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Abstract: In this report we consider that nodes in a Delay Tolerant Network
(DTN) may collaborate to minimize the sum of local objective functions, de-
pending in general on some parameters or actions of all the nodes in the network.
If the local objective functions are convex, it can be adopted a recently proposed
computation framework that relies on local sub-gradient methods and consen-
sus algorithms to average each node information. Existing convergence results
for this framework can be applied to DTNs only in the case of synchronous
node operation and simple mobility models without memory. We address both
these issues. First, we prove convergence to the optimal solution for a more
general class of mobility processes. Second, we show that, under asynchronous
operations, a straight application of the original method would lead to sub-
optimal solutions and we propose some changes to solve this problem. As a
particular case study, we show how the framework can be applied to optimize
the dissemination of dynamic content in a DTN.
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Méthode de sous-gradient distribuée dans les
réseaux tolérant les délais

Résumé : Dans ce rapport, nous considérons que les noeuds dans un réseau
tolérant les delais (Delay Tolerant Network, DTN) peuvent collaborer afin de
minimiser la somme des fonctions objective locales, qui dépendent en général des
parameétres ou des actions de tous les nceuds du réseau. Si les fonctions objectif
locales sont convexes, il peut étre adopté une méthodologie récemment proposé,
qui s’appuie sur le calcul du sous-gradient de la fonction locale et les algorithmes
de consensus pour faire la moyenne de I'information de chaque nceud. Les résul-
tats de convergence existants pour cette méthodologie peuvent étre appliqués
aux DTNs uniquement dans le cas de operation synchrone des noeuds et pour
des modéles de mobilité simples, sans mémoire. Nous abordons ces deux ques-
tions. Tout d’abord, nous prouvons la convergence de la méthode & la solution
optimale pour une classe plus générale des processus de mobilité. Deuxiéme-
ment, nous montrons que, dans le cas de opération asynchrone, une application
directe de la méthode originale conduit & des solutions sous-optimales et nous
proposons quelques modifications pour résoudre ce probléme. Comme étude de
cas particulier, nous montrons comment le cadre peut étre utilisé pour optimiser
la diffusion de contenus dynamiques dans un DTN,

Mots-clés : réseau tolérant les délais, optimisation distribuée, consensus,
méthode de sous-gradient
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1 Introduction

In networking applications, the performance of a Delay Tolerant Network (DTN)
is a global measure that depends on decisions (i.e., protocol rules) and variables
(i.e., protocol parameters) at each network node. Hence, the optimization of
any given network protocol can be described as a global optimization problem
which is governed by the local actions taken by each node. As an example, the
message delivery delay and the energy consumption under the gossip protocol,
see e.g., [I]- [2], depend on the message forwarding probabilities which can be
locally and independently calculated by each node. To further complicate mat-
ters, local (but globally optimal) decisions at different nodes are not independent
and the optimal configuration is in general heterogeneous and depends on the
specific scenario, as different nodes have different roles in the network. Given
this, it may be not be possible to compute optimal protocol rules and parame-
ters offline prior to network deployment. In addition, the disconnected nature
of DTNs calls for online and distributed approaches to optimization where, in
practice, each node has access to local variables and rules which can only be
set according to what occurs within its immediate surroundings (the visibility
scope of the node).

The authors of [3] present a distributed solution to this problem for the
case where the global optimization target f can be expressed as sum of M
convex functions f; and each node i only knows the corresponding function
fi, referred to as the local objective function. Many performance metrics of
interest have this decomposition property. For example, this is the case of
performance metrics related to nodes (e.g., energy consumption at each node)
or to messages (e.g., delivery time, delivery probability, number of copies in the
network). In either case, the metrics can naturally be expressed as a sum of
local cost functions relative to each node. Convexity is not always guaranteed,
but when this assumption does not hold the system converges in general to a
sub-optimal but still desirable solution.

In the framework proposed in [3], and later extended in [4], nodes optimize
their own local objective functions through a sub-gradient method, where they
try to reach agreement on their local estimates by occasionally exchanging their
local information and averaging it, like in a consensus problem [5L6]. Within
this approach, referred to as the distributed sub-gradient method, the local esti-
mate of each node is proven to converge to the optimal solution under certain
assumptions. However, two of these assumptions appear to be particularly re-
strictive for practical use in DTN scenarios. Specifically, the node mobility pro-
cess should have strict deterministic bounds on the inter-meeting times between
nodes, see [3], or it should be memory-less, see [4]. Neither of these conditions
is in general satisfied in a real network. Second, all nodes should update their
estimates at the same time, but synchronicity is difficult to achieve in such a
disconnected scenario.

As a first contribution, in this report we relax these assumptions. First, we
prove that the distributed sub-gradient method also converges under a more
general Markovian mobility model with memory in the meeting process. In ad-
dition, we show that a direct application of the framework when nodes operate
asynchronously may introduce a bias, leading to convergence to a sub-optimal
solution. Hence, we propose some changes to the algorithm, and show by sim-
ulations that they are able to correct the bias.

RR n° 7345
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Furthermore, inspired by the work in [7], we propose a possible application
of the framework to a DTN scenario where a Service Provider (SP) disseminates
a dynamic content over a mobile social network, with the help of the users that
opportunistically share among themselves content updates. In this context the
SP should decide how to allocate its bandwidth optimally, and to this purpose
it needs to collect information about node utility functions and node meeting
rates. We show that distributed sub-gradients can be effectively used to let the
nodes perform such optimization and then communicate the results to the SP
or simply pull the updates from the SP at the optimal rate.

The report is organized as follows. In Sec. Pl we review the distributed
sub-gradient method, whilst in Sec. Bl we show how to apply it to DTNs and
motivate our work. As original contributions, in Sec. dl we extend the results
in [3] and [4] to more general network mobility models and in Sec. [l we study
how the presented framework needs to be extended to cope with asynchronous
node operations. Hence, in Sec. [l we illustrate a possible DTN application
exploiting the distributed sub-gradient method. Sec. [7] concludes the report.

RR n° 7345
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2 Distributed Sub-gradient Method’s Overview

In this Section we review the main results in [3l[4] on convergence and optimal-
ity of the distributed sub-gradient method when a random network scenario is
considered.

Let us consider a set of M nodes (agents), that want to cooperatively solve
the following optimization problem:

Problem 1 (Global Optimization Problem). Given M convez functions f;(x) :
RY — R, determine:

M
x* € argmin f(x) = Z fi(x) .
x€RN i—1

Clearly, for the above problem we assume that a feasible solution exists. The
difficulty of the task arises from the fact that agent ¢, for ¢ = 1,2,--- M, only
knows the corresponding function f;(x), namely its local objective function. For
example f; could be a performance metric relative to node i, and f could indicate
global network performance.

If the functions f; are differentiable, each node could apply a gradient method
to its function f; to generate a sequence of local estimates, but this would lead
to M biased estimates of the solution of problem [Il In [3] and [4], it is shown
that if nodes perform a gradient method but are also able to average their local
estimates, under opportune conditions, these estimates all converge to a point
of minimum of f, i.e., x*.

In particular, a time slotted system is assumed, where, at the end of a slot,
each node ¢ communicates its local estimate to a subset of all the other nodes,
and then updates the estimate according to the following equatio:

M
x'(k+1) = Z ai; (k)x’ (k) = ~(k)d' (k), (1)

where the vector d*(k) € RM is a sub—gradientﬁ of agent i objective function
fi(x) computed at x = x%(k), the scalar (k) > 0 is the step-size of the sub-
gradient algorithm at iteration k, and a;;(k) are non-negative weights, such
that a;;(k) > 0 if and only if node i has received node j’s estimate at the step
k and ZJM:I a;;(k) = 1. We denote by A(k) the matrix whose elements are the
Welghts, i.e. [A(k)]” = aw(kz)

We observe that the first addend in the right hand side (rhs) of [l corresponds
to average according to a consensus algorithm [5].

[3] proves that the iterations ([Il) generate sequences converging to a mini-

mum of f under the following set of conditions:

1. the step-size v(k) is such that > ;= (k) = oo and > ;= v(k)? < oc;
2. the gradient of each function f; is bounded;

3. each matrix A (k) is symmetric (then doubly stochastic);

n this report all the real valued vectors are assumed to be column vectors.
2d* € RY is a sub-gradient of the function f; at x* € dom(Jf;) iif f;(x?) 4+ (di)T(x —x%) <
fi(x) for all x € dom(f;).

RR n° 7345
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4. it exists n > 0, such that a;;(k) > n and, if a;;(k) > 0, then a,;(k) > n;

5. the information of each agent ¢ reaches every other agent j (directly or
indirectly) infinitely often;

6') there is a deterministic bound for the intercommunication interval between
two nodes.

We better formalize conditions 5 and 6’ (resp. 6”). Consider the graph (V, E.),
where V is the set of nodes and the edge (i,j) belongs to E if nodes i and
j communicate infinitely often (i.e. if a;;(k) is positive for infinite values k).
Condition 5 imposes that the graph (V, E,) is (strongly) connected. Condition
6’ requires that there is a positive integer constant B, such that two nodes
communicating infinitely often, communicate at least once every B slots, i.e., if
(1,7) € Ex, then max{a,;(k),ai;(k+1),--- ,a;;(k+B—1)} > 0.

In [], the deterministic bound’s assumption on the inter-meeting time is
removed, but matrices are required to be independently and identically dis-
tributed. In fact, condition 6’ is replaced by the following one:

6”) matrices A(k) are i.i.d. random matrices.

In such case, (4,j) € Ex if and only if Efa;;(k) > 0]. Note also that, when the
matrices A (k) are random (like in 6”), condition 5 requires the matrix E[A (k)]
to be irreducible and aperiodic.

Both papers address also the case when the gradient step-size does not van-
ish, but it is kept constant (y(k) = +). In this case, the sequence of estimates
x’ does not converge in general to a point of minimum of f, but it may keep
oscillating around one of such point. It is possible to bound the difference be-
tween the values that f assumes at the points of a smoothed average of x* and
the minimum of f. As it is intuitive, the smaller ~y, the smaller such difference.

We are going to provide an intuitive explanation of why the results on con-
vergence and optimality hold, and an outline of the proofs in [3}[]. This will
be useful for our following extensions. We first formulate (IJ) in matrix form as
follows:

X(k+1) = A(k)X(k) —v(k)D(k) , (2)
where
X(k) € [ (kA4 1),- o x (k4 1), xME+1)]"
and
D(k) < [d'(k+ 1), di(k+1),---,d¥(k+1)]" .

This equation iteratively leads to (see Appendix [A])

k

X(k+1) = ADX1) - Aly(s—1)D(s — 1)+
s=2

—v(k)D(k) , (3)

where AEI;)), with s,k > 1 and s < k, is the backward matrix product, i.e. AEI;)) =

A(k)A(k —1)---A(s). We introduce the average of all the nodes estimates,
y(k) € RM | defined as:
1
k)T = —17X(k).
Y = 17X (k)

RR n° 7345
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By (@), we obtain

_ 1 (k) _
yk+1)T = MlTA(k)X(k)flTWD(k)f
=y - Wyrpgy @

Assume for a moment that x*(k) = x’ (k) = y(k), for each i and j, then subgra-
dients d’(k) are all evaluated in y(k) and 17D(k) is a sub-gradient of the global
function f evaluated in y(k). Thus, the above equation (@) corresponds to a
basic iteration of a sub-gradient method for the global function f. The intuitive
explanation of the result is that averaging keeps the estimates of x*(k), for all
i, close each other (and then close to y(k)) and makes the local sub-gradients
updates equivalent to a sub-gradient update for the global function f.

We illustrate this through a simple toy example that we are going to use
different times across this report. Consider three nodes, labeled as 1, 2 and 3.
Their local objective functions are fi(z) = fa(z) = x(x —1)/2 and f3(z) = 222,
where 2 € R. Then the global function is f(z) = 3, fi(z) = 32? — z, it has
minimum value equal to —1/12 and a unique point of minimum in = 1/6. The
weight matrices A (k) are i.i.d. random matrices. At each step A(k) is equal to
one of the following three matrices

3 3 0 3 0 3 100

O 0 1 0 o L 1 (5)
2 2 9 9 %%7

0 0 1 10 4 0 3 3

with probability 2/3, 1/6 and 1/6, respectively. Figure [[lshows the evolution of
the estimates at the 3 nodes, when the algorithm is applied with y(k) = 1/k. We
can see that state’s estimates tends to couple and then converge to the optimal
value. In particular, estimates of node 1 and node 2 are kept closer each other
since the first matrix of above is selected with higher probability. Similar results
have been obtained with (k) = v < 1.

The proofs of the convergence results in [3[4] share mainly the same outline.
A key element is proving that the averaging component (the consensus) of the
algorithm converges exponentially fast. More formally, under 6', [3] proves that

k
AL
positive constants C' and § such that ||AE§)) —J||oo < CBF5 for all k > s.

surely converges to the matrix J = 1/M117, and that there are two

Under 6”, [4] proves almost surely convergence of AEI;)) to J, and an exponential
convergence rate in expectation, i.e. E[HAEI;)) —J|ls] < CB*=5. Then, similar

bounds are established for the distance between y and x*, and between x* and
y, and convergence results (when ~y(k) satisfies condition 5) and asymptotic
bounds (when ~(k) is constant) follow from the exponential convergence rate of
the averaging component. As a consequence of the different kind of convergence

for Agg in the two cases, these results hold surely under 6’ and almost surely
under 6”.

RR n° 7345
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Figure 1: Toy example, convergence of the three estimates. Top graph: state’s
estimates for each node. Bottom graph: objective function value computed in
the state’s estimates of each node.

3 Application to Optimization in DTNs

The distributed sub-gradient method presented in Section 2] is particularly ap-
pealing in the context of Delay Tolerant Networks, see e.g., [8] and [9]. DTNs are
sparse and/or highly mobile wireless ad hoc networks where no continuous con-
nectivity guarantee can be assumed. This intrinsically leads to the impossibility
of collecting, at low cost and at a single data processing point, the information
needed to solve network optimization problems in a centralized fashion. Due to
this, in the present report we advocate the use of distributed approaches, which
lend themselves well to distributed and communication efficient optimization.
To be more concrete, in what follows we briefly discuss two possible DTN sce-
narios where a global network’s function f has to be optimized.

One central problem in DTN is related to routing packets towards intended
destinations. Common techniques, designed to overcome the absence of a com-
plete route to the destination, rely on multi-copy dissemination of messages in
the network [I0]. In this context, it is natural to define global optimization
functions that are able to take in account the trade-off between delivery time
and the cost due to the use of resources such as buffer space, bandwidth and
transmission power. Functions of this kind are convex and can be written as
sum of locally measurable quantities, thus they can be optimized through the
above distributed sub-gradient framework, see [LT].

RR n° 7345
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A second DTN scenario concerns the dissemination of dynamic content, like
news or traffic information. Referring to the application example of [7], we might
think of a Service Provider (SP) with limited bandwidth, that has to decide the
update rate to assign at each node. Nodes can share their content when they
meet with the global objective of maintaining the average information in the
network as “fresh” as possible. [7] shows that this problem can also be formalized
as a classical convex optimization problem, and that the corresponding global
objective function can be expressed in terms of the sum of local functions. The
derivation of the latter local functions entails the collection of statistics which
are computed at each node only considering its own meeting occurrences. As an
application example for our techniques, in Section [6] we apply the distributed
sub-gradient framework to this scenario.

From a general perspective, the distributed sub-gradient optimization in
DTNs can be applied as follows. Nodes exchange their local estimates every
time they meet and perform the update step in equation ([I) at a given sequence
of time instants {¢;}r>1. This sequence can either coincide with the meeting
times, i.e., each time two nodes meets they exchange and subsequently update
their estimates or be independent from them, i.e., in this case {tx}x>1 is defined
a priori and is known to every network node. In any case, the weight matrices
A (k) originate from the node meeting process. In particular, we can consider
the contact matrix C(k), where ¢;;(k) = 1 if node ¢ has met node j since last
time instant ¢5_1, and ¢;;(k) = 0 otherwise. We denote as C the (finite) set of
all possible M x M contact matrices describing the contacts among M nodes.
Each node ¢ can thus calculate its own weights a;;(k), for j = 1,..., M, in
one of the following two ways (which guarantee that the matrix A (k) is doubly
stochastic):

Rule 1 (Updates independent from meetings) For j # 4, set a;;(k) = 1/M if
cij(k) = 1, otherwise set a;;(k) = 0. Set a;(k) =1— 3., a;;j(k). This
method requires each node to know M, i.e., the total number of nodes in
the system.

Rule 2 (Updates synchronized with meetings) Whenever node ¢ meets node
J, it also updates its estimate. In this case, set a;;(k) = a with 0 < a < 1,
a;i(k) =1—a and a;, =0 for h # j,i.

Next, we discuss two key issues that can negatively impact the convergence of
the distributed optimization process in a DTN scenario. The first one is related
to the validity of assumptions 6’ and 6”. In fact, condition 6’ is essentially
equivalent to assume that there is a deterministic bound for the inter-meeting
times of two nodes (that meet infinitely often), and this is for example not
the case for all the random mobility models usually considered, see e.g., [12].
Condition 6” relaxes 6’, but requires the independence of the meetings occurring
in each time slot [tx_1,tk], and meetings under realistic mobility are instead
correlated (e.g., if in the recent past ¢ has met j and j has met h, then the three
nodes are likely to be close in space and the probability that i meets again h
is higher that with uniform and independent mobility). We address this issue
in Section [l where we prove that convergence results hold under more general
assumptions on the stochastic process of the matrices A (k).

The second issue is related to the synchronicity of the updates. In fact, the
original framework [3}[4] requires all the nodes to update their estimates at the

RR n° 7345
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same time instants. This is not always feasible in a disconnected and distributed
scenario like a DTN. For example, under Rule 2 the reader may have noted that
synchronous updates require each node to know when a meeting between any
two nodes in the network occurs. This does not appear to be practical. Under
Rule 1, which requires each node to know the total number of nodes in the
system, nodes should also try to keep their internal clocks synchronized in order
to be able to perform their updates at “close enough” time instants and this
presents some difficulties as well. We now show through an example that we
cannot simply ignore the issue of synchronicity and that a direct application
of the algorithm described in the previous section in general does not lead to
correct results. Coming back to the toy example presented in Section 2l we
observe that we can think our three matrices in (B as generated according to
Rule 2, when the meeting process has the following characteristics: at each time
slot, node 1 and node 2 meet with probability 2/3, node 1 and 3 meet with
probability 1/6 and node 2 and 3 meet with probability 1/6. Figure 2 shows the
evolution of the estimates when the step-size is constant and equal to 25- 1074,
both for the synchronous case, where all the nodes update their estimates when
a meeting occurs (even the node that is not involved in the meeting), and for
the asynchronous case, where only the nodes involved in the meeting perform
the update. The curves represents the average estimates over 100 different
simulations with different meetings sequences. We note that in the synchronous
case (top figure) all nodes agree on the optimal value to set z, whereas, in
the asynchronous case (bottom figure) the estimates still converge, but not to
the correct point of minimum for the global function f. We address this issue
in Section [l where we understand the roots of this convergence problem and
propose some simple modifications to the basic framework to effectively cope
with it.

In our opinion, these extensions to the basic framework proposed in [3,4],
while motivated in this report by the DTN scenario, are of wide interest for
other possible applications such as mobile wireless ad hoc and sensor networks.

RR n° 7345
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Figure 2: Toy example, convergence of the three estimates in case of fixed step-
size 7 = 25 - 10~*. Results have been averaged over 100 simulation runs. Top
graph: synchronous updates. Bottom graph: asynchronous updates.

4 Extension to more General Mobility Models

In our DTN scenario, we consider that the weights are determined from the
contacts through a bijective function (as in the case of the two rules presented
in Sec. B). Then condition 5 and 6” of [4], can be expressed in terms of the
sequence of contact matrices as follows: the contact matrices C(k) are i.i.d.
and E[C(k)] is an irreducible aperiodic matrix. In this section, we extend the
convergence results to the following, more general, mobility model.

Assumption 1 (Mobility model). It exists an irreducible, aperiodic and sta-
tionary Markov chain ® with a finite or countable set of states S and a function
g:S — C, such that C(k) = g(®y), for each @), € S. Moreover, E[C(k)] is an
irreducible aperiodic matrix.

Since there is a bijective correspondence among weight and contact matrices,
we observe that under assumption [I] it also exists a function § : S — A, such
that A(k) = §(®g). The case when the contact matrices (and then the weight
matrices) are i.i.d. is a particular case of our mobility model.

Our proof follows the same outline of [3|4] presented in Sec. 2l The main
issue is to prove the exponential rate of convergence of the backward product

Al to I =1/M117.
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Before proving the convergence of the backward product, we need to recall
an ergodic property of the time shift operator 8 for irreducible, aperiodic and
stationary Markov chains. The definitions of measure-preserving and ergodic
operators may be found in Appendix [B] (see also chapter V of [I3] for more
details).

Proposition 1. Given an irreducible aperiodic and stationary Markov chain ®
with finite or countable states, the shift operator 8 is measure-preserving and
ergodic together with all its powers 0%, where k € N.

Proof. For stationary Markov chains the shift operator and its powers are measure-
preserving by definition of stationarity. Moreover, irreducible, aperiodic and
stationary Markov chains with finite or countable states are mixing (see Theo-
rem 3.1 in [14]). From the definition of mixing, if 6 is mixing, also the operator
6% is mixing for any given k € N. But every mixing operator is also ergodic by
Theorem 2 in [I3], then 6 is ergodic for any k € N. O

We observe that the stochastic process A(k) = §(®g) is not in general a
Markov chain, because different states of S may be mapped to the same weight
matrix, but nevertheless it is stationary and ergodic.

We will also need the following result, whose proof is in Appendix

Lemma 1. (Windowing a Markov chain) Let ® = {®,,n € N} be an irre-
ducible, aperiodic and stationary Markov chain. Consider the stochastic process
U ={V,,n €N}, where ¥,, = (&, P11, Ppypn_1) with h a positive integer.
U s also an irreducible aperiodic stationary Markov chain.

Now we have all the instruments to study the convergence of Aglf)) First,

we prove the convergence to J. This is a corollary of results in [15].

Proposition 2 (Convergence of the backward product). Let assumption[dl hold,
then
lim A% = illT 2 J  almost surely (a. s.)
koo T M yLess

Proof. We observe that A (k) is a stationary and ergodic sequence of stochastic
matrices with strictly positive diagonal entries. Moreover, E[A (k)] is an irre-
ducible aperiodic matrix, then its eigenvalue with the second largest module has
module strictly smaller than 1 (JA2(E[A(k)])] < 1). From Theorem 3 in [I5],
it follows that, with probability one, for each sequence A(k) it exists a vector
v € RM such that 3, v; = 1 and

lim Aglf)) =1v’.
k—+o00
Note that in general v is a random variable, depending on the specific sequence
{A(k)}x>1.- The matrices A(k) are doubly stochastic, then w = 1/M1 is a
left eigenvector corresponding to the unit eigenvalue for all the matrices A (k).
Theorem 4 in [I5], guarantees that in this case the above vector v is a deter-
ministic constant almost surely and in particular is equal to w. This concludes
the proof. O

Now we are ready to prove that the convergence rate is almost always expo-
nential.

RR n° 7345
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Proposition 3. Under assumption [1 on the mobility models, if the matrices
are doubly stochastic, then for almost all the sequences there exist C' > 0 and
0< B <1 (with C in general depending of the sequence) such that for k > s

HAE’:)) —J‘ < Copt-s .

max

Proof. Given a matrix A, consider the coefficient of ergodicity, see e.g., [16]:

In the proof of Theorem 3 in [I5] is shown that it exists a positive natural h
and n < 1 such that

P {7'1 (Agzizl:ll))h)) < n for infinitely many r} =1. (6)
Then we decompose AE]:)) , in the product of 7 blocks of size h and one block
of size (k+ 1) mod h as it follows:

(k) _ A (k) (s+hix—1) 5 (s+h—=1)
A(S)_A(5+ikh)A(S+h(ik71)) A(s) .

Because of the properties of a coefficient of ergodicity:

ik
(k) (k) (s+hi—1)
1 (A<s>> <7 (A<s+z’kh>) I~ (A<s+h(j—1)>) =
1

J:
T (s+hj—1)
s+hj—
<[I= (AGhG) -
j=1
Then, we can write:

log (n (Ag’j)))) < ilog (ﬁ (AEZifofi>>)) :
j=1

We now consider the Markov chain ®, that “generates" the sequence of
matrices A (k) underlying the mobility process. Because of Lemma [I] ¥; =
(P4, Piy1,- -+, Pepn—1) is an irreducible aperiodic stationary Markov chain, and

then all the powers of the shift operator # and in particular 6", are ergodic.
We observe that log (7'1 (AE?;rhfl))) is a function of (®;, P11, -, Pj1n_1)
and then of ¥;. We call such function f, i.e., f(¥;) def log (7’1 (Ag;hil)))
Note that f(¥,) < 0 and, from equation (@), f(¥;) < log(n) < 0 infinitely often
almost surely. We can then apply Birkhoff’s ergodic theorem to the random

sequence { f(¥s), f(Ysin), f(Yst2n), -}, and it follows that:
1 (s+hj—1) B
i 5 D log (n (AGED))) =
j=
1
= Jim =>  f(Vern)) =Bf(T)] <0 a s,

J=1
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therefore,

lilrlri)solip%log (7’1 (Agz;hv) <E[f(T)] <0 a.s..

Consider E[f(¥;)] < ¢ < 0, then for almost all the sequences it exists hg, such
that for all A > hg, it holds:

%log (7'1 (Agz;h))> <, ie, (AE;HL)) < eSh .

If we define 3 = exp(¢) < 1, C = 7" and recall that 7, (AE??) < 1, we obtain:

n (AE’?) <O fork>s . (7)

In the above equation, the value of the constant hy depends on the specific
random sequence and also on s (while the same value  can be selected for
all the sequences and independently from s). We need then to use a corollary
of the ergodic theorem about “nearly uniform" convergence that is stated as
proposition (1.5) in [I7]: if f(-) is square integrable, then for almost all the
sequences we can select hy independently from s. Clearly this is the case for
our function f(¥;), therefore we can conclude that C' in () only depends on
the considered sequence.

So far we have established the existence of a geometric convergence result
for the ergodic coefficient 7;. The last step of (()u)r proof requires us to prove
k
S

a geometric bound for the distance between A( ) and its a. s. limit J. In

particular we prove that
W] _ 1 (k)
a8, - 37| =20 (a8) Q
for each v and v. From (§]) a geometric bound follows also for HAgg — J||lmax-

The derivation of (§) has no particular difficulty and mainly follows the proof
of Theorem 4.17 in [I6], then we have moved it to Appendix O

In [] a different result it is proven, i.e. that there exist C and B such that

B[ -3

i| < CAkafs )

max

Then a series of inequalities for the expected values of ||y(k) — x%(k)|» are
obtained for all 7. Using Fatou’s Lemma, along with the non-negativeness of
distances, it is possible to derive inequalities that hold with probability 1. Using
Proposition [3], instead, it is possible to obtain the same inequalities directly
without the need to consider the expectation.
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5 Asynchronous Updates

In this section, we study how the framework needs to be extended in order to
support the case when nodes asynchronously update their status. We consider
the sequence {tj}r>1 of time instants at which one or more nodes perform an
update of their estimates. Again, we denote that the estimate of node ¢ at
time t; (immediately before the update) is x*(k) and represent all the estimates
through the matrix X (k). The evolution of the estimates can still be expressed
in a matrix form similarly to (2):

X(k+1)=A(k)X(k) —T(k)D(k) , 9)

where I'(k) is a diagonal matrix and the element [I'(k)],; is simply the step-size
used by node i at the k-th update. We denote this step-size as ~;(k). If j is not
among the nodes which perform the update at time ¢;, then it will simply be
a;i(k) =1, ajn(k) =0 for h # j and ~;;(k) = 0.

In what follows we first consider the case of decreasing step-sizes, similarly
to condition 1, described in Sec.[2l That is, we will consider that for each i, the
sequence {v;(k)}x>1 satisfies: > po | 7i(k) = 0o and Yo, 7i(k)? < oo.

We can go over the rationale in [4] and prove similar results for the new
system description. In particular, our proof of the exponential convergence rate
of A(Y)
and y(k) = 1/M17X (k) hold with minimal changes, so that we can prove the
analogous of Proposition 2 in [4]:

holds clearly also in this case. Bounds for the distance between x®(k)

Proposition 4 (Convergence of Agent Estimates). Under assumption [, the
estimate of each node converges almost surely to the vector y(k), i.e.,

lim |y(k) —x' (k)]s =0 a. s, foralli.

k—+oco
Proof. See Appendix [El O

The following step is to use bounds for the distance between y(k) and x* (a
point of minimum of f) to show that lim_, o y(k) = x*.

In particular the following inequality is derived in [4] (for the synchronous
case they are considering):

y M
D) [Fy(s) = ] < -y (1) = x5+
s=1
M . L2 N
. QLZ ZV(S)HY(S) —x/(s)||2 + 5 2’72(8) .

The first term at the right hand side of the above inequality is a constant, the
last term is summable because of the assumption on the step-sizes. In [4] it is
proven that > -, v(s)||y(s) —x7(s)||2 < co almost surely. Thus they show that

0<> () [fly(s) = f(x)] <00 a s, (10)
s=1
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from (I0) and the fact that >~ v(s) = oo, it is possible to conclude that

liminf f(y(k)) = f(x*) a.s., and lim x‘(k) = x* a. s. .
k—o0 k— o0
In Appendix [ a similar derivation is carried on, leading to the following
generalization of (I0Q):

S i(s) iy () — filx)] < oo as. (1)

s=11i=1

Unfortunately, the different values of 7;(s) do not allow us to formulate the
inequality above in terms of the global function f as in (I0).

We do not have currently a formal result stating under which conditions the
asynchronous system converges to the optimal solution, but (II]) suggests us
that all the weights v;(k) should have on the average the same value. We then
propose the following conjecture, that we support later with some examples:

Conjecture 1. When updates are asynchronous, convergence results for sub-
gradient methods hold if El~y;(k)] = E[v;(k)] for each i and j.

Let us see how we can guarantee this condition in different cases. We consider
that updates occur after every meeting following rule 2 in Sec. Bl Moreover
consider that v;(k) = 1/n;(k), where n;(k) is the total number of updates node
i has performed until the time instant ¢;. If the meeting process follows a
Poisson process with total rate A and at each instant the probability that node
1 meets another node is p;, we expect that by time k, node ¢ has p;k meetings
(and an equal number of updates). Then the expected value of its step-size is
E[yi(k)] = E[1/n;(k)] = p;/(pik) = 1/k. In conclusion if step-sizes follow the
rule v;(k) = 1/n;(k), we expect the asynchronous sub-gradient mechanism to
converges to the optimal solution. Fig. Bl (top figure) shows that this is true for
our toy example. The simulations for the optimization problem considered in
Sec. [l confirm such convergence.

Let us now revisit the example in Sec. [3 showing that the estimates were
not converging to a point of minimum (Fig. 2l bottom figure). Here step-sizes
were constant, i.e. ;(k) = 7. Now, reasoning as above we can conclude that
E[v:(k)] = pi7y. Hence the expected values are not equal as far as node meeting
rates GJ%and then update rates) are not equal: this was the case of our example,
wherdd p; = 5/6, po = 5/6 and p3 = 1/3. Intuitively, we expect convergence to
be biased towards values closer to the optimum of the local functions of those
nodes that perform the updates more often. Equation (II]) suggests us that
what the distributed mechanism was really doing is to minimize the function
Soipifi = (3/2)a* — (5/6)x rather then f = Y, f; = 3z* — z. This is the
case, being that the estimates are converging to 5/18 (dot-dashed line in all the
previous figures). If now we want to correct the bias, it is sufficient to consider
that each node selects its step-size inversely proportional to its meeting rate.
Fig. B (bottom figure) shows that also this correction leads the estimates to
converge to the correct results.

3Note that meetings always involve two nodes, this is the reason why p1 + p2 + p3 = 2.
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Figure 3: Toy example, convergence of the three estimates in case of asyn-
chronous updates. Results have been averaged over 100 simulation runs. Top
graph: decreasing step-size 7v;(k) = 1/n;(k). Bottom graph: weighted fixed
step-size 7, (k) = p{l 251074,

6 Application in DTNs: a Case Study

In this section we apply the distributed sub-gradient method with our enhance-
ments to a DTN scenario inspired by the work in [7]. As explained in Sec.
our enhancements consist of: 1) allowing nodes to update asynchronously their
estimates, i.e., whenever any two of them meet and 2) applying the decreasing
step size rule to avoid possible bias effects in the convergence towards the global
optimum.

All the nodes in the network are interested in the same dynamic information
content and can share it whenever they meet. The information update in the
network is performed by a Service Provider (SP) that injects fresh information
in the network according to a Poisson process of parameter p update/sec. At
a given instant ¢ we call ¢;(f) the time at which the SP generated the most
recent content version available at node 7, then Y;(f) = t — ¢;(¢) is the age of
such version. An information content has a non-increasing value in time. For
example, we give value u;(Y;(t)) to the information stored in node i, where w;(-)
is a non-increasing function. The goal of the SP is to optimize

M M
flx) = Z fi(x) = ZEx[ui(Yi)] : (12)
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where x € RM is the rate allocation vector, such that Zf\il x; < pand z; > 0 for
all .. Note that the age Y;(#) is modeled as a random variable Y; depending on x.
In [7], equation (IZ) is proved to be concave and therefore the optimal x can be
obtained by the SP using standard optimization techniques (see e.g., [I8]) such
as the projected gradient descent algorithmld: namely, iteratively computing
x(k 4+ 1) = II(x(k) + vV f(x(k))), where {yx}r>0 is a positive sequence of
parameters such that >, vx = o0, limy_,ovx = 0 and II is the projection
onto the feasible set for x. In general, a closed formula for f(x) is not known;
thus, the gradient needs to be estimated as explained in [7]. Here, our purpose
is to focus on the distributed sub-gradient method so we consider the specific
case where updates can travel at most two hops, thus avoiding to address the
gradient estimation’s issue. In detail, at a given instant ¢, let us call tfp (t) the
time at which the SP directly injected fresh content to node j, then we define
the following protocol’s rule:

Definition 1 (Content Sharing). When a node j meets a node 7 at time ¢, j will
copy to user i the last content downloaded directly from the SP if this content
is more recent then the content stored in i, i.e., t;(f) < t;7(f) .

In this case, assuming also that a) u(Y;) = x {Y¥; < 7} for all nodes i, where
T is a given threshold after which the information is worthlesdd (e.g., the in-
formation consists of news about events that expire after some time) and b)
the meeting process among node pairs is Poisson distributed, it is possible to
compute the local utility function for each node as

—AijT _ \..p—T;T
Fix)=1— H xje” M Aije o (13)
JEN; 5 = Nij
where \;; is the meeting rate between i and j and N; def {j + Xij > 0}. The
global utility function in (I2)) is then simply obtained summing (I3) over i =
1,2,..., M. The computations to derive (I3) can be found in Appendix [Gl
The local gradient function needed in () can be computed directly from
([@I3]), where nodes only need to estimate simple statistics on their own meeting
rates. Clearly, (I2) can be optimized also in a centralized fashion collecting,
for example at the SP itself, information about the statistic of the overall net-
work meeting process [7]. However, in a DTN scenario the SP may be able to
communicate with a group of connected nodes only for short periods of time,
that we would like to exploit transmitting the actual content users care about.
Moreover, issues related to privacy easily apply to this scenario: for example, a
node may prefer not to disclose information about its meetings to the SP and,
in some cases, it would be equally desirable to maintain information about the
utility function u;(-) reserved (e.g., in military applications). A distributed ap-
proach is therefore of actual interest not only for DTNs, but also for scenarios
that go beyond them.
To optimize f(x) in a distributed fashion we can use the framework presented
in Sec. 2l Each node ¢ can compute a local estimate of the optimal allocation
x, i.e., x*, through iterative updates. In detail, when two nodes i and j meet

4For a discussion about the projected gradient method implemented in a distribute fashion
see [19].
S5x{y < 7} is equal to 1 if y < 7 and 0 otherwise.
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they: i) update x* and x/ as in (I]) and, ii) project the result so obtained onto
the feasible set le\il zp<pandx; >0forallle{l,..., M}

In our implementation of sub-gradient optimization all the x* eventually
converge to the optimum x* of (I2)). Henceforth, the SP can retrieve the optimal
transmission rates using the following “push-policy”. During the execution of the
algorithm each node i maintains its own estimate x*. The SP collects x* from
every node and obtains the rate allocation vector as x = (Zf‘il x') /M.

To test the performance achievable by the distributed sub-gradient method
under traces with memory, we simulated meeting events among M = 10 nodes
as follows. Calling R, and Ry two distinct regions of the space, nodes can be
placed either in R; or in Ry. Only nodes that are within the same region can
communicate with each other. We let nodes free to change region of placement
according to a Poisson process of overall rate Ay = 0.1, thus network’s full con-
nectivity is guaranteed. In addition, according to a Poisson process of parameter
Am =1 (note that A\, > \g), we generate meeting events among pair of nodes
belonging to the same region. Each node is selected for a meeting according
to a weight which is proportionally inverse to its index, i.e., node 7 is selected
with weight w; = i73. Note that we generate a meeting process that is both
stationary and ergodic, and along this process nodes have diverse contact rates.
In particular node 1 has the highest contact rate, whilst node 10 the lowest.
To sum up, letting nodes ¢ and j update their states at their meeting times
according to the above process, we obtain a corresponding sequence {A(k)}x>1
that can be viewed as generated from an ergodic and stationary Markov chain.
Also, given that nodes have different contact rates and asynchronous updates
are performed, we know that a direct application of the distributed sub-gradient
algorithm may lead to sub-optimal results, see the toy example of Sec. Bl

Figures dHE] show simulation results for the above setting of parameters and
T = 20.

Fig. @ shows the optimal allocation rate for each user. When the bandwidth
that the SP can use to send updates is very low (i.e., small 1), the best solution
is that the SP uniquely sends updates to the node that has the higher contact
rate, i.e., node 1; for large values of , instead, it is optimal for the SP to evenly
send updates to all the nodes in the network. Interestingly, as already observed
in [7], for some values of p (in our case y around 10%7 update/sec) the optimal
choice is for the SP to allocate more bandwidth (i.e., a larger fraction of p) to
the node with the lowest contact rate, namely, node 10. For these values of p, in
fact, those nodes with a large contact rate such as node 1 are able to maintain a
high value for their utility function just by collecting information from the large
number of nodes they encounter.

In Fig. Blwe show the mean trajectory towards the optimal for two elements
inx = (Zi‘il x') /M, where the vectors x' have been obtained along a sequence
of 5-10%* meetings considering p = 10~*! update/sec. We note that the es-
timates provided through the distributed sub-gradient method converge to the
theoretical optimal allocation values in Fig. [l Concerns about the convergence
rate of such estimates are out of the scope of the present report and will be
addressed in the future researchd.

6Note, however, that a wide literature addressing this issue already exists. E.g., for the
problem of designing suitable sequences {A(k)} to speed up the convergence of consensus

see [20].
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Figure 4: Optimal bandwidth allocation for a network of 10 nodes.

Finally, in Fig. [l we draw with a solid-line the maximum of f(x) corre-
sponding to the optimal rate allocations in Fig. @ which was obtained using a
centralized solver [I8]. Note that with illimited bandwidth, the maximum of
f(x) is equal to 10, i.e., when each node 7 has utility u; = 1. For eight different
values of the available bandwidth pu, we also plot with squared points the utility
function values corresponding to the optimal rate allocation achieved again with
x = (Zf\il x')/M using sub-gradient optimization together with our enhance-
ments. With crosses we show the performance of the sub-gradient optimization
with a fixed step size [3], which neglects the asynchronous update issue. As
expected, the results of the latter algorithm are sub-optimal. Most importantly,
the solutions achieved with our approach are very close to the actual optimum
for all values of p. This confirms the validity of the distributed framework that
we presented.
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Figure 5: Example of state convergence for two nodes when the sub-gradient
method is used. Update performed at each pair node meeting, by only the nodes
involved in the meetings and applying a decreasing step-size.

7 Conclusions

In this report we considered the recent framework of the distributed sub-gradient
optimization proposed in [3], and later extended in [4] for application on DTN
scenarios. We pointed out that existing convergence results for this framework
can be applied to DTNs only in the case of synchronous node operation and
in the presence of simple mobility models without memory. Therefore, we ad-
dressed both these issues: first, we proved convergence to optimality of the
sub-gradient optimization technique under a more general class of mobility pro-
cesses and second, we proposed some modifications to the original sub-gradient
algorithm so as to avoid bias problems (i.e., consisting of the convergence to-
wards sub-optimal solutions) when nodes operate asynchronously. Finally, as
a case study, we applied the presented framework to the optimization of the
dissemination of dynamic content in a DTN. All the provided results confirmed
that the distributed sub-gradient method is an effective and very promising tool
for optimization in distributed contexts.
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Figure 6: Theoretical maximum of the utility function vs utility of the rate
allocation obtained with the distributed sub-gradient method for eight different
bandwidth’s values.
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A Derivation of Equation ([2)

In this Appendix we show the mathematical steps that lead from equation (2]
to equation (3.
From (2) we have that

X(k+2) =AMk +D)X(k+1)—T(k+1)D(k+1) =
= A(k+ 1)[A(k)X(k) = T(k)D(k)] - T(k + )D(k + 1) =

[ (
_ A(k+1 X (k) — AﬁiﬁirUf)D(k) —-T(k+1)D(k+1),

that iteratively, replacing k + 2 with k 4+ s+ 1, £k + 1 with £ + s and k with
k + s — 1, respectively, leads to

X(k+s+1)=
=AGLL X (k+ s —1) — AGTIT(k+ s — )D(k + 5 — 1)+
—T(k+s)D(k+s) =
=AGT) Ak +s—2)X(k+s—2) —T(k+s—2)D(k+5—2)]+
— ALTID(k+5—1)D(k+5—1) = T(k+ 5)D(k + 5) =
—Ag’gjj) o X(k+5—2)+
~AQT) T(k+s-2)D(k+5 - 2)+
—AEIT(k 45— )D(k 45— 1) = T(k+ )D(k + 5) =
=AY Xk +5-2) - ZAE'ZE Dk 45— 1—OD(k +5—1 1)+
—T(k+s)D(k+s) =
k+s—2
AR = S A e 0D
—F(k+s)D(k+s) ,

and finally, replacing k + s with k, we have that
k—2

X(k+1)=AlX(1) - Y AR

(1) (k—pyL(k =1 =0)D(k =1 —1) = T'(k)D(k)
=0

or, replacing in equation (I4]) k — [ with s

k

X(k+1) = AX(1) - Z2AE’;))I‘(5 —1)D(s— 1) — T'(k)D(k) ,

that is exactly (B]), as we wanted.
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B Stationarity and Ergodicity: Concepts

Let (Q,F,P) be a probability spaces. Let also the function 7' :  — 2 be a
measurable transformation of Q into itself.

Definition 2 (Measure-Preserving). A measurable transformation 7' :  — Q
into 2 is measure-preserving if, for every B in F, P(TB) = P(B).

Definition 3 (Stationarity). A random sequence w € ) is stationary if the shift
operator is measure preserving.

Definition 4 (Invariant set). If T is a measure-preserving transformation, B €
F is an invariant set if TB = B, or equivalently P[(B\ TB) U (TB\ B)] =0.

Definition 5 (Ergodicity). A measure-preserving transformation T is ergodic,
if, given any invariant set B € F, it holds P(B) =0 or P(B) = 1.

Definition 6 (Mixing). A measure-preserving transformation 7' is mixing if,
for all B and C in F,

lim P(BNT"C) =P(B)P(C).
n—oo
Note that when a random sequence is said to be ergodic tout court, it means
that the shift operator is ergodic. Similarly when a random sequence is said
to be mixing (or mixing in the ergodic-theoretic sense), it means that the shift
operator is mixing.
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C Proof of Lemma [

In this Appendix we prove lemma [l reported in the following for reader conve-
nience.

Lemma. (Windowing a Markov chain) Let ® = {®,,,n € N} be an irreducible,
aperiodic and stationary Markov chain. Consider the stochastic process ¥ =
{U,,n € N}, where U,, = (P, Ppy1, - Ppin_1) with h a positive integer. U
is also an irreducible aperiodic stationary Markov chain.

Proof. First of all it is evident that W is also a Markov chain, whose states are
possible h-uples of states of ®, e.g (s1,$2, - ,5,). The transition probabilities
could be calculated starting from those of ®. Stationarity of ¥ easily follows
from the stationarity of W. W is also irreducible because ® is irreducible. In
fact, given two states s’ = (s1,82,--+,8,) and t' = (t1,t2, -+ ,tp), for the
irreducibility of ®, it exists ng, such that the chain ¥ moves from s’ to a state
u' = (u1, us, up_1,t1) after ng steps, and then it is possible to move from s, to
t1. t' is a state of ¥ and therefore it is also a valid sequence of state transitions
for @, consequently in A — 1 time steps, ® can move from t; to t;, going through
to, --+, tp—1 and ¥ can move from v’ to t’. In conclusion in ng + h — 1 steps, ¥
can move from s’ to t'.

Aperiodicity requires a more detailed discussion. Given a possible state
s’ = (s1,82, - ,8n), we want to prove that the greatest common divisor of
the possible time steps after which the chain ¥ can return in s’ is equal to 1.
Note that even if ® had the property that it is possible to directly move from
each state to itself, for a state s’ with s; # s; for some ¢ = 2,---h, at least
h steps are required to return to that state. Consider the minimum number
ko of time steps after which the chain ® can move from s, to s; (again ko
exists because ® is irreducible). Consider then the increasing sequence of all
the possible time steps (ki, ko,---) after which it is possible to return in s;.
Observe that also 2k; belongs to this sequence. It is clear that ¥ can return in
s after (ko+k1+h—1,ko+k1+h—1,---). Let us denote g the greatest common
divisor of this sequence of numbers, we have that for each i > 0 (ko +k; +h—1)
mod g = 0. In particular also (kg + 2k; + h — 1) mod g = 0, and it follows
that (k1) mod g = 0. This implies that g is also a divisor of the sequence
(k1,ka,--+). Since ® is aperiodic, it follows that ¢ = 1. This concludes the
proof that ¥ is also aperiodic. O
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D Proof of Equation (&])

In this Appendix we prove equation (8), namely

a8, - 37| =20 (a) -

Proof. First we observe that a geometric bound holds also for the difference
between any two elements on the same column and different rows. In fact:

(45, - [88], | <> (a) -

We call e the right side of the above expression that we can rewrite as:

R I e S

[Akt]. 0 ([AE]:))L v 6) =
1 ;

M
< Z [Akt1],, [AEI;))}MU <

w

];1
Z Ak+1 ({ EI:))}H,U-I—e) ,

w=1

therefore

M=

g
Il

which is equal to

(CON P M (s)
ie.,
(k)
“ <s>]w“ =6
and being that this inequality is true for all v and all v, a geometric bound can
be derived also for ’ A(k) J’ O
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E Proof of Proposition (4

In this Appendix we prove proposition @l reported in the following for reader
convenience. Further we also prove a key result that allows us to write equation
(@0d). Since we proved proposition B] the results here presented can be viewed
as easily extensions to the case of ergodic and stationary process of Theorem 1
in [].

Let us first to explicitly formalize the following assumption, according to
both [3] and [4]:

Assumption 2 (Bounded Sub-gradients). Given x € RN, consider the sub-
gradients of all the nodes in the network computed in x, i.e., d',...,d* ..., dM.
There exists a scalar L such that ||d*||s < L for any x € RY and for all i €
{1,...,M}. Namely, the sub-gradients of all nodes in the network are bounded.

Then, we recall the following lemma recall from [19]:

Lemma 2. Let 0 < f < 1 and let {a(k)}r>0 be a positive scalar sequence.
Assume that limg_, 4o a(k) = 0. Then
k
lim >~ g a(l)=0.

k—-+o00
+ =0

In addition, if Y -, a(k) < co, then

o k
ZZﬁk_la(l) <00 .

k=11=0
Using lemma ] we can prove that

Proposition (Convergence of Agent Estimates). Under assumption[1l and de-
creasing step-size rule (see Sec.[l), the estimate of each node converges almost
surely to the vector y(k), i.e.

lim |ly(k) —x"(k)|a =0 a.s., for alli .

k—+oo
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Proof. Tterating equations [I] and [l we can write

ly (k) = x' (k)||2 =

j=1 J=1
1 k=1 M
=27 2o 2 vi(e)d(s)+
s=1 j=1
k—2 M
k—1 i i
3N [AED] ()@ () + vl — Dk - 1)) <
s=1j—=1 t )
M 1
k—1
<2 IO |57 - [AG] |+
i=1 2
k—2 M 1
k—1)
# XS Istolle |7 - [ED] | 10l
s=1 j=1
M
b g = Dl = Dt

+ H%—( _1)”2”(11( -2 <

M k-2
<Z||x] Mab(k = 1,1) + LY Y i (s)b(k — 1,5+ 1)+
j=1s=1
Mz% Do | | (1)

where the last inequality follows from the bounded sub-gradient assumption
and defining the quantity

b(k, s) ef max

0,J

(s)

[A(k)]‘—j\lﬂ forall k> s.

Immediately we note that the last term in the right hand side (rhs) of equa-
tion (I4)) goes to zero as k goes to infinity, since by assumption limy_, ., 7;(k), for
all 7. From the proof of Proposition Bl we have that for almost all the sequences

{A(k) =1
b(k,s) <CB*° forallk>s, (15)

where C > 0 and 0 < § < 1 (with C in general depending of the considered
sequence). Therefore for almost all the sequences also the first term in the rhs
of (I4) goes to zero increasing k. Finally, we if (I3 holds, Lemma [ applies

and limg_, 4 o ZS 1 *y]( )o(k — 1,84+ 1) = 0 for all j. Thus, for almost all the
sequences, for all ¢ we have that

0< lim |ly(k) —x'(k)[2<0,
k——+oco

proving the desired result. O
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Lemma [2] is also a key ingredient to prove the following

Proposition 5. Under assumption[d] and decreasing step-size rule (see Sec.[H),
let x'(k) be generated according to () for alli € {1,...,M}, k > 1 and y(k)
be generated according to (4)) for all k > 1. Let us also define a sequence

{Ymax(s)}s>1 such that Ymax(s) dof max; ;(s) for each s > 1. Then

Z’Ymax Wy (k) —x* (k)2 < 0o a.s., for alli .

Proof. First of all we note that: 1) since {v;(k)}x>1 satisfies limy_,o0 vi(k) = 0
for all 4, also limy_, o0 Ymax (k) = 0, and 2) since {~; (k) }x>1 satisfies " po ; v2(k) <
oo for all i in the limited set {1,..., M}, also >_p—; 2. (k) < co. In fact, we
have that 3777 | vhax (k) < 2207, Zf\i1 Vi (k) < Zi\i1 She (k) < o0

Now, from equation (Id)) in Appendix [A]l and using 7;(s) > Ymax(s) for all i,
we have that

Iy (k) ] PR Z 17 (1) [l2b(k — 1,1)+
k—2

+ LM Ymax()b(k — 1,5+ 1) + 2Lymax(k — 1) ,
s=1

that, with C; % max {Z]M:1 %7 (1) ]|z, ML} and Ymax(0) % 1, can be rewritten
as

HY(k) - Xz(k)H2 < ZVmaX(S)b(k 1,5+ 1)+
+ 2L ymax(k — 1),

multiply at both sides for yax(k) we have

k—2
Ymax (B) [y (k) = x* (k) [l2 < C1 Y Ymae (k) Ymas ()b (k — 1,5 + 1)+

+ QL,Ymax(kl)eraX(k - 1) -

Recalling the result in theorem Bl we have that for almost all the sequences
{A(K)}r>1, bk, s) < CaBE=3 for all k > s, where Cy > 0 and 0 < 3 < 1 (with
C5 in general depending of the considered sequence). Calling C' the product
C1C5, we have for almost all the sequences

imax (k) [y (k) = (k) |2 <OZM Vmax ()84~ %+

+ 2L’ymax(k)’ymax(k —-1).
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NOting that ’Ymax(k)’}/max(s) < ’ernax(k) + ’Vmax(s)2 and 2’7max(k)’7max(k - 1) <
Y2 (k) + 2. (k — 1), we obtain for almost all the sequences
‘ k—2
Yoo (B) [y (k) = % ()ll2 < Crymax (k) > B2+
s=0
k—2
F O W (8)B 72+ Lyl (k) + LR (k= 1) <
s=0
C’Ymax(k)2 = 2 k—s—2 2
< S
+ L71211ax(k - 1) )
and summing this last inequality over all the k
Zf)/max ||y ( ”2 = 1 Zﬂ}/max
+oo k—2
szﬁymax /Bk 5 2+LZ’)/H13X
k=1 s=0
+ LZ'yfnaX(k -1) a.s.. (16)

The desired result follows straightforwardly since: 1) the first, third and
fourth term at the right hand side of equation (I8l are summable as stated at
the beginning of the proof, and 2) the second term of (8] is summable because

lemma [19] applies.
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F Derivation of Equation [I1]

In this Appendix we derive equation (LI)).

Let us recall Propositiondl This proposition allow us to state that eventually,
all the node estimates converge to the same value limy_, o y(k), and if this
value coincides with the optimal point x*. Let us consider also the following
lemma, that is a generalization of Lemma 4 in [3]

Lemma 3 (Basic Iterate Relation). Let x‘(k) be generated according to () for
allie{l,...,M}, k> 1 and y(k) be generated according to {4) for all k > 1.
Let also {g'(k)}x>1 be a sequence of sub-gradient of f;(-) computed in y(k), for
alli € {1,..., M}, then for any x € RN and k > 1 we have

HY(k + 1) = x| < [ly(k) — x5+

+ 5 Z% [(ld? (012 + llg? (B)l2) [ly (k) — %7 (k)][2] +

2
~ Zw(k) [£5(y(k)) = Z% )’ (k)13 -
j=1
Proof. TBW. It follows straightforwardly from the same rationale of Lemma 4
in [3]. O
Applying iteratively lemma [3] we have

Iy (k + 1) - X||§ < ly (1) = |3+

+ *ZZ% (17 (s)ll2 + lIg? (5)]12) lly (s) — %7 (s)l|2] +

k M
o % ;;%(5) [fi(y(s)) — M2 ;]21% s)|ld? (s))2 .

and then we can write

() [£i(y(s)) = f;()] < M) -3+

M=
NE

@
Il
—

<
Il

n
M= &
M=~

5(s) [(1d7(s)ll2 + 187 (5)I2) ly (s) — 7 (s)]]2] +

s=1j=1
| kM
+WZZ%2( s)|[d (s)]f5 <
s=1 j=1
M J
< <5 ly(@) —X||2+2LZZ% My (s) —x7(s)l|l2+

j=1s=1

[\

+
=[5
-
ME?‘

<
I

—
@
Il

—

75 (s)
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where the last inequality follows from the bounded sub-gradient assumption [21
Now, defining the sequence {Vmax($)}s>1 as in Proposition 5, Appendix [El and
rearranging some term, we obtain

ZZ% (8)) = fi(x)] <

s=15=1

M ,
< 5 lly(@) XH2+2LZZVmax )y (s) =7 (s)ll2+

j=1s=1

2

M k
7M ; ; ’Ymax

For k that goes to infinity, ZS 1 V2 ax(8) < 0o as note in the proof of Propo-

sition [, whilst 25:1 Ymax(8) [y (8) — x7(s)||2 < oo for the Proposition [ itself.
Mlly(1) — x|]3 is a constant term, therefore equation (II]) follows.
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G Derivation of the Utility Function in Equation
(@3)

In this Appendix we briefly review the mathematical steps of the analysis carried
on in [7], under the assumptions done in Section [l and with the formalism
introduced therein. The overall objective of this Appendix is to formally derive
equation ([I3)).

For a given time ¢ and node i € N we define the process B;(t,t) C N as
the set containing all the nodes j such that, if a message is given to them at
time ¢ — t, it can reach user i in two hops by time ¢. For each node pair (3, 7),
Jj#1,4,1 € N, we define also s;;(t) as

def . . r
s”({) = %gg{t 1j € Bi(t,t)} .

t — si;(t) indicates the minimum amount of time required to transfer infor-
mation from node j to node 7 at time ¢ through file sharing. If we assume that
the intermeeting process time between the node pair (4, j) is exponentially dis-
tributed with parameter \;; (i.e., Poisson meeting process) we have that in the
case of two-hops protocol also s;;(t) is exponentially distributed with parameter
Aij-

Let then Y;°P(f) be, at time ¢, the elapsed time since user i downloaded
content directly from the SP, i.e., Y (#) = £ — t2S(). Note that the random
variable Y;°(f) for all i € N is exponentially distributed with parameter z;,
since the SP transfer updates directly to node ¢ with rate z; and in stationary
conditions the forward process and the backward one have the same statistic,
see e.g., [21].

Lemma 1 of [7] states that

Yi(1) Zjﬂéi/{}{sij(f)ﬁLYjSP(f—Sij(f))} : (17)

therefore, in our case, Y;(f) is the minimum over M independent random
variables. One of this random variables is exponentially distributed with pa-
rameter x; (i.e., s;;(t) + Y, " (f — s;;(f)) with j = i) and takes in account of the
directed updates of i from the PS. The remaining M — 1 random variables are
in turn sum of two independent exponential random variables: one distributed
with parameter \;; and the second with parameter z;. Each of these latter M —1
variables takes in account the update of ¢ in two hops from the PS through a
given relay node j # ¢. For the independence of s;; and YjSP , and assuming in
general \;; # x;, we have that

) e~ Nii¥ _ o~ %Y
Psyy+vpr(y) = Xij; e v I >0,
whence \
xr.e” ijy_)\,,e—ﬂcjy
Ploy + V5P 5y = ue 7
[ ) J y] xj _ >\ij
therefore

acje_)‘”'y — )\ije—wjy

e vy,

P>yl =[]

i Tj — )\z’j

RR n° 7345



Distributed Optimization in DTNs 34

In the case of utility w(Y;) = x {Y: < 7} we have that

filx) = Ex[u(Yy)]=PYi<7]=
xje MIT — N e TiT
= 1= J v] e~ TiT ,
H Tj— /\ij
Jri
thus
M
fx) = Y i) =
i=1
M A o
rje”MIT — N\ e T
= M- J v —TT
Z H Ty — )‘ij €
=1 | j~i

From equation (I3) is straightforward to compute the components of the
gradient vector we need to implement the distributed sub-gradient method, for
all 4

5‘fi(x) _ . H zjefAij‘r _ )\ije*zrr e
0x; i Tj — Ayj ’
and, for z # i
afi(x) _ H xjefAij'r — e TiT -
Ox, i Tj — Aij
./\iz {e_)\iﬂ +[T(Niz —22) — 1] e_IZT}
(xz - Aiz)Q '
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