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NUMERICAL APPROXIMATION OF EFFECTIVE COEFFICIENTS IN
STOCHASTIC HOMOGENIZATION OF DISCRETE ELLIPTIC
EQUATIONS.

ANTOINE GLORIA

Abstract. We introduce and analyze a numerical strategy to approximate effective
coefficients in stochastic homogenization of discrete elliptic equations. In particular,
we consider the simplest case possible: An elliptic equation on the d-dimensional lat-
tice Z¢ with independent and identically distributed conductivities on the associated
edges. Recent results by Otto and the author quantify the error made by approxi-
mating the homogenized coefficient by the averaged energy of a regularized corrector
(with parameter T') on some box of finite size L. In this article, we replace the regu-
larized corrector (which is the solution of a problem posed on Z%) by some practically
computable proxy on some box of size R > L, and quantify the associated additional
error. In order to improve the convergence, one may also consider N independent
realizations of the computable proxy, and take the arithmetic mean of the associated
approximate homogenized coefficients. A natural optimization problem consists in
properly choosing T', R, L and N in order to reduce the error at given computational
complexity. Our analysis is sharp and allows us to give a clear answer to this ques-
tion. In particular, we propose and analyze a numerical algorithm to approximate
the homogenized coefficients, taking advantage of the (nearly) optimal scalings of the
errors we derive. The efficiency of the approach is illustrated by a numerical study in
dimension 2.

Keywords: stochastic homogenization, effective coefficients, difference operator, nu-
merical method.

2010 Mathematics Subject Classification: 35B27, 39A70, 60H25, 656N99 .

1. INTRODUCTION

In this article, we continue the analysis begun with Otto in [9] & [10] on stochastic homog-
enization of discrete elliptic equations. More precisely, we consider real functions u of the
sites  in a d-dimensional Cartesian lattice Z?. Every edge e of the lattice is endowed with
a “conductivity” a(e) > 0. This defines a discrete elliptic differential operator —V* - AV
via
SV AV (@) = 3 ale)(u(@) - uly)),
y

where the sum is over the 2d sites y which are connected by an edge e = [z,y] = [y, x] to
the site x. We assume the conductivities a to be uniformly elliptic in the sense of

a < ale) < [ for all edges e

for some fixed constants 0 < a < 3 < o0.

Date: August 10, 2010.



2 A. GLORIA

We are interested in random coefficients. To fix ideas, we consider the simplest situation
possible:

{a(e)}e are independently and identically distributed (i. i. d.).
Hence the statistics are described by a distribution on the finite interval [a, 3].

Classical results in stochastic homogenization of linear elliptic equations (see [14] and [20]
for the continuous case, and [16] and [15] for the discrete case) state that there exist
homogeneous and deterministic coefficients Apom such that the solution operator of the
continuum differential operator —V - AoV describes the large scale behavior of the
solution operator of the discrete differential operator —V* - AV. As a by product of
this homogenization result, one obtains a characterization of the homogenized coefficients
Apom: It is shown that for every direction & € R?, there exists a unique scalar field ¢ such
that V¢ is stationary (stationarity means that the fields Vo(-) and V(- + z) have the
same statistics for all shifts z € Z%) and (V¢) = 0, solving the equation

—V* - (A(E+V¢)) = 0 inZ (1.1)

and normalized by #(0) = 0. As in periodic homogenization, the function Z¢ > z
¢-x+ ¢(z) can be seen as the A-harmonic function which macroscopically behaves as the
affine function Z¢ 3 x — ¢ -z. With this “corrector” ¢, the homogenized coefficients Ayom
(which in general form a symmetric matrix and for our simple statistics in fact a multiple
of the identity: Anom = ahomld) can be characterized as follows:

£ Anomé = ((§+V9)-A(E+ Vo)) (1.2)

Since the scalar field (£ + V@) - A({ + V@) is stationary, it does not matter (in terms of
the distribution) at which site z it is evaluated in the formula (1.2), so that we suppress
the argument x in our notation.

When one is interested in explicit values for Apop,, one has to solve (1.1) and compute (1.2).
Since this is not possible in practice, one has to make approximations. For a discussion
of the literature on error estimates, in particular the pertinent work by Yurinskii [22] and
Naddaf & Spencer [18], we refer to [9, Section 1.2]. As recalled in [10], a standard approach
used in practice consists in solving (1.1) in a box Qr = [~L, L)¢ with periodic boundary
conditions

—V* . (A(f + V¢L7#)) =0 in QL, (1.3)

and replacing (1.2) by a space average

§-Apgé = ]g (E+Vory) A€+ Vor4). (1.4)

Such an approach is consistent in the sense that

lim AL,# = Ahom

L—oo
almost surely, as proved in [19] for both the continuous and discrete cases (see also [3] and
[4]). Numerical experiments tend to show that the use of periodic boundary conditions
gives better results than other choices such as homogeneous Dirichlet boundary conditions,
see [21]. As argued in [10], the error analysis for (|Az 4 — Ahom|2>1/2 is however not
obvious a priori since V¢ and V¢, 4 are not jointly stationary. In [10], we have followed
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a somewhat different route by considering the stantard regularization of (1.1) to prove
existence of correctors. In particular, we have introduced a zero-order term in (1.1):

T pr —V* - A(+Veér) =0  inZ% (1.5)

The advantage of (1.5) for the analysis is that V¢ and V¢r are jointly stationary and
solve an equation of the same type as (1.1) and (1.5):

—V*- ANV —Vor) = T lor  inZ%

This has been of great help to estimate |A7 — Aypom| via (|[Vér — Vo[?)
rem 1], where

Y2 in [10, Theo-

§-Arg = ((§+Vor) - A(E+ Vor)) . (1.6)
Yet, the defining equation (1.5) for ¢r is still posed on the whole space Z?, which is a
handicap for the numerical practice.

Turning back to the idea leading to (1.3), one may approximate the regularized corrector
¢ by solving (1.5) in a box Qr = [~ R, R)¢, R > L, with periodic boundary conditions

T 'orry — V- AE+Vorry) =0 inQg, (1.7)
and replace (1.6) by

§-Aprpu€ = /Zd (E+Vorry) A€+ Vorru)iL,

where py is a suitable mask with support in Q1 (see Theorem 1). As opposed to the
case without the zero-order term, estimating |Vor — Vér g 4| in a box Qr, is made easy
if R— L > /T due to the exponential decay of the Green function associated with
T—! — V*. AV (see Lemma 3). Therefore, {|Ar g4 — AT7L\2>1/2 is expected to be of
. . . R—L
infinite order in terms of i where
€ Ars€ = [ (€+Tor) A+ Torhur.
z

One crucial feature of the zero-order term is to make the dependence of Vér 1, 4 upon the
boundary value be exponentially small in terms of the distance to the boundary measured
in units of v/7. Hence, although the zero-order term in (1.5) has been introduced for the
“convenience” of the analysis, it turns out that such a term is also very pertinent from
the numerical point of view, as further illustrated at the end of this article in our discrete
stochastic case. Even in the much more studied continuous periodic case (for which the
addition of a zero-order term is not needed for the analysis), such a term yields a striking
improvement of the order of convergence for the approximation of the homogenized coeffi-
cients (see [8]). Let us now give the argument to conclude the numerical analysis. To pass
from an estimate on <\AT7R,L,# — AT7L\2>1/2 to an estimate on <]AT,R7L7# - Ahom]2>1/2,
we use the triangle inequality in the form

1/2

(| AT R4 = Anoml®)"!
1/2 1/2 1/2
< (Arris - Arc®? + Az — ArPY? + (A7 — Avom ),
and then appeal to [9, Theorem 2.1] to deal with the second term of the r. h. s. (which is
the variance of A7), and to [10, Theorem 1] for the last term (which is the systematic
error due to the zero-order perturbation).
3



4 A. GLORIA

Since the zero-order term reduces the dependence of the solution upon the boundary con-
ditions far from the boundary, the precise nature of the boundary conditions is somewhat
irrelevant (in contrast to the numerical evidence in [21] without the zero-order term).
Hence, one may safely replace the periodic boundary conditions of (1.7) by homogeneous
Dirichlet boundary conditions, i. e. without changing the order of convergence of the
method. For the numerical practice the use of Dirichlet boundary conditions is an advan-
tage (sparsity of the matrix, efficient preconditioner, and so on). In this article we will
therefore focus on the following proxy for ¢r in the box @ r: The unique solution ¢ g to

{ T '¢rr—V* - A(+Vorr) = 0  inQg,
¢orr = 0 in Z4\ Qp,
and define an approximation A7 g 1, of Apom by

€ Arns€ = [ (€+Vora) A+ Vormus. (1.9

As we shall prove in Theorem 1, there exists ¢ > 0 (depending only on d and the ellipticity
constants «, ) such that for all R~ L ~ R — L,

R—-L
(|Ar,R,L — 14T,L!2>1/2 < T3 exp (—c N > )

In combination with [9, Theorem 2.1] and [10, Theorem 1] (see the argument hereafter),
this yields the following complete error estimate

d=2 : L~ 'In?L,

2\1/2 d=3 : L7372
<|AT,R,L - Ah0m| > 5 d=4 : L 2In L,
d>4 : L2

provided in addition T < R. This result is the first sharp estimate of the convergence
rate in stochastic homogenization for d > 1 (suboptimal estimates for d > 2 were obtained
in [7] and [3] using Yurinskii’s results in [22]).

In the applied mechanics community, the periodization approach is usually combined with
an empirical average: N independent realizations {AL,#,k}ke{L...,N} of Ay, 4 are computed,
and Apom 18 approximated by

1 N

N

ALv# = NZAL7#7]€.
k=1

Some numerical experiments on such a method with partial conclusions are reported
on in [13]. Proceeding the same way, we may consider N independent realizations of
{Ak}treq,.. Ny of Ajg, and approximate Ay by

1N
N

AT L = _ZATJ%,L,k,
s 4, ]\fk:_1

where A7 g 1 is the approximation (1.8) for the realization Ay of A, k€ {1,...,N}.
An important question for practical purposes is to quantify the dependence of the error

1/2
<|A¥RL — Ah0m|2> in terms of T, R, L and N. Let us first neglect the fact that ¢

has to be approximated on a finite box, and detail some more the error we make by
4
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approximating Apom by AQA{ .- As shown in [9, Introduction] when N = 1 (the argument
does depend on N), the error is made of two contributions, a “systematic error” and a
“random error”:

(A% rL = Anom|) = (Vo — V9) - A(Vor — Vo))’
== Errorg,(T)?

N 2
+ < <<<§ +Veor) - A(§ + Vér)) — % > /Z (€4 Vo) - Ap(€ + Vors) dx) > :
k=1

=: Errormnd(T,L,N)2
The systematic error has been estimated in [10, Theorem 1]

d=2 : T 'In’T,

d=3 : T73/72
Errorgys(T) < d—d . T2IT (1.9)
d>4 : T72,

for some ¢ depending only on «, 3, where “<” stands for “<” up to a multiplicative
constant depending only on «, 3, and d. It vanishes when T | co. Using the independence
of the ¢7 1, we may rewrite the random error as

Erroryana(T, L, N )?

B < <% i <</Zd €+ Vork) - Ap(€ + Vorp)ur dm>

k=1

. /Zd (€ +Vork) - A€+ Vorr)ur dx>>2>

- %Var [ /Z [(E+Vor) - AE + Vor)uL dm] (1.10)

It measures the fluctuations of the energy density. This error vanishes as L T oo, but also
when the number of realizations N 1 co. In [9, Theorem 2.1], we have proved that

12 d=2 : L'In
| [ (e vor) A Vonmar < {475 AT

Hence,
d=2 : (NY20)~'IniT,

EI‘I‘OI‘rand(T,L,N) 5 { d>2 - (Nl/dL)_d/Q.

where ¢ only depends on the coercivity constants. These two estimates then give a clear
suggestion on the choice of N and L (and therefore T via T = L? at first order). There
are two extreme strategies:

(A) compute Nq = N realizations of a system of size Ly = L, T4 = L?;

(B) compute Np = 1 realization of a system of size Lp = NYAL, Ty = N2/4[2,
9



6 A. GLORIA

For both methods, the number of unknowns is M = N L% and the overall errors are:
Errorp (N, M) := Errorgs(L?) + Errorpna(L?, L, N)

d=2 : NM 'In%(NM~')+ M~/21n? M,
d=3 : NM'4+M-V2

<

~ d=4 : NM 'In(NM~')+ M~1/2
d>4 : (NM-H)Yd4 pM-1/2,

and
Errorg(M) = Errorsys(NZ/dLQ) + Errorrand(NQ/dLZ, NYer, 1)

d=2 . M~Y2In? M,

< 2<d<8 : M2
d>8 . MY

For d = 2,3,4 and N = M, Errora (v M, M) and Errorg(M) are of the same order (up
to a logarithm for d = 4). Since the cost of solving a linear system is superlinear in terms
of the number of unknows, it is more favourable to solve N systems of L% unknowns than 1
system of NL? unknowns. Hence, strategy (A) may be preferable for d < 4. In particular,
for d < 4 it seems best to evenly split a given number M of unknowns into the number N
of realizations and the number L% of unknowns per realization, i. e. N = L% = /M.

Yet, this coarse complexity analysis does not take into account the fact that one needs
to approximate ¢ on Qg with R — L > /T, and not on Q. With this respect, the
error analysis we develop in this paper (see Theorem 1) is precise enough to solve the
nontrivial optimization process for the choice of the repartition of the M unknows into N
subproblems of size Ly = (N~'M)Y4¢, at fixed convergence rate.

The article is organized as follows: In Section 2, we introduce the general framework and

1/2
state the main result of this paper, i. e. a sharp estimate of <]A¥ RL ™ Ahom]2> , whose

proof is the object of Section 3. In Section 4, we take advantage of this error analysis
to address the optimization of the number N of subproblems given a fixed total number
M of unknowns. This allows us in particular to check the sharpness of our result on a
two-dimensional example.

To conclude this introduction, let us mention that we’d like to see the discrete stochastic
elliptic operator under investigation here as a good model problem for continuum elliptic
operators with random coefficients of correlation length unity. The extension of the results
of 9, 10] to the continuous stochastic case with mixing coefficients is in progress, [11].
In particular, the adaptation of the strategy, results, and proofs of this article to the
continuous case is straightforward provided the mentioned extensions.

Throughout the paper, we make use of the following notation:

e d > 2 is the dimension;
° fzd dz denotes the sum over z € Z%, and fD dz denotes the sum over z € Z% such
that € D, D of R%;
e (-) is the ensemble average, or equivalently the expectation in the underlying prob-
ability space;
e var [] is the variance associated with the ensemble average;
6
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< and 2 stand for < and > up to a multiplicative constant which only depends on
the dimension d and the constants a, 3 (see Definition 1 below) if not otherwise
stated;

when both < and 2 hold, we simply write ~;

we use > instead of 2 when the multiplicative constant is (much) larger than 1;
(e1,...,eq) denotes the canonical basis of Z¢.

2. MAIN RESULT
2.1. General framework.

Definition 1. We say that a is a conductivity function if there exist 0 < a < 8 < o
such that for every edge e of the square lattice generated by Z?, one has a(e) € [a, 3]. We
denote by A,g the set of such conductivity functions.

Definition 2. The elliptic operator L associated with a conductivity function a € A,z is
defined for all u : Z¢ — R and z € Z% by

(Lu)(xz) = =V* - A(z)Vu(x) (2.1)

where

u(z +ep) — u(x) u(z) —u(z —eq)

Vu(z):= | : , Viu(z) = | ’

u(z +eq) —u(z) u(z) —u(z — eq)

and
A(z) := diag[a(er),...,aleq)],

e1 =[x, x+el],...,eq = [z,x + ey

We now turn to the definition of the statistics of the conductivity function.

Definition 3. A conductivity function is said to be independent and identically dis-
tributed (i. i. d.) if the coefficients a(e) are i. i. d. random variables.

Definition 4. The conductivity matrix A is obviously stationary in the sense that for all
z €7 A(-+ z) and A(-) have the same statistics, so that for all z, z € Z9,

(A(z + 2)) = (A(x)) .

Therefore, any translation invariant function of A, such as the modified corrector ¢r (see
Lemma 2), is jointly stationary with A. In particular, not only are ¢ and its gradient
V¢r stationary, but also any function of A, ¢ and Vop. A useful such example is the
energy density (£ + Vor) - A(§ + Vor), which is stationary by joint stationarity of A and
Vor.

Lemma 1 (corrector). [16, Theorem 3] Let a € Ayg be an i. i. d. conductivity function,
then for all € € RY, there exists a unique random function ¢ : Z% — R which satisfies the
corrector equation

~V*-Ax) (E+Vo(z) =0  inZ°, (2.2)
and such that ¢(0) = 0, V¢ is stationary and (V¢) = 0. In addition, (|[V¢[*) < |£[%.

We also define an “approximation” of the corrector as follows:
7



8 A. GLORIA

Lemma 2 (approximate corrector). [16, Proof of Theorem 3] Let a € Anp be an i. i. d.
conductivity function, then for all T > 0 and & € R?, there exists a unique stationary
random function ¢ : Z% — R which satisfies the “approzimate” corrector equation

T or(z) — V* - A(x) (€ +Vor(z) =0 in 79, (2.3)
and such that (p7) = 0. In addition, T~ (¢7) + <]V¢T] > < €2

Definition 5 (homogenized coefficients). Let a € A, be an i. i. d. conductivity function
and let £ € R? and ¢ be as in Lemma 1. We define the homogenized d x d-matrix Apoy as

¢ Anomé = ((€+ Vo) - A(§ + Vo). (2.4)

Note that (2.4) fully characterizes Apop since Ay is @ symmetric matrix (it is in particular
of the form apopld for an i. i. d. conductivity function).

2.2. Statement of the main result. We replace ¢r by the computable function ¢r r,
which is an approximation of ¢7 on a bounded domain of size 2R. Let a € A,z, T > 0,
R>> 1and ¢ € R We set Qg := [-R, R)?NZ? and we let ¢  be the solution in L?(Z?)
to

T~ 'rr—V*- A€ +Vérr) = 0 inQr, (2.5)

¢orr = 0 onZ%\ Qg '

We then quantify the error we make by replacing ¢r by the computable ¢7 . It is given
by the following:

Proposition 1. Let a € A, be an i. i. d. conductivity function, T > 0, R > 1 and
¢ € RY, €] = 1. Let ¢ denote the approzimate corrector, and é1.R be the solution of (2.5).

Then there exists ¢ > 0 depending only on o, 3, and d, such that for all R — L > /T, we
have

/QL \Vor r(z) — Vor(z)|?de < LY ((%)dlﬂ T3/% exp <_CR\/_TL>>2- 26)

From this proposition, we deduce the main result of this paper.

Theorem 1. Let a € Ayg be an i. i. d. conductivity function, T > 0, R > 1 and
¢ e Ry €] = 1. Let {¢rrrtr—1.. N be the solutions of (2.5) with N > 1 independent
realizations Ay, of A, and Anom be the homogenized matriz. For all R — L > /T, we
denote by pr : Z¢ — [0,1] a mask such that [, pr(z)de = 1, [Vur(z)] S L™ and
supp (pur) C Qr. For allk € {1,..., N} we define

§-Arrriié = /Zd(§ +Vorrr(r)) - Ap(z)(§ + Vor ri(r))ur(z)dr,

and set

L
£ AP g 1€ 125'( ZATRLk>

k=1
8
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Then, we have the following error estimate

1/2 d/2 d—1/2 _
<(£'A’1]Y,R,L£_£'Ahom£)2> ! S ( ) ( & > T3/ exXp ( —CR\/TL>
2 .
3
4
>4

(T~ + (NL2) 2 T
T—3/2 (NLS)—l/Q

21nT+(NL4) 1/2
T +(NLd) 1/2

(2.7)

&&&&
I

for some q depending only on «, 3, and some ¢ depending further on d.

Let us apply Theorem 1 to the two extreme strategies described in the introduction. We
focus on the case d < 4, and let M denote a reference number of unknows. To apply
Theorem 1 to Strategy (B), we choose the following set of parameters:

Np =1,
20Lp = MY,
T = MY, (2.8)

In?(2Lg)
2R = 2|1+ ——= | Lp.
B ( + 5T > B

This choice of parameters amounts to solving one equation with (2R3)d ~ M unknowns.
Theorem 1 then provides the (nearly) optimal error estimate in dimensions 2, 3 & 4:
/2 d=2 : M Y} (InM)",
<(£ . ATB7RB,LB£ - 5 : Ahom£)2> 5 d=3 : M_l/Qa (2'9)
d=4 : M Y?mnM,
since for all v > 0
exp (— cIn? M) = o(M™7).
For Strategy (A), the set of parameters is now
Ng = VMM,
2L, = \/_l/dl M
Ty = Ml/d,
2Ry = 3V m? M

This choice of parameters amounts to solving N4 equations with (2R A)d unknowns each,
which gives a total number of 32M unknowns. Theorem 1 then provides the (nearly)
optimal error estimate in dimensions 2, 3 & 4:

(2.10)

1/2 d=2 : M Y*(n M),
<<§ TA,RA,LAﬁ SAhom§)> < d=3 : M2 (2.11)
d=4 : M '2ImM.

Compared to the informal statement of introduction, the effect of the boundary conditions
makes Strategy (A) slightly more expansive than expected (3¢ times as many unknowns),
and the comparison of Strategies (A) and (B) not so clear. Yet, Strategy (A) is intrinsically
parallelizable, which is a big advantage. The optimization of N (and R, L) in (2.7) at fixed

complexity and fixed rate of convergence is the object of Section 4.
9



10 A. GLORIA

3. PROOFS OF THE RESULTS
We define discrete Green’s functions as follows:

Definition 6 (discrete Green’s function). Let d > 2. For all ' > 0, the Green function
Gr : Aapx 24 x 78 — 7%, (a,z,y) — Gr(x,y;a) associated with the conductivity function
a is defined for all y € Z¢ and a € A,g as the unique solution in L2(Z4) to

/Zd T 'Gr(z,y;a)v(z)de + | Vo(z)- A(z)V,Gr(z,y;a) de = v(y), Yo € L2(Z%),

7.4
(3.1)
where A is as in (2.1).

Throughout this paper, we use the shorthand notation G (z,y) for Gp(x,y;a).

3.1. Proof of Proposition 1. This proof is inspired by the analysis by Bourgeat &
Piatnitski in [3], that we adapt here to the discrete setting. In order to prove Proposition 1,
we need the optimal pointwise decay of the Green function G and a uniform bound on the
approximate corrector field ¢7. These are given by the following two auxiliary lemmas.

Lemma 3 (optimal pointwise decay estimates). There exists ¢ > 0 depending only on «, 3,
and d, such that for all a € Ayg and T > 0, the Green function Gt satisfies the pointwise
estimates: There exists ¢ > 0 depending only o, 8, and d, such that for all z,y € Z7,

ford>2: Gr(z,y) < (1+]z—y))* Texp <_c|x\/—fy|> , (3.2)
ford=2: Grp(z,y) < ln(%)exp <_C‘x\/_Ty’> ) (3.3)

Lemma 4. Leta € Ay, T > 1, and £ € Re, || = 1. The approzimate corrector ¢r
satisfies the following uniform bound

sup 7| < VT. (3.4)
Zd

Note that this bound is sharper than the one used for the continuous case in [3, For-
mula (25)]. We first prove Proposition 1, and then turn to Lemma 4. The proof of
Lemma 3 is postponed to Appendix B.

Proof of Proposition 1. We divide the proof in two steps.
Step 1. Proof of the estimate
R\ d-1/2 )
or(z) — drr(T)| S <—> T34 exp <—c—> 3.5
|¢r(z) ()| P T (3.5)

for all z € Qp—p, with p~ R~ R—p 2 VT, and some ¢ depending only on d and the
ellipticity constants «, (.

The function ¢ — ¢7 g is solution to

{ T Yor —drr) =V - AN (ér —¢érr)) = 0 in Qg, (3.6)
fOT —¢rr = ¢r on Z\Qg. ’
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Let 4o denote the trivial lifting of ¢7z4\q, in Qr:

{900(5'3) =0 in  Qr,
go(z) = ¢p(z) on Z\Qg.

We may then write ¢ — ¢1,r = @0 + @1, Where ¢ is the solution to

T7lo —V*-AVpr = —T'oo+V*-AVg in Qg
Y1 = 0 on Zd \ QR.
Note that
Veo(z) = 0 for x € Qpg, d(x,Zd \ Qr) > 2,
(3.4) (3.8)
SUp,cop [o(@)| < suplor| < VT

We next use the Green representation formula. To this aim, we define the Green function
Grr(-y): 74 — R for all y € Qg as the unique solution to

{ T 'Grpr(z,y) — V* - A(VGrr(z,y)) = dy—x) in Qp, (3.9)
Grr(z,y) = 0 on Z4 \ QRr. ’
By the maximum principle, for all x € Qr we have
0 < Grr(z,y) < Gr(z,y). (3.10)

For all z € Qg, we then rewrite ¢1(x) as

p1(z) = ; Gr.r(7,y)P0(y) dy

- g Gr.r(z,y)T  oo(y) dy + g Gr.r(7,y)V* - A(y)Veo(y) dy.
R R

By integration by parts (recall that Gr g(x,y) = 0 for y € Z¢\ Qr) and using the fact
that g is supported on the boundary of Qg, this yields

pr(z) = =T~ /Q o Gr,r(2,y)po(y) dy — /Q VyGr,r(7,y) - A(y)Veeo(y) dy.

R\QR—2
(3.11)
We first deal with the first term of the r. h. s. of (3.11), that we estimate for all z € Qr—,
using the uniform bound (3.8) on ¢y, the maximum principle (3.10), and the optimal
pointwise estimates on G from Lemma 3:

‘ [ Grnaw dy‘
Qr\QRr—1

2. 74
< RTM1+d(x, 2%\ QR))Qfd exp <—c—d( ’Z\/% QR)) VT

(5 o ()

For the second term of the r. h. s. of (3.11), we use Cauchy-Schwarz’ inequality, the

boundedness of A, and (3.8) in the form of the uniform bound sup |Vig| < sup |¢o| < VT
11
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to obtain
1/2
‘/ V,Grr(z,y)-Aly)Veo(y) dy| < RUD2YT </ \VyGrr(z,y)2dy
Qr\QRr-2 Q

R\QR—2
(3.13)
We then appeal to Cacciopoli’s inequality. To this aim, we recall that p ~ R ~ R — p, and
we let 1, : Qr — [0, 1] be a cut-off function such that

fory € Qprpp :+ np(y) =0,
fory € Qr\ Qr—2 : 1,(y) =1, (3.14)
foryeQr : |V, Spt

Since Gr g = 0 on Z4\ Qr, multiplying the defining equation (3.9) for Gr g by U%GT,R,
and integrating by parts on Qg yield the following discrete Cacciopoli estimate (see [9,
Proof of Lemma 2.8, Step 1] for details)

| RWINGrat Py S [ G ale) Tnnw)Pd,
R Qr
provided that x € Qr—,. By the properties (3.14) of 7, this implies
/ |VGT7R(a:,y)|2dy < p2/ G%R(:U,y)dy. (3.15)
QRrR\QR-2 QR\QR—p/2

We are now in position to estimate (3.13) for all € Qr—,. By the Cacciopoli estimate
(3.15), the maximum principle (3.10), and the optimal pointwise estimates on Gp from
Lemma 3, (3.13) turns into

'/QR\QRQ V,Grr(z,y) - Aly)Veo(y) dy‘

1/2
< R(d-1)/2 <p2de2(2d) exp <_26P_\//;>> VT

@) )

The combination of (3.11), (3.12), (3.16), and the definition of ¢; shows (3.5) for some
constant ¢ > 0 depending only on d, and «, (.

for all x € Qr—p.

Step 2. Proof of (2.6).
We first bound |V¢r(x)| by Z?:l |pr(x)|+|¢pr(r+e1)| and integrate inequality (3.5) over
Qp for L=R—p~ R~ R— L, obtaining

d—1/2 B 2
| 90ra(w) - Vor(@)fas < 1 <(%) 19/ exp (™ WL» ,

as desired. ]
12
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Proof of Lemma 4. We start with the Green representation formula, and perform an in-
tegration by parts using that G is in L'(Z¢) by [9, Corollary 2.2]:

QST(CU) == a GT(x, y)V* . A(Z)g dy

= -/, VGr(z,y) - A(z)E dy.

This yields

ol £ [ NGl [ NGyl @17
T=Y>

|z —y|>/T

We begin with the second term of the r. h. s. of (3.17). We divide the integration on
{y : |z —y| > VT} as the integration on annuli of the form {y : 2\v/T < |z —y| < 2771V/T}
for i € N, and appeal to the optimal decay of VG on such annuli from [9, Lemma 2.9]
for ¢ = 2 and k = 4. This yields by Cauchy-Schwarz’ inequality

/ IVGr(z,y)|dy
|z—y|>VT

S

1/2
/ Ver(ey)ldy| @V
ieN 2T <|e—y|<2 VT

o, Len%na 2.9] Z((Qiﬁ)d+2(1fd)(2i)f4>1/2 (2T %2
ieN
_ \/T 2(21‘)—1 5 \/T (3.18)
ieN

For the first term of the r. h. s. of (3.17), we also make use of a dyadic decomposition
of space. Let R = 27/\/T ~ 1, I € N, be such that [9, Lemma 2.9] applies on annuli
of the form {y : 27"'W/T < |z —y| < 27T} for i < T —1 (R has to be large enough
although of order unity). We then split the integration on {y : |z —y| < VT} as the
integration on the ball of radius R ~ 1, and the integration over annuli of the form
{y: 27T < |v —y| < 27T} for i € {0,...,I — 1}. For the integral on the ball, we
appeal to the uniform estimate |VGr| < 1 from [9, Corollary 2.3, and for the integrals
13
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on the annuli, we appeal once more to the optimal decay of [9, Lemma 2.9]. By Cauchy-
Schwarz’ inequality, this yields

/ IVGr(z,y)| dy
lz—y|<VT

< / VG (z,y)| dy
lz—y|<R

I-1 1/2
+ / VGr(z,y)? dy 270\/T)4/?
Z ( 2‘1"1\/T<\xfy\§2-iﬁ| r(@) ( )

=0
1

A
—_
+

((24\/?)%2(1%))1/2 (2-1\/T)/?

= 1+VT Y 277 < VT (3.19)

The claim of the lemma now follows from the combination of (3.17), (3.18), and (3.19). O

3.2. Proof of Theorem 1. To prove Theorem 1, we combine the variance estimate
of [9, Theorem 2.1] and the estimate of the systematic error in [10, Theorem 1] with
Proposition 1.

We start with the triangle inequality

1/2

N 2
< (% kzz:l /Zd(f +Vorry) - A+ Vorre)nn — & Ahom§> >
| X
= <<N kZZI /Zd ((§ + V¢T,R,k) : Ak(§ + V(bT,R,k)

9\ 1/2
—(€+ Vors) - Au(+ wT,k))uL) >
1/2

N 2
- < (% ]; /Zd(é +Vore) A€+ Vorpur —§- Ahom£> > . (3.20)

We first deal with the first term of the r. h. s. of (3.20). To this aim, we expand the

square, which yields N? terms. By Cauchy-Schwarz’ inequality in probability, each term
14
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is bounded by the same single term: For all k, k" € {1,..., N},

IN
—

where we have dropped the subscripts k and & since the Aj, have the same law. From this
and the symmetry of A, we deduce

LN
< (N Z / <(£ +Voérre) - A+ Vorre)
=1 72

9\ 1/2
—(6+ Vorn) - Aul§ + V¢T,k))m) >

IN

1/2
<</Zd ((5 +Vorr) A +Vorr) — (E+Vor) - A€+ V¢T))ML>2>

9\ 1/2
= <</d(V¢T,R —Vor) - A2+ Vorr + thT)ML) > :
y/
To bound this term, we make use of the a priori estimate
[ Wornt@)Pds < R, (3:21)
7.4

that we obtain by integration by parts after testing (2.5) with ¢ g itself. We then use

Cauchy-Schwarz’ inequality in Z¢, Proposition 1, the properties of ur, and the a priori
15



16 A. GLORIA

estimates on V¢r and Vo7 g to bound the r. h. s.

2
< ([ (Vralo) = Tor(@) - A€ + Vora(o) + Tora)us(o)ic) >

< (4 [ Wora) - VertPas [ (-4 9ot + Vor (o) s )

(2.6) d—1/2 _ 2
< Bt T34 exp(—cR L>
R—L VT

(14 [ onnPusteris) + [ (VorP) uua)ie)

Lemma 2

3.21 d
( 2 ) R < 1
~ L
2
R\ R \%1/? R—-L
< = _ 3/4 _
< <L> ((R—L) T exp( c T ) . (3.22)

For the second term of the r. h. s. of (3.20), we recall that it can be split into a variance
part and a systematic error, using the independence of the Ay (see [10, (1.8)&(1.9)] for
details):

k=1

1 & 2
<<ﬁ§:éjf+vﬁw%AM§+V@me—§u%mg>>
= %W{Aﬁ+VMWA@+va4

2
+ <<éd(§ + V(bT) : A(§ + V¢T)ML> - 5 : Ahom§> .
For the variance term, we appeal to [9, Theorem 2.1]

[9, Theorem 2.1] d=2 . L2147
var [ [ e+ vor)- e+ vwm} < { '
Z

and for the systematic error, we appeal to [10, Theorem 1]

d=2 : T72miT
2 10, Thzorem 1] d= . T3 "
<<éd(£ + v@T) : A(é + V¢T)ML> - 5 . Ahom£> ~ d=4 - T—4ln2T )
d>4 : T4

16
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so that

1 N 2
<<NZ/ <5+V¢M>'Ak<£+V¢T,k>ML—5-Ahms> >
k=1"2¢

d=2 : (NIL724+772)In"T,
d=3 : N L3473,

d>4 : N 'L 4+74?T,
d>4 : N'L744174

The combination of (3.20), (3.22), and (3.23) concludes the proof of (2.7).

< (3.23)

4. NUMERICAL STRATEGY AND VALIDATION

In this section, we propose a complexity analysis for the computation of A% ;- In partic-
ular, we identify the number of realizations Nyt (and the associated parameters T', R, L)
which minimizes the computational cost to approximate Ap,m at a given precision. Pre-
cision is understood here as the scaling of the error in terms of the “effective number
of unknows” M (see below) of the approximation, as in (2.9) and (2.11) (in particular,
we disregard prefactors). The answer depends on the dimension and on the linear solver
used. We treat the cases d = 2,3, with a preconditioned conjugate gradient method, and
a Cholesky method to solve the linear problems. Whereas the preconditioned conjugate
gradient method is the most efficient solution method for this problem, we also provide the
analysis of the Cholesky method in view of its application to linear elasticity. Although
our techniques of proofs crucially rely on the scalar character of the equation, we believe
that the results of this paper are “likely to hold” in the case of linear elasticity considered
n [13]. Another application of interest to us is the numerical approximation of the dis-
crete model for rubber studied in [2], which is a nonlinear version of the discrete elliptic
equation dealt with here. In those cases, the linear system is ill-conditioned, and direct
solvers such as the Cholesky method are to be used. This motivates us to consider direct
solvers for the complexity analysis.

In order to illustrate our main result and check the accuracy of this complexity analysis, we
have conducted a series of numerical tests on the following problem: d = 2, the coefficients
a arei. 1. d. taking values & = 1 and 8 = 9 with probability 1/2. As proved in Appendix A,
Dykhne’s formula (see the original paper [6], and the monograph [12, Section 1.5]) holds
true in this particular discrete case, so that the associated homogenized matrix Apom is
given by Apom = vafBId = 31d. We then apply Strategy (A) and Strategy (B) to this
problem and estimate their relative cost. In the last subsection, we compare these two
methods to standard approaches used in the literature. We focus in particular on the
importance of the zero-order term in the equation from a numerical point of view.

4.1. Complexity analysis. We first set some notation for Strategy (B). Let L € N.
If we take T = 2L and R = L + byv/TIn?T for some by > 0 (by for buffer zone),
Theorem 1 ensures that the error on the approximation of Ap., by Strategy (B) is of
order M~1/2 (up to the logarithmic correction for d = 2), with M := (2L)%. Since
the associated approximation of Ay, is given by a weighted sum of the energy density
(E+Vorr(r)) - A(z)(€+ Vérr(r)) at exactly M = (2L)? sites, we will say that M is the
“effective number of unknowns”. Note that it differs from the total number of unknows,
which is (2R)? > (2L)% = M.
17



18 A. GLORIA

As discussed in the introduction of this paper, one may distribute the effective number
of unknowns on several smaller independent domains, while keeping the error on the
approximation of Apey of order M~1/2. This gives rise (but not only) to Strategy (A).
Let N be a number of domains. On the one hand, in order to keep the effective number
of unknowns fixed, we take Ly := LN~'/4_ On the other hand, in order to keep the
precision unchanged, we still need T' ~ L, and the buffer zone to be of the same order as
for Strategy (B). Hence we set Ty := T = 2L, and Ry := Ly —i—bf\/Tan T. The precision
is therefore M~1/2 the effective number of unknows is N(2Ly)? = M, whereas the total
number of unknowns is now N(2Rx)? > (2R)? > M.

In order to make a complexity analysis, one needs to make precise the linear systems to
be solved depending on N and M. Let £ denote a symmetric positive definite matrix of
order [ € N. Assume further that it has a fixed number of diagonals (in our discrete case:
5 for d =2, 7 for d = 3) and a bandwidth b < [. Then, solving the system

LX =B

in R! by a conjugate gradient method requires approzimately Coc(L) ~ bl operations.
When solved by a Cholesky method, it ezactly requires Ccpei(£) ~ b2l operations.

Let us now use these complexity estimates in the homogenization problem under investi-
gation. For our difference operators, I should be replaced by (2Ry)® and b by (2Rx)*"".
Hence, the overall number of operations to solve the N problems is

2d—1
Tog(N,2L) ~ N (QLN—W +2b,v/2L ln2(2L))

2d—1
= N/ (2L+2be1/d\/2Lln2(2L)> ,

2(d—1)+d
Pcnol(N,2L) ~ N (zLN*W +2bsV2L ln2(2L)) ey

3d—2
— N7 (2L +2b;NV4/2L ln2(2L)>

We have essentially two extreme strategies for the choice of N, the effective number of
unknows N4(2LN~1/4)d = M being fixed. Either we choose Nopt which minimizes the
cost of solving N problems of size Ry = 2LN~Y4 4+ b;v/2L1n*(2L), i. e. such that

I'(Nopt,2L) < I'(N,2L)

for all N < 2L, where I" denotes a cost function (I'cg or I'cpel). Or, given an arbitrary
number of processors, we choose N in order to minimize the effective time to solve the N
problems using parallel computing (recall that the N problems are completely indepen-
dent). The first option consists in minimizing the time on one single processor, the second
option, on an arbitrary number of processors.

In order to make the complexity analysis concrete, we fix by = 0.1, since this is the value
we use in the numerical tests. We first treat the case d = 2, and then the case d = 3.
Note that the complexity analysis for the Cholesky method is exact since the number of
operations involved is known a priori. For the conjugate gradient, this is not the case and
the number of operations depends on the number of iterations (which in turn does not

only depend on the tolerance required but also on the preconditioner used). The present
18
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FiGure 1. Complexity for d = 2 with a conjugate gradient method, and
2L =10%,...,10°.

discussion is therefore only qualitative for the conjugate gradient method. Numerical tests
will complete the discussion for the conjugate gradient method in dimension 2.

Dimension d = 2. The ratio I'cq(N,2L)/T'cg(1,2L) is plotted on Figure 1 for N €
{1,...,10} and 2L € {10,10%,10%,10% 10°} (that is from 100 to 10'° effective unknowns).
Except for 2L = 107, this ratio is minimal for some Nopt # 1. Hence it seems more
advantageous to make several computations (say 3 for a typical number unknowns of M =
10%) on smaller domains. For the Cholesky method (see Figure 2 for N € {1,...,100}),
this is even more clear, and the gain is much larger.

For the second strategy, the objective is to minimize the effective computational time given
a fixed number S of processors. Roughly speaking, it is reasonable to take N > S, whatever
the method. There are then two regimes. In the first one (small number of processors),
the gain is linear in the number of processors: If the number of processors is doubled, the
effective time is divided by two. This is the scalable regime. Eventually, it saturates and
the relative gain in effective time decreases. On Figures 3 & 4, the effective time is plotted
in function of the number of processors (for which N is optimized) in logarithmic scale,
for the two methods and with 2L = 103 (which corresponds to M = 10° unknowns). The
thick line is the effective time, whereas the thin straight line is the perfect scalable regime.
It is a lower bound. For the conjugate gradient method, the problem is scalable up to 15
processors, whereas for the Cholesky method, the problem can be considered scalable up
to 50 processors.

Dimension d = 3. The conclusions are essentially the same as for d = 2. The ratios
Fea(N,2L)/Tec(1,2L) and Tepol(N,2L) /Tenol(1,2L) are plotted on Figures 5 & 6 re-
spectively, for N € {1,...,100}. Note that N = 1 is never the optimal choice (especially
for the Cholesky method, for which the cost can be reduced by a factor 3 for M = 10% by

taking N = 31). The effective time in function of the number of processors is plotted in
19
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Ccnot(N,2L) /T cnol (1,2L)

FIGURE 2. Complexity for d = 2 with a Cholesky method, and 2L = 10',...,10°.

10°

107

Effective time

10 : 0 1 2
10 10 10

Number of processors

FIGURE 3. Effective time in function of the number of processors for d = 2
with a conjugate gradient method (dots), and 2L = 103.

logarithmic scale for M = 10 unknows on Figures 7 & 8, for both the conjugate gradient
and Cholesky methods. For the conjugate gradient method, although the gain in time
remains important, the problem is only scalable up to 8 processors. For the Cholesky
method, the method is perfectly scalable in the regime considered.

20
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FIGURE 4. Effective time in function of the number of processors for d = 2
with a Cholesky method (dots), and 2L = 103.
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FiGure 5. Complexity for d = 3 with a conjugate gradient method, and
2L = 10',10%,103.

4.2. Numerical tests for Strategy (B). The first series of tests illustrates (2.9) in
Theorem 1 for N = 1, with

2Lp = VM

Tp = 2Lp+3,
In?(2L

Rp = <1+0.1%> (Lp+1).
2¥ B
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Lcnot(N,2L) /T cnol (1, 2L)

FIGURE 6. Complexity for d = 3 with a Cholesky method, and 2L = 10',102,103.
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107

10° 10t 10°
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FIGURE 7. Effective time in function of the number of processors for d = 3

with a conjugate

gradient method (dots), and 2L = 102.

The mask has been chosen as follows:

KLp (.%') = ﬂLB (wl)ﬁLB (1‘2),
22
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FI1GURE 8. Effective time in function of the number of processors for d = 3
with a Cholesky method (dots), and 2L = 102.

where x = (71,79) € Z?%, and fir,, : Z — R' is given by

LBS ‘t‘ . O,
Lp 3 3
_ B~y <L °S_ 2y
frs(t) =75 3 = i —LB 2 2LBH’
it <=2 . 1

— 3 )

and vz, is such that [ fir,, (t)dt = 1. The linear system (2.5) is solved by a preconditioned
conjugate gradient method, whose preconditioner is the incomplete Cholesky factorization
IC(2) (see [17]). For a uniform sampling of log L, Lp € [10,2000], we approximate the
expectation

2
< ([ o1+ Torng ) Alw)er + Vo (s () - 3) >

by an empirical average over r(M) realizations, and define the error by

Error(M) :=
r(M) . . 2
315 2 ([ o1+ 96k, iy @) - Asa)er + V6, @Dpsy)is —3) |
j=1

(4.1)

where {gbng R are the solutions of (2.5) for the r(M) different realizations A; of the
coefficients A. The number of realizations for each M considered and the associated error

(4.1), are reported on in Table 1.
23
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M 1.6E4+02 | 4.0E+02 | 9.0E402 | 2.1E403 | 5.6E4+03 | 1.5E+04 | 4.0E+04
r(M) 10000 10000 10000 10000 5000 3000 1600
Error(M) | 2.39E-01 | 1.48E-01 | 9.35E-02 | 5.97E-02 | 3.65E-02 | 2.28E-02 | 1.41E-02

M 1.1E405 | 3.0E+05 | 8.1E405 | 2.2E4-06 | 6.0E406 | 1.6E+07
r(M) 1000 600 360 200 150 100
Error(M) | 9.11E-03 | 5.95E-03 | 3.95E-03 | 2.46E-03 | 1.55E-03 | 8.78E-04

TABLE 1. Error (4.1) for different M, and (M) realizations.

log Error(M)

log M
FIGURE 9. Error (4.1) in log scale

The error is also plotted in function of M in logarithmic scale on Figure 9. The dots
(which indicate calculations) are in very good agreement with the straight line of slope
—1/2 corresponding to the decay provided by Theorem 1 in the form (2.9).

In order to compare a priori Strategies (A) & (B), one needs to know the number of it-
erations of the conjugate gradient method (for the fixed tolerance 10~%). The number of
iterations is plotted in function of the bandwidth of the matrix on Figure 10 (in log-log).
The dots represent the numerical experiments, the straight line represents a linear depen-
dence as assumed in Subsection 4.1 (b times a matrix-vector multiplication which costs
O(l) operations), whereas the dashed line is a linear fitting of the numerical experiments
(equation: y(z) = 0.64x + 0.36)).

4.3. Numerical tests for Strategy (A). This second series of tests confirms (2.9) in
Theorem 1 with N > 1. As for Subsection 4.2, we still consider several M, and the
parameters 2Lg = VM ,and Tg = 2Lp + 3. We distribute the number of unknowns on
K? subdomains, K € N. We then set

2L = VM/K |
TA = TBa

Ra = La+1+0.11n*12Lg)\/2L3p,
24
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log of the number of iterations

log of the bandwidth

FIGURE 10. Number of iterations of the conjugate gradient method in
function of the bandwidth of the matrix

10° 10° 10" 10° 10° 10’ 10° 10°

M

FIGURE 11. Number of subdomains K per dimension in function of the
total number of unknowns M according to formula (4.2)

where the number of subdomains is N4 = K2, and K is given by
Ko 2Lp B VM 4o
T 0.1v2LpIn®(2Lp)  0AMYAI2VM  In®M

The values of K are plotted on Figure 11 for M in [4.10%,3.8 108]. We have also gathered
25
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M 4.0E402 | 1.2E403 | 1.9E+03 | 4.6E+03 | 1.1E4+04 | 4.0E404 | 8.7E+04 | 1.9E+05
r(M) 10000 10000 10000 10000 5000 3000 1600 1000
Na 5XH 5X5H 4 x4 4 x4 4 x4 5X5H 5%X5 5X5H
La 4 7 11 17 26 40 59 87
Ra 12 21 33 51 78 120 177 261
Error(M) | 4.83E-01 | 2.26E-01 | 2.02E-01 | 1.22E-01 | 8.45E-02 | 3.41E-02 | 2.31E-02 | 1.53E-02
M 5.7E+05 | 1.2E+06 | 3.3E4+06 | 8.6E4+06 | 2.1E4+07 | 6.3E407 | 1.4E4+08 | 3.8E+08
r(M) 600 360 200 150 100 30 10 4
Na 6 X6 6 X6 TxT7 8% 8 9x%x9 11 x 11 12 x 12 14 x 14
La 126 181 258 366 514 720 1001 1358
Ra 378 543 774 1098 1542 2160 3003 4074
Error(M) | 8.18E-03 | 6.13E-03 | 3.41E-03 | 2.06E-03 | 1.28E-03 | 8.57E-04 | 5.53E-04 | 1.69E-04

TABLE 2. Error (4.3) for different M, and (M) realizations.

in Table 2 the description of the tests in function of the values of M: The sizes of the
domain R4 and Ly, the number N4 of such domains, the number of realizations (M),
and the associated error

Error(M) :=

r(M 2

<Z/Zd €1 +V¢TA RA( z)) - A ( )(e1 +V¢TA RA( )):uLA(:U)dx_?)) )

(4.3)

1

7j=1

where the ¢%Iz,RA are the solutions of (2.5) for the Ny x (M) different realizations A; j
of the coefficients A.

As expected, the convergence rate has the scaling of the central limit theorem —1/2; as
can be seen on Figure 13, where the logarithm of the error is plotted in function of the
logarithm of M.

In Table 3, we compare the overall time of computation for Strategy (A) with respect to the
reference time of Strategy (B). Prediction 1 is given by our complexity analysis, assuming
a number of iterations for the conjugate gradient method of the order of the bandwidth
of the matrix. Eventually, as can be seen on Figure 10 this assumption turns out to be
pessimistic and the number of iterations does not increase as much as expected using the
incomplete Cholesky factorization to precondition the system. Therefore, Prediction 1 in
Table 3 underestimates the relative cost of Strategy (A) with respect to Strategy (B). The
use of the dashed line in Figure 10 to estimate the number of iterations of the conjugate
gradient yields Prediction 2, which is much closer to the numerical experiments.

Note that in the range of effective unknowns considered (M from 10% to 107), numerical
experiments show that Ny = 1 for Strategy (B). The reason is once more the effi-
ciency of the preconditioner. To illustrate this, we have plotted on Figure 12 the ratio
Fca(N,2L0)/Toc(1,2L) using this time the number of iterations of the conjugate gradient
method obtained in the numerical tests for N € {1,...,10}. As can be seen, 2L = 103
(that is M = 107) is the critical number of unknowns under which Ny = 1 for Strat-

egy (B).
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M 4.0E4+04 | 8.7TE4+04 | 1.9E+05 | 5.7TE+05 | 1.2E406 | 3.3E406 | 8.6E+06 | 2.1E4+07
Numerical test 2.61 2.72 2.12 2.95 2.36 2.59 2.40 3.06
Prediction 1 2.0 1.8 1.7 1.8 1.7 1.6 1.6 1.5
Prediction 2 2.65 2.51 2.36 2.58 2.38 2.46 2.48 2.43

TABLE 3. Ratio of the overall times of computation for Strategies (B)
& (A) using a conjugate gradient method: Numerical experiment versus
predictions 1 & 2.

FCG(Na 2L)/FCG(L 2L)

FIGURE 12. Complexity for d = 2 with a conjugate gradient method (num-
ber of iterations observed numerically), for 2L = 10,102,103, 10%5.

Concerning the issue of memory, it is worth noticing that the larger NV the less memory
needed. Hence, larger numbers of unknowns can be reached using larger N. In the present
case, the computation for 3.8 10% unknowns could not have been done on one computer
without taking N = 196.

4.4. Comparison with standard approaches and comments. In order to approxi-
mate effective coefficients in stochastic homogenization (see for instance [21] for the con-
tinuous case), it is standard to replace the abstract corrector field by the solution to

-V A+ Vor) = 0 in Qg (4.4)

¢or = 0 on Z%\Qg, '
that is (2.5) without the zero-order term. Let M be the effective number of unknowns.
The formula for the approximation of the homogenized coefficients is then

oD } : 2
Error(M) := ) ]Z:; </Zd(e1 + Voh(x)) - Aj(z)(er + V() pr(x)de — 3) ,

(4.5)
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log Error(M)

log M
F1cGure 13. Error (4.3) in log scale

where r(M) is the number of independent realizations. Let us make a formal error analysis
of such an approach.

Assuming that the corrector field ¢ is uniformly bounded (which we do not know a priori
since we only control (|¢|?) for all ¢ < oo in [9, Proposition 1]), the error we make by
replacing ¢ by ¢pr is due to the use of the Dirichlet boundary conditions, which are not
exact. This error typically scales as a surface term in the energy, that is R~ /R? = 1/R in
any dimension. In dimension 2, the effect due to the boundary conditions and the central
limit theorem have the same scaling R/R?> = 1/R = M~'/?. Hence the addition of the
zero order term may not be crucial in dimension 2 to obtain the optimal scaling M /2
(although we are not able to turn this into a rigorous argument). This is confirmed by
numerical tests, as illustrated on Figure 14, where the proxy for ¢ is the solution to (4.4).

On the contrary, in dimension 3 (and more), the effect of the boundary conditions now
scalesas 1/R =M —1/3 whereas the central limit theorem scaling is still M ~1/2 <« M—1/3.
Hence the use of the zero-order term is crucial to observe the optimal scaling. Another
case for which the zero-order term is crucial is Strategy (A), even in dimension 2. If the
proxy for ¢ on the domain Qr is approximated independently on subdomains of size R”
(with 1 >~ > 1/2), the error due to the boundary conditions scales as 1/R” without the
zero-order term, whereas it will remain of order 1/R with the zero-order term.

Compared to [21], another practical advantage of the approach is the type of boundary
conditions used in (2.5), that is homogeneous Dirichlet boundary conditions. Compared
to periodic boundary conditions (which are “widely recognised” as less perturbative than
Dirichlet boundary conditions for the cell problem without the zero-order term), the former
has the advantage not to destroy the band structure of the stiffness matrix. On the one
hand, periodic boundary conditions change the profile of the matrix, making the triangle
matrix in the Cholesky factorization less sparse (only the band structure is preserved by

the algorithm) and the factorization more expensive. On the other hand, there is no
28
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-0.2

—0.4}

I
=4
>

log Error(M)

log M
FIGURE 14. Error (4.5) in log scale

optimal preconditioner for periodic boundary conditions. With this respect, the proposed
strategy with the zero-order term and Dirichlet boundary conditions allows us to use
efficient methods to solve the linear systems, without sacrificing the convergence rate.

As a conclusion, we have proposed and fully analyzed a numerical method to approximate
effective coefficients for the stochastic homogenization of discrete elliptic equations. The
analysis is sharp, and the numerical method effective. It crucially relies on the introduction
of a zero-order term in the corrector equation, which is not only essential for the analysis,
but also for the numerical practice.
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APPENDIX A. PROOF OF DYKHNE’S FORMULA IN THE DISCRETE STOCHASTIC CASE

In periodic homogenization of elliptic differential operators in dimension two, Dykhne’s
formula is as follows. Let A : R? — R?*? be a periodic function taking values in a subspace
of uniformly bounded and elliptic matrices, and such that A(z)A(R - z) = 7Id, where R
denotes the rotation by 7/2 in R? and v > 0. Then the homogenized matrix associated
with A is Apom = /7 Id. This formula is a particular case of general duality relations. Its
proof (see for instance [12, Section 1.5]) makes use of the following two facts:

(i) if x : R? — R? is a gradient field, then x — (R - z) is divergence-free;

(ii) if x : R? — R? is divergence-free, then x +— (R - x) is a gradient field.
In particular, let ¢ be periodic and satisfy the corrector equation V - A(xz)Ve(x) = 0. We

further set & = (V¢) (where (-) denotes the average in this periodic case). Since V¢ is a
29
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gradient, (i) implies that
V- -A(z)AR-z)Vo(R-z) =4V -Vo(R-x) =0. (A1)
On the other hand V - A(z)V¢(x) = 0 implies by (ii) that z — A(R-z)V@(R - ) is a
gradient field, so that, by definition of the homogenized coefficients, (A.1) yields
(A(@) AR 2)VH(R - 2)) = Apom (A(R - 2)VH(R - 1)
Using now that the average does not change by rotation, this turns into

7€ = (A@)AR  2)VO(R - x)) = Apom (AVY) = Afy €.

hom

from which we deduce the claim by symmetry and coercivity of Ayom-

In the two-dimensional discrete case, the following counterparts to (i) and (ii) hold:
(i) if x : Z2 — R? is a gradient field, then = +— x(R - z) is divergence free, that is
V-x=0;
(ii") if x : Z? — R? is divergence-free, then z — Y (R - x) is a gradient field V.
However, if one considers ¢ such that V* - A(x)V¢(x) = 0, one has
V*  A(x)A(R-x)VP(R-x) =yV* - V(R -x) £V - Vo(R-2) =0

in general. Similarly, x — A(R - x)V¢@(R - x) is not a gradient field either. Hence, the
arguments of the proof do not carry out to difference operators in the periodic case.
Actually, counterexamples to Dykhne’s formula are easily constructed in this case (see for
instance the discrete example in [8, Section 4.1] for which v = 10 < 26.240099009901 ... =

ahom) .

As opposed to the periodic case, the proof of Dykhne’s formula carries out from the
stochastic continuous case to the stochastic discrete case, as we quickly show now. Let
d=2and A € A,3 be ani.i. d. conductivity matrix whose entries, denoted by x +— a1 (x)
and = — ag(x), take values @ > 0 with probability 1/2 and 3 > 0 with probability
1/2. We then introduce the following two auxiliary conductivity matrices: A := o341,
and A defined by A : z — af diag [az(z + e2) ! ai(z + e1)"!]. Note that A, A and A
have the same law, so that they yield the same homogenized matrix Apom. Let then
£ =&ep + ey € R? and é be the corrector associated with A and &. We introduce the

vector field .
1 &+ Vid(x) }
Wz Alx - .
(@) [ —& — Vig()
The field W satisfies the following three properties.

Property 1.
V* - A(x)W(x) = 0. (A.2)

A direct computation actually shows
V' A@W() = V' A@)A(z) [ &2+ Vio(2) ]
r

) —&1 — Vig(r)
= v | T

0.
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Property 2.
V x W(x) = 0. (A.3)
Using the defining equation for the corrector, and the definitions of A and A, one has
_ 7 &2+ Vig(z)
VxW(x) = VxA(zx) [ e —V’{q@(m) ]
Va(ar (@) (& + V36(2))) + Vi(az(z) (& + Vid(x)))
= Valaz(z — e2) (&2 + Vid(@))) + Vi(ai(x — e1)(&1 + Vid(x)))
V3 (aa(2)(&2 + Vad(2))) + Vi(a1(2) (& + Vid(@)))
= V- A@)(E+9)
= 0.

From (A.3) we deduce that x — W (x) is a gradient field.

Property 3.
(W(z)) = Anom(&2e1 — &1€2). (A.4)

To prove this property, we use the definitions of A and A, and the joint stationarity of A
and V.

_ /i &+ VZGE(ZC) } >

Wy = (A | SrTED
= (@s(e — e2)(§2 + V3d(@))er — r(x — e1)(& + Vid(x)es )
= (@@)(&+ Vad(@))er — ()€ + Vid(x))es)
= Apom(&eer —1ez).

In the last equality, we have used that a; and as have the same law.

We are now in position to conclude. Since z — W(x) is a gradient field and satisfies (A.2),
one has by definition of the homogenized matrix

Apom (W) = (AW). (A.5)
We use (A.4) to rewrite the 1. h. s. of (A.5) as
Anom (W) = Afo(E2e1 — Ere2), (A.6)
and the definition of A to rewrite the r. h. s. of (A.5) as
(awy = ag (| £ V80 1)~ asieees - e, (A7)
by stationarity of ¢. The combination of (A.5), (A.6) & (A.7) proves that
Ao = afld,

from which we deduce Dykhne’s formula

Apom = VB 1d

since Aypom is symmetric positive definite.
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APPENDIX B. PROOF OF LEMMA 3

The proof of Lemma 3 is a discrete version of the corresponding proof in the continuous
case in [8, Appendix]. The discreteness compells us to slightly modify the definitions
of gr;r and xr; (see below). Likewise, we have to use a discrete Leibniz’ rule, which
complexifies notation. As for the continuous case, we combine the decay estimates of [9,
Lemma 8| with Harnack’s inequality and Agmon’s positivity method (see [1]). We recall
here the Harnack inequality on graphs due to Delmotte (see [5, Proposition 5.3]).

Lemma 5 (Harnack’s inequality). Let a € Ang and R>> 1. If g : Z¢ — RF satisfies

—-V*-AVyg(z) <0 (B.1)
in the annulus {R/2 < |z| < 4R} (that is gr is a nonnegative subsolution), then
1/2
swp g(a) < (B ORI (5.2
R<|z|<2R R/2<|z|<4R

where the multiplicative constant does not depend on R, nor on A.

For |z —y| < VT, (3.2) & (3.3) coincide with [10, Lemma 5, (2.10) & (2.11)], and we only
treat the case |z —y| > V/T.

Step 1. Operator positivity method. We first prove the exponential decay using the
classical Leibniz rule, for which the algebra is simpler. We shall deal with the modifications
due to the discrete Leibniz rule in the last step of this proof.

For b >0, j,k € N, let x7; : Z — [0,1] and gr;x : Z — R be given by

for || < 27V/T 0
Xrj(x) = for 29v/T < |z| < 23“\/_ (2j\/T)’1(]m\ — 21T
for |z| > 2+t1/T : 1
and
for |z| < 20t1/T : 0
- for 20T1/T < |z| < 2T + 2F : b(|z| — 27V
gros) = for 21T + 28 < |o| < 29H0/T 4 2k+H1 o 2k +1p 4 p(2F1T — |2)
for 20T1/T 4 2k+1 < || : 0

These functions are plotted for convenience on Figure 15. We then set
gT,j,k : Zd — R+

d
x> grge
=1

and
XT,j 7t — 0,1]
d
v o 1= [0 = xrsz).
i=1
Note that [Vgr k()] < Vdb for all z € Z%, j € {1,...,d}, k € N. With the notation
|Z|oo == max{z1,...,x4}, x1,; satisfies: XT .|| o0 | <23/ T = 0 and XT || oo |20 1T = 1.

Let s € N\ {0}. We multiply the defining equation for Gp by the test function
2+ xr.j(2)? exp(297,7,4(2)) G (2).
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I 2kp
SN Tk
””” ,7’1’1”"”””””””\’\‘:\"\ )NCT,j +1 I,”/,‘{’”"”"””””’\:‘;\’”””’”
C(@TIWT 4 28y it lyT i T 9iH+1\/T 4 oh+1

_Qj\/T 2i+1\/T

FIGURE 15. Functions g7 ; and x7;.

Since this function is in L?*(Z%) due to [9, Lemma 9, (2.23)], we may integrate by parts
the equation on Z%, obtaining

77 [ (vrs(@) eplan(@)Gr(a) da

—|—/ V(XTJ(:U)Q exp(2gT7j7k(x))GT(x)> - A(x)VGr(x)dx = 0. (B.3)
7.4

We focus on the second term of the equation and use the (classical) Leibniz rule. For the
sake of clarity, we drop the subscripts and variables in the following calculation.

V(X2 exp(29)G> - AVG
= V(xexp(g)G> - Axexp(9)VG + x exp(g)GV (xexp(g)) -AVG
= V(Xexp(g)G> -AV<xexp(9)G>

—V(X exp(g)G) AV (X exp(9)>Gi +x exp(g)GV (Xexp(g)) - AVG.

N~

&
We rewrite the second term of th r. h. s. as follows:
& = —xexp(g)VG- AV (x exp(g)>G - GQV(X exp(g)> AV (x exp(g)>

= —GQV<X exp(g)) - AV (X exp(g)> — xexp(9)GV (X eXp(g)) - AVG,
by symmetry of A. The combination of these two equalities yields
v<x2 exp(Qg)G) AVG
=V (x exp(g)G) - AV (x exp(g)G) -G’V (x exp(g)> - AV (x exp(g))
> 06 |V (xexp(o) [ (B.4)

by the uniform bounds on A.
33



34 A. GLORIA

Setting 7 ;i :  — exp(gr .k (x))Gr(x), we insert (B.4) into (B.3) to get

/ <T_1XT,j(x)2¢T,j,k(x)2 — BGr(x)® ‘V<XT,j(ﬂU) eXp(gT,j,k(m))> ‘2> dz < 0.
74

Using the properties of 7 ; and gr j, this yields

[ (1 s = 6Gr(@)? IV explarga@)P) xry(aPda
)00 >27 VT

< | V) Grla) s,
20V T<| 2|00 <20 H1V/T

and finally

/II S /T <T71 -8 |V9T7j,k(33)|2> Y k(T)xr, () de

< prte¥ / Gr(z)?de.
20V T<| 2] 00 <20 +1V/T

Choosing b = (2d3T)~'/? and using the definition of yr , this turns into

T,Z),'7k:c2dm < / w,',k$2XT,'$2dﬂc
/|$|0022j+1\/f o ( ) |J3|0022]\/T T.j ( ) .7( )

< Gr(z)dz.

272 /
2IVT < 2|00 <20 H1VT

We then pass to the limit & — oo by the monotone convergence theorem and use the
definition of 17 ;, for |] 0o > 29H2\/T to prove the main result of this step:

Gr(zx)2de < 27% exp(—b2j+1\/f)/ Gr(z)?dz  (B.5)
2IVT <200 <2 H1VT

/xooz2f+2ﬁ
for all s € N\ {0}.

Step 2. Decay estimate and Harnack inequality. We now use the decay estimates of [9,
Lemma 8, (2.23)] with ¢ = 2: For all j € N and d > 2, we have (recall that |- | and |- |~
are equivalent norms)

/ Gr(x)2de < (2VT)HE-D2, (B.6)
20T < 2|00 <20 H1V/T

Since

—V* AVGT(m') = —TGT(.%') S 0
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for |z| > 1, Lemma 5 implies

sup Gr(z)
243VT< 2] 0e<2IH4VT

1/2
GT(x)2dx>

< <<2fﬁ>d /
2742V T<|x] 0o <2945VT
®s) »
< (PVT) 1272 exp(—b2* \/T)/
(B.6)
s (@v)

1/2
GT(m)de>
VVT<|2|00o<2i+ VT

2] gy (—p2+1/T)(20 T 22 ) 1/2
< (PVT)*Lexp(—b2/VT),

which is the claim (3.2) for d > 2 and (3.3) for d = 2.

Step 3. Modifications due to the discreteness. In Step 1, we have used the standard
Leibniz rule. In this step, we complete the proof by turning to the discrete Leibniz rule,
and prove the following inequality corresponding to (B.4):

V(X%j eXP(ng,j,k) Gr(z)) - AVGr(x)
> —48(Gr(r + e + Gr@?) |V (xrs@? expgrn@)) [ - B

This inequality is a consequence of the following version of [9, Proof of Lemma 8, Step 5,

(4.27)]

V(i GEYY - AVGr(x)

d
> (1-207Y Zai(x)UZ(w - e;) + 2 (z)
=1

(GF ' (z + ) = G (2))ViGr(z)
>0

—CZaZ (Gr(z + €)? + Gp(x)?)|Vin(x) %,

with the values ¢ = 2, C = 4, n(x) = xr,(x)exp(gr,;r(r)), and using that a; < .
To prove this version of [9, (4.26)], one just needs to keep track of a; and not use the
lower and upper bounds on a; in [9, Proof of Lemma 9, Step 5]. Setting ¢ i : © —
exp(gr ik (x))Gr(x)?®, we insert (B.7) into (B.3) to get

d

/Zd (T‘leJ(x)?wT,j,k(m)Q —48) (Gr(z+e)’ + Gr(z)?)

i=1

(Vi (xrj(x) explgr,jx())))” >dac < 0
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By the properties of x7; and gr jx, this turns into

d
/|m|00221'ﬁ (T71¢T’j’k(x)2 —48 izl(GT(l“ + e¢)2 + GT($)2)
(Viexplgrx(@))” ) xry(@)de

d
< 481 + exp(20)) Y (Vixr,j(2))? (Gr(z + €:)* + Gr(x)?)dz.

=1

/2J\/T§|m|oo§2f+lﬁ
(B.8)

We then use the specific structures of gr;x: For all z; € [—2j+1\/T — okH1 _oitl/T _
2k) U [27+1/T, 27H /T + 2F), one has g7 x(v; + 1) = g7 x(x;) + b, and

Viexp(grjr(r)) = exp [ Y drjx(z) <€XP(§T,j,k(xi+1)) —eXp(QT,j,k(wz‘)))
1%

= oxp | > grjk(@) | exp(drn(e:))(exp(b) —1)
12

= oxp | D gryn(@) | exp(@rn(ei +1))(1 — exp(=b)),
i

so that

(Viexplorss(@)) = explon;a(e))? (exp(d) — 1) (B.9)
= exp(gr r(z+ el-))2 (1— exp(—b))2 (B.10)

for z; € [~2/T1/T — 2k+1 23 +1\/T — 2k) U [20+1\/T, 20+ 1\/T + 2F).
For z; € [—2j+1\/T — 2k —2j+1\/T) U [2j+1\/T + 2k,2j+1\/f + 2k+1), the same chain of
arguments also yields (B.9) & (B.10).
Finally, for
x; > 2j+1\/T_|_2k+1,
x; < _(2j+1ﬁ+2k+1)’
— VT <y < 27T,

2
one has (VZ- exp(gT7]~7k(m))) = 0.
We then deduce the following bound for all |z;| > 273/T:

(Viexplomsa@) (Gr(e + e + Gr(z)?)

(BOUBIO o+ e0)2(1 — exp(=b))? + b () (exp(b) — 1)

5 <¢T,j,k($ + ei)z + ¢T,j7k(x)2>bz, (B.ll)
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for all 0 < b < 1. Inserting (B.11) into (B.8) yields

(T — 48d0)dr () < / Gr()da,
21 VT< |00 <20+ VT +1

-1/2

/:voozzﬁlﬁ
and we may conclude as before, taking this time b = (83dT)
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