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Switching time estimation for linear switched systems:
an algebraic approach

Yang TIAN, Thierry FLOQUET, Lotfi BELKOURA and Wilfrid PERRQUETTI

Abstract— This paper aims at estimating the switching time and eventually the switching time. Different observatiowl a
for linear switched systems, i.e. the time instant when a jdentification methods have been proposed during the last
sub-model is switched on while another one is switched off. years ([3], [5], [10], [15], [16], [19], [21]). In most of the

Assuming that the state of the active sub-models is known, . . ) .
a distribution point of view is adopted to get a real-time CAS€S, the hybrid observer consists of two parts: an index

estimation of these switching times. Real-time means thatna €stimator of the current active sub-model and a continuous
explicit algorithm computes on-line these time instants ira fast  observer that estimates, asymptotically in most cases, the
and efficient way. Simulations illustrate the proposed techiques  continuous state of the hybrid system.

Wh}ifh is szill_y implemf”table' ched syt hvbrid svst The aim of this paper is to estimate in “real-time” the
ywor inear sys'ems, switched systems, hybrid systems, switching time sequence with the knowledge of the con-

switching time estimation, distribution theory. > ) .
tinuous state of some class of switched linear systems.
. INTRODUCTION The possibility to havdinite time estimate for that kind of

Many systems encountered in practice exhibit switchingssySterns Is clearly important, not to say crucial. The apgtioa

) considered here is based on an idea recently published by M.
between seve_ral subsystems, mherently _by nature, suc_h Fliess and H.-S. Ramirez [13] for parameter identification
when a phy5|f:al plant has the capability of undergomgf linear time-invariant systems. This method is based on
several operational modes, or as a result of the controll

) . N . ols which are of algebraic flavor: differential algebra,
design, such as in switching supervisory control.

. . . module theory and operational calculus. The estimators are
Switched systems may be viewed as higher—level abstrac- y P

tions of hybrid systems, obtained by neglecting the detdils gggligtsyazrgpetcb):g:i;: nglrlrjrt_:sg Se er d F;;O!Jﬂeg] Irnelgtri]\llteely“g;r;ptl)y
the discrete behavior. Roughly speaking, a switched system

. . . g . and fast algorithms, with straightforward implementation
is composed of a family of dynamical (linear or nonlinear) . . .

o sing standard tools from computational mathematics. &hos

subsystems and a rule, called the switching law, that or-

o results have been extended to the problems of closed-loop

chestrates the switching between them. In the recent years

: . ) rfqairametric estimation [14], state estimation of lineateys
there has been increasing interest in the control proble D%th time-varving parameters [26] or with delays [7], fault
of switched systems due to their significance from both ying p Y '

. : . . 8iagnosis [12], nonlinear systems with unknown inputs [6] o
the_oret|cal and practical point of VIEW. Important res_ﬂidis .some class of linear infinite dimensional systems governed
switched systems have been achieved for problems mcludlgg partial differential equations [20]. This approach wi®a
stability [2], [8], [28], controllability [24], [29], staliization '

[18], [30], tracking [9]. .... See also [17], [25] for suney applied in [11] for the estimation of the index correspomgdin

Observability and state estimation is a kev problem foto the current active subsystem, and the state variablesf th
vVabiy imation 1 yp élébsystemvia quite robust methods with respect to corrupt-

such systems, where discrete and continuous parts are mix . - . o
. ) . Mg noises. Here, explicit computation of the switchingdsn
The vector-valued output is a function of the continuous

. . . _~~~Ts obtained: the switching time estimation is given by an

Site and the acive ODE driving the curren continuousstaf PICH formula. as a function of the inegral of the outu

. : N . in order to attenuate the influence of measurement noises.
evqutlon_. 'T‘ [1], the notion of sta_lt_e estlmatlon for swiech The proposed method exhibits the following features:
systems is introduced. Observability notions for someseas o - . e .
of hybrid systems such as switched linear systems has beert the s_wng:hmg_ﬂmes can be efficiently identified on-line
discussed and characterized in recent works, see e.g. [4], and in f|n_|te time, . :
[22], [27]. The problem is to recover from available mea- * computations can be carried out by a computer and in

surements the state of the system and/or the switchinglsigna a very fast manner._ ]
The rest of the paper is organized as follows: the problem
Y. Tian, T. Floquet, and W. Perruquetti are with LAGIS formulation is given in Section Il. Then, the main result
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(LODE) of the following form: Functions are considered through the distributions they
. 1 define and are therefore indefinitely differentiable. Hence
X = AgX, @ if y is a continuous function except at a poawith a finite

whereq € lg £ {1,...,Q} is the discrete statec R" is the Jjump T3, its derivative writes

continuous state ankdly € R™". For the sake of convenience _

and without loss of generality, it is assumed that at each y=dy/dt+0ada, ®)

timet € R only one discrete event can act on the system. {{here dy/dt is the distribution stemming from the usual
is also assumed that thereris state jump, i.e. that iftx i gerivative ofy.

a switching instant A distribution is said to be of orderif it acts continuously
lim x(t) = lim x(t) on Cf—functions but not orC'*l_—functions. Measures and
t—t ot functions are of order 0. By virtue of Schwartz Theorem

é23], a x T = 0 for any smooth functior@ whose deriva-
tives of appropriate order vanish on the support of a given
distribution T € 2'(Q). In particular, one has for the Dirac
ot):R—lg distributior?:

x— a(t) 2)

The switching function driving the change of mode is define
by:

f(t)-& =0, Vf e C*(R) with f(tj)=0

wherea(t) € g corresponds to the index associated with the f(t)-& = f(t) &, VfeC(R) with f(t)#0

current active LODE. The switching function is supposed

to have a finite number of discontinuities on a finite time [1l. MAIN RESULT

?nterval. For examlplgp(t) has k_ discontinuities at time A Change of variable

instantsty, t, ...ty within the time intervallto, Tinail- ) )
The general problem to be solved is: “Is it possible to get ASSume tha#y andA; are two square commuting matri-

in real time (when they occur) the switching timgsusing €S and consider the following change of variable:

the available past and current measurements?”. In thisrpape 7— Oy )

the study is restricted to the case wh@gn= 2 and when the

whole continuous states are measured. In that case, syst@ifereG = _#, One has:

(1) can be rewritten as follows:

X = T(t)x ()
F(t) = AH{)+A1—H(t)) (4)

7= Ge®'x+ %% = Gz+ €®'T (t)x
= (G+€°T(t)e Oz

whereA;, A, € R™" are constant matrices. Without loss of
generalit}, assume that; = 1 within some given interval Which leads to _
te [t 1,ti[ andg=2 ont € [t,t,1[ . Then, the functiorH z=M(t)z )

is given by: where

Lt St
Hm_{ 0, t<t<ty M(t) = (G+e%Are S)H (1) + (G+ € Ae ) (1-H(t))

Suppose that the previous switching time was found:thys Since A; and A, are two square commuting matrices, one
is known. The objective is to have a finite time estimationyets:
of the switching time; when the system commutes from the

modeq =1 to the modey = 2. This will be done by using M(t) = (G+A)H(t) + (G+A2)(1—H(t))

higher order time derivatives of Because of the presence B Al_AZH(t) n AZ_Al(l_ H ()

of non smooth dynamics, derivation has to be understood in N 2

the distribution sense. =—AH(t) +A(1-H(t))

Distribution Framework with A= 22_A1_The choice of the change of coordinates (6)

We recall here some standard definitions and results fromas motivated by the fact that the subsequent computations
distribution theory [23], and fix the notations to be usechim t involve M? = AZ which is a known quantity independent of
sequel. The space @*-functions having compact support the switching time.
in an open subsé® of R is denoted by?(Q), and2’'(Q) is Differentiating (7) , one has:
the space of distributions o, i.e., the space of continuous .
linear functionals orz(Q). 2=Az=-2R% ,2(ti-1), ta<t<ty

When concentrated at a poifit}, the Dirac distribution 7—A2z= —2A& ,Z(ti 1) +2A&2(t), t<t<tiq
O(t — 1) is written o;.

2The existence of the produdt(t)- & is ensured as soon &k is a
1This will be explained later (see subsection III-A). C*—function



which can be rewritten in the following compact form:

7—ANz= Z YoOyZ(tg), ti1<t<tiyg (8)

At pty_1-t t—t q dtd
t, 1---dt =
Whereyg is obV|0ust defined. Note that a similar expression / / /o Xty - ddr /o

is obtained if the initial system ig = 2, but with the

Using the properties

//t” ! /1 T)dty_s - dtldr:/(: (t(;I)lV);l

rt—t (t _ T)v—l
w11~

x(1)dt

yields

having opposite signum. As it will be seen hereafter, this

has no influence because the right hand side of (8) le /'tvflm/'tlx(r)dt 1---dt1d1:/t (t-ovt
be canceled by suitable algebraic manipulations. Thus thg; Jy i Y v (V—

e

proposed method does not need the knowledge of the currentl-hus one has:

mode.

B. Explicit computation of the switching instant
Recall that(t —t;)&, = 0 and multiply (8) by

f(t,t_1.t) = (t—ti_1)2(t—t). 9)
One obtains:
(t—t_1)%(t—1)(2—A%2) =0

Integrating fromt;_; tot > t; leads to

[ rtaneEn -Agar=0 o

ti—1

The function (9) has also been chosen in such a way
0. Then, integration by

that f(ti_1,t-1,t) = ' (ti_1,ti_1,t) =
parts leads to:

/t F(T,_1,4)2(1)dT

i1

t
:[f(r,ti,l,ti)'z]ijiil—/ F(T,4_1.t)2(1)dT

Jiog
t
=Ttttz [ i
Jiog

and
t
f/(T,t_1,t)2(7)dT

\

tio1
= [F(1,t-1,4) }T_:il—'/ti.tlf”(r,ti1,ti)z(r)dr
_ f/(t,ti,l,ti)z—/t't £(1,t_1.t)2(1)dT
-
Hence
/tt F(T,_1,4)2(1)dT
i—1

= f(t,ti 1, t)z— f'(t,t_1,t)z+ f”(r,ti,l,ti)z(r)dr
ti_
' (11)

Taking one more time the integral frotn 1 tot > tj leads
to the following relation:

[ I 020 - @t e

ti—1

+/ti 1/IIT11 (T,ti—1,t) — A%F(T,ti_1,t))z(1)dTdT1 = 0
(12)

ft,t 1,t)z—2 [ f'(1,t_1,t)z(1)dT
i1
t

+ [ =) (f"(T,4_1,t) — A%F(T,ti_1,t))zdr =0 (13)
ti—1

Since

fttiost) = (t—t 1)t —t) =tt—t_1)®— (t—ti_1)%

f(tt1,t) = (t—ti1)?+2(t—ti1)(t—t)

f7(ttiig, ) =4t —ti_1) +2(t—t)

the estimate of; is given by the following formula:
D(t,ti-1,2)t = N(t,t_1,2)
with
N(t,t_1,2) = t(t —t_1)z(t)
_-/tiil (2(T—ti—1)? +41(T —ti_1)) Z(T)dT
t

+ [ (t—T1) (4t —tig)l + 21

o1

D(t,ti_1,2) = (t—ti_1)%2(t) —./t_t AT —t_1)z(1)dT

—APT(T—ti_1)?) Z(1)dT

+ l,l (t—1)(2

—AX(1—ti_1))z(T)dr (14)

wherel € R™" is the unit matrix. Note thab(t,t_1,2) and
N(t,ti_1,2) are column vectors of dimensian So
o N; (t,ti_1,2)
! Dj(t,ti,l,z)’
for any 1< j <n, whereN;(t,ti_1,2) and Dj(t,t_1,2) are
the components df(t,t;_1,z) andD(t,t_1,2), respectively.
In the above expressiomy, 1 has been estimated with a

similar procedure and is known. The first switching titge
is obtained withtg = 0 and the following relation:

N(t,2)
f/ot 6r22(r)dr+/0t(tf 1)(611 — A2T3)Z(1)dT

/Ot 4T2(T)dr+/0t(t—r)(2l ~ RT)(1)dr
(15)

D(t,z)t; =
N(t,z) =t3z(t)

D(t,2) = t%z(t) —

Thus, one can obtain the exact formula for the estimation of

the switching timeg;. Remark: one could also choose any
function f(t,t_1,t;) with the following properties:
(') f(t ti- 17t|)5t —0
(i) ftio,tio,t) = f(tl ulint)=0.



C. Numerical implementation of the Integration Window The switching times are assumed to occurtat= 0.2(s),
The numerical implementation of the above obtainet? = 0-8(S), ts =0.85(s), ta = 1.8(s) andts = 3(s) and the first -
result has to address the following problems: actllve m_odel is supsy_stem_ 1.Since one ne_eds three samplings
to identify the switching time, the dwell time has to be at
1) sampling: for computation purpose the continuousIeaSt larger than.003(s).
' Figure 1 shows that the estimator performs well. Note that

signal is sampled (the sampling period T and .
quantized (not taken into account here)). It is cleatrg occurs shortly (D5(s)) aftert, but that the algorithm can

that the choice off; is of importance and should be detgct I aCCl."ately' .

. . ; L Figure 2 gives the behavior of the state
less than the minimum dwell time (i.e. the minimum
difference between two successive switching instants®

2) numerical integrationfor the implementation of the ot
algorithm, since it involves integrals (see (14)), one 25l ]
should choose an efficient numerical algorithm ir
order to compute the integrals. Here, a trapezoid:
rule was chosen.

3) singularity: t; is given by (14). As a result, a ost .
singularity (0 divided by 0) occurs at the beginning of o , , , , i
the computation. In order to overcome this problem
one has to wait a very small amount of time before

the computation is taken as valid. In practice, two
samplings are sufficient. Fig. 1. Estimation of the switching times.

4) initialization: let us recall that this algorithm needs
to be initialized with a first computation of the first

15 T T T
switching timet;. For this, one has to use (15) insteac \/v
of (14).

5) detectionthe ratio that defines by (14) is fluctuating
whent € [tj_1,t[ and constant as soon &s-t; : to
detect when this ratio is constant, successive valut

within a boundary of a given thickness are needed. | 05t 7
practice 2 or 3 successive values have to be withi
the interval of thickness. \

G0 0.‘5 i 115 2‘ 2‘.5 é 35

6) update:whent; is detected, one has to update the
scheme by resetting the integral computation and
changing the lower bound of the integration in order
to compute the next switching time (for this in the
integral approximation. V. CONCLUSION AND PERSPECTIVES

In this paper, an algebraic approach for switching time
The advantage of the implementation of the algorithm witlsstimation of hybrid systems has been introduced. An eixplic
.aninteg.ration windows that the estimate can be done at eaCBIgorithm which computes on-line the switching time ingsan
Integration step. in a fast way has been derived. In future works, this approach
IV. EXAMPLE will be gxtended to more general cases when the switc_hing
system is composed of more than two subsystems (using a
Consider a linear switched system consisting of tweufficient number of estimators in parallel) and with only

Fig. 2. State z

second-order linear time invariant systems given by: partial state measurement outputs. Such techniques could
1 0 also be used to estimate on-line and in real time both the
A= <O 1> switching instants and the switching function.
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