✈❡❝t♦r X ♦❢ ♣♦ss✐❜❧❡ ❞❛t❛ ❜❧♦❝❦ s✐③❡s
♣r♦❞✉❝❡❞ ♦r ❝♦♥s✉♠❡❞ ❜② t❤❡ ♣r♦❝❡ss♦rs ✐♥ t❤❡ ♥❡t✇♦r❦ ✐s✿ X = (x0, . . . , xn−1) ✇❤❡r❡ xi ✐s ❛ ❞❛t❛
❜❧♦❝❦ ♣r♦❞✉❝❡❞ ♦r ❝♦♥s✉♠❡❞ ❜② Pk✱ ∀k ∈ [0, n − 1]✳

❚❤❡ ✈❡❝t♦r X ✐s ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t✇♦ ✈❡❝t♦rs Xout ❛♥❞ Xin✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ Xin ✭r✐❡s♣❡❝✲
t✐✈❡❧② Xout✮ ❛r❡ ❡✐t❤❡r ✵ ♦r t❤♦s❡ ♦❢ X ❛t t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥♣✉t
✭r❡s♣❡❝t✐✈❡❧② ♦✉t♣✉t✮ ❞❛t❛ ❜❧♦❝❦s ✐♥ t❤❡ ♥❡t✇♦r❦✳ ❆ ❝♦♦r❞✐♥❛t❡ xj ♦❢ Xin ❡q✉❛❧s kijxi✱ ✇❤❡r❡
xi ∈ Xout ❛♥❞ kij ∈ N

∗✳ ❚❤❡ ❞❛t❛ ❜❧♦❝❦s ♦❢ s✐③❡ xj ❝❛♥ ❜❡ r❡❝❡✐✈❡❞ ❡✐t❤❡r ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ♦r
❢r♦♠ ❛♥♦t❤❡r ♣r♦❝❡ss♦r ♦❢ t❤❡ ♥❡t✇♦r❦✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✱ ✇❡ ❣✐✈❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Xin ❛♥❞ Xout ❛♥❞ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤❡
❝❛s❡ ✇❤❡♥ t❤❡ ✐♥♣✉t ❞❛t❛ ❜❧♦❝❦s ❛r❡ r❡❝❡✐✈❡❞ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✳

❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t XMem
in ❜❡ ❛ ✈❡❝t♦r ♦❢ ♣♦ss✐❜❧❡ s✐③❡s ❢♦r t❤❡ ❞❛t❛ ❜❧♦❝❦s r❡❛❞ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧

♠❡♠♦r②✳ ❚❤❡ ♠❛tr✐❝❡s Kδ ❛♥❞ KMem
δ ❣✐✈✐♥❣ t❤❡ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ t❤❡ s✐③❡s ♦❢ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t

❞❛t❛ ❜❧♦❝❦s ❛r❡✿

Xin = KδXout ❢♦r ❛❧❧ t❤❡ ✐♥♣✉t ❝♦♠♠✉♥✐❝❛t✐♦♥s
XMem

in = KMem
δ Xout ❢♦r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✳



✽ ❘✳ ❈♦r✈✐♥♦✱ ❆✳ ●❛♠❛t✐é✱ P✳ ❇♦✉❧❡t

✇❤❡r❡ Xout ❛♥❞ Xin ❛r❡ ✈❡❝t♦rs ♦❢ ♣♦ss✐❜❧❡ s✐③❡s ❢♦r r❡s♣❡❝t✐✈❡❧② ♦✉t♣✉t ❛♥❞ ✐♥♣✉t ❞❛t❛ ❜❧♦❝❦s✳

❆♥ ❡❧❡♠❡♥t δij ♦❢ Kδ ✭♦r KMem
δ ✮ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

δij =

{

kij ✐❢ xj = kijxi ❛♥❞ xj ∈ Xin( ♦r r❡s♣❡❝t✐✈❡❧② xj ∈ XMem
in )

0 ♦t❤❡r✇✐s❡✳

❉❡✜♥✐t✐♦♥ ✺✳ ▲❡t XMem
out ❛♥❞ XCom

out ❜❡ t✇♦ ✈❡❝t♦rs ♦❢ ♣♦ss✐❜❧❡ s✐③❡s ♦❢ ❞❛t❛ ❜❧♦❝❦s r❡s♣❡❝t✐✈❡❧②
✇r✐tt❡♥ ✐♥t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❛♥❞ ❡①❝❤❛♥❣❡❞ ❜② t❤❡ ♣r♦❝❡ss♦rs✳ ❲❡ ❞❡✜♥❡ t✇♦ ♠❛tr✐❝❡s IMem

δ

❛♥❞ ICom
δ s♦ t❤❛t✿ XMem

out = IMem
δ Xout

XCom
out = ICom

δ KδXout

✇❤❡r❡ Kδ ❣✐✈❡s t❤❡ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ t❤❡ s✐③❡s ♦❢ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❞❛t❛ ❜❧♦❝❦s ❢♦r ❛❧❧ t❤❡ ✐♥♣✉t
❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❆♥ ❡❧❡♠❡♥t δij ♦❢ IMem

δ ✭♦r ICom
δ ✮ ✐s✿

δij =

{

1 ✐❢ xj ∈ XMem
out ( ♦r r❡s♣❡❝t✐✈❡❧② xj ∈ Xin \ XMem

in )
0 ♦t❤❡r✇✐s❡✳

❉❡✜♥✐t✐♦♥ ✻✳ ●✐✈❡♥ ❛ ♣r♦❝❡ss♦r Pk✱ ❛ ❝♦❧✉♠♥ ✈❡❝t♦r Cx ❣✐✈✐♥❣ t❤❡ ■♥✐t✐❛t✐♦♥ ■♥t❡r✈❛❧ ♣❡r ♣r♦✲
❝❡ss♦r✱ ✐s Cx = {cxk

: cxk
✐s t❤❡ ■♥✐t✐❛t✐♦♥ ■♥t❡r✈❛❧ ♦❢ ❛ ♣r♦❝❡ss♦r Pk}.

❉❡✜♥✐t✐♦♥ ✼✳ ●✐✈❡♥ ❛ ♣r♦❝❡ss♦r Pk✱ ❛ ❝♦❧✉♠♥ ✈❡❝t♦r Ncu ❣✐✈✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛✲
t✐♦♥ ✉♥✐ts ♣❡r ♣r♦❝❡ss♦r✱ ✐s Ncu = {Ncuk

: Ncuk
✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ ✉♥✐ts ✐♥ Pk}.

❋r♦♠ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s✱ ✇❡ ✐♥❢❡r t❤❡ ♠❛♣♣✐♥❣ ❝r✐t❡r✐❛ t♦ ♠❛s❦ t❤❡ ❞❛t❛ ❛❝❝❡ss ❧❛t❡♥❝② ❢♦r
t❤❡ ✐♥♣✉t✱ ♦✉t♣✉t ❛♥❞ ✐♥t❡r♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡✳
▼❛♣♣✐♥❣ ❈r✐t❡r✐♦♥ ✶✳ ■♥♣✉t ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✳ ▲❡t ❜❡ XMem =
XMem

in + XMem
out = (KMem

δ + IMem
δ )Xout ❛♥❞ Diag(Ncu) ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇❤♦s❡ ❞✐❛❣♦♥❛❧

❡❧❡♠❡♥ts ❛r❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ✈❡❝t♦r Ncu✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✸ ❛s ❢♦❧❧♦✇s✿

tfetch(XMem) = Diag(Ncu)V ect(1)T (NkLm +
V ect(1)(KMem

δ +IMem
δ )Xout

m
) ❛♥❞ ❉❡✜♥✐t✐♦♥ ✷✳ ❛s

❢♦❧❧♦✇s✿ tcom(XMem
in ) =

Diag(Cx)KMem
δ Xout

Diag(Ncu) ✳ ❚❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ tfetch(XMem) ❛♥❞ tcom(XMem
in )

✐♥ ✐♥❡q✉❛❧✐t② ✭✶✮✱ ❣✐✈❡s✿

(

Diag(Cx)KMem
δ

Diag(Ncu)Diag(Ncu)
−

V ect(1)T V ect(1)(KMem
δ + IMem

δ )

m

)

Xout ≤ V ect(1)T NkLm.

▼❛♣♣✐♥❣ ❈r✐t❡r✐♦♥ ✷✳ ❖✉t♣✉t ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✳ ▲❡t NT
cuIMem

δ ❜❡ t❤❡
♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ✉♥✐ts ♦❢ t❤❡ ♣r♦❝❡ss♦rs ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇✐t❤ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✳
❋r♦♠ ✐♥❡q✉❛❧✐t② ✹✱ ✇❡ ✐♥❢❡r✿

Diag(Ncu)IMem
δ ≤ m.

▼❛♣♣✐♥❣ ❈r✐t❡r✐♦♥ ✸✳ ●✐✈❡♥ XCom
out ♦❢ ❞❡✜♥✐t✐♦♥ ✺✳ ▲❡t Ii ❛♥❞ Ij ❜❡ t✇♦ sq✉❛r❡❞ ♠❛tr✐❝❡s s♦

t❤❛t t❤❡ ❧❡❢t ♠✉❧t✐♣❧✐❝❛t✐♦♥ IjI
Com
δ s❡❧❡❝ts t❤❡ jth ❧✐♥❡ ♦❢ ICom

δ ✳ ❋r♦♠ ✐♥❡q✉❛❧✐t② ✻✱ ✇❡ ✐♥❢❡r✿

∀i, j IjDiag(Cx)ICom
δ KδDiag(N−1

cu ) ≤ IiDiag(Cx)Diag(N−1
cu ).

❚❤❡ ❛❜♦✈❡ ♠❛♣♣✐♥❣ ❝r✐t❡r✐❛ ❢♦r♠ ❛ s②st❡♠ ♦❢ ✐♥❡q✉❛❧✐t✐❡s ✇❤♦s❡ ✈❛r✐❛❜❧❡s ❛r❡ t❤❡ ♣❛r❛❧❧❡❧✐s♠
❧❡✈❡❧ Ncu ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ tr❛♥s❢❡rr❡❞ ❞❛t❛ ❜❧♦❝❦s Xout✳ ❙♦❧✈✐♥❣ t❤❡ s②st❡♠ ♦❢ ✐♥❡q✉❛❧✐t✐❡s
♠❡❛♥s t♦ ✜♥❞ Ncu ❛♥❞ Xout t❤❛t ♠❛s❦ t❤❡ t✐♠❡ t♦ ❛❝❝❡ss ❞❛t❛ ❛♥❞ r❡s♣❡❝t t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②
❜❛♥❞✇✐❞t❤✳



❆r❝❤✐t❡❝t✉r❡ ❊①♣❧♦r❛t✐♦♥ ❢♦r ❊✣❝✐❡♥t ❉❛t❛ ❚r❛♥s❢❡r ❛♥❞ ❙t♦r❛❣❡ ✐♥ ❉❛t❛✲P❛r❛❧❧❡❧ ❆♣♣❧✐❝❛t✐♦♥s ✾

✹ ❚❤❡ ❉❡s✐❣♥ ❙♣❛❝❡ ❊①♣❧♦r❛t✐♦♥ ❛♣♣r♦❛❝❤

❲❡ ♣r♦♣♦s❡ ❛ ❉❡s✐❣♥ ❙♣❛❝❡ ❊①♣❧♦r❛t✐♦♥ ✭❉❙❊✮ ✇❤✐❝❤ ✐s ❛✐♠❡❞ t♦ ❡✣❝✐❡♥t❧② ♠❛♣ ❛♥ ❛♣♣❧✐❝❛t✐♦♥
❞❡s❝r✐❜❡❞ ✐♥ ❆rr❛②✲❖▲ ♦♥t♦ ❛♥ ❛r❝❤✐t❡❝t✉r❡ ❛s ♣r♦♣♦s❡❞ ✐♥ ❋✐❣✳ ✹✳ ❚❤❡ ❉❙❊ ❝❤♦♦s❡s ❛ t❛s❦ ❢✉s✐♦♥
t❤❛t ✐♠♣r♦✈❡s t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ❛♥❞ ✉s❡s t❤❡ ♠✐♥✐♠❛❧ ✐♥t❡r✲t❛s❦ ♣❛tt❡r♥s✳ ❚❤❡♥ ✐t ❝❤❛♥❣❡s t❤❡
❞❛t❛ ♣❛✈✐♥❣ ✐♥ ♦r❞❡r t♦ ♠❛s❦ t❤❡ ❧❛t❡♥❝② ♦❢ t❤❡ ❞❛t❛ ❛❝❝❡ss❡s✳ ❚❤❡ s♣❛❝❡ ♦❢ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐s ❛
s❡t ♦❢ s♦❧✉t✐♦♥s ✇✐t❤ ❛ ❣✐✈❡♥ ♣❛r❛❧❧❡❧✐s♠✱ ❛ ❢✉s✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ❞❛t❛ ❜❧♦❝❦ s✐③❡s t❤❛t ♠❡❡t
t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❜❛♥❞✇✐❞t❤✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡①♣❧♦r❛t✐♦♥ ✐s ❛ s❡t ♦❢
s♦❧✉t✐♦♥s ✇❤✐❝❤ ❛r❡ ♦♣t✐♠❛❧ ✭❛❧s♦ t❡r♠❡❞ ♣❛r❡t♦ ✮ ✇✐t❤ r❡s♣❡❝t t♦ t✇♦ ♦♣t✐♠✐③❛t✐♦♥ ❝r✐t❡r✐❛✿ t❤❡
❛r❝❤✐t❡❝t✉r❡ ❧❛t❡♥❝② ❛♥❞ t❤❡ ✐♥t❡r♥❛❧ ♠❡♠♦r② ❛♠♦✉♥t✳
❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❝r✐t❡r✐❛✳ ❆ ♣r♦❝❡ss♦r Pi ❝♦♥t❛✐♥s ❛ ❜✉✛❡r ♦❢ s✐③❡ LMj ♣❡r ❡❛❝❤ ✐♥♣✉t ✢♦✇✿

LMj(Pi) = 2Ncui
xj .

❚❤❡ ❢❛❝t♦r ✷ ✐s ❞✉❡ t♦ t❤❡ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣✳ ❚❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ✉s❡❞ ✐♥t❡r♥❛❧ ♠❡♠♦r② ✐s✿

IM =
∑

i

∑

j

LMj(Pi).

❲❡ ❞❡✜♥❡ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ❧❛t❡♥❝② ❛s t❤❡ ❧❛t❡♥❝② t♦ ❝♦♠♣✉t❡ ❛ s✐♥❣❧❡ ♦✉t♣✉t ✐♠❛❣❡✳ ❆s ✐♥ ♦✉r
♠♦❞❡❧✱ t❤❡ t✐♠❡s t♦ ❛❝❝❡ss ❞❛t❛ ❛r❡ ❛❧✇❛②s ♠❛s❦❡❞✱ ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ❧❛t❡♥❝②
✇✐t❤ t❤❡ t✐♠❡ ♥❡❝❡ss❛r② t♦ ❡①❡❝✉t❡ ❛❧❧ t❤❡ ♦✉t♣✉t tr❛♥s❢❡rs t♦✇❛r❞s t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✿

AL = Imagesize△(IMem
δ ).

✇❤❡r❡ △ ❞❡♥♦t❡s t❤❡ ❞❡t❡r♠✐♥❛♥t✳ Imagesize ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❆rr❛②✲❖▲ s♣❡❝✐✜❝❛t✐♦♥✳
❚❤❡ ❆rr❛②✲❖▲ ♠♦❞❡❧ ♦♥ t❤❡ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡✳ ❆♥ ❆rr❛②✲❖▲ ♠♦❞❡❧ ❝❛♥ ❞✐r❡❝t❧② ❜❡

♠❛♣♣❡❞ ♦♥t♦ ❛♥ ❛r❝❤✐t❡❝t✉r❡ ❧✐❦❡ t❤❛t ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹✱ ❜② ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s✿

✶✳ ❚❤❡ ❛♥❛❧②s✐s st❛rts ❢r♦♠ ❛ ❝❛♥♦♥✐❝❛❧ ❆rr❛②✲❖▲ s♣❡❝✐✜❝❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t
t♦ ❛ ♣❡r❢❡❝t❧② ❧♦♦♣✲♥❡st❡❞ ❝♦❞❡ ❬✷✸❪✿ ✐t ❝❛♥♥♦t ❝♦♥t❛✐♥ r❡♣❡t✐t✐♦♥ ❛r♦✉♥❞ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢
r❡♣❡t✐t✐✈❡ t❛s❦✳

✷✳ ❚❤❡ ❤✐❡r❛r❝❤② ♦❢ t❤❡ ❆rr❛②✲❖▲ ♠♦❞❡❧ ✐s ❛♥❛❧②③❡❞ ❢r♦♠ t❤❡ ❤✐❣❤❡st t♦ t❤❡ ❧♦✇❡st ❧❡✈❡❧✳
✸✳ ❆t t❤❡ ❤✐❣❤❡st ❧❡✈❡❧✱ ✇❡ ✐♥❢❡r t❤❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠❛♣♣✐♥❣✱ ✐✳❡✳ Cx✱ IMem

δ ✱ Icom
δ ✱ Kδ ❛♥❞

KMem
δ ✳ ●✐✈❡♥ ❛ t❛s❦ taski✱ ❧❡t sp

in(taski) ❛♥❞ sp
in(j) ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ s✐③❡ ♦❢ t❤❡ ♦✉t♣✉t

♣❛tt❡r♥ ❛♥❞ ✐♥♣✉t ♣❛tt❡r♥s ✭j✮✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ Kδ ❛♥❞ KMem
δ ❛r❡ ❝♦♠♣✉t❡❞ ❛s✿

δi,j =
△(Diag(sp

in(j))

△(Diag(sp
out(taski))

.

❆♥ ❡❧❡♠❡♥t cxi
♦❢ Cx ✐s cxi

= maxj{δi,j}✳ ❚❤❡ ✈❛❧✉❡s ♦❢ IMem
δ ❛♥❞ Icom

δ ❡❧❡♠❡♥ts ❞❡♣❡♥❞ ♦♥
t❤❡ ✐♥t❡r✲t❛s❦ ❧✐♥❦s✳

✹✳ ❆t ❡❛❝❤ ❧❡✈❡❧ ✇❡ ❞✐st✐♥❣✉✐s❤ ❛♠♦♥❣ ❛♥ ❡❧❡♠❡♥t❛r②✱ ❛ ❝♦♠♣♦s✐t❡ ♦r ❛ r❡♣❡t✐t✐✈❡ t❛s❦✳
✕ ■❢ t❤❡ t❛s❦ ✐s ❡❧❡♠❡♥t❛r② ♦r ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❡❧❡♠❡♥t❛r② t❛s❦s✱ ❛ s❡t ♦❢ ❧✐❜r❛r② ❡❧❡♠❡♥ts

✐s ✐♥st❛♥t✐❛t❡❞ t♦ r❡❛❧✐③❡ ✐t✳
✕ ❲❤❡♥ ❛ t❛s❦ ✐s ❛ r❡♣❡t✐t✐♦♥ ✇❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿ ✐❢ ✐t ✐s ❛ r❡♣❡t✐t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ t❛s❦

✇❡ ✐♥st❛♥t✐❛t❡ ❛ s✐♥❣❧❡ ♣r♦❝❡ss♦r❀ ✐❢ ✐t ✐s ❛ r❡♣❡t✐t✐♦♥ ♦❢ ❛ ❝♦♠♣♦✉♥❞ t❛s❦ ✇❡ ✐♥st❛♥t✐❛t❡
❛ s❡t ♦❢ ♣r♦❝❡ss♦rs ✐♥ ❛ ❙■▼❉✱ ▼■▼❉ ♦r ♣✐♣❡❧✐♥❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ r❡♣❡t✐t✐♦♥s ♦❢ t❤❡
s❛♠❡ t❛s❦ ✐s ✐t❡r❛t❡❞ ♦♥ t❤❡ s❛♠❡ ❤❛r❞✇❛r❡ ♦r ❡①❡❝✉t❡❞ ✐♥ ♣❛r❛❧❧❡❧ ❛❝❝♦r❞✐♥❣ t♦ ♠❛♣♣✐♥❣
❝r✐t❡r✐❛✳

✺✳ ❊❛❝❤ ✐♥st❛♥t✐❛t❡❞ ♣r♦❝❡ss♦r ❝♦♥t❛✐♥s ❛t ❧❡❛st ❛ ❞❛t❛♣❛t❤ ✭♦❢ ❧✐❜r❛r② ❡❧❡♠❡♥ts✮ ❛♥❞ ♠❛② ❝♦♥t❛✐♥
s♦♠❡ ❧♦❝❛❧ ❜✉✛❡rs ❛♥❞ ❛ ❧♦❝❛❧ ♠❡♠♦r② ❝♦♥tr♦❧❧❡r✳



✶✵ ❘✳ ❈♦r✈✐♥♦✱ ❆✳ ●❛♠❛t✐é✱ P✳ ❇♦✉❧❡t

<B>
<1,1> <1,1> <1,1>

<B><A>
<1,1>

<A,B><A,B> <A,B><A,B>

<1>

Output port
Input port

<1,1> <1><1,1>
<A>

❋✐❣✳ ✽✿ ❊①❛♠♣❧❡ ♦❢ ❛ ♣♦ss✐❜❧❡ ❝❛♥♦♥✐❝❛❧ ❆rr❛②✲❖▲ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❛ ▲P❙❋ ✜❧t❡r✳

❊①❛♠♣❧❡ ✷✳ ▼❛♣♣✐♥❣ ❝♦♥str❛✐♥ts ❢♦r ❛ ▲P❙❋ ✜❧t❡r ✐♥ ❛♥ ❆rr❛②✲❖▲ s♣❡❝✐✜❝❛t✐♦♥✳ ❋✐❣✳ ✽

s❤♦✇s ❛ ♣♦ss✐❜❧❡ ❝❛♥♦♥✐❝❛❧ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❛ ▲P❙❋ ✜❧t❡r✳

❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❝♦♥t❛✐♥s ✹ ❡❧❡♠❡♥t❛r② t❛s❦s✱ t❤✉s ✇❡ ✐♥st❛♥t✐❛t❡ ✹ ♣r♦❝❡ss♦rs (P1, P2, P3, P4)✳
❚❤❡ ✉s❡r✬s s♣❡❝✐✜❡❞ ♣❛r❛♠❡t❡rs ❛r❡✿ m = 4 ❛♥❞ Lm = 30✳ ❋r♦♠ t❤❡ ❆rr❛②✲❖▲ s♣❡❝✐✜❝❛t✐♦♥
❛♥❛❧②s✐s✱ ✇❡ ✐♥❢❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠❛♣♣✐♥❣ ❝r✐t❡r✐❛✿ Cx = (1, 1, 1, 1)❀

IMem
δ =

0

B

B

B

B

B

@

0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1

1

C

C

C

C

C

A

❀ Icom
δ =

0

B

B

B

B

B

@

0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0

1

C

C

C

C

C

A

❀ Kδ =

0

B

B

B

B

B

@

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

1

C

C

C

C

C

A

❀ KMem
δ =

0

B

B

B

B

B

@

0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0

1

C

C

C

C

C

A

❆ ✷✵✵ ❧✐♥❡s P②t❤♦♥ ❝♦❞❡ ♣r♦❝❡ss❡s t❤❡s❡ ♣❛r❛♠❡t❡rs ❛♥❞ ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❜② s♦❧✈✐♥❣
t❤❡ ✐♥❡q✉❛❧✐t② s②st❡♠ ♦❢ t❤❡ ♠❛♣♣✐♥❣ ❝r✐t❡r✐❛✿ Ncu ≤ (4, 4, 4, 4)❀ Xout ≥ (480, 480, 480, 480)✳ ❚❤❡s❡
❝♦♥str❛✐♥ts ❛r❡ ✉s❡❞ t♦ ❝❤♥❛❣❡ t❤❡ ❞❛t❛ ♣❛✈✐♥❣ ✐♥ t❤❡ ❆rr❛②✲❖▲ s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤❡ P②t❤♦♥ ♣r♦❣r❛♠
❛❧s♦ ❝♦♠♣✉t❡s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❝r✐t❡r✐❛ t♦ ❡♥❛❜❧❡ t❤❡ s✉❝❝❡ss✐✈❡ ❞❡s✐❣♥ s♣❛❝❡ ❡①♣❧♦r❛t✐♦♥✿ IM =

15K(data) AL = 4M(cycles)✳

❚❤❡ ❉❙❊ ✢♦✇✳ ❇② st❛rt✐♥❣ ❢r♦♠ ❛ ❝❛♥♦♥✐❝❛❧ ❢♦r♠✱ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ t❛s❦ ❢✉s✐♦♥s ❛r❡ ❡①♣❧♦r❡❞
✭❛❝❝♦r❞✐♥❣ t♦ ❛ ♠❡t❤♦❞ ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✮✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❆rr❛②✲❖▲ ♠♦❞❡❧ ✐s
♠❛♣♣❡❞ ♦♥t♦ ❛♥ ❛r❝❤✐t❡❝t✉r❡ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹ ❛♥❞ t❤❡ r❡♣❡t✐t✐♦♥ ❣r❛♥✉❧❛r✐t② ♦❢ t❤❡ ♠❡r❣❡❞
t❛s❦s ✐s ❝❤❛♥❣❡❞ ✐♥ ♦r❞❡r t♦ ♠❛s❦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❧❛t❡♥❝②✳ ❚❤❡ ❣r❛♥✉❧❛r✐t② ✐s ❝❤❛♥❣❡❞
t❤r♦✉❣❤ ❛ ❝❤❛♥❣❡ ♣❛✈✐♥❣ ❛♥❞ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ △(Diag(sout

p (taski))) ≥ xi✳ ❋✐♥❛❧❧②✱ t❤❡ ♦❜t❛✐♥❡❞
s♦❧✉t✐♦♥s ❛r❡ ❡✈❛❧✉❛t❡❞ ❛❣❛✐♥st t❤❡ ❛♠♦✉♥t ♦❢ ✐♥t❡r♥❛❧ ♠❡♠♦r② ✉s❡❞ ❛♥❞ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ❧❛t❡♥❝②✳
❚❤❡ ♣❛r❡t♦ s♦❧✉t✐♦♥s ❛r❡ ❝❤♦s❡♥✳

❘❡❞✉❝✐♥❣ t❤❡ s♣❛❝❡ ♦❢ ♣♦ss✐❜❧❡ ❢✉s✐♦♥s✳ ❚♦ r❡❞✉❝❡ t❤❡ ❡①♣❧♦r❛t✐♦♥ s♣❛❝❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡
❢✉s✐♦♥s✱ ✇❡ ♣r♦♣♦s❡ t♦ ❛❞❛♣t t❤❡ ♠❡t❤♦❞ ✉s❡❞ ❜② ❚❛❧❛❧ ❛t ❛❧✳ ✭❬✷✹❪✮ t♦ ❣❡♥❡r❛t❡ ♦♣t✐♠❛❧ ❝♦❛❧✐t✐♦♥
str✉❝t✉r❡s✳ ●✐✈❡♥ ❛ ♥✉♠❜❡r ♦❢ t❛s❦s n✱ ✇❡ ❝❛♥ ♠❛♣ t❤❡ s♣❛❝❡ ♦❢ ♣♦ss✐❜❧❡ ❢✉s✐♦♥s ♦♥t♦ ❛♥ ✐♥t❡❣❡r
♣❛rt✐t✐♦♥ ♦❢ n✳ ❆♥ ✐♥t❡❣❡r ♣❛rt✐t✐♦♥ ✐s ❛ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ✈❡❝t♦rs ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛❞❞
✉♣ t♦ n✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✐♥t❡❣❡r ♣❛rt✐t✐♦♥ ♦❢ n = 4 ✐s [1, 1, 1, 1], [2, 1, 1], [2, 2], [3, 1], [4]✳ ❊❛❝❤
✈❡❝t♦r ♦❢ t❤❡ ✐♥t❡❣❡r ♣❛rt✐t✐♦♥ ❝❛♥ ❜❡ ❛ ♠❛♣♣✐♥❣ ❢♦r ♠♦r❡ ♣♦ss✐❜❧❡ ❢✉s✐♦♥s ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✾✳
▲❡t ❛ ♠❛❝r♦t❛s❦ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ❢✉s✐♦♥✱ ❛s ♣r♦♣♦s❡❞ ❜② ❚❛❧❛❧ ❡t ❛❧✳✱ ✇❡ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢
s✉❜✲s♣❛❝❡s ❜② ♠❡r❣✐♥❣ t❤❡ s✉❜✲s♣❛❝❡s ✇❤♦s❡ s♦❧✉t✐♦♥s ❝♦♥t❛✐♥ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ♠❛❝r♦t❛s❦s✳
❋♦r t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✳ ✾✱ t❤❡ s✉❜✲s♣❛❝❡s ♠❛♣♣❡❞ ♦♥ t❤❡ ✐♥t❡❣❡r ♣❛rt✐t✐♦♥s ❬✸✱✶❪ ❛♥❞ ❬✷✱✷❪ ❛r❡
♠❡r❣❡❞✳ ■♥ t❤✐s ✇❛② t❤❡ ♥✉♠❜❡r ♦❢ s✉❜✲s♣❛❝❡s ✐s ❧✐♠✐t❡❞ t♦ n✳ ❚❤✐s ♠❛♣♣✐♥❣ r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r
♦❢ ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ t❤❡ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s✳ ■♥ ❢❛❝t ✇❡ s❡❛r❝❤ ❢♦r t❤❡ ♣❛r❡t♦ s♦❧✉t✐♦♥s ♦❢ ❡❛❝❤
s✉❜✲s♣❛❝❡ ❛♥❞ ✇❡ ❝♦♠♣❛r❡ t❤❡♠ t♦ ❡❛❝❤ ♦t❤❡r ✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ♣❛r❡t♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✇❤♦❧❡
s♣❛❝❡✳ ❋♦r t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✳ ✾✱ ✇❡ ♣❡r❢♦r♠ ✸✷ ❝♦♠♣❛r✐s♦♥s ✐♥st❡❛❞ ♦❢ ✺✻✳ ❚❤❡ ♣❛r❡t♦ s♦❧✉t✐♦♥s
❛r❡ ❞❡♥♦t❡❞ ❜② Psoli ✐♥ ❋✐❣✳ ✾✳ ❆♠♦♥❣ t❤❡s❡ s♦❧✉t✐♦♥s ❛ ✉s❡r ❝❛♥ ❝❤♦♦s❡ t❤❡ ♠♦st ❛❞❛♣t❡❞ t♦
❤✐s ♦r ❤❡r ♦❜❥❡❝t✐✈❡s✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡ s♦❧✉t✐♦♥ Psol1✱ ✇❤✐❝❤ ❤❛s t❤❡ ♠♦st ❛❞✈❛♥✲
t❛❣❡♦✉s tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡ ✉s❡❞ ✐♥t❡r♥❛❧ ♠❡♠♦r② ❛♥❞ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ❧❛t❡♥❝②✳ ❚❤❡ ♠❛♣♣✐♥❣
❝♦♥str❛✐♥ts ❢♦r t❤✐s s♦❧✉t✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ ❊①❛♠♣❧❡ ✷✳ ❇❧♦❝❦s ♦❢ ❞❛t❛ ♣❛rs✐♥❣ t❤❡ ✐♥♣✉t ✐♠❛❣❡
❢r♦♠ t❤❡ t♦♣ ❧❡❢t t♦ t❤❡ ❜♦tt♦♠ r✐❣❤t ❝♦r♥❡r ❛r❡ ♣✐♣❡❧✐♥❡❞ ♦♥ t❤❡ ❍❋▲❘ ❛♥❞ ❱❋❚❉ ✜❧t❡rs✳ ■t ✐s
♣♦ss✐❜❧❡ t♦ ♣r♦❝❡ss ✉♣ t♦ ✹ ♣❛r❛❧❧❡❧ ❜❧♦❝❦s ♦❢ ❞❛t❛ ♣❡r ✜❧t❡r✳ ❊❛❝❤ ❜❧♦❝❦ ❤❛s t♦ ❝♦♥t❛✐♥ ❛t ❧❡❛st
✻✵ ❞❛t❛ t♦ ♠❛s❦ t❤❡ t✐♠❡ t♦ ❢❡t❝❤✳ ❚❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❍❋❘▲ ❛♥❞ ❱❋❇❯ ✜❧t❡rs ✐s s✐♠✐❧❛r ❡①❝❡♣t



❆r❝❤✐t❡❝t✉r❡ ❊①♣❧♦r❛t✐♦♥ ❢♦r ❊✣❝✐❡♥t ❉❛t❛ ❚r❛♥s❢❡r ❛♥❞ ❙t♦r❛❣❡ ✐♥ ❉❛t❛✲P❛r❛❧❧❡❧ ❆♣♣❧✐❝❛t✐♦♥s ✶✶

t❤❛t ✐t st❛rts ❢r♦♠ t❤❡ ❜♦tt♦♠ r✐❣❤t ❛♥❞ st♦♣s t♦ t❤❡ t♦♣ ❧❡❢t ❝♦r♥❡r✳

✶✼ ✹ ▼

✷ ▼ ✹ ▼

✷ ▼ ✷ ▼

Lm = 30♠❂✹

✶✺ ❑ ✹ ▼

✷ ▼ ✹ ▼

✶✱✶✱✶✱✶

✹

✸✱✶

✷✱✷

✷✱✶✱✶

Psol1

Psol2

Cx = (1, 1, 1, 1)

■▼ ✭❞❛t❛✮ Ncu = (4, 4, 4, 4)❆▲ ✭❝②❝❧❡s✮

✶✺ ❑ ✽ ▼

✶✼ ❑ ✻ ▼

✷ ▼ ✻ ▼

❋✐❣✳ ✾✿ ❊①❛♠♣❧❡ ♦❢ ❛♥ ❡①♣❧♦r❛t✐♦♥ ❢♦r ❛ ▲P❙❋✳ ❙♦❧✉t✐♦♥s ♠❡r❣✐♥❣ ❱❋❉❚ ❛♥❞ ❍❋❘▲ ❤❛✈❡ t♦ st♦r❡ ❛ ✇❤♦❧❡ ✐♠❛❣❡✱ t❤✉s
t❤❡② ✉s❡ ✷▼ ♦❢ ✐♥t❡r♥❛❧ ♠❡♠♦r②✳

✺ ❈♦♥❝❧✉s✐♦♥
❲❡ ♣r❡s❡♥t❡❞ ❛ ♠❡t❤♦❞ t♦ ❡①♣❧♦r❡ t❤❡ s♣❛❝❡ ♦❢ ♣♦ss✐❜❧❡ ❞❛t❛ tr❛♥s❢❡r ❛♥❞ st♦r❛❣❡ ♠✐❝r♦✲❛r❝❤✐t❡❝t✉r❡s
❢♦r ❞❛t❛ ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❆rr❛②✲❖▲✳ ❚❤✐s ♠❡t❤♦❞ st❛rts ❢r♦♠ ❛ ❝❛♥♦♥✐❝❛❧ ❆rr❛②✲
❖▲ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❛♣♣❧② ❛ s❡t ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ✐♥❢❡r ❛♥ ❆♣♣❧✐❝❛t✐♦♥ ❙♣❡❝✐✜❝
❛r❝❤✐t❡❝t✉r❡ t❤❛t ♠❛s❦s t❤❡ t✐♠❡s t♦ tr❛♥s❢❡r ❞❛t❛ ✇✐t❤ t❤❡ t✐♠❡ t♦ ♣❡r❢♦r♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳
❲❡ ♣r♦♣♦s❡ ❛ ❝✉st♦♠✐③❛❜❧❡ ♠♦❞❡❧ ♦❢ t❤❡ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡ ✐♥❝❧✉❞✐♥❣ ❋■❋❖ q✉❡✉❡s ❛♥❞ ❞♦✉❜❧❡
❜✉✛❡r✐♥❣ ♠❡❝❤❛♥✐s♠✳ ❚❤❡ ♠❛♣♣✐♥❣ ♦❢ ❛ ❣✐✈❡♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ♦♥t♦ t❤❡ ♣r♦♣♦s❡❞
❛r❝❤✐t❡❝t✉r❡ ✐s ♣❡r❢♦r♠❡❞ t❤r♦✉❣❤ ❛ ✢♦✇ ♦❢ ❆rr❛②✲❖▲ tr❛♥s❢♦r♠❛t✐♦♥s ❛✐♠❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ♣❛r✲
❛❧❧❡❧✐s♠ ❧❡✈❡❧ ❛♥❞ t♦ r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ ✉s❡❞ ✐♥t❡r♥❛❧ ♠❡♠♦r✐❡s✳ ❲❡ ❛❧s♦ ✉s❡ ❛ ♠❡t❤♦❞ ❜❛s❡❞
♦♥ ❛♥ ✐♥t❡❣❡r ♣❛rt✐t✐♦♥ t♦ r❡❞✉❝❡ t❤❡ s♣❛❝❡ ♦❢ ❡①♣❧♦r❡❞ tr❛♥s❢♦r♠❛t✐♦♥s✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❛✐♠❡❞ t♦
❜❡ ✐♥t❡❣r❛t❡❞ ✐♥t♦ ●❛s♣❛r❞✱ ❛♥ ❆rr❛②✲❖▲ ❢r❛♠❡✇♦r❦ ❛❜❧❡ t♦ ♠❛♣ ❆rr❛②✲❖▲ ♠♦❞❡❧s ♦♥t♦ ❞✐✛❡r❡♥t
❦✐♥❞ ♦❢ t❛r❣❡t ❛r❝❤✐t❡❝t✉r❡s ❬✷✺❪✳ ❆♥ ✐♥❞✉str②✲s✐③❡ ❝❛s❡ st✉❞② ✐s ❝✉rr❡♥t❧② ✐♥ ♣r♦❣r❡ss✳

❘❡❢❡r❡♥❝❡s

✶✳ ❋ ❈❛tt❤♦♦r ❡t ❛❧✳ ❉❛t❛ ❆❝❝❡ss ❛♥❞ ❙t♦r❛❣❡ ▼❛♥❛❣❡♠❡♥t ❢♦r ❊♠❜❡❞❞❡❞ Pr♦❣r❛♠♠❛❜❧❡ Pr♦❝❡ss♦rs✳
❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱ ✷✵✵✷✳

✷✳ ❋ ❇❛❧❛s❛✱ P ❑❥❡❧❞s❜❡r❣✱ ❆ ❱❛♥❞❡❝❛♣♣❡❧❧❡✱ ▼ P❛❧❦♦✈✐❝✱ ◗ ❍✉✱ ❍ ❩❤✉✱ ❛♥❞ ❋ ❈❛tt❤♦♦r✳ ❙t♦r❛❣❡
❊st✐♠❛t✐♦♥ ❛♥❞ ❉❡s✐❣♥ ❙♣❛❝❡ ❊①♣❧♦r❛t✐♦♥ ▼❡t❤♦❞♦❧♦❣✐❡s ❢♦r t❤❡ ▼❡♠♦r② ▼❛♥❛❣❡♠❡♥t ♦❢ ❙✐❣♥❛❧
Pr♦❝❡ss✐♥❣ ❆♣♣❧✐❝❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❙②st❡♠s✱ ✺✸✭✶✮✿✺✶✕✼✶✱ ◆♦✈ ✷✵✵✽✳

✸✳ ❏❛s♦♥ ❉✳ ❍✐s❡r✱ ❏❛❝❦ ❲✳ ❉❛✈✐❞s♦♥✱ ❛♥❞ ❉❛✈✐❞ ❇✳ ❲❤❛❧❧❡②✳ ❋❛st✱ ❆❝❝✉r❛t❡ ❉❡s✐❣♥ ❙♣❛❝❡ ❊①♣❧♦r❛t✐♦♥
♦❢ ❊♠❜❡❞❞❡❞ ❙②st❡♠s ▼❡♠♦r② ❈♦♥✜❣✉r❛t✐♦♥s✳ ■♥ ❙❆❈ ✬✵✼✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵✵✼ ❆❈▼ s②♠♣♦s✐✉♠
♦♥ ❆♣♣❧✐❡❞ ❝♦♠♣✉t✐♥❣✱ ♣❛❣❡s ✻✾✾✕✼✵✻✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✷✵✵✼✳ ❆❈▼✳



✶✷ ❘✳ ❈♦r✈✐♥♦✱ ❆✳ ●❛♠❛t✐é✱ P✳ ❇♦✉❧❡t

✹✳ ◗✳ ❍✉✱ P✳ ●✳ ❑❥❡❧❞s❜❡r❣✱ ❆✳ ❱❛♥❞❡❝❛♣♣❡❧❧❡✱ ▼✳ P❛❧❦♦✈✐❝✱ ❛♥❞ ❋✳ ❈❛tt❤♦♦r✳ ■♥❝r❡♠❡♥t❛❧ ❤✐❡r❛r✲
❝❤✐❝❛❧ ♠❡♠♦r② s✐③❡ ❡st✐♠❛t✐♦♥ ❢♦r st❡❡r✐♥❣ ♦❢ ❧♦♦♣ tr❛♥s❢♦r♠❛t✐♦♥s✳ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❉❡s✐❣♥
❆✉t♦♠❛t✐♦♥ ♦❢ ❊❧❡❝tr♦♥✐❝ ❙②st❡♠s✱ ✶✷✭✹✮✿✺✵✱ ✷✵✵✼✳

✺✳ ❨♦♥❣ ❈❤❡♥✱ ❙✉r❡♥❞r❛ ❇②♥❛✱ ❳✐❛♥✲❍❡ ❙✉♥✱ ❘❛❥❡❡✈ ❚❤❛❦✉r✱ ❛♥❞ ❲✐❧❧✐❛♠ ●r♦♣♣✳ ❍✐❞✐♥❣ ■✴❖ ❧❛✲
t❡♥❝② ✇✐t❤ ♣r❡✲❡①❡❝✉t✐♦♥ ♣r❡❢❡t❝❤✐♥❣ ❢♦r ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ ❙❈ ✬✵✽✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵✵✽
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✻✳ P✳ ❘✳ P❛♥❞❛✱ ❋✳ ❈❛tt❤♦♦r✱ ◆✳ ❉✳ ❉✉tt✱ ❑✳ ❉❛♥❝❦❛❡rt✱ ❊✳ ❇r♦❝❦♠❡②❡r✱ ❈✳ ❑✉❧❦❛r♥✐✱ ❆✳ ❱❛♥❞❡r❝❛♣♣❡❧❧❡✱
❛♥❞ P✳ ●✳ ❑❥❡❧❞s❜❡r❣✳ ❉❛t❛ ❛♥❞ ♠❡♠♦r② ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ❡♠❜❡❞❞❡❞ s②st❡♠s✳ ❆❈▼
❚r❛♥s❛❝t✐♦♥s ♦♥ ❉❡s✐❣♥ ❆✉t♦♠❛t✐♦♥ ♦❢ ❊❧❡❝tr♦♥✐❝ ❙②st❡♠s✱ ✻✭✷✮✿✶✹✾✕✷✵✻✱ ✷✵✵✶✳

✼✳ ❍ ❚ ❑✉♥❣✳ ❲❤② s②st♦❧✐❝ ❛r❝❤✐t❡❝t✉r❡s✳ ❈♦♠♣✉t❡r✱ ✶✺✭✶✮✿✸✼✕✹✻✱ ✶✾✽✷✳
✽✳ ❆❜❞❡❧❦❛❞❡r ❆♠❛r✱ P✐❡rr❡ ❇♦✉❧❡t✱ ❛♥❞ P❤✐❧✐♣♣❡ ❉✉♠♦♥t✳ Pr♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❆rr❛②✲❖▲ ❙♣❡❝✐✜❝❛t✐♦♥

▲❛♥❣✉❛❣❡ ♦♥t♦ t❤❡ ❑❛❤♥ Pr♦❝❡ss ◆❡t✇♦r❦ ❈♦♠♣✉t❛t✐♦♥ ▼♦❞❡❧✳ ■♥ ■❙P❆◆ ✬✵✺✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✽t❤
■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ P❛r❛❧❧❡❧ ❆r❝❤✐t❡❝t✉r❡s✱❆❧❣♦r✐t❤♠s ❛♥❞ ◆❡t✇♦r❦s✱ ♣❛❣❡s ✹✾✻✕✺✵✸✱ ✷✵✵✺✳

✾✳ ❉✳ ❑✐♠✱ ❘✳ ▼❛♥❛❣✉❧✐✱ ❛♥❞ ❨✳ ❑✐♠✳ ❉❛t❛ ❝❛❝❤❡ ❛♥❞ ❞✐r❡❝t ♠❡♠♦r② ❛❝❝❡ss ✐♥ ♣r♦❣r❛♠♠✐♥❣ ♠❡❞✐✲
❛♣r♦❝❡ss♦rs✳ ▼✐❝r♦✱ ■❊❊❊✱ ✷✶✭✹✮✿✸✸✕✹✷✱ ❏✉❧ ✷✵✵✶✳

✶✵✳ ●✐✉s❡♣♣❡ ❆s❝✐❛✱ ❱✐♥❝❡♥③♦ ❈❛t❛♥✐❛✱ ❆❧❡ss❛♥❞r♦ ●✳ ❉✐ ◆✉♦✈♦✱ ▼❛✉r✐③✐♦ P❛❧❡s✐✱ ❛♥❞ ❉❛✈✐❞❡ P❛tt✐✳
❊✣❝✐❡♥t ❞❡s✐❣♥ s♣❛❝❡ ❡①♣❧♦r❛t✐♦♥ ❢♦r ❛♣♣❧✐❝❛t✐♦♥ s♣❡❝✐✜❝ s②st❡♠s✲♦♥✲❛✲❝❤✐♣✳ ❏♦✉r♥❛❧ ♦❢ ❙②st❡♠s
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✶✶✳ ❈❛❧✐♥ ●❧✐t✐❛✱ P❤✐❧✐♣♣❡ ❉✉♠♦♥t✱ ❛♥❞ P✐❡rr❡ ❇♦✉❧❡t✳ ❆rr❛②✲❖▲ ✇✐t❤ ❞❡❧❛②s✱ ❛ ❞♦♠❛✐♥ s♣❡❝✐✜❝ s♣❡❝✲
✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ❢♦r ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡♥s✐✈❡ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✳ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❙②st❡♠s ❛♥❞
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✶✷✳ ❇✳❈✳ ❞❡ ▲❛✈❛r❡♥❡✱ ❉✳ ❆❧❧❡②ss♦♥✱ ❇✳ ❉✉r❡tt❡✱ ❛♥❞ ❏✳ ❍❡r❛✉❧t✳ ❊✣❝✐❡♥t ❞❡♠♦s❛✐❝✐♥❣ t❤r♦✉❣❤ r❡❝✉rs✐✈❡
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