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Hierarchical Spline Approximation
of the Signed Distance Function

Xinghua Song, Bert Juttlef, Adrien Poteauk
'Projet GALAAD, INRIA Sophia Antipolis, Francé Institute of Applied Geometry, JKU Linz, Austria

Abstract—We present a method to approximate Pekerman et al. [13]. Seong et al. [15] used distance
the signed distance function of a smooth curve or maps for trimming local and global self-intersections in
surface by using polynomial splines over hierarchical offset curves/surfaces, see also [10].

T-meshes (PHT splines). In particular, we focus on  The remainder if this paper is organized as follows.
closed parametric curves in the plane and implicitly After a short introduction to polynomial splines over hi-
defined surfaces in space. erarchical T-meshes and a summary of properties of the
signed distance function, we describe the computation
of the approximate signed distance function, and provide
some examples for trimmed offset computation.

Keywords—signed distance function, hierarchical
T-spline, trimmed offsets

1. INTRODUCTION 2. PHTSPLINES

The signed distance function of a closed curve or Spline functions over T-meshes have recently been
surfaceI in the plane or in three-dimensional spacé@nalyzed in [6]. For our application, we are mainly
assigns to any point the shortest distance betwegn interested in the special case 6f'-smooth bi- and
andT, with a positive sign i is insidel’ and a negative tricubic polynomial splines over hierarchical T-meshes,
one otherwise. It is a highly useful representation in &hich is summarized in this section. We will call these
large number of problems in geometric computing. F@pline functionsPHT-splinesfor short.
instance, several approaches to surface reconstructiod two-dimensionalT-meshis a partition of an axis-
use the signed distance function, see for example [8lligned box (e.g., the unit square) into smaller axis—
[41, [17]. aligned boxes. The edges of the boxes form a rectangular

The signed distance function is also closely related gid that may possess T-junctions. If a grid point of
the concept of level set methods, which were introducédtwo-dimensional T-mesh is a crossing vertex (i.e., it
in [11]. For instance, the distance function preservatigdpssesses valency 4), or belongs to the boundary of the
has several advantages from the geometric and numgiemain, then we call it dase vertex
cal point of view [7], [12], [18]. Kimmel and Bruckstein A three-dimensional T-mesh is the extension of this
[9] used level sets for shape offsetting in the plane, goncept to the three-dimensional space. It is a partition
particular for computing trimmed offsets. of an axis-aligned box such that each cell is another

In the present paper, we propose a new method ayis-aligned box. A vertex of a 3D T-mesh is called a
compute a hierarchical approximation of the signelase vertexf it either
distance function. While algorithms developed in the « belongs to a boundary edge,
context of level set methods use a computational grid,« is a crossing vertex on a boundary facet, or
we use spline approximation, which enable us to gete possesses valency 6.
smooth approximations. More precisely, we interpolate In this paper, we considdrerarchical meshes. More
the signed distance function of the boundary of thgrecisely, we assume that the T-mesh has been obtained
given shape by using a spline function defined overly repeatedly applying a splitting step, where an axis-
hierarchical T-mesh [6], [14] level by level. aligned box is subdivided into two smaller axis-aligned

A simple but potentially useful application of ourboxes, to the original axis-aligned box representing the
method is to generate the trimmed offsets of the boundntire domain of the spline functions and to the boxes
ary of a given shape. Since the signed distance functiobtained by subdividing it.
of the given boundary curve/surface can be approxi- For a given hierarchical T-mes#, a C'-smooth bi-
mated with any desired precision, we can obtain a tricubic PHT-splinef(x) is a function which is a
implicit representation for any offset of the given boundsicubic (2D) or tricubic (3D) polynomial within each
ary. We illustrate this observation by several example®ll of 7, such that the collection of these polynomial
in Section 5. segments forms a globallg''-smooth function. The

The computation of trimmed offset surfaces ispace of these functions admits a simple local construc-
still a challenging geometrical problem. The issue dfon, as follows.
self-intersection detection and elimination in general At each base vertex, we specify the value, the first
freeform curves and surfaces has been discussed dwrivatives, the mixed second derivative(s), and (in the



3D-case) the mixed third derivative of the functionand

Thus, we specify 4 or 8 (depending on the dimension) 93d
value and derivative data at each base vertex. Thendijx(x) = m(x) =
using Hermite interpolation by cubic polynomials, we 9%, Rt
can compute these data ¢{x) at the other vertices _ _ 9z, n
of the hierarchical T-mesk¥. For any pointx in any lx — pl
cell C of .7, the value off(x) is determined by the ggﬁ; (xr — pr) + g;’; (x; —pj) + 35;;( i = pi)
value and derivative data at the 4 (resp. 8) vertices of + x—p|? +
the cellC. 3(xi — pi)(z —pjg(xk — k)
More precisely, we obtain a bicubic or tricubic poly- + [x — pl® ‘
nomial for each cell, which matches the value and (5)

derivative data at the vertices. Thus, a PHT-spline d&herefore, if we want to compute the required deriva-

fined over a given T-mesl can be determined by thetives of the signed distance function at a pakjtwe

value and derivative data at the base verticesofThis only need to computgﬁ and af g; , Wherei # j,

is in agreement with the dimension formulas of PHT; £ k and k # s.

spline given in [5]. In this paper we consider two representations of the
curve or surfacd’. In the plane, we consider @osed
planar parametric curveln the three-dimensional space

3. THE SIGNED DISTANCE FUNCTION(SDF) we consider aimplicitly defined surfacewhich is given
Consider a simple closed curve or surfddn the as the zero set of scalar fie_ld. In.b.oth cases, we assume

that the curve and surface is sufficiently smoaff for

1 n —
Euclu_je(;an Sfpt?fd{ , Where 7;"* 2for 3. éln the the planar case and® for the surface case), possibly
remainder of this paper, we cafla surtace an as’Sumeexcept for a few singular points. Thus, the derivatives of
that this includes the case of curves.) The surfice

. . . . .~ the signed distance function are well defined for almost
dividesR" into three parts: the interidr™, the exterior 9

: . . . all points.
I'~ andI'. Thesigned distance functioof I is a scalar S .
function which is defined iR" as: The purpose of considering two different representa

tions (implicitly defined surfaces vs. parametric curves)
Ix — pl| if x e+ is to cover in this paper the evaluation of the deriva-
tives of the signed distance function for both types of

dix) =y ~lx-pll ifxel”, (1) representations. Clearly, our method can be extended
0 if xel to other representations of smooth curves and surfaces,
such as parametric free-form surfaces and implicitly
where p = (p1,...,ps) is the closest point ok = defined planar curves.

(z1,...,x,) On the surfacd’.

3.2 The case of planar parametric curves

3.1 Derivatives Given a planar parametric curvguy), if p = c(u*)

denote the closest point of = (z1,z2) in c(u), then
For later reference we compute the derivatives of the, ave:

signed distance function. We assume that the pgint ap _dc Ou , 6
liesinT'*, i.e., dx;  dudzx; w): ©)
d(x) = |x - pl, @) Computing the derivative of
* dC *
and that it possesses a unique closest point.ohhus, (c(u”) —x) - @(u )=
x is not on the medial axis. (Points I~ can be dealt with respect tar, gives
with analogously.) The computation of the derivatives of
the signed distance function (2) leads to the following (@@ ) — (1)) '@(U*H‘
formulas: du 0x1 0 du %
ad o) —x) - LD
di(x) = B (x) = du? Oz, '
_X*X-p (ax _ ap) _ LT P ®) Consequently, we can obtaif“ (u*) by solvmg this
[x=pl \Oz; O Ix—pl’ linear equation. Similarly, we can obtaﬁ‘; ). Using
additional differentiations we may evaluate the mixed
di; (x) = 0%d (x) = second order derivative of the signed distance function.
i 01,07, @) Finally we may evaluate the required derivatives of the
=1 0pi (i —pi)(xy —py) signed distance function ef(v) at pointx according to
 |lx = pll 9z; Ix—p|3 equations (3) and (4).



3.3 The case of implicitly defined surfaces signed distance function better thaif(x). Let

Now we consider an implicitly defined surface k — k+1 and continue with step 2.
Z(g) = {x € Q C R?| g(x) = 0} in R® which is We will now describe the key steps of our method in
defined by a scalar functiop(x). We assume that the more detail.
surface does not contain singular points. In this case, the

closest point satisfies 4.2 Closest point computation

(Vg)(p) x (p—x) =0. (8)  Given a base vertex and an integelV (specified by
the user), we first sampl&’ data points{x;} ;. Then,
we choose the point which is closeststaas the initial

0 oint and compute the closest point of the base point
(H Ip ) « (p— %)+ P p P P

Differentiating this equation with respect 19 gives

01, x using a Newton-type method. In order to make this

1 (9) paper self-contained, we summarize the method below.
+(Vg)(p) x Ip 0 -0, In the case of a parametric cure¢u), we compute
Oxq 0 the closest point ok as follows ¢, denotes a positive

threshold andk a small number which specifies the
whereH is the Hessian of;. Thus, we obtain(%’l by number of initial points, typically < 3):

solving this system of linear equations. The remaining 1) Choice of the initial point: We sampl&y param-

two first derivative vectorg® and 22 can be computed eters from the domain af(u) uniformly, and we
similarly. Moreover, if we compute the derivative of  take the associated points of these parameters on
(9) with respect tor,, and then substitutel®, 2 the curvec(u) as the sampled data poirfts; }Y , .

and 2, we obtain 6525;2; in the same way, we can Let us denote witH{x} }*_, thek closest points of
computeafjg’wg andzZ2—. Finally, we get all required x in {x;};*; we will use them as initial points.
derivatives of the signed distance function®fg) at a The next two steps are applied to dll closest
point x from the three equations (3), (4) and (5). points, but only the point which gives the short-

est distance among the improved points is kept.
(Considering more than one initial point improves
the robustness of the closest point computation.)
In this section, we describe how we approximate 2) Initialization of the iteration: Let denote the

4. HTTING THE SDFUSING PHT-SPLINES

the signed distance functiod of a given surface by parameter of the closest point nﬁ on the curve,
interpolating the value and derivative datadftising a and
PHT-spline. h(u) = (c(u) —x) - ¢'(u), (10)

. be a scalar function, whefds the derivative with
4.1 Outline respect to the curve parameterWe putn = 0.
The algorithm consists of three steps. 3) lterative improvement of the parameter value:
4 ‘ ; ,
1) We first choose a bounding box of the given Computeu;, | = u), — % If |h(u), )| < 7o,
su(r)face that we will use as the |n|t|_al T-mesh outputp = C(Uiﬂ)? otherwise, letn — n + 1
7. Then, we compute the closest point of every and return to step 2.

base vertex in7° using Newton’s method, and Lo .
compute the first order derivatives at the base In the case of an implicitly defined 3D surfacdy),

vertices according to equations (2) to (5). Thilve proceed as follows (now we need two thresholds

generates an initial bicubic (2D) or tricubic (3D)"* ~ 0 andr; > 0):

PHT-splinef°(x). We putk = 0. 1) Choice of the initia_l points: I_:ir_st, we get a polygon
2) We compute the fitting errors of the PHT-spline mesh ofZ(g) by using an existing method, such as
F¥(x) over the T-meskZ* at levelk. If the fitting the march!ng tr!angulat|on algorlthm (see e.g. [8]).
errors of all cells in.7* are less than a given Then, we identify the: closest points{xg}y_; to
thresholde, or if & has reached the maximum x among the vertices of the polygon mesh.
allowed subdivision levet,,,.,, then we output the The_ following steps are applied to all (_)f them.
result. Otherwise, we subdivide the cells whose ~ AS in the planar case, we keep only the improved
fitting errors are greater thanto form a new T- point with the shortest distance fo
mesh.Z7*t1 at level k + 1. Letn=0.
3) We compute the closest point of every new base 2) Projection into the tangent plane: If
vertex in 7*+1 by using a N_ewton_—type methoo_l, (x — x3) x Vg||
and then compute the associated first order deriva- Vol < T,
tives according to equations (2) to (5). This gives
us a new PHT-splingf**!(x) over the T-mesh then we outputp = xJ; otherwise, we compute
T+l at level k 4+ 1, which approximates the the tangent plane#; of the surfaceZ(g) at the



] ) number of cells
point x/, and denote witlx?, the projected point

. 10* L Rose
of x into the tangent planet. Rectangle
3) Projection onto the surface: We compute Heart
ij _ ij . g(ifl) (X . f%) _. approximation order 4

T (V)g(R)) - (x - x3)

If |g(%,,,)| < 72, then we define/_, = ith_,
putn < n+ 1 and return to Step 2; otherwise,
we putn <« n + 1 and start again the step 3.

Clearly, t_he convergence of the_se Newton—type.methods o1 001 0.00L 0.0001

can be improved by a step-size control (which may fitting error

guf’iramee Fhe convergence towards a locally CIOS?:lsgt. 2. Number of cells in the T-mesh vs. fitting error. The iding

point) and it also depends on the number of sampigx of all three examples is the unit square.

points which are used to define the initial solution. We

do not touch these issues in this paper. See e.g. [1], [2].

1, since the number of cells for cell size= 1/n is n?.
4.3 Estimation of fitting errors The number of cells needed for approximating the non-
To estimate the fitting error of a cell’; of the T- C*-smooth signed distance function grows faster than

meshZ* at levelk, we selectn random pointgq; }7 thgt, .but_ the rate of growth is still_ relatively clos<=T %o

(m is given by the user), and compute the associatddpis indicates that by using T—_spllnes we can eff|c_|ently
closest poing, on the surfacez( f) for every pointg;. repre_sent the non-smooth regions of the signed distance
Then, the fitting error of the PHT-spling*(x) at every function.

sampled point is; = |f*(q;) — i@ — @/ |, and the
fitting error of C; is the biggest fitting error among all
sampled points.

In addition to this deviation of the value, one might . . that aroffset curveor surfaceis obtained by
also consider the difference between the gradients of tQﬁding a scaled multiple of the unit normal vector field

spline function and the gradients of the signed distani: the points of the curve or surface. Offsetting is a

function or the deviation from a unit gradient field. Infundamental operation in geometric design, and offset

our test examples.’ using the deviation from the corregf, taceq are required for various applications, such as
value produced fairly reasonable results. NC milling

It is well known that offsetting may produce curves

4.4 Examples and surfaces with self-intersections, which have to be

We demonstrate the performance of the algoritheetected and eliminated in applications (e.g., the so-
by three examples, see Fig. 1. The figure shows tlalled “swallow-tails” which occur in offsets of planar
given curves (top row), the given T-meshes obtained loyrves). After eliminating these unwanted segments of
the adaptive refinement procedure (center row) and ttiee offset curves or surface, one obtains thimmmed
graph surfaces of the signed distance functions (bottasffset curveor surface Computing and eliminating local
row). The graph surfaces are smooth everywhere, excepid global self-intersections is a challenging computa-
for the points on the medial axis of the interior andional problem.
exterior regionsI't and I'". The PHT spline fitting  If an approximation of the signed distance function
algorithm correctly identifies these regions and refings available, we can easily compute an implicit repre-
the T-mesh accordingly. sentation of approximate trimmed offset surfaces. More

The computation time for the three examples was irecisely, letf(x) be the final PHT-spline. We note that
the order of less than 10 seconds on a standard PC, #dfits the signed distance function of the given surface
Section 6.2 for details. Z(g). Therefore, the trimmed offset surface &f(g)

Finally we present experimental results relating th&hich has the offsetting distandecan be approximately
number of cells in the T-mesh to the fitting error, see Figepresented as a level set of the scalar funcfitw),
2. We computed approximations of the signed distance

}

J

5. COMPUTING APPROXIMATE TRIMMED OFFSETS

function for four different fitting errors. The error and Z(gs) = {x € R?| f(x) = 6}
the number of cells are plotted on a doubly logarithmic
scale. We illustrate this simple observation by a two surface

We compare these results with the number of celesxamples. Figure 3 shows two objects and the associated
needed for approximating &* smooth function on families of trimmed offset surfaces. In order to visualize
a uniform grid. Due to the high approximation ordethe offsets, we used a cutting plane and show only a part
(which is equal to 4) of bicubic splines, the slope of thef these surfaces, which are contained in the interior of
graph relating the number of cells to the fitting error ithe object.

4
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Fig. 1.
and the graph surfaces.

Approximation of the signed distance function by P#fllines for two curve examples. The figures show the curbes Ttmeshes

Fig. 3. Two closed surfaces and their timmed inner offsets.

6. CONCLUSION

(6]

We presented a new method to fit the signed distance
function of a given boundary curve of surface by using7
a simple but efficient PHT-spline (bi- and tricubic piece-
wise polynomial functions over hierarchical T-meshes)g;
Hermite interpolation method. We then use this fitting
to compute an implicit approximation of the trimmed 9]
offset curves and surfaces of the given boundary. T
report [16] shows how to generate an approximation of

the medial axis of the given domain. [11]
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