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Abstract. The paper is concerned with the analysis of a new variational model to restore point-like
and curve-like singularities in biological images. To this aim we investigate the variational properties
of a suitable energy which governs these pathologies. Finally in order to realize numerical experiments
we minimize, in the discrete setting, a regularized version of this functional by fast descent gradient

scheme.
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1. INTRODUCTION

In biological image processing one might be interested in restoring an image, possibly corrupted by
noise, characterized by an high intensity value on sets of low dimension, such as points or curves in
2-D and 3-D images and which decreases to 0 in a neighborhood of the singularities. Then across these
sets there is no jump of the gradient of the image. This phenomenon requires a new approach, which

is different from the classical denoising model based on the gradient operator. From a general point of

!The research of Daniele Graziani was supported until January 2010 by ANR under the research project
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view in order to restore the given data ug, one would like to minimize an energy with an L?-fidelity
term and a proper regularization criterion F'. To this end one has to solve the following minimum
problem:

. A
(L1) min F(u) + 5 [[u — uol}3

A > 0 is a positive weight, the functional space X and the criterion F' must be chosen according to
the singularities to be restored. In our case it means that F must be given by a proper differential
operator which is singular in a suitable sense on points and curves.

Hence, from a variational point of view, we have to find a functional space whose elements are
able to produce Radon measures, whose support contains the singularities we would like to preserve.
Then, in line with recent works for detecting point-like target problem (see [2, 11]), we consider the
divergence as an operator able of producing Radon measures concentrated on points and curves. We
deal with the space AMP(Q) of WOLP -functions whose gradient is an LP-vector field with distributional
divergence given by a Radon measure, where 1 < p < %, Q C RY is the image domain and N is the
space dimension (see Section 2 below). The restriction on p is due to the fact that when p > % the

distributional divergence DivVu of Vu cannot be a measure concentrated on points (see [2, 11]). Then

to restore point-like and curve-like singularities in 2D or 3D, we consider general criterion of type

Jo f(Aw)dz + [, g(Vu)dz  on Wy (Div; Q),

(1.2) F(u) = { oo on AMP(Q) \ Wy P! (Div; ),

where f, g are convex functions with linear and p-growth from above respectively. VVO1 P ’1(Div; Q) is
the space of VVO1 "P_functions whose gradient is an LP-vector field whose distributional divergence is a an
L'-function (see Section 2 for definition). Further, since functional (1.2) is not lower semicontinuous
with respect to the WO1 "P_.weak convergence, we deal with its lower semicontinuous envelope (or relaxed
functional) on the space AMP(). So the first goal of the paper is to provide an integral representation
result for the relaxed functional of functional (1.2), which can guarantee that the regularization criterion
we have chosen, matches with the singularities we aim to preserve. When 1 < p < % we provide
such a representation by using the notion of p-capacity which is a useful tool to distinguish sets of
0-Lebesgue measure. In fact it turns out that, to extend functional (1.2) to the whole space AMP(2),
one has to measure the absolutely continuous part of the distributional divergence of Vu and, at the
same time, control its singular parts, encoded in two mutually singular measures u® concentrated on
sets of positive p-capacity such as 2D curves or 3D surfaces, and u° concentrated on sets with 0 p-
capacity, such as points in 2D or curves in 3D (see for instance [10, 13, 18] for general properties of
p-capacity). Indeed by applying the p-capacitary decomposition, proven in [7], to the singular part,

given by the Radon-Nykodim decompostion, of the measure DivVu, we have

DivVu = Audz + Div*Vu = Audz + p® + u°,
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(see subsection 2.2 below). Then we prove that according to previous decomposition, the lower semi-

continuous envelope of F' is given by:

13 Fw ::/Qf(Au)dx—l—/ (V) dm+/f°° il a|+/f°° d” |,
f(st)

P 00 : . . . . du
where u € AMP(Q) and f°° is the recession function given by SEIJPOO =W with t € R. dlu D d\u"l

the Radon-Nikodym derivatives of the measures y® and u° with respect to their total variation (see

Theorem 3.1).

are

As a consequence of the relaxation result, we derive, under suitable growth assumptions on the
integrands f and g, the existence of a minimizer of F on the space AMP(2). Moreover we also obtain
the I'-convergence to F of a sequence of more regular integral functionals (see Theorem 3.3).

In the second part of this work we focus on concrete applications in biological image processing in

dimension 2. In practice we consider the following functional

T = [ 18uldo++ [ 1Valrde+ 1)) +1001@) + 5 [ Ju— ulde,
which corresponds to the particular case f = |- | and g = | - [b. Its smoother version is given by:
Ti(u) = {fQ we, (|Aul)dx + % Jo we, (IVulP)dz + 3 [, |u—uo?dz on Wy (Div; Q)l, o
+00 on AMP(Q)\ Wy (Div; Q).
where w,, is the Huber function (see Section 4 for definition) and {e,}n — 0 as h — 0. Then, by
adapting some ideas of [14, 16] to our setting, we minimize the discrete version (see Subsection 4.1 for
notation and definiton in discrete setting) of J by a fast descent gradient algorithm.
Finally we conclude the paper by testing the proposed model to both synthetic and biological real
images provided for us by "Institut Pasteur de Paris".
The paper is organized as follows. Section 2 is devoted to notations, preliminary definitions and
results. In Section 3 we address the relaxation result and its consequences. In Section 4 we illustrate

our model by showing experimental results on both synthetic and biological images.

2. DEFINITION AND MAIN PROPERTIES

2.1. Distributional divergence and classical spaces. In the next subsection we recall the definition
of the distributional space L?'?(Div; ) and DMP(Q), 1 < p,q < 400, (see [1, 5]). In all the paper
Q c RY is an open bounded set with lipschitz boundary. N > 2 is the space dimension.

Definition 2.1. We say that U € LP9(Div; Q) if U € LP(Q;RYN) and if its distributional divergence
DivU € L1(Q). If p = q the space LP1(Div; Q) will be denoted by LP(Div; Q).

We say that a function u € WHP(Q) belongs to WP4(Div; Q) if Vu € LP4(Div; Q). We say that a
function u € Wy () belongs to Wy"*(Div; Q) if Vu € LP(Div; Q).

Definition 2.2. For U € LP(;RY), 1 < p < +oo, set

IDivU[(2) := sup{(U, V) : ¢ € C5° (), | <1}.



4
We say that U is an LP-divergence measure field, i.e. U € DMP(Q), if
1Ullpaer () = |U]|lLe (;rny + [DivU|(2) < 4o00.

We recall that U € LP(Q;RY) belongs to DMP(Q) if and only if there exists a Radon measure
denoted by DivU such that

W, 9p) =~ [ DivUip Vo € CR(),
Q

and the total variation of the measure DivU is given by |DivU|(2).

Let us recall the following classical result (see [6] Proposition 3.1).
Theorem 2.1. Let {Up}, C DMP(Q) be such that
(2.1) Uy, —=U in LP(Q;RY), as h — 400 for 1 < p < +oc.
Then

[Ulls(onzy < Tmind Ul ooz, IDIVUIE) < lim inf DivU|(€).

Finally we define the following space
(2.2) AMP(Q) := {u € Wy P(Q), Vu € DMP(Q)}.
2.2. p-capacity. If £ C R" is a compact set and i denotes its characteristic function, we define:

Capy (e, ) = int{ [ [V1Pd, f € CF(2). = xe.
Q
If U C Qis an open set and K C U is a compact set, its p-capacity is given by
Cap,(U, Q) = sup Cap,(K, Q).
KCU
Finally if A C U C Q with A Borel set and U open, then
Cap,(A,Q) = Acul}fcfz Cap,(U, Q).

We recall the following result (see for instance [13], Theorem 2.27) that explains the relationship

between p-capacity and Hausdorff measures. Such a result is crucial to have geometric information on

null p-capacity sets.
Theorem 2.2. Assume 1 <p < N. If HN"P(A) < oo then Cap,(A,Q) = 0.

For general properties we refer the reader to [10, 13, 18].

It is known (see [7]) that given a Radon measure p the following decomposition holds
(2.3) p=p"+ p,
where the measure u® is absolutely continuous with respect to the p-capacity and u° is singular with
respect to the p-capacity, that is concentrated on sets with zero p-capacity. Besides it is also known

(see [7]) that every measure which is absolutely continuous with respect to the p-capacity can be

characterized as an element of L' + W~1#' leading to the finer decomposition:

(2.4) pw=f —DivG + u°,
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where G € L?' (€; R?) with 5+ =1land f € L'(Q). In particular if u € AMP(Q) by applying the

classical Radon-Nikodym decomposition together with (2.4) to the measure DivVu we get:

(2.5) DivVu = Audz + jiq + pto = Audz + f — DivG + u°.

2.3. Functionals and their properties. Let f : R — [0,+00] and g : RY — [0, +00] be convex
functions such that

(2.6 f)<Cil+]t) VieR,

where 0 < (7 < +00 is a constant;

(2.7 4(€) < C(1+[€P) Ve €RY,

where 0 < Cy < +o0 is a constant.

We shall consider the following functionals defined on AMP(Q):

1,p,1 P
(2.8) Flu) = fQ f(Au)dx + fQ g(Vu)dx on W, (DlV,Q)l, o
+oo on AMP(Q)\ Wy (Div; Q);
%S dp’a a 0o dluo 0
(2.9) Fu) = | f(Auw)dz+ [ g(Vu)dz + [ f>(m—=)dlp[+ | = (5—g)dlu"],
Q Q Q dlp| Q d|p°|
where f°° is the recession function given by lirf @, with ¢t € R and the measure p® and u° are

a 0
given by decomposition (2.5). %, %

19 with respect their total variation.

are the Radon-Nikodym derivatives of the measures p* and

Finally we will always assume 1 < p < % This restriction on p is due to the fact that when
p > % the distributional divergence of U, and therefore the distributional Laplacian of a Sobolev
function, cannot be a measure concentrated on sets with zero p-capacity (see [2]). We do this in order
to allow concentration on sets of N — 2 dimension such as points in 2D and curves in 3D. Indeed in
this case the support of p® = f — DivG contains sets of dimension N — 1 such as N — 1 manifolds with
or without boundary inside Q (see [18], Section 4.7, for a detailed discussion on the space W ~17'(12)),
while the support of the term ;° contains lower dimensional sets such as points for N > 2 or curves

for N > 3.

2.4. Relaxation and I'-convergence. Let F' be the functional defined in (2.8). For every u €
AMP(Q), we define the lower semicontinuous envelope or relaxed functional with respect to the W, *-

weak convergence of F' given by:

(2.10) SC™F(u) := inf {liminf F(up) wup — u}.
uhCWOI’p’l(Div;Q) h—+00

Since we deal with VVO1 P-weak convergence, functional (2.10) is characterized by the two following
inequalities:

- for every u € AMP(Q) and every {us}n C Wy! (Div; Q), such that u, — u weakly in W, (1),

(2.11) SC™F(u) < l}zm_’i_an(uh),
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- for every u € AMP(Q) there exists {uy,}n € Wy (Div; Q), such that @, — u weakly in W, * (),

(2.12) SC™F(u) > limsup F'(ap,).
h——4o00

We give also the definition of I'-convergence for a sequence {Fy};, of functional defined on AMP(Q) of
type (2.8), with respect to the W, (Q)-weak convergence. Functional F' := T — lim F},, if it exists, is
characterized by the following two inequalities:

- for every u € AMP(Q) and every {uy}, C WyP''(Div; Q), such that u; — u weakly in W, (),

(2.13) FU'(u) < liminf Fj, (up),

h—+4o00

- for every u € AMP(Q) there exists {@y,}n C Wy*"'(Div; Q), such that @, — u weakly W, ()

2.14 F'(u) = lim Fy(ap).

(2.14) (u) port n ()

FT is W, P-weak lower semicontinuous on AMP(€2). Moreover if G : AMP(Q) — R is a continuous
operator with respect to the W,?(2)-weak convergence we have:

(2.15) I —lim(F, +G) =T —lim F, + G.

For general properties of the relaxation and I'-convergence we refer to [3, 4, 8, 9].

3. RELAXATION THEOREM AND EXISTENCE OF MINIMIZERS

In this section we state and prove the relaxation formula. The result is close, in the spirit, to the
the classical theorem of Goffmann-Serrin (see [12]) in the BV -framework. Indeed, in a similar way, to
extend functional (2.8) to the whole space AMP(Q), the singular parts of the distributional divergence
of Vu, have to be taken into account. To prove the relaxation argument we adapt the proof of ([12])

to our variational framework.

Theorem 3.1. Let f : R — [0,+00), g : RN — [0, +00) be convex functions satisfying (2.6) and (2.7).
Then the following formula holds:

(3.1) SC™F(u) = F(u) Yue AMP(Q).

Proof. Step one: We prove first inequality (2.11).
Let {up}n C Wy ™" (Div; Q) such that u;, — u € AMP(Q) . Since f is convex we have
(3.2) f(t) = sup(ar + bit), [f(t) = sup(bit) t eR,

k k

Then for every test function ¢ € C§°(Q2) such that 0 < ¢ < 1 we get

Fur) > /Q of (Auy)de + /Q o(Vun)da > [

o(ar + bpAup)dx + / g(Vup)dz.
Q

Q
By integrating by parts we obtain

F(up) 2/@akd:c—/ka<quhdm+/g(Vuh)dx.
Q Q Q

Then taking the weak limit and integrating by parts we get

lim inf F(up) > / akgoda:—!—/ brp dDivVu+/g(Vu)dm;
h—+oco Q Q Q



hence by taking into account decomposition (2.5) we infer

liminf F'(up) > / <p(ak+bkAu)dx+/ by du” |du® |+/ by, dp° |dp° \+/ g(Vu)dz.
h— 00 Q o ldp?| o ldull

Finally, since the measures dz, i, and p are mutually singular, to achieve inequality (2.11) it suffices to

take the supremum over ¢ and k first, and then infimum over all the sequences {uy}, C W' (Div; Q)

. So we get (2.11).

Step two : We now prove inequality (2.12).

For u € AMP(Q), let us consider the regularized sequence {up}p, C C§°(R2) of u defined as wy, :=

u * pp, with {pp}, standard sequence of mollifiers. By standard properties of the mollifying sequence,

decomposition (2.5) writes as

ap + bpAuy, = ap + bk/ pn(z —y) dDivVu
Q

du du®
= [ e = tan+ budy + [ e =G+ [ o= b Sl

and by taking into account (3.2) we have

ot b < [ =) OGN+ [ e =) Gl + [ e =) (Gl

Taking the supremum on k on the left hand side of (3.3) and integrating over Q with respect to x we

get:

| rawa < [ (] ph<z—y>f(A<u<y>>>dy)dx+ | ([ owte == Geidue)as

(33) [ ([ ot =

By applying, thanks to (2.6), Fubini’s Theorem to the right hand side of (3.3)

. odpt o d®
64 tmsw [ fQude < [ e+ [ G+ [ el

h—+o00

where we have used the fact that fQ pn(x —y)dz = 1, for h large enough. Finally, since Vuy, converges
in measure to Vu, from the convexity of g together with (2.7), and Vitali’s convergence theorem it

follows that:

(3.5) lim g(Vuh)dxz/g(Vu)dx
h—4o0 Q Q

Then (3.4) and (3.5) imply
limsup F'(up) < F(u).
h—+o0o

So (2.11) and (2.12) are proven. O

3.1. Existence of minimizers.

Theorem 3.2. Let f: R — [0,+00) be a convex function satisfying (2.6) such that

(3.6) &) >altl VteR,
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where 0 < ¢; < +00 is a constant. Let g : RN — [0, +00) be a convex function satisfying (2.7) such
that

(3.7) 9(&) 2 caléP VE € RY,

where 0 < ¢y < 400 is a constant.
Then there exists a minimum u € AMP(Q) of functional F defined in (2.9). Moreover the following
equality holds

3.8 inf F = i Flu).
(3.8) vert, @ FW) = min Flu)

Proof. Let {un}n C AMP(Q) be a minimizing sequence. Then from (3.7) it follows that
ca||[Vupllh < F(up) < M.

Therefore there exists a subsequence, still denoted by {uy}, C AMP(Q), and a function v € Wol’p such

that uj, — u with respect to the W, *(Q)-weak convergence. From Theorem 2.1 and (3.6) we have
|DivVu|(Q2) < %Ziminf]:(uh) < M,

which implies u € AMP(Q). As immediate consequence of Theorem 3.1, functional F is lower semi-
continuous with respect to the W, P-weak convergence. Then the existence of a minimum follows via
the direct methods of the calculus of variations.

Finally thanks to growth conditons (2.6) and (3.6) the infimum is finite. Then property (3.8) can

be achieved by standard arguments (see for instance [4]). O

3.2. I'-convergence. In this subsection we state a I'-convergence result for a sequence of integral func-
tional of type (2.8). We also address the classical variational property which ensures the convergence

of minimizing sequences of the approximating functional to minimizers of the limit functional.

Theorem 3.3. Let f, : R — [0,+00), gn : RN — [0,4+00) be sequences of Borel functions. Assume
that fr, gn converge pointwise monotonically, as h — 400, to f and g satisfying all the hypotheses of
Theorem 3.1.

For every u € AM(Q), we define

/ fr(Au)dx + / gn(Vu)dz if u.e WP (Div; Q)
F(u) = Ja Q

+00 if u e AMP(Q)\ W, ' (Div; Q).
Then for every u € AMP(Q), we have

(3.9)

If in addition we have

(3.10) cslt] < fr(t)  for everyt € R, cal€lP < gn(&) for every ¢ € RN,
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where 0 < c¢3,c4 < 400, then for every minimizing sequence {up}n, C AMP(Q) of Fy, there exists a
subsequence {up, }r C AMP(Q) and a minimizer © € AMP(Q) of F such that {up, }r converges, with

1 _
respect Wy -weak convergence, to u, and

(3.11) min  F(u) = lim inf Fy,.
AMP () h—+o0 Wol’p’l(DiV;Q)

Proof. From Proposition 5.7 of [4] and Theorem 3.1 we have that F;, I'-converges to F.

By (3.10) and by Theorem 2.1, for every minimizing sequences {up}n C AMP(Q) of F, the following

compactness property holds:
(3.12) Fr(up) < M = Hup, be,u C AMP(Q)  with up, — u

Then the second assertion follows directly from the fundamental theorem of T'-convergence (see for

instance section 1.5 of [3]). O

4. NUMERICAL APPLICATIONS

In view of numerical applications we will always consider N = 2, f(t) = |t| and g(&) = %\ﬂp (with
1 < p < 2), so that the recession function f>°(t) is equal to |t|. Moreover we add an L2-discrepancy

term, and we consider the following functional
1 A
@y = [ 1ude s [ Valrde @)+ 1000 + 5 [ - uoPds,
Q pPJa 2 Jo

where ug € L?(Q) is the observed data, and ) is a positive weight. We note that Theorem 3.2, together
with the strong convexity of J gives immediately the existence and uniqueness of a minimizer of J on
AMP(Q).

We also introduce a smoother version of functional (4.1). To this end let {ex}, be an infinitesimal

sequence of positive numbers and w,, the Huber function defined by:

if|xz| >
(42) wo ey =47z
2—1—7’1 otherwise.

We define the following sequences of functionals on AMP(Q2)
(4.3)
Ti(u) = Jo we,, (|Au|)dx + %fﬂ we, (IVulP)dz + 3 [ [u— uo|?*dz  on Wl (Div; Q),
+00 on AMP(Q) \ W, ! (Div; Q).

By Theorem 3.1, 3.3 and (2.15), we infer that variational property (3.11) holds for 7}, and J. Hence
for numerical purposes it makes sense to look at the discrete version of functionals J; and J. However
we precise that the analogy between continuous and discrete setting will be only formal, since we do

not let the mesh size step dz of the discrete domain go to 0 (see next section).

4.1. Discrete setting. We define the discrete rectangular domain € of step size dz = 1 and dimension
dids, where Q = {1,...,d;} x {1, ...,ds} C Z2. In order to simplify the notations we set X = R%*92 and

Y = X x X. u € X denotes a matrix of size d; X da. For v € X, u; ; denotes its (i,j)-th component with
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(i,5) € {1,...,d1} x {1,...,d2}. For g € Y, g; j denotes the i,j-th component of g with g; ; = (g}, 97 ;)
and (’L,j) S {1,...,d1} X {1, ...,dg}

We endowed the space X and Y with standard scalar product and standard norm. For u,v € X we

have:
dy  do
(w,0)x = > uijvi .
i=1 j=1
For g,h € Y we have:
di dy 2
_ 1 g1
{9, h)y = Z Z Zgi,jhi,j.
i=1 j=1 I=1
For w € X and p € [1,+00) we set:
dy do
1
fulp = Q0D uiglP)7.
i=1 j=1
For g € Y and p € [1,400):
di da
1
lglly == O lgislb)r.
i=1 j=1

If G, F are two vector spaces and H : G — F is a linear operator, then the norm of H is defined by

H| := max (||Hullg).
] = max (IHulr)

Definition 4.1. A function F : X — R is said to be L-lipschitz differentiable if it is differentiable and
[VFE(u) — VF(v)|2 < Llu — v]a,

for every u,v € X.

Definition 4.2. Let ¢ : X — R be a convex function. The operator
1
prozy : X — X zo— argmin{y(y) + |y — z|2}
yeX 2

is called proximal operator associated to 1.
If proxyy can be computed exactly for every A > 0 and every x € X, the function v is said to be

simple.

If u € X the gradient Vu € Y is given by:

(Vu)iy = (Vu)i ;; (Vu)? ;)

1,79
where

1 Wit — Uiy if i <dy
(Vu)i,j = {

0 if i =dy,

(Vu)? Ui 1 — Us,j lf] <ds
0 if j = ds.
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We also introduce the discrete version of the divergence operator defined as the adjoint operator of the

gradient: div=—-V*. If p € Y, we have

P+ i, ifi,j=1

p;j—i—pij—pf_w ifi=1,1<j<ds

Pij =Dl P —piy; H1<i<di,1<j<ds
(divp)ij = § —pi_1; +Di; — PPy if i =dy,1<j<dy

Pij—Di1;+DE ifl<i<d,j=1

p}’jfp}fl,jfpfflyj ifl<i<d,j=ds

—(Pi_1,; +Pi1) ifti=dy,j=ds.

Then we can define the discrete version of the Laplacian operator as Au = div(Vu).

4.2. Nesterov scheme. Here we briefly recall the fast descent gradient Nesterov’s algorithm (see
[14, 15]). We state it in the formulation proposed in [16, 17]. For further details and general statements
we refer the reader to [16, 17] and references therein.
Proposition 4.1. Let F: X — R be given by:

F(u) = Fi(u) + Fa(u) forue X,

where Fy is a conver L-Lipschitz differentiable function and Fo a simple function. Then the following

algorithm?:
up € X Ap=0 g=0 u=0
do fork:1,...,. K
t=2
a=t+Vt2 +4tA
(4.4) v = proxar,(uo — g)
_ AutAv
y= A+a
u=provyp,(y— L VFi(y))
g=g+aVFi(u)
A=A+a
ensures that:
. [u* — ugl2
(4.5) 0 < F(ug) — F(u )SLT’

where u* € X is a minimum point of F' and ug € X is an initial data.

4.3. The discrete functionals. For u € X such that v = 0 on 0f2, we define the discrete analogous

of functional (4.1) as

1 A
(4.6) J(w) = [[Aull + ZlVell; + Flu = uo 5.
We also introduce the discrete counterpart of functional (4.3) as:
dl dg 1 dl d2 )\
(4.7) Te(u) =Y we(|(Au)ij)) + » D> wel|(Vu)i 7) + 5 lu = oz,
i=1 j=1 i=1 j=1

3we omit the dependance on k to simplify the notation
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where € > 0 here is a small fixed parameter.

Remark 4.1. Let us stress very clearly that by no means we intend to claim that if the mesh size
step dx — 0, then the discrete functional (4.6) T'-converges to functional (4.1) defined in continuous
setting. Indeed we do mot provide such a result here. Therefore here the analogy between continuous

and discrete is formal.

We shall consider the minimization problems:

(4.8) IuIéIE J(u),
(4.9) 75%1)% Je(u).

As in [17] we define the notion of d-solution associated to problem (4.8), which will be used to give an

estimation of the number of iterations of the minimization algorithm.

Definition 4.3. A d-solution of (4.8) is an element us € X such that
J(ug) — J(@) <4,

where U is a solution of problem (4.8).

4.4. The proposed algorithm. We minimize J, by applying algorithm (4.4) with

dl d2 dl d2
1 A
Fi(u) = Je(w) = Y > we(|(Au)g)) + » DD wel|(Vu)igl?) + Slu—uolz  Fa(u) =0.
i=1 j=1 i=1 j=1
Indeed it is not difficult to check that for u € X with u = 0 on the boundary we have
(4.10) VFi(u) = A(Y) — div(®) + A(u — up)
where
Au i,g . Vu i,9 .
. Ay i [(Aw)iy] > e B, 5 = i [(Vu)il > e
’ 2L otherwise ’ Vu)ig otherwise.

Then, taking into account that ¥ and & are Lipschitz functions with constant % and Eip respectively,

we infer

|VFi(u) = VFi(v)|2 < (

Al2 div||2
VA B 1,

€2-p
Therefore, by recalling that, if N =2, |All2 < 8 and ||div||s < 2v/2, we conclude that

64 8
(4.11) \VFl(u) - VF]_(U)‘Q < (? + o p

+ A|u — v|s.

Thanks to inequality (4.11) we are in position of applying algorithm (4.4). Then in our case algorithm
(4.4) ensures that:

o 648 ul —u
(4.12) 0 < Je(up) = Je(ug) < (— + +A)| 2 ok,

€ €2-p

where «? is a minimum of J,.
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4.5. Computer examples. Before running our algorithm all the parameters have to be fixed. It is

easy to see that for every u € X we have
(413) 0 S JE(’U,> - J(’LL) S dldge.

Then by using (4.13) (4.12) and the fact that v} is a minimum of J. we have

64 8
—+

¢~ 64 8 x
J(ug) < Je(ur) < Je(u?) + ( - . |ug — uol2 luf — uol2

O L@+ (= + s+ )

where 7 is a minimum of J. By applying again bound (4.13) we deduce

c p+)\)

64 8 *
J(uk:) < J(ﬂ) + d1d26 + (? + o + /\) |ue k2u0|2'

Therefore the worst case precision to get a d-solution of (4.8) is:

J(ug) — J () :(%+ 8 +)\)|

€2-p

ﬂ*UO‘Q

k2

+ dydae;

then the optimal choices are
) 64d;ds didsy
— K = [\/ 8 A c} 1,
¢ d1d2 ( 0 * 02-p * ) ] *

where C':= maxx | — up|2 and K the total number of iterations. For images rescaled in [0, 1], in the

worst case problem we deal with (see Figure 4), the number of iterations K needed to get a d-solution
of order 1 does not exceed the value 8000. In all numerical tests we let run the algorithm for no more
than 2000 iterations. The parameter ¢ is always fixed in order to get a d-solution of order 1. This
choice seems to lead to good restoration results.

The parameter A is tuned according to the level noise and its value is specified on each numerical
test.

Finally as exponent p we always take p = 1.5.

In Figure 1, 2 and 3 we test the algorithm against noise on synthetic image containing open curve.
A Gaussian Noise is added to the original image. The image domain is of size d; x dy = 128 x 128.
CPU time is about 50 s running on an Intel (R) Xeon(R) CPU 5120 at 1.86GHz.

Figure 4 shows an application of the algorithm on a biological image of cell spots provided for us by
"Institut Pasteur de Paris". The image domain is of size d; X do = 757 x 510. We fix ¢ = 2.5e — 6. We
let run the algorithm until 2000 iterations to obtain a d-solution of order 1 shown in Figure 5. CPU
time is about 20 mn running on an Intel (R) Xeon(R) CPU 5120 at 1.86GHz.

Figure 7, provided for us by "Institut Pasteur de Paris", is an image of biological cell containing
DNA filaments. The image domain is of size d; x do = 323 x 323.

In Figure 8 we show the result of the restoration algorithm after 2000 iterations with € = 9.5e¢ — 5.

CPU time is about 9 mn running on an Intel (R) Xeon(R) CPU 5120 at 1.86GHz.
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Original image

Noisy image PSNR= 26.1Db

| Restored image (¢ = 6.1e — 5, A = 40)

| Convergence of the algorithm (K = 2000)
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FI1GURE 1. Synthetic images. We test the proposed algorithm on noisy data.
Top left: Original images. Top right: noisy image. Down left: Restored image
given by a d-solution of order 1. Down right: Convergence on the algorithm.
On the y-axis the value of J(ug). On the z-axis the number of iterations.
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Original image Noisy image PSNR= 20.4Db

| Restored image (¢ = 6.1e — 5, A = 25) | Convergence of the algorithm (K = 2000)
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Ficure 2. Synthetic images. Top left: Original images. Top right: noisy
image. Down left: Restored image given by a d-solution of order 1. Down
right: Convergence on the algorithm. On the y-axis the value of J(ug). On the
x-axis the number of iterations.
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Original image

Noisy image PSNR= 14.1Db

| Restored image (¢ = 6e — 5, A = 10)

| Convergence of the algorithm (K = 2000)
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FicUrE 3. Synthetic images. We test the proposed algorithm on noisy data.
Top left: Original image. Top right: noisy image. Down left: Restored image
given by a d-solution of order 1. Down right: Convergence on the algorithm.
On the y-axis the value of J(ug). On the z-axis the number of iterations.
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FI1GURE 5. Restored image given by a d-solution of order 1. Number of itera-
tions K = 2000, € = 2.5e — 6, A = 20.
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FIGURE 6. Convergence of the algorithm. On the y-axis the value of J(uy).
On the z-axis the number of iterations.
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F1aURE 7. Noisy image of biological filaments provided by "Institut Pasteur de Paris"

F1GURE 8. Restored image given by a d-solution of order 1. Number of itera-
tions K = 2000, € = 9.5e — 6, A = 20
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FIGURE 9. Convergence of the algorithm. On the y-axis the value of J(uy).
On the z-axis the number of iterations
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5. FINAL REMARKS

In this work a new variational model for restoring point and curve-like singularities in images has been
developed both from a theoretical and an experimental point of view. We emphasize that, according to
our knowledge, this approach seems to be new in the literature. Moreover we stress out that, despite
some extra smoothing effect, mainly due to the fact we work with a mesh step size equal to 1, we
obtain good experimental results.

Certainly there are many rooms for improvement both from a theoretical and numerical point of

view, such as analysis of functional with more general discrepancy term of type:

F(u) + / |Hu — ugl?,
Q
where H is a linear operator and ¢ > 1; as well as performing 3D-numerical simulations on real data.

These are subject of our current investigation.
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