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Objectives of the lecture

> Principles and Design of Event—tracking (Event—Driven) schemes.
Pros and cons.

» Principles and Design of Event—capturing (Time—-stepping) schemes.
Pros and cons.

» Comparison
» Toward higher order schemes and adaptive time—step strategies
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Nonsmooth Lagrangian Dynamics

Definition (Nonsmooth Lagrangian Dynamics)

M(q)dv + F(t,q,v")dt = di
1)
vt = (']Jr

where di is the reaction measure and dt is the Lebesgue measure.

Decomposition of measure

v dt+

dv = (vi —v7)dv+ dvs
di= fdt+

pdv+  dis @)
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Impact equations and Smooth Lagrangian dynamics

Substituting the decomposition of measures into the nonsmooth
Lagrangian Dynamics, one obtains

Definition (Impact equations)

M(q)(v* — v™)dv = pdv,

or
M(q(t:))(v* () — v~ (%)) = pi,

Definition (Smooth Dynamics between impacts)

M(g)vdt + F(t, q,v)dt = fdt

or

M(q)y* + F(t,q,v") = " [dt—ae]

®3)

4)

®)

(6)
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. . . Lecture 2. Numerical
The smooth dynamics and the impact equations methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,

Grenoble.
The impact equations
The impact equations can be written at the time, t; of discontinuities: The smooth dynamics and
the impact equations

M(q(t))(v*(t;) — v (t)) = pi, )
This equation will be solved at the time of impact together with an
impact law. That is for an Newton impact law

M(q(t)(v*(t:) — v~ (t:)) = pi,

Uy (t) = HT (q(t))vT ()
Uy () = HT (q(t))v~ (%) (8)
pi = H(q(t))Pu,i

0 < Uy (ti) +eUy (t) L Py >0
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The smooth dynamics and the impact equations

The impact equations reduced on the local unknowns
One obtains the following LCP at time t; of discontinuities of v:

{Uﬁ(ti) = H(q(t;))(M(q(t:))) " H(a(t;))Pu,i + Uy (t)
0< US(t)+eUy (t) L Py;i=0

if the matrix M(q(t;)) is assumed to be invertible.

9
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The smooth dynamics and the impact equations

The smooth dynamics
The following smooth system are then to be solved (dt — a.e.) :

M)y () + (2 q,v) = F(1)

g = g(a(1))

£ = H@)F* (0 (o)
0<gLF (>0
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Lecture 2. Numerical

Reformulations of the unilateral constraints on Different methods for time integration
kinematics levels e

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Differentiation of the constraints w.r.t time )
. . . . . Reformulations of the
The constraints g = g(q(t)) can de differentiate with respect to time as unilateral constraints on
. . . Different kinematics levels
follows in the Lagrangian setting:

&(q(t7)) = Uy (t) = Vg (a(t))v* (1)
£(q(t7) = Uy (1) = Tu(t™) = Vg T (a(t)y (1) + H(Ve (a(t))v (1)
(11)

Comments. Index reduction techniques.

Solving the smooth dynamics requires that the complementarity condition
0 < g L F™(t) > 0 must be written now at different kinematic level, i.e.
in terms of right velocity Uy and in terms of accelerations I'}.
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Reformulations of the unilateral constraints on Different methods for ime meegation
kinematics levels e

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Reformulations of the

At the VelOCIty |eve| unilateral constraints on

Different kinematics levels
Assuming that Uy is right-continuous by definition of the right limit of a
B.V. function, the complementarity condition implies, in terms of velocity,
the following relation,

0 ifg>0
—-Ffeq 0 ifg=0,Uf >0 . (12)
]—o00,0] ifg=0,Ui=0

A rigorous proof of this assertion can be found in (Glocker, 2001).
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Reformulations of the unilateral constraints on Different
kinematics levels

Equivalent formulations

> Inclusion into N+ (UY)

0 ifg>0
NR+(UF) ifg=0

—Ffte
L +
> Inclusion into NTR+(g)(UN )
_Ft +
FT e NT]R*(g)(UN)
> In a complementarity formalism

ifg=0 O Ul LFr>0
ifg>0 Ft=0

(12)

(13)

(14)
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Lecture 2. Numerical

Reformulations of the unilateral constraints on Different methods for time integration
kinematics levels e

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Reformulations of the
unilateral constraints on

At the acceleration level Different kinematics levels
In the same way, the complementarity condition can be written at the
acceleration level as follows.

0 ifg>0
.f — +
_Fte 0 !g 0,U,1>0 ) (15)
0 ifg=0,Uy =0,y >0

]—00,0] ifg=0,Uf =0, =0

A rigorous proof of this assertion can be found in (Glocker, 2001).
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Reformulations of the unilateral constraints on Different
kinematics levels

Equivalent formulations

I +
> Inclusion into a cone N+ ()

0 ifg >0
-Fted o ifg=0,U >0 (15)
Ng+ ()

> Inclusion into N-,-T ( )(Uﬁ)(r#)
R+ &
_Ft ¥
FT e NTTIRJr(g)(UI\T)(rn) (16)

> In the complementarity formalism,

ifg=0,Uf=0 oIy LFr>0

otherwise Ff=0 an
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Reformulations of the unilateral constraints on Different
kinematics levels

Trivial inclusions

Nk (g(a)) D N7 (g(a))(Un) D NTTW(g(q))(U;)(rD (18)
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Reformulations of the smooth dynamics at acceleration
level.

The smooth dynamics as an inclusion
M(q(t))y*(t) + F(t,q,vF) = £ (t)

Mv=V]gla" + Z(VIeg(q)vt
(19)
T =Vqg(q(t))F*

_F+
F eNTT]RHg)(Um(r")
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. . . Lecture 2. Numerical
Reformulations of the smooth dynamics at acceleration methods for tme megration
|eve| ) of NonSn;oy(:::ml\:lechamcal

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.
The smooth dynamics as a LCP
When the condition, g = 0, Uy = 0 is satisfied, we obtain the following
LCP
M(a(E)v+(e) + F(£.q,v*) = Vag(a(t)FH(2)

smooth dynamics at
acceleration level.

M =Veg (7" + % (Veg (q))v* (20)

oK LFt>0

which can be reduced on variable I} and FT, if M(q(t)) is invertible,

Ty = Vag (@M~ (q(t))(—F(t,q,v")) + L (Vg T (q))v+
+Vqg(q)M~1V4g(q(t))F (1) 1)

0Ky LFt>0
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The case of a single contact.

Two modes for the nonsmooth dynamics
1. The constraint is not active. F™ =0
M(‘I)W+ + F(’ q, V) =0 (22)

In this case, we associate to this step an integer, status, = 0.

2. The constraint is active. Bilateral constraint I =0,

e

In this case, we associate to this step an integer, status, = 1.
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The case of a single contact.

[Case 1] status, = 0.
Integrate the system (22) on the time interval [ty, txy1]

Case 1.1 gyy1 > 0. The constraint is still not active
statusyiq < 0
Case 1.2 gy11 =0,Uy k41 <O An impact occurs

Solve the impact equation (9) with U~ « Uy k41 <0
UN,k+1 — Ut.
Two cases are then possible:

Case 1.2.1 Uy > 0. The constraint ceases to be active
statusy1 < 0.
Case 1.2.2 U; =0. The relative post-impact velocity vanishes

Solve the LCP (20) to obtain the new status.
Three cases are then possible:

Case 1.2.2.1 Ty kg1 > 0,Fpy1 =0 The constraint is still not active
statusyq < 0.

Case 1.2.2.2 Ty 41 =0, Fgy1 >0 The constraint has to be activated
statusiq +— 1.

Case 1.2.2.3 Ty k41 =0, Fy1 =0 This case is undetermined.

We need to know the value of I'E
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The case of a single contact.

[Case 1] status, = 0.
Integrate the system (22) on the time interval [ty, txy1]

Case 1.3 g1 =0, Uy k41 =0 we have grazing constraint
Solve the LCP (20) to obtain the new status assuming that

Uut=uU- = UN,k+1 .
Three cases are then possible:

Case 1.3.1 Tnky1 > 0, Fiy1 =0 The constraint is still not active

statusy4q < 0.

Case 1.3.2 Tnk+1 =0, Fkp1 > 0 The constraint has to be activated

statusyy; — 1.

Case 1.33 Inky1 =0, Fep1 =0 This case is undetermined.

We need to know the value of IL;.

Case 1.4 gyi11 = 0,Uyky1 >0 Activation of constraints not detected.

Seek for the first time t. such that g(q(t«)) = 0.
trt1 < b
Perform all of this procedure keeping with status, < 0.

Case 1.5 gxy1 <0 Activation of constraints not detected.

Seek for the first time t. such that g(q(t«)) = 0.
teg1 < b
Perform all of this procedure keeping with status, < 0.
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. Lecture 2. Numerical
The case of a single contact. it (o i e
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[Case 2] status, =1

Integrate the system (23) on the time interval [ty, tix11]

Case 2.1 gyq1 #0or Uyy41 =0
Something is wrong in the time integration or the drift from
the constraints is too huge.

Case 2.2 gy11 =0,Uy k41 =0
In this case, we assume that UT = U~ = Uy k+1 and we
compute Iy k41, Fk+1 thanks to the LCP (20) assuming that
Uutr=uU- = Un,k+1. Three cases are then possible
Case 2.2.1 Tnky1 =0, Fep1 >0
The constraint is still active. We set statusyy; = 1.
Case 2.2.2 FN,k“ >0, Fk+1 =0
The bilateral constraint is no longer valid. We seek for the time
t. such that F* = 0. We set t,; = t. and we perform the
integration up to this instant. We perform all of these procedure
at this new time ty41
Case 2.2.3 FN,Hl = 07 Fk+1 =0
This case is undetermined. We need to know the value of F,J\‘r.

The case of a single contact.

Event-tracking schemes - 17/85



. Lecture 2. Numerical
The case of a single contact. methods for time misgrstion

of NonSmooth Mechanical
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Comments

> The Delassus example.
In the one-contact case, a naive approach consists in to suppressing
the constraint if Fxy; < O after a integration with a bilateral
constraints.
O Work only for the one contact case.

The case of a single contact.

> The role of the “¢”
In practical situation, all of the test are made up to an accuracy
threshold. All statements of the type g = 0 are replaced by |g| < e.
The role of these epsilons can be very important and they are quite
difficult to size.
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. Lecture 2. Numerical
The case of a single contact. methods for time misgrstion

of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Comments

> If the ODE solvers is able to perform the root finding of the function
g = 0 for status, = 0 and F = 0 for status, = 1
O the case 1.4, 1.5 and the case 2.2.2 can be suppressed.

The case of a single contact.

> If the drift from the constraints is also controlled into the ODE solver
by a error computation,
O the case 2.1 can also be suppressed

> Most of the case can be resumed into the following step

> Continue with the same status
> Compute Uy k+1, Pkt+1 thanks to the LCP  (9)(impact equations).
> Compute I'n k41, Fit1 thanks to the LCP (20) (Smooth dynamics)

0 Rearranging the cases, we obtain the following algorithm.
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. . Lecture 2. N ical
The case of a single contact. An algorithm methods for time integration
of NonSmooth Mechanical
Require: (g, Uy «, status) SRS
Ensure: (gxi1, U ki1, Statusk 1) Vincent Acary
. . . . INRIA Rhéne-Alpes,
Time-integration of the system on [tx, tx+1](22) if statusy = 0 or of the Grashit

system (23) if statusy = 1 up to an event.
if gkr1 > 0 then
statusyi1 = 0 //The constraint is still not active. (case 1.1)
end if
if git1 =0, Uy ky1 <O then
//The constraint is active gx+1 = 0 and an impact occur Uy, k41 < 0 (case 1.2)
Solve the LCP (9) for Uy = Unk+1;  Unjkt1 = U
if Uy k41 > O then status, 1 =0
end if
if gky1 =0, Uy k+1 = O then
//The constraint is active gx+1 = 0 without impact (case 1.2.2, case 1.3, case
2.2)
solve the LCP (21)
if FN7k+1 =0, Fk+1 > 0 then
statusy1 =1
else if My k41 > 0, Fy1 = 0 then
statusy+1 =0
else if Iy k41 =0, Fy1 = 0 then
//Undetermined case.
end if
end if
Go to the next time step

The case of a single contact.
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. . Lecture 2. Numerical
The multi-contact case and the index-sets e s e A
of NonSmooth Mechanical
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Index sets
The index set [ is the set of all unilateral constraints in the system

I={1..v}CN (24)

The index-set I. is the set of all active constraints of the system,

The multi-contact case and
the index-sets

le={ael,g®=0}C (25)

and the index-set /s is the set of all active constraints of the system with a
relative velocity equal to zero,

Is:{aelm ,\?:O}CIC (26)
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The multi-contact case and the index-sets

Impact equations
M(q(t))(v(t)) — v () = pi,
US (i) = Vqg T (a(t))vT(t;)

Uy () = Vqg T (a(ti))v—(t)
pi = Vqg(q(ti))Pu,i

0 < Uy () + ey () L Pg; >0,

Po =0, U () = US ™ (8), Yael\l
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The multi-contact case and

(27) the index-sets

Using the fact that P, = 0 for a € I'\ I, this problem can be reduced on

the local unknowns Uy (t;), Py,i Vo€ .
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. . Lecture 2. Numerical

The multi-contact case and the index-sets e s e A

of NonSmooth Mechanical
systems

Modes for the smooth Dynamics ;
Vincent Acary

. . INRIA Rhéne-Alpes,
> The smooth unilateral dynamics as a LCP Grenoble.

M(q@)y* + Fint(-, a4, v) = Fext + Vqg(q)F*

M =Vaeg ()7 + £(Vag T (q))v

(28)
FHe =0, Vael\ls
The multi-contact case and
the index-sets
OSIP* LFh® >0 Vacels
> The smooth bilateral dynamics
M(q)7+ + Fint(': q, V) = Fext + vqg(q)F+
v = Vag (@7 + &(Vag T (@)v'
(29)

Fra =0, VYael\l

=0 Yacl

Event-tracking schemes — 23/85



The multi-contact case and the index-sets. an algorithm

Require: (gk9 UN,k: IC,k7 Is,k)’

Ensure: (gk+1, Un k+1, le,kt1s I k1)
Time-integration on [ty, tx41] of the system (29) according to /. x and
ls,k up to an event.

Compute the temporary index-sets /. x41 and /s j41.
if Ic,k+l ~ Is,k+1 7£ 0 then
//Impacts occur.
Solve the LCP (27).
Update the index-set /¢ xy1 and temporary I ;11
Check that Ic gp1 N lskp1 =0
end if
if Is,k+l #* ? then
Solve the LCP (28)
for a € I5 41 do
if FN,a,kH >0, Fa,k+1 = 0 then
remove o from Is 11 and ¢ jq1
else if 'y o k+1 =0, Fo k+1 = 0 then
//Undetermined case.
end if
end for
end if
// Go to the next time step
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. . Lecture 2. Numerical
The multi-contact case and the index-sets Sa/

of NonSmooth Mechanical

systems
—> Time integration of (19) .
Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.
A 4
Compute Index Sets
yes
\ , Solve the LCP (17)
mpact Impact Equations
i The multi-contact case and
the index-sets
| Compute Index Sets |
< |
<
Y
yes
Active contact ? Solve the LCP (18)
| Compute Index Sets |
>3 |
<
no
End of the simulation ? Event-tracking schemes — 25/85




Comments and extensions

Extensions to Coulomb’s friction
The set I, is the set of sticking or rolling contact:

Iy ={a €I, Uy =0,||Ur|| =0} C Is,
is the set of sticking or rolling contact, and

It ={a €, Ug =0,||Ur|| >0} C I,
is the set of slipping or sliding contact.

Remarks

Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

(30)

(31) Comments and extensions

Comments and extensions

In the 3D case, checking the events and the transition sticking/sliding and

sliding/sticking is not a easy task.
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C Lecture 2. Numerical
om mentS methods for time integration

of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Advantages and Weaknesses and the Event Driven schemes

> Advantages :

> Low cost implementation of time integration solvers (re-use of existing
ODE solvers).
» Higher-order accuracy on free motion.

> Pseudo-localization of the time of events with finite time-step.
Comments and extensions

> Weaknesses
» Numerous events in short time. Comments and extensions
» Accumulation of impacts.
> No convergence proof
> Robustness with the respect to thresholds “e". Tuning codes is difficult.
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Event—Capturing (Time-stepping) schemes

«O>» «Fr <

DA
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Time Discretization of the nonsmooth dynamics methods for e mtegostion

of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,

For sake of simplicity, the linear time invariant case is only considered. Grenoble.

(32)

Mdv + (Kq + CvT) dt = Fex dt + di.
vt = ('7+

Integrating both sides of this equation over a time step ]tk, tx11] of length
h,

th+1 th+1
/ Mdv + / Cvt + Kqdt = / Fext dt + di,
Ttk sl ty ty Ttk oyl

tit1 4
q(tir1) = alte) + vidt.
ty

(33)

By definition of the differential measure dv,
/ Mdv =M dv = M (v (tisn) — vi(8)) . (34)
Itk o1l Tttt

Note that the right velocities are involved in this formulation.
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Time Discretization of the nonsmooth dynamics

The equation of the nonsmooth motion can be written under an integral
form as:
i1 4 .
M(v(thrl)fv(tk)):/ —Cv" — Kq + Fext dt + di,

ti Ttk tktal

(35)
th+1 .
A(tea) = a(e) + [ " e
tk
The following notations will be used:

q(tk) and qxy1 ~ q(tks1),
V+(tk) and Vil = V+(tk+1),

Q

> gk
bvk

Q

Impulse as primary unknown

The impulse di of the reaction on the time interval ], tx11]

Ttic, tiya]
emerges as a natural unknown. we denote

Pk+1 = / di
Tttt
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Lecture 2. Numerical

Time Discretization of the nonsmooth dynamics o (o7 (o e
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Interpretation
The measure di may be decomposed as follows :

di = f dt + pdv

where

> f dt is the abs. continuous part of the measure di, and
» pdv the atomic part.
Two particular cases:
> Impact at t« €]ty, tyq1] : If f =0 and pdv = péy, ., then

Pk+1 = P

» Continuous force over |ty, txr1] : If di = fdt and p = 0 then

755}
Pr+1 = / f(t)dt

tk
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Lecture 2. Numerical

Time Discretization of the nonsmooth dynamics o (o7 (o e

of NonSmooth Mechanical
systems

Vincent Acary

INRIA Rhéne-Alpes,
Grenoble.

Remark

> A pointwise evaluation of a (Dirac) measure is a non sense. It
practice using the value

fk+1 ~ f(tk+1)

yield severe numerical inconsistencies, since
lim f 1 =+
A0 T

> Since discontinuities of the derivative v are to be expected if some
shocks are occurring, i.e. di has some Dirac atoms within the interval
]tk, txr1]. it is not relevant to use high order approximations
integration schemes for di. It may be shown on some examples that,
on the contrary, such high order schemes may generate artefact
numerical oscillations.
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. . . . . Lecture 2. Numerical
Time Discretization of the nonsmooth dynamics methods for time mtegration
of NonSmooth Mechanical

systems

Vincent Acary

INRIA Rhéne-Alpes,
Grenoble.

Discretization of smooth terms
6-method is used for the term supposed to be sufficiently smooth,

Q

tht1
/ Cv+ Kqdt h [0(CV/<+1 + qu+1) + (1 — 9)(Cvk + qu)]

ti

tey1
/ Fext(t) dt

tk

h[0(Fext)ks1 + (1 — 0)(Fext )]

Q

The displacement, assumed to be absolutely continuous is approximated
by:

qkr1 = gk + h [Ovirs + (1 = 0)v] .
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Time Discretization of the nonsmooth dynamics s

methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
Finally, introducing the expression of gk 1 in the first equation of (34), RS e
one obtains:

[M + hoC + h292K} (Vk+1 - Vk) - —hCVk - thk - h29KVk
+h[0(Fext)i+1) + (1 = 0)(Fext)i] + P+ (36)

which can be written :

Vk+1 = Vfree + A7771Pk+1 (37)
where,
> the matrix M = [M + hoC + h202K] is usually called the iteration
matrix and,
» The vector
Viee = Vk+M1[— hCv — hKgx — h20Kv,

+h18(Fext)ks1) + (1 — 0)(Fext)i] |

is the so-called “free” velocity, i.e. the velocity of the system when
reaction forces are null.
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Lecture 2. Numerical

Time Discretization of the kinematics relations i oy (e it

of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

According to the implicit mind, the discretization of kinematic laws is
proposed as follows.
For a constraint a,

;?+1 = H“ T(Qk+1) Vk+1 5
Py = H(Qks1) PRys  Poy1 =D PR
«@

where

Pe., ~ / dr°.
Ttistieyal

For the unilateral constraints, it is proposed

gl =gl +h [9U3+1 +(1- G)U;j‘] .
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Discretization of the unilateral constraints

Recall that the unilateral constraint is expressed in terms of velocity as
—di € Ny (q)(v") (38)
or in local coordinates as
—d\* € N7—]R+ (g(q))(Ua’+) (39)
The time discretization is performed by
—Pii1 € N1y (6o (@) (Vi) (40)

where gy is a forecast of the position for the activation of the
constraints, for instance,

. h
Qr+1 = gk + 5 vk

In the complementarity formalism, we obtain

if g%(Gs1) <O, then O UR, LPY, 20

Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary

INRIA Rhéne-Alpes,
Grenoble.
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Summary of the time discretized equations

. v = Vfree + m-1
One step linear problem { k1 free Prt1

Gkr1 = gk + h [Ovirn + (1 = 0)w]
U;?+1 = H~ T(Qk+1) Vk+1

Relations o o o
Pri1 = H (Qk+l) P/<+1

£ La(E) <
Nonsmooth Law { if g%(g) <0, then

0< Uz, L PR, >0

One step Quasi-LCP

U1 = HT (Gt Viree + HT (Gks1) M H(qis1) Pria

if g <O, then 0 U, L P, 20

Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary

INRIA Rhéne-Alpes,
Grenoble.
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MOreaU’S Tlme Stepplng SCheme methods for time integration
of NonSmooth Mechanical
Principle e

Vincent Acary
INRIA Rhéne-Alpes,

M(qit6)(Visr — vk) — hFiro = H(qk10)Pri, (41a) o
k1 = qk + hvipg, (41b)

U1 = HT (qks0) vir (41c)

~Pis1 € Dm0,y (Ui + i) (41d)

Vi4ry = Yk + U, ~€[0,1]. (41e)

with 6 € [0,1],7 2 0 and xxyoq = (1 — @)Xkq1 + axi and Jii is a
prediction of the constraints.

Properties

» Convergence results for one constraints

» Convergence results for multiple constraints problems with acute
kinetic angles

» No theoretical proofs of order
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Schatzman—Paoli's Time stepping scheme

Principle

M(qk + 1)(qus1 — 2Gk + Gi—1) — h* F(tis0, Qo Viero) = Pr+1(42a)

Ak+1 — Gk—
Vk+1 = %7 (42b)

(42¢)

qk+1 + €qk—
—Pr+1 € Nk (+71) ;

1+e

where Ny defined the normal cone to K.
For K={qe€R",y =g(q) >0}

qk+1 + €qk—1 Jk+1 + €qk—1
0 g (LT | g (LT ) p 1 >0 43
\g( Tte ) g( Tte >k+1/ (43)

Properties

» Convergence results for one constraints

» Convergence results for multiple constraints problems with acute
kinetic angles

> No theoretical proof of order

Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary

INRIA Rhéne-Alpes,
Grenoble.
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The bouncing Ball and the linear impacting oscillator

Empirical order

q i
q :
A
m —
0 0
(a) Bouncing ball example (b) Linear Oscillator example

Figure: Academic test examples with analytical solutions
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NonSmooth Multibody Systems (NSMBS) methods for me ntegration
of NonSmooth Mechanical
systems

Vincent Acary
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Grenoble.
Exact Solution. Bouncing Ball Example

T
position
velocity -------

0.5
Empirical order

-1.5 A

0 0.5 1 15 2 25 3 35 4
time (s)

Figure: Analytical solution. Bouncing ball example
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NonSmooth Multibody Systems (NSMBS)

Lecture 2. Numerical
methods for time integration

of NonSmooth Mechanical
systems
Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.
Exact Solution. Linear Oscillator Example
4 T
position
3 velocity -----—-
2 Empirical order
N
1 \ =
\ ~
0 5 N S [y e —
1 i\ - ] == =
al . 5
! y AN
1 }
i \
\, \
3
\
4
|
-5 4
|
-6 \
-7
0 0.5 1 15 2 25 3 35 4
time (s)

Figure: Analytical solution. Linear Oscillator
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Measuring error and convergence

Convergence in the sense of filled-in graph (Moreau (1978))
gr*(f) ={(t,x) € [0, T] x R",0 <t < T and x € [f(t7), f(t)]D}
(44)

Such graphs are closed bounded subsets of [0, T] X IR", hence, we can use
the Hausdorff distance between two such sets with a suitable metric:

d((t,x), (s, y)) = max{|t — s|, [[x — y[}. (45)
Defining the excess of separation between two graphs by
e(gr*(f),er*(g)) = sup inf  d((t,x),(s,)), (46)

(t,x)egr*(f) (s:,y)€Egr*(g)
the Hausdorff distance between two filled-in graphs h* is defined by

h*(gr*(f), gr*(g)) = max{e(gr*(f), gr*(g)), e(er*(g),gr*(f))}. (47)

Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Empirical order
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Lecture 2. Numerical

Measuring error and convergence R
of NonSmooth Mechanical
systems
. . . . . Vil t A
An equivalent grid-function norm to the function norm in £; INRIA Rhéne Alpes
Grenoble.
N
llellh = h>_|fi — F(t)] (48)
i=0
In the same way, the p — norm can be defined by Empirical order

N 1/p
llellp = (hz Ifi — f(ti)l”) (49)
i=0

The computation of this two last norm is easier to implement for
piecewise continuous analytical function than the Hausdorff distance.

Global order of convergence.
Definition
A one-step time—integration scheme is of order g for a given norm || - || if

there exists a constant C such that

llell = Ch? + O(h7*1) (50)
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Empirical order of convergence. Moreau's time—stepping
scheme

10 T
Hausdorff distance —+—
L1 norm &
1

L*

¥

Kok

a

* oy

0.1 o

Relative error (log scale)
*
g .‘

0001 ‘ /

0.0001

0.0001 0.001 0.01 0.1

Time step (log scale)
(a) The bouncing ball example

Figure: Empirical order of convergence of the Moreau’s time-stepping scheme.
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Empirical order
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Empirical order of convergence. Moreau's time—stepping s

methods for time integration
of NonSmooth Mechanical
scheme

systems

Vincent Acary
INRIA Rhéne-Alpes,

10 e Grenoble.
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1 e o | .
. * Empirical order
* =}
¥ g8
) et g /
@ .-
S .
a
=3 =
g § /
= P s
s 0.1 x
5} o
o
] o
s
@
@
0.01 /
o
/
0.001
0.0001 0.001 0.01 0.1

Time step (log scale)
(a) The linear oscillator example

Figure: Empirical order of convergence of the Moreau’s time-stepping scheme.
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Empirical order of convergence.
time—stepping scheme

Schatzman—Paoli’s
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(a) The bouncing ball example

Figure: Empirical order of convergence of the Schatzman-Paoli's time-stepping

scheme.

0.1

Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary

INRIA Rhéne-Alpes,
Grenoble.

Empirical order

Time-stepping schemes — 44/85



Empirical order of convergence. Schatzman—Paoli's
time—stepping scheme
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(a) The linear oscillator example

Figure: Empirical order of convergence of the Schatzman-Paoli's time-stepping
scheme.
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Lecture 2. Numerical
Sta te—Of—t h e—a rt methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary

Numerical time—integration methods for Nonsmooth Multibody systems MNP ST

Grenoble.
(NSMBS):
Nonsmooth event capturing methods (Time—stepping methods)
@ robust, stable and proof of convergence
Comparison

@ low kinematic level for the constraints
@ able to deal with finite accumulation

© very low order of accuracy even in free flight motions

Nonsmooth event tracking methods (Event—driven methods)

@ high level integration of free flight motions
no proof of convergence
sensibility to numerical thresholds

reformulation of constraints at higher kinematic levels.

(OB ORONNO)

unable to deal with finite accumulation

Comparison — 46/85



Adaptive time-step strategies for time—stepping schemes
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Lecture 2. Numerical
S mOOt h O D ES methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

One-step numerical solvers for ODEs
Let us consider a ODE

x = f(x, t), (51)

where f is a mapping with sufficient regularity.
The one—step time—stepping method over the time—step [t, tx+1 = tx + h]

is generically denoted by Smooth ODE time

integration

Xkp1 = Xk + h®(ty, h, xi). (52)

Order of consistency

The one—step time—stepping method is said to be consistent if
®(t,0,x,x) = f(x,t) and has a consistency order p if there exists a
constant C such that

exr1 = X(te1) — xup1 = ChPTH + O(KPF2), (53)
assuming that x; = x(tx).

If the time—stepping method has an order of consistency p and converges,
then the global order of convergence is p,

Adaptive time-step strategies for time—stepping schemes — 48/85



Smooth ODEs

Basic practical error evaluation

1. Two “small” time steps of size h/2 = x1/2-

2. One "big" time-step h — X1.
e1 = x(to + h) — x1 = C hPT1 4 O(hPt2), (54)
e1/> = x(to + h) — x5 = 2C (h/2)P*1 + O(hP+2).

This procedure permits us to evaluate the constant C and to obtain and a
local error estimate such that:
X172 — X1

S+ O(h72), (55)

e =x(to+h)—x =

Enhanced practical error evaluation

» Runge-Kutta Embedded pairs (Dormand-Price, Felhberg)
> Milne's device

» Nordsieck's method

Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Smooth ODE time
integration
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of NonSmooth Mechanical
systems
Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Automatic control of the time—step

|lex|| < etol = atol + rtol o max(xo, xx) (56)
The measure of the error is given by

error = ||ex o invtol|| (57) ration - tme
with invtol = [1/etol;,i = 1...n]. The optima step size is then obtained
by

1
hopt = h(@)l/(pﬂ) (58)

Usually, the step size is not allowed to decrease of to increase too fast,
thanks to the following heuristic rule
1

error

) (59)

hnew = hmin(amax, max(@min, a(

where o, amin and amax are some user parameters.
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Local error estimates for the Moreau's time—stepping

Notation

e= X(tk + h) — Xk41 =

€v
€q

vT(tk + h) — vk
q(tk + h) — qr1

(60)

Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Smooth ODE time

integration

Local error estimates for the
Moreau’s Time—stepping
scheme

Adaptive timestep
strategies

A control based on violation
Variable order approach

Variable order approach
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Local error estimates for the Moreau's time—stepping methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Assumption 1 : Existence and uniqueness

A unique global solution over [0, T] for Moreau's sweeping process is
assumed such that g(+) is absolutely continuous and admits a right
velocity vT(-) at every instant t of [0, T] and such that the function
vt e LBV([0, T],R").
Local error estimates for the

O Assumption 2 is ensured in the framework introduced by Ballard Mot e
(Ballard, 2000) who proves the existence and uniqueness of a solution in a scheme
general framework mainly based on the analyticity of data.

Assumption 2 : Smoothness of data

The following smoothness on the data will be assumed: a) the inertia
operator M(q) is assumed to be of class CP and definite positive, b) the
force mapping F(t, g, v) is assumed to be of class CP, c) the constraint
functions g(q) are assumed to be of class CP*! and d) the Jacobian
matrix G(q) = V;rg(q) is assumed to have full-row rank.
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Grenoble.

Lemma
Let | = [t, txy1]. Let us assume that the function f € BV(I,R"). Then
we have the following inequality for the 6—method, 6 € [0, 1],

oLt o
/ F(s) ds — h(BF(tisn) + (1 — 0)F(8))|| < C(O)(ties — ti) var(F. 1),

ty

(61)
where var(f, 1) € R is the variation of f on | and C(0) =0 if0 > 1/2 and
C(0) =1 — 0 otherwise. Furthermore, the value of C(0) yields a sharp
bound in (61).
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Local error estimates for the Moreau's time—stepping et e din e
of NonSmooth Mechanical
systems

Vincent Acary

INRIA Rhéne-Alpes,
Grenoble.

Proposition
Under Assumptions 1 and 2, the local order of consistency of the Moreau
time—stepping scheme for the generalized coordinates is

eq = O(h)
Local error estimates for the
.. Moreau’s Time—stepping
and at least for the velocities scheme
e, =0(1)

Comments
The bounds are reached if an impact is located within the time—step and
the activation of the constraint is not correct.
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One impact at time t, € (tx, tky1]

Assumption

di = pd:,, orequivalently dl = Pd:,,with P = G(t«)p. (62)

Notation
I ={a,a€{l.m}} (63)
T ={a €I,P* 2 0,UT(t.) — U (t.) = —(1 + e) U™~ (t.)} (64)
Ip={a€I,P4, 20, Ul — Ul = —(1+ e)U} (65)
Lemma

Let us assume that we have only one elastic impact at time t, € (tx, tyi1]
ie. , di = pds, + r(t)dt.

1. If T, = I, then the local order of consistency of the scheme is given
by

e = Koh+0O(h?) (66)

2. If Iy # Ip, then the local order of consistency of the scheme is given
by

ee = K/.+0O(h) (67)

Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems
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Local error estimates for the
Moreau’s Time—stepping
scheme
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Local error estimates for the Moreau's time—stepping

Example (The bouncing ball)

a(t) = v(o) ()

vT(t) = —ev—(t), if q(t) =0,

v(t) = f(t) + A(t),
0<q(t) LA(t) >0,

With chosen parameters as f = —2, e = 1/2 and the initial data as
to = 0,90 = 1 and vp = 0. The analytical solution reads as
» for t € [0,1),
q(t) = 7t2 + 17
{ v(t) = —2t, (69)

1 1
» fort € 3—F,3—? ,

«n—u—w@—%u—n+@fl(3—;),

vt =2t =3) - =,

(70)

> and for t € [3,+00)
’ (71)

Lecture 2. Numerical
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Local error estimates for the Moreau's time—stepping methods for time integration
of NonSmooth Mechanical

systems
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INRIA Rhéne-Alpes,

Example (The bouncing ball (continued)) renatle

Let us consider a time interval such that the impacting time t. belongs to
(tk, tkr1]- The error is given by

if pky1=0

Local error estimates for the

ey = —(1+ e)[vk + hfo] )
eg = —ax — h(e(l — 0 + 1))vi — [e(l —0)o + (1~ o) + 0] Scherme ® TmestepPing
if  pky1>0

€v
€q

where o = (tx — t«)/h € (0,1].

—hf[l — o — eo]
—qx — h((1 + e)(1 — 8) — ea) vy — fh?(e(1 — o)o + %(1 —0)?) "
(72)

The approximate solution of the Moreau scheme depends on the forecast
of the active constraints, i.e. gk+1 = gk + Yhvk.

Adaptive time-step strategies for time—stepping schemes — 57/85



Local error estimates for the Moreau's time—stepping methods for e mtegostion

of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,

Example (The bouncing ball (continued)) Grenoble.
Using the fact that q(t«) = qix + vkoh + 5(0’/’7)2 =0, we obtain that
gk = —ovkh — 1f(oh)? and

if  pkt1 =0,

ey = _(1 + e)[vk + hfg] Local error estimates for the
Moreau’s Time—stepping

eq=—h(e(l — o+ 1) — o) — fh’[e(l — o)o + %(1 —0)? — %(0)2 sghegip
i,e. e =0O(1) and eg = O(h)

if  pkr1 >0,

ey = —hf[l — o — eo]

eq=—h((1+e)(1—0—0a))vk — h?(e(l — o) + %(1 —0)? — %(0)2)
i,e. e, = O(h)and eg = O(h)

(72)
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Grenoble.

Example (The bouncing ball (continued))

Near the finite accumulation of impact at time t = 3.
Let us consider a time step such that [t, tx11] = [3 — h,3 + h] and ng

such that h € [1/2%,1/2M~1]. The local error in velocity is given if the Local erro estimates for the
impact is detected py41 > 0 by g (N S
3
ev =v(3+h) — vgp1 = —2h— S0 (72)

1
As h — 0, we have ng — oo, and — = O(h) and then e, = O(h).

2
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To summarize

> In any case, we have O(h) in the error in coordinates and it cannot

be improved if a jump occurs.
Local error estimates for the

> The local error in velocity is at least e, = O(1) if the impact is not M= g
well-forecast. In practice, this situation is usual. It illustrates the
possible convergence problem that we can have in uniform norm

> Finite accumulation The order of the time—integration should be at
least 0. Idea of the proof : use the fact that the velocity vanishes and
is of bounded variations

Adaptive time-step strategies for time—stepping schemes — 58/85
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Practical error estimates for the Moreau’s time—stepping methods for time integration
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systems

Vincent Acary
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Grenoble.
Order “0" case
Standard error estimates do not apply for Order 0.
We propose to extend it to the order 0 of consistency by assuming that
the the local error estimate is given by
e1y2 =2(x12 — x1) + O(h?) (73) [T

strategies

where xj is the result of the time integration with one time—step of length
h and x5 with two time-steps of length h/2.

The adaptive time—step control used for smooth ODE is then apply
directlyHairer et al. (1993).

Adaptive time-step strategies for time—stepping schemes — 59/85



Lecture 2. Numerical

Order “0" time—step adjustment for the Moreau's methods for time integration
tl me—stepp| ng of NonSmsc;(s)::ml\:Iechamcal

Vincent Acary
INRIA Rhéne-Alpes,

noble.
16406 ' ' ' ' Grenoble
Adaptive time-steps —+—
Constant time-steps ---x---
X\
X
100000 ¢
_ Smooth ODE time
% N integration
2 % Local error estimates for the
o Moreau’s Time—stepping
S X scheme
£ 10000 i \ Adaptive time—step
2 \*\+\ ¢ strategies
\ A control based on violation
2 T Iy
X Variable order approach
O T~ \
\\\\ X
1000 Variable order approach
S+

100
le-12 le-11 1e-10 1e-09 1e-08 1e-07 1e-06 1e-05 0.0001 0.001 0.01 0.1
Error (log scale)
(a) The bouncing ball example

Figure: Precision Work diagram for the Moreau's time-stepping scheme. Order 0
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Order “0" time—step adjustment for the Moreau's

time—stepping
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Figure: Precision Work diagram for the Moreau's time-stepping scheme. Order 0
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(a) The linear oscillator example
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Smooth ODE time

integration

Local error estimates for the
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- . . . . Lecture 2. Numerical
Sizing the error in the violation of constraints methods for time mregraion

of NonSmooth Mechanical
systems

Vincent Acary

INRIA Rhéne-Alpes,
Grenoble.

The violation of constraints is sized by the following rule:
€violation = H min(O,g(q)) ° ithOIHOO (74)

Assuming that the scheme is of order 1 almost everywhere in smooth
phase and may be controlled by eyiglation When an nonsmooth vent
occurs, the step size adjustment is implemented by the means of the
following error estimation

A control based on violation

error = max(eyiolation, || €k © invtol||so) (75)
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Variable order approach. Principle

Guess the order of consistency of the integration at each step.
Adapt the practical error estimation
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Time—stepping schemes of any order
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. Lecture 2. Numerical
F| rSt attem pt methods for time integration

of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

In Studer et al. (2008) ; Studer (2009) the first attempt to increase the
efficiency of Moreau’s scheme by an extrapolation method has been
published.

Principle

Time-stepping schemes of any order — 69/85



Lecture 2. Numerical

Higher Order Time—stepping schemes et e din e

of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,

Background Grenoble.

Work of Mannshardt (1978) on time—integration schemes of any order for
ODE/DAEs with discontinuities (with tranversality assumption)

Principle

>

>

>

Let us assume only one event per time—step at instants t..
Choose any ODE/DAE solvers of order p

Perform a rough location of the event inside the time step of length h
Find an interval [ta, tp] such that

Principle

te € [ta, tp) and |ty — ta| = CHPTL + O(HPF2) (76)

Dichotomy, Newton, Local Interpolants, Dense output,. ..
Perform an integration on [ty, ta] with the ODE solver of order p

Perform an integration on [ta, tp] with Moreau’s time—stepping
scheme

Perform an integration on [tp, tx41] with the ODE solver of order p

Time-stepping schemes of any order — 70/85



. . Lecture 2. N ical
Integration of the smooth dynamics e e o
of NonSmooth Mechanical
systems

Vincent Acary

INRIA Rhéne-Alpes,
Grenoble.

Mainly for the sake of simplicity, the numerical integration over a smooth
period is made with a Runge-Kutta (RK) method on the following index-1
DAE,

M(q(t))v(t) = F(t, q(t), v(t)) + G(q)A(1),

4(t) = v(1), (77)

7(t) = G(a(t))v(t) = 0.

. . . . . . Principle
In practice, the time—integration is performed for the following system

M(a(£))¥(t) = F(t, a(t), v(1)) + G(@)A(t),
a(t) = (1), (78)
0 < (1) = Ga(1)¥(t) L A(t) >0

on the time—interval | where the index set Z(t) of active constraints is
assumed to be constant on [ and A(t) > 0 for all t € /.
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. . Lecture 2. Numerical
Integration of the smooth dynamics e for ¢

methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,

Grenoble.
Using the standard notation for the RK methods (see Hairer et al. (1993)
for details), the complementarity problem that we have to solve at each
time—step reads
tki =tk + cih,
Vi1 = vk +h327_ bV, Principle

Qk+1 = gk + h 374 bi Vi,

V) =M1Qu)[F (tki’Qki: Vii) + G(Qui) kil (79)
Vii = vik + h327 1 a;V, ,,17

le =qk+ hzjzl alj njs

0 < i = G(Qui)Vy; L Aki 2 0.
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Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems
Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Assumption 3
Let / a smooth period time—interval (see Definition ??). We assume that
1. the local order of the RK method (79) is p that is
eq = e, = O(hPT1) (80)

Principle

2. starting from inconsistent initial value g, such that
Gk — qx = O(hP*1), the error made by the RK method (79) is

Gk1 — G = O(RPTY) (81)

Time-stepping schemes of any order — 73/85



Lecture 2. Numerical
methods for time integration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,

Grenoble.
Theorem
Let us assume that Assumptions 1, 2 and 3 hold. The local error of
consistency of the scheme is of order p in the generalized coordinates that
is
eq = O(hp+1). (82) Principle

Time-stepping schemes of any order — 74/85



Results on the linear oscillator
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Results on the linear oscillator
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. . . Lecture 2. Numerical
H |gher O rder Tlme—Steppl ng SChemeS methodts for time integration

of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,
Grenoble.

Finite accumulation

> Repeat the whole process on the remaining part of the interval [tp, tx]
. ) ) L. ) Principle
» By induction, repeat this process up to the end of the original time

step.
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Results on the Bouncing Ball
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Splitting—based methods.

Principle for smooth ODEs

Let us consider a smooth ODE which can be written as
x(t) = f(x, t) + g(x, t) (83)

A example of splitting—based method is given by the following procedure

1. Perform the integration of f on [ty, tx+1] to obtain X(tx,1) that is
tit1
%(tern) = x(t) + / F(x, t) dt (84)
tk

2. Perform the integration of g on [tk, tx+1] with initial value X(tx4+1) to
obtain X(tx4+1) that is

Stn) = M)+ [ glond (85)

tk

Properties

> x(tx + 1) # X(txs1) is the general case. (except special linear case,
constant dynamics, ...)

> )A(( tk+1) — X(tk+1) when ter1 — ti

Lecture 2. Numerical
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of NonSmooth Mechanical
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Vincent Acary

INRIA Rhéne-Alpes,
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Principle
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Lecture 2. Numerical

Spllttl ng_based methOdS methods for time integration
of NonSmooth Mechanical
systems
Splitting—based for Moreau scheme without continuous contact INRIA hone-Apes,
forces Grenoble.
> The first part is
M(q)v = F(t,q,v),
g=v, (86)
q(tx) = qx, v(tk) = vk
yielding to the approximations q1 = q(tx+1) and vi = v(txt1) which
can integrated by any smooth ODE solvers. Principle

> The second one is given by
M(q)v = G(q)A,
G=0,
y=¢g(q) (87)
—X € 0y () (V(tT) +ey(t7))
q(te) = qu; v(tk) = v1;

and leads to the approximation g1 = q(tx+1) andgi+1 = q(txs1)-
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Splitting—based methods with constants time—step.
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Figure: Empirical order of convergence of the Splitting RKF45 time-stepping scheme
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Splitting—based methods with constants time—step.

Error (log scale)

Figure: Empirical order of convergence of the Splitting RKF45 time-stepping scheme

Splitting RKF45 Order of convergence. Linear Oscillator Example
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o . . . Lecture 2. Numerical
Splitting—based methods with adaptive time—step. methods for time mtegration
of NonSmooth Mechanical
systems

Vincent Acary
INRIA Rhéne-Alpes,

Grenoble.
Splitting RKF45 Precision-Work Diagram. Linear Oscillator Example
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Lecture 2. Numerical

Spllttl ng_based methOdS methods for time integration
of NonSmooth Mechanical
. . . . systems
Splitting—based for Moreau scheme with continuous contact v ’ A
forces INRIA RhﬁnﬁA?;es,
Grenoble.
> The first part is
M(q)v = F(t,q,v) + r(t),
C-] =V,
y=2g(q) (88)
—r(t) € 0%y, (1) (¥(1))
q(tk) = ax, v(tk) = vk
Principle

yielding to the approximations g1 = q(tx+1) and vi = v(tx+1) which
can integrated by any smooth ODE solvers.

> The second one is given by
M(q)v = G(q)A,
G=0,
vy =2g(q) (89)
A€ 0y, () (V(tT) +ey(t7))
q(te) = qu; v(tk) = va;

and leads to the approximation g1 = q(tk+1) andgi+1 = q(tx+1)-
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Thank you for your attention.
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