N

N

Analysis of a new variational model to restore point-like
and curve-like singularities in imaging

Gilles Aubert, Laure Blanc-Féraud, Daniele Graziani

» To cite this version:

Gilles Aubert, Laure Blanc-Féraud, Daniele Graziani. Analysis of a new variational model to restore
point-like and curve-like singularities in imaging. 2010. inria-00522098v3

HAL Id: inria-00522098
https://inria.hal.science/inria-00522098v3
Submitted on 15 Feb 2011 (v3), last revised 14 Sep 2012 (v5)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00522098v3
https://hal.archives-ouvertes.fr

Analysis of a new variational model to restore point-like and curve-like
singularities in imaging'

GILLES AUBERT
LABORATOIRE J.A. DIEUDONNE
Université de Nice SOPHIA ANTIPOLIS, Parc Valrose 06108 Nice CEDEX 2, FRANCE

e.mail: gaubert@unice.fr

LAURE BLANC-FERAUD
ARIANA CNRS/INRIA/UNSA SOPHIA ANTIPOLIS
Inria, 2004 route des Lucioles BP 93 06902 SOPHIA ANTIPOLIS CEDEX, FRANCE

e.mail: Laure.Blanc-Feraud@inria.fr

DANIELE GRAZIANTI?
ARIANA CNRS/INRIA/UNSA SOPHIA ANTIPOLIS
Inria, 2004 route des Lucioles BP 93 06902 SOPHIA ANTIPOLIS CEDEX, FRANCE
e.mail: Daniele.Graziani@inria.fr

e.mail:daniele.graziani@gmail.com

Abstract. The paper is concerned with the analysis of a new variational model to restore point-like
and curve-like singularities in biological images. To this aim we investigate the variational properties
of a suitable energy which governs these pathologies. Finally in order to realize numerical experiments
we minimize, in the discrete setting, a regularized version of this functional by fast descent gradient

scheme.
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1. INTRODUCTION

In biological image processing one might be interested in restoring an image, possibly corrupted by
noise, characterized by an high intensity value on sets of low dimension, such as points or curves in
2-D and 3-D images and which decreases to 0 in a neighborhood of the singularities. Then across these
sets there is no jump of the gradient of the image. This phenomenon requires a new approach, which

is different from the classical denoising model based on the gradient operator. From a general point of

!The research of Daniele Graziani was supported until January 2010 by ANR under the research project
"Detectfine" (Laboratory I3S, Université de Nice Sophia antipolis).
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view in order to restore the given data ug, one would like to minimize an energy with an L?-fidelity
term and a proper regularization criterion F'. To this end one has to solve the following minimum

problem:

(L.1) mip F(u) + 2 u — o3

A > 0 is a positive weight, the functional space X and the criterion F' must be chosen according to
the singularities to be restored. In our case it means that F' must be given by a proper differential
operator which is singular in a suitable sense on points and curves.

Hence, from a variational point of view, we have to find a functional space whose elements are able
to produce Radon measures, whose support contains the singularities we would like to preserve. Then,
in line with recent works for detecting point-like target problem (see [5, 14]), we consider the divergence
as an operator able of producing Radon measures concentrated on points and curves. We deal with the

space AM} (Q) of VVlicp -functions whose gradient is an LP-vector field with distributional divergence

given by a Radon measure, where 1 < p < %, Q c RV is the image domain and N is the space
dimension (see Section 2 below). The restriction on p is due to the fact that when p > % the

distributional divergence DivVu of Vu cannot be a measure concentrated on points (see [5, 14]). Then

to restore point-like and curve-like singularities in 2D or 3D, we consider general criterion of type

| o f(Au)daz + [, g(Vu)dz  on C*(Q),
(1.2) F(u,Q) = {Jrﬂoo Q on AP () \ C2(0),

loc

where f, g are convex functions with linear and p-growth from above respectively.. Further, since in
general functional (1.2) is not lower semicontinuous with respect to the I/Vlif -weak convergence, we
deal with its lower semicontinuous envelope (or relaxed functional) on the space AMY. (). So the first
goal of the paper is to provide an integral representation result for the relaxed functional of functional
(1.2), which guarantees that the regularization criterion we have chosen, matches with the singularities
we aim to preserve. When 1 < p < % we provide such a representation by using the notion of
p-capacity which is a useful tool to distinguish sets of 0-Lebesgue measure. In fact it turns out that, to
extend functional (1.2) to the whole space AMY (), one has to measure the absolutely continuous
part of the distributional divergence of Vu and, at the same time, control its singular parts, encoded
in two mutually singular measures p® concentrated on sets of positive p-capacity such as 2D curves
or 3D surfaces, and u° concentrated on sets with 0 p-capacity, such as points in 2D or curves in 3D
(see for instance [13, 16, 21] for general properties of p-capacity). Indeed by applying the p-capacitary
decomposition, proven in [10], to the singular part, given by the Radon-Nykodim decompostion, of the

measure DivVu, we have

DivVu = Audz + Div*Vu = Audz + p® + u°,
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(see subsection 2.2 below). Then we prove that according to previous decomposition, the lower semi-

continuous envelope of F' is given by:

(1.3)  Fu,Q) :z/f(Au)daH—/ (Va) dx+/f°° )| “|+/f°° V||,
Q
t a
where u € AM? () and f°° is the recession function given by lirj_n &, with ¢ € R. %, ﬁz‘
s— 400 S

are the Radon-Nikodym derivatives of the measures u® and u° with respect to their total variation (see
Theorem 3.1).
In the second part of this work we focus on concrete applications in biological image processing in

dimension 2. In practice we consider the following functional

T = [ 18uldo+ [ [Fupda+ (@) + (@) + 5 [ u—uoPa,

which corresponds to the particular case f = |-[and g = |- [F. As a consequence of the relaxation
result, we derive the existence of a unique minimizer of 7 on the space AMIOC( ) and that J is the
lower semicontinuous envelope of
(w0, 9Q) = {fﬂ |Auldz + [, |VulPde + 5 [, |u— uo|?dz, on C?(),
+0o0 on AML () \ C%(Q),

Then, by adapting some ideas of [17, 19, 20] to our setting, we minimize the discrete version (see
Subsection 4.1 for notation and definiton in the discrete setting) of J by a fast descent gradient
algorithm.

Finally we test the proposed model to both synthetic and biological real images provided for us by
"Institut Pasteur de Paris".

Let us conclude this introduction by pointing out that, of course, the idea of using second order
differential operator is not new in image processing. One could mention, among the others, the recent
work on second order total generalized of [4] or older based on Blake-Zisserman model (see for instance
[6]). Nevertheless these models appear different from the one we propose here, since they focus on
better preservation of jump discontinuities such as contour or corner, while we are interested in the
restoration of different kind of singularities here.

The paper is organized as follows. Section 2 is devoted to notations, preliminary definitions and
results. In Section 3 we address the relaxation result and its consequences. In Section 4 we illustrate

our model by showing experimental results on both synthetic and biological images.

2. DEFINITION AND MAIN PROPERTIES

2.1. Distributional divergence and classical spaces. In the next subsection we recall the definition
of the distributional space L?9(Div; ) and DMP(Q), 1 < p,q < 400, (see [1, 8]). In all the paper
Q) C RY is an open bounded set with lipschitz boundary. N > 2 is the space dimension. We denote
by A(€), the family of all open bounded subsets A C €. Notation for Sobolev’s and Lebesgue’s spaces

are standard.
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Definition 2.1. For U € LP(Q;RY), 1 < p < +o0, set
IDivU|(Q) := sup{(U, Vi) : ¢ € C5°(Q), o] <1}
We say that U is an LP-divergence measure field, i.e. U € DMP(Q), if
[Ullpar ) = U]l o (urry + DIvU](€) < +o0.
We recall that U € LP(Q;RY) belongs to DMP(Q) if and only if there exists a Radon measure

denoted by DivU such that

(U, V) = —/ DivUp Vo € C5°(Q),

Q
and the total variation of the measure DivU is given by |DivU|().

We say that U € DM (Q), if U € DMP (L) for every Q' CC Q.

loc

Let us recall the following result (see [9] Proposition 3.1).

Theorem 2.1. Let {Up}p C DMP(Q) be such that
(2.1) U, —=U in LP(QRY), as h — 400 for 1 < p < +oc.
Then
o mny < lminf [Unlleozy),  [DVUI(Q) < liminf [DivU,|(€).
Finally we define the following space

(2.2) AME (Q) == {u e W'P(Q), Vue DM _(Q)}.

loc loc loc
2.2. p-capacity. If L C RY is a compact set and yx denotes its characteristic function, we define:
Capy (€. = int{ [ [VflPdo, f € CF(@).1 = xe).
Q
If U C Q is an open set, its p-capacity is given by
Cap,(U, Q) = sup Cap,(K, Q).
KCU
Finally if A C U C Q with A Borel set and U open, then
Cap,(A,Q) = Acnl}fcﬂ Cap,(U, Q).

We recall the following result (see for instance [16], Theorem 2.27) that explains the relationship
between p-capacity and Hausdorff measures. Such a result is crucial to have geometric information on

null p-capacity sets.
Theorem 2.2. Assume 1 <p < N. If HN"P(A) < oo then Cap,(A,Q) = 0.

For general properties we refer the reader to [13, 16, 21].

It is known (see [10]) that given a Radon measure p the following decomposition holds

(2.3) p=p®+ p,



5

where the measure u® is absolutely continuous with respect to the p-capacity and u° is singular with
respect to the p-capacity, that is concentrated on sets with zero p-capacity. Besides it is also known
(see [10]) that every measure which is absolutely continuous with respect to the p-capacity can be

characterized as an element of L' 4 W*Lp/, leading to the finer decomposition:
(2.4) p=f—DivG + u°,

where G € L?' (€; R?) with >+ ﬁ =1and f € L}(Q). In particular if u € AMP(Q) by applying the

classical Radon-Nikodym decomposition together with (2.4) to the measure DivVu we get:

(2.5) DivVu = Audx + pq + po = Audz + f — DivG + u°;

where, to simplify the notation, we have adopted, with a slight abuse, the notation Aw for the absolute
continuous part DivVu.

2.3. Functionals and their properties. Let f : R — [0,+00] and g : RV — [0, +00] be convex
functions such that

(2.6) fO) <Ci(1+[t]) VteR,

where 0 < (7 < +00 is a constant;

(2.7) 9(€) < Ca(1+[¢) vE e RY,

where 0 < Cy < +00 is a constant.

We shall consider the following functionals for v € AM7, (Q) and A € A(Q):

(2.8) F(u, A) {IA (Au)dz + [, g(Vu)dz  on C*(A),
on A'/\/lloc( ) \Cz(A)a

wl,

(2.9) Flu, A) ::/Af(Au)dx—i—/Ag(Vu)dx-i-/Afoo(

st
where f°° is the recession function given by lirll 1(st)
S— o0 S

|“|+/f°°

, with € R and the measure p® and p° are

given by decomposition (2.5). d\u E % are the Radon-Nikodym derivatives of the measures p® and

1Y with respect their total variation.
N

Finally we will always assume 1 < p < 7=5.

This restriction on p is due to the fact that when
p > x— the distributional divergence of U, and therefore the distributional Laplacian of a Sobolev
functlon, cannot be a measure concentrated on sets with zero p-capacity (see [5]). We do this in order
to allow concentration on sets of N — 2 dimension such as points in 2D and curves in 3D. Indeed in
this case the support of u® = f — DivG contains sets of dimension N — 1 such as N — 1 manifolds with
or without boundary inside © (see [21], Section 4.7, for a detailed discussion on the space W =17 (Q)),
while the support of the term ;° contains lower dimensional sets such as points for N > 2 or curves

for N > 3.



6

2.4. Relaxation. Let F be the functional defined in (2.8). For every u € AM?Y (Q) we define the

loc

. . . . 1
lower semicontinuous envelope or relaxed functional with respect to the W, P-weak convergence of F'

given by:

2.10 SC™F(u,Q):= inf {liminf F(us,Q — u},
(2.10) (u, ) uhc”&(m{ﬁﬂnéo (un, Q) up — u}

where uj;, — u means that uy, tends to u for the W,? convergence. We recall that if G : AMP (Q) — R

is a continuous operator with respect to the Wﬁ)’f—weak convergence we have:
(2.11) SC~(F+G)=SC"F+G.

For general properties of the relaxation we refer to [2, 7].

3. RELAXATION THEOREM AND EXISTENCE OF MINIMIZERS

In this section we state and prove the relaxation formula. The result is close, in the spirit, to the
the classical theorem of Goffmann-Serrin (see [15]) in the BV -framework. Indeed, in a similar way, to

extend functional (2.8) to the whole space AMY. (), the singular parts of the distributional divergence

loc

of Vu, have to be taken into account. To prove the relaxation argument we adapt the proof of ([15])

to our variational framework.

Theorem 3.1. Let f : R — [0,+00), g : RN — [0, +00) be convex functions satisfying (2.6) and (2.7).
Then the following formula holds:

(3.1) SC™F(u,Q) = F(u,Q) Yue AM? ().

Proof. Step one: We prove first the lower bound:

(3.2) F(u,Q) < SC~F(u,Q) Yue AM?. (Q).

loc

Let {up}n C C*(Q) such that up, — u e AML (). Since f is convex we have

loc
(3.3) f(t) = Sl;p(ak +bt), () = St;p(bkt) teR,

Then for every test function ¢ € C§°(Q2) such that 0 < ¢ <1 we get

F(up, ) 2/Qgpf(Auh)dx—&—/Qg(Vuh)dacZ/ng(ak—&—bkAuh)dx—i—/Qg(Vuh)dx.

By integrating by parts we obtain

F(uh,Q)z/wakdx—/kagoVuhdx—i-/g(Vuh)dm.
Q Q Q

Then taking the weak limit and integrating by parts we get

lim inf F'(up, Q) > / appdx +/ brp dDivVu +/ g(Vu)dz;
h—+o0 Q Q Q
hence by taking into account decomposition (2.5) we infer

e+ [ b 40|+ [ atwuis
Q g |dMO| Q '

dp®
lim inf F(up, ) > A
lim inf F'(up, )_/Q@(ak"’bk U)dx‘F/S)(Pbk'dua‘
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Finally, since the measures dx, u, and po are mutually singular, to achieve inequality (3.2) it suffices
to take the supremum over ¢ and k first, and then infimum over all the sequences {uy}, C C?(2) . So
we get (3.2).

Step two : We now prove the upper bound SC~F(u, Q) < F(u,Q) for every u € AM;. (Q).

For uw € AMY _(Q), let {as}n C C*°(Q4) be the mollified sequence of u defined as @y, := u * pj, with
{pn}n a standard sequence of mollifiers and Q) = {z € Q such that dist(z,9Q) > +}. For z € Qj, the
support of pix — ) is contained in €, then by standard properties of the mollifying sequence, we have

for x € Q,

ar + bpAuy, = ap + bk/ ph(:E — y) dDivVu
Q

du° dy°
- /Qph(x—y)(ak+bk)Au(y)dy+/§lph(x_ Wb Ta, G‘W |+/ (“‘y)b’“|dZ0|

and by taking into account (3.3) we obtain

ap + b Aty < /
Q

0
e =) F(@ut)dy + [ e =)D+ [ e =)=l

Taking the supremum on k on the left hand side of (3.4) and integrating over €, with respect to x we

get:
[ i < [ (] ph(x—y)f(AU(y))dy>dx+ (ot == ae
(3.4) s [ ([ ot -

By applying, thanks to (2.6), Fubini’s Theorem to the right hand side of (3.4) we have

/Qh (/Qph(x - y)f(Au(y))dy)dx = /Qf(Au(y))</Qh pn(z — y)dx)dy,

/Qh /Q d| a| Jdlu|)d /fij dlu | / w(@ = y)da)dlue],
/Qh /Qph )foo( | /foo dmo‘ / ph(x—y)dx)d|ﬂ0|,
and then

(3.5) [ i < | rawae+ [ f°°( wl+ | Il

where we have used the fact that [, pn(z —y)dz < f]RN on(z —y)dz = 1.

pr(w )foo(

ul,

By the same argument we get also that

(3.6) /Q g(Viy)dr < /Qg(Vu)dx
Then (3.5) and (3.6) imply
/ f(Aﬂh)dx+/ g(Vag)dx < F(u, Q).
Qp

Qp
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So that the thesis is achieved if we prove that

(3.7) SC™F(u, ) §liminf( A f(Aﬁh)dx—l—/ g(Vﬂh)dm).

h—+o00 Qn
Let ©2; CC  invading Q. For every j there exists h(j) such that Q; C Qy, for every h > h(j). Then

we have

F(uh, / f Auh dx+/ (Vfbh)dl‘

< f(Aup)dz + / g(Vay,)dz.

Qp Qp

Thus by monotone convergence we obtain:

(3.8) F(in, Q) = lim F(in, Q) <hmmf( F(Ady)dz + /
Jj—+oo h—+o00 Qn Qn

g(Vﬂh)dx).

Therefore since {@y}, C AM} (Q) and @), — u with respect to the V[/lif(Q) convergence, we have by

taking into account (3.8)

wn I/I\l/l ( ){ 1m ln (Uh ) Up, u}

h—+o0

< hmlan(uh Q) < hmlnf( f(ATy)dx +/ g(Vﬂh)dz),
Qh, Qh,

that is (3.7) and therefore the thesis is achieved. O

4. NUMERICAL APPLICATIONS

In view of numerical applications we will always consider N = 2, f(t) = |t| and g(§) = %\5 [P (with
1 < p < 2), so that the recession function f°°(t) is equal to |t|. Moreover we add an L2-discrepancy

term, and we consider the following functionals:

(4.1) J(u.Q) = Jo [Auldz + % Jo IVulPdz + %fQ |u — ug|?dz  on C?(Q),

T on AME,(2)\ C2(%),
and
@2 T = [ |Auldes o [ [Varde+1a0l@)+ 1001@)+ 5 [ - o

where ug € L%(f2) is the observed data, and ) is a positive weight. Let us prove the existence and

uniqueness of a minimum for functional 7, before that we focus on discrete analysis.

Proposition 4.1. There ezists a unique minimum v € AMY (Q) of functional J defined in (4.2).
Moreover the following equality holds

(4.3) inf J(u,Q) = inf Ju, Q)= min  J(u,Q).
ueC2() ueAM?, () ueAM? (Q)

Proof. Let {up}r, C AME () be a minimizing sequence of J. Then it follows that

||UhH P Q) + ||v“h||p Wl () < J(up, ) < M.
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Therefore, there exists a subsequence, still denoted by {up,}, € AMP (), and a function u € W,27(Q)
such that u, — u with respect to the W, (Q)-weak convergence. From Theorem 2.1 we have for all
Q' cch
IDivVu|() < lhlfféf T (up, Q) < %T_E;f J(up, Q) < M,

which implies u € AM? (). As immediate consequence of Theorem 3.1 and property (2.11), func-
tional 7 is lower semicontinuous with respect to the I/Vli)cp -weak convergence. Then the existence of a
minimum follows via the direct methods of the calculus of variations, while the uniqueness is conse-
quence of the strong convexity of 7. Finally property (4.3) can be achieved by standard arguments

(see for instance [7]). O

4.1. Discrete setting. We define the discrete rectangular domain € of step size dz = 1 and dimension
dida, where Q = {1,....;d1} x {1,...,d2} C Z?. In order to simplify the notations we set X = R%*%2 and
Y = X x X. u € X denotes a matrix of size d; X da. For v € X, u; ; denotes its (i,j)-th component with
(i,5) € {1,...,d1} x {1,...,d2}. For g € Y, g; j denotes the i,j-th component of g with g; ; = (g}, 97 ;)
and (Z,j) S {1, ...7d1} X {1, ...,dg}

We endowed the space X and Y with standard scalar product and standard norm. For u,v € X we

have:
dy do
(w,v)x = > uijvij.
i=1 j=1
For g,h € Y we have:
dy do 2
1ol
(9. h)y = Zzzgmhm
i=1j=11=1
For u € X and p € [1,+00) we set:
dy do .
ulp == OO0 JuiylP)7.
i=1 j=1
For g €Y and p € [1,+00):
dy ds
1
lgllp = Q- lgiil5) 7.
i=1 j=1

If G, F are two vector spaces and H : G — F is a linear operator, then the norm of H is defined by

[H| == max ([|Hur).

llulle <1

Definition 4.1. A function F : X — R is said to be L-lipschitz differentiable if it is differentiable and
[VF(u) — VF(v)|2 < Llu — v,
for every u,v € X.
Definition 4.2. Let v : X — R be a convez function. The operator
prozy : X — X z— argmin{y(y) + %Iy — |3}

is called prozimal operator associated to 1.
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If proxyy can be computed exactly for every A > 0 and every x € X, the function v is said to be
simple.
If uw € X the gradient Vu € Y is given by:
0,57

(Va)ij = (Vu)i s, (Vu)i ;)

where

’ 0 if i =dy,

2 Wi, j4+1 — Wi lf] < d2
(Vu)i; = {o if j = do.

We also introduce the discrete version of the divergence operator defined as the adjoint operator of the

gradient: div=—-V*. If p € Y, we have

pij D ifi,j =1
p}yj—kp?’j—pf’jfl ifi=11<j<ds
Pij = Pioy TPh Pl H1<i<di,1<j<ds
(divp)ij =4 —pi_1; + P, — P} ifi=d,1<j<ds
Pij—DPic1; +Di fl<i<d,j=1
p%’j—pz{l’j—p?’jfl ifl<i<d,j=ds
—(pi1; +P71) if i =dy,j = da.

Then we can define the discrete version of the Laplacian operator as Au = div(Vu).

4.2. Nesterov scheme. Here we briefly recall the fast descent gradient Nesterov’s algorithm (see
[17, 18]). We state it in the formulation proposed in [19, 20]. For further details and general statements

we refer the reader to [19, 20] and references therein.
Proposition 4.2. Let F': X — R be given by:
F(u) = Fi(u) + Fa(u) forue X,

where Fy is a convex L-Lipschitz differentiable function and Fs a simple function. Then the following

algorithm?:
u€X Ap=0 g=0 u=0
do fork:1,.. K
t=2
a=t+Vt2+4tA

(4.4) v = proxar,(u — g)

_ AutAv
y= A+a
u=proryp(y— tVFi(y))
g=g+aVFi(u)
A=A+a
3

we omit the dependance on k to simplify the notation
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ensures that:
|U* — U0|2
k2 ’

where u* € X is a minimum point of F' and ug € X is an initial data.

(4.5) 0< F(uy) - F(u") < L

Remark 4.1. In order to apply the previous algorithm it is crucial to compute exactly the prorimal

operator proxyr, for every o € RT. This is the case since by assumption Fy is a simple function.

4.3. The discrete functionals. For u € X we define the discrete version of functional (4.1)

1 A
(4.6) J(u) = IIAUIll+];||VUII£+§Iu—uo\§-
We also introduce its smoother counterpart given by:
di ds d1 ds di da
(4.7) Je(u) = ZZWE(KAU)U Zzwe |(Vu)i ” ZZ |us,; — (uo ,J|
i=1 j=1 11_]1 11]1

where € > 0 is a small fixed parameter and w, is the Huber function given by:

if |z| >
% T o
We shall consider the minimization problems:
(4.8) min J(u),
(4.9) min Je(u).

As in [20] we define the notion of d-solution associated to problem (4.8), which will be used to give an

estimation of the number of iterations of the minimization algorithm.

Definition 4.3. A 0-solution of (4.8) is an element us € X such that
J(ug) — J(@) <6,

where T is a solution of problem (4.8).

4.4. The proposed algorithm. We minimize J, by applying algorithm (4.4) with

dy do di d2 dy da

Fi(u) = ZZwe [(Aw); ; ZZU}E [(Vu); ;P)+ ZZ|UW (uo)i 4| Fy(u) =0.
=1 5=1 =1 j=1 =1 j=1

Indeed it is not difficult to check that

(4.10) VF(u) = A(P) — div(®) + A(u — ug)

where

Au); j . Vu); j .
v, |EA1L§1 G ElAw)il=e o0 ‘\(v(u)ii,)j\z—p if |(Vu)i P = e
J = ,]

(Au)i, J u)i,j

otherwise otherwise.

Then, taking into account that ¥ and @ are Lipschitz functions with constant 1 and L respectively,

we infer
1A]3

€

IVE(u) = VFi(v)]2 < ( +

[div][3
6277}’ + >\)|’U, — /U‘Q.
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Therefore, by recalling that, if N =2, |All2 < 8 and ||div||s < 2v/2, we conclude that

64 8
(411) ‘VFl(U) — VFl('U)‘Q § (? + 2—p

+ A)|u — vla.

Thanks to inequality (4.11) we are in position of applying algorithm (4.4). Then in our case algorithm

(4.4) ensures that:

o 648 uf —u
(4.12) 0 < Je(ur) = Je(ug) < (—+ +/\)| 12 Olz’

€ e2-p

where «? is a minimum of J..

4.5. Computer examples. Before running our algorithm all the parameters have to be fixed. It is
easy to see that for every u € X we have
(4.13) 0 < J(u) — J(u) < dydae.
Then by using (4.13) (4.12) and the fact that v’ is a minimum of J. we have
T < Jem) < Juus) + (B el gy (B E e el

€2—p €2—p
where 7 is a minimum of J. By applying again bound (4.13) we deduce

8 |u;“ —U0|2

64
J(ug) < J(@) + didae + (? + o +2) 2

Therefore the worst case precision to get a d-solution of (4.8) is:

B 64 8 [z — uol2
J(uk) — J(u) = (? + o + )\) 2 + dydse;
then the optimal choices are
) \/ 64d1ds _dids
‘S ddy [ 5+ 855 0] 41,

where C' := maxx | — up|2 and K the total number of iterations. For images rescaled in [0, 1], in the
worst case problem we deal with (see Figure 4), the number of iterations K needed to get a d-solution
of order 1 does not exceed the value 8000. In all numerical tests we let run the algorithm for no more
than 2000 iterations. The parameter € is always fixed in order to get a d-solution of order 1. This
choice seems to lead to good restoration results.

The parameter A is tuned according to the level noise and its value is specified on each numerical
test.

Finally as exponent p we always take p = 1.5.

In Figure 1, 2 and 3 we test the algorithm against noise on synthetic image containing open curve.
A Gaussian Noise is added to the original image. The image domain is of size d; x do = 128 x 128.
CPU time is about 50 s running on an Intel (R) Xeon(R) CPU 5120 at 1.86GHz.

Figure 4 shows an application of the algorithm on a biological image of cell spots provided for us by
"Institut Pasteur de Paris". The image domain is of size dy X do = 757 x 510. We fix € = 2.5¢ — 6. We
let run the algorithm until 2000 iterations to obtain a d-solution of order 1 shown in Figure 5. CPU

time is about 20 mn running on an Intel (R) Xeon(R) CPU 5120 at 1.86GHz.
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Original image

Noisy image PSNR= 26.1Db

| Restored image (¢ = 6.1e — 5, A = 40)

| Convergence of the algorithm (K = 2000)

B500

6000 -

5500 -

5000 -

4500

4000

3900

3000 -

2500 -

2000 I L I L L L L I L
0 200 400 600 8§00 7000 1200 1400 1600 1800 2000

F1GURE 1. Synthetic images. We test the proposed algorithm on noisy data.
Top left: Original images. Top right: noisy image. Down left: Restored image
given by a d-solution of order 1. Down right: Convergence on the algorithm.
On the y-axis the value of J(ug). On the z-axis the number of iterations.

Figure 7, provided for us by "Institut Pasteur de Paris", is an image of biological cell containing

DNA filaments. The image domain is of size d; x do = 323 x 323.

In Figure 8 we show the result of the restoration algorithm after 2000 iterations with ¢ = 9.5e — 5.

CPU time is about 9 mn running on an Intel (R) Xeon(R) CPU 5120 at 1.86GHz.

Finally in Figure 10 we test our model on a real noisy image which contains spots and curves. The

image domain is of size dy X dg = 256 x 256. CPU time is about 7mn running on an Intel (R) Xeon(R)

CPU 5120 at 1.86GHz.
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Original image Noisy image PSNR= 20.4Db

| Restored image (¢ = 6.1e — 5, A = 25) | Convergence of the algorithm (K = 2000)
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Ficure 2. Synthetic images. Top left: Original images. Top right: noisy
image. Down left: Restored image given by a d-solution of order 1. Down
right: Convergence on the algorithm. On the y-axis the value of J(ug). On the
x-axis the number of iterations.
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Original image

Noisy image PSNR= 14.1Db

| Restored image (¢ = 6e — 5, A = 10)

| Convergence of the algorithm (K = 2000)
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FicUrE 3. Synthetic images. We test the proposed algorithm on noisy data.
Top left: Original image. Top right: noisy image. Down left: Restored image
given by a d-solution of order 1. Down right: Convergence on the algorithm.
On the y-axis the value of J(ug). On the z-axis the number of iterations.
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F1GURE 4. Noisy image of cell spots.

FI1GURE 5. Restored image given by a d-solution of order 1. Number of itera-
tions K = 2000, ¢ = 2.5¢ — 6, A = 20. since the level of noise is not too high
and the intensity of the images on spots is elevated, the algorithm is capable
to restore the image by preserving point-like structures.
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FIGURE 6. Convergence of the algorithm. On the y-axis the value of J(uy).
On the z-axis the number of iterations.

FIGURE 7. Noisy image of biological filaments provided by "Institut Pasteur de Paris"
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FIGURE 8. Restored image given by a J-solution of order 1. Number of itera-
tions K = 2000, ¢ = 9.5e — 6, A = 20
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FiGure 9. Convergence of the algorithm. On the y-axis the value of J(uy).
On the z-axis the number of iterations



F1GURE 10. Real noisy image: we test our algorithm on a real image of a blood
vessels network corrupted by Gaussian noise. lImage size di X dy = 256 x 256.

FiGuRrE 11. Restored image: 6 = 1, A = 10, ¢ = 15e — 6. Number of iterations
K = 2000

19
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5. FINAL REMARKS

In this work a new variational model for restoring point and curve-like singularities in images has been
developed both from a theoretical and an experimental point of view. We emphasize that, according to
our knowledge, this approach seems to be new in the literature. Moreover we stress out that, despite
some extra smoothing effect, mainly due to the fact we work with a mesh step size equal to 1, we
obtain good experimental results.

Certainly there are many rooms for improvement both from a theoretical and numerical point of

view, such as analysis of functional with more general discrepancy term of type:

F(u) + / |Hu — ugl?,
Q
where H is a linear operator and ¢ > 1; as well as performing 3D-numerical simulations on real data.
These are subject of our current investigation.
Finally another interesting problem is how to restore the noisy image by keeping nothing else but
curves or points. In this case we believe that a different energy should be considered. For instance in

space dimension 2 a good candidate could be the following energy:
1
M( [ 18uPds -+ [ [FuP) 4 daH (suppi) + daH (suppi?)
Q Q

where suppp® and suppu® are the supports of the measures p® and p° of decomposition (2.3). While the
weights A1 Ao A3 should permit to favorize or penalize the different kind of singularities. In dimension
3 since curves and points are contained both in the support of the measure p° the energy should be
given by
/\1(/ |Aul?dz + % / [VulP) + XM (suppp®) + AgH (suppp”).
However how to appr(?ximate, in the sgnse of I'-convergence, this energy in order to provide numerical
experiments is, as fas as we know, an open problem. In this direction some partial results have been

obtained in [5, 14] for the detecting/restoration point-like target case.
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