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Abstract

In this paper, a method for the finite time estimation of thé&dving times in linear
switched systems is proposed. The approach is based omailgenls and distribution
theory. Switching time estimates are given by explicit hligéc formulae that can
be implemented in a straightforward manner using stanaenid from computational
mathematics. Simulations illustrate the proposed teclasqg

Keywords: Linear systems, switched systems, switching time estonadistribution
theory.

1. Introduction

Many systems encountered in practice exhibit switchingeéen several subsys-
tems, inherently by nature, such as when a physical planthesapability of un-
dergoing several operational modes, or as a result of thiealtan design, such as in
switching supervisory control.

Switched systems can be seen as higher—level abstracfibybrid systems, ob-
tained by neglecting the details of the discrete behavioswiched system is com-
posed of a family of dynamical (linear or nonlinear) subsyst and a rule, called the
switching law, that orchestrates the switching betweemt{see [24, 36] for surveys).
In the recent years, there has been an increasing interés icontrol problems of
switched systems due to their significance from both a thieateand practical point
of view. Important results for switched systems have bedresed for problems in-
cluding stability [2, 10, 12, 25, 40], stabilization [26, ,291, 43], tracking [11] or
controllability [35, 42].

Observability and state estimation is a key problem for systems because both
the active mode and the continuous state have to be estiraatethis during a finite
time interval. The notion of state estimation for switchgdtems was introduced in
[1]. Observability notions for some classes of hybrid sysesuch as switched linear
systems has been discussed and characterized in recerst sumtk as [4], [33], [39].
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The problem is to recover from available measurements #te of the system and/or
the switching signal, and eventually the switching time.ffé@ent observation and
identification methods have been performed during the leatsy([3, 5, 7, 13, 14, 15,
16, 21, 22, 23, 27, 28, 32]). Usually, the hybrid observesigia of two parts: an index
estimator of the current active sub-model and a continudisemer that estimates,
asymptotically in most cases, the continuous state of theithgystem.

The aim of this paper is to estimate in “real-time” the swiibghtime sequence of
some class of switched linear systems with the knowleddkedifyartial) of the con-
tinuous state only. The possibility to hafieite timeestimate for that kind of systems is
clearly important, not to say crucial. The approach considéere takes root in recent
works developed in [19] for parameter identification of Angime-invariant systems.
This method is based on algebraic tools (differential algeimodule theory and oper-
ational calculus) and results in finite time estimates glweexplicit algebraic formula
that can be implemented in a straightforward manner usanygsird tools from compu-
tational mathematics. Those results have been extended frablems of closed-loop
parametric estimation for continuous-time linear systémj20], parametric estima-
tion of systems with delayed and structured entries in [@tesestimation of linear
systems with time-varying parameters in [38] or with delayf8], fault diagnosis in
[18], nonlinear systems with unknown inputs in [6] or somassl of linear infinite di-
mensional systems governed by partial differential eguatin [31]. This approach
was also applied in [17] for the estimation of the index cspanding to the current
active subsystem, and the state variable of this subsysdtethis paper, the algebraic
approach is extended to the problem of the finite time ideatifbn of the switching
occurrences. Using some properties of the distributionrihehe switching time es-
timation is given by an explicit formula, as a function of tinéegral of the output, in
order to attenuate the influence of measurement noises.

This paper is organized as follows: Section 2 gives the pratfbrmulation. The
main result is derived in Section 3. First, the switchingdiidentification of one
commutation between two subsystems is analyzed. Thenethdtiis extended to
the case of commutations among an arbitrary number of stdrags The last section
provides a simulation that illustrates the proposed aptroa

2. PROBLEM STATEMENT

In this work, we study a class of linear hybrid systems catieitched linear sys-
tems (see [39] for a definition), i.e. systems whose evaluiodetermined by a col-
lection of linear models@ subsystems) with continuous state R" connected by
switches among a number of discrete stateslg = {1,...,Q}, modeled by linear
ordinary differential equations of the following form:

X = Ag, 1)

whereAq € R™*" are constant matrices. For the sake of convenience andutiihss
of generality, it is assumed that at each titreR only one discrete event can act on
the system.



The objective of this paper is to estimate on line the switghimes of the system
(1) using the dynamics of the continuous state only. The atethat will be developed
will involve high order time derivatives of. Because of the presence of non smooth
dynamics, derivation has to be understood in the distdibugense.

2.1. Distribution Framework

We recall here some standard definitions and results frotritdison theory devel-
oped in [34], and fix the notations to be used in the sequel.sphee oC*-functions
having compact support in an open sub@etf R is denoted byZ(Q), and 2'(Q)
is the space of distributions d, i.e., the space of continuous linear functionals on
2(Q).

When concentrated at a poifit}, the Dirac distributiord(t — 1) is written ;.

Functions are considered through the distributions thdineend are therefore
indefinitely differentiable. Hence, ifis a continuous function except at a podntith
a finite jumpay, its derivative writes

y = dy/dt+ 0ads, (@)

wheredy/dt is the distribution stemming from the usual derivativeyof

A distribution is said to be of orderif it acts continuously o€"-functions but not
onC'~1-functions. Measures and functions are of order 0. By vidiu8chwartz The-
orem (see [34])a x T =0 for any smooth functioor whose derivatives of appropriate
order vanish on the support of a given distributibre 2/(Q). In particular, one has
for the Dirac distributiof:

f(t)-& =f(ti)-&, Vi e C®(R) if fis continuous af;. (3)

3. Switching time identification

The goal of this work is to obtain an algebraic relation of theasured vari-
ables which involves only known parameters in order to eitpliobtain the unknown
switching times. To do so, first, a time-varying state transiation is used to get an in-
termediate differential algebraic relation which paraengtre not depending anymore
on the switching times but on a Dirac distribution at the shiitg instant. Then, an an-
nihilating algebraic manipulation based on (3) is provittedet the desired differential
algebraic relation where the unknown switching times exbi appear. Finally, using
iterative integral operators, the final expression of thaching instant is obtained in
terms of time integrals of the state variables.

3.1. The case of two subsystems and one commutation

In this caseq € {1,2}. Assume that the system (1) switches from a subsystem to
the other one at timg. The aim is to get a finite time estimation of the switchingdim
t.. For the sake of simplicity, the method is first detailed asisg that all the state

1The existence of the produétt) - &, is ensured as soon dds aC”—function.



is measured (some hints for the case of partial state measuatare given in Section
3.4).
The dynamical behavior of the system can be written as faliow

x=T(t)x  T(t)e{A,A}. (4)

Under the change of variabie= €°x, whereG will be defined later, the system (4) is
transformed into:

z=M(t)z
with
M(t) = G+ €T (t)e ©. (5)
Then, the matriXG is chosen such that:
Ma(t) +My(t) =0 (6)
where
Mi(t) = G+eSAe®, =12
SinceG ande® commute, equation (6) implies that

GZ_# (7)

and
z=0(t)My(t)z (8)
with o(t) € {—1,1} and, without loss of generalitg;(0+) = 1 if ['(0+) = A;.

Remark 1. When the matriced\; and A, commute,M;(t) = —Mj(t) = @ are
constant. This case was treated in [37].
The determinam; (t) of M4(t) satisfies the following property:
2”A1(t) =det(2M;(t)) = detfM; — M) = det{A; — Ap) = cte (9

Assume henceforth that the matré(— Ap) is full rank. ThenMj (t) is invertible and
one can defin®V (t) := Ad(My(t)) = Aq(t)M; (t). Equation (8) becomes:
Wi(t)z=o(t)As(t)z (10)
Note that every term in (10) is known but the evolutiorogf). Sinceo (t) is a constant
outside the seft.}, the time derivative of the product(t)g(t) is well-defined as soon
asg(t) is a smooth function far=t;. Denotingo; = o(tc+) — o(t.—) = +2, one has:
_ o(t)=0cd,
(o(t)g(t)) = a(t)g(t) + o (t)d(t) = oeg(te) & + T (t)g(t). (11)

N



By derivation of (10), one obtains:

WA(t)Z+Wa(t)2= 0 (t) Ag () z+ 0 (t) Ay (t) 2= (t) g (t) z+ Ag(t) My (t) 2

WA (1) Z+ WA (t)z— A () Ma(t) z= (1) Ar(t) z (12)

The equation (12),using property (11), can be expressed as:

Ki(t) 2" = yed, (13)

Thus, using the change of variables €°'x, one obtains a differential systems with a
left-hand side that only contains known quantities. Thbtrigand side involves a Dirac
distribution that will be annihilated using property (3%, shown in the next section.

3.2. Explicit computation of the switching instant
Take any function with the following properties:

(i) f(t,tc)a, =0,
(i) (0,t)) = f(0,t) =0.
Multiplying (13) by f(t,tc), one obtains:

f(t,tc) (iKi (t)z<i>> =0. (14)
Integrating (14) from 0 td > t. leads to
/(: f(1,tc) (Wl(r)2+W1(r)'z— D1 (T)My(T)2) dT = 0. (15)

Integration by parts gives:
/0t f(T,te)Wa(T)Z(T)dT = [f(T,tc)Wa(T)Z(T)])} 2 — /0t (F(1,te)Wa(T) + F(T,tc)WA(T)) Z(T)dT

— WA () 2(E) — /: f(1,tWa(1)2(1)dT — /: F(T,tWA(1)2(T)dT

and
/0t f(1,te)WA(D)Z(T)dT = [f(T,teWA(T)2(T)] | — /Ot (f(T,te)WA(T) + (T,tc)Wa(T)) Z(T)dT

— o Wh(t)z(t) — /: F(1,tWa(1)2(1)dT — /: (1t (1)2(T)dT.



Hence
/Ot f(T,tc) (Wa(T)2+Wa(1)2) dT

= (L, to)Wa(t)2(t) — f(t,te) WA () +/ F(T,tWa(1)Z r)dH—/:f(r,tC)Wl(r)z(r)dr
(16)

Using the property

//tvl /u T)dt,_1---dtyd7 = /((T)V)lx(r)dr,

integrating one more time (15) from Oto> t; and using (16), one obtains:

t )
F(t,to)Wa (t)2 2/ (1t WA (1) T)dr—/o F(1,tWA(1)2(1)dT
+/ (t—1) (f(1,tc)Wa(T) + f(T,tc)Wl(T)—Al(T)Ml(T)) z(t)dt=0. (17)

An estimate ot; can be obtained from (17). Take for instance the funcfifint;) =
t?(t —t¢) that satisfies the properties (i)-(ii) and

f(t,tc) =t(3t — 2t),
f(t,tc) = 6t — 2tc.

Using the result of (17), the estimatetgfs given by the following formula:
D(t,z,M1)tc = N(t,z M;)
with
N(t,z M1) = WA (t)Z(t) — /0 (6TAWA(T) + WA (1)) 2(T)dIT
+ /Ot (t — T) (6TWA(T) + 3T2WA () — A (1) Ma (1)) 2(T)dT
D(t,z M) = t2WA (t)(t) — /0 (4TWA (1) + TV (1)) Z(T)d T
+/Ot(t —1)(2WA(T) + 20W (1)) T)d T (18)
Note thatN(t,z,M;) andD(t,z M;) are column vectors of dimension So

Ng(ta Z, Ml)

fe= 22501
¢ Dg(tazaM1)7

(19)

forany 1< g < n, whereNg(t,z M) andDg(t,z,M;) are the components df(t,z M1)
andD(t,z,M1), respectively.



Remark 2. When the measured sigrat) is perturbed by noise, (17) can be integrated
one or several more times in order to reduce the noise effetttis case, the expression
of N(t,z,M1) andD(t,z, M;) in (18) becomes

t

N(t,z, M) = /: T3W1(T)z(r)dr—/0 (t— 1) (6T°WA(T) + T>WA(1))Z(T)dT

+ /0t %(t — 1)2(6TWA(T) + 3T8WA (1) — A1(T) M1 (1))Z(T)dT

D(t,zMy) = /: T2W1(T)Z(T)dT—/:(t—T)(4TW1(T)+T2W1(T))Z(T)dT

t 1 2 .
+/ 5t = DZ(@W(T) + 20Wh (1)) 2(T)dT (20)
0

Hereafter, the method is extended to the problem of theifitsatton of an arbitrary
number of switching times between an arbitrary number ofgsiems.

3.3. The case of Q subsystems and S commutations

Assume that every pair of matricég andA (i, j € Iq andi # j) in system (1) is
such that & — Aj) is full rank. It has been seen that an estimdpgy that computes
the quantitieD(t,z, M; ;) andN(t,z M, j), with M; j = G ; + eSitAe G, G =
—@ can be used to determine a switching timgthat occurs between the two
subsystemsandj (either from mode to modej or from modej to modei).

Hence, in order to identify all the switches amo@gmodes, one can ui% =

Q(QT’” estimators in parallel. Then, the output signals of eacimasbr can be an-
alyzed as follows to determine the occurrence of a switchindssociated mode.
Indeed, assume that the system (1) is in the niddet € [to,t j[ and in modej for

t e [tj,T[, where timesg andT stands for other switch occurrences. Then, one has:

1. Dy(t,z M;j) = 0 andNg(t,z M; j) = 0 fort € [to,t; ;[ in practice, this property
is checked on a few sampling periods before the switchinguns

2. Dy(t,zM; ;) andNgy(t,z, M, j) are straight lines fare [t; ;, T[: in practice, several
points have to be used to detect that the slope of the linenistant.

3. fort € [tj j, T| the ratio ofgg(%m is constant and equal tg;: to detect when
this ratio is constant, successive values within a boundfeygiven thickness

are needed.

Properties 1. and 2. arise from the fact that Dirac distidng in equation (13) are
integrated twice. Thus, the estimator that fulfills thosee¢hconditions provides the
switching instant as well as the index of the subsystems dsstwvhich the switch
occurs. Furthermore, with the knowledge of the first activam the sequence of all
active models can be estimated.

The implementation of the numerical algorithm which allotesidentify all the
switching instants is done on a sliding window as follows:

functiondetection of the switching timet,
readx(kTe)



Te: sample time;
h: number of chosen points to verify the constraints Wit less than the dwell
time of the system;
ts = 0: left bound of the integration window;
m = lengthx): length of the sampled staxe
e

7 j(KTe) = e*jfjx(kTe): new state
fork=h:m
Reset all the components Nft, z, M; j) (k) andD(t,z M; j)(k) to zero
fori=ts:k
Approximate numerically the integrals as sums using theezaidal rule
end
Compute the value dfi(t,z M; j)(k) andD(t,z M; j)(K) in an integration window
with (18)
if an estimator satisfies the three detection criterions
update the integration windowg «— k — h;
print this estimator and the active model.
else
break;
end
print the switching time
end

The numerical implementation of the above obtained algorihas also to address
the following points:

e integration windowwhen none of th€3 = M estimator detect the commu-
tation, the algorithm will calculate the valueNft, z,M; j)(k), D(t,z,M; j)(Kk) in
a new integration windowk(«— k+ 1) whose width is one sample time larger
than the old one (the lower bound of the integration is nonglea while the
upper bound is increased of one sampling), until a switciistant is detected
with one of the estimator.

e updatewhent, is detected, one has to update the scheme by resettingégeaht
computation and replacing the lower bound of the integnatiih t. in order to
identify the next switching time.

3.4. A hint for an extension to systems with partial statesunssament
Consider the following system:

= I'(t)x r(t)E{Al,Az}
= Cx



wherey € RP is the output vector of available measurements. Assumeitssible to
find an output relation given by:

V=FOY+0(8,8...a"), (e {AA) (21)

T
whereY = [yT, ... ,y(”TL is a vector composed of the output and a finite number of

its time derivativesA;, A, are square matrices, and wh&es a square matrix that
depends on the Dirac distribution and a finite number ofitetderivatives. Using the
same procedure as in Section 3.1, it is possible to obtaifferefitial system similar
to (13):

_imzw ~6(8.4...a))

wherez= %Y. Then, settingo = [" zleads to:

5 ot -6(s.4..a).

Following the lines of Section 3.2, with a suitable choiceahw functionf (t,t;) (that
allows for the annihilation 0®) and a sufficient number of integrations, one can obtain
an algebraic relation of the form:

D(t,w,M)te = N(t, w, M),

that provides an on-line estimation ®f sincew is available for measurement (it de-
pends on the outpytand a finite number of its integrals).

To completely solve the problem of switching time identifica of systems with par-
tial state measurement using the proposed approach, one $tasly the possibility to
obtain the relation (21). For this, observability and idistbility properties of the sys-
tem (4) have to be investigated. This problem is out of thepeadf this paper (whose
aim is to introduce an algebraic methodology for fast idaratiion of switching times)
and will be studied in future work.

4. EXAMPLE

Let us consider the buck-boost converter shown in Figuréd stvitched model
consisting of two second-order linear time invariant systés given by:

. -0 0
X :A1x+B=< ORC 0)x+<g)

2 1 . (22)
X _Azx_( fC OC)X
L

wherex= [V ] = [x1 x]T and one has a common outyut Xo.



i

Figure 1: Buck-boost converter circuit.

The mode 1 represents the transistoclosed and the diodB blocked T = 1,
D = 0), while the mode 2 correspond wiih OFF andD ON (T =0, D = 1). This
model is well being to the class defined in the sectigh Blote that mode 1 is unstable,
since the current increases linearly with time wheis closed, while mode 2I( open)
is stable at the origin.

One can rewrite this system as follows:

(o o)v+(va) -

v _<0l 11)Y
“IC TFRC

with Y = [y y]" corresponds with the relation (21).

2 2

to change the variable=eCty. Settingw= [y Z(1)dT, thenw s available for measure-
ment (it is as a function of the outpytand its integral). In order to annihila@(&,),
here one chooses the functibft,t.) = t2(t —t.)? satisfying with the properties:

(I) f(tvtc)ac = f(tvtc)ac =0,
(i) f(0,tc) = f(0,tc) =0.
After twice integrations one obtains:

Dl(ta w, I\/l_l)tg - DZ(t7 W, Ml)tc + N(t7 w, Ml) =0 (24)

10



with

N(t, o, My) :t4W1(t)w(t)—/ (8T3WA(T) + TWA (1)) w(T)dT

't
JO

+ /0t (t— 1) (12r2W4 (1) + 4T3WA (1) — A1 (T) My(T)) o(T)dT

Da(t, w, M1) = t2Wy (1) w(t) — /(:(4TW1(T)+T2W1(r))w(r)dr

+ [ - n@m(n) + 20 () o(ar

Da(t, w,My) = 2t3W4 (t) w(t) — /0 t(12r2w1(r) +203W4 (1)) w(T)dT

—i—/:(t— T)(L20W(T) + 672 (1)) o(T)dT

Hence, one can calculateexplicitly from the equation (24).

The Buck-Boost circuit has the following characteristids= 24(V), L = 100(uH),
C =220(uF), R=20(Q). In order to get a good simulation, since the above param-
etersL andC are of order 104, we use a time scaling = %t with € = 1074, that
means we simulatg% = Ax+binstead of% = %(Ax—i— b). The switching instants of
this system are detected using the proposed algorithmTyith 0.001s with respect
to the new time scaling. The switching times are assumed ¢araat: t; = 80(us),
t, = 150(us), t3 = 220(us), t4 = 280(us) (real time) (see Fig. 3) and the first active
mode is 1. Note that in the simulation, one chooses 30 sampkmiods to identify
the switching time, so the dwell time of the system has to beaat larger than @:s)
with respect to the real time. In Fig. 2 is reported the betrani the state(t). Fig. 3
shows that the estimator scheme can detect all switchinggtyaccurately.

40

30r

207

05 1 15 2 25 3(x10s)

Figure 2: State x
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(x107s)

2.5¢

te 1.5 : ’—‘

0.5

00 05 1 15 2 25 3(x107%s)

Figure 3: Identification of the switching timés

Note that the methodology of this algebraic approach carppéeal to solve some
practical problems, such as for instance fault detectiault ftolerant control issues
[30].

5. Conclusion

In this paper, an algebraic approach for switching timenesiion of a class of hy-
brid systems has been introduced. Using an approach basalgjelraic tools and
distribution theory, an explicit algorithm which computas-line the switching time
instants in a fast way has been derived for systems with fdl@artial state measure-
ment. Future works are concerned with observability andtifiability issues.
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