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Nouveaux schémas d’ordre élevés basés sur
I’équation modifiée pour résoudre I’équation des
ondes

Résumé : Dans ce rapport, nous proposons une nouvelle méthode d’ordre élevé
en espace et en temps pour résoudre I’équation des ondes basée sur la technique
de “I’Equation Modifiée”. En effet, contrairement & la démarche classique, nous
allons d’abord considérer la discrétisation en temps avant la discrétisation en
espace. Aprés la discrétisation en temps, un opérateur bilaplacien apparait et
celui-ci ne peut étre discrétisé par une méthode classique d’éléments finis. Nous
proposons une nouvelle méthode de Galerkine Discontinue pour la discrétisation
de cet opérateur et nous présentons la preuve de la convergence de ce nouveau
schéma. Des résultats numériques que nous présentons mettent en évidence
l’efficacité de la méthode.

Mots-clés : schémas d’ordre élevé, méthode de Galerkine discontinue, équa-
tion des ondes accoustiques, technique de ’équation modifiée, convergence
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1 Introduction

Highly accurate solution of the full wave equation implies very high compu-
tational burdens. Indeed, to improve the accuracy of the numerical solution,
one must considerably reduce the space step, which is the distance between two
points of the mesh representing the computational domain. Obviously this will
result in increasing the number of unknowns of the discrete problem. Besides,
the time step, whose value fixes the number of required iterations for solving
the evolution problem, is linked to the space step through the CFL (Courant-
Friedrichs-Lewy) condition. The CFL number defines an upper bound for the
time step in such a way that the smaller the space step is, the higher the number
of iterations will be. In the three-dimensional case the problem can have more
than ten million unknowns, which must be evaluated at each time-iteration.
However, high-order numerical methods can be used for computing accurate
solutions with larger space and time steps. Recently, Joly and Gilbert (cf. [8])
have optimized the Modified Equation Technique (MET), which was proposed
by Shubin and Bell (cf. [13]) for solving the wave equation, and it seems to be
very promising given some improvements. In this work, we apply this technique
in a new way. Many works in the litterature (see for instance [5} 6], 13} 2]) con-
sider first the space discretization of the system before addressing the question
of the time discretization. We intend here to invert the discretization process
by applying first the time discretization using the MET and then to consider
the space discretization. The time discretization causes high-order operators
to appear (such as p-harmonic operators) and we have therefore to consider
appropriate methods to discretize them. The Discontinuous Galerkin Methods
are well adapted to this discretization, since they allow to consider piecewise
discontinuous functions. In particular, using the Interior Penalty Discontinuous
Galerkin (IPDG) method (see for instance [3] [1 @] for the discretization of
the Laplacian and [1I] for the discretization of the biharmonic operator), one
can enforce through the elements high-order transmission conditions, which are
adapted to the high order operators to be discretized. The outline of this paper
is as follows. In section 1, we describe the classical application of the MET to
the semi-discretized wave equation and we recall its properties. In section 2,
we obtain high-order schemes by applying this technique directly to the contin-
uous wave equation and we present the numerical method we have chosen for
the space discretization of the high order operators. In section 3, we present
numerical results to compare the performances of the new technique with the
ones of the classical MET.

2 The Modified Equation Technique

In this section, we recall the principle of the modified equation technique which
allow us to obtain even order approximation in time and we refer to [6], 13} [§]
for more details on this approach.

We consider here the acoustic wave equation in an heterogeneous bounded media
Q Cc R% d=1,2,3. For the sake of simplicity, we impose homogeneous Dirichlet
boundary conditions on the Boundary I" := 00 but this study can be extended

RR n°® 7331
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to Neumann boundary conditions without major difficulties.

Find w : Q x [0,7] — R such that :

L@,div <1Vu) =f in Q x]0,77],
p(x)

x) Ot?
p () N 1)
u(z,0) = up, 5 (z,0) = uy in Q,
u=20 on 0.

where u stands for the displacement, u is the compressibility modulus, p is the
density and f is the source term. We assume that p and p satisfy regularity
conditions that we describe later in the report. T denotes the final time, ug and
up are initial data and n is the unit outward normal vector to €.
Applying to a classical space discretization method such as finite difference,
finite element or discontinuous Galerkin method, we have to solve the linear
system,
82

M— 92 + KU = F, (2)
where M is the mass matrix , K is the stiffness matrix, U is the vector of un-
known and F' the source vector. In the following, we assume that the space dis-
cretization method is such that M is easily invertible (sparse or block-diagonal).
This is the case if we consider finite difference, spectral element methods or dis-
continuous Galerkin methods.
Eq. can be easily discretized by a 2p*P-order scheme, using a 2p'"-order
Taylor expansion:

Ut+At) —2U )+ U (t—At) & 21U
AtQ Z th (3>

2A¢20-1)

(20)!
Now, using . to rewrite all the partial derivative of U with respect to the
time in . we can obtain an arbitrary 2p*"-order modified equation scheme
(MES-2p) (assuming that U is at least C2(P*1) in time),

where ¢; = and At is the time step.

Untl _opyn + -1 p
A Z (M~ 1K) + Fap (4)
with Fy, a modified source term such that:
Fo= M'F(t")
. p L\p—i §2(i—1
Fop= Fapery+ MY (KM Sy (") ,p > 2.

i=1

In the following, for the sake of simplicity, we will just consider the cases where
1 < p < 3 that is to say the so-called Leap-Frog scheme (p = 1), the MES-4 and
the MES-6 but we can extend the study to higher orders without any difficulty.

RR n°® 7331



Convergence Study of the Biharmonic scheme 5

Remark 2.1. MES-4 requires two matricial multiplications by M 'K whereas
there are three matricial multiplications by MK for the MES-6 so that the
computational burden of one iteration is respectively multiplied by two and three
compared to the Leap-Frog scheme.

For the Leap-Frog scheme the time step has to satisfy a CFL (Courant-Friedrichs-
Lewy) condition to ensure the stability of the scheme,

At S AtLF = Oth,

where h is the caracteristic space step of the mesh and « is a constant depending
only on the space discretization method and on the physical coefficients.
For the MES-4, this CFL condition is multiplied by /3 (cf. [8]),

At < Atyps—a = \/gah,
whereas the CFL condition of MES-6 is multiplied by 1.38,
At < AtMES—G := 1.38cch.

Since the MES-4 and the MES-6 require respectively two and three matricial
multiplications at each iteration, the computational cost is respectively multi-
plied by 2/v/3 = 1.15 and 3/1.38=2.17, compared to the cost of the Leap-Frog
scheme. The additional computational burden of the MES-4 is rather small in
comparison of the prohibitive MES-6 costs. Recently, Gilbert and Joly in [§]
have shown that it is possible to increase the CFL condition of these schemes,
but their technique requires additional multiplications by the matrix M 'K at
each time-step.

Instead of trying to increase the CFL condition, the object of our work is to
decrease the number of matricial multiplications by adapting this technique in
an original way that we present in the next section.

3 Schemes with p-harmonic operators

In this section we detail the construction of the fourth-order scheme and we
briefly present the sixth-order scheme. A similar technique can be applied to
obtain higher order schemes.

3.1 The scheme with biharmonic operator

The idea of the method is to invert the classical discretization process by apply-
ing first the time discretization, using the modified equation technique, before
addressing the question of the space discretization. In § we show that
the time discretization causes the apparition of a biharmonic operator which
can be discretized with a Discontinuous Galerkin Method presented in §
The stability of the new scheme is discussed in § B.1.3]and its cost is studied in

§B.1.4

RR n°® 7331
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3.1.1 The time discretization

To perform the time discretization of , we consider now a fourth-order Taylor
expansion of the continuous quantity
w(t+At) —2u(t)+u(t—At)  0*u(t) A2 0*u(t)

4
At? o2 + 12 ot4 +0(Ar).

Since u is solution to the wave equation , we can rewrite the fourth order
partial derivative of u with respect to the time

ot a! a! O*f . (1
St = pdiv (pV [udlv (qu)}) + el + pdiv (pV (uf)) .

Finally, we obtain the semi-discretized scheme

1+l — 2un 4! (1o, A2 (1 (1 .
; AtQ = le <qu > —+ Hdlv (pv |:‘LLdIV (pVU ):|> ‘(i">f4,
5

At? (9?2 1
with fy = f+ T; <f + div (pv (Hf))) .

Remark 3.1. In the homogeneous case (c* = it/p), the scheme reads as:

urtl — 2y 4 1 9 At? A2 (0% f
= AU" = 4A2 n = (Y J 2A )
A ccAu™ 4+ T —|—u<f—|— 1 <8t2+c f))
(6)

This scheme will be called scheme with biharmonic operator. In the case of a
2pt"_order scheme, this latter will be called scheme with p-harmonic operator.

Remark 3.2. Systems (@ and (@ are actually ill-posed. Indeed, for any At
it is possible to find initial conditions such that |u™| > Ce“">t with a constant
C > 0 and a > 0. However, an appropriate space discretization will lead to a
stable scheme under a CFL condition.

3.1.2 The Space Discretization

At this point, we have to choose an appropriate method to discretize the fourth
order operator. In [2], Anné, Joly and Tran considered a discretization by Finite
Difference Methods. Here, we propose to use a Finite Element Method, which
is more flexible to handle complex geometry.

If p and p (and the source term and the initial conditions) are regular enough,
it is sufficient to consider discretization methods which can take into account H?
quantities, such as for instance the Hermite’s finite element method (HFEM).
If p or p are discontinuous, the solution is no longer H? and this method is
not appropriate. Furthermore, the HFEM is not adapted to the mass lumping
technique and is quite complicate to handle numerically. Therefore, we propose
to use an Interior Penalty Discontinuous Galerkin (IPDG) method [3, 1, [9] which
is suitable to consider strongly heterogeneous media, due to the discontinuities
of the basis functions. Moreover, contrary to HFEM this technique can be
easily extended to discretize higher-order operators. Of course, the use of this
method requires an appropriate choice of the transmission conditions between
each element in order to ensure the consistency of the discretization. We will

RR n°® 7331
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detail these transmission conditions further in this section.

Let us first of all introduce a triangulation 7}, of 2 by segments (in 1D); triangles
(in 2D); or tetrahedra (in 3D). We denote by hx the diameter of the element
K € 7;,. The set of the mesh faces is denoted by Fj, which is partitioned into
two subsets F; and F? corresponding respectively to the interior faces and those
located on the boundary. For F' € F}, we denote arbitrarily by K and K~ the
two elements sharing F' and v the unit outward normal vector pointing from
KT to K~.

Moreover, denoting v+ (resp. v~) the restriction of a function v to the element
K™ (resp. K~), we define the jump and the average of v on a face F' € F} by

vt 4o~

[o] = v =7, vl = —5— (7)

For an exterior face F' € 77, we define [v] = v and {v}} = v and v denotes the
unit outward normal vector from the element K to which F' belongs.
Let us now introduce the space of approximation

Vii={veL*) : v €P,(K),VK €Ty, p>3}.

Remark 3.3. Now, we assume that p and p belong to C* on each element of the
triangulation T, and we need to take into account the transmission conditions

[u] =0 onF,

vE € P H%Vu . I/H =0 onkF, ®)

which are satisfied provided that u € H () and div (%VU) € L*(Q).

Herein, we do not detail the use of the IPDG method to obtain the bilinear
form corresponding to the 2°d-order operator, we just refer to [3, [, @] for more
details on its properties, but we present in a second part the technique to dis-
cretize the 4*™"-order operator.

First, applying an IPDG discretization to , we obtain the following scheme

Find u}™! € V}, such that, Vv € Vj,

1 u"'H —ounr 4+t At?
Z / Atg h V= —ajp (u,” )—|— Eagh uh, Z / f4 nAt
KM

KeT, KeT,

where ayj is a symmetric and coercive bilinear form defined by

ain (UZ,U) = BThl (u;:a U) -1 (Uﬁvv) -1 (U,’LLZ) + Bsi (uﬁ,v),

with
1
Bg,, (up,v Z/ —Vup - Vo, I (up,v Z / [ur] {{V«u-u}},
KerT, /K P FeFa p
and

Bsy (o) = 3 [ n [l

FeFn

RR n°® 7331
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The penalization function «; is introduced to ensure the stability of the bilinear
form ai,. We recall that a bilinear form is stable if it satisfies the stability
condition (cf. [3]) ain (v,v) > C||v||?, Vv € V}, with C > 0. «ay is defined on
each interior face F' by

71
min(hg+, hg-) min(pg+, p-)’

a1 =

where v, is a positive parameter depending only on the choice of the basis
functions of V}, and on each exterior face by
- n
1 — .
hipr

If we consider the classical Lagrange basis functions of degree p, it has been
shown in [I] that it is sufficient to choose v; > ) = p(p + 1)/2.

Now, considering the 4" order operator, we perform a double integration by
part on each element of the equation and we obtain the bilinear form asp:

agn (u,0) = Y /Kudiv C}w) div (;Vv> - > /BK pdiv <;Vu> (;Vv-u>

KeTy, KeTy,
+ Z / l (V (udiv <1Vu)> -V) v
KeT, Y 0K P P

We denote by )2 the second term of this expression and by @3 the third one.

s reads as "y /F H’“‘ i (;W) (;vv.,/)ﬂ.

FeFy,

Using the equality Juv] = {u}} [v] + {v} [u] on the interior faces and the fact
that [u] = {u}} = u on the exterior faces it holds

or 5 [ (s o] - o (o))

FeF}

[l () L]

FeF}

To rewrite this expression, we need additional transmission conditions on u. Let
us remark that, if w is regular enough in time, the transmission conditions

imply 52
u
| [5] -0 onF
VE € Fy, >y (9)
|:|:pvat2 . V:|:| =0 on F.

Using the wave equation we obtain
H,udiv (%Vu)ﬂ =0 on F,

VF € Fj, H%V(MCHV(%VU))'VH =0 onF.

RR n°® 7331
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Let us now remark that if we derive two times with respect to the time the
Dirichlet boundary condition and we use the wave equation , we obtain the
additional boundary condition

1
pdiv (w) =0on F e F, (11)
P

so that, thanks to the first condition of (10), that:
At 1
e [ )]
FeF} B p p

In the same way, with the second condition of (10, we have:

o 35 e (25) e

Finally, we obtain:

azn (u,v) = B, (u,v) +Zs (u,v)

where:
Br,, (u,v) = K; /K pudiv (;vu> div <;Vv> ,
Ty (u,v) = =Ty (u,0) + Lo (u,0),
- 2 [ fpn o) o]
Too (u,v) = F;/F {{;v (udiv C}w)) u}} [v] -

The bilinear form agy, : (up,v) € V2 — B, (un,v) + I (up,v) is clearly not
symmetric, so we add the term Zy (v, up, ) which does not hamper the consistency
of the approximation since Zo (v,u) = 0 by the second transmission condition
of . To enforce the stability we have to add the two forms Bg o1 (un,v) and
Bg 2.2 (up,v) defined by

sesinr= 5 fon [l [ ]

FeF}
Bsaz (i) = 3 [ asalu] bl
rer, U F
The penalization functions ao; and g 2 are defined on each interior face F' by
S 1maX(MK+7MK*) and g = V2,2 « (NK+ P~ )
’ " min(hg+, hg-) “ min(h3., A3 ) Pres P
and ag o is defined on an exterior face F by aso = %’j%, where K is the

element to which F' belongs. The parameters 7,; and 722 are positive and

RR n°® 7331
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depend only on the choice of the basis functions of V. It can be proved, by
using inverse inequalities that vo,1 > 79, = ¢1p? and y2.2 > 79 5 ~ c2p®, where
p denotes the degree of the basis functions. We refer to [II] for the proof of
these relations in the case of an homogeneous medium.

Finally, asj, is also a symmetric and stable form defined by

agp (u,v) = By, (u,v) + 22 (u,v) + Iz (v,u) + Bs21 (u,v) + Bs 2,2 (u,v) . (12)

In an homogeneous medium (i.e. p and p constant), agy, is similar to the form
proposed by [II] for the solution of the biharmonic equation.

Remark 3.4. In all the numerical experiments we have carried out, we have
set 2,20 = 0 and we did not observed any instability. This is due to the fact that
the form Bg o is similar to Bg 1, so that the term Bg 1 is sufficient to ensure
the stability of both a1, and asp. Indeed, if we assume that y22 =0, v21 > 73,1
and v1,1 > 7 then, ¥y >3,

2
ain (050) — 28 g (0 0) = an (uyv) + 2 /F [u] [o]

12 12 h3
FeFy,
At? o
- (oA 3 o)
) FeF,
~ At” ~
= +aip(u,v) — ﬁa2h( )

where aq), (resp Egh) is a bilinear form whose coefficient of penalization is
(resp. are) ’Y1 1 =71+ 12 h’Yzz > ’Yl 1 (resp. V2,1 = V2,1 > ’7(2),1 and Y2,2 =
v > 72’2). Consequently, the stability of a1, and asy, is ensured even if v2,2 = 0.

Remark 3.5. The consistency of the bilinear form ayy is well known [3] and
the consistency of asp, can be easily derived using Green’s formula then it is clear

2
that the form aip — A; asp, 15 comsistent.

Now, we consider {¢;},_, ,,, the classical discontinuous Lagrange basis
functions of degree p of V3, where m denotes the number of degrees of freedom
of the problem, and we obtain the linear system

n+1 _ 2U™ n—1 AtZ
v AUtQ +U + Mt <K1 - HKQ) U= M"1F", (13)

where

(M), = > / eipj, (K1);; =a1n (pi ;) , (K2), ; = azn (¢i,9;)

KeTy,
( / f4 TLAt

KE,]-}L

The mass matrix M is block-diagonal by construction and therefore easily in-
vertible.
The initial conditions U?, U' € V}, are given by

Ul = Ph(uo) VO:Ph(”O%

Ul =U° + AtV + & U0+ Vo+ Uo

RR n°® 7331
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where Py, (u) is the L? projection of u € H*(Q) on Vj,. [N]O, ‘N/O, (70 €V, are
such that Yv € Vj,:

<&07U> = (Cj;g (-0) w) = ap, (uo,v) + (f°,0),
(XN/O,v> = (fg (-,0) »v) = a1, (v0,v) + (9%, v) (14)

([7 ) _ di‘ .0 _ 92 f0 A f0
0,V - dth (7 ),1} —CLQh(Uo,U)+( tf ,’U)—F( f ,’U).

Remark 3.6. For the sake of simplicity, we denote OFu (-,t") by OFu™.

3.1.3 Stability

The following theorem and its corollary guarantee the stability of the scheme
under a CFL condition.

Theorem 3.7. The scheme with biharmonic operator is stable if the matrices
2 2
A=M — ATtKl and K* = K1 — %Kg are positive matrices.

Proof. For the sake of simplicity, we will consider the formulation without
source term that is to say
Un+1 —_oUn + Un—l

M K*U™ = 1
e + KU =0, (15)

with K* = K; — %QKQ. Using classical techniques, we prove the conservation
of the quantity

2 n+1 n n+1 n n+1 n n+1 n
it AR\ UM Ut Ut U LU U Untl U
BT = ((M 4 K) At T At e 2 ’ 2

which defines a discrete energy if M — ATtQK *and K* are two positive matrices.
If these conditions are satisfied, the stability of the scheme will be guaranteed.
Since K* = K; — Al—t;Kg, we have to ensure the positivity of the matrices
A+ %Kz and K*. Moreover, as K5 is positive, the positivity of A implies the

e . At?
positivity of A + S Ko. O

Corollary 3.8. The scheme with biharmonic operator is stable under a CFL
condition.

Proof. Since M, K; and Ky are positive matrices, it is clear that there exist
(Aty, Aty) € RT x R such that A; is positive VAt < Aty and A, is positive
VAt < Aty. Therefore, the scheme with biharmonic operator is stable for all
At < min (Ath Atg) O

Remark 3.9. The parameter Aty is also the CFL condition of the Leap-Frog
scheme. It is well known that it is o decreasing function of v, (see for instance
[10]). However, there is no analytical expression of this parameter and we have
to evaluate it numerically. We observed numerically thatl the parameter Atg
is a decreasing function of v21 and 2 2. In all the numerical experiments we
performed, Aty was larger than Aty that is to say that the stability of the Leap-
Frog scheme seems to be a sufficient condition of the stability of the scheme with
biharmonic operator.

RR n°® 7331



Convergence Study of the Biharmonic scheme 12

3.1.4 Numerical cost of the scheme

Let us now compare the cost of this scheme (that we denote by A%-scheme) to
the cost of the Leap-Frog scheme and of the MES-4. We suppose here that the
matrix K in has been obtained by using an IPDG method of order p, so
that (K)i; = a1 (i, 05) = (K1)i5.

In practice we compute K* := K7 — Al—t;Kg, so that we have only one ma-
tricial multiplication by M ~'K* to perform at each iteration. Moreover, it is
clear that aip, (pi, ;) = a2 (pi, ;) = 0, as soon as the degrees of freedom i
and j are respectively associated to two elements which do not share a common
edge. This means that M ~!'K; and M 'K, have the same number of non-zero
elements and that the cost of one multiplication by M ~'K* is the same as the
cost of one multiplication by M—'K = M~'K;. It is therefore clear that the
cost of one iteration of the A%-scheme is the same as the cost of one iteration
of the Leap-Frog scheme and is the half of the cost of one iteration of MES-4.

The global cost of these schemes is the cost of one iteration multiplied by the
number of iterations, which is imposed by the CFL condition. We did not obtain
an explicit CFL condition for the A%-scheme, but the numerical experiments we
have carried out (see section [5) show that this condition is a little bit higher
than the condition of the Leap-Frog scheme, so that the global cost of the A2-
scheme is equivalent to the one of the Leap-Frog scheme. Moreover, since the
CFL condition of MES-4 is about 1.73 times the condition of the Leap-Frog
scheme, we can deduce that the global cost of the A2-scheme is smaller than
the one of MES-4.

3.2 Scheme with triharmonic operator

We do not detail here the construction of the scheme with triharmonic operator
and only give its expression. The problem to be solved is

Find u}™! € V}, such that, Yv €V :
Tultt —oun 4t At?
> [ R e () + T (0] 0)
Ker, /K H ¢
At N
~ 360 %3 (up,v) + Z fo(.,nAt)v,
KeT, ' K
where

Att (04 0?
s (e (5 (458)) e (35 o (2500)

and

ash (un,vn) = Br,, (un,vn)+Zs (un, va)+ZLs (U, un)+Bs, , (Un, vp)+Bs, 5 (Un, vp)+Bs, 5 (Un, vn)

RR n°® 7331
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with

Bz, (w,v)= Y / (udiv (;Vu)) v (udiv (;w)) :

KeT,

s (u,v) = I3 1 (u,v) — I3 2 (u,v) + I3 3 (u,v),

SRR A

v
= 3 [ (e G o]
Ty (u,v) = {{ <de<1 )

Fe]—"

o= 5 [ o e (2| [ (252)]]

FeF}
Bs, , (u,v) = F; / Q32 H Vu - V:|:| |:|:;V’U . I/:|:| ,
Bs, , (u,v) = Z / asz g [u] [v],

FeF}

The penalization functions as 1, a3 2 and ag 3 are defined on each interior face
F by

2 2
- 73,1 _ 73,2 Mg+ Hipe—
a31 = " - y a3 2 = 73 13 max{ ——,—— |,
hye-)

min(pg+, pr-) min(hg+, ) mlﬂ(hﬁgw P+ PK-

and Q33 =

2
mn(hK+,hK_) P+ Pi-
and as o is respectively defined on an exterior face F by

V8.2 P

32 = 3 )
by pr

where K is the element to which F' belongs. The parameters 73 1, v3,2 and v3 3
are positive and depend only on the choice of the basis functions of V},. It can be
proved, by using inverse inequalities that ys31 >, ~ c1p?, y32 > 185 ~ cop®
and 733 > 7§ 3 &~ c3p'®, where p denotes the degree of the basis functions. In
practice, as for the A2-scheme, the parameters v3 o and 3 3 can be set to zero.
Indeed, the forms Bg 33 and Bg 39 are respectively similar to Bg; and Bg 2 2,
so that Bg 1 and Bg o are sufficient to ensure the stability of a1, asn and agy,.

Using the same arguments as for the AZ2-scheme, it can be shown that the
cost of one iteration of the A3-scheme is the same as the one of the Leap-Frog
scheme and is three times smaller than the one of the MES-6. The numerical
experiments we have performed show that the CFL condition of the A3-scheme
is slightly higher than the one of Leap-Frog scheme, so that the global cost of
both schemes is equivalent. Moreover the global cost of the A3-scheme is much
smaller than the one of MES-6.
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4 A Convergence Result for the scheme with bi-
harmonic operator

In this part, we propose a result which proves the convergence between the
solution of the totally discretized system and the continuous solution at the
instant ¢”. The idea of the proof is based on the work of Grote and al. in [10] in
the case of the second order approximation in time for the wave equation. We
assume here that p and p are constant.

Theorem 4.1. Let u be the solution of the wave equation satisfying the
reqularity assumptions

Ve T @), GucCL®). ducl (@)

with J = (0,T). Let (U")TIYZO the discrete solution defined by -. If At
satisfies
At < Bh (17)

with 3 € RY small enough, and if 12/a¢* is not an eigenvalue of the operator
—A then there exists a constant C > 0 independent of h and At such that:

mf_ngHu” — UMl < C (hPH 4 AY)

The following subsections present the main steps in the proof of the above
theorem. First, we have to look at the properties of the bilinear form ay,.

4.1 Properties of the bilinear form a,

First, we present the three norms defined on the spaces Vj, + H* (Q)

1
lullpa, = [ul2, + X% uld i + layul?
K
lulBe, = [ul3), + log3ul? + o} Vul2 + lag §* 4V (Au) - 0} [2a gy + llog 1 {AUR 122,

2
llull® = llullpe, + 55 lullbe,

where |ulf, = 3 (Vu, V) 2 (), lul3, = > (Au, Au)raxy and [u|?2 =

KeTy KeTy,
[u]? ds.
|

Lemma 4.2. Ify1 >0, v2.1 > 0 and v22 > 0 then || - ||pc,, || - llpc, end || - ||
are norms on H* (Q) + V.

Now, let us look at some properties of ay, into the spaces V3, and Vj, + H* (Q2).
We recap results established in [9]:

Lemma 4.3. There exists two constants Cioer1, Coont1 > 0 independent of the
mesh size such that:

aip (U, U) 2 CCOET‘lHUHZDGQv Yu € Vh
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and
la1n (w,0) | < Ceontrllullpg, [vllDGss  Yu,v € Vi + H* (Q)

Moreover, for quasi-uniform mesh:

arp (u,u) < Csc,  h2|ul|2, weV,+H*(Q).
with Cs independent of the mesh-size, of ¢ and of o4, .
Thanks to [I1], we have a continuity result for the bilinear form agp,:

Lemma 4.4. There exists a constant Ceonio > 0 independent of h such that:
asp (u,v) < Ccont2||UHDG4HU”DG47 VU,U eV, + m* (Q) .

We introduce the bilinear form

At?
ap, (u,v) = arp, (u,v) — 13 2h (u,v).

Finally, we need the following result in order to establish the convergence the-
orem:

Theorem 4.5. The bilinear form a;, satisfies a stability condition on Vj i.e.
3C > 0 such that :

ap (u,u) > C’||uH2DG2, Yu € Vy,
and ayp, is continuous on Vj, i.e. 3C' > 0 such that :
lan (u,v) | < Cllullpe.|vlpGs,  Vu,v € V.

The proof of this theorem is presented in subsection

4.2 FError bound

First of all, we have to introduce the Galerkin projection:

Definition 4.6. Let u € H* (), we consider the Galerkin projection py, : u —
ph (u) = up, (-, t) the projection of u on V, such that:

an (pn (u (1) ,0) = an (u (1) ,v), Vo € Vi

Remark 4.7. The existence and the uniqueness of p, (u) are guaranteed by the
stability of ay, in Vj,.

The Galerkin projection satisfies the following estimates

Lemma 4.8. If u € HP™ (Q) with p > 1, then there exists C > 0 independent
of h such that:

lv = pn (u)Ipe, < ChP|lullpta,
lu=pn (W) llpa, < CRP7Hullps,
lw=pn(@) o < CRP*ullpys.
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We refer to section for the proof of this lemma.

Now, we want to obtain a bound of the error between the continuous solution
at the instant t" and the totally discretized solution at the same time. We set,
at time ¢, e” = "™ — U™ which we rewrite as:

e"=n"+¢", n=0,...,N

where
n

77” = u" —w
¢n =" =U"

w" = pp, (u")

Thanks to the triangle inequality, we have:

N N N
max|le”[lo < max||¢"([o + max|n"([o. (18)
n=0 n=0 n=0
We introduce:
2w — O2u™ — Al—gﬁfu", n=1...,N—1,
n __
r= ¢1 _ ¢0 S
At 7

. ntl_o, ny, n—1 n
with §%wn = w—=2w_tw"_ and we denote R" = At Y r™.
m=0

Proposition 4.9. Under the CFL condition , there exists a constant C' > 0
such that:

N-1
N 0 0 2 n
< :
maz|¢"[lo < C ([le”llo + [n°llo) + C AtZJHR llo
-

where N s the number of time steps and C > 0 is a constant independent of h,
At and T.

We refer to the subsection for the proof of this proposition.
Combining proposition with (18, we have:

N—-1
N n 0 N n n
<
maxle” o < C (lle lo -+ maxllllo + Aty | R ||o> (19)

n=0

Moreover, it is obvious that

N-1
N—-1
n < 13
AtZIHR lo < Tmax|| R" o,
=

so that can be rewritten as

N N N—-1
miax|e” o < C (e o + max|n"|lo + Tmax|| R"[o)
n=0 n=0 n=1
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Recalling that: m]\é%(Hn"HO = ml\;%cHu” — pn (u™) ||o and using lemma :
n= n=

N +1
max|[n"llo < CPP lullg (7,041 ()

Moreover, thanks to the properties of the L? projection and to lemma we
have:

le%lo = llu® = P (u°) llo < CRF* uollp1 < CRP  ull o 7,470 )

Now we have this result, we have to bound ||R"||o. We must distinguish two
cases: the case n = 0 and the case the case n > 1. In the first case, we have the
following lemma:

Lemma 4.10. There exists a constant C > 0 independent of h, At and T such
that:

[79]lo < C (At*lhzﬂrl||atu||c(7’Hp+1(Q)) + At?’l@i“”C(iL%Q)))
Now, let us look at ||r"||p for 1 <n < N —1.

Lemma 4.11. For 1 < n < N — 1, there exists C > 0 independent of h, At
and T such that :

hpt1 tnt1 ) 3 tnt1 6
o< 0 (5 [ 1) lpnads + a8 [ [obu(,5) lods

tn—1 tn—1
These two lemma are proved in the subsections and
By definition of R™ and by the triangle inequality, we have:

N-1
1B [lo < Atl[rllo + At Y 7™ o-

m=1

Thanks to lemmas and 4.11) Vn € {1... N — 1}, there exists a constant
C > 0 independent of h, At and T such that:

[R™[lo < CAt* (Ilﬁfullc(j,m(m) + ||at6UHL1(J,L2(Q))>
p+1 2 (20>
+Ch (HatUHc(ijl(Q)) + 16; UHc(j,HpH(Q)))

Combining proposition [.9 and ([20)), we obtain:

N n
i e"llo < CR o a1 ) +OAE (1070l p200) + 10Fullr ace) -
This proves that:

m]ial%cHu" — U™ <C(hPH! + At?)

5 Numerical results

In this section, we present numerical results in the one dimensional and in the
two dimensional cases in order to compare the performances of the A2— and
A3-schemes to the ones of MES-4 and MES-6. In particular, we compare the
accuracy and the computational costs of both techniques.
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5.1 One-dimensional results

In all this section, we consider the simulation of wave propagation in an ho-
mogeneous 1D domain = [0, 10] with a velocity ¢ = (H/p)l/z = 1ms ' We
impose also periodic boundary conditions at the both ends of the domain. The
source term are set to 0 and the initial data are

B (27r (x — x0)>
U (L) = (fE — ZL'()) e 7o if |{L — l’()| < T0
0 else,

and

2
) _ (ATt
uy (z) = (8 (M) — 1) e ( "o ) if |2 —xo| <19
0 else.

such that the exact solution u®X

set 9 = 3 and ro = 4.
To discretize the wave equation , we considered

can be easily computed. In the following, we

1. MES-4, based on a space discretization with P3-Lagrange polynomials and
a penalization parameter of v; = 8. With these basis functions and this
parameter the CFL condition of the Leap-Frog scheme is (experimentally)
Atrp, = 0.1533h so that the CFL condition of MES-4 is Atyps—4 =
0.1533/3h = 0.2655h.

2. MES-6, based on a space discretization with P®-Lagrange polynomials and
a penalization parameter of 7, = 20. With these basis functions and this
parameter the CFL condition of the Leap-Frog scheme is (experimentally)
At g, = 0.073h so that the CFL condition of MES-6 is Aty/gs, = 1.38 x
0.073h = 0.101A.

3. The A%-scheme, with P3-Lagrange basis functions and with the penaliza-
tion parameters 73 = 8, 72,1 = 10 and 722 = 0. The CFL condition of
this scheme is (experimentally) Ataz = 0.1821h.

4. The A3-scheme, with P°-Lagrange basis functions and with the penaliza-
tion parameters y; = 20, 721 = 20, y22 = 0, v3,1 = 20, 132 = 0 and
73,3 = 0. With these parameters, the CFL condition is (experimentally)
Atas = 0.077h.

Remark 5.1. Following [1|f, we chose a; > oY = p(p+1) /2. Since we do not
have an explicit expression of the other penalization coefficients, we evaluated
them numerically in order to obtain a stable solution.

Let us remark that the CFL condition of the A%-scheme and the A3-scheme
are respectively slightly higher than the CFL condition of the classical Leap-Frog
scheme Atpp, and Aty p,. Since the AP-schemes only require one multiplication
by iteration, this means that their computational costs is even smaller than the
classical Leap-Frog scheme (at least for p=2 and 3).
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1/2
We compute the relative L2 ([0, 7], Q) error, given by (fUT (fQ (u — uh)2 d.r) dt) /
where u and uy, represent respectively the exact solution and the approximation,
for T'= 100 and for various space steps: h = 0.25,0.125,0.0625,0.03125 for the
fourth order schemes and h = 1,0.5,0.25,0.125 for the sixth order schemes. In
Tab. [1] (resp. Tab. [2), we present the L2 ([0,T],Q) error of each scheme and
in Fig. [1| (resp. in Fig. [2) we represent the relative L? error as a function of
the mesh size for the MES-4 (resp. MES-6) (cyan line with diamonds) and the
AZ-scheme (resp. AZ-scheme) (green line with squares) in log-log scale. All
the schemes converges with the expected order and the AP-schemes perform as
well as the corresponding MES-p. Since the CFL condition of the AP-schemes
is slightly higher than the CFL condition of the Leap-Frog schemes and only
require one matricial multiplication at each iteration, that means that they al-
low for high-order accuracy with a smaller cost than the Leap-Frog scheme.
In comparison, we recall that the computational costs of the MES-4 and of the
MES-6 are respectively 1.15 and 2.17 times higher than the cost of the Leap-Frog
schemes.

h MES-4 | AZ? scheme h MES-6 | A3 scheme
0.25 1l.1e—3 2.0e — 3 1 2.4e — 1 2.8e—1
0.125 7.4e — b 4.5e -5 0.5 2.3e — 4 4.1e—4
0.0625 | 5.6e — 6 2.1e—6 0.25 | 2.1e—6 2.5 —6
0.03125 | 3.7e — 7 1.2e =7 0.125 | 4.6e — 8 4.2e — 8
Table 1: Relative L2 ([0,7],Q) er- Table 2: Relative L? ([0,T],Q) er-
ror at time T = 100s for the fourth ror at time T = 100s for the sixth
order schemes order schemes.

JE——

— h5
S-4 S-6
K Soheme (1 t) XSoheme )

10° 10°

Figure 1: Convergence curves for the Figure 2: Convergence curves for the
4*"_order schemes in 1D 6'"-order schemes in 1D

5.2 Two-dimensional results

In this section, we consider the simulation of wave propagation in a 2D two-
layered media Q = [-1,1]° = Q, N where @, = [-1,1] x [0,1] and Q, =
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[-1,1] x [-1,0] are two homogeneous layers respectively charaterized by u = 2,
p=2and u =28, p=4. We consider zero-initial conditions and a source which
is a second derivative of a Gaussian in time and a point source in space:

f = 80g20 (At — 1) — 1) e X107,

with Ty = (0,05), A= ’/T2fg, f() =5 and to = 1/f0
To discretize the wave equation we used the two following methods:

1. MES-4, based on a space discretization with P3-Lagrange polynomials and
a penalization parameter of 7, = 10. With these basis functions and this
parameter the CFL condition of the Leap-Frog scheme is (experimentally)
Atrp, = 0.058h so that the CFL condition of MES-4 is Aty ps—4 =
0.058+/3h = 0.100h.

2. The A2-scheme, with P3-Lagrange basis functions and with the penaliza-
tion parameters y; = 10, y21 = 10 and 722 = 0. The CFL condition of
this scheme is (experimentally) Ataz = 0.061h.

As for the one dimensional case, the CFL condition of the A%-scheme is slightly
higher than the CFL condition of the Leap-Frog scheme Atrp,.

To compare the performances of the different methods, we compute the so-
lution on a receiver at point z; = (0.25,0.25) and we calculate the relative
L2 ([0,T],z1) error for different mean space steps h = 3e — 3,1.5¢ — 3,7.5¢ — 4
and a final time approximatively equal to 2. The analytical solution is computed
thanks to a Cagnard-De Hoop solution. The results are presented in Tab. |3 and
the convergence curves in log-log scale are plotted in Fig. [3

h MES-4 | A2-scheme
3.0e —3 | 2.5e—2 2.3e — 2
1.5e—3 | 1.2¢—3 1.1le—3
7.5e —4 | 6.6e —5 6.5¢ — 5

Table 3: Relative L? error in time at the receiver.

—

= Mg

A

S-4
scheme (A,,)

107

Figure 3: Convergence curves for the 4™-order schemes in 2D
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As for the 1D case, the two methods are fourth order approximations and give
similar results. Once again, we conclude that the cost of the A2-scheme is
smaller than the MES-4.

6 Conclusion

In this paper, we have constructed new high-order schemes both in time and
space to solve the acoustic wave equation and we have proved the convergence
of the method. The numerical results we have presented illustrate the fact that
the computational cost of these schemes is the same as the one of the Leap-
Frog scheme and is therefore smaller than the ones of the MES-4 and MES-6.
However, the CFL of the new schemes are only computed numerically and we
are now trying to determine them analytically. It is worth noting that the CFL
condition of the classical Leap-Frog scheme combined with IPDG method is
neither known analytically. The first step is then to compute this CFL condition
before addressing the issue of the A% and A3-schemes.

Another very interesting property of these schemes is the fact that they seem
to be very well-adapted to p-adaptivity. Indeed, if we combine for instance the
A2-scheme with a mesh composed of P! and P? cells, it is clear that ash(¢;, ®;)
vanish if the degrees of freedom 7 and j belong to a P'-cells. Therefore, we infer
that the scheme will be of second order on the P!-cells and of fourth order on
the P3-cells. This will be the object of a forthcoming work.

A Proofs of auxiliary theorems and lemma

A.1 Proof of Theorem
Proof. From lemma [£.3] and £.4)we have, Vu € V},,

At?

ap, (u,u) > Ccoerl”“”%)c& - ﬁccont2||u”%)c4~

Moreover, we have the next result which is proved in subsection
Lemma A.1. There exists v > 0 such that for all u € Vj,:
2 21,12
lullbe, < vh™"llullbe,
Consequently,

At?

At? _
Ccont2”“||%)(;4 2 (Ccoerl - ’Yﬁh 2CvcontQ) HUH%)Gz

ap (u,u) > Ccoe'rl““”%)GziH

Using the CFL condition (I7), it implies:

AtQ _9 2 /62 2
Ccoerl - 'Yﬁh CcontQ ||u||DG2 2 Ccoerl - ’yCcont2ﬁ HUHDGQ'

Then, for g > , /ﬁ, there exists a constant C' > 0 such that

an (u,u) > Cllullhg,, Yu€ Vi,
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which is the wanted result.
Concerning the second part of the theorem, lemma and imply that,
Yu,v € Vy,

At?

lan (u,v) | < Ceonnr [ullDG: vl D62 + =5 Ceonezllull DaullvliDas-

Using lemma we have

2

37z oz ) s o s

At
lan (u,0) | < (cconﬂ .

Then thanks to the CFL condition (17),

lan (u,v) | < Cllullpe, vl pe.

2

with C' = Ccontl + ’Y%Cconﬂ- H

A.2 Proof of lemma

Proof. First of all, let us recap some trace inequalities (cf. [I5], [I2]) : Vv €
Pr(K),

p+1)(p+2) Ap)
[0]|72 a5 < THU”%%K)v IVollF20m) < 7”””%2(1()

with A (p) ~ p® and an inverse inequality (cf. [4]), for n € N and j > 1:
|'U|'n+j,K < O‘h_n|U|j,K Vv eV,

We now have to bound each term contained in the norm | - ||pg, by terms
contained in || - || pg,. Let us study the term |u|sp, for all u € Vj,.
Let u € V},, thanks to the inverse inequalities, we have:

|U|gh = Z W%K <o Z h;<2|u|%,K < agh_QWﬁ,h
KeT, KeTy,

Now, we focus on the term ||012_~11/2 {V (Au) - v} |7 and we have to consider
the restriction of the norm to an unique edge F € F,.

Let F € Fy, using the algebraic inequality (a + b)* < 2 (a® + %) and the trace
inequalities, we have:

lao 4 A9 (Aw) - v} 3oy < g (113 (T (Au) v+ V (Au7) ) )

< gt (IV (Au) - sy + IV (Au) - w3 )

— 2pSyz20

A
< o (IAulZa s + 1Au)25 ) ) -

Consequently, we obtain

o 42 4 (A - v} oy < 2 P)

2
— U .
672’2 ‘ |2,h

By the inverse inequalities, we have

a®X(p)h?
P672,2

o 3* {1V (Aw) - v} 22 < uf? .

RR n°® 7331



Convergence Study of the Biharmonic scheme 23

With a same reasoning on the other term involving a mean term:

o (p+1)(p+2)h?

-1
oz " AU [faqry < LIS,
Now, we consider ||a;/i [Vu-v] ”%2(1“)'
Let F' € Fp,
1 —
s [Vu- V] 22y = a2a|[Vut v = Vu~ v,

=21 /F (Vv+ . V)2 + (VU_ . I/)2 -2 (Vv+ . V) (Vv_ . V) ds
< g <|VU+||2L2(F) F Vo T2 gpy + 2/F |[(Votv) (Vv -v) d5> .
Using the Cauchy-Schwarz inequality, we obtain
Ha;/j [Vu-v] ||2L2(F) < ag; <||VU+H2L2(F) + HVU_HQLZ(F) + 2||VU+||L2(F)||VU_||L2(F))
then, by the algebraic inequality 2ab < a? + b2, we have
o3 [V v 2r) < 021 (IV0* Wary + 1907 gy + IV ey + 1907 12 )
which leads to
o3 [V v 32r) < 2020 (IV0" Wamy + 1907 I2ry ) -

Moreover, thanks to the trace inequalities, we have

1 2v21p° (p+1) (p+2) _
a3 [V ey < - = = (10 ey + 1907 i) -
FeFy
so that,

s [Vu - v] 122y < 20 22,19% (p+ 1) (p + 2) [uf? .

Finally, we consider the term |a;/, >u|? which can be easily rewritten as

12 1o _ NP (72,2174) 2 = 2222° 20

‘O[Z,QU * T h 'Ylh2 1h2 1 *
so that
_ 1/c _
ke, < A02 (Julf s + o} ul2) < 0= ull2,
where || - ||~ denotes the norm:
1
]I = o]}, + oy *v]2,

In [3], we have equivalence on V3, between the norm || - || pg, and the norm || - ||
Consequently,

lullba, <R ullba,-
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A.3 Proof of lemma
A.3.1 Proof of the first estimate

Proof. We are seeking a bound of the quantity ||u — pp, (v) || pg,. Introducing a
suitable projector 7T1},Lu € V;, of the exact solution u, we have

lu = pn (W) |pe, < lu—mpullpe, + Imyu = pa (u) | pe,- (21)
To define an appropriate projector, we use the following theorem (cf. [14]).

Theorem A.2. Suppose that a partition T, of Q consists of d-dimensional
simplezes or parallelepipeds. Then, for every u € H* (Q), t and r € N, there
exists a projector

s HY(Q) — Vi, (ﬂfu)‘K =7l (uk)

such that, for 0 < q <t,

s—q
lu = 7 ullg 5 < C g llullex VK €T,
and for 0 < ¢ <tg —1
h sma3
Hl)(y (u - ﬂ-r,u) ||O,6K < Crt—q—% Hu||t7Kv |a| =q, VK € Tj,

where s = min(r+ 1,t) and C is a constant independant of u, h and r, but
dependent on t.

From this theorem, choosing r = p, we deduce that [3]

lu = mpullpe, < CRP||ullp
(22)

lu = mpullpe, < CRP~Hullp4r

Now, we have to find a similar bound on the quantity ||7T;}u —pn (v) | pGs-
Thanks to the properties of the Galerkin projection and of the bilinear form ay,
we have

a, (ﬂl’ju — pn (w) ,Wgu —pn(u) = ay (W;ju, ﬂl’;u —pn (w) — an (pn (u) ,Tr;}u — pn (u))

ap, (W;}u — U, wz}fu —pn ().

(23)
Since, wz},‘u —pp, (u) € Vi, using theorem [4.5] there exists a constant C such that

an (e~ pn (u)  whu —pi (W) > Cllau —pr () [, (24)

Furthermore, we want an upper bound over the term ay, (Wgu —u, W;Lu — Pn (u))
but since WZ})LU —u € Vj, + HPT (Q) we cannot use the continuity of aj in Vj,.

Let u, v € Vi, + HPT1 (), it is obvious that

At?
lan (u, v) | < lawn (u, v) [+ —5-lazn (u,0) | (25)

RR n°® 7331



Convergence Study of the Biharmonic scheme 25

According to lemma there exists a positive constant C' > 0 such that

la1n (u,v) | < Cllullpe, vl DG, Vu,v € Vi + HPTH(Q).
From the definition of the norm || - ||, it is clear that
|axn (u, 0) | < Clullf[v]l; Vu,v € Vi + HP1(Q). (26)

Similarly, it has been proved in [II] that Yu,v € HP*1 (Q), 3C > 0 :

lagn (u,v) | < Cllullpa,llvlipe,

which implies

At?
g lazn (w,0) | < Cllu]llivl, Yu,v € Vi + HPTH(Q). (27)
Using and (27)), we obtain

an (wh —w, whu — i, (u)) < Ol — ull |~ pr () ]

Then, combining this inequality with and , we have
Iy —pn () [Ibe, < Cllmyu —ullllmgu —pi () |- (28)

However, ﬂgu—ph (u) € Vi, and we know (cf. lemma D that Vo € V,, 3C > 0
such that [[v]|5q, < Ch™2|v]he, -
Consequently, Vv € V4, the CFL condition implies

At?

@HU”%GQ < Clvlphe,

loll® < llvllbe, +C

~ 2
with C =1+ C’%, so that

Iy —pi () [Ibe, < Climyu —ullllmyu —pa () [ pes. (29)
which obviously reads as
Iy = pn (w) | DG, < Cllmpu — ull. (30)
Moreover, using , we have, Yu € HP™1 (Q)

At?
g = ull < € (1204 320200 ) a2

so that, under the CFL condition (17]),
h 2 2p11,,112 2 C2 2p11, 112
llmpu —ull™ < CLaP|lullprr 0 + 675 h ™ lullprn 0

which leads to
llmpu — ull < CRP|lullps1.0. (31)

Finally, considering and , we obtain
lu = pr (u) g, < ChP[|ullpr1,0 (32)

which proves the first estimate. O
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A.3.2 Proof of the second estimate
Proof. As in the proof of the first estimate, we have

lu = pr (w) [ pas < llu— mhullpa, + llmpu — pu (u) Ipe, - (33)
and we have already seen that

lu — 7l pa, < CRP~|ullpsr (34)

To bound the second term of , we can remark that wz’,‘u — pp (u) € Vj, then
applying the lemma it follows

Imyu —pn (@) D, < A0 Impu — pr (w) || D6,
Then, using the first estimate of lemma[4.8 we have
Imyu = pn (W) b, < AR~ lullpso. (35)
Combining , and we have,

lu—pn (W) Dy < CHP = [ullpss-

A.3.3 Proof of the third estimate

Proof. Let us first consider the following auxiliary problem to prove the second
estimate.

A, .
Az—&—ﬁA z =u—pp(u) inQ,
z =0 on 0F), (36)
Az =0 on 0f).
First of all, we have to prove that there exists an unique solution z € H* (Q) to

this problem and to obtain a bound of the quantities ||z||2 and ||z|4.
The problem can be rewritten as two coupled problems:

Azy =u—pp(u) in
{ z17 =0 on Jf). (37)
and )
At .
z+ EAZ =z inQ, (39)

z =0 on 09,

The domain ) is assumed to be convex so the elliptic regularity gives that the
solution z; of the problem belongs to H? (2) N Hg (Q) and there exists a
constant C such that

[z1ll2 < Crllu = pn (u) Jlo- (39)

Now, we are interested in the problem which is an Helmholtz problem.
We know that, thanks to the Fredholm alternative, the problem

(40)

Lu =X+ f in(,
u =0 on 0,
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has an unique solution v € H} (Q) if f € L? () and A\ € Sp(L).
Here, L = —A, A = 12/a¢* and f = (12/a¢?) z; € H? (Q) then, if A ¢ Sp(—A)
there exists an unique z € H} () solution of the problem .
Now, applying the Boundary H™-Regularity theorem (cf. chap. 6 in [7]) it
follows that there exists an unique z € H* (Q2) solution of the problem (36)) such
that:

[2]l2 < Colz1llo  and  [[z]la < Coflz1]2 (41)

Consequently, combining and ([41)), it holds that
[2]l2 < Cllu—pn () llo (42)

with a constant C' > 0.
Now, multiplying the first equation of by u — pp, (u) and integrating it
over () it follows, using the consistency of ap,

lu—pn () 1§ = an (z,u — pn (w)). (43)
Moreover, Vz;, € V}, we have, from the definition of py, (u)
ap (z,u —pp () = ap (z — zp,u — pp (u))

and, thanks to the continuities of a;; and agy, in HP! (Q) 4 V},, there exists a
constant C' such that

At?
on (o= (1) < € (1l = allpcslu = o1 () e, + S5-Iz = 20l lu =1 (0) Lo )

(44)
Choosing z;, = 'z, we have, thanks to theorem [A.2
|z = znllpG, < Chllz]l2
and, thanks to the estimate , we obtain
Iz = znllpa, < Chllu = pa (u) o (45)
Now, in the same way
Iz = znllpa, < Czlla
Using the second inequality of and (39), it holds
Iz = znllpa, < Cllu—pr (w) [o- (46)

Combining the results (43, ([@4), and ([46)), we can conclude that there

exists a constant C such that
At?
lu=pn (u) o < C{ hllu = pr (u) [pes + 51w =pn (@) Ipe, | -

Thanks to the CFL condition ,

B*h
lu—pn (u) llo < Ch{ [lu—pn (w) [[DG, +

ool =m0 c, )

Finally, we conclude by using the two first estimate of the lemma 4.8 O
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A.4 Proof of proposition
Proof. We recall that we have

N N N
max||e"[|o < max|[¢"[lo + max|[n™ o
n=0 n=0 n=0

We already have a bound on the second term (cf. lemma so we just have
to find a bound on the first one.

Thanks to the wave equation, we have:

At? At?

TéA2Un — HAQUH — Au" = fn

Since ay, is consistent, we have, Vv € Vj,:

OPu™ +

2

A
(afu" + 1;A2u”,v> + ap (u™,v) = (f*,v). (47)

Moreover, reads as

n n n At2 an’” n
(U™, v) + ap (U ,’U)—(f +ﬁ o2 +Af ,U)
The difference between this equation and gives:
At? At? (9% fm
2, n 7A2n_2n n_rm _ _ = AfP
<8tu + TRl U™ v | +ap (W™ —U", ) P 52 +Af" v
that is to say, Vv € Vi, n=1,...,N — 1
At? At* (0"

(6t2u" — 82" + 82w — U + EAzu", v) +ap (W —w" +w" —U",v) = ST ( Btfz + Af”,v) .

Since ap, (u™ — w™,v) = 0 Vv € V3, we have:

At2 82 n
(52¢",v) +ap (o™, v) = (62w" — " — 17 <A2u” + 8tfz + Af”) ,v) .
Applying a second derivative with respect to the time to the wave equation,
we have the following equality:

32 fn

A2n
T e

+Af" = Ofu"

e. Yoe Vp,n=1,...,N — 1.
(6°¢",0) +an (¢",0) = (", v).
If we sum this equality fromn=1ton=m, 1 <m < N — 1, we have:

m+1l _ m 0 _ 41 m m
(5 mz ™)+ (Gamy) + e @0 = 30"
n=1

n=1

or:

¢m+1 _ ¢m m m
(At’v) + AtZah (o™, v) = Atz (r",v) + At (TO, v) )
n=1

n=1
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We denote " = At Y. ¢" with £2 = 0.
n=1
Then, Vv € V, 0 <m <N —1:
m+1 _ m
(m,v) + ap (£m,’u) = (Rm,’U)

where (R™,v) = At Z (r™,v).

We choose v = gbmH + ¢™ €V, so that, Vm € {0...n — 1}
673 = 6713 + Ata (€7, 671 +67) = At (R, 67 +7).

and we sum from m =0ton—1,Vn € {1... N} to obtain

n—1 n—1
[6™15 = 187115 + AL ~ap (&7, ™ +¢™) = ALY (R™,¢" T + ™).
m=0 m=0
From the definition of ™, we have, Vm € {1...N —1} : ¢mtl —¢m-1 =
At (¢™T! 4+ ¢™), so that

n—1

n—1 -
At 3 an (&m, gm+t 4 ¢m) X an (gm,emtt —gmt)
n—1

n—2
> ap (€M, M) — Zoah (&mtt¢m)

m=1

=ap, (§"71,€") —ap (€4, €°).

Moreover, thanks to the bilinearity of aj, we have

(gn—l _|_§n gn—l _|_€n> B (gn _ fn—l gn _ én—l)
h ap .

Qp, (gn—l,fn) = 2 ) 2 2 ’ 2

Recalling that £° = 0, using theorem 4.5 and that £"T! — " = Atg"tL Vn €
{0,..., N — 1} it follows:

At 2
ap (€"71,€") > —— (9", ¢").

Consequently, we obtain

A 2 n—1
l¢" ||o—fah (67,6") < (18”15 + ALY (R™,¢™ ! +¢™).  (48)

m=0
Thanks to the continuity of a1, and as;, and also lemma
2
an (9™, 0") < lain (9", 0") | + 55 |asn (67, 0™) |

2
< C’cont1||¢ ”DGZ Ag Ccont2||¢ ||DG4

< (Ocontl + A1775226207%2”}/}172) ||¢n||2DG2
Then, thanks to the lemma :

00067'1 ||¢)n||2DG2 < Cscfnaxh_2 H¢n||g’
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so that
2

t 2\ Cs o o 19
ﬁccontZ'Yh > Ccoe’r Cmaxh ||u||0

Under the CFL condition (17), it follows from that

ap (ua u) S <Ccont1 +

n—1
Clo" | < le°lIF + At 2_20 (R™, o™t +¢™), 0<n<N,

with: ) )
% <Ccont1 + %
C* is obviously positive for 4 small enough.
We apply the Cauchy-Schwarz Inequality:

Ccont27> &02 . (49)

max
Ccoerl

Cc*=1-

n—1

C*llg™ 15 < Il + At D IR [loll 6™+ + ¢™ lo.

Then, [ + 6™ +L]lo < 2miax|[¢™ o implies:
ma

N-1
* n m N m
C* 673 < 16°13 + 2 (AtZR ||o> (it o

Using the algebraic inequality 2ab < e~'a? + €b?, Ve > 0, we obtain

o 5 N—1 2
C*llo™[I5 < 114°115 + *maX\\fbmHo s (AtZ |Rm||0> :

m=0

Since the right hand side is not dependent of n,

o 5 N—1 2
maXH¢"Ho < 16°lI5 + *maXHébmHo ol (Atz Rmo)

m=0

which is equivalent to:

N-1 2
C*miblom 3 < 216°0 + 5 (AtZR ||0> .

m=0

But, for a,b > 0, (a + b)2 > a2 + b? then:

« N in 2At '\ m
O it 6" 3 < <ﬂ¢° ZHR ||0>

Consequently,

2 AL,
e’ Z IB™ .

Moreover, ||¢°[lo < [[€°]lo + ||7°]lo because €® = ¢° + n°,

N o n 2At
max||¢" o < Ve (||60H0 + 7°llo)

N
max||¢"(lo <
n=0
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A.5 Proof of lemma

Proof. We recall that At?r0 = ¢! — ¢°. In the following, we want to bound
|6t — ¢°|lo. Let v € V4, since (uo — Uo,v) = 0, by definition of U°, we have:

((bl —gbo,v) = (wl — Ul,v) — (wo —Uo,v)
= (wl ful,v) + (u1 fUl,v) — (wo fuo,v) — (uo —UO,U)
= ((ph—l) (ul —uo) 7v) + (ul —Ul,v)

(50)
Using lemma [4.8] a Taylor’s expansion with integral remainder and the fact that
9} (pn (u)) = pp, (Ofu) with i =0,...,2, we obtain, with ¢; = At:

wm—nw-w%@\sAW@< Iyu,v)|dt

g/'mm—nwmw
0
< C'Athpﬂ||UtHo(7;Hp+1(Q))HUHO

Now, we have to study the second term. Thanks to Taylor’s expansion with
integral remainder, we have:

A 2,0 3,0 4 0 1 h
ut —UQ-‘v—AtUo-i-ia +—8 +—6

54 24 (At—s)4afu(-,s)ds.

Then,
(ul—Ulm): (uO—PhuO,U)+At(U0—tho, ) AQ(&Q O—Uo, )
At (o4 T 1 " 4 95
+55 (81‘, O—Uo,v)—FﬂA (At —s)" OYu (-, s)ds

By the definition of the projection Py, Yv € Vj:
(ug — Pr (ug),v) =0 (vg— Pp(v9),v) =0

The consistency of the method and the definitions of UNO, ‘70 and 6*\0 in [14] give

immediately
(6211 - Uo,v> =0,
<8§’ 0 \70,11) =0,
((‘3§1 0 —ﬁ;,v) =0.
So,

1 (b
(=00 < g [ @9 @u ) o) s
< CAt5||8z?uHc(7;L2(Q))HUHO-
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Since ¢t — ¢° € V}, we can choose v = ¢! — ¢ as test function in (50):

6" —¢°llo < C (Athp+1||UtHc(7;Hp+1(Q)) + At5||8t5u||c(7;L2(Q))) :

Consequently, we obtain:

Il < C (Aflhpﬂ||“t||c(7;Hp+1(Q)) + At?’\lanIlc(j;mm))) :

A.6 Proof of lemma 4.11]

Proof. By the triangle inequality, we have:
o = (62w — 9fum — Batun g

< 162 (pn — I) u™ o + ||62u™ — 92um — AL ohyn||,

In order to bound the first term, we use:

trnt1
v(-,tnm—2v<-,tn>+v<-,tn_1>=At/ (1- P57 ) oo coyas
tn—1

Thanks to lemma, and that 0} (up) = m, (8 u) with ¢ = 0,...,2, we obtain:
—tn

trnt1
-0l <& [ (1B ')|a$<ph—f>u||ods
t

n—1

pPt1 fni 2
<C At 107w (-, 8) [[p+1ds.

tn—1

For the second term, using a Taylor’s expansion with integral remainder, we
have:

A 2 At— tn41 - tn—1
§2u"—0? "_ia‘* n— 1;0 (/ (tny1 —5)° OPu (-, 8) ds+/ (tno1 —s)° 8%u (-, ) ds).
tn t

n

And, Vs € [tn,tnt1], trhr1 — s < At then :

tnt1 - tnt1
/ (tns1 —s)° 8%u (-, s)ds < At® / %u (-, s)ds.
t t

n Jin

In the same way, Vs € [th—1,tn], S —tn—1 < At and (tp,—1 — s)5 =—(s— tn_1)5
so:
tn_1 - tn
/ (tn1 —8)° u(-,8)ds < At° A (-, 5) ds.
tn tn—1
Consequently,
At? AE [ttt
[8%u" = OFu" — S50t o < T35 [0Fw (-, 5) [|ods.
120 J, |
Then it holds:
hp—i—l tn+1 ) 3 tnt1 5
o< € (T [ 1R Cs) Do+ a8 [ 0 ) ads ).
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