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Abstract — This paper revisits the topic of decoding
cyclic codes with Grébner bases. We introduce new
algebraic systems, for which the Grébner basis com-
putation is easier. We show that formal decoding for-
mulas are too huge to be useful, and that the most ef-
ficient technique seems to be to recompute a Grobner
basis for each word (online decoding). We use new
Grébner basis algorithms and “trace preprocessing”
to gain in efficiency.

I. INTRODUCTION

Let C be a cyclic code of length n over F2, with defining set
Q C {1,...,n} and correction capacity t, and let a € Fom be
a primitive n~th root of unity. For any error e of weight v,
if Z7 den_ote the locators of e, we can compute its syndroms
S; =e(a’) =327, Z5" Vi€ Q. As long as v < ¢, the system
SyN, = { Si—- 7., 2 i€Q } specialized for S; = S}
has a unique solution (cf. [4]). To use the symmetry of the
problem, we introduce the symmetric functions of the locators:

SyMm, = { o _E[]<.--<lj Ziy - Ziy, 5 €1, } The S}'’s
and the o}’s associated to the Z}’s are also solutions of the
following system (cf. [1])

ie1 .
NEWTON, = { g‘ i %5:1 ZJg‘l—J -1;1;1[,1} zv€+[17;1’_] 1 (1)
i j=1 TjRi—3> 3

A Grdbner basis describes the set Vg(I) = {z ¢ K : Vf €
I, f(x) = 0} of solutions of an ideal I C K|z1,...,zs] where K
is the algebraic closure of K. To compute Vk(I) = Vg(I)NK®,
we have to add the field equations. We add a * to an ideal
to denote the ideal together with the field equations (ZJ’.z+1 -
Zj,S,;zm - Si or a?m - aj).

It has been shown that the problem of decoding cyclic codes
up to their true minimum distance can be solved by the use
of Grébner bases [3], with the algebraic system Synj.

II. NEW SYSTEMS AND THEIR PROPERTIES

Starting from the system (1), we eliminate the unknowns
syndroms S;, ¢ ¢ Q to obtain the new system BIN =
{Si — fi(o1,...,00) i € Q}, where the fi’s are the Waring
functions. We show that this new system and the systems
SyM, and NEWTON, used in [3, 4] are closely related, and
that for these systems the field equations are not necessary:

Proposition 1. The ideals and their variety are related by:

(BINY) = (SYN,SYMF) NF(g,,8] = (Newrong)NFlg,,S]

(BN) = (SYN,SYMy) NF2{g,, 8] = (NEwTON,) NF2(o,,S]
Vi?—Q(SYN,SYMg_) = VE(SYN,SYMU)

Vi (NEwTONG ) V5 (NEWTONy )
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n d Fam v number of multiplications in Fom
73 | 13 ] 2” | 3,4,5,6,7 | 2°%,27% 2105 213F pI74

89 | 17 [ 2™ ] 3,4,5,6,7,8] 2°1,2%9 2115 o155 9705 5789
113] 15 [ 2% [ 3,4,5,6,7,8] 277,257,227, 2T5F 27¥F 377

Table 1: Decoding QR Codes

Proposition 2 (Uniqueness). Let S* C Fam be the syn-
drom of an error e of weight v < t, then the specialized sys-
tem BIN(S*) has a unique solution (o1,...,0,) and L.(Z) =
;’:0 o3 Z°79 is the locator polynomial of e. In practice, the
Grobner basis of BIN(S™) is always {o1 +01,...,00 + 05}

Proposition 3 (List Decoding). Ifv > t then the Grébner
basis of BIN(S™) gives all the possible errors of weight at most
v that have S* as syndroms.

With these new systems, we are able to do formal decoding
as well as online decoding. But the size of the formal formu-
las are so huge that the computation of the Grébner basis is
intractable, and even if we could obtain these formulas, the
cost of their evaluation would be much too large.

III. PRACTICAL DECODING
In practice we do online decoding with a subset of the system
BIN (we take the minimal number of equations to have a single
solution, and choose the equations of minimal degree to speed
the computation). This is a very general method, we only
need the length and the defining set of .the cyclic code.

If the field is big enough (e.g. 22°), we use a general
method for solving systems with parameters: the behavior
of the Grébner basis computation is almost the same for all
the possible values of the syndroms corresponding to an error
of a given weight. Hence as a preprocessing, we can compute
a Grobner basis for BIN(S;,) for a random error eo of weight
v, and record the trace of the computation (we do it as a C
program). Then for any error e, the C program executed on
BIN(S;) gives the values of the o;’s. This reduce drastically
the complexity of the online computation (by a factor 1000).

This method is implemented in Maple, and call the C soft-
ware FGb from the third author to compute a Grébner basis.
FGb is an implementation of the algorithm F4 [2].
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