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Summary. One of the major problems in geometric modeling is the control of
shape construction. Indeed, one should be able to construct geometrical forms by
combining or manipulating simple entities. This problem is even more important
when we deal with fractal geometry. In this paper, we propose some methods for
increasing the modeling capabilities of fractal shape constructions. We propose
two extensions of the IF'S model. The first is based on the integration of free form
techniques in an IFS formalism, while the second deals with the definition of matrix
of attractors to give a constructive approach of fractal shapes.

1. Introduction

The aim of geometric modeling is to model forms by manipulating or combining
well-known shapes such as circles or boxes. The resulting model becomes more
convenient if it allows us to control and to manipulate the final shape easily. When
we deal with fractal geometric modeling, the control on fractal figures is not so
easily achieved as with classical smooth ones. The difficulty comes from the fact
that fractal shapes are usually generated with iterative or recursive procedures.

In order to have a better control on the shape, we wish to develop a frac-
tal modeler. Such a modeler should be constituted by a set of basic shapes, a set
of unary operations (shape modifications) and a set of binary operations (shape
combinations). We distinguish two kinds of operations: set operations (union, in-
tersection, restrictions) and geometric operations (transformations, deformations,
interpolations, extrusions).

Our work focuses on extensions of the IFS model. We have been inspired by
existing techniques in classical geometric modeling. One of these techniques is con-
structive geometry which allows to build complex attractors using set operations
(union, intersection, ...}. Such a construction is possible using IFS matrices which
are able to generate a wide class of fractal shapes, not necessarily self-similar. These
matrices can be combined with particular operations to yield complex fractal shapes
in a constructive way. Another classical technique is the free form one. We demon-
strate, by considering a particular complete metric space and particular IFS, that
we can generate IF'S attractors that are either smooth or fractal figures. These at-
tractors combine the advantages of free forms (control via a collection of control
points) and those of fractals (self-similarity, complex shapes). Thus, fractal shapes
can be manipulated with the same flexibility as classical free forms.



2. IFS modeling

Fractals are characterized by their property of self-similarity. Barnsley’s idea con-
sists of using this property to encode the different parts of the fractal by contractive
operators. These operators use an iterative scheme to transform any initial shape
to a union of its reduced parts. The contraction property of the operators is used
to prove the existence of a unique invariant set named the attractor. Below, we
summarize the basic notions of IFS theory and introduce the notation used in the
remainder of the paper.
An JFS-based modeling system is defined by a triple (E,d,S) where:

~ (E,d) is a complete metric space. We shall call it the iterative space.
— & is a semigroup acting on points of E such that : p— T p, where T € S is a
contractive operator. § is called the ilerative semigroup.

The space H(FE) denoting the set of non-empty compacts of F is a complete
metric space, endowed with the Hausdorff distance :

du(K, K') = in d(p, q), ind(p, q)}.
H( ) = max{max min d(p, ), max min (7. 9)}

An IFS is a finite subset of the semigroup S:
T ={T,...,Tn}.
The associated Hutchinson operator is:
KeHEY»TK=T1KU..UTy K.

This operator is contractive in the metric space (H(FE),dy) and admits a fixed
point A(7") given by :
A(T) = lim T*Ko.
k—r00

IFS attractors constitute a particular family of compacts, they are invariant
sets for the semigroup of IFSs :

A=T) AU..UTx A, with T; € S.

IF'S techniques present an interesting approach for modeling fractals. In addition
to the simplicity of their mathematical formalism, they provide an efficient tool to
encode complex shapes with a small set of contractive operators. The structure of
the attractor depends strongly on the semigroup of the operators. This dependency
suggests a classification of fractal shapes into families. For instance, if the semigroup
is taken to be of the following types:

— Affine operators: in this case, the attractors are self-affine.

— Homographies: here, the corresponding attractors are self-homographic (see Lévy
Véhel [13]).

— Similitudes: the corresponding attractors are self-similar. A wide variety of fractal
curves belongs to this family of attractors. (see Dekking [5], Dubuc [7], Tricot
[27], Prusinkiewicz [24] and Hwang [12]).

— Dilatations-shearing : this semigroup permits graphs of functions to be defined
as IFS attractors. The fractal interpolation of curves introduced by Barnsley [2]
and extended to surfaces by Massopust [14] [15] gives examples of such functions.

— Dilatations: this semigroup was used by Dubuc [7] to construct hyperbolic curves.



This paper focuses on affine operators.

IF'S techniques suffer from important drawbacks when used for geometric mod-
eling purposes. These consist of two essential restrictions. Firstly, the attractors are
strictly self-affine. Secondly, there is no convenient way to manipulate these attrac-
tors. By analogy with free form techniques, manipulation means the possibility of
controlling the global shape of the attractor. Such a deficiency is an important limit
of fractal geometric modeling.

We propose two generalisations of IF'S techniques to overcome these drawbacks.
First, we define the projected IFS attractor

K., = PA(T) with K} = P(T*Ko),

where P denotes projection.

This generalisation enables the construction of attractors with control points which

can be handled as efficiently as classical free form shapes (Bézier, spline,...).
Second, we define the restriction of an IFS attractor

K C A(T) with K C T* K.

- This generalisation extends the family of modeling shapes to non-restricted self-
affine attractors. A set of operations will be given for a constructive approach of
fractal attractors using basic operations, such as union and intersection.

3. IFS generalisations

3.1 Free form shapes

In this section, we present a generalisation of the IF'S model which integrates free
form techniques. This generalisation distinguishes between the iterative space, in
which the attractor is defined, and the modeling space, in which this attractor will
be projected using a set of control points. In this way, we can construct smooth or
fractal forms characterized by a set of control points.

Let us take as iterative space the I-simplex defined by:

BY = {(\)jerl N >0, Z/\j =1, I=10,..m]},
jef
and Markov matrices as the iterative semigroup:

S(I)={T| Y Ty =1and T3; > 0}.
Jjer

L

We build IFS attractors which belong to the I-simplex: A(7) C BL. As we
distinguish between the iterative space and the modeling space, we can project this
attractor in the modeling space (R? or R*) using a set of control points as follows:

PAT) = {PMXec AT (3.1)

where:

PA= Z Ajpi with P = (p;)jer. (3.2)
JjET



As the attractor belongs to the I-simplex, we have the convex-hull property of

the attractor:
PA(T) C conv({p;] j € I}),

where conv({p;| 7 € I}) is the bounding box of the p;’s.
In this way, we generate free form fractal shapes which are controlled with the
same flexibility as classical free form shapes [33].

3.2 Matrix of IFS

Another way to generalize the IFS model is to construct subsets of an IFS attractor.
This can be done using matrices of IF'S. Such matrices are a generalisation of the
Hutchinson operator. This approach has been developed by Peifgen, Jirgen and
Saupe in [23]. They consider an IFS matrix of size n x n to be an operator on the
space of vectors of size n with compact components. This matrix has a fixed point
vector, which is the attractor of the IFS matrix.

Here we propose a new type of attractor. By considering the space of matrices
of size n X n with compact components as iterative space, we construct a fixed
point matrix. This definition of an attractor allows us to simulate a large family of
existing models. For more details see [28] [25].

More precisely, we write M(H(E)) for the set of matrices of compacts: for
K € M(H(E)),

Ki; € H(E)YU®.

In the same way, we write M(P(T)) for the set of matrices of IFS: for H €

M(P(T)),

with [;; C{1,...,N}and T € T.
Using the union and composition operators, as defined in the IFS model, we
define the composition of an IFS matrix with a matrix of compacts:

(I_'}f{)ij = U ﬁ'{kf?kj.
k=1

In the same way, we define the composition of two IFS matrices:

(HE')ij = | ) HaeH;.
fom=1

It is now possible to define an attractor matrix, in the same way as for IFS.
Indeed, given K and K’ € M(H(E)), the distance defined by

i KT) = e K

is a distance on M(H(E)). Moreover, given K € M(#(E)) and H € M{P(T)),
one can prove that, under certain hypotheses, the sequence (H*K), is a Cauchy

sequence on (M (73(7')) deo).
‘We thus define the attractor matrix associated with an IF'S matrix as the limit
of the sequence:



A(H) = lim H*K,.
k—oo

Moreover, instead of constructing an attractor matrix, one can consider the
union of certain of its components:

AR,Qr,Qry= | ) A(H); with Q1,Qr C{1,...,n}.
i€Q.,JEQ;
Thus, a single matrix leads to many different shapes from which a choice can be
made.
This type of union has a relation with regular languages.

Writing & = {1,...N} the alphabet associated with an IFS 7 = {T},...,Tn}
and L C X* a language over %, we have:

J  A@) =A@y = Jlim {T, ... To, }Ko.
1€Qr.JjEQ

Many fractal models have been developed using formal languages [6] {3] [22] [4]
[19] as well as some IF'S generalisations based on graphs [20] [1] [10]. Our approach
enables us to create the same shapes as these approaches [21] [16] [25].

4. Set operations

The matrix model permits combination of two II'S matrices to obtain a new attrac-
tor matrix. We have studied two types of operations, some general operations on
matrices, such as union, composition, intersection, tensor product [25]; and some
operations associated with formal language theory, such as tensor sum, block matrix
[29].

These operations provide us with a constructive approach. Indeed, it is possible
to combine two IFS matrices and to obtain a resultant matrix that we combine
with another one, and so on. Before illustrating this approach with an example, let
us give a brief definition of each operation.

4.1 Matrices operations
The union and intersection operations are defined in the following way,
(HUH')y; = Hi; U HY;,
(Hn H')y; = H; 0 H.
Composition has already been defined:

(HH")i; = Ugikg;:j-
k

Tensor product is a more interesting operation because it increases the size of
the matrix:

HuUuB ... H.UH

Enluﬁ’ “aa ﬁunuﬂ”



with H” a square matrix of size n.m, and

f}{jUI:I;_l FI,-,-UI?im

HijUf:?r= : :
ff,‘j Uﬁ,{ni I}ij UE:nm

4.2 Language operations

Tensor summation is an operation associated with language theory. This operation
corresponds to the shuffle (denoted by LI} of two regular languages. For this reason,
we denote it “Q”. We define it by

ﬂi.{?n Uf}-’ _ ﬂl.ﬁn f_‘::l‘-gln
& — Houi [dHy  [dHpUH ... 1dHwm
- U = . . 3
I‘a.ﬂnl Iﬂé-ﬁﬂ2 e f:i.ﬂ'nn L .EI’

with H” a square matrix of size n.m and Id the identity matrix of size m.
The block matrix operation is a simple combination of two matrices:

""H__” ".'_ EI @
g _HoUH..( A E,).

As for the tensor summation, this operation has been inspired by language
theory. It corresponds to the union of two regular languages. Using this operation
we can define the union of two fractal shapes:

AHOUH', Q1 Q1 Qr UQ"F) = A(H,Q1,Qr) UA(H', Q1, QF)

Moreover, if we replace some ) with the identity in the resulting matrix, we
obtain the concatenation of two regular languages. We will denote this operation
by “O‘ﬁll‘ ‘

Figure 4.1 shows an example of concatenation on the left and an example of
shuffle on the right.

4.3 Constructive approach

Figure 4.2 shows how some complex shapes can be constructed, using the “step
by step” approach, with the use of the matrix operations. The construction tree is
based on four simple IF'S attractors.

The color plate C.2 shows a picture obtained by this approach.

4.4 Classification by inclusion

To facilitate the choice of operations, we have ordered (in the sense of set inclusion)
the results of these operations. We consider the compact union of all components
of the attractor matrix:

U A(H )i;.

i,j€{1,...n}
Denoting by 7_the IFS composed of all the transformations used in both IFS

matrices H; and Ha, we can prove the following inclusions [25], where ] denotes
inclusion.



Fig. 4.1. Language operations

A(ﬁ1 N f;rg)
4
A(H1) N A(H2)
T
.A(I:L Of}z) A(gﬂ U.A(I'_Iz) mA(EﬁOUI_fg)
4 v 1
A(Hy U Hy) A(H1$.Ha)
4 )
A(H; ® Ha) A(H1OuH2)
A <
A(T)

Figure 4.3 shows an example of inclusion.

5. Geometrical operations

5.1 Shape operations

In classical geometric modeling, basic operations are defined on shapes to provide
sufficient capability of modeling. Such basic operations can for instance be a de-
formation or a combination of two elementary shapes, to generate a complicated

one.
Two types of operations may be distinguished: unary operations (transforma-

tion or deformation of a shape):
F(A) = {F(p)lp € A},

and binary operations (combination of shapes):



Fig. 4.2. Construction tree



A(H)) and A(H2) C A(TiOuH2) CAFH1UH) CAH ®u Hs)

Fig. 4.3. Example of inclusion.

A#A = {p#p|p€E Aandp' € A'}.

In classical geometric modeling, curves and surfaces can be obtained by using
the two sorts of geometric operations. Parametric curves can be formulated as
deformation (or embedding) of the standard interval [0, 1] in the modeling space E:

A= F([0,1]) = {F(s)] s € [0,1]}.

Parametric surfaces can be formulated as deformation (or embedding) of the stan-
dard set [0, 1]2. A classical procedure for patchwork construction is extrusion, i.e.
combination of parametric curves :

F(s,t) = F(s)#F'(t).

Such operations cannot be achieved on IFS attractors, since a combination or a
deformation of an attractor is not necessarily an IFS attractor. To solve this prob-
lem, we introduce the notion of morphism [26]. This allows operations on attractors
to be considered as operations on [F'S operators [8].

5.2 Operations on attractors

Let us consider three IFS modeling systems (E,d,S),(£',d',8"),(E",d",8"). A
unary morphism is a pair of functions ¥ : £ — E' and F : 8§ — &' such that:

F(Tp) = F(T)F(p).

A binary morphism is a pair of binary operations # : F x E — E“
and # : & x & — 8§ such that:

(Tp)#(T'P) = (THT' ) (p#p)-

Using these morphisms, operations on attractors correspond to operations on-
the IFS operators. Indeed, if we take an IFS T = {71, ..., T~} and its corresponding
attractor A then:



F(A) = F(UIL, T A) = UL F(TY) F(A). (5.1)

Hence, the deformation of the attractor A using F is also an IFS attractor. Its
corresponding IFS is F(T) = {I(T}), i=1,..., N}.

These morphisms can be viewed as functional equations, where, for a function
F and a couple of IFSs {T;} and {T; }, we have

Vi=1,.,.N,V¥p€ E F(Tip) =T, F(p). (5.2)

It is interesting to notice that there are two ways to solve this functional equa-
tion:

1. Given a function F, is there a pair of IFSs such that the functional equation
holds ? This leads to polynomial deformation of attractors.

2. Given a pair of IFSs, is there a function ¥ which is a solution of the functional
equation ? We demonstrate that, with certain conditions on the IFS, such a
function F exists and allows a fractal deformation of IFS attractors.

5.3 Curve deformations

Let us investigate more precisely the functional equation (5.2). Our purpose is to
define, using this functional equation, parametric curves which are IF'S attractors.
Suppose that E = [0, 1], on which we define contractive affine operators

S={T =la,u]|Vt€[0,1], Tt =at +u}.
If To and T} are two operators such that:
Tot=r1t; it=(1—7)t+r, 0<r<1, (5.3)
then, obviously, [0, 1] is the attractor of this IFS since we can write :
[0,1] = To [0, UT: [0, 1].

Thus, if a function F exists, then F([0,1]) is the attractor of the IFS F(7) =

{F(T,), F(T1)} which is a self-affine curve defined in the space E.

This development represents a general framework for modeling curves using
IFS [31). Next we give some convenient hypotheses for generating classical (Bézier,
spline) and fractal free form shapes (see Figure 5.1).

5.3.1 Polynomial deformation. Let E = B. and 8" = §(I). Given a func-
tion F(t) = [Fo(t),..., Fa(t)]” € E', we are interested in the explicit formulation of
the function F'. This establishes a correspondence between attractors in the space
E and attractors in E . If such a function exists, then the curve F([0,1]) is the

attractor of the IFS F(T) = {F(To), F(T1)}. Its projection P F([0,1]) yields a
parametric free form curve [32].
For example, if we take F'(t) = B(t), the set of Bernstein functions, then we can

explicitly define the function F' as:

F. S — 8’ )
T =[u,a] — F(T)=F(ua)="Ti(x)Tola/(—1u)

where



Fig. 5.1. Bézier and fractal curves obtained as IFS attractors. The fractal curve is
controlled in the same way as the Bézier curve.

1 1—-r (1—7)* (-7p® \
|0 T 2(1~7) 3r(1—7)*
°~ 10 o r? 3(1-r)% |°
0 0 0 7
(1-r)® 0 0 0\
T = 3(1—r¥r (1-7¢ 0 O
71 3*1—7) 20-7) 1—-7 0O
r r? r 1

In this way, polynomial deformation of [0, 1] yields a classical Bézier curve as the
projection of an IFS attractor (see Figure 5.1).

5.3.2 Fractal deformation. It is also interesting to study the inverse proce-
dure to that discussed in (5.2). Suppose that the function F is unknown. Then, for
two given IFSs 7 = {Ty,T1} (defined as previously) and T = {T(;,T;} € S, there
is a necessary and sufficient condition for the existence of F. Indeed, if we choose

the Markov matrices T(; , T{ such that T{; ¢ = T; co ( co, €1 are respectively the fixed

points of T{; and T;) then a unique function F' exists, which is the solution of the
functional equation (5.2) [18] [11] [30] [33].

Experiments show that, with general Markov matrices satisfying the condition
above, the curves we obtain are fractals, due to the fact that they are nowhere
differentiable with a self-similar structure (from the IFS model itself). Thus we see
the intimate relationship between the Markov matrices and the smoothness of the
attractor {see Figure 5.1).

5.4 Combinations of attractors

Binary geometric operations can be defined on two elementary IFS attractors to
create a more complicated one. We can distinguish two types of operations:

— linear operations, such as affine combination or vectorial summation;
— bilinear operations, such as the tensor product.

Both types are discussed below.



5.4.1 Vectorial summations. Under certain conditions, a “special summa-
tion” [9] [8] [26], can be associated with vectorial summation of points such that:

(Tp) + (T'P) = (T+T)(p +p').
Summation of attractors is defined by:

AT + AT = A(TFT).

Fig. 5.2. Summation of a tree and a parabola.

Figure 5.2 displays the sum of two attractors, a tree and a parabola. The color
plate C.3 displays an other sum of two bidimensional attractors.

5.4.2 Tensor products. A classical method of defining free surface patches is
to use tensor products of curves. Given two functions (F(s), F'(t)), the free form
surface obtained by the tensor product of these two functions is:

m m"

Qs,t) = P(F()® F'(t)) = > _ > Fi(s)Fj(t)ps; with P = (py;). (5.4)

=0 jzz0

This operation has the following advantage: from two IFS corresponding to two
parametric curves, we can find the IF'S whose attractor is the surface obtained by
the tensor product of these two curves. Indeed, the following property holds [17]

[32] [33]):
PATY® A(T)) = PA(TRT),
where T ® 7' is defined as the tensor product of Markov matrices.
There are also two cases of curve deformation: polynomial deformation and

fractal deformation. In general, F can be defined explicitly in the case of Bézier
deformation by:

P S~S®S — S s

:r_-_-[ g g] —  F(T) = F(u,a) ® F(v,d)

U
v




We can use this function for fractal deformation by replacing the matrices T[‘,,Tl’
by general Markov matrices (see Figure 5.3).

=
=
=
=
g
=
=
=
=
=
=
=
=
=
=
=
=

Fig. 5.3. The left figure illustrates a surface obtained by the tensor product of a
Bézier curve with a fractal one. The right figure shows the tensor product of two
fractal curves.

5.5 Deformations of attractors

The procedure of constructing free form fractals is based essentially on the property

which associates another subdivision in E to each subdivision in the space E
through a morphism. In this way, all IFS attractors defined in E can be deformed

in E using the tensor product property. This leads to a straightforward way to
construct IFS attractors with control points.
For example, to generate a Sierpinski gasket with control points, we take the

Sierpinski IFSs in the spaces E and F :
Ts = {To0,Tor, T10}, T = {T{;O:T{;I:T;D}:

where fl}} -—JT‘-’ *T;.
The deformed attractor is a subset of the surface defined above:

A(Ts) € [0,1]* = A(F(T5)) = F(A(Ts)) € F([0,1]").

This consists of subdividing the surface into four patches and then omitting one of
them (see figure 5.4). However, the generalisation to other IFS attractors can be
done by giving the IFS in the space £ and then computing its image under the

function # to yield the IFS in the space E [33].

Remark:
Previously, we dealt only with polynomial deformation. Such a deformation allows



Fig. 5.4. These figures illustrate smooth and fractal deformation of the Sierpinski
gasket.

us to construct attractors with control points. However, other types of deformations
can also be used. Figure 5.5 illustrates an example of deformation using quadratic
functions (elliptic paraboloid and hyperbolic paraboloid) [33].

6. Conclusion

Using generalisations of the classical IFS model, we construct a fractal modeler
which manipulates IFS attractors with the same flexibility as classical smooth
shapes. However, this modeler manipulates matrix of attractors and free form frac-
tals in a disjoint way. Free form fractals are strictly classical IF'S attractors. As an
immediate extension of this work, we suggest a further generalisation to construct
free form matrices of attractors.
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