
HAL Id: inria-00515298
https://inria.hal.science/inria-00515298v1
Submitted on 6 Sep 2010 (v1), last revised 17 Dec 2010 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Accelerating HMMER on FPGA using Parallel Prefixes
and Reductions

Naeem Abbas, Steven Derrien

To cite this version:
Naeem Abbas, Steven Derrien. Accelerating HMMER on FPGA using Parallel Prefixes and Reduc-
tions. [Research Report] RR-7370, 2010. �inria-00515298v1�

https://inria.hal.science/inria-00515298v1
https://hal.archives-ouvertes.fr


appor t  


de  r ech er ch e

IS
S

N
0

2
4

9
-6

3
9

9
IS

R
N

IN
R

IA
/R

R
--

7
3

7
0

--
F

R
+

E
N

G

Architecture and Compiling

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Accelerating HMMER on FPGA using Parallel

Prefixes and Reductions

Naeem Abbas — Steven Derrien

N° 7370

August 2010





Centre de recherche INRIA Rennes – Bretagne Atlantique
IRISA, Campus universitaire de Beaulieu, 35042 Rennes Cedex

Téléphone : +33 2 99 84 71 00 — Télécopie : +33 2 99 84 71 71

❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧

Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s

◆❛❡❡♠ ❆❜❜❛s ∗✱ ❙t❡✈❡♥ ❉❡rr✐❡♥ ∗

❚❤❡♠❡ ✿ ❆r❝❤✐t❡❝t✉r❡ ❛♥❞ ❈♦♠♣✐❧✐♥❣
❆❧❣♦r✐t❤♠✐❝s✱ Pr♦❣r❛♠♠✐♥❣✱ ❙♦❢t✇❛r❡ ❛♥❞ ❆r❝❤✐t❡❝t✉r❡

➱q✉✐♣❡s✲Pr♦❥❡ts ❇✐♦❲✐❝

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✸✼✵ ✖ ❆✉❣✉st ✷✵✶✵ ✖ ✷✹ ♣❛❣❡s

❆❜str❛❝t✿ ❍▼▼❊❘ ✐s ❛ ✇✐❞❡❧② ✉s❡❞ t♦♦❧ ✐♥ ❜✐♦✐♥❢♦r♠❛t✐❝s✱ ❜❛s❡❞ ♦♥ Pr♦✜❧❡
❍✐❞❞❡♥ ▼❛r❦♦✈ ▼♦❞❡❧s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ❦❡r♥❡❧s ♦❢ ❍▼▼❊❘ ✐✳❡✳ ▼❙❱ ❛♥❞
P✼❱✐t❡r❜✐ ❛r❡ ✈❡r② ❝♦♠♣✉t❡ ✐♥t❡♥s✐✈❡ ❛♥❞ ❞❛t❛ ❞❡♣❡♥❞❡♥❝✐❡s r❡str✐❝t t♦ s❡q✉❡♥✲
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❍▼▼❊❘ ❜② r❡✇r✐t✐♥❣ t❤❡✐r ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥✱ t♦ ❡①♣♦s❡ t❤❡ ❤✐❞❞❡♥ ♣♦✲
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t❡❝❤♥♦❧♦❣②✱ ❛♥❞ ♦✉r ❛r❝❤✐t❡❝t✉r❡ ❝❛♥ ❛❝❤✐❡✈❡ ✶✵ t✐♠❡s s♣❡❡❞✉♣ ❝♦♠♣❛r❡❞ ✇✐t❤
t❤❛t ♦❢ ❧❛t❡st ❍▼▼❊❘✸ ❙❙❊ ✈❡rs✐♦♥✱ ✇❤✐❧❡ ♥♦t ❝♦♠♣r♦♠✐s✐♥❣ ♦♥ s❡♥s✐t✐✈✐t② ♦❢
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❘és✉♠é ✿ ❍▼▼❊❘ ❡st ✉♥ ♦✉t✐❧ ❜❛sé s✉r ❧❛ ♥♦t✐♦♥ ♣r♦✜❧s à ❜❛s❡ ♠♦❞è❧❡s ❞❡
▼❛r❦♦✈ ❝❛❝❤és✱ q✉✐ ❡st très ❧❛r❣❡♠❡♥t ✉t✐❧✐sé ❡♥ ❜✐♦✲✐♥❢♦r♠❛t✐q✉❡✳ ▲❡s ♣❛rt✐❡s
❝r✐t✐q✉❡s ❞❡ ❧â❛❧❣♦r✐t❤♠❡ ✭❢♦♥❝t✐♦♥s ▼❙❱ ❡t P✼❱✐t❡r❜✐✮ ✉t✐❧✐sé❡s ❞❛♥s ❍▼▼❊❘
s♦♥t très ❝♦♥s♦♠♠❛tr✐❝❡s ❡♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡t ré♣✉té❡s très ❞✐✣❝✐❧❡s à ♣❛r❛❧✲
❧é❧✐s❡r✳ ❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ s❝❤é♠❛ ❞❡ ♣❛r❛❧❧é❧✐s❛t✐♦♥ ♦r✐❣✐♥❛❧
♣♦✉r ❍▼▼❊❘✱ ❜❛sé s✉r ✉♥❡ r❡❢♦r♠✉❧❛t✐♦♥ ♠❛t❤é♠❛t✐q✉❡ ❞❡ ❧â❛❧❣♦r✐t❤♠❡ q✉✐
♣❡r♠❡t ❞❡ ❞é❝♦✉✈r✐r ❞❡ ♥♦✉✈❡❧❧❡s ♣♦ss✐❜✐❧✐tés ❞❡ ♣❛r❛❧❧é❧✐s❛t✐♦♥ ❜✐❡♥ ❛❞❛♣té❡s à
❞❡s ✐♠♣❧❛♥t❛t✐♦♥s ♠❛tér✐❡❧❧❡s ❞é❞✐é❡s✳ ◆♦✉s ❛✈♦♥s ✐♠♣❧❛♥té ❝❡tt❡ ❛♣♣r♦❝❤❡ s✉r
✉♥ ❛❝❝é❧ér❛t❡✉r ❋P●❆ ❡t ❛✈♦♥s ♠❡s✉ré ❞❡s ❣❛✐♥s ❡♥ ♣❡r❢♦r♠❛♥❝❡ s✉♣ér✐❡✉rs à ✶✵
♣❛r r❛♣♣♦rt à ❧â✐♠♣❧é♠❡♥t❛t✐♦♥ ❧♦❣✐❝✐❡❧❧❡ ❞❡ ❍▼▼❊❘✸✱ ❧❛q✉❡❧❧❡ ❡①♣❧♦✐t❡ ♣♦✉r✲
t❛♥t ❞é❥à ❞❡ ♠❛♥✐èr❡ ❡①trê♠❡♠❡♥t ❡✣❝❛❝❡ ❧❡s ❡①t❡♥s✐♦♥s ❙■▼❉ ❞❡s ♣r♦❝❡ss❡✉rs
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❞❡✈❡❧♦♣❡❞ ❛t ❲❛s❤✐♥❣t♦♥ ❯♥✐✈❡rs✐t②✱ ❙t✳ ▲♦✉✐s ❜② ❙❡❛♥ ❊❞❞② ❬✺❪✳

❍▼▼❊❘ ✐♥✈♦❧✈❡s ✈❡r② ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❞❡♠❛♥❞✐♥❣ ❛❧❣♦r✐t❤♠s ❛♥❞ ❛❝❝♦✉♥t
❢♦r ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ t✐♠❡ s♣❡♥t ✐♥ ❜✐♦❧♦❣✐❝❛❧ s❡q✉❡♥❝❡ ❛♥❛❧②s✐s✳ ❆s ❛ ❝♦♥s❡✲
q✉❡♥❝❡✱ ❛ ❣r❡❛t ❞❡❛❧ ♦❢ ❡✛♦rt ❤❛s ❜❡❡♥ ♣✉t t♦ ✐♠♣r♦✈❡ ✐ts s♦❢t✇❛r❡ ♣❡r❢♦r♠❛♥❝❡
t❤r♦✉❣❤ ❜♦t❤ ✜♥❡ ❣r❛✐♥ ✭❙■▼❉ ❡①t❡♥s✐♦♥ s✉❝❤ ❛s ❆▲❚■❱❊❈ ❛♥❞ ❙❙❊ ❡①t❡♥✲
s✐♦♥s✮✱ ❝♦❛rs❡ ❣r❛✐♥ ♣❛r❛❧❧❡❧✐s❛t✐♦♥ ✭✉s✐♥❣ ▼P■ ♦r ♠✉❧t✐✲t❤r❡❛❞s✮ ❛♥❞ ●P❯s✳
▼❛♥② ❛✉t❤♦rs ❤❛✈❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞ ❞❡❞✐❝❛t❡❞ ♣❛r❛❧❧❡❧ ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥s✱ ♥♦t❛❜❧② ♦♥ ❋P●❆s✳

❆s ❝✉rr❡♥t❧② ❞❡✜♥❡❞ ❛♥❞ ♣r♦❣r❛♠♠❡❞✱ t❤❡ ❧❛t❡st ✈❡rs✐♦♥ ♦❢ ❍▼▼❊❘ s♣❡♥❞s
♠♦st ♦❢ ✐ts t✐♠❡ ✐♥ t✇♦ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s ✭❝❛❧❧❡❞ ▼❙❱ ❛♥❞ P✼❱✐t❡r❜✐✮✳ ❚❤❡s❡ t✇♦
❦❡r♥❡❧s ❝♦♥t❛✐♥ ❧♦♦♣ ❝❛rr✐❡❞ ❞❡♣❡♥❞❡♥❝✐❡s ✭❝❛✉s❡❞ ❜② t❤❡ ❢❡❡❞❜❛❝❦ ♣❛t❤ ❢r♦♠ t❤❡
❡♥❞ t♦ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♠♦❞❡❧ ✭t❤❡ ❡❞❣❡s ❢r♦♠ M5 t❤r♦✉❣❤ ▲ t♦ M0 ✐♥ ❋✐❣✳✶✮
✇❤✐❝❤ r❡str✐❝ts ❛♥② ❦✐♥❞ ♦❢ ♣❛r❛❧❧❡❧✐s♠✳

❲❡ ♣r♦♣♦s❡ ❛ t❡❝❤♥✐q✉❡ t♦ r❡✇r✐t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❜♦t❤
❦❡r♥❡❧s ❜❡❝♦♠❡ ✈❡r② ❛♠❡♥❛❜❧❡ t♦ ♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❛❧❧ t❤❡
♦r✐❣✐♥❛❧ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥t♦ ❛❝❝♦✉♥t✳

❚❤✐s r❡s❡❛r❝❤ ✇♦r❦ ♠❛❦❡s t✇♦ ❝♦♥tr✐❜✉t✐♦♥s✳ ❋✐rst✱ ✇❡ ❞❡s❝r✐❜❡ ❤♦✇ t❤❡ ♦r✐❣✲
✐♥❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ▼❙❱ ❛♥❞ P✼❱✐t❡r❜✐ ❝❛♥ ❜❡ r❡✇r✐tt❡♥
s♦ ❛s t♦ ❞❡✈❡❧♦♣ t❤❡ ♥❡✇ ❛❧❣♦r✐t❤♠ t❤❛t ❛❞♠✐ts ❛ s❝❛❧❛❜❧❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ s❝❤❡♠❡
❛t ❛ ♣r✐❝❡ ♦❢ ❛ ♠♦❞❡r❛t❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❛t✐♦♥❛❧ ✈♦❧✉♠❡✳ ❚❤❡♥
✇❡ ♣r♦♣♦s❡ s❡✈❡r❛❧ str❛t❡❣✐❡s ❢♦r ❡✣❝✐❡♥t❧② ✐♠♣❧❡♠❡♥t✐♥❣ t❤✐s ✐♠♣r♦✈❡❞ ❛❧❣♦✲
r✐t❤♠✶ ♦♥ ❛ ❋P●❆✲❜❛s❡❞ ❍✐❣❤ P❡r❢♦r♠❛♥❝❡ ❈♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠ ❛♥❞ ❞✐s❝✉ss
t❤❡ ♣❡r❢♦r♠❛♥❝❡ t❤❛t ✇❡ ♦❜t❛✐♥❡❞✳

❚❤✐s ❞♦❝✉♠❡♥t ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r♦✈✐❞❡s ❛ ❞❡t❛✐❧❡❞ ♦✈❡r✈✐❡✇
♦❢ ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❍▼▼❊❘ s♦❢t✇❛r❡✳ ❙❡❝t✐♦♥ ✸ ❛♥❞ ✹ ❡①✲
♣❧❛✐♥ t❤❡ ❛♣♣r♦❛❝❤ ✇❡ ❢♦❧❧♦✇❡❞ t♦ r❡✇r✐t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥✈♦❧✈❡❞✳ ❙❡❝t✐♦♥ ✺
❛♥❞ ✻ r❡s♣❡❝t✐✈❡❧② ❢♦❝✉s ♦♥ t❤❡ ❋P●❆ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ♦♥ ❡①♣❡r✐♠❡♥t❛❧
r❡s✉❧ts✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❢✉t✉r❡ ✇♦r❦ ❞✐r❡❝t✐♦♥s ❛r❡ ❞r❛✇♥ ✐♥ ❙❡❝t✐♦♥ ✼✳
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❋✐❣✉r❡ ✶✿ ❙tr✉❝t✉r❡ ♦❢ ❛ P❧❛♥✼ ❍▼▼

✶■♥ t❤✐s ✇♦r❦ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ♦♥❧② ✐♥ t❤❡ ❤♠♠s❡❛r❝❤ s♦❢t✇❛r❡✱ ❛s ❤♠♠♣❢❛♠ ✐s ❦♥♦✇♥ t♦
❜❡ ■✴❖ ❜♦✉♥❞

❘❘ ♥➦ ✼✸✼✵



❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✺

✷ ❘❡❧❛t❡❞ ✇♦r❦

❇❡❝❛✉s❡ ♦❢ ✐ts ✇✐❞❡s♣r❡❛❞ ✉s❡ ❛♥❞ ♦❢ ✐ts ❤❡❛✈② ❝♦♠♣✉t✐♥❣ r❡q✉✐r❡♠❡♥ts✱ ❍▼✲
▼❊❘ ❤❛s r❡❝❡✐✈❡❞ ❛ ❧♦t ♦❢ ❛tt❡♥t✐♦♥ ❢r♦♠ t❤❡ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣✉t✐♥❣
❝♦♠♠✉♥✐t②✱ ✇✐t❤ s❡✈❡r❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❡✐t❤❡r ❢♦r st❛♥❞❛r❞ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s
♦r ♠♦r❡ ❤❡t❡r♦❣❡♥❡♦✉s ❛r❝❤✐t❡❝t✉r❡s ❬✶✻✱ ✶✼❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥
❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t❛r❣❡t✐♥❣ ❆❙■❈ ♦r ❋P●❆ t❡❝❤♥♦❧♦❣②✳

✷✳✶ ❊❛r❧② ❍▼▼❊❘ ✐♠♣❧❡♠❡♥t❛t✐♦♥s

❊❛r❧② ♣r♦♣♦s❛❧s ❬✶✶✱ ✶✷❪ ♦❢ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦r ❢♦r ♣r♦✜❧❡ ❜❛s❡❞ s✐♠✐❧❛r✐t②
s❡❛r❝❤ ❝♦♥s✐❞❡r❡❞ ❛♥ ✭♦✈❡r✮ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ✇❤✐❝❤ t❤❡
❢❡❡❞✲❜❛❝❦ ❧♦♦♣ ✐s ✐❣♥♦r❡❞ ❛s s✉❝❤ ❛ s✐♠♣❧✐✜❝❛t✐♦♥ ❤❛♣♣❡♥ t♦ ❤❛✈❡ ❛ r❡❧❛t✐✈❡❧②
❧✐♠✐t❡❞ ✐♠♣❛❝t ♦♥ t❤❡ ❛❝t✉❛❧ ◗✉❛❧✐t② ♦❢ ❘❡s✉❧ts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

❚❤❡ ✜rst ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡①❛❝t ❛❧❣♦r✐t❤♠ ✇❛s ❞♦♥❡ ❜② ❖❧✐✈❡r
❡t ❛❧ ❬✶✸❪✳ ■♥ t❤❡✐r ✇♦r❦✱ t❤❡② r❡❝♦♥s✐❞❡r❡❞ t❤❡ ♣r♦❜❧❡♠ ❜② t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡
♦❢ t❤❡ ❢❛❝t t❤❛t ✐♥ ❤♠♠s❡❛r❝❤✱ ♠✉❧t✐♣❧❡ ✐♥❞❡♣❡♥❞❡♥t ✐♥st❛♥❝❡s ♦❢ t❤❡ ❱✐t❡r❜✐
❛❧❣♦r✐t❤♠ ❛r❡ t♦ ❜❡ ❡①❡❝✉t❡❞ ❞✉r✐♥❣ ❡❛❝❤ ❝❛❧❧✳ ❚❤❡② ✉s❡❞ t❤✐s ❢❛❝t t♦ ♠♦❞❡❧ t❤❡
♣r♦❜❧❡♠ ❛s ❛ tr✐♣❧❡ ♥❡st❡❞ ❧♦♦♣ ✭✐♥st❡❛❞ ♦❢ ❛ s✐♠♣❧❡ ❞♦✉❜❧❡ ♥❡st❡❞ ❧♦♦♣✮ ✐♥ ✇❤✐❝❤
t❤❡ ♠♦st ♦✉t❡r ❧♦♦♣ ✐s ♣❛r❛❧❧❡❧ ❛♥❞ ♣r♦♣♦s❡❞ ❛ ❙■▼❉ ❛r❝❤✐t❡❝t✉r❡ ❢♦r ❡①❡❝✉t✐♦♥
t❤❡ ❛❧❣♦r✐t❤♠✳

❍♦✇❡✈❡r✱ ♦♥❡ ♦❢ t❤❡ ✐ss✉❡s ✇✐t❤ t❤❡✐r ♣❛r❛❧❧❡❧✐③❛t✐♦♥ s❝❤❡♠❡ ✐s t❤❛t ❛❧❧ ♣r♦✲
❝❡ss✐♥❣ ❡❧❡♠❡♥ts ♥❡❡❞ t♦ ❝♦♥❝✉rr❡♥t❧② ❛❝❝❡ss t❤❡ ✭❧❛r❣❡✮ tr❛♥s✐t✐♦♥ ❝♦st ❧♦♦❦✲✉♣
t❛❜❧❡s✳ ❚❤❡② ❛❞❞r❡ss❡❞ t❤✐s ♣r♦❜❧❡♠ ❜② ♦❜s❡r✈✐♥❣ t❤❛t ❛❧❧ t❤❡ ♣r♦❝❡ss✐♥❣ ❡❧❡✲
♠❡♥t ✇♦✉❧❞ ♦♥❧② ❛❝❝❡ss ❛ s♠❛❧❧ s✉❜s❡t ♦❢ t❤❡ t❛❜❧❡ ✭✷✹ ❧♦❝❛t✐♦♥s✱ t❤❛t ✐s t❤❡
♥✉♠❜❡r ♦❢ ❜❛s❡s ✐♥ t❤❡ ❆♠✐♥♦ ❆❝✐❞ ❛❧♣❤❛❜❡t✮✳ ❚❤❡② t❤❡r❡❢♦r❡ ♣r♦♣♦s❡ ❛ ✈❡❝t♦r✲
✐③❡❞ ♠❡♠♦r② ✇✐t❤ ❛ ✷✹✲❡❧❡♠❡♥t ✇✐❞❡ ❞❛t❛ ❜✉s✱ ✐♥ ✇❤✐❝❤ ❡❛❝❤ P❊ s❡❧❡❝ts ✐ts ❝♦st
✈❛❧✉❡ ✉s✐♥❣ ❛ ✷✹ t♦ ✶ ♠✉❧t✐♣❧❡①❡r✳ ❖❢ ❝♦✉rs❡ t❤✐s ❛♣♣r♦❛❝❤ s✉✛❡rs ❢♦r♠ s❡✈❡r❡
s❝❛❧❛❜✐❧✐t② ✐ss✉❡s✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ✐♠♣r❛❝t✐❝❛❧ ❢♦r ♠❛ss✐✈❡❧② ♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥s✳

■♥ t❤❡ ♠❡❛♥ t✐♠❡✱ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤ ✇❛s ♣r♦♣♦s❡❞ ❜② ❉❡rr✐❡♥ ❛♥❞ ◗✉✐♥t♦♥
❬✹❪✳ ■t ❛❧s♦ ✉s❡s t❤❡ ❢❛❝t t❤❛t ♠❛♥② ✐♥st❛♥❝❡s ♦❢ t❤❡ ❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡
♣r♦❝❡ss❡❞ ✐♥ ♣❛r❛❧❧❡❧✱ ❤♦✇❡✈❡r t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ s❝❤❡♠❡ ✭❜❛s❡❞ ♦♥ ♣♦❧②❤❡❞r❛❧
s♣❛❝❡✲t✐♠❡ tr❛♥s❢♦r♠❛t✐♦♥✮ ✐s ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ t❤❛♥ t❤❛t ♦❢ ❖❧✐✈❡r ❡t ❛❧✳ ❬✶✸❪
❛♥❞ ❛❧❧♦✇s ♦♥❡ t♦ ❞❡r✐✈❡ ❛ ✢❡①✐❜❧❡ ❛r❝❤✐t❡❝t✉r❛❧ s❦❡❧❡t♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t ♥❡❡❞
❛❝❝❡ss t♦ ❛ s❤❛r❡❞ ♠❡♠♦r② ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ ❝♦sts✳ ❚❤❡ ♣r♦♣♦s❡❞
❛♣♣r♦❛❝❤ ❛❧s♦ ❡❛s✐❧② ❤❛♥❞❧❡s r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts ❜② ❝♦♥tr♦❧❧✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢
♣r♦❝❡ss✐♥❣ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❛r❝❤✐t❡❝t✉r❡✱ ❛♥❞ ❛❧❧♦✇s ❢♦r ♣r❡❝✐s❡ t✉♥✐♥❣ ♦❢ t❤❡
❞❛t❛♣❛t❤ ♣✐♣❡❧✐♥❡✳ ❆❧t❤♦✉❣❤ t❤❡ ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t s✉✛❡r ❢r♦♠ ♣r❡✈✐♦✉s s❤♦rt✲
❝♦♠✐♥❣✱ ✐ts s❝❛❧❛❜✐❧✐t② ✐s st✐❧❧ s♦♠❡✇❤❛t ❧✐♠✐t❡❞✱ ❛s t❤❡ ❧♦❝❛❧ st♦r❛❣❡ r❡q✉✐r❡♠❡♥ts
♦❢ t❤❡ ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ♣r♦❤✐❜✐t✐✈❡✳ ❋♦r ❡①❛♠♣❧❡ ❛ ✻✹✲❡❧❡♠❡♥t
♣r♦❝❡ss✐♥❣ ❛rr❛② ✇✐t❤ ❛ ✻ st❛❣❡ ♣✐♣❡❧✐♥❡❞ ❞❛t❛♣❛t❤✱ ✇♦✉❧❞ ♥❡❡❞ ♠♦r❡ t❤❛♥ ✺✵✵
❋P●❆ ❡♠❜❡❞❞❡❞ ♠❡♠♦r② ❜❧♦❝❦s✳

✷✳✷ ❙♣❡❝✉❧❛t✐✈❡ ❡①❡❝✉t✐♦♥ ♦❢ ❍▼▼❊❘ ❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠

▼♦r❡ r❡❝❡♥t❧②✱ ❛♥ ❛♣♣r♦❛❝❤ ❢♦r ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t✐♦♥ ❜❛s❡❞ ♦♥ s♣❡❝✉❧❛t✐✈❡ ❡①✲
❡❝✉t✐♦♥ ✇❛s ♣r♦♣♦s❡❞ ❜② ❚❛❦❛❣✐ ❡t ❛❧✳ ❬✶✺❪ ❛♥❞ ❙✉♥ ❡t ❛❧✳ ❬✶✹❪✳ ❚❤❡✐r ✐❞❡❛ ✐s
t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ s♦♠❡ ♣r♦♣❡rt② ♦❢ t❤❡ max ♦♣❡r❛t✐♦♥✱ s♦ ❛s s♣❡❝✉❧❛t✐✈❡❧②
✐❣♥♦r❡ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦✈❡r ✈❛r✐❛❜❧❡ X[i, k] s✐♥❝❡ ✐t ✈❡r② s❡❧❞♦♠ ❝♦♥tr✐❜✉t❡s t♦
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❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✻

MSV 

filter

P7Viterbi 

filter

P7Forward 

score
100%

4M op. per base 25M op. per base 25M op. per base

5% 1%

75% exec. time 22% exec. time 3% exec. time

❋✐❣✉r❡ ✷✿ ❍▼▼❊❘✸ ❡①❡❝✉t✐♦♥ ♣✐♣❡❧✐♥❡✱ ✇✐t❤ ♣r♦✜❧✐♥❣ ❞❛t❛

t❤❡ ❛❝t✉❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ M [i+1, k]✱ D[i+1, k] ❛♥❞ I[i+1, k]✳ ❚❤✐s t❤❡♥ r❡s✉❧ts
✐♥ ❛ ❢❡❡❞❜❛❝❦✲❧♦♦♣ ❢r❡❡ ❛❧❣♦r✐t❤♠✱ ❧✐❦❡ ❬✶✶❪✲❬✶✷❪✱ ✇❤✐❝❤ ✐s ✈❡r② ❡❛s② t♦ ♣❛r❛❧❧❡❧✐③❡✳

❍♦✇❡✈❡r✱ ✇❤❡♥❡✈❡r ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡ ♦❢ X[i] ✇♦✉❧❞ ❤❛✈❡
❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡ ♦❢ M [i+1, 0]✱ ❛❧❧ ❝♦♠♣✉t❛t✐♦♥s r❡❧❛t❡❞ t♦ ❝♦❧✉♠♥s
i′ s✉❝❤ ❛s i′ > i ❛r❡ ❞✐s❝❛r❞❡❞ ✭✢✉s❤❡❞✮ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♠✉st ❜❡ r❡✲❡①❡❝✉t❡❞
s♦ ❛s t♦ ❡♥❢♦r❝❡ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ❞❡♣❡♥❞❡♥❝✐❡s✳ ❚♦ ❞♦ s♦ ❚❛❦❛❣✐ ❡t ❛❧✳
♣r♦♣♦s❡ ❛ ♠✐ss♣❡❝✉❧❛t✐♦♥ ❞❡t❡❝t✐♦♥ ♠❡❝❤❛♥✐s♠ ✇❤✐❝❤ st♦r❡s ✐♥ ❛ ❜✉✛❡r t❤❡ ✈❛❧✉❡s
♦❢ M,D ❛♥❞ I ❝♦♠♣✉t❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♥❡✇ ❝♦❧✉♠♥ ✭❛♥❞ t❤❡✐r ✐♥♣✉ts✮
✉♥t✐❧ t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡ ♦❢ X ✐s ❛✈❛✐❧❛❜❧❡ ✭t❤❛t ✐s Mprof ❝②❝❧❡s ❧❛t❡r✮✳ ❚❤❡ tr✉❡
✈❛❧✉❡s ♦❢ M,D ❛♥❞ I ❛r❡ t❤❡♥ r❡❝♦♠♣✉t❡❞✱ ❛♥❞ ✐❢ t❤❡② ❞✐✛❡r ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s
♦♥❡✱ ✐t ♠❡❛♥s t❤❛t t❤❡ s♣❡❝✉❧❛t✐♦♥ ✇❛s ✇r♦♥❣✱ ❛♥❞ t❤❛t t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts
♠✉st ❜❡ ❞✐s❝❛r❞❡❞✳

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐ss✉❡s ✇✐t❤ s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞ ❝♦st ♦❢
❛ ♠✐s♣r❡❞✐❝t✐♦♥✳ ■♥ t❤✐s s♦❧✉t✐♦♥✱ ✇❤❡♥❡✈❡r ❛ ♠✐s♣r❡❞✐❝t✐♦♥ ♦❝❝✉rs✱ t❤❡ ❛r❝❤✐✲
t❡❝t✉r❡ ❤❛s ❜❡❡♥ r✉♥♥✐♥❣ ✉s❡❧❡ss ❝❛❧❝✉❧❛t✐♦♥s ❞✉r✐♥❣ Mprof ❝②❝❧❡s✳ ❆ss✉♠✐♥❣ ❛
♠✐ss♣❡❝✉❧❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② p✱ t❤❡ ❡①❡❝✉t✐♦♥ ♦✈❡r❤❡❛❞ ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ S ❛♠✐♥♦
❛❝✐❞ ❜❛s❡s ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

e =
S + Mprof

S + Mprof + pSMprof

❆s ♥♦t✐❝❡❞ ❜② ❚❛❦❛❣✐ ❡t ❛❧✱ t❤❡ ❛✈❡r❛❣❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡ ❢♦r p ✐s 0.0001✱ ✇❤✐❝❤
❧❡❛❞ t♦ ❛♥ ❡✣❝✐❡♥❝② t❤❛t ✈❛r② ❜❡t✇❡❡♥ ✾✹✪ ❛♥❞ ✾✾✪ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡♣t❤ ♦❢
t❤❡ s♣❡❝✉❧❛t✐♦♥✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ♦❜s❡r✈❡❞ t❤❛t ♦✈❡r❤❡❛❞ ✐s ♠♦r❡ ✐♠♣♦rt❛♥t ❢♦r ❛♥
❛r❝❤✐t❡❝t✉r❡ ❡①❤✐❜✐t✐♥❣ ❛ ❧❛r❣❡ ❧❡✈❡❧ ♦❢ ♣❛r❛❧❧❡❧✐s♠ ✭t❤❡ ❞❡♣t❤ ♦❢ t❤❡ s♣❡❝✉❧❛t✐♦♥
❜❡✐♥❣ ❞❡❡♣❡r✮✱ ❛♥❞ ❢♦r ❧♦♥❣ s❡q✉❡♥❝❡s ♠❛t❝❤❡❞ ❛❣❛✐♥st s♠❛❧❧ ♣r♦✜❧❡s✱ ❢♦r ✇❤✐❝❤
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ ❛ r❡♣❡t✐t✐♦♥ ✐s ❝✉♠✉❧❛t✐✈❡ ✇✐t❤ t❤❡ s❡q✉❡♥❝❡ s✐③❡✳
❆s ❛♥ ❡①❛♠♣❧❡ ❚❛❦❛❣✐ ❡t ❛❧✳ r❡♣♦rt ❝❛s❡s ✇❤❡r❡ ❍▼▼ ♣r♦✜❧❡ ❝❤❛r❛❝t❡r✐st✐❝s
❧❡❛❞ t♦ ❛ ♣♦♦r ❡✣❝✐❡♥❝② ✭♣❡r❢♦r♠❛♥❝❡ ❞❡❣r❛❞❛t✐♦♥ ❜② ✽✺✪✮✳

✷✳✸ ❍▼▼❊❘✸ ❛♥❞ ❚❤❡ ▼✉❧t✐ ✉♥❣❛♣♣❡❞ ❙❡❣♠❡♥t ❤❡✉r✐s✲
t✐❝

❚❤❡ ♥❡✇ ✈❡rs✐♦♥ ♦❢ ❍▼▼❊❘✱ ✇❤✐❝❤ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r ✉s❡ ♥♦✇✱ ✐s ❛ r❛❞✐❝❛❧ r❡✇r✐t❡
♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠✱ ✇✐t❤ ❛ ❝❧❡❛r ❡♠♣❤❛s✐s ♦♥ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ ♠♦st
♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤✐s ♥❡✇ ✈❡rs✐♦♥ ❧✐❡s ✐♥ ❛ ♥❡✇ ✜❧t❡r✐♥❣ ❤❡✉r✐st✐❝ ✭❝❛❧❧❡❞
▼✉❧t✐ ✉♥❣❛♣♣❡❞ ❙❡❣♠❡♥t ❱✐t❡r❜✐✮ ✇❤✐❝❤ s❡r✈❡s ❛s ❛ ♣r❡✜❧t❡r✐♥❣ st❡♣✱ ❛♥❞ ✐s
❡①❡❝✉t❡❞ ❜❡❢♦r❡ t❤❡ st❛♥❞❛r❞ P✼❱✐t❡r❜✐ ✐♥ t❤❡ ❍▼▼❊❘ ♣✐♣❡❧✐♥❡ ❛s ✐❧❧✉str❛t❡❞
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❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✼

✐♥ ❋✐❣✉r❡ ✷✳ ❚❤✐s ❛❧❣♦r✐t❤♠✐❝ ♠♦❞✐✜❝❛t✐♦♥ ❛❧♦♥❡ ❤❡❧♣s ✐♠♣r♦✈❡ ♣❡r❢♦r♠❛♥❝❡ ❜②
❛ ❢❛❝t♦r ♦❢ 10✱ ❛♥❞ ✐ts ❛❧❣♦r✐t❤♠ ✐s ♦✉t❧✐♥❡❞ ❜❡❧♦✇ ✿

M [i, k] =MSC[k] + max(M [i − 1, k − 1], X[i − 1]) ✭✶✮

X[i] = fX(max
k

(M [i, k]) ✭✷✮

■t ✐s t♦ ♥♦t❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ st✐❧❧ r❡t❛✐♥s t❤❡ ❢❡❡❞❜❛❝❦ ❧♦♦♣ ✇❤✐❝❤ r❡str✐❝ts
t♦ ❝♦♠♣✉t❡ ❡♥t✐r❡ Mi ❜❡❢♦r❡ st❛rt ❝♦♠♣✉t✐♥❣ Mi+1✱ ❛s Xi ✐s ❜❡✐♥❣ ❜r♦❛❞❝❛st❡❞
t♦ Mi+1✳ ❇✉t ❛s ❛♣♣❛r❡♥t ❢r♦♠ ❊q✳ ✭✶✮✱ M ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ I ❛♥❞ D✱ ✇❤✐❝❤
❣✐✈❡s ♦♣♣♦rt✉♥✐t② ❢♦r ❢❛st❡r ❝♦♠♣✉t❛t✐♦♥✳

❍▼▼❊❘ ❣❧♦❜✐♥✳❤♠♠✱ P❦✐♥❛s❡✳❤♠♠✱ rr♠✳❤♠♠✱ ❢♥✸✳❤♠♠✱
▼❂✶✹✸ ▼❂✷✺✺ ▼❂✼✼ ▼❂✽✹

❱✷ ≈ 0.03 ≈ 0.03 ≈ 0.03 ≈ 0.03
❱✸✲♥♦❙❙❊ ✵✳✸ ✵✳✸✼ ✵✳✸ ✵✳✷✻
❱✸✲❙❙❊ ✺✳✷ ✼✳✶✻ ✷✳✽✸ ✷✳✻✺

❚❛❜❧❡ ✶✿ P❡r❢♦r♠❛♥❝❡ ✐♥ ●❈❯P ❢♦r P❢❛♠✲❇✳❢❛st❛

■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s ✜❧t❡r✐♥❣ st❡♣✱ ❜♦t❤ P✼❱✐t❡r❜✐ ❛♥❞ ▼❙❱ ❛❧❣♦r✐t❤♠ ❤❛✈❡
❛❧s♦ ❜❡❡♥ r❡❞❡s✐❣♥❡❞ s♦ ❛s t♦ ♦♣❡r❛t❡ ♦♥ s❤♦rt ✇♦r❞❧❡♥❣t❤s ✭✽ ❜✐ts ❢♦r ▼❙❱
❛♥❞ ✶✻ ❜✐ts ❢♦r P✼❱✐t❡r❜✐✮ s♦ ❛s t♦ ❢✉❧❧② ❜❡♥❡✜t ❢r♦♠ t❤❡ ❙■▼❉ ❡①t❡♥s✐♦♥s
✭❙❙❊✱❆❧t✐✈❡❝✮ ❛✈❛✐❧❛❜❧❡ ♦♥ ❛❧❧ ■♥t❡❧✴❆▼❉ ❈P❯s✳ ❆s s❤♦✇♥ ✐♥ t❛❜❧❡ ✶✱ t❤❡
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ▼❙❱ ♣r❡✲✜❧t❡r✐♥❣ st❛❣❡ ✇✐t❤ ❙■▼❉ ❤❛s ❛ ❤✉❣❡ ✐♠♣❛❝t ♦❢ t❤❡
♦✈❡r❛❧❧ s♦❢t✇❛r❡ ♣❡r❢♦r♠❛♥❝❡✱ ✇❤✐❝❤ ✐s ✐♠♣r♦✈❡❞ ❜② ❛ ❢❛❝t♦r ♦❢ ♠♦r❡ t❤❛♥ 100✱
❛♥❞ ✇❤✐❝❤ ❛❝t✉❛❧❧② ♠❛❦❡s ♠♦st ♣r❡✈✐♦✉s ❋P●❆ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛❝❝❡❧❡r❛t✐♦♥
s❧♦✇❡r t❤❛♥ ❛♥② r❡❝❡♥t ❉✉❛❧✲❝♦r❡ ❈P❯ ♠❛❝❤✐♥❡✱ ❛s s❤♦✇♥ ❜② ❚❛❜❧❡ ✷✳

▼✐♥ ●❈❯P❙ ▼❛① ●❈❯P❙
❚❛❦❛❣✐ ❬✶✺❪ ✵✳✼✽ ✼✳✸✽
❨ ❙✉♥ ❬✶✹❪ ✵✳✷✽ ✸✳✷
❚✳ ❖❧✐✈❡r ❬✶✸❪ ✺✳✸

❚❛❜❧❡ ✷✿ ❘❡♣♦rt❡❞ ❛✈❡r❛❣❡ ♣❡r❢♦r♠❛♥❝❡ ❢♦r ♣r❡✈✐♦✉s ❋P●❆ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
❍▼▼❊❘✷

✷✳✹ ❆❝❝❡❧❡r❛t✐♥❣ t❤❡ ❝♦♠♣❧❡t❡ ❍▼▼❊❘✸ ♣✐♣❡❧✐♥❡

❆s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✱ ❜❡❝❛✉s❡ t❤❡ ▼❙❱ ❛❧❣♦r✐t❤♠ ✐s ✉s❡❞ ❛s ❛ ♣r❡✜❧t❡r✐♥❣ st❡♣✱
t❤❡ P✼❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠ ❛❧s♦ s✐❣♥✐✜❝❛♥t❧② ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡✳ ■♥
♦t❤❡r ✇♦r❞s✱ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈✐♥❣ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥♥♦t ❜❡ ❞♦♥❡ ❜② ♦♥❧②
❛❝❝❡❧❡r❛t✐♥❣ t❤❡ ▼❙❱ ❦❡r♥❡❧ ❛❧♦♥❡✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡r❡ ✐s st✐❧❧ ❛ ♥❡❡❞ ❢♦r
❡✣❝✐❡♥t❧② ❛❝❝❡❧❡r❛t✐♥❣ t❤❡ P✼❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✇❡ ♣r♦♣♦s❡ t♦ r❡✇r✐t❡ ❜♦t❤ ▼❙❱ ❛♥❞ P✼❱✐t❡r❜✐
❛❧❣♦r✐t❤♠s t♦ ♠❛❦❡ t❤❡♠ ❛♠❡♥❛❜❧❡ t♦ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t✐♦♥✳ ❲❡ ❞♦ s♦ ❜② ✉s✐♥❣
❛ s✐♠♣❧❡ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ ▼❙❱ ❡q✉❛t✐♦♥s t♦ ❡①♣♦s❡ r❡❞✉❝t✐♦♥s ♦♣❡r❛t✐♦♥s✱ ❛♥❞
❜② ✉s✐♥❣ ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ t❡❝❤♥✐q✉❡ ♣r♦♣♦s❡❞ ❜② ●❛✉t❛♠ ❛♥❞ ❘❛❥♦♣❛❞❤②❡
❬✻❪ t♦ ❞❡t❡❝t s❝❛♥s ❛♥❞ ♣r❡✜① ❝♦♠♣✉t❛t✐♦♥s ✐♥ P✼❱✐t❡r❜✐✳ ❚❤✐s ❡①♣♦s❡s ❛ ♥❡✇
❧❡✈❡❧ ♦❢ ♣❛r❛❧❧❡❧✐s♠ ✐♥ ❜♦t❤ ❛❧❣♦r✐t❤♠s t❤❛t ✇❛s ♣r❡✈✐♦✉s❧② ✉♥❦♥♦✇♥✳

❘❘ ♥➦ ✼✸✼✵



❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✽

✸ ❘❡✇r✐t✐♥❣ t❤❡ ▼❙❱ ❑❡r♥❡❧

❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ t❤❡ ♠❛✐♥ ❝♦♠♣✉t❛t✐♦♥ ✐♥ t❤❡ ▼❙❱ ❦❡r♥❡❧ ✐s ❛ ❞②♥❛♠✐❝
♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t ❢♦❧❧♦✇s t❤❡ st❛♥❞❛r❞ ❛❧❣♦r✐t❤♠✐❝ t❡❝❤♥✐q✉❡ ♦❢ ✜❧❧✐♥❣
✉♣ ♦♥❡ ❞❛t❛ t❛❜❧❡s ✭❝❛❧❧❡❞ ▼❬✐✱❦❪ ✐♥ t❤✐s ♣❛♣❡r ✇✐t❤ ✐ ❛s t❤❡ ❝♦❧✉♠♥ ✐♥❞❡①✱ ❛♥❞ ❦

❛s t❤❡ r♦✇ ✐♥❞❡①✮ t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ♦t❤❡r ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡
t❛❜❧❡ ❡♥tr✐❡s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ♣r❡✈✐♦✉s❧② ❝♦♠♣✉t❡❞ ❡♥tr✐❡s ✭✇✐t❤ ❛♣♣r♦♣r✐❛t❡
✐♥✐t✐❛❧✐③❛t✐♦♥s✮ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✳

M [i, k] =MSC[k] + max(M [i − 1, k − 1], Xb[i − 1]) ✭✸✮

Xe[i] =max(max
k

(M [i, k])) ✭✹✮

❲❤❡r❡ Xb ✐s ❝♦♠♣✉t❡❞ ❛s✿

Xb[i] = max(Xn[i − 1] + tloop, Xe[i], Xe[i − 1]) ✭✺✮

■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ M ❤❛s ❛ ❞✐❛❣♦♥❛❧ ❞❡♣❡♥❞❡♥❝②
❢♦r ❝♦❧✉♠♥ Mi−1 ❛♥❞ Xb✱ ✇❤❡r❡ Xb ❞❡♣❡♥❞s ♦♥ ❛❧❧ ✈❛❧✉❡ ♦❢ Mi−1 ✐✳❡✳ ✇❡ ❝❛♥
♥♦t st❛rt ❝♦♠♣✉t❛t✐♦♥ ❢♦r ❝♦❧✉♠♥ Mi✱ ✉♥t✐❧ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ ❝♦❧✉♠♥ Mi−1✱
✇❤✐❝❤ ❣✐✈❡s ❝♦❧✉♠♥✲✇✐s❡ s❡q✉❡♥t✐❛❧ ❡①❡❝✉t✐♦♥ t♦ t❤❡ ❛❧❣♦r✐t❤♠✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❧❧ ✈❛❧✉❡s ♦❢ ❛ ❣✐✈❡♥ ❝♦❧✉♠♥ Mi ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥
♣❛r❛❧❧❡❧✱ ❛♥❞ s✐♥❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Xe ❝♦♥s✐sts ♦❢ ❛ ♠❛① r❡❞✉❝t✐♦♥ ♦♣❡r❛t✐♦♥✱
■t ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ✉s✐♥❣ ❛ ♠❛① tr❡❡ ❝♦♠♣✉t❛t✐♦♥ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✸

Mi,0

Mi,1

Mi,7Mi-1,7

Mi-1,0

Mi-1,1

Max tree

Dataflow graph  for ith stage (M=8)

Max

Max

Max

Max

Max

Max

Max

Max

Xi

Xi-1

8

+

+

+

+

+

+

+

+

Msci,0-7

❋✐❣✉r❡ ✸✿ ❉❛t❛✢♦✇ ❞❡♣❡♥❞❡♥❝✐❡s ❢♦r ♦♥❡ st❛❣❡ ♦❢ t❤❡ ▼❙❱ ✜❧t❡r ✭M = 8✮
❛❧❣♦r✐t❤♠ ❛❢t❡r r❡✇r✐t✐♥❣
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❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✾

✹ ❘❡✇r✐t✐♥❣ t❤❡ P✼❱✐t❡r❜✐ ❑❡r♥❡❧

❆s s❤♦✇♥ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✐t ✐s ❡❛s② t♦ r❡✇r✐t❡ t❤❡ ▼❙❱ ❛❧❣♦r✐t❤♠ r❡❝✉rr❡♥❝❡
❡q✉❛t✐♦♥s s♦ ❛s t♦ ❡①♣♦s❡ ♣❛r❛❧❧❡❧✐s♠ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ s✐♠♣❧❡ ♠❛①✲r❡❞✉❝t✐♦♥
♦♣❡r❛t✐♦♥✳

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✉s❡ ❛ s✐♠✐❧❛r ✭❜✉t ♠♦r❡
❝♦♠♣❧❡①✮ r❡✇r✐t❡ ♦♥ t❤❡ P✼❱✐t❡r❜✐ ❦❡r♥❡❧✳ ❍❡r❡ ❛❣❛✐♥✱ t❤❡ ❣♦❛❧ ✐s t♦ ❣❡t r✐❞
♦❢ t❤❡ ❝✉rr❡♥t ✐♥❤❡r❡♥t s❡q✉❡♥t✐❛❧ ❜❡❤❛✈✐♦r ❝❛✉s❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ❢❡❡❞✲❜❛❝❦

❧♦♦♣✳ ❚♦ ❞♦ s♦ ✇❡ r❡♣❧❛❝❡ t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ❛❧♦♥❣ t❤❡ j ✐♥❞❡① ❢♦r ♦♥❡ ♦❢ t❤❡
✈❛r✐❛❜❧❡s ❜② ❛ ♣r❡✜①✲s❝❛♥ ♦♣❡r❛t✐♦♥ ❛♥❞ r❡♣❧❛❝❡ t❤❡ ❢❡❡❞✲❜❛❝❦ ❧♦♦♣ ❜② ❛ s✐♠♣❧❡
♠❛①✲r❡❞✉❝t✐♦♥ ♦♣❡r❛t✐♦♥✳ ❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ❧❡❛❞s t♦ ❛ ♠♦❞✐✜❡❞ ❞❡♣❡♥❞❡♥❝❡
❣r❛♣❤ ✇❤✐❝❤ ✐s ♠✉❝❤ ❜❡tt❡r s✉✐t❡❞ ❢♦r ❛ ♣❛r❛❧❧❡❧ ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

✹✳✶ ❚❤❡ P✼❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠

❚❤❡ P✼❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠ ✐s s♦♠❡✇❤❛t s✐♠✐❧❛r t♦ ▼❙❱✱ ❡①❝❡♣t t❤❛t ✐t ✜❧❧s t❤r❡❡
❞❛t❛ t❛❜❧❡s ✭❝❛❧❧❡❞ ▼❬✐✱❦❪✱ ■❬✐✱❦❪ ❛♥❞ ❉❬✐✱❦❪✮ t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ♦t❤❡r ❛✉①✲
✐❧✐❛r② ✈❛r✐❛❜❧❡s✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡s❡ t❛❜❧❡s ❡♥tr✐❡s ❛r❡ ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✱ ✇❤❡r❡ t❤❡ ❝♦❧✉♠♥ ✐♥❞❡①✱ i ✐s ✇r✐tt❡♥ ❛s ❛ s✉❜s❝r✐♣t ✐♥ ♦r❞❡r
t♦ ❢♦❝✉s ♦♥ t❤❡ ✐♠♣♦rt❛♥t ❞❡♣❡♥❞❡♥❝❡s✳

Mi[k] = fM (Mi−1[k − 1], Ii−1[k − 1], Di−1[k − 1], Xi−1) ✭✻✮

Ii[k] = fI(Mi−1[k], Ii−1[k]) ✭✼✮

Di[k] = fD(Mi[k − 1], Di[k − 1]) ✭✽✮

Xi = fX(max
k

(Mi[k] + E[k])) ✭✾✮

❍❡r❡✱ ❳❬✐❪ ✐s ❛♥ ❛✉①✐❧✐❛r② ❝♦♠♣✉t❡❞ ✈❛r✐❛❜❧❡✱ ❊❬❦❪ ✐s ❛♥ ✐♥♣✉t✱ ❛♥❞ fM ✱ fI ✱
fD ❛♥❞ fX ❛r❡ s♦♠❡ s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❦❡② ♦❜s❡r✈❛t✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡s❡
❢♦r♠✉❧❛s ✐s t❤❛t

❼ t❤❡r❡ ✐s ❛ ❝❤❛✐♥ ♦❢ ❞❡♣❡♥❞❡♥❝❡s ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ k ✐♥ ❝♦♠♣✉t✐♥❣
t❤❡ ✈❛❧✉❡s ♦❢ D ✐♥ ❛♥② ❝♦❧✉♠♥❀

❼ t♦ ❝♦♠♣✉t❡ t❤❡ X ❢♦r ❛♥② ❝♦❧✉♠♥✱ ✇❡ ♥❡❡❞ ❛❧❧ t❤❡ ✈❛❧✉❡s ♦❢ M ♦❢ t❤❛t
❝♦❧✉♠♥✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ♥❡❡❞s ❛ D ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝♦❧✉♠♥❀ ❛♥❞

❼ t❤❡ ✈❛❧✉❡ ♦❢ X ♦❢ ❛ ❝♦❧✉♠♥ ✐s ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ ❛♥② M ✐♥ t❤❡ ♥❡①t
❝♦❧✉♠♥✳

❇❡❝❛✉s❡ ♦❢ t❤✐s✱ t❤❡r❡ s❡❡♠s t♦ ❜❡ ❛♥ ✐♥❤❡r❡♥t s❡q✉❡♥t✐❛❧❧② t♦ t❤❡ ❛❧❣♦r✐t❤♠✱ ❛s
♥♦t❡❞ ❜② ❛❧❧ ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ t❤✐s ♣r♦❜❧❡♠✳

✹✳✷ ❋✐♥❞✐♥❣ r❡❞✉❝t✐♦♥s

❲❡ ♥♦✇ ❞❡✈❡❧♦♣ ❛♥ ❛❧t❡r♥❛t❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s s♦ t❤❛t t❤❡r❡ ✐s ♥♦ s✉❝❤
❝❤❛✐♥ ♦❢ ❞❡♣❡♥❞❡♥❝❡s✱ t❤✉s ❡♥❛❜❧✐♥❣ s❝❛❧❛❜❧❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥s
♦♥ ❛ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦r✳

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ❝♦♠♣✉t✐♥❣ D ❝❛♥ ❜❡ r❡♣❧❛❝❡❞
❜② ❛ ❞✐✛❡r❡♥t ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ s✉❝❤ ❞❡♣❡♥❞❡♥❝❡s ❡✐t❤❡r ❞♦ ♥♦t ❡①✐st✱ ♦r ❝❛♥ ❜❡
❜r♦❦❡♥ t❤r♦✉❣❤ ✇❡❧❧✲❦♥♦✇♥ t❡❝❤♥✐q✉❡s✳ ❋♦r ♦✉r ♣✉r♣♦s❡s✱ ✇❡ s❤❛❧❧ ❢♦❝✉s ♦♥ t❤❡
❢✉♥❝t✐♦♥ fD✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♠♦r❡ ♣r❡❝✐s❡❧② ❛s ❢♦❧❧♦✇s✿

❘❘ ♥➦ ✼✸✼✵
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Di[k] =

{

k = 1 : Mi−1[0] + A′[0]
k > 1 : max(Di[k − 1] + B[k], Mi−1[k] + A′[k])

✭✶✵✮

✇❤❡r❡ A′ ❛♥❞ B ❛r❡ ❛♣♣r♦♣r✐❛t❡ ✐♥♣✉ts✳ ❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡
❝♦♠♣✉t❛t✐♦♥ ✐♥ t❤❡ i✲t❤ ❝♦❧✉♠♥✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ✈❛❧✉❡s ❢♦r t❤❡ ♣r❡✈✐♦✉s
❝♦❧✉♠♥ ✭✈✐③✳✱ t❤❡ Mi−1 t❡r♠s ❛❜♦✈❡✮ ❛s ✐♥♣✉ts✱ ❛♥❞ s♦ t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡
❢✉rt❤❡r ❛❜str❛❝t❡❞ ❛s ❢♦❧❧♦✇s✿

Di[k] =

{

k = 1 : a0

k > 1 : max(Di[k − 1] + bk−1, ak−1)
✭✶✶✮

◆♦✇✱ ✐❢ B ✐s ③❡r♦✱ t❤❡ ❡q✉❛t✐♦♥ ✐s ❛ s✐♠♣❧❡ s❝❛♥ ❝♦♠♣✉t❛t✐♦♥ ✭❛❧s♦ ❝❛❧❧❡❞

♣r❡✜① ❝♦♠♣✉t❛t✐♦♥s✮ Di[k] =
k

max
i=1

ai✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ ❤♦✇ t♦ ❡✣❝✐❡♥t❧② ❛♥❞ s❝❛❧❛❜❧② ♣❛r❛❧❧❡❧✐③❡ s✉❝❤ s❝❛♥ ❝♦♠✲
♣✉t❛t✐♦♥s ❬✶✵❪✳ ❍♦✇❡✈❡r✱ ✐❢ B 6= 0✱ t❤❡ s♦❧✉t✐♦♥ ✐s ♥♦t ❛t ❛❧❧ ♦❜✈✐♦✉s✳ ❲❡ s❤♦✇
❜❡❧♦✇ ❤♦✇ t♦ ♦❜t❛✐♥ ❛ s❝❛♥✲❧✐❦❡ str✉❝t✉r❡ ❢♦r t❤✐s ❝❛s❡✳ ■❢ ✇❡ ❡①♣❛♥❞ ♦✉t t❤❡
✐♥❞✐✈✐❞✉❛❧ t❡r♠s✱ ✇❡ s❡❡ t❤❛t✿

D[1] = a0

D[2] = max(a0 + b1, a1)

D[3] = max(max(a0 + b1, a1) + b2, a2))

= max(a0 + b1 + b2, a1 + b2, a2)

D[4] = max(a0 + b1 + b2 + b3, a1 + b2 + b3, a2 + b3, a3)

✳✳✳

D[k] = max(a0 + b1 + b2 + b3 . . . bk−1, a1 + b2 + b3 . . . bk−1,

a2 + b3 . . . bk−1, . . . ak−2 + bk−1, ak−1)

❚❤❡ ❧❛st t❡r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ♠♦r❡ ✈✐s✉❛❧❧② ❛s

D[k] = max















ak−1,max





























b1+b2+b3+. . .+bk−1

b2+b3+. . .+bk−1

b3+. . .+bk−1

✳✳✳
bk−1















+















a0

a1

a2

✳✳✳
ak−2











































❲r✐t✐♥❣ t❤✐s ♠♦r❡ ❝♦♠♣❛❝t❧②✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳

D[k] = max



ak−1,
k−1
max
j=1



aj−1 +

k−1
∑

i=j

bi









= max



ak−1,
k−1
max
j=1



aj−1 +

k−1
∑

i=j

bi +

j−1
∑

i=1

bi −

j−1
∑

i=1

bi









= max

(

ak−1,

(

k−1
∑

i=1

bi +
k−1
max
j=1

(

aj−1 −

j−1
∑

i=1

bi

)))
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Max selection tree

Max Prefix (Brent-Kung)

Dataflow graph  for i
th

stage (M=8)

f7

f6

f5

f4

f3

f2

f1

f0

h7

h6

h5

h4

h3

h2

h1

h0Di-1,0

Di-1,1

Xi

Xi-1

Di-1,6

88

Di-1,7

Ii-1,0

Ii-1,1

Mi-1,7

Ii-1,7

Mi-1,0

Mi-1,1

8

Di,0

Di,1

Di,7g7

g6

g5

g4

g3

g2

g1

g0 Ii,0

Ii,1

Mi,0

Mi,1

Mi,7

Ii,7

❋✐❣✉r❡ ✹✿ ❉❛t❛✢♦✇ ❞❡♣❡♥❞❡♥❝✐❡s ❢♦r ♦♥❡ st❛❣❡ ♦❢ t❤❡ P✼❱✐t❡r❜✐ ✭M = 8✮ ❛❧❣♦✲
r✐t❤♠ ❛❢t❡r r❡✇r✐t✐♥❣

◆♦✇ ♥♦t❡ t❤❛t
j−1
∑

i=1

bi ✭s❛②✱ b′j−1✮ ✐s ❛ s❝❛♥ ♦❢ t❤❡ B ✐♥♣✉t✱ s♦

D[k] = max

(

ak−1, b
′

k−1 +
i−1
max
j=1

(aj−1 − b′j−1)

)

= max

(

ak−1, b
′

k−1 +
i−1
max
j=1

a′

j−1

)

✭✶✷✮

✇❤❡r❡ a′

j = aj − b′j ✐s t❤❡ ❡❧❡♠❡♥t ✇✐s❡ ❞✐✛❡r❡♥❝❡ ♦❢ a ❛♥❞ b′✳
◆♦✇✱ t❤❡ ✐♥♥❡r t❡r♠ ✐s ♠❛①✲s❝❛♥ ♦❢ t❤❡ a′ ✈❡❝t♦r✳ ❍❡♥❝❡ t❤❡ D[k] ❛s s♣❡❝✐✜❡❞

❜② ❊q♥✳ ✶✷ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ♣❛r❛❧❧❡❧ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✳

✶✳ ❈♦♠♣✉t❡✱ B′ t❤❡ s✉♠✲♣r❡✜① ♦❢ t❤❡ ❛rr❛② B✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❱✐t❡r❜✐
❛❧❣♦r✐t❤♠✱ t❤✐s ♥❡❡❞s t♦ ❜❡ ❞♦♥❡ ♦♥❧② ♦♥❝❡ s✐♥❝❡ B ✐s ❛♥ ✐♥♣✉t✳

✷✳ ❈♦♠♣✉t❡ C✱ t❤❡ ❡❧❡♠❡♥t ✇✐s❡ s✉❜tr❛❝t✐♦♥ ♦❢ t❤✐s ❢r♦♠ A✳

✸✳ P❡r❢♦r♠ ❛ ♠❛①✲♣r❡✜① ♦♥ C✳ ❚❤✐s ❝❛♥ ❜❡ ♣❛r❛❧❧❡❧✐③❡❞ ♣❡r❢❡❝t❧② ❛♥❞ s❝❛❧❛❜❧②✳

✹✳ ❆❞❞ B′ ❡❧❡♠❡♥t ✇✐s❡ t♦ t❤✐s ❛♥❞ ❝♦♠♣❛r❡ ✭❛❣❛✐♥ ❡❧❡♠❡♥t ✇✐s❡✮ t❤❡ r❡s✉❧t
✇✐t❤ t❤❡ A ✐♥♣✉t✱ r❡t❛✐♥✐♥❣ t❤❡ ❧❛r❣❡r ♦♥❡✳ ❚❤✐s ②✐❡❧❞s D✱ t❤❡ ❞❡s✐r❡❞
❛♥s✇❡r✳

✹✳✸ ■♠♣❛❝t ♦❢ t❤❡ ❞❛t❛✲❞❡♣❡♥❞❡♥❝❡ ❣r❛♣❤

❚♦ ❤❡❧♣ t❤❡ r❡❛❞❡r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❜❡♥❡✜ts ♦❢ t❤✐s r❡✇r✐t✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥✱
✇❡ ♣r♦✈✐❞❡ ✐♥ ❋✐❣✳ ✹ ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❞❡♣❡♥❞❡♥❝❡ ✢♦✇ ✐♥ t❤❡ r❡✇r✐tt❡♥
❛❧❣♦r✐t❤♠ ❢♦r ❛ s♠❛❧❧ ♣r♦❜❧❡♠ s✐③❡ ✭♣r♦✜❧❡ s✐③❡ M = 8✮✳ ■♥ t❤✐s ❞❛t❛✢♦✇ ❣r❛♣❤✱
❢✉♥❝t✐♦♥s fi,k✱gi,k ❛♥❞ hi,k ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

fM (w, x, y, z) = max
4

(w + bsck, x + TMMk, y + TDMk,

z + TIMk) + msck[dsqi]

gI(x, y, z) = max
2

(x + TIIk, y + TMIk) + isck[dsqi]

hD(x, y) = max
2

(x + TMDk, y + y)
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■♥ t❤❡s❡ ❡①♣r❡ss✐♦♥s max ❛♥❞ sum ❝♦rr❡s♣♦♥❞ t♦ s❛t✉r❛t❡❞ ✭✇✳r✳t t♦ −∞✮
♠❛① ❛♥❞ s✉♠ ♦♣❡r❛t✐♦♥s✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✱ t❤❛t t❤❡r❡ ✐s ♥♦ ❧♦♥❣❡r ❛ ❝❤❛✐♥ ♦❢
❞❡♣❡♥❞❡♥❝② ❛❧♦♥❣ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✐♥ t❤❡ ❞❛t❛✲✢♦✇ ❣r❛♣❤✱ ❛♥❞ t❤❛t t❤❡ ❧♦♥❣❡st
♣❛t❤ ✭✐✳❡✳ ❝r✐t✐❝❛❧ ♣❛t❤✮ ✐s ♥♦✇ s❡t ❜② t❤❡ ❞❡♣t❤s ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ♠❛①✲tr❡❡ ❛♥❞
t❤❡ ♣❛r❛❧❧❡❧ ♠❛①✲♣r❡✜① ❜❧♦❝❦s✱ ✇❤✐❝❤ ✐s O(log2(M))✳ ❆♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ✐s
t❤❛t ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ❢♦r Mi,k✱ Ii,k ❛♥❞ Di,k ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ✐♥ ♣❛r❛❧❧❡❧ ❢♦r ❛❧❧
✈❛❧✉❡s ♦❢ k ✐♥ t❤❡ ❞♦♠❛✐♥ 0 ≤ k ≤ M ✳
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✺ ▼❛♣♣✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s t♦ ❤❛r❞✇❛r❡

❊✈❡♥ t❤♦✉❣❤ t❤❡ r❡✇r✐tt❡♥ ✈❡rs✐♦♥ ♦❢ ❜♦t❤ ▼❙❱ ❛♥ P✼❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠s ❡①✲
❤✐❜✐ts ❛ s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢ ❤✐❞❞❡♥ ♣❛r❛❧❧❡❧✐s♠✱ ❞❡r✐✈✐♥❣ ❛ ❡✣❝✐❡♥t ❛r❝❤✐t❡❝t✉r❡
❢r♦♠ t❤❡ ♠♦❞✐✜❡❞ ❞❛t❛✢♦✇ ❣r❛♣❤ ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛❞❞r❡ss t❤❡ ❞✐✛❡r❡♥t ❝❤❛❧❧❡♥❣❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤✐s ❛r❝❤✐t❡❝✲
t✉r❛❧ ♠❛♣♣✐♥❣✳ ❲❡ ✜rst st❛rt ❜② ❞✐s❝✉ss✐♥❣ ❡✣❝✐❡♥t ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ ♣❛r❛❧❧❡❧ ♣r❡✜① ♦♣❡r❛t✐♦♥s ❛s ♥❡❡❞❡❞ ❜② P✼❱✐t❡r❜✐✱ ❛♥❞ ♣r❡s❡♥t t✇♦ tr❛♥s❢♦r✲
♠❛t✐♦♥s ✭♥❛♠❡❧② ❈✲❙❧♦✇ ❛♥❞ t✐❧✐♥❣✮ t❤❛t ✇❡ ✉s❡ t♦ ✐♠♣r♦✈❡ t❤❡ ❛r❝❤✐t❡❝t✉r❡
❡✣❝✐❡♥❝②✳

✺✳✶ ■♠♣❧❡♠❡♥t✐♥❣ t❤❡ ♠❛①✲♣r❡✜① ♦♣❡r❛t♦r

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳❇✱ st❡♣ ✸✱ t❤❡ r❡✇r✐tt❡♥ ✈❡rs✐♦♥ ♦❢ t❤❡ P✼❱✐t❡r❜✐
❛❧❣♦r✐t❤♠ ❡①❤✐❜✐ts ❛ ♠❛①✲♣r❡✜① ♣❛tt❡r♥✳ Pr❡✜① ❝♦♠♣✉t❛t✐♦♥ ✐s ❛ ✈❡r② ❣❡♥❡r❛❧
❝❧❛ss ♦❢ ❝♦♠♣✉t❛t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿ ❣✐✈❡♥ ❛♥ ✐♥♣✉t
✈❡❝t♦r xi ✇✐t❤ 0 ≤ i < N ✇❡ ❞❡✜♥❡ ✐ts ⊕✲♣r❡✜① ✈❡❝t♦r yi ❛s ✿

yi =
i
⊕

k=0

xk = x0 ⊕ x1 ⊕ . . . ⊕ xi

❲❤❡r❡⊕ ✐s ❛ ❜✐♥❛r② ♦♣❡r❛t♦r ✇✐t❤ ❛ss♦❝✐❛t✐✈✐t② ✭❛♥❞ ♣♦ss✐❜❧② ❝♦♠♠✉t❛t✐✈✐t②✱
s❡❡ ❬✽❪ ❢♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡✜♥✐t✐♦♥✮✳ ❇❡❝❛✉s❡ ❜✐♥❛r② ❛❞❞❡rs ❢❛❧❧ ✐♥t♦ t❤✐s
❝❛t❡❣♦r② ❛♥❞ s✐♥❝❡ ❛❞❞❡rs ❢♦r♠ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ✐♥
❞✐❣✐t❛❧ ❝✐r❝✉✐ts✱ t❤❡r❡ ✐s ❛ ✇❡❛❧t❤ ♦❢ r❡s❡❛r❝❤ ❣♦✐♥❣ ❜❛❝❦ ❛❧♠♦st ✺✵ ②❡❛rs ❞❡❛❧✐♥❣
✇✐t❤ ❢❛st ✭❛❦❛ ♣❛r❛❧❧❡❧✮ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ♣r❡✜① ❛❞❞❡rs ❬✶✵✱ ✸✱ ✾✱ ✼❪ ✉s✐♥❣ ✈❛r✐♦✉s
✐♥t❡r❝♦♥♥❡❝t✐♦♥ ♥❡t✇♦r❦s t♦♣♦❧♦❣✐❡s✳

❖♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❛s♣❡❝ts ♦❢ t❤❡s❡ ♥❡t✇♦r❦ t♦♣♦❧♦❣✐❡s ✐s t❤❛t t❤❡②
❛❧❧♦✇ t❤❡ ❞❡s✐❣♥❡r t♦ ❡①♣❧♦r❡ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ s♣❡❡❞ ✭✐✳❡✳ ❝r✐t✐❝❛❧ ♣❛t❤ ♦❢
t❤❡ r❡s✉❧t✐♥❣ ❝✐r❝✉✐t✮✱ ❛r❡❛ ✭♥✉♠❜❡r ♦❢ ♦♣❡r❛t♦rs ✉s❡❞ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ♣r❡✜①
♦♣❡r❛t✐♦♥✮✱ ❛♥❞ ♦t❤❡rs ♠❡tr✐❝s s✉❝❤ ❛s ❢❛♥✲♦✉t ♦r ✇✐r✐♥❣ ❧❡♥❣t❤✳

❋♦r ❡①❛♠♣❧❡✱ ❋✐❣✉r❡ ✺✳❛ s❤♦✇s ❛ ❇r❡♥t✲❑✉♥❣❬✸❪ ♥❡t✇♦r❦ t❤❛t ❝♦♠♣✉t❡s t❤❡
♣r❡✜① ✐♥ 2(log2 N−1) st❛❣❡s ✇✐t❤ 2(N−1)− log2 N ♦♣❡r❛t♦rs✳ ❙✐♠✐❧❛r❧②✱ ❋✐❣✉r❡
✺✳❜ s❤♦✇s ❛ ▲❛❞♥❡r✲❋✐s❝❤❡r ♥❡t✇♦r❦ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts ❛ ❢❛st❡r ❝✐r❝✉✐t ✭log2 N
st❛❣❡s✮ ❛t ❛ ♣r✐❝❡ ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❛r❡❛ ✭N

2
log2 N ♦♣❡r❛t♦rs✮✳

❆❧t❤♦✉❣❤ ❛ s✉r✈❡② ♦❢ ❛❧❧ ❡①✐st✐♥❣ t❡❝❤♥✐q✉❡s ❛♥❞ ♥❡t✇♦r❦ t♦♣♦❧♦❣✐❡s ✐s ❝❧❡❛r❧②
♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦✈✐❞❡ ✐♥ t❛❜❧❡ ✸ ❛ s❤♦rt s✉♠♠❛r② ♦❢ t❤❡
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ❛❧❣♦r✐t❤♠s✳ ◆♦t❡ t❤❛t ♠♦st ♦❢ t❤❡s❡
❛❧❣♦r✐t❤♠✐❝ ❡①♣❧♦r❛t✐♦♥s ✇❡r❡ ✐♥ ❛ ❝♦♥t❡①t ✇❤❡r❡ t❤❡ ♦♣❡r❛t♦r ✇❛s ❡①tr❡♠❡❧②
✜♥❡ ❣r❛✐♥✖❥✉st ❛ ❢❡✇ ❇♦♦❧❡❛♥ ❣❛t❡s✱ ❛s ✐♥ ❛ ❤❛❧❢✲ ♦r ❢✉❧❧✲❛❞❞❡r✳

▼❡t❤♦❞ ❉❡❧❛② ❈♦st
▲❛❞♥❡r✲❋✐s❝❤❡r❬✶✵❪ log2 N N

2
log2 N

❑♦❣❣❡✲❙t♦♥❡ ❬✾❪ log2 N N log2 N − N + 1
❇r❡♥t✲❑✉♥❣ ❬✸❪ 2 log2 N − 2 2N − 2 − log2 N

❚❛❜❧❡ ✸✿ ❈❤❛r❛❝t❡r✐st✐❝s ♦❢ ✈❛r✐♦✉s ♣❛r❛❧❧❡❧✲♣r❡✜① ♥❡t✇♦r❦s

❉❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t ♦✉r ❝♦♠♣✉t❛t✐♦♥ s❝❤❡♠❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ♣r❡✜①
♣❛tt❡r♥s ❛s ❜✐♥❛r② ❛❞❞❡rs✱ ♦✉r s✐t✉❛t✐♦♥ ❞✐✛❡rs ✐♥ t✇♦ ✇❛②s ✿
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(a) Brent Kung

x3 x2x5 x4x7 x6x9 x8x11 x10x13 x12x15 x14 x1 x0

s3 s2s5 s4s7 s6s9 s8s11 s10s13 s12s15 s14 s1 s0

(b) Ladner-Fischer 

x3 x2x5 x4x7 x6x9 x8x11 x10x13 x12x15 x14 x1 x0

s3 s2s5 s4s7 s6s9 s8s11 s10s13 s12s15 s14 s1 s0

❋✐❣✉r❡ ✺✿ ❚✇♦ ❡①❛♠♣❧❡s ♦❢ ♣❛r❛❧❧❡❧ ♣❛r❛❧❧❡❧ ♣r❡✜① ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r N = 16

❼ ❚❤❡ ❜❛s✐❝ ♦♣❡r❛t✐♦♥ ✐s ♥♦t ❛ ❜✐t✲❧❡✈❡❧ ✭✐✳❡ ❢✉❧❧✲❛❞❞❡r✮ ❜✉t ❛ ♠♦r❡ ❝♦♠♣❧❡①
✇♦r❞ ❧❡✈❡❧ ♦♣❡r❛t✐♦♥ ✭♥❛♠❡❧② ♠❛①✮✳

❼ ❚❤❡ s✐③❡ ♦❢ t❤❡ ♣r❡✜① ❝❛♥ ❜❡ ✈❡r② ❧❛r❣❡ ✭✉♣ t♦ ✷✺✻ ✐♥♣✉t ❡❧❡♠❡♥ts✮ ✇❤✐❝❤
♣♦s❡s s❝❛❧❛❜✐❧✐t② ✐ss✉❡s ✐♥ t❡r♠s ♦❢ r♦✉t✐♥❣✳

❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡r❡ ❤❛s ❜❡❡♥ ♥♦ s②st❡♠❛t✐❝ st✉❞② ♦❢ ❋P●❆
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♣r❡✜① ❝♦♠♣✉t❛t✐♦♥s✳ ❖♥❡ r❡❛s♦♥ ✐s t❤❛t t❤❡ t②♣✐❝❛❧ ✉s❡ ♦❢
s✉❝❤ ❝✐r❝✉✐ts ✇♦✉❧❞ ❜❡ ✐♥ ❛❞❞❡rs✱ ✇❤❡r❡ ❤✐❣❤✲s♣❡❡❞ ❝❛rr② ❝✐r❝✉✐ts ❛r❡ ❛❧r❡❛❞②
♣r♦✈✐❞❡❞ ❜② ❋P●❆ ✈❡♥❞♦rs✱ ❛♥❞ t❤❡r❡ ❛r❡ ❢❡✇ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ♥❡❡❞ ❝♦❛rs❡✲
❣r❛✐♥✱ ✇♦r❞✲❧❡✈❡❧ ♦♣❡r❛t♦rs✳ ❋♦r t❤❡ ❍▼▼❊❘ ❛♣♣❧✐❝❛t✐♦♥ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ ❛
♥✉♠❜❡r ♦❢ t❤❡ ♠❛①✲♣r❡✜① ❛s ✇❡❧❧ ❛s ♠❛①✲r❡❞✉❝❡ ❛r❝❤✐t❡❝t✉r❡s✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡
❝♦♠♣❛r✐s♦♥s ❛r❡ r❡♣♦rt❡❞ ❧❛t❡r ✐♥ ❙❡❝t✐♦♥ ❱■✳

✺✳✷ ▼❛♣♣✐♥❣ ❞❛t❛✢♦✇ ❛s ❛ ❝♦♠❜✐♥❛t✐♦♥❛❧ ❞❛t❛♣❛t❤

■t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ ❢r♦♠ ❋✐❣✳✹ ❛♥❞ ❋✐❣✳✸✱ t❤❛t ✐♥ ❜♦t❤ ▼❙❱ ❛♥❞ P✼❱✐t❡r❜✐✱ ✐t
✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ♣✐♣❡❧✐♥❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❝♦♥s❡❝✉t✐✈❡ st❛❣❡s ✖❛❧❧ t❤❡ r❡s✉❧ts ♦❢
t❤❡ ith st❛❣❡ ❛r❡ ♥❡❡❞❡❞ ❜❡❢♦r❡ ❆◆❨ ✈❛❧✉❡ ✐♥ t❤❡ (✐✰✶)th st❛❣❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳

❘❘ ♥➦ ✼✸✼✵



❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✶✺

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛♥❞ ✐♥ s♣✐t❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ✇❡ r❡♣❧❛❝❡❞ ✐♥ ❜♦t❤ ❝❛s❡s t❤❡
✐♥✐t✐❛❧ ❝❤❛✐♥ ♦❢ ❞❡♣❡♥❞❡♥❝❡ ♦❢ O(M) ♦♣❡r❛t✐♦♥s ❜② ❛ ❝❤❛✐♥ ♦❢ O(log2(M))✱ t❤❡
♣♦ss✐❜❧② ❧❛r❣❡ ✈❛❧✉❡s ♦❢ M ♠❛② ✐♥❞✉❝❡ ❛ ❧❛r❣❡ ❝r✐t✐❝❛❧ ♣❛t❤✱ ✇❤✐❝❤ ✇✐❧❧ ✐♥ t✉r♥
❧❡❛❞ t♦ ❛ ♣♦♦r ❝❧♦❝❦ ❢r❡q✉❡♥❝②✳

✺✳✸ ▼❛♣♣✐♥❣ ❞❛t❛✢♦✇ ❛s ❛ ❈✲s❧♦✇❡❞ ♣✐♣❡❧✐♥❡❞ ❞❛t❛♣❛t❤

❖♥❡ s♦❧✉t✐♦♥ t♦ ✐♠♣r♦✈❡ t❤❡ t❤r♦✉❣❤✲♣✉t ♦❢ t❤❡ ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s t♦
✉s❡ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s ✉s❡❞ ❜② ❉❡rr✐❡♥ ❡t ❛❧ ❬✹❪✱ ❛♥❞ ❛❧s♦ ❖❧✐✈❡r ❡t ❛❧✳ ❬✶✸❪ ❜②
❛♣♣❧②✐♥❣ ❛ ❈✲s❧♦✇ tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❣❡♥❡r❛t❡❞ ❞❛t❛♣❛t❤ s♦ ❛s t♦ ✐♥t❡r❧❡❛✈❡
s❡✈❡r❛❧ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❞❛t❛✢♦✇ ❣r❛♣❤ ✭t❤❛t ✐s s❡✈❡r❛❧ ✐♥❞❡♣❡♥❞❡♥t ✐♥st❛♥❝❡s
♦❢ t❤❡ ▼❙❱✴P✼❱✐t❡r❜✐ ❛❧❣♦r✐t❤♠✮✳

❆♥♦t❤❡r ✇❛② t♦ ✈✐❡✇ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ✐s t♦ ❝♦♥s✐❞❡r t❤❛t ✇❡ ❛❞❞ ❛♥
❛❞❞✐t✐♦♥❛❧ ♦✉t❡r ❧♦♦♣ ✐t❡r❛t✐♥❣ ♦✈❡r ✐♥❞❡♣❡♥❞❡♥t ✐♥st❛♥❝❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱
❛♥❞ t❤❡♥ ♣❡r❢♦r♠ ❛ ❧♦♦♣ ✐♥t❡r❝❤❛♥❣❡ s♦ ❛s t♦ ♠♦✈❡ t❤✐s ♣❛r❛❧❧❡❧ ♦✉t❡r ❧♦♦♣ t♦
t❤❡ ✐♥♥❡r♠♦st ❧❡✈❡❧ ❛♥❞ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ♠✉❧t✐♣❧❡ ✐♥❞❡♣❡♥❞❡♥t ✐♥st❛♥❝❡s ♦♥
♣✐♣❡❧✐♥❡❞ ❤❛r❞✇❛r❡ ♣❛r❛❧❧❡❧✐s♠✳

❯s✐♥❣ t❤✐s tr✐❝❦✱ ❛♥❞ ❛ss✉♠✐♥❣ t❤❡ ✐♥t❡r❧❡❛✈✐♥❣ ♦❢ S ✐♥❞❡♣❡♥❞❡♥t ✐♥st❛♥❝❡s✱
t❤❡ ith st❛❣❡ ♥♦✇ ♦♥❧② ❞❡♣❡♥❞s ♦♥ st❛❣❡ t❤❛t ✇❛s ❡①❡❝✉t❡❞ i − S st❛❣❡s ❜❡❢♦r❡✳
❚❤✐s ❡①tr❛ ❞❡❧❛② ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ t♦ ♣✐♣❡❧✐♥❡ t❤❡ st❛❣❡ ❡①❡❝✉t✐♦♥✱ ❛s ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✉r❡ ✻❛✳

❚❤✐s ♦❢ ❝♦✉rs❡ ❤❛s s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ♠❡♠♦r② ❝♦st ✭✇❡ ♠✉st r❡♣❧✐❝❛t❡ ❛❧❧ r❡❣✲
✐st❡rs✴♠❡♠♦r✐❡s ✐♥ t❤❡ ❛r❝❤✐t❡❝t✉r❡✮✱ ❜✉t ❜❡❝❛✉s❡ t❤❡ ❝r✐t✐❝❛❧ ♣❛t❤ r❡♠❛✐♥s ✐♥
O(log2 M)✱ ✇❡ ♦♥❧② ♥❡❡❞ ❛ r❡❛s♦♥❛❜❧② s♠❛❧❧ ❈✲s❧♦✇ ❢❛❝t♦r t♦ ❛❝❤✐❡✈❡ t❤❡ ♠❛①✐✲
♠✉♠ t❤r♦✉❣❤ ♣✉t ✭❛s ❝♦♠♣❛r❡❞ t♦ S ≈ O(M) ✐♥ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❉❡rr✐❡♥ ❛♥❞
❛❧✳✮✳

✺✳✹ ▼❛♥❛❣✐♥❣ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts t❤r♦✉❣❤ t✐❧✐♥❣

❇♦t❤ ▼❙❱ ❛♥❞ P✼❱✐t❡r❜✐ ❞❛t❛✢♦✇ ❣r❛♣❤s s✐③❡s s❝❛❧❡ ❧✐♥❡❛r❧②✶ ✇✐t❤ t❤❡ t❛r❣❡t
❍▼▼ ♣r♦✜❧❡ s✐③❡ M ✳ ❋♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ ♣r♦✜❧❡ s✐③❡s ✭ ❡✳❣✳✱ ❣r❡❛t❡r t❤❛♥ ✶✵✵✮ t❤❡
str❛✐❣❤t❢♦r✇❛r❞ ♠❛♣♣✐♥❣ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ❞❛t❛✢♦✇ ❣r❛♣❤ t♦ ❛ ❤❛r❞✇❛r❡ ❞❛t❛♣❛t❤
q✉✐❝❦❧② ❜❡❝♦♠❡s ♦✉t ♦❢ r❡❛❝❤ ♦❢ ♠♦st ❋P●❆ ♣❧❛t❢♦r♠s✳

❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❛tt❡r♥ ♦❢ ❜♦t❤ ❛❧❣♦r✐t❤♠s ❡①❤✐❜✐ts ❛ ❧♦t
♦❢ r❡❣✉❧❛r✐t②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛♣♣❧② ❛ s✐♠♣❧❡ t✐❧✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ t✐❧❡s
❡❛❝❤ ❞❛t❛✢♦✇ ♦❢ s✐③❡ M ✐♥t♦ P ♣❛rt✐t✐♦♥s✱ ❡❛❝❤ ♦❢ t❤❡♠ ❝❛❧❝✉❧❛t✐♥❣ M/P ❝♦♥✲
s❡❝✉t✐✈❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝✉rr❡♥t ❝♦❧✉♠♥✳ ❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥✱ ❛♥❞ ✐ts ✐♠♣❛❝t ♦♥
t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✻❜✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ▼❙❱✱
t❤❡ ♣❛rt✐t✐♦♥❡❞ ❞❛t❛♣❛t❤ s❤♦✉❧❞ ✐♠♣❧❡♠❡♥t ❛ M/P r❡❞✉❝t✐♦♥ ♠❛① ♦♣❡r❛t♦r✱
✇❤❡r❡❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ P✼❱✐t❡r❜✐✱ ✇❡ ♥❡❡❞ ❛ M/P ♠❛① ♣r❡✜① ♦♣❡r❛t✐♦♥✳

❆s ❛ s✉♠♠❛r②✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ✈❛r✐♦✉s ❞❡s✐❣♥ s♣❛❝❡ ♣♦✐♥ts t❤❛t ✇❡
❡①♣❧♦r❡❞ ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✹✳

✺✳✺ ❆❝❝❡❧❡r❛t✐♥❣ t❤❡ ❢✉❧❧ ❍▼▼❊❘ ❡①❡❝✉t✐♦♥ ♣✐♣❡❧✐♥❡

❆s ♠❡♥t✐♦♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✷✳✹✱ ✐♠♣r♦✈✐♥❣ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ r❡q✉✐r❡s t❤❛t
❜♦t❤ ▼❙❱ ❛♥❞ P✼❱✐t❡r❜✐ ❛r❡ ❛❝❝❡❧❡r❛t❡❞ ✐♥ ❤❛r❞✇❛r❡✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✈❡r②
❡❛s✐❧② ❜② str❡❛♠✐♥❣ t❤❡ ♦✉t♣✉t ♦❢ ▼❙❱ t♦ t❤❡ ✐♥♣✉t ♦❢ t❤❡ P✼❱✐t❡r❜✐✱ s♦ ❛s t♦

✶❚❤❡ s❝❛❧✐♥❣ ✐s ❧✐♥❡❛r ❢♦r t❤❡ ❇r❡♥t✲❑✉♥❣ ❛r❝❤✐t❡❝t✉r❡ t❤❛t ✇❡ ✐♠♣❧❡♠❡♥t❡❞✳ ❋♦r t❤❡
▲❛❞♥❡r✲❋✐s❝❤❡r ❛r❝❤✐t❡❝t✉r❡✱ t❤❡ r❡s♦✉r❝❡ ✉s❛❣❡ ❣r♦✇♥ ❛s n log n
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❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✶✻

Tfunc +Tmax.log2P Tmax.log2P

Tfunc

stage i

stage i

Cycle m Cycle m+1 Cycle m+...Cycle m-1

stage i+1

✭❛✮ ❈✲s❧♦✇

Tmax.log2P

Tfunc

Tmax.log2P

Tmax.log2P

Tfunc

Tfunc

stage i stage i+1

Cycle m Cycle m+1 Cycle m+...Cycle m-1

P

P

P

✭❜✮ ❚✐❧❡❞ ▼❛♣♣✐♥❣

❋✐❣✉r❡ ✻✿ ❈✲s❧♦✇ ❛♥❞ ❚✐❧❡❞ ❉❛t❛✢♦✇ ❣r❛♣❤s
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❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✶✼

▼❡t❤♦❞ ❆r❡❛ Tclk ❚❤r♦✉❣❤✲♣✉t
❈♦♠❜✐♥❛t✐♦♥❛❧ O(M) O(log2 M) O( M

log
2

M
)

❚✐❧❡❞ O(M/P ) O(log2
M
P

) O( M

log
2

M

P

)

❈✲s❧♦✇ O(M) O(1) O(M)
❚✐❧❡❞ ✰ ❈✲s❧♦✇ O(M/P ) O(1) O(M/P )

❚❛❜❧❡ ✹✿ ❆ s✉♠♠❛r② ♦❢ t❤❡ ❞✐✛❡r❡♥t ❛r❝❤✐t❡❝t✉r❛❧ s♦❧✉t✐♦♥s✱ ❛❧♦♥❣ ✇✐t❤ t❤❡✐r
s♣❛❝❡✲t✐♠❡ ❝❤❛r❛❝t❡r✐st✐❝s

♠❛♣ t❤❡ ❝♦♠♣❧❡t❡ ❍▼▼❊❘✸ ♣✐♣❡❧✐♥❡ t♦ ❤❛r❞✇❛r❡✳ ❙♣❡❝✐❛❧ ❝❛r❡ ♠✉st ❤♦✇❡✈❡r
❜❡ t❛❦❡♥ ♦❢ t❤❡ ❈✲❙❧♦✇ ❢❛❝t♦r ❢♦r ❜♦t❤ ❛❝❝❡❧❡r❛t♦rs✱ ✇❤✐❝❤ ♠✉st ❜❡ t❤❡ s❛♠❡ s♦
❛s t♦ ❛✈♦✐❞ ❛ ❝♦♠♣❧❡① ❞❛t❛ r❡♦r❣❛♥✐③❛t✐♦♥ ❡♥❣✐♥❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛❝❝❡❧❡r❛t♦rs✳

■♥ ❛❞❞✐t✐♦♥✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡✱ ✐t ✐s ❡✈❡♥ ♣♦ss✐❜❧❡ t♦ ✐♥st❛♥t✐❛t❡
s❡✈❡r❛❧ ❍▼▼❊❘✸ ♣✐♣❡❧✐♥❡s ✐♥ ♣❛r❛❧❧❡❧✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✼✳

MSV filter P7Viterbi 

MSV filter P7Viterbi 

MSV filter P7Viterbi 

P iterations in // P’ iterations in //

❋✐❣✉r❡ ✼✿ ❙②st❡♠ ❧❡✈❡❧ ✈✐❡✇ ♦❢ ❛ ❝♦♠♣❧❡t❡ ❍▼▼❊❘✸ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦r

❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r t♦ ♦♣t✐♠✐③❡ ❤❛r❞✇❛r❡ r❡s♦✉r❝❡ ✉s❛❣❡✱ ✇❡ ♠✉st ❛❧s♦ ❡♥s✉r❡
t❤❛t t❤❡ ♣✐♣❡❧✐♥❡ ✇♦r❦❧♦❛❞ ✐s ✇❡❧❧ ❞✐str✐❜✉t❡❞ ❛♠♦♥❣ t❤❡ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦rs✳
▲❡t ✉s q✉❛♥t✐❢② t❤❡ t♦t❛❧ ❛❧❣♦r✐t❤♠ ❡①❡❝✉t✐♦♥ t✐♠❡✱ ✇r✐tt❡♥ ❛s Ttotal ✇❤❡♥ t❤❡
t✇♦ t❛s❦ ❡①❡❝✉t✐♦♥s ❛r❡ ♣✐♣❡❧✐♥❡❞✱ ✇❡ ❤❛✈❡ ✿

Ttotal = max (Tmsv, αTviterbi)

❲❤❡r❡ TMSV ❛♥❞ TV iterbi ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❛✈❡r❛❣❡ ❛❧❣♦r✐t❤♠ ❡①❡❝✉t✐♦♥
t✐♠❡s✱ ❛♥❞ ✇❤❡r❡ α ✐s t❤❡ ✜❧t❡r✐♥❣ s❡❧❡❝t✐✈✐t②✳ ❖♣t✐♠✐③✐♥❣ ♣❡r❢♦r♠❛♥❝❡ t❤❡r❡✲
❢♦r❡ ♠❡❛♥s ❡♥s✉r✐♥❣ t❤❡ r❛✇ ♣❡r❢♦r♠❛♥❝❡ ✭✐♥ ●❈❯P❙✮ ♦❢ t❤❡ P✼❱✐t❡r❜✐ ❛❝❝❡❧✲
❡r❛t♦r ✐s ❛❜❧❡ t♦ s✉st❛✐♥ t❤❡ ✜❧t❡r❡❞ ♦✉t♣✉t ♦❢ t❤❡ ▼❙❱ ❛❝❝❡❧❡r❛t♦r✱ t❤❛t ✐s✱ ✐t✬s
♣❡r❢♦r♠❛♥❝❡ s❤♦✉❧❞ ❜❡ ❛t ❧❡❛st 1/20th t❤❛t ♦❢ ▼❙❱✳

❯s✐♥❣ t❤✐s ❝♦♥str❛✐♥t ✇❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ ❛ s❡t ♦❢ ♣✐♣❡❧✐♥❡ ❝♦♥✜❣✉r❛t✐♦♥s✱
❜② ❝❤♦♦s✐♥❣ ❞✐st✐♥❝t t✐❧✐♥❣ ♣❛r❛♠❡t❡rs ✭✐✳❡✳ ♣❛rt✐t✐♦♥ s✐③❡s✮ ❢♦r P✼❱✐t❡r❜✐ ❛♥❞
▼❙❱ s✉❝❤ t❤❛t t❤❡ ❧❡✈❡❧ ♦❢ ♣❛r❛❧❧❡❧✐s♠ ❡①♣♦s❡❞ ✐♥ ▼❙❱ ✐s ❛t ❧❡❛st 20× t❤❛t ♦❢
P✼❱✐t❡r❜✐✳
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❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✶✽

✻ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈✐❞❡ ❛♥ ✐♥✲❞❡♣t❤ q✉❛♥t✐t❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ ♦✉r ♣r♦♣♦s❡❞ ❛r✲
❝❤✐t❡❝t✉r❡s✱ ❛♥❞ ❝♦♠♣❛r❡ t❤❡✐r ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ t❤❛t ♦❢ st❛t❡ ♦❢ t❤❡ ❛rt s♦❢t✇❛r❡
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❍▼▼❊❘✸ ♦♥ ❈P❯ ✉s✐♥❣ t❤❡ ❙❙❊ ❙■▼❉ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❖✉r t❛r❣❡t ❡①❡❝✉t✐♦♥ ♣❧❛t❢♦r♠ ❝♦♥s✐sts ✐♥ ❛ ❤✐❣❤✲❡♥❞ ❋P●❆ ❛❝❝❡❧❡r❛t♦r ❢r♦♠
❳tr❡♠❡❉❛t❛ ✭❳❉✷✵✵✵✐✲❋❙❇❋P●❆✮ ✇❤✐❝❤ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ✉s❡❞
❢♦r ✐♠♣❧❡♠❡♥t✐♥❣ ❜✐♦✐♥❢♦r♠❛t✐❝s ❛❧❣♦r✐t❤♠s ❬✷❪✳ ❚❤✐s ♣❧❛t❢♦r♠ ❝♦♥t❛✐♥s t✇♦
❙tr❛t✐①✲■■■ ✷✻✵ ❋P●❆s✱ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❧♦❝❛❧ ♠❡♠♦r② ✭✽✳✺ ●❇②t❡s✴s✮ ❛♥❞ ❛
t✐❣❤t ❝♦✉♣❧✐♥❣ t♦ t❤❡ ❤♦st ❢r♦♥t s✐❞❡ ❜✉s t❤♦✉❣❤ ■♥t❡❧ ◗✉✐❝❦ ❆ss✐st t❡❝❤♥♦❧♦❣②✱
♣r♦✈✐❞✐♥❣ s✉st❛✐♥❡❞ ✷●❇②t❡s✴s ❜❛♥❞✇✐❞t❤ ❜❡t✇❡❡♥ t❤❡ ❋P●❆ ❛♥❞ t❤❡ ❤♦st
♠❛✐♥ s②st❡♠ ♠❡♠♦r②✳

❖✉r ❞❡s✐❣♥ ✢♦✇ ❧❡✈❡r❛❣❡s ♦♥ ❍✐❣❤✲❧❡✈❡❧ s②♥t❤❡s✐s t❤r♦✉❣❤ ❛ ❝♦♠♠❡r❝✐❛❧ ❈
t♦ ❍❛r❞✇❛r❡ ❝♦♠♣✐❧❡r ✭■♠♣✉❧s❡✲❈✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ s❡♠✐ ❛✉t♦♠❛t❡❞ s♦✉r❝❡ t♦
s♦✉r❝❡ ❝♦♠♣✐❧❡r ❬✶❪ s♦ ❛s t♦ ❡❛s❡ ❛r❝❤✐t❡❝t✉r❛❧ ❞❡s✐❣♥ s♣❛❝❡ ❡①♣❧♦r❛t✐♦♥✳

❚❤❡ r❡st ♦❢ t❤❡ s❡❝t✐♦♥ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✱ ✇❡ ✜rst ♠❛❦❡ ❛ q✉❛♥t✐t❛t✐✈❡
❛♥❛❧②s✐s ♦❢ ♣❡r❢♦r♠❛♥❝❡✴❛r❡❛ r❡s✉❧ts ❢♦r t❤❡ ▼❙❱ ❛❝❝❡❧❡r❛t♦r✱ t❤❡♥ ❛❞❞r❡ss t❤❡
♠❛♣♣✐♥❣ ♦❢ ♠❛① ♣r❡✜① ♥❡t✇♦r❦ ✐♠♣❧❡♠❡♥t❡❞ ♦♥ ❋P●❆ ❛❧♦♥❣ ✇✐t❤ P✼❱✐t❡r❜✐ ✐♠✲
♣❧❡♠❡♥t❛t✐♦♥ r❡s✉❧ts✳ ❋✐♥❛❧❧②✱ ✇❡ ❞✐s❝✉ss s②st❡♠ ❧❡✈❡❧ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❝♦♠♣❛r❡
♦✉r ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✇✐t❤ t❤❛t ♦❢ ❛♥ ❤②♣♦t❤❡t✐❝ ●P❯ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥✳

✻✳✶ ❆r❡❛✴♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts ❢♦r t❤❡ ▼❙❱ ✜❧t❡r

❚❛❜❧❡ ✺ s✉♠♠❛r✐③❡s ❛r❡❛ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r s❡✈❡r❛❧ ▼❙❱
❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦rs ✉s✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ M ❛♥❞ S ✭t❤❡ ▼❙❱ ❛❝❝❡❧❡r❛t♦r
❞♦❡s♥✬t ♥❡❡❞ t✐❧✐♥❣ ❛s ❢♦r ❛❧❧ ♣r♦✜❧❡ s✐③❡s✱ ✐t ✜ts ✐♥ t❤❡ ❋P●❆✮✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✱
t❤❛t ❡✈❡♥ t❤♦✉❣❤ ✇❡ ✉s❡ ❛ ❈ t♦ ❤❛r❞✇❛r❡ ❤✐❣❤ ❧❡✈❡❧ s②♥t❤❡s✐s t♦♦❧✱ ✇❡ ❛r❡
❛❜❧❡ t♦ ❛❝❤✐❡✈❡ r❡♠❛r❦❛❜❧② ❤✐❣❤ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝✐❡s ✭✉♣ t♦ 215 MHz✮✳ ❲❤❡♥
❝♦♠♣❛r❡❞✷ ✇✐t❤ t❤❛t ♦❢ t❛❜❧❡ ✶ r❡s✉❧ts ✐♥❞✐❝❛t❡ s♣❡❡❞✉♣ ❢♦r ❛ s✐♥❣❧❡ ❛❝❝❡❧❡r❛t♦r
✈❛r②✐♥❣ ❜❡t✇❡❡♥ 3× t♦ 6× ❞❡♣❡♥❞✐♥❣ ♦♥ M ✳

▼ ❈✲❙❧♦✇ ✭S✮ ▲♦❣✐❝ ❯t✐❧✳ ▼✾❑ ▼❍③ ●❈❯P❙

✻✹ ✼ ✶✵❦ ✴ ✺✪ ✻✻ ✴ ✽✪ ✷✶✺ ✶✹
✶✷✽ ✽ ✶✾❦ ✴ ✾✪ ✶✸✵ ✴ ✶✺✪ ✷✵✶ ✷✺
✷✺✻ ✾ ✸✼❦ ✴ ✶✾✪ ✷✺✽ ✴ ✸✵✪ ✶✼✺ ✹✺
✺✶✷ ✶✵ ✻✾❦ ✴ ✸✹✪ ✺✶✸✴✻✵✪ ✶✻✵ ✽✶

❚❛❜❧❡ ✺✿ P❡r❢♦r♠❛♥❝❡ ❛♥❞ r❡s♦✉r❝❡ ✉s❛❣❡ ♦❢ ♦✉r ▼❙❱ ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥

✻✳✷ ❆r❡❛✴♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts ❢♦r ♠❛①✲♣r❡✜① ♥❡t✇♦r❦s

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✱ t❤❡ P✼❱✐t❡r❜✐ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s❡s ❛ ♣❛r❛❧❧❡❧ ♠❛①
♣r❡✜① s❝❤❡♠❡✱ ❢♦r ✇❤✐❝❤ ♠❛♥② ✐♠♣❧❡♠❡♥t❛t✐♦♥ s❝❤❡♠❡ ❡①✐sts✳ ❆s t❤✐s ❝♦♠♣✉✲
t❛t✐♦♥❛❧ ♣❛tt❡r♥ ✐s ❛t t❤❡ ❝♦r❡ ♦❢ t❤❡ ♠♦❞✐✜❡❞ ❛❧❣♦r✐t❤♠✱ ✇❡ ❡①♣❧♦r❡❞ s❡✈❡r❛❧
❛❧t❡r♥❛t✐✈❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s s♦ ❛s t♦ ❡①♣❡r✐♠❡♥t❛❧❧② q✉❛♥t✐❢② t❤❡✐r r❡s♣❡❝t✐✈❡
♠❡r✐ts ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ❋P●❆ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

✷❚❤✐s ✐s ❛♥ r♦✉❣❤ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛s ✇❡ s❤♦✉❧❞ ❛❧s♦ ❛❝❝♦✉♥t ❢♦r t❤❡ t✐♠❡ s♣❡♥t ❜② t❤❡
s♦❢t✇❛r❡ ✐♥ P✼❱✐t❡rt✐ ✭✷✵✪ ♦❢ t❤❡ t♦t❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡✮

❘❘ ♥➦ ✼✸✼✵



❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✶✾

▼❡t❤♦❞ ✶✻ ✸✷ ✻✹ ✶✷✽
❆r❡❛

❇r❡♥t✲❑✉♥❣ ✽✽✸ ✶✽✼✾ ✸✾✼✷ ✽✵✸✵
▲❛❞♥❡r✲❋✐s❝❤❡r ✺✶✷ ✷✼✷✽ ✻✷✻✻ ✶✹✷✷✻
❑♦❣❣❡✲❙t♦♥❡ ✶✽✹✻ ✹✻✸✼ ✶✶✸✾✹ ✷✻✼✽✻

Fmax

❇r❡♥t✲❑✉♥❣ ✽✷ ✺✾✳✼ ✹✼✳✷✹ ✸✻✳✾✶
▲❛❞♥❡r✲❋✐s❝❤❡r ✶✵✾ ✼✾✳✻ ✻✺✳✻ ✺✸✳✹
❑♦❣❣❡✲❙t♦♥❡ ✶✵✷ ✼✻✳✽ ✻✶ ✹✻✳✽

❚❛❜❧❡ ✻✿ ❙♣❡❡❞✴❆r❡❛ r❡s✉❧ts ❢♦r ❝♦♠❜✐♥❛t✐♦♥❛❧ ♣❛r❛❧❧❡❧ ♠❛① ♣r❡✜① ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥s ♦♥ ❙tr❛t✐①✲■■ ❋P●❆

❚❤❡ r❡s✉❧ts ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ t❛❜❧❡ ✻ s❤♦✇ t❤❛t ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ M ✱ s♦
❝❛❧❧❡❞ ❢❛st ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ♣❛r❛❧❧❡❧ ♣r❡✜① s✉❝❤ ❛s ❑♦❣❣❡✲❙t♦♥❡ ♦r ▲❛❞♥❡r✲
❋✐s❝❤❡r ♣r♦✈✐❞❡ ♦♥❧② ♠❛r❣✐♥❛❧ s♣❡❡❞ ✐♠♣r♦✈❡♠❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❇r❡♥t✲
❑✉♥❣ ❛r❝❤✐t❡❝t✉r❡✳ ❚❤✐s ❝❛♥ ❡❛s✐❧② ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❧♦♥❣ ✇✐r❡s ✉s❡❞ ✐♥ t❤❡
t✇♦ ✜rst t✇♦ ❛♣♣r♦❛❝❤❡s✱ ✇❤✐❝❤ ♠❛❦❡ t❤❡ r♦✉t✐♥❣ ♠✉❝❤ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ♦♥ ❛♥
❋P●❆✳

✻✳✸ ❆r❡❛✴♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts ❢♦r t❤❡ P✼❱✐t❡r❜✐ ✜❧t❡r

❚❛❜❧❡ ✼ s✉♠♠❛r✐③❡s ❛r❡❛ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r s❡✈❡r❛❧ P✼❱✐t❡r❜✐
❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦rs ✉s✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ M ✱S ❛♥❞ P ✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✱
t❤❛t r❡✲✇r✐tt❡♥ P✼❱✐t❡r❜✐ ❦❡r♥❡❧ ❝❛♥ ❞❡❧✐✈❡r q✉✐t❡ ♣r♦♠✐s✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤
log2(M) ❈❙❧♦✇ ❢❛❝t♦r✳ ❇② ✜tt✐♥❣ ♠✉❧t✐♣❧❡ ✐♥st❛♥❝❡s ♦❢ P✼❱✐t❡r❜✐ ♦♥ ❜♦❛r❞✱ ■t
❝❛♥ ❛❧♦♥❡✭✐✳❡✳ ♥♦t ✉s✐♥❣ ▼❙❱ ✜❧t❡r✮ ♣❡r❢♦r♠ ❜❡tt❡r t❤❛♥ ❡❛r❧✐❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ ❍▼▼❊❘✷✳

P ▼ ▲♦❣✐❝ ❯t✐❧✳ ▼✾❑ ▼❍③ ●❈❯P❙

✽ ✻✹ ✺✳✽❑ ✴ ✷✳✽✪ ✻✾ ✴ ✽✪ ✶✷✻ ✶
✶✻ ✻✹ ✶✵✳✶❑ ✴ ✹✳✾✪ ✶✶✷ ✴ ✶✸✪ ✶✶✾ ✶✳✾
✽ ✶✷✽ ✻✳✽❑ ✴ ✸✳✸✪ ✶✷✽ ✴ ✶✹✳✽✪ ✶✷✹ ✵✳✾✾
✶✻ ✷✺✻ ✶✹❑✴ ✻✳✾✪ ✶✼✵ ✴ ✶✾✳✼✪ ✶✶✼ ✶✳✽✼
✸✷ ✷✺✻ ✷✽✳✼❦ ✴ ✶✹✪ ✸✸✷ ✴ ✸✽✪ ✶✶✷ ✸✳✻

❚❛❜❧❡ ✼✿ P❡r❢♦r♠❛♥❝❡ ❛♥❞ ❛r❡❛ ❢♦r ♦✉r P✼❱✐t❡r❜✐ ✐♠♣❧❡♠❡♥t❛t✐♦♥

✻✳✹ ❙②st❡♠ ❧❡✈❡❧ ♣❡r❢♦r♠❛♥❝❡

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ♣r♦✈✐❞❡❞ ❛r❡❛✴♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts ♦♥❧② ❢♦r st❛♥❞❛❧♦♥❡ ❛❝❝❡❧✲
❡r❛t♦r ♠♦❞✉❧❡s✱ ✇❤✐❝❤ s❤♦✉❧❞ ❛t s♦♠❡ ♣♦✐♥t ❜❡ ✐♥t❡❣r❛t❡❞ t♦❣❡t❤❡r ✐♥ ♦♥❡ ♦r
s❡✈❡r❛❧ ❝♦♠♣❧❡t❡ ❍▼▼❊❘✸ ❝♦♠♣✉t❛t✐♦♥ ♣✐♣❡❧✐♥❡s✳

❋♦❧❧♦✇✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ♦♥ ♣✐♣❡❧✐♥❡ ✇♦r❦❧♦❛❞ ❜❛❧❛♥❝✐♥❣✱ ❛♥❞ ❣✐✈❡♥ t❤❡ r❡✲
s♦✉r❝❡ ❛✈❛✐❧❛❜❧❡ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❛❝❝❡❧❡r❛t♦r ♦♥ t❤❡ ❜♦❛r❞✱ ✇❡ ❞❡r✐✈❡❞ ❛ s❡t ♦❢
♣✐♣❡❧✐♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t❛r❣❡t ♣r♦✜❧❡ s✐③❡ M ✳

❘❘ ♥➦ ✼✸✼✵



❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✷✵

▼ ❈✲❙❧♦✇ ✭S✮ P R ❊st✳ ●❈❯P❙ ❚❤r♦✉❣❤✲♣✉t

✻✹ ✼ ✽ ✺ ✻✾ ✶✵✼✺ ▼❇✴s
✶✷✽ ✽ ✶✻ ✷ ✺✶ ✹✵✷ ▼❇✴s
✷✺✻ ✾ ✶✻ ✶ ✹✺ ✶✼✺ ▼❇✴s

❚❛❜❧❡ ✽✿ P✐♣❡❧✐♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦♥ ❛ s✐♥❣❧❡ ❙tr❛t✐①■■■✷✻✵

❚❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥ ❤❛✈❡ ♣❛r❛♠❡t❡rs ✭❈✲❙❧♦✇ ❢❛❝t♦r S✱ ❚✐❧✐♥❣ ♣❛r❛♠❡t❡r P ✱
♥✉♠❡r ♦❢ ♣❛rr❛❧❡❧ ♣✐♣❡❧✐♥❡ R✮ ❝❤♦s❡♥ s♦ ❛s t♦ ♠❛①✐♠✐s❡ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡✳
❚❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ M ✐♥ ❝❤♦s❡♥ ❛s ❢♦❧❧♦✇s✿

❼ ❋✐rst✱ ✇❡ ❝❤♦♦s❡ t❤❡ ❈✲s❧♦✇ ❢❛❝t♦r S s♦ ❛s t♦ ❡♥❛❜❧❡ t❤❡ ✜♥❡ ❣r❛✐♥ ♣✐♣❡❧✐♥✐♥❣
✭✐✳❡✳ ❛t t❤❡ ♦♣❡r❛t♦r ❧❡✈❡❧✮ ♦❢ t❤❡ ▼❙❱ ❛❝❝❡❧❡r❛t♦r✳ ❚❤❡ s❛♠❡ ✈❛❧✉❡ ✐s t❤❡♥
✉s❡❞ ❢♦r t❤❡ ♣✐♣❡❧✐♥✐♥❣ t❤❡ P✼❱✐t❡r❜✐ ❛❝❝❡❧❡r❛t♦r✳

❼ ❙❡❝♦♥❞✱ ✇❡ ❝❤♦♦s❡ t❤❡ P❛rt✐t✐♦♥ P s✐③❡ s♦ t❤❛t t❤❡ P✼❱✐t❡r❜✐ ❛❝❝❡❧❡r❛t♦r
❝❛♥ s✉st❛✐♥ ❛t ❧❡❛st ✶✴✷✵ ♦❢ t❤❡ ▼❙❱ ✐♥♣✉t t❤r♦✉❣❤✲♣✉t✳

❼ ▲❛st✱ ♦♥❝❡ ✇❡ ❤❛✈❡ ❛❧❧ ♣❛r❛♠❡t❡rs ❞❡✜♥✐♥❣ ❛ s✐♥❣❧❡ ❍▼▼❊❘✸ ♣✐♣❡❧✐♥❡✱
✇❡ tr② t♦ ♣❛❝❦ ❛s ♠❛♥② ♦❢ t❤❡♠ ❛s ♣♦ss✐❜❧❡ ✭♠❛①✐♠✐③❡ R✮ ♦♥ t❤❡ t❛r❣❡t
❋P●❆ ♣❧❛t❢♦r♠ s♦ ❛s t♦ ♠❛①✐♠✐s❡ ♣❛r❛❧❧❡❧✐s♠✳

❚❛❜❧❡ ✽ ♣r♦✈✐❞❡ s♦♠❡ ♦❢ t❤❡ ♣✐♣❡❧✐♥❡ ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ✇❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤
t❤✐s ❛♣♣r♦❛❝❤✳ ❆t t❤❡ t✐♠❡ ♦❢ t❤❡ s✉❜♠✐ss✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ❛r❡ st✐❧❧ ✜♥❛❧✐③✐♥❣
t❤❡ ✈❛❧✐❞❛t✐♦♥ ♦❢ ❝♦♠♣❧❡t❡ s②st❡♠s ✇✐t❤ ❢✉❧❧ ♣✐♣❡❧✐♥❡s✳ ❲❡ ❡①♣❡❝t t♦ ♣r❡s❡♥t
♠♦r❡ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts ✐♥ t❤❡ ✜♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤✐s ✇♦r❦✱ ❜✉t ✇❡ ♠✉st
❡♠♣❤❛s✐s t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❝✉rr❡♥t❧② ♣r♦✈✐❞❡❞ ✐♥ ❚❛❜❧❡ ✽ ❛r❡ ♦♥❧② ❡st✐♠❛t❡s
❛♥❞ ♥♦t ❛❝t✉❛❧ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡s❡ ❡st✐♠❛t❡s s❤♦✇ t❤❛t s♣❡❡❞✉♣ ♦❢ ✉♣ t♦ ??×
❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ♦♥❧② ♦♥❡ ♦❢ t❤❡ t✇♦ ❋P●❆ ♦❢ t❤❡ ♣❧❛t❢♦r♠✳ ❚❤❡② ✇❡r❡
♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❜❡❧♦✇✱ ✇❤❡r❡ fMSV ✭r❡s♣✳ fP7V ✮ ❝♦rr❡s♣♦♥❞ t♦ t❤❡
▼❙❱ ✭r❡s♣✳ P✼❱✐t❡r❜✐✮ ❛❝❝❡❧❡r❛t♦r ♠❛①✐♠✉♠ ❝❧♦❝❦ ❢r❡q✉❡♥❝②✳

GCUPS = R(MfMSV +
1

20
M/PfP7V )

❊✈❡♥ t❤♦✉❣❤ ❡①tr❛♣♦❧❛t✐♥❣ s②st❡♠✲❧❡✈❡❧ ♣❡r❢♦r♠❛♥❝❡ ❢r♦♠ P✫❘ ❞❛t❛ ✐s s♦♠❡✲
✇❤❛t ❞✐s♣✉t❛❜❧❡✱ ✇❡ ❛r❡ ❝♦♥✜❞❡♥t t❤❛t ♦✉r ❛r❝❤✐t❡❝t✉r❡ ♣❡r❢♦r♠❛♥❝❡ ✇✐❧❧ ❜❡ ❝❧♦s❡
t♦ ♦✉r ❡st✐♠❛t❡s✱ ❛s ✇❡ ❤❛✈❡ ♣r❛❝t✐❝❛❧ ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ■✴❖ r❡q✉✐r❡♠❡♥ts s❤♦✇♥
✐♥ t❤❡ ❧❛st ❝♦❧✉♠♥s ♦❢ ❚❛❜❧❡ ✽ ❛r❡ ✇✐t❤✐♥ t❤❡ r❡❛❝❤ ♦❢ ♦✉r t❛r❣❡t ❋P●❆ ♣❧❛t❢♦r♠✱
❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♠❡❛s✉r❡❞ ❛ s✉st❛✐♥❡❞ ❍♦st t♦ ❋P●❆ t❤r♦✉❣❤✲♣✉t ♦❢ ♠♦r❡
t❤❛♥ ✶✳✺●❇②t❡✴s❡❝✳

✻✳✺ ❉✐s❝✉ss✐♦♥

❖♥❡ q✉❡st✐♦♥ r❛✐s❡❞ ❜② ♦✉r r❡s✉❧ts ✐s ✇❤❡t❤❡r ♦✉r ❋P●❆ ✇♦✉❧❞ ❛❝t✉❛❧❧② ♣❡r❢♦r♠
❢❛st❡r t❤❛♥ ❛♥ ❡q✉✐✈❛❧❡♥t ●P❯ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ♣♦✐♥t ❛s
●P❯ ♦✛❡rs ♠♦r❡ ✢❡①✐❜✐❧✐t② ❛t ❛ ♠✉❝❤ ❧♦✇❡r ❝♦st t❤❛♥ ❛ t②♣✐❝❛❧ ❍P❈ ❋P●❆
♣❧❛t❢♦r♠✱ ❡✈❡♥ ✐❢ t❤❡✐r ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ✐s ✈❡r② ❤✐❣❤✳ ❙❛❞❧②✱ t❤❡r❡ ✐s ❝✉rr❡♥t❧②
♥♦ ●P❯ ✈❡rs✐♦♥ ♦❢ ❍▼▼❊❘✸ ❛✈❛✐❧❛❜❧❡ ❢♦r ❝♦♠♣❛r✐♥❣ t❤❡ t✇♦ t❛r❣❡ts✳
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❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✷✶

❲❡ ❤♦✇❡✈❡r ❜❡❧✐❡✈❡ t❤❛t✱ t♦ t❤❡ ❝♦♥tr❛r② ♦❢ ❍▼▼❊❘✷✱ ❛ ●P❯ ✈❡rs✐♦♥ ♦❢
❍▼▼❊❘✸ ✇♦✉❧❞ ♦♥❧② ♦✛❡r ♠❛r❣✐♥❛❧ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥ts ✇✳r✳t t❤❡ ♦♣t✐✲
♠✐③❡❞ ❙❙❊ ✈❡rs✐♦♥✳ ■♥❞❡❡❞✱ ♣r❡✈✐♦✉s❧② r❡♣♦rt❡❞ ●P❯ ♣❡r❢♦r♠❛♥❝❡ ❬✶✻❪ ✐♠♣r♦✈❡✲
♠❡♥ts ❢♦r ❍▼▼❊❘✷ ✇❡r❡ ✐♥ t❤❡ ♦r❞❡r ♦❢ 15 − 35× ❢♦r ❛ s✐♥❣❧❡ ●P❯ ♦✈❡r t❤❡
s♦❢t✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤✐s ❧❛t❡r ♦♥❡ ✉s✐♥❣ ✸✷ ❜✐t ❛r✐t❤♠❡t✐❝ ❛♥❞ ♥♦t t❛❦✐♥❣
❛❞✈❛♥t❛❣❡ ♦❢ ■♥t❡❧ ❙■▼❉ ❡①t❡♥s✐♦♥s✳

❲❤❡♥ ❧♦♦❦✐♥❣ ❛t ❍▼▼❊❘✸ ♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts ✭❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✮✱ ✐t t✉r♥s
♦✉t t❤❛t t❤❡ ✉s❡ ♦❢ ❛♥ ♦♣t✐♠✐③❡❞ ❙❙❊ s♦❢t✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛❧♦♥❡ ❜r✐♥❣s
✉♣ t♦ 20× ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡♠❡♥t ♦✈❡r t❤❡ ♥♦♥ ❙❙❊ ✈❡rs✐♦♥✱ ❛ s♣❡❡❞✲✉♣
s♦♠❡✇❤❛t s✐♠✐❧❛r t❤❛♥ t❤❛t ♦❢ t❤❡ ●P❯s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r ❍▼▼❊❘✷✱ ❛♥❞
✇❤✐❝❤ ✐s ♠♦st❧② ❞✉❡ t♦ t❤❡ s②st❡♠❛t✐❝ ✉s❡ ♦❢ s✉❜✲✇♦r❞ ♣❛r❛❧❧❡❧✐s♠✳ ❆s ●P❯s
❞♦ ♥♦t ❤❛✈❡ s✉♣♣♦rt ❢♦r s❤♦rt ✐♥t❡❣❡r s✉❜✲✇♦r❞ ♣❛r❛❧❧❡❧✐s♠✱ ✐t ✐s t❤❡r❡❢♦r❡ ✈❡r②
✉♥❧✐❦❡❧② t❤❛t t❤❡② ✇✐❧❧ ❞♦ ♠✉❝❤ ❜❡tt❡r t❤❛♥ ❙❙❊ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳
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❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✷✷

✼ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❞♦❝✉♠❡♥t✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦r ❛r❝❤✐t❡❝t✉r❡ ❢♦r
t❤❡ ♥❡✇ ❍▼▼❊❘✸ ♣r♦✜❧❡ ❜❛s❡❞ s❡❛r❝❤ s♦❢t✇❛r❡✳ ❚❤✐s ❛r❝❤✐t❡❝t✉r❡ ❧❡✈❡r❛❣❡s
♦♥ ❛ r❡✇r✐t✐♥❣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❡①♣♦s❡ r❡❞✉❝t✐♦♥ ❛♥❞ ♣r❡✜① s❝❛♥ ❝♦♠♣✉t❛✲
t✐♦♥ ♣❛tt❡r♥s ✇✐t❤♦✉t ♠♦❞✐❢②✐♥❣ t❤❡ s❡♠❛♥t✐❝ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠✳ ❚❤✐s
r❡✇r✐t✐♥❣ ♣❡r♠✐t ❛ ❢✉❧❧ ❛♥❞ ❡✣❝✐❡♥t ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ t❤❡ t✇♦ ❦❡r♥❡❧s ♦♥ ❤❛r❞✲
✇❛r❡✱ ❛♥❞ ✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛♥ ❛r❝❤✐t❡❝t✉r❛❧ ❞❡s✐❣♥ s♣❛❝❡ ❡①♣❧♦r❛t✐♦♥ st❛❣❡ s♦
❛s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❜❡st ♣❡r❢♦r♠✐♥❣ ❛r❝❤✐t❡❝t✉r❡ ❢♦r ❛ ❣✐✈❡♥ ❍▼▼❊❘ ♣r♦✜❧❡
s✐③❡✱ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛♠♦✉♥t ♦❢ ❛✈❛✐❧❛❜❧❡ ❤❛r❞✇❛r❡ r❡s♦✉r❝❡ ❛♥❞ t❤❡
♣✐♣❡❧✐♥❡ ✇♦r❦❧♦❛❞ ❜❛❧❛♥❝❡✳ ❖✉r ✜rst ❡st✐♠❛t❡s s❤♦✇s t❤❛t s♣❡❡❞✉♣ ❜❡t✇❡❡♥ 10×
❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ✇✳r✳t t♦ t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt s♦❢t✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❖✉r
♦♥❣♦✐♥❣ ✇♦r❦ ✐s ❝✉rr❡♥t❧② ❣❡❛r❡❞ t♦✇❛r❞ ♦❜t❛✐♥✐♥❣ ❛♥❞ ❛♥❛❧②s✐♥❣ ♣r♦✜❧✐♥❣ ❞❛t❛
❢r♦♠ r❡❛❧✲❧✐❢❡ ✇♦r❦❧♦❛❞s✳ ❲❡ ❆❧s♦ ❝♦♥s✐❞❡r✐♥❣ t♦ ✐♠♣❧❡♠❡♥t ❛ ❝♦♠♣❧❡① ✜❧t❡r ✐♥
❜❡t✇❡❡♥ ▼❙❱ ❛♥❞ P✼❱✐t❡r❜✐✱ ✇❤✐❝❤ ❝❛♥ ❢❡❡❞ ♠✉❧t✐♣❧❡ ✐♥♣✉ts ❢r♦♠ ▼❙❱ t♦ ❛
s✐♥❣❧❡ P✼❱✐t❡r❜✐✳ ❚❤✐s ✇✐❧❧ ❡♥❛❜❧❡ ✉s t♦ ✉s❡ ❤❛r❞✇❛r❡ r❡s♦✉r❝❡s ❛t ❜❡st✳ ❲❡
♠❛② ♦❜t❛✐♥ ❛ s♣❡❡❞✉♣ ♦❢ 15× ✇✐t❤ s✉❝❤ ❛ ✜❧t❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥✳
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❆❝❝❡❧❡r❛t✐♥❣ ❍▼▼❊❘ ♦♥ ❋P●❆ ✉s✐♥❣ P❛r❛❧❧❡❧ Pr❡✜①❡s ❛♥❞ ❘❡❞✉❝t✐♦♥s ✷✸

❘❡❢❡r❡♥❝❡s

❬✶❪ ❚❤❡ ●❡❝♦s ❝♦♠♣✐❧❡r ✐♥❢r❛str✉❝t✉r❡✳ ❤tt♣✿✴✴❣❡❝♦s✳❣❢♦r❣❡✳✐♥r✐❛✳❢r✴❞♦❦✉✳♣❤♣✳

❬✷❪ ❏❡✛r❡② ❆❧❧r❡❞✱ ❏❛❝❦ ❈♦②♥❡✱ ❲✐❧❧✐❛♠ ▲②♥❝❤✱ ❱✐♥❝❡♥t ◆❛t♦❧✐✱ ❏♦s❡♣❤ ●r❡❝❝♦✱
❛♥❞ ❏♦❡❧ ▼♦rr✐ss❡tt❡✳ ❙♠✐t❤✲❲❛t❡r♠❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦♥ ❛ ❋❙❇✲❋P●❆
♠♦❞✉❧❡ ✉s✐♥❣ t❤❡ ■♥t❡❧ ❆❝❝❡❧❡r❛t♦r ❆❜str❛❝t✐♦♥ ▲❛②❡r✳ ■♥ ■P❉P❙✱ ♣❛❣❡s
✶✕✹✳ ■❊❊❊✱ ✷✵✵✾✳

❬✸❪ ❘✳P✳ ❇r❡♥t ❛♥❞ ❍✳❚✳ ❑✉♥❣✳ ❆ r❡❣✉❧❛r ❧❛②♦✉t ❢♦r ♣❛r❛❧❧❡❧ ❛❞❞❡rs✳ ❈♦♠♣✉t❡rs✱

■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥✱ ❈✲✸✶✭✸✮✿✷✻✵ ✕✷✻✹✱ ♠❛r❝❤ ✶✾✽✷✳

❬✹❪ ❙t❡✈❡♥ ❉❡rr✐❡♥ ❛♥❞ P❛tr✐❝❡ ◗✉✐♥t♦♥✳ P❛r❛❧❧❡❧✐③✐♥❣ ❍▼▼❊❘ ❢♦r ❤❛r❞✇❛r❡
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