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Σ′ ⊆ Σ

´;³�®(³=Ç��=³O±O²%©¤«�±CÉ�±Cª°²µ³ ì ®jª°Ì X ′ ⊆ X
´;³�®(³=Ç��=³O±n²�©¤«T³C²Õ®�²�±=³ ì ²µíE±Cª G↓Σ′,X ′

´x³\²µíE±
[`_giE~Õm�wjqJdgutsbZM©¤«

G
¬^±=³n²�¬=´�¯O²�±`Ì}²Õ©}±CÉj±Cª�²µ³(´;ª

Σ′ ì ®jª°Ì2³n²Õ®�²�±=³"´;ª X ′ ì Ì�±�ë�ªR±`Ì}®�³�«O©jËµË�© Q ³ ï

;«

xo /∈ X ′ ì ²µíE±Cª G↓Σ′,X ′

´;³(±n­%È9²�Ê���©�²µíE±C¬ Q ´x³!± ì G↓Σ′,X ′ = (Σ′,X ′, xo, δ↓Σ′ ,X ′) Q íE±C¬^±
δ↓Σ′,X ′ : Σ′ × X ′ → X ′ ´;³y²µíE±T¬^±=³C²�¬C´�¯!²�´�©jª�©`« δ

²Õ©
Σ′ ®jªRÌ X ′ ï 
C²µ³7³O±n²�©`«�­|®j¬���±`Ì"³n²Õ®�²�±=³´;³

X ′
m = Xm ∩ X ′ ï

Y�Z�hjm\ut]%[^_gib[^qnf`uteg]^[
Σ′ u�p Σ′ = Σ

hjf
X ′ u�p X ′ = X

����hj]^Z&]`d�w�]
L(G↓Σ′) = L(G) ∩ Σ′∗ �

�bhjf
X ′ ⊆ X

w�sba
Σ′ ⊆ Σ

�
preΣ′(X ′) = {x ∈ X | ∃σ ∈ Σ′,∃x′ ∈ X ′, x′ = δ(x, σ)}agZnsbhj]^ZO[�]`dbZy[^Zn]�h�pðegf^ZOagZOqOZO[J[^hjf^[%h�p

X ′ i�c(Zn��Zns�]^[�uts Σ′ �3Y�Z�w�kl[^h|agZnsbhj]^Z�i�c

reachΣ′(X ′) = {x ∈ X | ∃s ∈ Σ′∗,∃x′ ∈ X ′, x = δ(x′, s)}

]`dbZ�[^Zn]�h�p3[`]Jw�]^ZO[zf^Z!wjqJd�w�igklZ7p�f^hjm
X ′ i�c"[JZ���_bZnsbqOZO[�h�p3Zn��Zns�]^[%uts Σ′ w�sba

coreachΣ′(X ′) = {x ∈ X | ∃s ∈ Σ′∗,∃x′ ∈ X ′, x′ = δ(x, s)}

]`dbZ7[^Zn]zh�pðqOhjf^Z!wjqJd�w�igklZ�[`]Jw�]^ZO[zh�p
X ′ ÁµuÕ�¸Z��+]`dbZ7[^Zn]zh�pð[`]Jw�]^ZO[�p�f^hjm �zdgulq^d

X ′ ul[rf^Z!wjq^d�w�igklZ¾Ä
i�c([^Z���_bZnsbqOZO[�h�p3Zn��Zns�]^[%uts

Σ′ ���rdbZ�[`_gib[^qnf`uteg] Σ′ ul[�hjm\ut]`]^ZOa.�zdbZnsbZn��Znf Σ′ = Σ
�

�bhjf
Σ′ ⊆ Σ

�g�
ZTqOhjsb[`ulagZnf�]`dbZ�s�w�]`_gfJw�kðegf^h��¤ZOqn]`ulhjs�hjs
Σ′ PΣ→Σ′ : Σ∗ → Σ′∗ agZC�bsbZOa

wj[

PΣ→Σ′(ε) = ε
�zdbZnf^Z

ε
ul[z]`dbZ�Znm\eg]£c([^Z���_bZnsbqOZ

PΣ→Σ′(σ) = σ
u�p

σ ∈ Σ′ �bw�sba ε
hj]`dbZnf`�zul[^Z

PΣ→Σ′(s.σ) = PΣ→Σ′(s) · PΣ→Σ′(σ)
p�hjf

s ∈ Σ∗ w�sba σ ∈ Σ

Á¤º¾Ä

�rd�w�]7ul[!�9egf^h��`ZOqn]`ulhjs�ZnfJwj[^ZO[�p�f^hjm{w"[JZ���_bZnsbqOZ\w�ktk3]`dbZ�Zn��Zns�]^[7]`d�w�]�agh�sbhj]7i9Znklhjsgv(]^h
Σ′ �

�rdgul[ðhjeRZnfJw�]`ulhjs�ul[�v�ZnsbZnfJw�ktu�
!ZOa�]^h�kxw�sgv�_�w�v�ZO[!���HZn]
L ⊆ Σ∗ � PΣ→Σ′(L) = {PΣ→Σ′(s) | s ∈

L}
�+Y�Z&w�kl[^h�qOhjsb[`ulagZnfr]`dbZ%uts���Znf^[^Z�egf^h��¤ZOqn]`ulhjs

P−1
Σ→Σ′ : Σ′∗ → 2Σ∗ �zdbZnf^Z

s ∈ P−1
Σ→Σ′(s′)u�À

PΣ→Σ′(s) = s′
�$�bhjf

L′ ⊆ Σ′∗ �E�
Z�agZnsbhj]^Z7i�c P−1
Σ→Σ′(L′) =

⋃

s′∈L′ P
−1
Σ→Σ′(s′)

�

� ×�����×��$Öxå¾Öµ×Rä�×�� AKC+F � �rdbZ�ÈE®j¬`®jË;Ël±CË
¯J©j­�ÈE©�³=´�²�´�©jª.h�p
]£�
h ��Ñ�� eRZnf¤p�hjf`m|[7[`cAsbq^dgf^h�~
sgu�
¾w�]`ulhjs�hjs(]`dbZnutf�qOhjm\m|hjs�[`d�w�f^ZOa(Zn��Zns�]^[!â

�



9;:2<3äðÖxå¾Öµ×Rä�� ?���Egæ Ebç�ç :�çrØ�×�� ��×��¾Ö;å¾Öµ×°ä�L��¹±n²
Gi = (Σi,X i, xi

o, δ
i) ì i = 1, 2 ì ² Q © ��Æ���³ ï

�¹íE±¹Èg®j¬¤®�Ë;Ël±CËb¯^©j­�ÈE©�³C´µ²�´�©jª
G1 ‖ G2

´x³�²µíE± ��Æ��
(Σ,X , xo, δ)

³CÇE¯níT²µíA®�²
Σ = Σ1∪Σ2,X =

X 1 ×X 2, x = 〈x1
o, x

2
o〉 ì

®jª°Ì
δ
´;³yÌ�±µë�ªR±^Ì �nÊ î «O©j¬y®jËµË x = 〈x1, x2〉 ∈ X

®jª°Ì
σ ∈ Σ î

δ(σ, 〈x1, x2〉) =















〈δ1(σ, x1), δ2(σ, x2)〉
´ «

σ ∈ Σ1 ∩ Σ2 ®jª°Ì δ1(σ, x1)! ∧ δ2(σ, x2)!
〈δ1(σ, x1), x2〉

´ «
σ ∈ Σ1 \ Σ2 ®jªRÌ δ1(σ, x1)!

〈x1, δ2(σ, x2)〉
´ «

σ ∈ Σ2 \ Σ1 ®jªRÌ δ2(σ, x2)!
�¹ª°Ì�±�ë�ªR±`Ì"©�²µíE±n¬ Q ´;³O±


;«
G1

®jª°Ì
G2

íA®jÉj±�³O±n²µ³�©¤«�­|®j¬��j±`Ì�³C²Õ®�²�±=³
X 1

m

®jª°Ì
X 2

m ì
²µíE±�³O±n²z©¤«y­\®�¬��j±^Ì�³C²Õ®�²�±C³T©¤«

G´;³
X 1

m ×X 2
m ï

�&ZC�bsgut]`ulhjs �Tutm\egktulZO[%]`dbZ&p�hjktklh¾�zutsgv|f^Znkxw�]`ulhjsb[%hjs.kxw�sgv�_�w�v�ZO[�w�sba(m�w�f`¦�ZOa(kxw�sgv�_�w�v�ZO[

L(G1 ‖ G2) = P−1
Σ→Σ1

(L(G1)) ∩ P−1
Σ→Σ2

(L(G2))
Á�Þ�Ä

Lm(G1 ‖ G2) = P−1
Σ→Σ1

(Lm(G1)) ∩ P−1
Σ→Σ2

(Lm(G2))
Á ��Ä

Y�dbZns
Σ1 = Σ2 � G1 ‖ G2

ul[zZC�bwjqn]`ktc�]`dbZy³CÊjª°¯Cí�¬`©jª°©jÇ�³�È°¬`©!ÌjÇg¯O²
G1 ×G2

w�sba"�
Z7v�Zn]
L(G1 × G2) = L(G1) ∩ L(G2)

w�sba
Lm(G1 × G2) = Lm(G1) ∩ Lm(G2)

�

��� � 	�

� %�����1�5J!������ !4* .��2!4&

�rdbZyÑ�_ge9Znf`��ul[^hjf`c ¢ hjs�]`f^hjk¹]`dbZOhjf`c"agZ!w�kl[��zut]`d(]`dbZ7qOhjs�]`f^hjk�h�p+aEul[^qnf^Zn]^Z�Zn��Zns�]%[`cE[`]^Znm|[!�+¿�s
]`dgul[�]`dbZOhjf`c��gwy[`cE[`]^Znm Á�q!w�ktklZOa"w7È°Ët®jª�²xÄ3ul[
m|hAagZnklZOa�i�c�w�s ��Ñ��}�Ew�sba�ul[zwj[^[^_gm|ZOa�]^h�d�wO��Z
w�s2_gsbqOhjs�]`f^hjktklZOa�i9Znd�wO�Aulhjf��zdgulqJd2m�w!c��Aulhjkxw�]^ZT[Jhjm|Z�f^Z���_gutf^ZOa�egf^hje9Znf`]`ulZO[\Á�Z�� vb�t�9[Jw$p�Zn]£cgÄC�
��ZnsbqOZ��j]`dgul[+iRZnd�w!��ulhjf3d�wj[ð]^h�iRZ
m|hAaEu���ZOa�i�cym|Z!w�sb[3h�p9w�p�ZOZOaEi�wjq^¦TqOhjs�]`f^hjktklZnf�Á�w7Ñ�_ge9Znf`��u�~
[^hjf=Ä�uts�hjf^agZnf�]^h�wjq^dgulZn��Z�]`dbZ�v�ut��Zns�[^Zn]�h�p9f^Z���_gutf^Znm|Zns�]^[�·¸Î�w�m�wjaEv�Zyw�sba"Y�hjsgd�w�m��¹º!»�Ï�»�½��
�bhjfz]`dgul[!�A]`dbZ7[`_ge9Znf`�Aul[^hjf�wjqn]^[zhjs(]`dbZ�egkxw�s�]�i�c�p�hjf`igulagaEutsgv|[Jhjm|Z7aEul[^qnf^Zn]^Z7Zn��Zns�]^[%w�sba�w�k�~
klh!�zutsgv�[Jhjm|Z�hj]`dbZnf^[¾��¿£s}v�ZnsbZnfJw�kÕ��sbhj]�w�ktkrZn��Zns�]^[\q!w�s1iRZ�aEul[Jw�igklZOa�i�c�]`dbZ"[`_ge9Znf`��ul[^hjf!�
�rdbZnf^ZCp�hjf^Z���[^hjm|Z"h�p�]`dbZ"Zn��Zns�]^[\uts

Σ
w�f^Z"[Jw�ulaM]^h2i9Z�_gsbqOhjs�]`f^hjktkxw�igklZ}Á

Σuc

ÄC��uÕ�¸Z��t�3]`dbZnutf
hAqOqn_gf`f^ZnsbqOZ�q!w�sgsbhj]%i9Z&egf^Zn��Zns�]^ZOa.i�c�w�qOhjs�]`f^hjktklZnf!�°�zdgutklZ�hj]`dbZnf^[%w�f^Z�qOhjs�]`f^hjktkxw�igklZ�Á

Σc

ÄC�
9;:2<3äðÖxå¾Öµ×Rä�� ?��yç EbäRå LPO¨È°Ët®jª�²�´x³\®jª ��Æ��

G = (Σ,X , xo, δ) ì�Q íE±n¬`±�²µíE±�®jË È°íA® �^±n² Σ´;³�Èg®j¬C²�´�²�´�©jªR±`Ì�´;ª°²Õ©�² Q ©�³=Ç��=³O±O²µ³ Σuc ì ²µíE±(³O±O²yÇAª°¯^©jª°²�¬¤©jËµËt® �CËl±
±CÉ�±Cª�²µ³ ì ®�ª°Ì Σc ì ²µíE±�³O±n²¯^©jª°²�¬¤©jËµËt® �CËl±\±CÉ�±Cª�²µ³ ï �2©j¬^±`©jÉj±C¬ ì G
´;³y±��nÇA´ È�Èb±`Ì Q ´�²µí(®|³O±O²�©¤«r�bs�w�k�[`]Jw�]^ZO[ Xm ⊆ X ï

�rdbZ�i9Znd�wO�Aulhjf�h�pE]`dbZ�egkxw�s�]¹ul[¹]`dbZns�q^d�w�fJwjqn]^Znf`u�
!ZOa�i�c7ut]^[H]��
h�kxw�sgv�_�w�v�ZO[
L(G)

w�sba
Lm(G)

�
wj[�agZC�bsbZOa(uts�ÑAZOqn]`ulhjs�ÞE�tº��

à ut��Zns
K ⊆ Σ∗ w2kxw�sgv�_�w�v�Z�h!��Znf|]`dbZ�w�ktegd�w�i9Zn] Σ

�
K
agZnsbhj]^ZO[\]`dbZ"egf^ZC�g�1qnklh�[`_gf^Z

h�p�]`dbZ|kxw�sgv�_�w�v�Z
K
� 	 s �3Ñ��

G
ul[y[=w�ula�]^h�i9Z �nË�©!¯ �¾´;ªA¶�u�p

L(G) 6= Lm(G)
w�sba ª°©jª�Â

�CËt©!¯ �¾´µª�¶Thj]`dbZnf`�zul[^Z��z¿£]%q!w�s.i9Z�[`dbh¾�zs�]`d�w�]�Á�qCp¤��Z�� vb�t· ¢ wj[^[Jw�sbaEfJwj[&w�sba �¹w$p�hjf`]`_gsbZ��¹º!»�»�»�½µÄ
G
ul[zsbhjsE~ÕigklhAq^¦Autsgv|u�p+ut]^[�[^Zn]%h�p3[`]Jw�]^ZO[

X
ul[�ZC�bwjqn]`ktc

reach(xo) ∩ coreach(Xm)
�

	 ³=Ç¾Èg±C¬CÉ!´x³O©j¬Tul[|w�pµ_gsbqn]`ulhjs
C : L(G) → 2Σ ��agZnktut��Znf`utsgv�]`dbZ"[^Zn]\h�p&Zn��Zns�]^[\]`d�w�]

w�f^Z\w�ktklh!��ZOa�uts
G
i�c.]`dbZ�qOhjs�]`f^hjk�w$pµ]^Znf7w�]`fJw��¤ZOqn]^hjf`c

s ∈ L(G)
��Y�ZT�zf`ut]^Z

C/G
p�hjf�]`dbZ

�



qnklh�[^ZOa�klh�hje�[`cE[`]^Znm��RqOhjsb[`ul[`]`utsgv"h�p�]`dbZyutsgut]`uxw�kðegkxw�s�]
G
qOhjs�]`f^hjktklZOa�i�c�]`dbZ�[^_geRZnf`�Aul[^hjf

C
�

�rdbZ\qnklh�[^ZOaA~ÕklhAhje�[`cE[`]^Znm
C/G

ul[�w�sP��Ñ�� ]`d�w�]�q!w�s
i9Z\q^d�w�fJwjqn]^Znf`u�
!ZOa�i�c2]`dbZ�kxw�sgv�_�w�v�Z
L(C/G) ⊆ L(G)

�gf^ZOqn_gf^[`ut��Znktc(agZC�bsbZOa.wj[rp�hjktklh!��[!â

º��
ε ∈ L(C/G)

ÞE�
s ∈ L(C/G) ∧ s · σ ∈ L(G) ∧ σ ∈ C(s) ⇒ s · σ ∈ L(C/G)

�rdbZ7m�w�f`¦�ZOa(kxw�sgv�_�w�v�Z�h�p
C/G

ul[�agZC�bsbZOa(i�c
Lm(C/G) = L(C/G) ∩ Lm(G)

�
��hj]�w�ktk9[^_geRZnf`�Aul[^hjf^[�w�f^Z7wjaEm\ul[^[`utigklZ���¿£s"e�w�f`]`ulqn_gkxw�f!��wT[`_ge9Znf`��ul[^hjfr[`dbhj_gkla"sbhj]zaEul[Jw�igklZ

_gsbqOhjs�]`f^hjktkxw�igklZ"Zn��Zns�]^[�]`d�w�]�hAqOqn_gf�uts�]`dbZ|egkxw�s�]�·¸Î�w�m�wjaEv�Zyw�sba(Y�hjsgd�w�m���º!»�Ï�»�½����rdgul[
ul[rp�hjf`m�w�ktu�
!ZOa(i�c"]`dbZ7sbZC�E]�agZC�bsgut]`ulhjsHâ
9;:2<3äðÖxå¾Öµ×Rä�� ?���� ��Ö � �¾Ö��+ç : C	� ��:�æ�
¹Ö �!×°æ
� � ×°äRå!æ�×°ç�ç :
� C�� �OåB: ��L Oá³=Ç¾Èg±C¬CÉ!´;³n©j¬

C
´;³

wjaEm\ul[^[`utigklZ%«n©�¬7®&È°Ët®jª�²
G Q íE±CªR±CÉj±C¬ L(C/G) ·Σuc ∩L(G) ⊆ L(C/G) ï 
=ª.²µí�´;³7¯J®�³O± ì ²µíE±¯^©jª°²�¬¤©jËµËl±`Ì�³=Ê�³C²�±n­

C/G
´;³�³O®j´�Ì�²Õ© �^±�qOhjs�]`f^hjktkxw�igklZ Q ´�²µí�¬^±=³�Èg±`¯O²z²Õ© G

®jª°Ì
Σuc ï

C	� ��:�æ�
¹Ö �!×°æ�� � ×°äRå!æ�×°ç ��æ�×��+ç : � ?���� E��DE����':7Ebä���� ×°ä I E���� =���������L � �rdbZ%qnkxwj[¤~
[`ulq!w�k%[^_geRZnf`�Aul[^hjf`c�qOhjs�]`f^hjk%egf^hjigklZnm ul[!â ér´µÉ�±Cª�®"È°Ët®jª�²

G
®jª°ÌM®jª ��Æ��

S
ã ¯^®jËµËl±`Ì�²µíE±

[`e9ZOqnu���q!w�]`ulhjsEè ì �CÇ�´µËtÌ2®�ª1®�Ìj­�´x³=³=´ �CËt±\³=Ç¾Èg±C¬CÉ!´;³n©j¬ C ³=Çg¯Cí�²µíA®�² ã! è î Lm(C/G) ⊆ Lm(S) ìã#" è î C/G
´;³|ª°©jªbÂ �CËt©!¯ �¾´µª�¶ ì ´ ï ± ï Lm(C/G) = L(C/G)

®jªRÌ ã%$ è
C
´;³|²µíE±�­|©�³C²3Èg±C¬C­T´;³=Â

³=´µÉ�±�³O©jË ÇA²�´�©jª ì ´ ï ± ïtì «O©j¬�®jËµËð®�Ì�­T´;³J³C´ �nËt±�³CÇ!Èb±C¬=É¾´x³O©j¬ C′ ³n®�²�´;³;«CÊj´;ª�¶"¯^©�ª°Ìj´�²�´�©jªb³ ã! è"®jª°Ì ã#" è ì
Lm(C ′/G) ⊆ Lm(C/G)

íA©jËtÌ�³ ï¿£s�]`dbZy[^Z���_bZnkÕ�g��Z�w�f^Z�m|hjf^Zyuts�]^Znf^ZO[`]^ZOa�uts�]`dbZ�qOhjm\eg_g]Jw�]`ulhjs2h�p
C/G

fJw�]`dbZnf%]`d�w�s�uts.]`dbZ
qOhjm\eg_g]Jw�]`ulhjs�h�p+]`dbZ�[`_ge9Znf`�Aul[^hjf

C
ut]^[^Znk�p`�g[`utsbqOZ�hjsbZyq!w�s�Z!wj[`utktc�ZC�E]`fJwjqn]

C
p�f^hjm

C/G
�

à ut��Zns�w�egkxw�s�]
G
w�sba�w}[`e9ZOqnu���q!w�]`ulhjs

S
�z]`dbZ�[^]Jw�sbabw�f^a�w�ktv�hjf`ut]`dgm'&�(	)�*,+�-	.Å]^h

qOhjm\eg_g]^Z
C/G

ut]^ZnfJw�]^ZO[z_gs�]`utk�[`]Jw�igutktu�
¾w�]`ulhjs�]`dbZ�]��
h\p�hjktklh¾�zutsgv�hje9ZnfJw�]`ulhjsb[!�b[`]Jw�f`]`utsgv\p�f^hjm
]`dbZ�e�w�fJw�ktklZnkðqOhjm\e9h�[`ut]`ulhjs

G ‖ S
â7Á¤º¾Ä%qOhjm\eg_g]`utsgv�]`dbZT[`_giE~Õm�wjq^dgutsbZ0/214365 f^ZO[`]`f`ulqn]^ZOa�]^h

[`]Jw�]^ZO[3]`d�w�]�w�f^Zrf^Z!wjqJd�w�igklZzp�f^hjm/]`dbZrutsgut]`uxw�k�[`]Jw�]^ZO[�w�sba\qOh�~Õf^Z!wjqJd�w�igklZzp�f^hjm/]`dbZr�bs�w�kb[`]Jw�]^ZO[
Á�Þ�Ä�f^Znm|h¾��utsgv|]`dbZy[`]Jw�]^ZO[z]`d�w�]��Aulhjkxw�]^Z�qOhjs�]`f^hjktkxw�igutktut]£c��

	 ktv�hjf`ut]`dgm7&�(	)�*8+�-4.Å·
G = (Σ,X 9 , x 9o , δ 9 ) � X 9m ⊆ X 9 � S = (Σ,X : , x :; , δ : ),Σuc] →

C/G

Áµu;Ä �¹Zn]
i = 0

w�sba
Gi = G ‖ S = (Σ,X i, xi; , δi)

�E�zut]`d
X i< = X 9< ×X :

Áµutu;Ä
G′i = (Σ,X ′

i , x
i; , δ′i) =

/214365
(Gi) = Gi

↓reach(xi
o)∩coreach(X i

m)Áµututu;Ä
Gi+1 =

*8+�-4.41�+�=>=@?�A�=
B
(G′i, G,Σuc)

�3uÕ�¸Z��
Á�w�Ä ¢ hjm\eg_g]`utsgv�]`dbZz«O©j¬��n´�Ì�Ì�±Cª2³C²Õ®�²�±=³nâ

F i
s = {x = (x 9 , x : ) ∈ X ′i | ∃σ ∈ Σuc, δ 9 (σ, x 9 )! w�sba ¬(δ′i(σ, x)!) }

Áµi°Ä ¢ hjm\eg_g]`utsgv�]`dbZ Q ±`®��$Ë Ê�«n©�¬��C´�Ì�Ì�±nª.³n²Õ®�²�±=³Câ W i
s = coreachΣuc

(F i
s)Á�q¾Ä

Gi+1 = G′i
↓X ′

i
\W i

s

�E]`dbZ�[`_giE~Õm�wjqJdgutsbZyh�p
G′i f^ZO[`]`f`ulqn]^ZOa(]^h|[`]Jw�]^ZO[%h�p X ′i \ W i

s

C



Áµut�gÄ�¿�p
Gi+1 6= G′i w�sba Gi+1 6= ∅

â
i = i + 1

� à hj]^h.Áµutu;Ä
Áµ�gÄ

C/G = G′i

¿£]�q!w�sÅi9Z
[`dbh!�zsÚÁ�[JZOZ�Z�� vb�7· Y�hjsgd�w�m��°Þ�ß�ß�Þ�½µÄ�]`d�w�]
C/G

ul[�]`dbZ�m|h�[`]�e9Znf`m\ul[^[`ut��Z
[^hjkt_g]`ulhjs.[Jhjkt��utsgv\]`dbZ�Ñ�_ge9Znf`�Aul[^hjf`c ¢ hjs�]`f^hjk�Ó3f^hjigklZnm��

����� � !4*�� !���� (/*�� %���% 5 .01 *
	

�rdgul[T[^ZOqn]`ulhjs�egf^ZO[^Zns�]^[y]`dbZ�m|h�agZnk
h�pz¿�����Ñ�� w�sba�]`dbZ�Öµ×XØ�×MqOhjsEp�hjf`m�w�sbqOZ�f^Znkxw�]`ulhjsMiRZC~
]���ZOZns1]`dbZnm����rdbZO[^Z�sbhj]`ulhjsb[�w�f^Z�_b[^ZOa}uts�qOhjsEp�hjf`m�w�sbqOZ"]^ZO[`]`utsgvb�+�zdbZnf^Z�]`dbZ�v�h�w�krul[�]^h
ZO[`]Jw�igktul[`d��zdbZn]`dbZnf�w�egkxw�s�]

G
qOhjsEp�hjf`m|[7]^h�ut]^[�p�hjf`m�w�k+[^eRZOqnu���q!w�]`ulhjs

S
_gsbagZnf7]`dbZTv�ut��Zns

qOhjsEp�hjf`m�w�sbqOZ�f^Znkxw�]`ulhjsH�

� � � � = �Oä � �¹å
��� �¹å � �¹å AzÖµäðÖ;åB: C9åBEEåB:GFHEgØ I�Ö�ä : �
¿£s"hj_gf�pµfJw�m|Zn��hjf`¦R�g]`dbZ&egkxw�s�]�w�sba"]`dbZ7[`e9ZOqnu���q!w�]`ulhjs�w�f^Z&m|hAagZnklZOa"i�c"¿�sgeg_g]��0��_g]`eg_g]���u�~
sgut]^Z�Ñ�]Jw�]^Z)�2wjqJdgutsbZO[�Á�¿ ����Ñ��
ÄC��¿£s�]^ZnfJwjqn]`ulhjsb[zi9Zn]���ZOZns(]`dbZ�[^cA[`]^Znm w�sba�ut]^[�Zns���utf^hjsgm|Zns�]
w�f^Z7m|hAagZnklZOa�i�c�utsgeg_g]&w�sba�hj_g]`eg_g]�Zn��Zns�]^[!�°w�sba(]`dbZ�uts�]^Znf`s�w�k¹i9Znd�wO�Aulhjf�h�p+]`dbZ�[`cE[`]^Znm ul[
m|hAagZnklZOa(i�c"uts�]^Znf`s�w�kðZn��Zns�]^[!�
9;:2<3äðÖxå¾Öµ×Rä�� ?���� AKC+F L O�ª 
�� ��Æ�� ´x³"®jª ��Æ��

G = (Σ,X , xo, δ) Q
íA©�³!±(®jË È�íA® �^±O²

Σ
´;³7ÈE®j¬n²�´µ²�´�©jªR±^Ì
´µª�²Õ©
²µí�¬^±^±(³=Ç��=³O±n²µ³

Σ? ì Σ!
®jª°Ì

ΣI

©`«�´µªjÈ°ÇE²µ³ ì ©jÇE² È°ÇE²µ³ ì ®jªRÌ�´;ª°²�±C¬=ªR®jË±CÉ�±nª�²µ³ ï
�(×�åBEEå¾Ö;×Rä � � à ut��Zns�w�s�¿�����Ñ��

G
���
Z�agZnsbhj]^Zzi�c

Σ?!
]`dbZ%[^Zn]�h�p9hjib[JZnf`�jw�igklZ�Zn��Zns�]^[�ÁµuÕ�¸Z��

]`dbZ�[^Zn]�h�p�utsgeg_g]zw�sba�hj_g]`eg_g]zZn��Zns�]^[=ÄC�R�bhjf
s ∈ L(G)

����Z&agZnsbhj]^Z
Trace(s) = PΣ→Σ!?

(s)ut]^[zi9Znd�wO�Aulhjf%hjib[^Znf`��w�igklZ7i�c"]`dbZ7Zns���utf^hjsgm|Zns�]&w�sba
Traces(G) = PΣ→Σ?!

(L(G))
�

�bhjf
s ∈ Traces(G)

�Xw�sba
x ∈ X

�
x
®¤«n²�±C¬

s
agZnsbhj]^ZO[�]`dbZ�[^Zn]&h�p�[`]Jw�]^ZO[�uts��zdgulqJd
]`dbZ

[`cE[`]^Znm m�wOc"i9Z�w$pµ]^Znf�hjib[JZnf`��utsgv|]`dbZy[^Z���_bZnsbqOZ
s
pµf^hjm [`]Jw�]^Z

x
�EuÕ�¸Z��t�

x
®`«C²�±C¬

s = {x′ | ∃s′, s′ ∈ L(G) ∧ Trace(s′) = s ∧ δ(s′, x) = x′}.

Y�Z7ZC�E]^Znsba(]`dgul[rsbhj]Jw�]`ulhjs�]^h�wT[^Zn]�h�p3[`]Jw�]^ZO[�wj[rp�hjktklh!��[!â
X ′ ®¤«n²�±C¬ s =

⋃

x∈X ′ (x
®¤«n²�±C¬

s)w�sba(]^h|w�s.¿�����Ñ��
G
i�c

G
®¤«n²�±C¬

s = xo

®¤«C²�±n¬
s
�zdbZnf^Z

xo

ul[z]`dbZ�utsgut]`uxw�k¹[`]Jw�]^Z7h�p
G
�

	 [7_b[`_�w�k3p�hjf&�bsgut]^ZC~�[`]Jw�]^Z�m�wjq^dgutsbZO[!��p�hjfyw�s�¿ ����Ñ��
G
�H��Z�q!w�s�qOhjsb[^]`f`_bqn]�w(agZn]^Znf¤~

m\utsgul[`]`ulq�¿�����Ñ��
Det(G)

�zut]`dbhj_g]|uts�]^Znf`s�w�k�Zn��Zns�]^[!�rw�sba1�zut]`d [Jw�m|Z"]`fJwjqOZO[�wj[
G
�
uÕ�¸Z��

Traces(G) = Traces(Det(G)) = L(Det(G))
�

9;:2<3äðÖxå¾Öµ×Rä�� ? 9;:�åB:�æ ��Ö�ä�Ö��2EEå¾Öµ×Rä$L�ér´;É�±nª¥®jª 
�� �3Æ��
G = (Σ,X , xo, δ) ì Q ´µ²µí Σ =

Σ? ∪ ΣI ∪ Σ! ì ²µíE±"agZn]^Znf`m\utsgu�
¾w�]`ulhjs ©¤«
G ì ¯^®jËµËt±`Ì Det(G) ì ´;³�Ì�±µë�ªR±`Ì
�CÊ Det(G) =

(Σ?!, 2
X , xo

®¤«n²�±C¬
ε, δ � ) Q íE±C¬^±|«O©j¬ X1,X2 ∈ 2X

®jªRÌ
σ ∈ Σ?! ì δ � (σ,X1) = X2

´ �
X2 = X1

®`«C²�±C¬
σ ï


;«
G
´x³r± �nÇ�´ È�Èg±^Ì Q ´�²µí�®�³O±O²9©`«�­|®j¬��j±`Ì&³n²Õ®�²�±=³ Xm ì ²µíE±
³!±n²X©¤«�­|®j¬��j±`Ì7³C²Õ®�²�±=³z©¤« Det(G)´;³

{F ∈ 2X | F ∩ Xm 6= ∅} ï
¼



¿£s.w�s.¿����3Ñ��M�Eut]zul[z_b[^ZCp�_gkX]^h�wj[^[^_gm|Z&]`d�w�]%Zn��Znf`c"utsgeg_g]%Zn��Zns�]�ul[�w�kt��wOcE[�Zns�w�igklZOaXâ
9;:2<3äðÖxå¾Öµ×Rä�� ?`Ö�ä � �¹å��JØ�×����ðç :�åB: ��� AKC/F L O�ª�
�� ��Æ��

G Q ´�²µí}®jË È°íA® �^±n² Σ = Σ? ∪

ΣI ∪ Σ!
´x³\´µªjÈ°ÇE²�ÂÃ¯^©j­�È°Ël±n²�±�´ «|´µª1±^®�¯Cí�³n²Õ®�²�±

x ì ±nÉ�±C¬CÊ�´µªjÈ°ÇE²&±nÉ�±Cª�²�´;³�±Cª°® �CËl±`Ì ã ÈE©�³=³=´ �CË Ê®¤«n²�±C¬�®|³O±��OÇg±CªR¯J±\©¤«7´µª�²�±C¬Cª°®jË�±CÉj±Cª�²µ³�è ì ´ ï ± ï ∀x ∈ X,Σ? ⊆ δ(x
®¤«C²�±n¬

ε) ï
¿£]�q!w�s�iRZ7[^dbh!�zs�]`d�w�]�u�p

G
ul[zutsgeg_g]¤~�qOhjm\egklZn]^Z��

Traces(G) · Σ? ⊆ Traces(G)
�

� � � � � �\çµ×XØ��HÖµä��
Y�Z�sbh!�¨f^ZC�bsbZy]`dbZ�sbhj]`ulhjs2h�p�igklhAq^¦Autsgv�uts�]`f^hAaE_bqOZOa�uts�ÑAZOqn]`ulhjs
ÞE� Þ|uts2hjf^agZnf�]^h"wjabw�eg]�ut]
]^h"]`dbZ\m|hAagZnk�h�p�¿�����Ñ��}�¹�rdgul[7sbhj]`ulhjs�hAqOqn_gf^[7uts�]`dbZ\qOhjsEp�hjf`m�w�sbqOZ|f^Znkxw�]`ulhjsÐÁ�[^ZOZ �&ZC�g~
sgut]`ulhjs�º!ß\i9Znklh!��ÄC��¿£s�]`dbZy[^_geRZnf`�Aul[^hjf`c(qOhjs�]`f^hjk+]`dbZOhjf`c(igf`ulZ
�bc�agZO[^qnf`uti9ZOa.uts
ÑAZOqn]`ulhjs2ÞE� ÞE�
igklhAq^¦Autsgv�ul[ðagZC�bsbZOaTsbZnv�w�]`ut��ZnktcTwj[���iRZnutsgv�_gs�w�igklZ�]^h�qOhjm\egklZn]^Zzwz]Jwj[`¦���Áµ]^h�f^Z!wjq^d\w�m�w�f`¦�ZOa
[`]Jw�]^Z�· ¢ wj[J[Jw�sbaEfJwj[�w�sba �¹w$p�hjf`]`_gsbZ��¹º!»�»�»j½µÄC���rdgul[yagZC�bsgut]`ulhjs}ul[�sbhj]y[^_gut]Jw�igklZ\p�hjf�qOhjsEp�hjf¤~
m�w�sbqOZ�]^ZO[^]`utsgvb�b�zdbZnf^Z7igklhAq^¦Autsgv�ul[%sbhj]�w�kt��w!cA[&w�i�wja(]`dgutsgvb� 	 igklh�qJ¦�utsgv�h�p3]`dbZ7egkxw�s�]%ul[
w�ktklh!��ZOa�u�p9]`dbZ�[`e9ZOqnu���q!w�]`ulhjs"w�ktklh¾��[
ut]!�Aw�sba�w7igklh�qJ¦�utsgvTuts�]`dbZ�[`eRZOqnu���q!w�]`ulhjs�m�wOc\m|hAagZnkRw
f^Z!wjqn]`ut��Z�[`cA[^]^Znm ]`d�w�]
]^Znf`m\uts�w�]^ZO[�ut]^[
ZC�EZOqn_g]`ulhjsH�Ehjf�]`d�w�]
ul[�igklhAq^¦�ZOa���w�ut]`utsgvTp�hjf
w�s�utsgeg_g]
p�f^hjm ]`dbZ�Zns��Autf^hjsgm|Zns�]!�Rhjf�]`d�w�]ze9Znf¤p�hjf`m|[�w�s(utsE�bsgut]^Z�klhAhje�h�pðuts�]^Znf`s�w�k�qOhjm\eg_g]Jw�]`ulhjsb[!�

•
	 Ì�±`®�ÌgË�©!¯ �7[^]Jw�]^Z&ul[%w�[`]Jw�]^Z7�zdbZnf^Z7]`dbZy[`cA[^]^Znmáq!w�sgsbhj]%Zn��hjkt��Z�ÁµuÕ�¸Z��

δ(x) = ∅
ÄC�

•
	 s ©jÇA² ÈRÇA²�Â£Ë�©!¯ ��[`]Jw�]^Z2ul[(wM[`]Jw�]^Z2�zdbZnf^Z�]`dbZ�[`cA[^]^ZnmÔq!w�s�hjsgktcÐm|h!��Z�i�cÐutsgeg_g]^[
Á
δ(x) ⊆ Σ?

ÄC� ��hj]^Z&]`d�w�]%]`dgul[zutsbqnkt_bagZO[%agZ!wjaEklhAq^¦E[�Á
δ(x) = ∅

Ä

•
®2Ë ´;Éj±CË�©¾¯ ��[`]Jw�]^Z�ul[�w�[`]Jw�]^Z\p�f^hjmo�zdgulqJdM]`dbZ�[`cE[`]^Znmom�w!c�ZC�EZOqn_g]^Z�w�s}utsE�bsgut]^Z�[^ZC~
��_bZnsbqOZ&h�p¹uts�]^Znf`s�w�kHZn��Zns�]^[!��¿£s�hj_gf
�bsgut]^ZC~�[`]Jw�]^Z�p�fJw�m|Zn�
hjf`¦9�E]`dgul[�m�wOc�hjsgktc�d�w�egeRZns
u�p
]`dbZnf^ZTZC�Eul[`]^[7w�qncAqnklZTh�p
[`]Jw�]^ZO[7w�sba2]`fJw�sb[`ut]`ulhjsb[&kxw�i9ZnklZOa2i�c.uts�]^Znf`s�w�k�Zn��Zns�]^[|ÁµuÕ�¸Z��
∃τ1 ·τ2 · · · τn ∈ Σ+

I .δ(τ1 · · · τn, x) = x
ÄC�ð¿£s�]`dgul[�q!wj[^Z���]`dbZz[^]Jw�]^ZO[�w�f^Z�[Jw�ulaT]^h �^±CËt©jª�¶

]^h|]`dbZ&ktut��Znklh�qJ¦R�
�bhjf
w�sñ¿�����Ñ��

G
���
ZMagZnsbhj]^Z}i�c

livelocks(G)
�y]`dbZM[^Zn]2h�p�[`]Jw�]^ZO[.]`d�w�]�iRZnklhjsgv�]^h

w�ktut��ZnklhAq^¦ w�sba
outputlocks(G)

��]`dbZ([^Zn]�h�p7hj_g]`eg_g]¤~Õklh�qJ¦ ��agZ!wjaEklhAq^¦¥[^]Jw�]^ZO[!��w�sba¥agZC�bsbZ
blockings(G) = livelocks(G) ∪ outputlocks(G)

]`dbZ�[JZn]%h�p+[^]Jw�]^ZO[�uts��zdgulqJd2w�igklhAq^¦Autsgv
m�wOc(hAqOqn_gfyÁ�qCp¤��klZCpµ]¤~Õd�w�sba�[^ulagZ7h�p��bv�_gf^Z|º¾ÄC�
¿£s2hjf^agZnf&]^h�aEul[`]`utsgv�_gul[`d��jw�ktula�igklhAq^¦Autsgv�[|Áµ]`dbh�[^Zyegf^ZO[JZns�]&uts�]`dbZ�[`e9ZOqnu���q!w�]`ulhjs°ÄC�Rp�f^hjm utsE~
��w�ktula hjsbZO[!��igklh�qJ¦�utsgv�[�my_b[`]�iRZ�m�w�]^Znf`uxw�ktu�
!ZOa¥i�c1wjagaEutsgv�w�sbZn�Íhj_g]`eg_g]�Zn��Zns�]

λ
]`d�w�]

m�w�sgu�p�ZO[`]^[zut]^[^Znk�p+uts�igklhAq^¦Autsgv�[`]Jw�]^ZO[yÁ�qCp`�+f`utv�d�]¤~Õd�w�sba2[`ulagZ7h�pð�bv�_gf^Z|º¾ÄC�

9;:2<3äðÖxå¾Öµ×Rä�� ? C	� � ��:�ä �¾Öµ×°ä�� � AKC/FML �¹©j¬.®jª 
�� �3Æ��
G = (Σ,X , xo, δ) ì ²µíE±�[`_b[¤~e9Znsb[`ulhjs¥©¤«

G
´x³�²µíg± 
�� �3Æ��

λ(G) = (Σλ,X , xo, δλ) ì Q íE±C¬^± Σλ = Σ? ∪ ΣI ∪ Σλ
! ì
®jª°Ì

Σλ
! = Σ!∪{λ}

ã
λ
´;³%®�ª9± Q ©jÇE² È°ÇE² ì © �C³O±C¬CÉ$® �CËl± �CÊT²µíE±&±CªbÉ!´µ¬`©jªb­�±Cª�² è ï �¹íE±%²�¬`®jªg³=´�²�´�©jª�¬^±CÂËt®�²�´�©�ª

δλ

´;³�© �n²Õ®j´µªR±`Ìz«=¬`©j­
δ
�CÊ�®�Ì�Ìj´µª�¶\®y³O±CË «=Â£Ë�©¾©=È�Ët® �^±CËl±`Ì

λ
©jª.±`®�¯Cí �CË�©¾¯ �¾´µª�¶T³C²Õ®�²�± ì ´ ï ± ï

∀x ∈ blocking(G), δλ(λ, x) = x
®jªRÌ

∀x ∈ X , ∀σ 6= λ, δ(σ, x) = δλ(σ, x)
©�²µíE±C¬ Q ´x³!± ï

	



τ

τ

τ

τ

?a

?b

?a

?b

τ

τ

τ

τ

!a

Output−lock

Deadlock

Livelock

!a
λ

λ

λ λ

λ

λ

��utv�_gf^Z�º�â3Û
klhAq^¦Autsgv�[!��w�sba�dbh!�Å]^h�m�w�]^Znf`uxw�ktu�
!Zy]`dbZnm��

	 [
λ /∈ Σ

�Ei�c�agZC�bsgut]`ulhjs2h�pð]`fJwjqOZO[�w�sba"egf^hjeRZnf`]`ulZO[�h�pðegf^h��`ZOqn]`ulhjsb[!�g��Z�v�Zn]

L(G) = PΣλ→Σ(L(λ(G))),
w�sba

Traces(G) = PΣλ

!?
→Σ!?

(Traces(λ(G)))

à ut��Zns�w�s}¿����3Ñ��
H
�zut]`dMw�ktegd�w�i9Zn]

ΣH

���
Z�agZnsbhj]^Z|i�c
λ−1(H)

]`dbZ�[`_giE~Õm�wjqJdgutsbZ�h�p
H
f^ZO[`]`f`ulqn]^ZOaÅ]^h�]`dbZ�w�ktegd�w�iRZn]

ΣH \ {λ}
��uÕ�¸Z��

H↓ΣH\{λ}
�ÚY�Z�d�wO��Z

L(λ−1(H)) =

L(H) ∩ (ΣH \ {λ})∗
��¿�p

λ /∈ ΣH

�E�
Z7v�Zn]
λ−1(λ(H)) = H

�

� � � � � � ×Rä �£×�æ �PEbä�Ø2: ��:�ç EEå¾Öµ×°ä
	 qOhjsEp�hjf`m�w�sbqOZ�f^Znkxw�]`ulhjs}agZC�bsbZO[�]`dbZ�[^Zn]�h�p�egkxw�s�]^[�h�p�w"[`cE[`]^Znm{]`d�w�]yi9Znd�wO��Z�qOhjf`f^ZOqn]`ktc
�zut]`d�f^ZO[`eRZOqn]
]^h�w�v�ut��Zns�[`e9ZOqnu���q!w�]`ulhjsH�3�rdbZ�Öµ×XØ�×�f^Znkxw�]`ulhjs"agZC�bsbZOa�i�c ·¸�¹f^Zn]`m�w�sb[!�¹º!»�»�¼�½
ul[T]`dbZ"hjsbZ�m|h�[`]\Znm\egklh¾c�ZOa�uts}egfJwjqn]`ulqOZ���¿£s�]`_gut]`ut��Znktc���w�egkxw�s�]

G
Öµ×XØ�×b~�qOhjsEp�hjf`m|[�]^h�ut]^[

[`e9ZOqnu���q!w�]`ulhjs
S
u�p�w$p�]^ZnfyZ!wjq^dMhjib[^Znf`�jw�igklZ�]`fJwjqOZ�h�p

λ(S)
�
G
hjsgktc
ZC�Edgutigut]^[yhj_g]`eg_g]^[Tw�sba

igklhAq^¦Autsgv�[�]`d�w�]�w�f^Z�w�kl[^h�w�ktklh!�
ZOa.i�c
S
�

9;:2<3äðÖxå¾Öµ×Rä>=�� �¹±n²
G
²µíE±ðÈ°Ët®jª�²�®�ª°Ì

S
´µ²µ³%±`ê=Èg±^¯O²�±`ÌT³�Èg±`¯n´ ë
¯^®�²�´�©jª �^±�² Q © 
�� ��Æ�� íA®jÉ!´µª�¶

²µíE±�³n®�­|±7³O±O²µ³�©¤«y© �=³!±C¬=É�® �CËl±|±CÉ�±Cª°²µ³
Σ!? ï �¹íE±Cª

G
Öµ×XØ�×

S ≡ [∀s ∈ Traces(λ(S)), Out(λ(G)
®¤«n²�±C¬

s) ⊆ Out(λ(S)
®¤«C²�±n¬

s)]
Á ��Ä

Q íE±C¬^± ì «n©j¬ X ′ ⊆ X ì ²µíE±�³!±n² Out(X ′) = Σ! ∩
⋃

x∈X ′ δ(x)
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X ′ ï
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i�c2qOhjs�]`f^hjkÕ� 	
f`_gsgsgutsgv�ZC�bw�m\egklZ��zutktkXutktkt_b[`]`fJw�]^Zy]`dbZ7aEu�À9Znf^Zns�]�[`]^Zneb[¾�

����� �
��%�� !4* .��2!4&K! �! #"%$ 	$ 

�rdbZ�¿ ����Ñ��{m|hAagZnk°m�w�¦�ZO[zwyaEul[`]`utsbqn]`ulhjs"iRZn]£�
ZOZns"utsgeg_g]^[!�Ehj_g]`eg_g]^[zw�sba�uts�]^Znf`s�w�kXZn��Zns�]^[!�
¿£s.hjf^agZnf%]^h\e9Znf¤p�hjf`mÍqOhjs�]`f^hjk+hjs�w\egkxw�s�]%m|hAagZnklZOa�i�c(w�s2¿ ����Ñ��M�g�
ZTw�kl[^h\d�w!��Z�]^h\e�w�f¤~
]`ut]`ulhjs.ut]^[&w�ktegd�w�i9Zn]%uts�]^h�qOhjs�]`f^hjktkxw�igklZ\w�sba._gsbqOhjs�]`f^hjktkxw�igklZ�Zn��Zns�]^[!� ��hj]`ulqOZ�]`d�w�]�]`dbZ�v�h�w�k
ul[�]^h(qOhjs�]`f^hjk3]`dbZTegkxw�s�]!�Hsbhj]7]`dbZTZns���utf^hjsgm|Zns�]!� ��ZnsbqOZ��9utsgeg_g]^[|Á;p�f^hjm ]`dbZTZns���utf^hjsgm|Zns�]
]^h(]`dbZ\egkxw�s�]=Ä�w�f^Z\_gsbqOhjs�]`f^hjktkxw�igklZ��"¿�s�qOhjs�]`fJwj[`]!��[Jhjm|Z|hj_g]`eg_g]^[�Á�wj[y�
Znktk
wj[yw�ktk�uts�]^Znf`s�w�k
Zn��Zns�]^[%h�p¹]`dbZ�egkxw�s�]=Ärw�f^Z&qOhjs�]`f^hjktkxw�igklZ��gi9ZOq!w�_b[^Z�]`dbZ&[`_ge9Znf`��ul[^hjf!�Ai�c|uts�]^ZnfJwjqn]`utsgv|�zut]`d(]`dbZ
egkxw�s�]!�Em�w!c|egf^Zn��Zns�]r]`dbZnmÚpµf^hjm hAqOqn_gf`f`utsgv'&��+�rdgul[
v�ut��ZO[�]`dbZ�agZC�bsgut]`ulhjs(h�p�
�� ��Æ��-ÇAª°Ì�±n¬
¯^©jª°²�¬¤©jË�â

9;:2<3äðÖxå¾Öµ×Rä>= = ?�� � AKC/F �ðä�� :�æ|Ø�×°äRå!æ�×°ç�L O�ª�¿�����Ñ�� _gsbagZnf&qOhjs�]`f^hjk%´;³T®jª 
�� ��Æ��
(Σ,X , xo, δ) Q

íA©�³!±�®jË È�íA® �^±n²
Σ = Σ! ∪ Σ? ∪ ΣI

´x³�ÈE®j¬n²�´µ²�´�©jªbª9±`Ì(´µª�²Õ©�² Q ©(³O±n²µ³ Σc,Σuc
( �+=$ø $ '���&('��Hø �nø¤ù �

λ
$	� �
ú '�ú &�ø¤ù$ú �0$=ù&ò )�
bô*) 
 *,�5�(6+ø,>�ù(�����?$Cù,+ �+� ú �Jú�ú '(�zø�!-��$.-�ø�'�ù�*/$Cù � 
�$	.0.0�/-(. ø �

º�º



³n®�²�´x³µ«=Êj´µª�¶
Σ? ⊆ Σuc

ã ®�Ë;Ë�´;ªjÈRÇA²µ³�®j¬^±�ÇAª°¯^©jª�²�¬`©jËµË�® �CËt±Ãè(®jªRÌ
ΣI ⊆ Σc

ã ®jËµËH´;ª°²�±C¬=ªR®jËð±CÉ�±nª�²µ³
®jª°Ì|³n©�­|±T©jÇE² È°ÇE²µ³�®j¬^±�¯J©jª�²�¬`©jË;Ët® �CËl±£è ï
	 [�utktkt_b[^]`fJw�]^ZOa�uts��bv�_gf^Z �E��uts�]`dbZ�f^Znm�w�utsbagZnf�h�p�]`dgul[+e�w�e9Znf+�
Z�wj[^[`_gm|Z�]`d�w�]�w�ktkE]`dbZrZn��Zns�]^[
h�p�]`dbZ�egkxw�s�]!�gutsbqnkt_baEutsgv|uts�]^Znf`s�w�kHZn��Zns�]^[!��w�f^Z&hjib[^Znf`��w�igklZ&i�c�]`dbZ&[`_geRZnf`�Aul[^hjf!�3�rdbZ�f^Z!wj[^hjs
ul[3]`d�w�]3��Z%wj[^[`_gm|Zr]`d�w�]3]`dbZ�[^_geRZnf`�Aul[^hjf+ul[�w&qOhjm\e9hjsbZns�]
wjagagZOa ��utsb[^ulagZ ��]`dbZzegkxw�s�]!���zdbZnf^Z
Zn��Znf`cA]`dgutsgv�ul[�hjib[^Znf`�jw�igklZ�� ��h¾����]`dbZyegkxw�s�]�]^hjv�Zn]`dbZnf��zut]`d�]`dbZy[`_ge9Znf`��ul[Jhjf�w�f^Zy[JZOZns�wj[�w
��igkxwjq^¦�iRh!����i�c�]`dbZ�Zns��Autf^hjsgm|Zns�]!��Y�Z��rw�s�]7]^h�Znsb[`_gf^Z��Ruts�]`dbZyklZ!wj[`]7qOhjsb[`]`fJw�utsgutsgv"�rwOc��
]`d�w�]r]`dgul[z[`_ge9Znf`��ul[^ZOa�egkxw�s�]�qOhjsEp�hjf`m|[r]^hTut]^[z[`e9ZOqnu���q!w�]`ulhjs

S
p�hjfr]`dbZ7Ö;×XØ�×(f^Znkxw�]`ulhjsH���rdgul[

f^Znkxw�]`ulhjs�hjsgktc�agZ!w�kl[%�zut]`d.�zd�w�]�ul[�hjib[^Znf`��w�igklZ�i�c(]`dbZyZns��Autf^hjsgm|Zns�]&uÕ�¸Z��t�¹²�¬`®�¯J±=³%h�p+utsgeg_g]^[
w�sba(hj_g]`eg_g]^[!�3�rdgul[zklZ!wjag[r]^hT]`dbZ�p�hjktklh!�zutsgv\p�hjf`my_gkxw�]`ulhjs�h�p¹]`dbZ�Öµ×XØ�× �JØ�×RäRå!æ$×RçXegf^hjigklZnm�â

Σ? Σ!
ΣI

Environment

Controlled Plant

Plant

Supervisor

Black-box
view

white-box view

�ðutv�_gf^Z �Eâ��3s��Autf^hjsgm|Zns�]��AulZn�Å�A[¾��Ñ�_geRZnf`�Aul[^hjfz�AulZn�

9;:2<3äðÖxå¾Öµ×Rä>= � ?`Ö;×XØ�× �JØ�×RäRå!æ$×Rç3L�ér´;É�±nª�² Q © 
�� ��Æ�� î �¹íE±7È°Ët®jª�² G
®jª°Ì2²µíE±�³�Èg±`¯n´ ë
¯^®jÂ

²�´�©jª
S ì ³=Êjª�²µíE±C³=´��¾±T®jª�®�Ìj­�´;³J³=´ �CËl±�³=Ç¾Èg±C¬CÉ!´x³O©j¬ C ³=Çg¯Cí�²µíA®�²  è C/G

Öµ×XØ�×
S ì ®jªRÌ " è C ´x³

²µíE±|­|©�³C²�Èg±n¬=­�´;³J³=´µÉ�±\³=Ç¾Èg±C¬CÉ!´;³n©j¬ ì ´ ï ± ï�ì «O©j¬|®jË;Ë�®�Ì�­T´;³J³C´ �nËt±�³=Ç¾Èg±C¬CÉ!´x³O©j¬=³ C ′ ì C′/G
Öµ×XØ�×

S´µ­%ÈRË ´Õ±=³
Traces(C ′/G) ⊆ Traces(C/G) ï

�rdbZzm�w�uts�aEu�ÀXZnf^ZnsbqOZ�i9Zn]���ZOZns�Öµ×XØ�×b~�qOhjs�]`f^hjkRw�sba|]`dbZ�qnkxwj[^[`ulq!w�kb[`_ge9Znf`�Aul[^hjf`cTqOhjs�]`f^hjk�egf^hjiE~
klZnm Áµegf^ZO[^Zns�]^ZOa�uts�ÑAZOqn]`ulhjs�ÞE� Þ�Ä&w�f`ul[JZO[�pµf^hjm ]`dbZTsbhj]`ulhjs�h�p
igklhAq^¦Autsgvb� ��Znf^Z��Hw�igklh�qJ¦�utsgv
h�p7]`dbZ(egkxw�s�]��zutktk�i9Z�Znktutm\uts�w�]^ZOa i�c1]`dbZ�[`_ge9Znf`��ul[^hjf|hjsgktc�u�p7ut]|ul[\sbhj]�w�ktklh!�
ZOaÐi�c1]`dbZ
[`e9ZOqnu���q!w�]`ulhjsH� 	 sbhj]`dbZnf&aEu�ÀXZnf^ZnsbqOZTul[�]`d�w�]�]`dbZT]`fJwjqOZO[7h�p�]`dbZTf^ZO[`_gkt]`utsgv(qOhjs�]`f^hjktklZOa
egkxw�s�]
w�f^Z�sbhj]
sbZOqOZO[^[Jw�f`utktc�utsbqnkt_bagZOa�uts�]`dbh�[^Z�h�p

S
�+�rdgul[�w�ktklh!��[
]^hy[`cAs�]`dbZO[`u�
!Z�qOhjs�]`f^hjktklZnf^[��zdbZns

hjsgktc|w&e�w�f`]`uxw�k°[^eRZOqnu���q!w�]`ulhjs�h�p9]`dbZ�egkxw�s�]�ul[�wO��w�utkxw�igklZ��$�ðuts�w�ktktc���_gsgktut¦�Z%]`dbZ�qnkxwj[^[`ulq!w�kXÑ ¢ Ó��
]`dbZ�sbhj]`ulhjs�h�p7m�w$�Autm�w�k�eRZnf`m\ul[J[`ut��ZnsbZO[^[|ul[�agZC�bsbZOa i�c1]`fJwjqOZ�utsbqnkt_b[`ulhjs/Áµsbhj]�kxw�sgv�_�w�v�Z
utsbqnkt_b[`ulhjs°ÄC�

¿£s(]`dbZ7f^Znm�w�utsbagZnf%h�p+]`dgul[�e�w�e9Znf!�Ap�hjf�qOhjs�]`f^hjk¹eg_gf`e9h�[^ZO[!�E��Zywj[^[`_gm|Z&]`d�w�]�]`dbZy[`eRZOqnu��g~
q!w�]`ulhjs(ul[rv�ut��Zns�i�c�w�s(utsgeg_g]¤~�qOhjm\egklZn]^Z�w�sba(agZn]^Znf`m\utsgul[^]`ulq�¿ � �A�%Ñ

Sλ h¾��Znfz]`dbZ�w�ktegd�w�iRZn]
Σ? ∪ Σλ

! �
uÕ�¸Z��Ð]`dbZ�ZC�Ae9ZOqn]^ZOa¥[^eRZOqnu���q!w�]`ulhjs�agh�ZO[�sbhj]�m|hAagZnk%]`dbZ.uts�]^Znf`s�w�k&iRZnd�w!��ulhjf�h�p

]`dbZ�egkxw�s�]!� ��h!��Zn��Znf!���
Z(wj[^[^_gm|Z�]`d�w�]T]`dbZ(w�ktklh!�
ZOa�igklhAq^¦Autsgv�[|w�f^Z"w�ktf^Z!wjaEc�]Jw�¦�Zns�uts�]^h
wjqOqOhj_gs�]�Áµ]`dbZnf^Z�ul[
sbhysbZOZOa�]^h�qOhjm\eg_g]^Z�]`dbZ�[`_b[`e9Znsb[`ulhjs�¿��%~���Ñ���ÄR�2hjf^ZOh!��Znf!�A�
Z7wj[^[`_gm|Z
]`d�w�]

λ(λ−1(Sλ)) ⊆ Sλ �r�rdgul[%[^utm\egktc(m|Z!w�sb[�]`d�w�]�w�ktk�]`dbZ�igklhAq^¦Autsgv�h�p3]`dbZy[^eRZOqnu���q!w�]`ulhjs
w�f^Z7]Jw�¦�Zns�uts�]^h�wjqOqOhj_gs�]�egkt_b[�[^hjm|Z�hj]`dbZnf^[%]`d�w�]zm�wOc"m|hAagZnkHuts�]^Znf`s�w�k�ktut��Znklh�qJ¦A[!�
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	 5

��h!����v�ut��Zns�w�egkxw�s�]
G
w�sba�w&[`eRZOqnu���q!w�]`ulhjs

Sλ ����Zr�bf^[`]�qOhjsb[`]`fJw�uts�]`dbZ�hjib[^Znf`��w�igklZriRZnd�w!��~
ulhjf^[ðh�p�]`dbZ�egkxw�s�]zÁ�ZC�gqOZneg]�p�hjf�igklh�qJ¦�utsgv�[=ÄH]^h�f^Znm�w�uts�utsT]`dbh�[^Zrw�ktklh!�
ZOaTi�c�]`dbZ
[^eRZOqnu���q!w�]`ulhjsH�
�¹h�agh�[^hg����Z�qOhjsb[`ulagZnf�]`dbZTqOhjm\e9h�[`ut]`ulhjs

Go = G ‖ Sλ
���rdbZ�f^ZO[`_gkt]�ul[�w�s�¿ ����Ñ�� ]`d�w�]

wjqOqOZneg]^[7w�ktk�]`dbZ�]`fJwjqOZO[&h�p
G
w�ktklh¾�
ZOa2i�c

Sλ
�°�zdgutklZ�egf^ZO[JZnf`��utsgv�]`dbZyuts�]^Znf`s�w�k+iRZnd�w!��ulhjf&h�p

G
w$p�]^Znf7w�v�ut��Zns�hjib[JZnf`�jw�igklZ�]`fJwjqOZ�� �2hjf^ZOh!��Znf!�

Go

q!w�eg]`_gf^ZO[�w�ktk3]`dbZ�igklh�qJ¦�utsgv�[7]`d�w�]yw�f^Z
wjaEm\ul[^[`utigklZ�uts

Sλ w�sba�]`d�w�]7m�w!c�d�w�ege9Zns
uts G
�T�rdgul[&ul[7[`_gm\m�w�f`u�
!ZOa
i�c2]`dbZTp�hjktklh!�zutsgv

f^ZO[`_gkt]!�

��æ�×���×��¾Ö;å¾Öµ×°ä�� �¹±n²
Go = G ‖ Sλ ì ²µíE±Cª

L(λ−1(Go)) ⊆ L(G)
®�ª°Ì

Traces(λ−1(Go)) ⊆ L(λ−1(Sλ))

��æ�×X×����

L(λ−1(Go)) = L(λ−1(G||Sλ))) = L(G||Sλ)) ∩ Σ∗ _b[`utsgv\egf^hjeRZnf`]`ulZO[�h�p λ−1

= P−1
Σλ→Σ

(L(G)) ∩ P−1
Σλ→Σλ

!?

(L(Sλ)) ∩ Σ∗ _b[`utsgv|egf^hje9Znf`]`ulZO[%h�p ||
= L(G) ∩ [P−1

Σλ→Σλ

!?

(L(Sλ)) ∩ Σ∗] (α),
wj[

L(G) = P−1
Σλ→Σ

(L(G)) ∩ Σ∗

�rdgul[zegf^h¾��ZO[
L(λ−1(Go)) ⊆ L(G)

�3Y�Zyw�kl[^h�d�w!��Z
Traces(λ−1(Go)) ⊆ L(λ−1(Sλ))

wj[

Traces(λ−1(Go)) = PΣλ→Σλ

!?

(L(λ−1(Go)))

⊆ PΣλ→Σλ

!?

(P−1
Σλ→Σλ

!?

(L(Sλ) ∩ Σ∗),
_b[`utsgv

(α)

⊆ L(Sλ) ∩ PΣλ→Σλ

!?

(Σ∗) = L(λ−1(Sλ)) �

�&sbh¾�zutsgv�]`d�w�]
Sλ ul[Hutsgeg_g]¤~�qOhjm\egklZn]^Z��j]`dbZ�p�wjqn]X]`d�w�] Traces(λ−1(Go)) ⊆ L(λ−1(Sλ))Znsb[`_gf^ZO[&]`d�w�]!�XZC�gqOZneg]&p�hjf�igklhAq^¦Autsgv�[�Áµ]`d�w�]&�
Z�d�wO��Z�m|hAagZnklZOa�i�c�]`dbZ

λ
Zn��Zns�]=ÄC�

Go

qOhjsE~
p�hjf`m|[�]^h

Sλ Á�Ó3f^hjeRh�[^ut]`ulhjs"Þ�ÄC���2hjf^ZOh!��Znf!�A�
Z%d�wO��Z�]`dbZzp�hjktklh¾�zutsgv�f^ZO[`_gkt]!���zdgulq^d"[JwOcE[3]`d�w�]
Go

ul[%w\v�h�hAa�[`]Jw�f`]`utsgv�eRhjuts�]zp�hjf�[^hjkt��utsgv�]`dbZ�Öµ×XØ�× �JØ�×RäRå!æ$×Rçðegf^hjigklZnm��buts�]`dbZ�[^Znsb[^Z&]`d�w�]
Go

ul[zkxw�f`v�Znf�]`d�w�s2w�s�c([^hjkt_g]`ulhjs.h�p+]`dbZ&egf^hjigklZnm�â

��: ���DE�= �¹±O²
Gioco

�J±�®jª 
�� ��Æ�� ±Cªg³CÇ�¬C´µª�¶
²µíE±.¯^©jª!«O©j¬C­\®�ª°¯J± Q
ï ¬ ï ² ï Sλ
³CÇE¯níM²µíA®�²

L(Gioco) ⊆ L(G) ì ®jª°Ì�Ël±n² Go = G ‖ Sλ ï �¹íE±Cª ì L(λ(Gioco)) ⊆ L(Go) ï

��æ�×X×�� � �HZn]
Λ(G)

i9Z7]`dbZy¿�����Ñ�� hjig]Jw�utsbZOa.i�c.wjagaEutsgv�w
λ
[^Znk�pµ~Õklh�hje�hjs.Z!wjq^d�[`]Jw�]^Z�h�p

G
��Û�c ��ZC�bsgut]`ulhjs�h�p

‖
�g��Z7d�wO��Z

G ‖ Sλ = Λ(G) ‖ Sλ w�sba

L(G ‖ Sλ) = L(Λ(G) ‖ Sλ) = L(Λ(G)) ∩ P−1
Σλ→Σλ

?!

(L(Sλ))
Á C Ä
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�2hjf^ZOh!��Znf!�
Gioco Öµ×XØ�× Sλ �E�zdgulq^dH�RwjqOqOhjf^aEutsgv|]^h|Ó3f^hjeH� �b�butm\egktulZO[�]`d�w�]

Traces(λ(Gioco)) ⊆ Traces(Sλ) = L(Sλ)

�HZn]
s ∈ L(λ(Gioco))

��]`dbZnsH�
PΣλ→Σλ

!?

(s) ∈ Traces(λ(Gioco)) ⊆ L(Sλ)
�(�rdgul[�utm\egktulZO[

]`d�w�]
s ∈ P−1

Σλ→Σλ

?!

(L(Sλ))
� ��h¾����wj[

L(Gioco) ⊆ L(G)
�
L(λ(Gioco)) ⊆ L(Λ(G))

�\Y�Z
]`dbZns
d�wO��Z

s ∈ L(Λ(G)) ∩ P−1
Σλ→Σ?!

(L(Sλ))
� 	 sba��bs�w�ktktc2i�wj[^ZOa�hjs Á C ÄC�

L(λ(Gioco) ⊆

L(G ‖ Sλ) �

λ

� �

� �
���

���
� �

� �

� �
� �

λ

Sλ

� �

� �

� �
� �

� �
� �
���

���

G

λ

τ3

τ1 τ2

λ

λ

� �

� �
� �

� �
� �
���

���

G0

τ1 τ2

τ3

λ

λ

6=

��utv�_gf^Z6�bâ$��utf^[^]�[`]^ZneHâ3egkxw�s�]�w�sba�[`e9ZOqnu���q!w�]`ulhjs.qOhjm\eRh�[^ut]`ulhjs

�	� E�� �+ç : §3©jªg³C´�Ì�±n¬y²µíE±zÈ°Ët®jª�²
G
ã
Σuc = {?a, !x}

è(®jª°Ì�²µíE±y³ÕÈb±`¯n´ ë
¯^®�²�´�©jª
Sλ ¶j´;Éj±Cª
´;ª

ë�¶jÇA¬^±�
 ï G0
´;³
²µíE±
¬^±=³CÇ�Ë�²¹©¤«�²µíg±C´;¬z¯^©j­�ÈE©j³=´�²�´�©jª ï O�³�²µíg±�±CÉ�±Cª°² !y ®¤«n²�±C¬ !x.τ1.!z.!x ì È°¬^±=³O±Cª°²´µª

G ì ´x³�ªR©�²�®�Ë;Ët© Q ±`Ì �nÊ Sλ ì ´µ²
íA®j³ �^±^±Cª�¯nÇA² �CÊ"²µíE±�¯^©�­%Èg©�³=´�²�´�©�ª�©=Èg±C¬`®�²�´�©jª ï ã
� ±C¬`± ì Sλ

´;³&ªR©�²�´µªjÈ°ÇE²�ÂÃ¯^©�­%ÈRËt±n²�± ì �CÇE²�´µªjÈ°ÇE²�ÂÃ¯J©j­�È°Ët±O²�±CªR±=³=³TÌ�©¾±=³�ªR©�²�­|®�²�²�±C¬y´;ª�²µí�´;³y±^ê�®j­�È°Ël± ï è	 ]�]`dgul[�e9hjuts�]!��]`dbZ�hjsgktc\f^Znm�w�utsgutsgvTsbhjsE~�qOhjsEp�hjf`m�w�sbqOZO[zh�p
Go

�zut]`d�f^ZO[`e9ZOqn]�]^h
Sλ w�f^Z

igklhAq^¦Autsgv�[!���rdbZ&[`]Jw�]^ZO[zh�p
Go

�zut]`d.w
λ
[^Znk�pµ~ÕklhAhje"qOhjf`f^ZO[^eRhjsba"]^hTigklhAq^¦Autsgv�[�h�p

G
]`d�w�]%w�f^Z

w�kl[^h�w�ktklh¾�
ZOa|i�c�]`dbZz[^eRZOqnu���q!w�]`ulhjs
�
]`dbZO[^Zz[`]Jw�]^ZO[�agh&sbhj]3e9h�[^Z�egf^hjigklZnm|[!�Aw�sba�m�wOc�iRZ�¦�Zneg]

i�c�]`dbZ&[`_geRZnf`�Aul[^hjf�uts�]`dbZ��bs�w�kÕ�gqOhjs�]`f^hjktklZOa"egkxw�s�]!� ��h!��Zn��Znf!�b[^hjm|Z&hj]`dbZnfrigklh�qJ¦�utsgv\[`]Jw�]^ZO[
m�wOc�[`]`utktkXZC�Aul[^]�uts

Go

�+�rdbZnc"qOhjf`f^ZO[`eRhjsba�]^hTigklhAq^¦Autsgv�[zh�p�]`dbZ�egkxw�s�]z]`d�w�]�aghTsbhj]zZC�Aul[^]�uts
]`dbZ�[`e9ZOqnu���q!w�]`ulhjs�w�sba(d�w!��Z7]^h\i9Z&f^Znm|h!��ZOaX�
�rdgul[zul[�aghjsbZ7uts�]£�
h\egd�wj[JZO[!â

º¾Ä �ðutf^[`]!�+]`dbZ�ktut��ZnklhAq^¦E[�h�p
Go

]`d�w�]|w�f^Z�sbhj]�kxw�i9ZnklZOaMi�c}w
λ
[^Znk�pµ~Õklh�hje1w�f^Z�f^Znm|h¾��ZOa

ÁÕÑAZOqn]`ulhjs �E����ÄC�
Þ�Ä|¿�s�w�[^ZOqOhjsba¥egd�wj[^Z��z��Z�Znktutm\uts�w�]^Z�]`dbZ�hj_g]`eg_g]¤~ÕklhAq^¦E[(wj[���Znktk&wj[�]`dbZ.agZ!wjaEklhAq^¦E[

ÁÕÑAZOqn]`ulhjs �E� ��ÄC�

����� � &�1 � 1 *�(�.21�*�	�
R*R#R% 5 1 �2%'#H& 1 �4%'&3! � �$5

�HZn]
Go = G ‖ Sλ ]`dbZ"¿ ����Ñ�� qOhjm\eg_g]^ZOa1w$p�]^Znf�]`dbZ�egf^Zn�Aulhj_b[�egd�wj[^Z��2Y�Z"agZnsbhj]^Z�i�c

Go = {Gi|i = 1, 2, . . .}
]`dbZ��bsgut]^Z"[^Zn]\h�p�m�w$�Eutm�w�kz[`_gigm�wjq^dgutsbZO[�h�p%]`dbZ"m�wjq^dgutsbZ

Go

�
�zdbh�[^Z
w�ktegd�w�i9Zn]^["w�f^Z
w�ktk7Z���_�w�k�]^h

ΣI

���zdgulqJd�utsbqnkt_bagZ
w�]�klZ!wj[`](hjsbZ�qncEqnklZ���w�sba�[`_bq^d
]`d�w�]�pµf^hjm Z!wjqJd�[^]Jw�]^Z2h�p

Gi
��]`dbZnf^Z2ul[�sbh}]`fJw�sb[^ut]`ulhjs�kxw�iRZnklZOa

λ
uts

Go

�-�bhjf`m�w�ktktc���u�p
Go = (Σ ∪ {λ},Xo, xo, δo)

�gklZn]

º �



Io = {xi
o ∈ X | (xi

o = xo ∨ δ−1(xi
o) ∩ Σ?! 6= ∅)

∧∀x ∈ reachΣI
(xi

o),¬δo(λ, x) = x
Á�¼�Ä

∧∃x ∈ reachΣI
(xi

o),∃si ∈ Σ+
I . δo(si, x) = x}

�rdbZnsH�
Go = {Gi = (ΣI ,X

i, xi
o, δ

i)|xi
o ∈ Io}

Á 	�Ä
[`_bqJd�]`d�w�]zp�hjf%w�ktk

xi
o ∈ Io

�
Gi = Go↓ΣI ,reachΣI

(xi
o)

Á�Ï�Ä
�rdbZ�[^Zn]�h�p+m�w�f`¦�ZOa�[`]Jw�]^ZO[%h�p+Z!wjqJd�h�p+]`dbZO[^Z7[`_gigm�wjq^dgutsbZO[�ul[zf^ZO[`e9ZOqn]`ut��Znktc(agZC�bsbZOa(i�c

X i
m = {x ∈ X i|∃x′ ∈ Xo,∃σ ∈ Σ \ ΣI .δo(x, σ)!}

Á�»�Ä

]`d�w�]�ul[!��]`dbZ�[^Zn]
h�p¹[^]Jw�]^ZO[�p�f^hjm��zdgulqJd�]`dbZnf^Z�ZC�Aul[^]^[�w���ul[`utigklZ�Zn��Zns�]��zdbh�[^Z%�bf`utsgvTZC�Eut]^[�]`dbZ
m�wjq^dgutsbZ

Gi

�
�rdbZO[^Z�[`_gigm�wjq^dgutsbZO[|w�f^Z�uts�]^Znf^ZO[`]`utsgv�i9ZOq!w�_b[^Z�w.qncAqnklZ�utsMw�s�c�h�p�]`dbZnm qOhjf`f^ZO[^eRhjsbag[

]^h.w�ktut��ZnklhAq^¦�uts�]`dbZ\egkxw�s�]
Go

]`d�w�]�ul[�sbhj]�egf^ZO[^Zns�]�uts
]`dbZ|[`e9ZOqnu���q!w�]`ulhjs
Sλ

Á�w�ktut��Znklh�qJ¦
egf^ZO[^Zns�]�uts

Go

w�sba|wjqOqOZneg]^ZOa�i�c
Sλ

�
hj_gkla\d�w!��Zzi9ZOZnsTutsbaEulq!w�]^ZOa|i�c\w
λ
[^Znk�pµ~Õklh�hje°ÄC�+�rdbZO[^Z

ktut��ZnklhAq^¦E[��Aulhjkxw�]^Z7qOhjsEp�hjf`m�w�sbqOZTw�sba(d�wO��Z7]^h|iRZ&f^Znm|h¾��ZOaX�
�HZn]

Acyclic(Gi)
i9Z�]`dbZ7wjqncEqnktulq&v�fJw�egd�qOhjs�]Jw�utsgutsgv�w�ktk9]`dbZ�wjqncEqnktulq7ZnklZnm|Zns�]Jw�f`c"e�w�]`db[

h�p
Gi

��w�sba
Cl/G

i =
&�( )�*,+ -4.

(Gi,X i
m, Acyclic(Gi))

]`dbZ�f^ZO[`_gkt]\hjig]Jw�utsbZOa�i�c}w�egegktc�~
utsgv2]`dbZ &�(	)�*,+�-	.Ðw�ktv�hjf`ut]`dgm���agZC�bsbZOa}uts ÑAZOqn]`ulhjs1ÞE� ÞE�+_b[^utsgv.]`dgul[Tv�fJw�egd�wj[\w.qOhjs�]`f^hjk
hji �`ZOqn]`ut��Z���w�sba

X i
m

wj[�m�w�f`¦�ZOa�[`]Jw�]^ZO[!�
¿£]\ul[��
hjf`]`d��zdgutklZ.sbhj]`utsgv
]`d�w�]|]`dbZ"�rwOc��
Z�w�f^Z"f^Znm|h¾��utsgv}]`dbZ"ktut��Znklh�qJ¦A[|i�c�[`utm\egktc

qn_g]`]`utsgv�]`dbZ|qncEqnklZO[�h�pruts�]^Znf`s�w�k�Zn��Zns�]^[�m�w�¦�ZO[y]`d�w�]�]`dbZ\hjig]Jw�utsbZOa�[^_geRZnf`�Aul[^hjf7ul[7sbhj]�]`dbZ
m|h�[`]�eRZnf`m\ul[J[`ut��Z�hjsbZ�Á�wjqOqOhjf^aEutsgv�]^h�]`dbZ�kxw�sgv�_�w�v�Z2utsbqnkt_b[`ulhjs�f^Znkxw�]`ulhjs°ÄC� ¿�]��
hj_gkla�iRZ
[`_���qnulZns�]
]^hy_gsEp�hjkla�]`dbZ%hjf`utv�uts�w�kRv�fJw�egd�w�sba|]^hTw�egegktc|hj_gf�]^ZOqJdgsgu ��_bZO[rhjs|]`dgul[
sbZn�¥v�fJw�egd
uts�hjf^agZnf
]^hyhjig]Jw�uts�w7m|hjf^Z�e9Znf`m\ul[^[`ut��Z�qOhjs�]`f^hjktklZnf!� ��h¾�
Zn��Znf!�A]`dbZ�sbZC�E]�klZnm\m�wyZnsb[`_gf^ZO[�_b[
]`d�w�]&ut]&ul[&m�w$�Autm�w�k+u�p
��Z�ZC�Aegf^ZO[^[&]`dbZTm�w$�Eutm�w�ktut]�c2��� f!� ]!��]`dbZT]`fJwjqOZO[&utsbqnkt_b[`ulhjs
f^Znkxw�]`ulhjs
_b[^ZOaTi�cy]`dbZrÖµ×XØ�×�f^Znkxw�]`ulhjs.Á�qCp`� ��ZCp`�Aº!ß�ÄC�ð¿£sbagZOZOa�hjsbZ�utm\eRhjf`]Jw�s�]�wj[`eRZOqn]+h�p°hj_gf�w�ktv�hjf`ut]`dgm
ul[�]`d�w�]%ut]�egf^ZO[^Znf`��ZO[%]`dbZ�f^Z!wjq^d�w�igutktut]£c�h�p
w�ktk�]`dbZ��bs�w�kð[`]Jw�]^ZO[%]`d�w�]�i�wj[`ulq!w�ktktc.qOhjf`f^ZO[^eRhjsbag[
]^h�]`dbZyegkxwjqOZO[&�zdbZnf^Z\w�s
hjib[^Znf`��w�]`ulhjs
q!w�s2i9Z�eRZnf¤p�hjf`m|ZOaX� ��ZnsbqOZTi�c��bf^[`]�_gsEp�hjklaEutsgv(]`dbZ
v�fJw�egd\w�sbayi�cyqOhjs�]`f^hjktktutsgv&]`dbZ
_gsEp�hjklagZOa�v�fJw�egdH�j]`dbZ
[=w�m|Z3�bs�w�kE[`]Jw�]^ZO[¹��hj_gklaTiRZ�f^Z!wjq^d�w�igklZ
w�sba(]`dbZnf^ZCp�hjf^Z7]`dbZ�[Jw�m|Z7[JZn]�h�p+hjib[^Znf`��w�igklZ�Zn��Zns�]^[��
hj_gkla.iRZ�wjaEm\ul[J[`utigklZ��
��: ���DE����"´�²µí
²µíg±�® �`©jÉ�±�ªR©�²Õ®�²�´�©jªg³ ì Cl/G

i íA®�³�²µíg±�È°¬¤©CÈg±C¬n²�Ê2²µíA®�²�®jËµË+³C²Õ®�²�±=³|´;ª X i
m®j¬^±y¬`±`®�¯CíA® �CËl±r«C¬`©j­Í²µíE±y¬^±=³ÕÈg±^¯O²�´;Éj±T´;ª�´µ²�´�®jËR³C²Õ®�²�±

xi
o ï

��æ�×X×�� �2ÁÕÑ�¦�Zn]^qJd°ÄyY�Z�d�w!��Z�wj[^[^_gm|ZOa�]`d�w�]\w�ktk�]`dbZ�Zn��Zns�]^[Tuts
ΣI

w�f^Z�qOhjs�]`f^hjktkxw�igklZ�Á�qCp¤�
�&ZC�bsgut]`ulhjs2º�º¾ÄC�3�rdbZnsH��sbhj]^Z�]`d�w�]�]`dbZ%qOhjm\eg_g]Jw�]`ulhjs"h�p

Cl/G
i dbZnf^Z�qOhjsb[`ul[`]^[�ZO[J[^Zns�]`uxw�ktktc|uts

º C



��igf^Z!w�¦Autsgv �%klh�hjeb[¾�3Ñ�utsbqOZ&w�ktkR]`fJw�sb[`ut]`ulhjsb[zw�f^Z%kxw�i9ZnklZOa�i�c|uts�]^Znf`s�w�kXZn��Zns�]^[!�gw�sba�w�ktk°uts�]^Znf`s�w�k
Zn��Zns�]^[�w�f^Z�qOhjs�]`f^hjktkxw�igklZ��gw&klhAhje�q!w�s|i9Z ��igf^hj¦�Zns �zi�c�egf^Zn��Zns�]`utsgv\w�s�w�f`igut]`fJw�f`c\Zn��Zns�]�pµf^hjm
]`d�w�]rklh�hje"]^h�hAqOqn_gf!� ��ZnsbqOZ��A]`dbZ&qOhjs�]`f^hjktklZOa�[^cA[`]^Znm

Cl/G
i
qOhjs�]Jw�utsb[%w�ktk9]`dbZ&[^Z���_bZnsbqOZO[ruts

Acyclic(Gi)
� ��h¾���Hw�[^]Jw�]^Z�ul[�f^Z!wjqJd�w�igklZ�u�p�ut]&ul[�f^Z!wjqJd�w�igklZ�i�c�w�s
wjqncEqnktulq�[^Z���_bZnsbqOZ��7¿�s

e�w�f`]`ulqn_gkxw�f!�°w�ktk�[`]Jw�]^ZO[zuts
X i

m

w�f^Z&f^Z!wjqJd�w�igklZyuts
Cl/G

i p�f^hjm ]`dbZ7utsgut]`uxw�k¹[^]Jw�]^Z
xi

o

�
�

�ðuts�w�ktktc��ðklZn]
Go(G

i → Cl/G
i)
agZnsbhj]^Z�]`dbZ�hjeRZnfJw�]`ulhjs}]`d�w�]�qOhjsb[`ul[^]^[yuts}f^Znegkxwjqnutsgv�uts

Go

��]`dbZ�[`_gigm�wjq^dgutsbZ
Gi i�c\]`dbZ%qOhjs�]`f^hjktklZOa�[`cE[`]^Znm Cl/G

i �Aw�sba ⋃

Gi∈Go
Go(G

i → Cl/G
i)agZnsbhj]^Z
]`dbZ�_gsgulhjs�h�p°w�ktk�]`dbZO[^Z
m�wjq^dgutsbZO[¾�j_gsbagZnf^[`]^h�hAa�wj[�]`dbZ
eRhjuts�]¤~Õ�zul[^Z�_gsgulhjs�h�p �j~Õ]`_gegklZO[

h�pH[^Zn]^[�h�pX]`dbZrp�hjf`m
(Σ,X , xo, δ)

���zdgulqJd�[`d�w�f^Z%]`dbZ�[Jw�m|Z%utsgut]`uxw�k°[`]Jw�]^Z
xo

�+�rdbZ%w�ktv�hjf`ut]`dgm
]`d�w�]�f^Znm|h¾��ZO[�_gsbagZO[`utf^ZOa.ktut��Znklh�qJ¦A[zul[�]`dbZ&p�hjktklh¾�zutsgvbâ

	 ktv�hjf`ut]`dgm�� 3���B���� +��
	���� 14B BXÁ
G,Sλ Ä → Cl/Go

Áµu;Ä
Go = G ‖ Sλ �bw�sba Go

ul[�agZC�bsbZOa.i�c � ��_�w�]`ulhjsb[TÁ�¼�ÄC�¹Á 	�ÄC��w�sba�Á�Ï�Ä
Áµutu;Ä

∀Gi ∈ Go

�
Cl/G

i =
&�(	)�*,+�-	.

(Acyclic(Gi),X i
m, Gi)

Áµututu;Ä
G′

o =
⋃

Gi∈Go
Go(G

i → Cl/G
i)

Áµut�gÄ
Cl/Go = G′

o

λ

λ

λ

� �

� �
� �

� �
� �
� �

��� τ1

τ3

Cl/G0

λ

λ

� �

� �
� �

� �
� �
� �

���

G0

τ1 τ2

τ3

∈ G0

6∈ G0

λ

��utv�_gf^Z C â
ÑAZOqOhjsba�[`]^ZneHâ3Î�Znm|h!�Autsgv�ktut��ZnklhAq^¦E[

�	� E�� �+ç : §3©jªg³C´�Ì�±n¬=´µª�¶�®!¶�®j´;ª�©jÇ�¬.±`ê�®j­�È°Ët± ã ¯�« ï ë�¶jÇA¬`± 
jè ì ²µíE±(² Q ©�´µª�²�±C¬Cª°®jË�±CÉ�±nª�²µ³¯nÊ�¯nËl±=³�®j¬^±�³JíA© Q ª2´µªyë�¶jÇA¬^±�
 ï ��ª�Ë Ê�©�ªR±y©`«�²µíE±C­ íA®j³&ªR©
λ
²�¬`®jªg³=´�²�´�©jª2®jªRÌ�²µí�Ç�³ �^±CËt©jª�¶�³

²Õ©
G0 ï �¹í�´;³�¯nÊ�¯nËt±�´;³ �C¬`©��j±Cª �CÊ�¯nÇA²�²�´µª�¶ τ2 ï

��æ�×���×��¾Ö;å¾Öµ×°ä � �¹±n²
Gioco �^±"®�ª 
�� ��Æ�� ²µíA®�²&¯^©jª!«O©j¬C­�³�²Õ©

Sλ ®jª°Ì�¯^©jª°²�¬¤©jËµËt® �CËl± Q ´µ²µí¬^±=³ÕÈg±^¯O²z²Õ©
G ì ³=Çg¯Cí.²µíA®�² L(Gioco) ⊆ L(Go) ï �¹±n²r®jË ³n© Cl/Go

�J±T²µíE±�¬`±C³=ÇAË ²z©¤«KO�Ë¸¶�©j¬C´µ²µí�­
� 3���B���� +���	���� 14B B ï �¹íE±Cª ì Traces(λ(Gioco)) ⊆ Traces(Cl/Go) ï
��æ�×X×�� ��Y�Z�hjsgktc�v�ut��Z�dbZnf^Z�]`dbZ&[`¦�Zn]^qJd�h�p¹]`dbZ�egf^h�h�p`� 	 [^[^_gm|Z%]`d�w�]z]`dbZnf^Z&ZC�Eul[`]^[zw�]`fJwjqOZ
s ∈ Traces(λ(Gioco)) \ Traces(Cl/Go)

�MÑ�utsbqOZ
Á�qCp`���HZnm\m�w�º¾Ä
Traces(λ(Gioco)) ⊆

Traces(Go)
���
Z�w�kl[Jh\d�wO��Z

s ∈ Traces(Go) \ Traces(Cl/Go)
�r�rdbZy]`fJwjqOZ

s
q!w�s.i9ZyagZC~

qOhjm\e9h�[^ZOa\wj[
s′ ·σ ·s′′

�j�zdbZnf^Z
s′
ul[+]`dbZ�klhjsgv�ZO[`]+egf^ZC�g�Th�p

s
[`_bqJd�]`d�w�]

s′ ∈ Traces(Cl/Go)
�

º!¼



��ZnsbqOZ��
σ
ul[
w&��ul[^utigklZ%Zn��Zns�]!��uÕ�¸Z��t�

σ ∈ Σλ
?!

�Aw�sba|ul[3_gsgf^Z!wjqJd�w�igklZ�uts
Cl/Go

wj[3��ZnktkÕ��]`d�w�]
ul[!�

(†) : s′ · σ /∈ Traces(Cl/Go)

�rdbZnsH��klZn]
s′−1 ∈ P−1

Σλ→Σλ

?!

(s′)∩L(Go)
i9Z�w&[^Z���_bZnsbqOZ%h�p

Go

�zdbh�[JZregf^h��¤ZOqn]`ulhjs�hjs\��ul[`utigklZ
Zn��Zns�]^[�ul[

s′
�2�rd�_b[¾�

σ
ul[\w.��ul[`utigklZ�Zn��Zns�]�]`d�w�]���wj[T�bf^Z!w�igklZ�uts

Go

w$pµ]^ZnfT]`dbZ"[^Z���_bZnsbqOZ
s′−1 �°ig_g]%d�wj[�iRZOqOhjm|Z�_gsgf^Z!wjq^d�w�igklZ�uts Cl/Go

w$p�]^Znf%]`dbZT[^Z���_bZnsbqOZ
s′−1 �°i�c�ZCÀXZOqn]�h�p�]`dbZ

[`_ge9Znf`��ul[Jhjf
Cl

�
�HZn]�sbh¾�

s′τ : τ1 · τ2 . . . τk

iRZ�]`dbZ�klhjsgv�ZO[^]T[`_��\�Mh�p
s′−1 ]`d�w�]�qOhjsb[`ul[`]^[Thjsgktc�h�p%utsE~

]^Znf`s�w�k+Zn��Zns�]^[!�Xw�sba
t′τ : t1 · t2 . . . tk

iRZy]`dbZ�qOhjf`f^ZO[^eRhjsbaEutsgv"[^Z���_bZnsbqOZ�h�p�]`fJw�sb[`ut]`ulhjsb[¾�%Û�c
qOhjsb[`]`f`_bqn]`ulhjsH��]`dbZ\hjsgktc��rwOc2p�hjf

σ
]^h"i9ZOqOhjm|Z�_gsgf^Z!wjq^d�w�igklZ�uts

Cl/Go

ul[&i�c�d�w!��utsgv�]`dbZ
[`_ge9Znf`��ul[Jhjf

Cl

Znktutm\uts�w�]^Z�Á�w�[`_��\��h�pCÄ
t′τ
pµf^hjm

Go

�
Û�c¥qOhjsb[`]`f`_bqn]`ulhjsÅh�p�]`dbZ�[`_ge9Znf`�Aul[^hjf!�z]`dgul["m�wOcÐhjsgktc¥d�w�ege9ZnsÐ�zdbZns

t′τ
qOhjs�]Jw�utsb[.w

klhAhjeH�¹w�sba�ul[7ut]^[^Znk�prqOhjs�]Jw�utsbZOa�uts�[Jhjm|Z�m�wjq^dgutsbZ
Gi

p�f^hjm{]`dbZ\[^Zn]
Go

agZC�bsbZOa
i�c � ��_�w$~
]`ulhjsb[%Á�¼�ÄC��Á 	�ÄC�Aw�sba.Á�Ï�ÄC�+�rdbZnsH�

t′τ
ul[�sbhjsbZnm\eg]�c��gw�sbaX��i�c�m�w$�Eutm�w�ktut]�c|h�p

t′τ
w�sba\agZC�bsgut]`ulhjs

h�p
Gi

�E]`dbZ7utsgut]`uxw�k¹[`]Jw�]^Z7h�p
Gi

ul[z]`dbZ�hjf`utv�uts.h�p
t1
�

�2hjf^ZOh!��Znf!��]`dbZ�hjf`utv�uts1h�p%]`dbZ�]`fJw�sb[`ut]`ulhjs�kxw�i9ZnklZOa}i�c
σ
my_b[`]TiRZ"w}­|®j¬���±`Ì"[`]Jw�]^Z�h�p

Gi

�RuÕ�¸Z��t�Hw�[^]Jw�]^Z�]`d�w�]&i9Znklhjsgv�[&]^h�]`dbZ�qOhjf`f^ZO[`e9hjsbaEutsgv�[^Zn]
X i

m

agZC�bsbZOa�i�c � ��_�w�]`ulhjs Á�»�ÄC�
¿£sbagZOZOaX�g]`dbZO[^Z�w�f^Z7]`dbZ�hjsgktc"[`]Jw�]^ZO[�h�p

Gi

p�f^hjmá�zdgulq^d�w\��ul[`utigklZ7Zn��Zns�]%q!w�s�i9Z��bf^ZOaX�
Ñ�utsbqOZz]`dbZzhjf`utv�uts

l
h�p

σ
��wj[3f^Z!wjqJd�w�igklZ�uts

Go

��ig_g]�d�wj[+iRZOqOhjm|Z�_gsgf^Z!wjq^d�w�igklZ�uts
Cl/Gi

�
]`dgul[&utm\egktulZO[&]`d�w�]&]`dbZ\[`]Jw�]^Z

l ∈ X i
m

d�wj[&i9ZOqOhjm|Z�_gsgf^Z!wjqJd�w�igklZ�aE_bZT]^h�]`dbZ�Zn��Zns�]�h�p
]`dbZ
[`_ge9Znf`��ul[Jhjf

Cl

� ��h¾�
Zn��Znf!�+]`dbZ�utsgut]`uxw�k�[^]Jw�]^Z�h�p
Gi

ul[�[`]`utktk�f^Z!wjqJd�w�igklZ�uts
Cl/Go

�ðw�sbaX�+i�c
qOhjsb[`]`f`_bqn]`ulhjsH�¹w�ktk+]`dbZTm�w�f`¦�ZOa
[`]Jw�]^ZO[�]`d�w�]&�
Znf^Z�f^Z!wjqJd�w�igklZ\uts

Gi

p�f^hjm ]`dbZTutsgut]`uxw�k�[`]Jw�]^Z
h�p

Gi

�Xw�f^Z�[`]`utktkðf^Z!wjq^d�w�igklZ\uts
Cl/Gi

�Xw�sba�]`dbZnf^ZCp�hjf^Z��Hw�f^ZTf^Z!wjq^d�w�igklZ�uts
Cl/Go

� ��ZnsbqOZ��
σul[r�bf^Z!w�igklZ7uts

Cl/Go

w$p�]^Znf
s′−1 �Euts�qOhjs�]`fJwjaEulqn]`ulhjs2�zut]`d (†)

â�]`dbZ7egf^h�h�p+ul[�aghjsbZ��
�

����� � &�1 � 1 *�(�.21�*�	�
R*R#R% 5 1 �2%'#H#R% (/#R&�! ���$5 (/*R# ! 
�.�� 
$. �N&3! � �$5

�rdbZ�qOhjs�]`f^hjktklZOa�egkxw�s�]
Cl/G

qOhjm\eg_g]^ZOa
[^h�pÕw�f�ul[&[`_bqJd2]`d�w�]�ut]^[&]`fJwjqOZO[7w�sba2ktut��Znklh�qJ¦A[�w�f^Z
w�m|hjsgv|]`dbh�[^Z7h�pð]`dbZ7[`e9ZOqnu���q!w�]`ulhjs

Sλ ��¿£s(hjf^agZnf�]^h\hjig]Jw�uts.w�qOhjs�]`f^hjktklZOa.egkxw�s�]�]`d�w�]rp�_gktktc
qOhjsEp�hjf`m|[�]^h�]`dbZ�[^eRZOqnu���q!w�]`ulhjsH�°�
ZT[`]`utktkðsbZOZOa�]^h�f^Znm|h!��Z�pµf^hjm

Cl/G
]`dbZTagZ!wjaEklh�qJ¦A[&w�sba

hj_g]`eg_g]¤~ÕklhAq^¦E[�]`d�w�]�w�f^Z7sbhj]%egf^ZO[^Zns�]�uts
Sλ �3�rdgul[zul[�aghjsbZ7i�c"]`dbZ&p�hjktklh¾�zutsgv�hje9ZnfJw�]`ulhjsH�

9;:2<3äðÖxå¾Öµ×Rä>= � �¹±n²
H = (Σ,X , xo, δ)

�^±"®jª 
�� ��Æ�� ì ²µíE±nª *,(4.
(H)

´;³�²µíE±�¬`±C³=ÇAË ²7©¤«
²µíE±�«O©jË;Ët© Q ´µª�¶zëðêjÂtÈE©�´;ª�²r¯^©j­�È°ÇE²Õ®�²�´�©jª

{

Ho = H
Hi+1 = Hi↓Xi\outputlock(Hi) where Xi is the set of states of Hi

�������

¿£s�]`_gut]`ut��Znktc��X]`dbZ *,(4.�hjeRZnfJw�]`ulhjs�f^Znm|h!��ZO[7pµf^hjm{w�s2¿�����Ñ�� ]`dbZ�[`]Jw�]^ZO[�]`d�w�]�qOhjf`f^ZO[^eRhjsba
Znut]`dbZnf�]^h.w�agZ!wjaEklh�qJ¦1ÁµuÕ�¸Z|�zdbZns

δ(x) = ∅
Ä7hjf�]^h.w�s�hj_g]`eg_g]¤~ÕklhAq^¦¥Á

δ(x) ⊆ Σ?
ÄC��YÐdbZns

w�egegktulZOa�]^h�]`dbZ\m�wjq^dgutsbZ
Cl/G

]`d�w�]y�rwj[yqOhjm\eg_g]^ZOa�uts�]`dbZ|egf^Zn�Aulhj_b[y[^ZOqn]`ulhjsH��]`dbZ *,(4.
hje9ZnfJw�]`ulhjs}Znktutm\uts�w�]^ZO[�egf^ZOqnul[JZnktc2]`dbZ�agZ!wjaEklh�qJ¦A[Tw�sba�hj_g]`eg_g]¤~Õklh�qJ¦A[�]`d�w�]�w�f^Z\sbhj]yegf^ZO[^Zns�]
uts(]`dbZ�[`e9ZOqnu���q!w�]`ulhjs

Sλ �3�rdbZnsH�g]`dbZ&p�hjktklh!�zutsgv�f^ZO[^_gkt]zdbhjklag[!â

º 	



��æ�×���×��¾Ö;å¾Öµ×°ä � �¹±n²
H =

� 3 � B���� + ��	���� 14B�B
(G,Sλ)

�^±|²µíE± 
�� ��Æ�� ¯^©j­�È°ÇE²�±`Ì�´µª�Æ9±`¯OÂ
²�´�©jª $ ï $ ï �¹íE±Cª λ−1(

*,(4.
(H))

´x³�²µíE±�­|©�³n²�Èg±C¬C­T´;³J³C´;Éj± 
�� ��Æ�� ã ´µª�²µíE±�³O±Cªb³O±|©`«T²�¬`®�¯J±
´µª°¯nË Ç�³C´�©jª�èT³CÇE¯ní(²µíE®�²

λ−1(
*,(4.

(H))
Öµ×XØ�×

Sλ ï
��æ�×X×�� � �HZn]

H =
� 3���B���� +��
	���� 14B B

(G,Sλ) = Cl/G
w�sba

H ′ =
*,(4.

(H)
�ð�rdbZ *,(4.�hjeE~

ZnfJw�]`ulhjs(Znktutm\uts�w�]^ZO[z[`]Jw�]^ZO[�]`d�w�]rd�wO��Z�_gsbZC�Ae9ZOqn]^ZOa"agZ!wjaEklh�qJ¦A[�w�sba�hj_g]`eg_g]¤~ÕklhAq^¦E[!��¿£s�]`dbZO[^Z
[`]Jw�]^ZO[!��i�c|qOhjsb[^]`f`_bqn]`ulhjsH�E]`dbZ

λ
Zn��Zns�]rul[
sbhj]��bf^Z!w�igklZ����rd�_b[!�A]`dbZ8*,(4..hjeRZnfJw�]`ulhjs(w�egegktulZOa

]^h
H
aghAZO[�sbhj]
Znktutm\uts�w�]^Z�w�s�c

λ
Zn��Zns�]^[�p�f^hjm

H
���zdgulq^d�utm\egktulZO[�]`d�w�]

λ(λ−1(H ′))) ⊆ H ′ �
]`d�_b[¾�

L(λ(λ−1(H ′))) ⊆ L(H ′)
� ��hjf^ZOh¾��Znf!�T[^utsbqOZ

Traces(H) ⊆ L(Sλ)
����ZMd�wO��Z

Traces(λ(λ−1(H ′))) ⊆ Traces(H ′) ⊆ Traces(H) ⊆ L(Sλ) = Traces(Sλ)
�áÛ�c

Ó3f^hjeH��ÞE�
λ−1(H ′)

Öµ×XØ�×
Sλ
�

��ZC�A]!�A�
Z&d�w!��Z&]^hTegf^h!��Z&]`d�w�]
λ−1(

*,(	.
(H))

ul[�]`dbZ&m|h�[`]reRZnf`m\ul[^[^ut��Z�¿�����Ñ��o[`_bqJd"]`d�w�]
λ−1(

*,(	.
(H))

Ö;×XØ�×
Sλ �7�rdbZ�egf^hAh�p�egf^hAqOZOZOag[&i�c�utsbaE_bqn]`ulhjs�h¾��Znf7]`dbZ��g��~Õe9hjuts�]|Á¤º!ß�Ä�h�p

�&ZC�bsgut]`ulhjsMºB�E� �¹Zn]
Gioco i9Zyw�s�¿�����Ñ�� agZC�bsbZOa2wj[%uts�Ó3f^hjeH�R¼E� 	 qOqOhjf^aEutsgv�]^h�Ó3f^hjeH�R¼E�

�
Z�d�wO��Z
Traces(λ(Gioco)) ⊆ Traces(Ho)

� Y�Z�wj[^[`_gm|Z�]`d�w�]
Traces(λ(Gioco)) ⊆

Traces(Hi)
�$w�sba�egf^h!��Z�]`d�w�]

Traces(λ(Gioco)) ⊆ Traces(Hi+1)
�4��hjfH]`dgul[!�jwj[^[`_gm|Z+]`d�w�]

]`dbZnf^Z7ZC�Eul[`]^[�wT]`fJwjqOZ
s ∈ Traces(λ(Gioco)) \ Traces(Hi+1)

��Ñ�utsbqOZ
Traces(λ(Gioco)) ⊆

Traces(Hi)
���
Z.d�wO��Z

s ∈ Traces(Hi)
� �HZn]

s−1 ∈ P−1
Σλ→Σλ

!?

(s) ∩ L(Hi)
i9Z.w�s�w�f¤~

igut]`fJw�f`c�[^Z���_bZnsbqOZ�h�p%Zn��Zns�]^[(Áµutsbqnkt_baEutsgv�uts�]^Znf`s�w�kzZn��Zns�]^[=Äy�zdbh�[^Z�egf^h��`ZOqn]`ulhjsMhjsM]`dbZ�hjiE~
[^Znf`��w�igklZ�Zn��Zns�]^["ul[

s
� �¹Zn]

x ∈ Xi

i9Z2]`dbZ�[`]Jw�]^Z2f^Z!wjq^dbZOa��Auxw�]`dgul["[^Z���_bZnsbqOZ��ÚÑ�utsbqOZ
s /∈ Traces(Hi+1)

�j]`dgul[+m|Z!w�sb[
s−1 /∈ L(Hi+1)

�jdbZnsbqOZ��
x /∈ Xi+1

�j]`d�w�]ðul[¾�
x ∈ Xi\Xi+1

�
�rdbZnsH�Hi�c ��ZC�bsgut]`ulhjsÐºB�"h�p�]`dbZ � (4.�hje9ZnfJw�]`ulhjs�]`dgul[7m|Z!w�sb[y]`d�w�]

δi(x) ⊆ Σ?
�¹uÕ�¸Z��t�

x
ul[

w�agZ!wjaEklh�qJ¦�hjf&hj_g]`eg_g]¤~Õklh�qJ¦�[`]Jw�]^Z�h�p
Hi

� ��h!���9]`dbZT[^Z���_bZnsbqOZ
s−1 �rwj[7q^dbh�[^Zns�w�f`igut]`fJw�f¤~

utktc
w�m|hjsgv�]`dbh�[^Z��zdbh�[^Z\egf^h��`ZOqn]`ulhjs�hjs
]`dbZ|hjib[JZnf`�jw�igklZ�i9Znd�wO�Aulhjf�ul[
s
� ��ZnsbqOZ���w�ktk�[^_bq^d

[^Z���_bZnsbqOZO[%klZ!wja.]^h�w�agZ!wjaEklh�qJ¦.hjf�w�s2hj_g]`eg_g]¤~Õklh�qJ¦�[`]Jw�]^Z
�
p�hjf`m�w�ktktc��

δi(Hi

®¤«n²�±C¬
s) ⊆ Σ?

�
Ñ�utsbqOZ

s ∈ Traces(λ(Gioco) ⊆ Traces(Hi)
��]`dgul[%m|Z!w�sb[�]`d�w�]

δ(λ(Gioco)
®¤«n²�±C¬

s) ⊆ Σ?
�

�rdgul[�ul[7w�ib[`_gf^aX�9[`utsbqOZT]`dbZnf^ZTq!w�sgsbhj]&i9ZTw�s�c.agZ!wjaEklhAq^¦E[7hjf�hj_g]`eg_g]&klhAq^¦E[�uts
λ(Gioco)

�Xwj[
w�ktkHd�w!��Z7iRZOZns(]Jw�v�v�ZOa.�zut]`d

λ
[JZnk�p;~ÕklhAhjeb[!�gqCp`� ��ZC�bsgut]`ulhjs2»E�

�rd�_b[!��p�hjf(w�ktk
i
�

Traces(λ(Gioco)) ⊆ Traces(Hi)
�/¿£sÐe�w�f`]`ulqn_gkxw�f!�&hjsbqOZ2]`dbZ��g��~

e9hjuts�].Á¤º!ß�Ä�ul[�f^Z!wjq^dbZOa¨Áµ�zdgulq^d ul[�v�_�w�fJw�s�]^ZOZOa ]^h2d�w�ege9ZnsH��wj[\Z!wjqJd ut]^ZnfJw�]`ulhjs agZOqnf^Z!wj[^ZO[
]`dbZ�s�_gmyi9Znf�h�p�[`]Jw�]^ZO[CÄC�
��Z�d�w!��Z

Traces(λ(Gioco)) ⊆ Traces(
*,(4.

(H))
w�sba��bs�w�ktktc

Traces(Gioco) ⊆ Traces(λ−1 *,(4. (H))
� ��ZnsbqOZ

λ−1(
*,(4.

(H))
ul[�]`dbZ7m|h�[^]�eRZnf`m\ul[J[`ut��Z

¿����3Ñ��)]`d�w�]%qOhjsEp�hjf`m|[�]^h
Sλ � �

�rdbZ�egf^Zn�Aulhj_b[�f^ZO[`_gkt]�Znsb[`_gf^ZO[�]`d�w�]
λ−1(

*,(4.
(H))

ul[�]`dbZ�m|h�[^]%e9Znf`m\ul[^[`ut��Zy¿�����Ñ�� ]`d�w�]
qOhjsEp�hjf`m|[�]^h.]`dbZ"[`e9ZOqnu���q!w�]`ulhjs

Sλ � ��h¾�
Zn��Znf!��]`dgul[�sbZn� qOhjs�]`f^hjktklZOa�egkxw�s�]\m�wOc���ulhjkxw�]^Z
]`dbZzqOhjs�]`f^hjktkxw�igutktut]£c|qOhjsbaEut]`ulhjsH�Awj[+]`dbZ *8(4.�hje9ZnfJw�]`ulhjs|m�w!c�d�w!��Zzf^Znm|h!��ZOa\_gsbqOhjs�]`f^hjktkxw�igklZ
]`fJw�sb[`ut]`ulhjsb[!��Y�Z�q!w�sTZC�E]`fJwjqn]¹]`dbZ
kxw�f`v�ZO[`]+qOhjs�]`f^hjktkxw�igklZr[`_gigm�wjq^dgutsbZrhj_g]+h�p

λ−1(
*,(4.

(H))
�

ig_g]r]`dbZ&f^ZO[`_gkt]rm�wOc�sbh!���Aulhjkxw�]^Z&]`dbZ�qOhjsEp�hjf`m�w�sbqOZ&f^Znkxw�]`ulhjsH��¿£s�p�wjqn]!�E��Z�sbZOZOa"]^hTut]^ZnfJw�]^Z
]`dbZ�qOhjm\eg_g]Jw�]`ulhjs�h�p�]`dbZTv�f^Z!w�]^ZO[`]7qOhjs�]`f^hjktkxw�igklZ|[^_gigm�wjq^dgutsbZ\h�p

λ−1(
*8(4.

(H))
�Hw�sba2]`dbZ

º!Ï



qOhjm\eg_g]Jw�]`ulhjs�h�p�]`dbZ�v�f^Z!w�]^ZO[`]3qOhjsEp�hjf`m�w�s�]�[^_gigm�wjq^dgutsbZ���_gs�]`utk�wz�g�Ee9hjuts�]3ul[ðf^Z!wjq^dbZOaX�3�rdgul[
ul[�[^utm\utkxw�f
]^h7�zd�w�]�d�w�ege9Znsb[��zdbZns�qOhjm\eg_g]`utsgv\w�[`_geRZnf`�Aul[^hjf
]`d�w�]�ul[�i9hj]`d�wjaEm\ul[J[`utigklZ�w�sba
sbhjsE~ÕigklhAq^¦Autsgv|uts(]`dbZ7qnkxwj[^[`ulq!w�kH[`_ge9Znf`�Aul[^hjf`c�qOhjs�]`f^hjk¹]`dbZOhjf`c����rdgul[rklZ!wjag[z_b[r]^h�]`dbZ�p�hjktklh!�r~
utsgv|v�ZnsbZnfJw�k�w�ktv�hjf`ut]`dgm�â

	 ktv�hjf`ut]`dgm�� +���+�� *,+ -4.41�+ =
=@? A�=>BXÁ
G,Sλ Ä → C/G

Áµu;Ä
Gi =

� 3 ��B�=
+��
	���� 14B B
(G,Sλ)

w�sba
i = 0

Áµutu;Ä
G′

i =
*8(4.

(Gi)
Áµututu;Ä

Gi+1 =
*8+�-4.41�+�=>=@?�A�=
B

(G′
i, λ(G),Σλ

uc)
�

Áµut�gÄ�¿�p
Gi+1 6= G′

i

�
i = i + 1

� à hj]^h�Áµutu;Ä
hj]`dbZnf`�zul[JZ

C/G = λ−1(G′
i)
�

��_gfz�bs�w�k¹f^ZO[`_gkt]�ul[r]`dbZnsHâ

��æ�×���×��¾Ö;å¾Öµ×°ä �
C/G

´;³y²µíE±�­|©�³C²¹Èg±n¬=­�´;³J³=´µÉ�± 
�� ��Æ�� Q ´�²µí�¬`±=³�Èg±`¯O²%²Õ©"²�¬¤®�¯=±�´µª°¯nË Ç�³C´�©jª ì³=Çg¯Cí�²µíA®�²
C/G

Öµ×XØ�×
Sλ ®jª°Ì C/G

´;³�¯J©jª�²�¬`©jË;Ët® �CËl± Q
ï ¬ ï ² ï G
®jªRÌ

Σuc ï
��æ�×X×���� 	 ]�Z!wjq^d.ut]^ZnfJw�]`ulhjsH�9w$p�]^Znf�eRhjuts�]�Áµutu;ÄC�

λ−1(G′
i)
Öµ×XØ�×

Sλ Áµ]`dbZ7egf^hAh�p3ul[�[`utm\utkxw�f%]^h
]`dbZ7hjsbZ&h�pðÓ3f^hjeH� 	�Ä

�
w�sba�w$p�]^ZnfreRhjuts�]yÁµututu;ÄC�

λ−1(Gi+1)
ul[zqOhjs�]`f^hjktkxw�igklZy��� f!� ]!�

G
w�sba

ΣucÁµ]`dgul[7ul[�aE_bZ�]^h"]`dbZ\p�wjqn]7]`d�w�]!�¹i�c�qOhjsb[`]`f`_bqn]`ulhjsH�
Gi+1

ul[�qOhjs�]`f^hjktkxw�igklZ|��� f!� ]!�
λ(G)

w�sba
Σλ

uc

�Hw�sba
hje9ZnfJw�]`ulhjs
λ−1(.)

egf^ZO[^Znf`��ZO[7qOhjs�]`f^hjktkxw�igutktut]£cgÄC��Y�dbZns�]`dbZT�g��~Õe9hjuts�]7ul[�f^Z!wjqJdbZOa
Áµ�zdgulq^d�ul[7v�_�w�fJw�s�]^ZOZOa�]^h"d�w�egeRZnsH�¹wj[yZ!wjq^d
ut]^ZnfJw�]`ulhjs}agZOqnf^Z!wj[JZO[7]`dbZ�s�_gm�iRZnfyh�pz[`]Jw�]^ZO[=ÄC�
�
Z�d�wO��Z

G′
i = Gi+1 = C/G

�g]`d�_b[!�g]`dbZ��bs�w�kHf^ZO[^_gkt]%[Jw�]`ul[¤��ZO[zi9hj]`d�f^Z���_gutf^ZOa(egf^hje9Znf`]`ulZO[!�
�rdbZ|egf^hAh�p�h�p�m�w$�Autm�w�ktut]£c
p�hjf

C/G
ul[�w�s�w�klhjv�hj_b[�]^h�]`dbZ�egf^h�h�p%[`dbh¾�zutsgv.]`d�w�]Tut]^ZnfJw�]`utsgv

]`dbZ\qOhjm\eg_g]Jw�]`ulhjs�h�p�]`dbZ�v�f^Z!w�]^ZO[`]7sbhjsE~Õigklh�qJ¦�utsgv�[`_gigm�wjq^dgutsbZ��ðw�sba�]`dbZ\qOhjm\eg_g]Jw�]`ulhjs�h�p
]`dbZ
v�f^Z!w�]^ZO[`]3qOhjs�]`f^hjktkxw�igklZz[`_giE~Õm�wjqJdgutsbZ���v�ZnsbZnfJw�]^ZO[ð]`dbZ�kxw�f`v�ZO[`]ð[^_giE~Õm�wjq^dgutsbZrd�wO�Autsgv&iRhj]`d
egf^hje9Znf`]`ulZO[y· Y�hjsgd�w�m��°Þ�ß�ß�Þj½��

�

λ

λ

λ

� �

� �
� �

� �
� �
���

��� τ1

τ3

G0

∈ outputlock(G0)

λ

λ

λ

� �

� �

� �
� �
���

τ1

τ3

G′
0

� �

� �τ1

C/G = λ−1(G1)

λ

� �

� �τ1

G1

�ðutv�_gf^Zy¼Eâ$�ðuts�w�k¹[^]^ZneHâ �&Z!wjaEklh�qJ¦A[%w�sba.hj_g]`eg_g]¤~Õklh�qJ¦A[�Znktutm\uts�w�]`ulhjs
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�	� E�� �+ç : ��´�¶jÇA¬^±��\Ì�±�È°´�¯O²µ³�²µíE±y®=È�È°Ë ´�¯^®�²�´�©jª�©¤« � +���+�� *,+ -4.41�+ =
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