N
N

N

HAL

open science

A rational extension of Piegl’s method for filling n-sided
holes

Yi-Jun Yang, Jun-Hai Yong, Hui Zhang, Jean-Claude Paul, Jia-Guang Sun

» To cite this version:

Yi-Jun Yang, Jun-Hai Yong, Hui Zhang, Jean-Claude Paul, Jia-Guang Sun. A rational extension
Computer-Aided Design, 2006, 38 (11), pp.1166-1178.

of Piegl’s method for filling n-sided holes.
10.1016/j.cad.2006.07.001 . inria-00518326

HAL 1d: inria-00518326
https://inria.hal.science/inria-00518326
Submitted on 17 Sep 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/inria-00518326
https://hal.archives-ouvertes.fr

A rational extension of Piegl’s method for filling n-sided holes

Yi-Jun Yang®®*, Jun-Hai Yong?, Hui Zhang?, Jean-Claude Paul?, Jia-Guang Sun®P

4 School of Saftware, Tsinghua University, Beijing 100084, China
hDeparrmem of Computer Science and Technology, Tsinghua University, Beijing 100084, China

Received 13 March 2006; accepted 15 July 2006

Abstract

N-sided hole filling plays an important role in vertex blending. To deal with the case that the corner is surrounded by rational surfaces
(i.e. NURBS surfaces), an algorithm to fill n-sided holes with e-G! continuous NURBS patches that interpolate the given boundary curves and
approximate the given cross-boundary derivatives is presented based on Piegl’s method. The NURBS surfaces joining along inner or boundary
curves have normal vectors that do not deviate more than the user-specified angular tolerance . The boundaries as well as cross-boundary
derivatives can all be NURBS curves. No restrictions are imposed on the number of boundary curves, and the cross-boundary derivatives can be

specified independently.

Kevwords: N-sided hole; NURBS; Coons surfaces; &Gl continuity

1. Introduction

N-sided hole filling for vertex blending is a recurring
operation in computer aided geometric design. N-sided hole
filling aims to provide surface patches that interpolate the
hole’s boundary and cross-derivative curves. For industrial
applications, NURBS has become the de facto standard
representation for 3D models [13]. Since most design systems
rely on quadrilateral surfaces, whenever the need arises to
represent surfaces with an arbitrary number of boundary
curves, a collection of NURBS patches satisfying some level
of continuity is needed. The relevant papers on this subject
are listed in [1,6.7,13.18]. The majority of these methods
fill the hole with quadrilateral patches by first splitting the
hole into a quadrilateral mesh and then fitting Coons patches
in each quadrilateral subregion with parametric or geometric
continuity. The approaches of this kind may incur the well-
known twist compatibility problem [18], in which the twist
vectors for patches around the centre are difficult to derive,
especially when the number of incident edges is even. To
avoid twist incompatibility, Chiyokura [2] used Gregory-type
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patches to fill each region which can then be converted to
NURBS form to yield fairly high-degree surfaces. Piegl [13]
presented an algorithm to fill n-sided B-spline holes (holes
whose boundaries and cross-boundary derivatives are all B-
spline curves) with -G! continuous B-spline patches. Given
a set of B-spline boundary curves, a set of B-spline cross-
boundary derivatives and an angular tolerance &, the algorithm
constructs a collection of B-spline surfaces that fill the hole,
bounded by the given curves, with &-G' continuity, i.e. the angle
between the surface Normals of any two neighboring B-spline
paiches does not deviate more than the user-specified angular
tolerance &. Twist incompatibility is handled by knot insertion
and derivative approximation. There are no restrictions on the
number of boundary curves and the degree of the input entities
is raised by only one.

Surfaces are said to be £-G' continuous if the maximum
tangent-plane discrepancy between any pair of adjacent patches
is bounded by some tolerance ¢ > 0. Approximate continuity,
first proposed by DeRose and Mann [3]. has been applied
in many CAD applications such as surface interpolation [3,
16], surface blending [4], terrain modelling [11] and n-sided
hole filling [13]. DeRose [3] gave an approximate continuity
scheme of interpolating the vertices of a polyhedron using
cubic triangular Bézier patches and showed that the resulting
surfaces have much better distribution of curvature than
traditional G' schemes. Tookey [16] proposed a method of
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(a) (b)

Fig. 1. An example: (a) a model (the black point denotes a vertex to
be blended); (b) vertex blending result of (a) (the bold curves denote the
boundaries of the n-sided hole which are conics).

interpolating a quadrilateral network of rational cubic curves
using approximate continuous surfaces, the method virtually
de-skills the surface interpolating activity without degrading the
quality of the finished product. Elsas [4] presented a method of
generating approximate continuous surface blending to support
interactive sculptured feature design. The results show that the
sculptured feature design is flexible and with high speed. To
satisfy the requirements of 3D terrain models, Pferifer [11]
gave an approximate continuity scheme of computing one
patch for each triangle of the terrain mesh models. Piegl [13]
presented a method of filling n-sided holes with approximate
continuous patches, the method has no restrictions on the
input entities. Summarily, approximate continuity schemes can
introduce two benefits. First, lower degree surfaces are used in
approximate continuity schemes. Second, as a consequence of
the relaxation of continuity conditions, approximate continuity
schemes are not obliged to solve the problems encountered
by G! methods such as vertex enclosure. Traditional G!
methods use higher degree surfaces to ensure the smooth
connection of adjacent surfaces and leave more degrees of
freedom to set than algorithms using approximate continuity.
The setting of these extra degrees of freedom complicates the
algorithms and may result in poor distribution of curvature. To
date, the experience from presented algorithms [3,4,11,13,16]
suggests that approximate continuity will virtually simplify the
surface modelling activities without degrading the quality of the
finished product.

In the past 20 years, B-spline hole filling has been
extensively studied in many literatures such as [2,5,13,14,
17], but little attention has been paid to the case where
the boundaries or/and cross-boundary derivatives are rational
curves. The rational case exists extensively in vertex blending.
As conics can be represented as rational Bézier curves in
CAD/CAM, there exist rational boundaries in the generated
n-sided holes even when blending a simple model with just
plane surfaces (see Fig. 1). Moreover, the rational surfaces
give the users the ability to model more complex parts such as
cars and airplanes. So we should pay special attention to the
case where the boundaries or/and cross-boundary derivatives
are rational curves. Generally, there are three approaches for
filling a rational hole with NURBS patches. The first approach
is to increase the degree of filling surfaces as appropriate

according to the propagation of continuity constraints, the
second approach is to localize the propagation of continuity
constraints by refining filling surfaces in order to obtain
supplementary degrees of freedom [15], and the third approach
is to fill the hole with e-G' continuous NURBS patches. The
first approach usually uses the patches of degree higher than
biquartic. The second approach introduces more patches and
more specific cases to handle than the other two approaches.
The third approach fills the hole with e-G! continuous NURBS
patches. The first two approaches are not included in options
because a large number of patches or high degree patches
may cause some troubles in practice. The third approach using
approximation with a manageable tolerance is preferable.

To handle the case that given boundaries or/and cross-
boundary derivatives are all rational curves, an algorithm to
fill an n-sided hole with &-G' continuous NURBS patches
that interpolate boundary curves and approximate given cross-
boundary derivatives is presented based on Piegl’s method. To
fill NURBS holes, twist vectors and derivative fields must be
embedded in homogeneous space to obtain four-dimensional
compatibility while still maintaining the angular tolerance on
the three-dimensional vector directions. Because most design
systems do not allow surfaces with negative weights, boundary
curves are reparameterized and Lin’s method [9] to construct
homogeneous Coons patches is introduced to guarantee that
all the weights of the resultant patches are positive. The main
contribution of our work can be summarized as follows:

e We extend Piegl’s method to deal with the case where the
boundaries or/and cross-boundary derivatives are rational
curves.

e We utilize boundary reparameterization and Lin’s Coons
construction method to avoid negative weights of the
resultant patches.

The organization of the paper is as follows. In Section 2,
input and output handling are discussed. Section 3 describes
boundary reparameterization. Section 4 contains details on
how to compute a central point and a central Normal,
and in Section 5, inner curves are computed. Section 6
describes the cross-derivative generation. The problems of
boundary compatibility and twist compatibility are dealt with
in Section 7. In Section 8, Coons patches are constructed.
Section 9 concludes the paper.

2. Input and output handling

A rational curve in three-dimensional space is defined by

n
Z Ni p(t)w;iP;
cH="0 ——,
Z Ni,p(t)wi
i=0
where the P; are the control points, the w; are the

weights, and the N; ,(f) are the pth-degree B-spline basis
functions. Homogeneous coordinates offer an efficient method
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to represent NURBS curves. The NURBS curve can be
represented by a nonrational curve in four-dimensional space

Co(t) = Nip(0) (“’C’UP’) :
i=0 !

For the rest of the paper, we assume that points are represented
using homogeneous coordinates. Assume that we have a set of
boundary curves (see Fig. 2)

nk
CY) =) Nip®Py, k=0,1,....N,
i=0

and a set of corresponding cross-boundary derivatives

ng
DY) =Y Nip VP, k=0.1,....N,

i=0
where P;; and V,‘f}_ denote the homogeneous control points
of boundaries and cross-boundary derivatives. We want to
construct a set of N 4+ 1 NURBS patches to fill the hole with
e-G! continuity so that, along each edge shared by two patches,
the angle of the surface Normals does not deviate more than €.
We assume that the curves satisfy the following compatibility
conditions:

1. The parameterizations of the homogeneous boundary curves
are consistent, i.e.:

CP(1)=CY,,(0), k=0,1,...,N, (1)

where all indexes are computed modulo N + 1. If this
condition is not satisfied (the common control points of
two adjacent boundary curves may have different weights),
the curves are reparameterized to make the parameter flow
around the boundary (see Section 3).

2. The homogeneous boundary curves and the corresponding
homogeneous cross-boundary derivatives are defined over
the same knot vector and have the same degree. If
the homogeneous boundary curves and the corresponding
homogeneous cross-boundary derivatives are not defined
over the same knot vector and/or have different degrees, knot
insertion and/or degree elevation are applied.

3. The homogeneous cross-boundary derivatives point toward
the inside of the hole. If the homogeneous cross-boundary
derivatives point toward the outside of the hole, the control
vectors of the offending derivative curves are flipped.

The second and the third conditions are the same as for filling
B-spline holes [13]. Compared with the condition for filling B-
spline holes, Condition (1) is different in that the weights are
involved. The main algorithm flow is described as follows:

1. Reparameterize the boundary curves.

2. Compute a central point and a central Normal.

3. Generate the homogeneous inner curves running from the
central point to the split points of each boundary curve.

4. Generate the homogeneous cross-boundary derivatives for
each inner curve.

5. Deal with boundary and twist incompatibility in four-
dimensional space while maintaining the prescribed angular
tolerance between the three-dimensional vector directions.

(40
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Fig. 2. Boundary curves and cross-boundary derivatives.
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Fig. 3. Parameterizations of homogeneous surface patches.

6. Put constructed homogeneous Coons patches

ng  my

SEv) =3 D Nip N P
i=0 j=0
k=0,1,...,N,

in the hole in a consistent manner (see Fig. 3).

The following sections illustrate how to construct these
homogeneous surfaces.

3. Boundary reparameterization

Let CL‘,;)/ (t) denote the derivative curve of CL{(¢) in
homogenous space. To ensure that no negative weights are
introduced to the resultant Coons patches, the boundaries must
be reparameterized to satisfy the following condition:

E4(CLY (1))
—3 >

(which is a sufficient condition required in Section 6) where E4
is an operator that returns the fourth element of given vector
and CL(¢) is the left half curve of C{(¢). The geometric
meaning of Condition (2) is that if we interpolate the end
points and the end derivatives of CL;’(¢) using a cubic Bézier
curve, weight of the third control point is positive. Weight
of the second control point is also guaranteed to be positive
by twist adjustment (Section 8). Also to make the parameter
flow around the boundary (see Condition (1)), boundary
reparameterization is needed. We now outline the process of
boundary reparameterization.

E4(CLY(1)) — 0, )

1. Split the boundary curves and derivatives at their parametric
midpoints by computing

{CL?, CR?} «— SPLIT(C?,0.5),
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and
{DL?, DRy} «<— SPLIT(D}, 0.5).

Assuming the boundary curve CL{ (¢) defined over the knot
vector

U =1{0,...,0,up 1, up, 1, ..o, 11,
—— ——
Prtl Pkl
Condition (2) can be rewritten as

_ (wnk - wnkfl)Pk
30— ttn)

where py is the degree of curve CL}(¢). If Conditions (1)
and (2) hold for all boundary curves CLY (), the
reparameterization process is complete; otherwise, the
following steps are performed for every boundary that fails.
. The general form of Mobius transformation s = 1 («) that
maps the interval I[7g, t1] into J[&o, &1] with ¥ (z9) = &p and
Y(t1) =& is

=y =228
yu+$6
The reparameterization theorem [8] states that, if we apply
the transformation ¥ to all the knot values u;, the shape of
the curve as well as its control points are unchanged, but its
weights take the new values

>0, 3)

Wy,

“4)

Pk
w; = w; H(VSH-j —a).
j=I

To reparameterize the whole curve CLg(¢) with a Mobius
transformation, the direction of the homogeneous derivative
CL;:/ (0) is inevitably altered though the direction of the
three-dimensional vector CL;(0) is unchanged, which may
cause violation of the original boundary compatibility (see
Section 7 for details). At the same time, the last control point
of CLY(¢) and the first control point of CR}’(7) should be

the same. To maintain CL;{”/ (0) and CL} (1) (the last control
point) unchanged, the curve CLg(?) is split into three curves
and the three curves are then reparameterized respectively.
The details are shown as follows. The curve CL(¢) is split
into three curves by inserting the first and last interior knot
values up, 11 and uy, of the vector Uy px — [; and py — [
times, respectively, where /; and [; are the multiplicity of
Up,+1 and uy,, . Let

Py =CLi(up,+1) and P = CLyg(uy,).

Then the curve CLg(¢) is decomposed into three constituent
NURBS curves CLy, (1), CLy, (t) and CLy, (¢) (see Fig. 4)
by the two points P; and P;. The first curve CLg, (¢) is
reparameterized aiming to satisfy Condition (1) such that
the parameter can flow around the boundary. The third curve
CLy,(¢) is reparameterized such that Condition (2) (to
avoid introducing negative weights to the resultant patches)
is satisfied for the current curve CLg(¢). After the first
and third curves are reparameterized, the second curve
CLy, (7) is then reparameterized such that it can connect
the reparameterized two curves CLyg, (f) and Cly,(7)
consistently. The first curve is reparameterized as follows.

Fig. 4. Decomposition of CLg(#). “o” stands for the control point of CLy(¢),
and “e” stands for the control point of CLkl (t) (left thick curve), CLk2 (1)
(middle thin curve) and CL/<3 () (right thick curve), respectively.

If
E4(CY_ (1)
s =7 oo > L
E4(C(0))
the curve CLy, () is reparameterized as follows:
Om = fs, m=0,1,..., px,

where w,, denotes weight of the control point of the curve
CLy, (¢); otherwise, CLy, (¢) is unchanged (f; < 1). That
is, we only enlarge weights of the control points of the curve
with small corner point weight when two adjacent curves are
not consistent at the mutual corner. The third curve CLy, (¢)
is reparameterized as follows. If CL}’(¢) does not satisfy
Condition (3), applying the Md&bius transformation to the
curve CLy, (¢), letting the left expression of Condition (3)
equal to Wnjy 1 and setting Yy — « equal to 1, we have

31 - Snk)(wnk3—1 - wnk3) + Wy — 180y Pk — Wnyy Pk 5)
a = s
11— sk

where ny, denotes the index of the last control point of
curve CL%’3 (t). After the Mobius transformation (4), the
knot span (unk, 1) of curve CL;{”3 (t) should be unchanged.
Using y — o = 1 and Eq. (5), we have

_ 3(U)nk3—1 - wnkS)(unk -D+ (ullka)nk3—l - a)nk3)pk

o =
(1 - unk)a)nk3—1pk

Then B, y and § can be deduced similarly. After the above
reparameterization, Condition (2) always holds for the curve
CL{(t). Last, the curve CLy,(7) is reparameterized such
that it can connect the reparameterized curves éiz)l (¢) and

612)3 (t) consistently at the points P; and P;, respectively.
Let

fe = (Vunk - a)l’k’

if the curve CLy,(¢) has been reparameterized; otherwise,
set f, = 1. We can demonstrate that f, > 1 (the
verification is omitted). Set f; = 1 when the curve CLy, (¢)
is unchanged. Then the start and end derivatives of the

curve CLy, (f) are scaled by f; and f, times respectively.
Considering that the knot span is unchanged, we have:

o = Upr+1 % fe — Uny %/ fs
Ung — Upp+1
g Ungthpes1 (% fs — %/ fe)
Up, — Up+1
W= %
a Ung — Upg+1
s = Upi+1 % fs — Uny p((/ﬁ.

Unp — Upi+1
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Fig. 5. Computing the central point.

The mutual point P; has the same weight after the
curves CLy, (t) and CLy,(¢) are reparameterized while the
mutual point P, has the same weight after the curves
CLy, (t) and CLg,(¢) are reparameterized. After the above
reparameterization process, Conditions (1) and (2) hold for
the current curve CL{(¢). The weights of curve CL{(¢)
are enlarged or unchanged during the reparameterization
process, which helps to avoid introducing negative weights
to the resultant Coons patches.

3. Reverse the parameterizations of CR; and DRg. Similar
reparameterization process is performed for all boundary
curves CRy (7).

4. Central point and Normal

The central point and Normal influence the shape of the
n-sided patches greatly. To compute a satisfactory central point,
we first derive an initial central point from the middle boundary
points and the middle cross-boundary derivatives. Then the
initial central point is projected to a least square plane of
the middle boundary points, whose Normal is designated as
the central Normal. Last the weights of the central point and
Normal are determined. The details are shown as follows:

1. Compute
=C{ (0.5 and D7 =Dy(0.5).

The central point and Normal are computed geometrically in
three-dimensional space while the above derivatives D are
homogenous control points. Thus we should determine the
three-dimensional derivative V. before computing the initial
central point and Normal. The three-dimensional derivatives
V. are derived from D} as follows. Let

Cy = (wﬁkck) and DY = (]Z))Z) ;
0

where @y that is the fourth element of the vector D’ may be
zero. Considering that the point Cy and the first control point
Py, of the kth inner curve are the same (see Fig. 5), we have:

Wiy Py + 1Dy

Py, = ~
! Wy + twk

(6)

where Py, is the second control point of the kth inner curve

and ¢ is a free factor. The three-dimensional derivative [12]

can be represented as:

Wi, + 1t LT)/{
a)ko

V=3 (Pr; — Pyp). @)

Substituting Eq. (6) into Eq. (7), we have the three-
dimensional derivative
3(Dy — wi Pyt

Wiy '

Vi =

2. Determine an approximate plane by solving a least square
problem for the points Cx, k = 0,1, ..., N. Here we use
N to denote the Normal of the approximate plane.

3. Scale the parameter ¢ to let V; have the following
length [13]:

1
|Vi| = g[ArcLength(Ck_l) + Arc_Length(Cr41)].

The magnitude of V is one-quarter of the average of the arc
lengths of the two neighboring boundaries (see Fig. 5).
4. Compute the point C (see Fig. 5):

Qr =Cr + Vy,

and

N—i—lZQk

5. Get the point C by projecting C to the approximation plane.
Thus we get the central point C and Normal N in three-
dimensional space.

6. Compute the weight of the central point:

Wc N—i—lZka’

where wcy is the weight of the control point C;. We set
the weight of the Normal Ny to be zero. Then we get the
homogeneous central point and Normal as follows:

Cco = (‘“C> and N© = (Nf ) .
we 0

5. Inner curves

The shape of the inner curves has a definite effect on the
shape of the n-sided hole. Reasonable inner curves can be
determined by interpolating the central point and Normal along
with the middle boundary points C and the middle cross-
boundary derivatives DZ). To construct the inner curves, the
control points of the inner curves are first determined followed
by calculation of the weights. To represent the inner curves,
cubic rational Bézier curves

3
2 Bis(wy Py
CL() = ——,

> Bis(tay,
i=0

k=0,1,...,N,

are used, defined by their end points, end tangents and control
point weights. The inner curves are computed as follows.

1. The start and end control points are
ko = Cr

The weights of the start and end control points are

and Py, = C, respectively.

wy, = wcx  and  wg, = w,, respectively.
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2. The tangents at the end points are computed as
Ty =Vi(l) and T,=C-C7],

where C7 is the projection of C; onto the approximation
plane.

3. Make the end tangents have unit length (denote them as T%
and T%).

4. The inner control points are computed as

wia T i, TY
P, =P —_— d P, =P, — ——=, 8
kq ko + 3a)k1 an ko k3 3(1)](2 ( )
where
a = |CI(0)] = |CI(0.5)| = |CL(1)], )

that is, the speed is equal at the start point, midpoint and end
point of the curve. Deduced from Eqs. (8) and (9) (the details
are omitted), « is computed as the solution of the following
equation:

ao® + bo+c =0, (10)
where
w2 0 W —16|o, T — T2
o @i @4 ko Wk, @01 T — g gz 2 T |
a =
2 3 2
a)kla)kza)4
b 96((wo + w1)Pyy + (w2 — @3)Py;) - (W02 Ty — wpy1 TY)
a)kla)kza)i
oo —144|(wp + w1)Py, + (02 — @3)Ps |2
w? '

Because weight of the second control point is represented as
a linear function of «:

Wk, =a)k0+ot5k, (11)

it cannot be determined separately. Directly substituting
Eq. (11) into Eq. (10) will require to solve a sextic degree
equation. An iterative method is preferred. The procedure is

shown as follows:

Wk +2wx
1. Set Wk, = Wk, and Wk, = -3,

2. Get the positive « by solving Eq. (10) using the current
wy, - Eq. (10) has two real solutions for a, one positive and
one negative. The positive value represents the magnitude
of the derivatives at the ends.

3. Compute &k, = wk, + aw. If |(&r, — wk,)| > TOL, set
wk, = Wk, and goto Step 2; otherwise, set wy, = @y, .
When the above procedure exits from Step 3, we get the
length of the end tangents . Control points along with their
weights are computed by the way during the procedure of
determining «. Fig. 6 shows the inner curves of a hexagonal

hole.

6. Inner cross-boundary derivatives

To ensure smooth joining of surface patches along the inner
curves CI{, cross-boundary derivatives across these curves
must be computed in four-dimensional space, one to the left,
BL?, and one to the right, BR] (see Fig. 7). To achieve
surface tangent continuity, these derivatives, the derivative of
the homogeneous inner curve and the homogeneous inner curve

=y ey

Fig. 6. Inner curves of a hexagonal hole.

Fig. 7. Inner cross-boundary derivatives.

must define the same four-dimensional hyperplane at any point
along CI}. For a fixed parameter ¢, determinant of the matrix

IBLY (/) BRY(tr) le/(tf) CI?(t5)l (12)

must be zero to guarantee the smooth connection between
adjacent patches where CI}’ (¢) denotes the derivative curve of
CI{ (1) [10]. We now outline how to compute BR}.

1. In three-dimensional space, two vectors can determine
the normal vector direction while two vectors define a
two-dimensional normal vector space in four-dimensional
space. Here we use “x4” to denote a four-dimensional
cross operator while “x3” is utilized to represent a three-
dimensional cross operator. Compute an orthogonal base of
the normal vector space defined by CLz’/(l) and CI;("/ (0):

Ni
N ()
Fi = x4(Ni, CL{ (1), CIY (0)),
where
N = CL;(1) x3 CI,(0).

N,i‘, CL‘;/(l) and CI;’/ (0) determine a four-dimensional
hyperplane while Fj is a Normal vector of the hyperplane.
Also compute

Gr = xa(N, CI¢' (1), CI¢ (1)),

and let

D, =CIY(0) and D, =CI(1).
2. Compute

Ty = x4(Fx, N;,Dy) and T, = x4(Gg, N°, D,).
3. Get

B, =CL{(1) and B,=CI¢ (1),
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where B and B, are the start and end points of the derivative
curve BRY, respectively.
4. Get ps, gs, Pe, qe to satisfy

T
B, = Pst + (qsls) (l_s> and

s

T,
B, = p.D. + (gele) l_ s

e

and form the functions

pt) =0 —=0ps+tpe and q(t) = (1 —t)gsls +tqele,

where [y and [, are scaling factors that are introduced to
avoid negative weights in the resultant patches.
5. Compute a tangent field along CI}!

T, T,
TH)=01—-t)—+t—.
I le
6. With symbolic operators, compute the cross-boundary
derivative as

BRY (1) = p(t)CIY (1) + g (1)T(),

where BR}(7) is a cubic Bézier curve.

7. Scale I; and [, to avoid negative weights in the resultant
patches. If the fourth elements of CI; and CIy, (weights
for the first and third control points of the ith inner curve)
are
(a) different, compute /; and [, from the following equation

system
FSEs(BRY) + feE4(BRY) = E4(BRY))
EsBy)  2E4(B,)
3 + = E4(BRY).
where

E4(CI{, — CIY,

E4(CI{, — CIY)
Y Ey(CIY - CIY

fe= E4(CI, — CIY)’
and BR‘é (i = 0,1,2,3) is the ith control point of the

derivative curve BRY (1).
(b) Equal, compute /; and [/, from the following equation

system:
E4(BR{) = f;E4(BR})
E4(Bg 2E4+(B
4(By) 4(Be) =E4(BRZ') ’
3 3 2
where
_ Eu(CIY)
Y TECIY)

Here we can verify that the fourth elements of control points of
the curve:

BRY (1)
3 b

3
SVP() =Y Bis(Pp = CIp (1) —
i=0
are all larger than zero (using Condition (2)). The geometric
meaning of the assertion is that if we interpolate the boundaries
and the cross-boundary derivatives of a patch (see Fig. 8) in one
direction (for example, in the u direction) using a cubic Bézier

Fig. 8. Boundaries and cross-boundary derivatives of one patch.

surface, weights of the control points adjacent to the inner curve
are all positive. This assertion helps to show that no negative
weights are involved in the final Coons patches in Section 8.
The computation of BL}? is the same except the computation of
B, and B, is different:

B, = CRY (1) and B, =CIZ, (D).

Since the vectors BL(¢) and BR}’(¢) are in the hyperplane

spanned by the vectors CI%’/ @), CI(t) and T(¢), the
determinant of Matrix (12) is always equal to zero at any point
of the homogeneous curve CI (). Thus the adjacent patches
are smoothly joined along the common inner curve.

7. Adjusting homogeneous derivatives

The surface patches that our method will place in each
quadrilateral region are bicubic Coons patches in NURBS form.
A Coons patch requires four boundary curves and four cross-
boundary derivatives. A famous flaw of the Coons formulation
is that the method works only if the cross-boundary derivatives
are twist compatible as well as boundary compatible. To
satisfy twist compatibility, at each corner, the derivatives of the
corresponding two homogeneous cross-boundary derivatives
must be the same. To satisfy boundary compatibility, at each
corner, the derivative of the homogeneous boundary and the
adjacent homogeneous cross-boundary derivative must be the
same.

7.1. Boundary compatibility

To place homogeneous Coons patches in each quadrilateral
region, the homogeneous cross-derivatives must be boundary
compatible. Referring to Fig. 8, to satisfy boundary compati-
bility across the boundary CL, the following conditions must
hold:

DL{(0) = CRY ,(0) and DLZ(1) = CIY (0).

The direction of given DL’ (0) should be defined to be the same
as CR%’/_1 (0). Also, from Section 5, we know that the directions
of DL (1) and CIZ’/ (0) are the same. Now to satisfy boundary
compatibility, the magnitudes of derivatives of boundaries must
agree with those of the cross-boundary derivatives along the
adjacent boundaries as follows:

IDL{ (0)] = [CRY ;(0)] and [DLZ(1)| = |CI (0)].
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To bring these magnitudes into compliance, the following
procedure is applied:

1. Calculate

F ICR, (0)] ICIY (0)]

0= —————"— —_—.
IDL (0)] IDL (D]

2. With symbolic operators, compute a new cross-derivative
DL, (1) = f(ODLC(t) and f(1) = (1 —1)fo+1fi.
This process will adjust the magnitudes while maintaining
directions of the homogeneous cross-boundary derivatives

along the boundary CL{’. We should be on guard that the above
adjustment may introduce negative weights when

E4(D
E4(CP) — ——7= <0,
for some i. The negative weights can be avoided by scaling
the control points DZ? satisfying the above condition. Degree
of the cross-boundary derivatives is raised by one, due to the
multiplication by a linear function. A similar procedure is
applied to the other three boundaries.

and f1 =

7.2. Twist compatibility

To place homogeneous Coons patches in each quadrilateral
region, the homogeneous cross-derivatives must be twist
compatible. Referring to Fig. 8, twist compatibility means:

DR{ | (0) = DL (0)
DLY (1) = BRY (0)
BRY (1) = BLY (1)
BL ,(0) = DRY ().

The derivatives of the homogeneous cross-boundary derivative
curves meeting at the four corners must be the same. In
practice, this is almost not the case. Degree elevation is
not included in options for high degree surfaces may make
the successive operations (such as intersecting and offsetting)
difficult to carry out. Using approximation with a manageable
tolerance is preferable. If any one of the boundary curves and
cross-boundary derivatives is rational, the twist vectors and
derivative fields must be embedded in homogeneous space in
such a way as to obtain four-dimensional compatibility while
maintaining the angular tolerance on the three-dimensional
vector directions. The method is shown as follows:

1. Average the homogeneous twists at each corner.

2. Modify the fourth element of the averaged homogeneous
twist.

3. Reapproximate each homogeneous derivative curve with
the new end derivatives, i.e. the average of twists, while
maintaining the angular tolerance on the three-dimensional
vector directions.

Assume a cross-boundary derivative curve

D(t) =) Ni,(Vi,

i=0

P b

Pl‘)-‘)u Py
Fig. 9. Twist compatibility.
as well as its homogeneous form
n
D (t) = Y Ni ,()V?,
=
defined over the knot vector
U=1{0,...,0, upg1,...,up, 1,..., 1}
[ — ——

p+1 p+1

(letn+p+1 = m). As the Coons patches must be constructed in
homogeneous space, twist compatibility should be considered
in homogeneous space while the normal deviation between
original curve and approximating curve must be measured in
three-dimensional space. The derivatives at the ends are

p

and
DY ()= —2L _(ve_ve )
m—1 — Un n n—1/+

The derivatives depend on the positions of the knots u 1 and
u, and on the homogeneous control points Vg, V¢, V‘,fl’f1 and
V2. Since the positions of the knots, and the end control points
V§ and V;) must be fixed. The only way to alter the derivative is

1. to modify V{ and V,_,.
2. To insert new knots to restrict the deviation between the
derivatives no more than the user-specified tolerance €.

Let TY and T be the averaged twists at the two ends
of the derivative curve DL{. Before the Coons patches are
constructed, we should be certain that no negative weights
will appear in the resultant patches [12]. To avoid introducing
negative weights, some restrictions must be imposed on the
twist vectors. Considering the lower left corner of So(u, v) (see
Fig. 9), the fourth coordinate c; of the lower left twist vector
T¢ is restricted by the following equations:

w1 >0
W1Vg+1
W] =00+ —— (14)

CslU p+1
w] = wo + MLl An

That is, weight of the control point Pj | is positive. From
Eq. (14), we obtain:

o _@wpq + wopvg+1
Up+1Vg+1

N

5)



1174 Y.-J. Yang et al. / Computer-Aided Design 38 (2006) 1166—1178

pwywp—1,0sine|D(1)]
A,

— wpl(A'(1) = By) + (ce — @' (1))Py_1 0l + @p_1@n—1,0sineD'(1)|’

Box I.

If precomputed T{ does not satisfy Condition (15), T is
modified as follows. We set

wo1 + w10

= 16
1,1 5 (16)
Substituting Eq. (16) into Eq. (14), we have
- -2 v T?
- Pq(wp1 — w10) — 2pwovg+1 and T = Sgs_
21041 IT?|

After the new twists are determined, the new homogeneous
control points are computed as:

~ Au

w 8
V, =Vg+ —YTE‘), Aug = upp1 —uy,
~ Au

w e
anl =V2)_ TZ)’ Aue = Um—1 — Up,
S ) .
vV, =V’ i=0,23,...,n-2,n.

Given the homogeneous approximation curve

n
D”(t) =Y " Ni (V.
i=0

the corresponding approximation curve

n ~
_Z Ni p()V;w;
D) = =——.
Z Ni,p(t)ai
i=0

deviates from the original one, that is, the angle between them
is

a(r) = Z(D(1), D(1)) < max(Z(V;, Vi) = max(a, @),

where oy = /(V1, Vi) and ap = £(Vp—1, Voo1). ff a(r) < &,
the angular deviation between the curves should be within
the user-specified tolerance. Otherwise, knots can be inserted
to make o and/or «, as small as required. Here we must
consider the deviation in three-dimensional space while the
Coons patches are constructed in homogeneous space. Let

A(r) =D(w(),

where A(¢) is a vector-valued function whose coordinates are
the first three coordinates of D“(¢). The second control point of
curve D(¢) as well as the second control point of homogeneous
curve D®(¢) are

q w11

Vi = ——(P1,1 — P10, 17)
Avs w1,0

and

Ve = q <w1,1P1‘1 —wl,OP],O)’ (18)
Avg wl,1 — W1,0

where P; ; and w; ; denote the control points and the weights
of constructed Coons patches, (see Fig. 9). From Eqgs. (17) and
(18), we get

_ A1Avs +g(@1,0 — w1, )P0

Vi
Avswi o

19)

where

Avy Aug Avg
wo,0 + ——w'(0),
q rq

w11 = w10+

and A denotes the second control point of the curve A(¢).
Substituting Eq. (13) into Eq. (19), we have:

_ AgpAus + A(0)Aug Avg — (pAvswp o + AuyAvgw' (0))P1 o

Vi
pPAv;w1 0

The second control points of 5(t) can be computed similarly as
follows:

S AgpAvs + BsAugAvg — (pAvswo,o + AugAvges)Pr o
1= ,
pPAvswi 0

where B denotes the vector whose coordinates are the first
three coordinates of T{ and ¢, denotes the fourth coordinate
of TY. ag can be controlled as follows:

sin(Vy, Vp)
_IVi= Vil _ 2ul(A'(0) = BY) + (c; — @ (0)P1o]
Vil po1,0[D(O) + D' (0)
_ Dug|(A'(0) = By) + (c; — @/ (0))Pyo]
T 0(pIDO)] — 22D/ (0))

where w1 and w», are the weights of the first two control points
of curve D(¢). Then

_ Aus|(A(0) — By) + (¢; — @' (0))P1
w1,0(pDO)] — AZ);O‘”'ID'(O)I)

siné&

From the above one, we get:

pwowi o sing[D(0)]
wol(A'(0) — By) + (c5 — @/ (0)Py | + wjw g sine|D'(0)|

Aug =

The new knot to be inserted is
Ug = uy + Aug.

Similar deduction yields (see the equation given in Box I) where
B. denotes the vector whose coordinates are the first three
coordinates of T and ¢, denotes the fourth coordinate of T¢.
The new knot to be inserted is

Ue = Upm—1 — Ale.

Based on these deductions, we can approximate the cross-
boundary derivatives up to the user-specified angular tolerance
¢ as follows.
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Fig. 10. Control points of the trigonal hole for (a) e = 10°, (b) ¢ = 1°, (¢) & = 0.1°; (d) the trigonal patch and its adjacent surfaces when & = 1°; (e) another view

of surfaces in (d); (f) highlight lines of NURBS surfaces in (d).

. Compute oy and o,.

. If oy < g and @, < ¢, goto Step 6.

. If oy > &, compute .

. If o, > &, compute .

. Insert the new knot(s).

. Compute \71 and \~7,,_1.

. Replace V| with ?1, and V,_; with T’n,l.

~N N N R W =

If there is compatibility at both ends, no new knots need
be computed. Once all four cross-boundary derivatives are
approximated to assume given twists, we are ready to place
Coons patches in each region.

8. Coons patches generation

Given all inner boundary curves and approximations of
cross-boundary derivatives, bicubically blended Coons patches
are placed in each quadrilateral subregion. A simple four-
dimensional extension of Coons construction may result in
an unexpected shape or introduce negative weights [9]. To
overcome these two problems, Lin’s method [9] to construct
homogeneous Coons patches is introduced. Referring to Fig. §,
the process is outlined as follows.

1. Compute
S®(u, v) = CUBIC_BLEND{CR{_,, DR;_,, CI?, BR}},
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\/ Sl

(c)

(d)

Fig. 11. (a) Control points of the pentagonal hole for ¢ = 0.1°; (b) the pentagonal hole and its adjacent surfaces when ¢ = 0.1°; (c) another view of surfaces in (b);

(d) highlight lines of NURBS surfaces in (b).

where CUBIC _BLEND is an operator that creates a cubically
blended surface that interpolates the boundary curves CRY_;
and CI}, as well as the derivatives ]p)\liz)_l and }ﬁ{(,:)

2. Compute

S?(u, v) = CUBIC_BLEND{CLY, DL{, CI{_,, BL;_,}.
This operator creates a cubic blended surface in the other

direction.
3. Compute

S¢(u, v) = TENSOR_PRODUCT
{CRi_;, CLY, CIy, CIY_y, Too. Tio, Tty Toy

where the operator TENSOR_PRODUCT creates a bicubic
tensor-product surface to the four boundaries CR%’_I, CL?,
CIY and CI}_, and to the four twists T(,, T, T{; and Tg,.
4. Make S (u, v), S5 (u, v) and S (1, v) compatible.
5. Compute the control points of S”(u, v) as follows. Use

I:wP] _ [a)uPu + w, Py, — a)tP,i|

w wy + wy — Wy

to evaluate the boundary control points and their adjacent
control points and use:

|:ij| _ [wuwv Py +P, — Pt)i|

w Wy Wy

to evaluate all the other internal control points.
From the construction and adjustment of derivatives in
Sections 6—8, we can demonstrate that no negative weights are
involved in the surfaces S“(u, v). Figs. 10-12 show several
examples. Fig. 10(a)—(c) shows the control points of a trigonal
hole for ¢ = {10°, 1°,0.1°}. The weights of the control

Table 1
Time (ms) comparison between our algorithm and Piegl’s method for filling
n-sided holes

n-side hole Fig. 10(a) Fig. 10(b) Fig. 11(a) Fig. 12(a)
Piegl’s method 13 15 14 15
Our algorithm 15 17 16 16

points of the left patch of Fig. 10(a) are labelled beside the
control points. The weights of the control points of DLg (¢)
are {—0.4, —0.41, —0.38, —0.20, —0.05}. The boundaries as
well as the derivatives of Fig. 10 are rational curves. Two
views of the trigonal hole and its adjacent surfaces are given in
Fig. 10(d)—(e). To show how well the filling result is, highlight
lines of the resultant NURBS surfaces are given in Fig. 10(f).
Fig. 11 shows an example of a pentagonal hole for ¢ = 0.1° and
an example of a hexagonal hole for ¢ = 1° is shown in Fig. 12.
From the smoothness of the highlight lines, we can see that
our method can achieve reasonable surface tangent continuity.
To compare the computational cost of B-spline based method
and NURBS based method, we convert the boundaries and
derivatives of the holes to B-spline curves by setting the weights
of the control points of the boundaries and cross-boundary
derivatives to be 1. Piegl’s method is then implemented to fill
these B-spline holes. Time comparison between Piegl’s method
and our algorithm is given in Table 1.

From Table 1, we can see that we extend Piegl’s method to
handle the rational case with little extra computational cost. For
the example shown in Fig. 12, the corresponding B-spline hole
(setting all the weights of the control points of the boundaries
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(c)

(d)

Fig. 12. (a) Control points of hexagonal hole for ¢ = 1°; (b) the hexagonal hole and its adjacent surfaces when ¢ = 1°; (c) another view of surfaces in (b);

(d) highlight lines of NURBS surfaces in (b).

and cross-boundary derivatives to be 1) is shown in Fig. 13.
From Fig. 13, we can see that Piegl’s method cannot fill the
rational hole shown in Fig. 12 (there are gaps between the
boundaries and the filling patches). If we construct the B-
spline boundary curves by interpolating a few points on the
rational boundaries, the gaps may become smaller. But the
gaps would not vanish. Thus our algorithm makes great sense
for filling NURBS holes when the boundaries or/and cross-
boundary derivatives are rational curves.

The examples shown in Figs. 10-12 are all implemented in
the environment with Intel Pentium IV CPU 2.0 GHz, 1 G,
Microsoft Windows XP, and Microsoft Visual C++ 6.0.

9. Conclusions

To fill a hole with rational boundaries and/or rational cross-
boundary derivatives, we have presented an algorithm to gen-
erate a collection of ¢-G' continuous NURBS surfaces that fill
the hole based on Piegl’s method. Reasonable inner curves are
computed through geometric interpolating. Homogeneous in-
ner cross-boundary derivatives are generated to guarantee the
smooth connection of adjacent surface patches along the in-
ner curves. Twist compatibility is satisfied in four-dimensional
space while the angular tolerance on vector directions is main-
tained in three-dimensional space. To avoid negative weights,
Lin’s method to construct four-dimensional Coons patches (in
NURBS form) as well as boundary reparameterization are in-
troduced. The method is general in that it can fill an arbitrary

Fig. 13. Filling the 6-sided NURBS hole in Fig. 12 with B-spline patches.

hole independently of the number of boundary curves, and it
can take any cross-boundary derivatives.

The presented algorithm can be applied to fill a n-sided
hole on a NURBS surface or to blend a corner surrounded
by NURBS surfaces. The boundaries and cross-boundary
derivatives of the hole can be obtained directly from the
located surface or surrounded surfaces. The examples given
demonstrate that the presented algorithm can simplify n-sided
hole filling without visibly degrading the surface quality.
For many applications such as NC-machining and terrain
modelling, it is sufficient for surfaces to be ¢-G! continuous.
Engineering practice suggests that there is no ambiguity within
acceptable working tolerance. The geometric discrepancies in
the e-G' surface models are very small and may be blended out
in the subsequent manufacturing processes.



1178 Y.-J. Yang et al. / Computer-Aided Design 38 (2006) 1166—1178

Acknowledgements

The authors appreciate the comments and suggestions
of the anonymous reviewers. The research was supported
by Chinese 973 Program(2004CB719400), and the National
Science Foundation of China (60403047, 60533070). The
second author was supported by the project sponsored by
a Foundation for the Author of National Excellent Doctoral
Dissertation of PR China (200342), and a Program for New
Century Excellent Talents in University(NCET-04-0088).

References

[1] Braid IC. Non-local blending of boundary models. Computer-Aided
Design 1997;29(2):89-100.

[2] Chiyokura H. Solid modelling with DESIGNBASE: Theory and
implementation. New York: Addison-Wesley; 1988.

[3] DeRose T, Mann S. An approximately G! cubic surface interpolant.
In: Lyche T, Schumaker L, editors. Mathematical methods in computer
aided geometric design II. Academic Press; 1992. p. 185-96.

[4] Elsas PAV, Vergeest JSM. Fast approximate G! surface blending to
support interactive sculptured feature design. In: Pratt MJ, Sriram RD,
Wozny MJ, editors. Product modelling for computer-integrated design and
manufacture. London: Chapman & Hall; 1997. p. 149-61.

[5] Hahn J. Filling polygonal holes with rectangular patches. In: Strasser W,
Seidel H-P, editors. Theory and practice of geometric modelling. New
York: Springer; 1989. p. 81-91.

[6] HsuandD KL, Tsay M. Corner blending of free-form n-sided holes. IEEE
Computer Graphics and Applications 1998;18(1):72-8.

[7]1 Hwang WC, Chuang JH. N-sided hole filling and vertex blending using
subdivision surfaces. Journal of Information Science and Engineering
2003;19(5):857-79.

[8] Lee ETY, Lucian ML. Mdbius reparametrizations of rational B-spline.
Computer-Aided Geometric Design 1991;8(3):213-5.

[9] Lin F, Hewitt WT. Expressing Coons—Gordon surfaces as NURBS.
Computer-Aided Design 1993;26(2):145-55.

[10] Liu D. GC! continuity conditions between two adjacent rational Bézier
surface patches. Computer Aided Geometric Design 1990;7(1-4):151-63.

[11] Pferifer N. 3D terrain models on the basis of a triangulation.
Geowissenschaftliche Mitteilungen; 2002. heft.

[12] Piegl LA, Tiller W. The NURBS book. 2nd ed. New York: Springer; 1997.

[13] Piegl LA, Tiller W. Filling n-sided regions with NURBS patches. The
Visual Computer 1999;15(2):77-89.

[14] Sarraga RF. G! interpolation of generally unrestricted cubic Bézier
curves. Computer Aided Geometric Design 1986;4(1-2):23-39.

[15] Shi X, Wang T, Yu P. A practical construction of G! smooth biquintic
B-spline surfaces over arbitrary topology. Computer-Aided Design 2004;
36(5):414-24.

[16] Tookey R, Ball A. Approximate G! continuous interpolation of a
rectangular network of rational cubic curves. Computer-Aided Design
1996;28(12):933-1022.

[17] Varady T. Survey and new results in n-sided patch generation.

In: Martin RR, editor. The mathematics of surfaces II. Oxford: Clarendon
Press; 1987. p. 203-35.

[18] Varady T, Rockwood AP. Geometric construction for setback vertex
blending. Computer-Aided Design 1997;29(6):413-25.

Yi-Jun Yang is a Ph.D. student in the Department
of Computer Science and Technology at Tsinghua
University, China. He received his B.S. in Computer
Science from ShanDong University of China in 2000.
His research interests are computer-aided design and
computer graphics.

Jun-Hai Yong is a faculty member in School of
Software at Tsinghua University, China, since 2002.
He received his B.S. and Ph.D. in computer science
from the Tsinghua University, China, in 1996 and
2001, respectively. He held a visiting researcher
position in the Department of Computer Science at
Hong Kong University of Science & Technology in
j | 2000. He was a post doctoral fellow in the Department
H of Computer Science at the University of Kentucky
from 2000 to 2002. His research interests include computer-aided design,
computer graphics, computer animation, and software engineering.

Hui Zhang is an assistant professor in School of
Software at Tsinghua University, China. She received
her B.Sc. and Ph.D. in computer science from the
Tsinghua University of China in 1997 and 2003,
respectively. Her research interests are computer-aided
design and computer graphics.

Jean-Claude Paul is a senior researcher at CNRS and
INRIA (France), and currently visiting professor at
Tsinghua University. He received his Ph.D. in Math-
ematics from Paris University in 1976. His research
interests include Numerical Analysis, Physics-Based
Modeling and Computer-Aided Design.

Jia-Guang Sun is a professor in the Department of
Computer Science and Technology at Tsinghua Uni-
versity, China. His research interests are computer
graphics, computer aided design, computer-aided man-
ufacturing, product data management and software en-
gineering.



	A rational extension of Piegl's method for filling  n -sided holes
	Introduction
	Input and output handling
	Boundary reparameterization
	Central point and Normal
	Inner curves
	Inner cross-boundary derivatives
	Adjusting homogeneous derivatives
	Boundary compatibility
	Twist compatibility

	Coons patches generation
	Conclusions
	Acknowledgements
	References


