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◆❡✇ ❤✐❣❤ ♦r❞❡r s❝❤❡♠❡s ❜❛s❡❞ ♦♥ t❤❡ ♠♦❞✐✜❡❞

❡q✉❛t✐♦♥ t❡❝❤♥✐q✉❡ ❢♦r s♦❧✈✐♥❣ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥

❈②r✐❧ ❆❣✉t∗†✱ ❏✉❧✐❡♥ ❉✐❛③† ∗

❚❤❡♠❡ ✿ ❖❜s❡r✈❛t✐♦♥ ❛♥❞ ▼♦❞❡❧✐♥❣ ❢♦r ❊♥✈✐r♦♥♠❡♥t❛❧ ❙❝✐❡♥❝❡s
➱q✉✐♣❡✲Pr♦❥❡t ▼❛❣✐q✉❡✲✸❞

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✸✸✶ ✖ ❏✉✐♥ ✷✵✶✵ ✖ ✸✹ ♣❛❣❡s

❆❜str❛❝t✿ ❲❡ ♣r❡s❡♥t ❛ ♥❡✇ ❤✐❣❤✲♦r❞❡r ♠❡t❤♦❞ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ❢♦r s♦❧✈✐♥❣
t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ❜❛s❡❞ ♦♥ ❛ ♥❡✇ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ✏▼♦❞✐✜❡❞ ❊q✉❛t✐♦♥✑
t❡❝❤♥✐q✉❡✳ ■♥❞❡❡❞✱ ❝♦♥tr❛r② t♦ ♠♦st ♦❢ t❤❡ ✇♦r❦s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t✐♠❡ ❞✐s✲
❝r❡t✐③❛t✐♦♥ ❜❡❢♦r❡ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❆❢t❡r t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ ❛♥
❛❞❞✐t✐♦♥❛❧ ❜✐❧❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ❛♣♣❡❛rs✱ ✇❤✐❝❤ ❝❛♥ ♥♦t ❜❡ ❞✐s❝r❡t✐③❡❞ ❜② ❝❧❛ss✐✲
❝❛❧ ✜♥✐t❡ ❡❧❡♠❡♥ts✳ ❲❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r t❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤✐s ♦♣❡r❛t♦r ❛♥❞ ✇❡ ♣r❡s❡♥t ❛ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
♥❡✇ s❝❤❡♠❡✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✐❧❧✉str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞✳

❑❡②✲✇♦r❞s✿ ❤✐❣❤✲♦r❞❡r s❝❤❡♠❡s✱ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱ ❛❝♦✉st✐❝
✇❛✈❡ ❡q✉❛t✐♦♥✱ ♠♦❞✐✜❡❞ ❡q✉❛t✐♦♥ t❡❝❤♥✐q✉❡✱ ❝♦♥✈❡r❣❡♥❝❡

∗ ▲▼❆P ✲ ❯♥✐✈❡rs✐t② ♦❢ P❛✉
† ■◆❘■❆ Pr♦❥❡❝t✲❚❡❛♠ ▼❛❣✐q✉❡✲✸❉



◆♦✉✈❡❛✉① s❝❤é♠❛s ❞✬♦r❞r❡ é❧❡✈és ❜❛sés s✉r

❧✬éq✉❛t✐♦♥ ♠♦❞✐✜é❡ ♣♦✉r rés♦✉❞r❡ ❧✬éq✉❛t✐♦♥ ❞❡s

♦♥❞❡s

❘és✉♠é ✿ ❉❛♥s ❝❡ r❛♣♣♦rt✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ❞✬♦r❞r❡ é❧❡✈é
❡♥ ❡s♣❛❝❡ ❡t ❡♥ t❡♠♣s ♣♦✉r rés♦✉❞r❡ ❧✬éq✉❛t✐♦♥ ❞❡s ♦♥❞❡s ❜❛sé❡ s✉r ❧❛ t❡❝❤♥✐q✉❡
❞❡ ✏❧✬❊q✉❛t✐♦♥ ▼♦❞✐✜é❡✑✳ ❊♥ ❡✛❡t✱ ❝♦♥tr❛✐r❡♠❡♥t à ❧❛ ❞é♠❛r❝❤❡ ❝❧❛ss✐q✉❡✱ ♥♦✉s
❛❧❧♦♥s ❞✬❛❜♦r❞ ❝♦♥s✐❞ér❡r ❧❛ ❞✐s❝rét✐s❛t✐♦♥ ❡♥ t❡♠♣s ❛✈❛♥t ❧❛ ❞✐s❝rét✐s❛t✐♦♥ ❡♥
❡s♣❛❝❡✳ ❆♣rès ❧❛ ❞✐s❝rét✐s❛t✐♦♥ ❡♥ t❡♠♣s✱ ✉♥ ♦♣ér❛t❡✉r ❜✐❧❛♣❧❛❝✐❡♥ ❛♣♣❛r❛ît ❡t
❝❡❧✉✐✲❝✐ ♥❡ ♣❡✉t êtr❡ ❞✐s❝rét✐sé ♣❛r ✉♥❡ ♠ét❤♦❞❡ ❝❧❛ss✐q✉❡ ❞✬é❧é♠❡♥ts ✜♥✐s✳ ◆♦✉s
♣r♦♣♦s♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ❞❡ ●❛❧❡r❦✐♥❡ ❉✐s❝♦♥t✐♥✉❡ ♣♦✉r ❧❛ ❞✐s❝rét✐s❛t✐♦♥
❞❡ ❝❡t ♦♣ér❛t❡✉r ❡t ♥♦✉s ♣rés❡♥t♦♥s ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❝❡ ♥♦✉✈❡❛✉
s❝❤é♠❛✳ ❉❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s q✉❡ ♥♦✉s ♣rés❡♥t♦♥s ♠❡tt❡♥t ❡♥ é✈✐❞❡♥❝❡
❧✬❡✣❝❛❝✐té ❞❡ ❧❛ ♠ét❤♦❞❡✳

▼♦ts✲❝❧és ✿ s❝❤é♠❛s ❞✬♦r❞r❡ é❧❡✈é✱ ♠ét❤♦❞❡ ❞❡ ●❛❧❡r❦✐♥❡ ❞✐s❝♦♥t✐♥✉❡✱ éq✉❛✲
t✐♦♥ ❞❡s ♦♥❞❡s ❛❝❝♦✉st✐q✉❡s✱ t❡❝❤♥✐q✉❡ ❞❡ ❧✬éq✉❛t✐♦♥ ♠♦❞✐✜é❡✱ ❝♦♥✈❡r❣❡♥❝❡



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❍✐❣❤❧② ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s ✈❡r② ❤✐❣❤ ❝♦♠♣✉✲
t❛t✐♦♥❛❧ ❜✉r❞❡♥s✳ ■♥❞❡❡❞✱ t♦ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✱
♦♥❡ ♠✉st ❝♦♥s✐❞❡r❛❜❧② r❡❞✉❝❡ t❤❡ s♣❛❝❡ st❡♣✱ ✇❤✐❝❤ ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦
♣♦✐♥ts ♦❢ t❤❡ ♠❡s❤ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❖❜✈✐♦✉s❧② t❤✐s ✇✐❧❧
r❡s✉❧t ✐♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s ♦❢ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠✳ ❇❡s✐❞❡s✱
t❤❡ t✐♠❡ st❡♣✱ ✇❤♦s❡ ✈❛❧✉❡ ✜①❡s t❤❡ ♥✉♠❜❡r ♦❢ r❡q✉✐r❡❞ ✐t❡r❛t✐♦♥s ❢♦r s♦❧✈✐♥❣
t❤❡ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠✱ ✐s ❧✐♥❦❡❞ t♦ t❤❡ s♣❛❝❡ st❡♣ t❤r♦✉❣❤ t❤❡ ❈❋▲ ✭❈♦✉r❛♥t✲
❋r✐❡❞r✐❝❤s✲▲❡✇②✮ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❈❋▲ ♥✉♠❜❡r ❞❡✜♥❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡
t✐♠❡ st❡♣ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ s♠❛❧❧❡r t❤❡ s♣❛❝❡ st❡♣ ✐s✱ t❤❡ ❤✐❣❤❡r t❤❡ ♥✉♠❜❡r
♦❢ ✐t❡r❛t✐♦♥s ✇✐❧❧ ❜❡✳ ■♥ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❤❛✈❡ ♠♦r❡
t❤❛♥ t❡♥ ♠✐❧❧✐♦♥ ✉♥❦♥♦✇♥s✱ ✇❤✐❝❤ ♠✉st ❜❡ ❡✈❛❧✉❛t❡❞ ❛t ❡❛❝❤ t✐♠❡✲✐t❡r❛t✐♦♥✳
❍♦✇❡✈❡r✱ ❤✐❣❤✲♦r❞❡r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❝♦♠♣✉t✐♥❣ ❛❝❝✉r❛t❡
s♦❧✉t✐♦♥s ✇✐t❤ ❧❛r❣❡r s♣❛❝❡ ❛♥❞ t✐♠❡ st❡♣s✳ ❘❡❝❡♥t❧②✱ ❏♦❧② ❛♥❞ ●✐❧❜❡rt ✭❝❢✳ ❬✽❪✮
❤❛✈❡ ♦♣t✐♠✐③❡❞ t❤❡ ▼♦❞✐✜❡❞ ❊q✉❛t✐♦♥ ❚❡❝❤♥✐q✉❡ ✭▼❊❚✮✱ ✇❤✐❝❤ ✇❛s ♣r♦♣♦s❡❞
❜② ❙❤✉❜✐♥ ❛♥❞ ❇❡❧❧ ✭❝❢✳ ❬✶✸❪✮ ❢♦r s♦❧✈✐♥❣ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ❛♥❞ ✐t s❡❡♠s t♦ ❜❡
✈❡r② ♣r♦♠✐s✐♥❣ ❣✐✈❡♥ s♦♠❡ ✐♠♣r♦✈❡♠❡♥ts✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛♣♣❧② t❤✐s t❡❝❤♥✐q✉❡
✐♥ ❛ ♥❡✇ ✇❛②✳ ▼❛♥② ✇♦r❦s ✐♥ t❤❡ ❧✐tt❡r❛t✉r❡ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✱ ✻✱ ✶✸✱ ✷❪✮ ❝♦♥✲
s✐❞❡r ✜rst t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❜❡❢♦r❡ ❛❞❞r❡ss✐♥❣ t❤❡ q✉❡st✐♦♥
♦❢ t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❲❡ ✐♥t❡♥❞ ❤❡r❡ t♦ ✐♥✈❡rt t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♣r♦❝❡ss
❜② ❛♣♣❧②✐♥❣ ✜rst t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✉s✐♥❣ t❤❡ ▼❊❚ ❛♥❞ t❤❡♥ t♦ ❝♦♥s✐❞❡r
t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❝❛✉s❡s ❤✐❣❤✲♦r❞❡r ♦♣❡r❛t♦rs
t♦ ❛♣♣❡❛r ✭s✉❝❤ ❛s p✲❤❛r♠♦♥✐❝ ♦♣❡r❛t♦rs✮ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡r❡❢♦r❡ t♦ ❝♦♥s✐❞❡r
❛♣♣r♦♣r✐❛t❡ ♠❡t❤♦❞s t♦ ❞✐s❝r❡t✐③❡ t❤❡♠✳ ❚❤❡ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ▼❡t❤♦❞s
❛r❡ ✇❡❧❧ ❛❞❛♣t❡❞ t♦ t❤✐s ❞✐s❝r❡t✐③❛t✐♦♥✱ s✐♥❝❡ t❤❡② ❛❧❧♦✇ t♦ ❝♦♥s✐❞❡r ♣✐❡❝❡✇✐s❡
❞✐s❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉s✐♥❣ t❤❡ ■♥t❡r✐♦r P❡♥❛❧t② ❉✐s❝♦♥t✐♥✉♦✉s
●❛❧❡r❦✐♥ ✭■P❉●✮ ♠❡t❤♦❞ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✱ ✶✱ ✾❪ ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
t❤❡ ▲❛♣❧❛❝✐❛♥ ❛♥❞ ❬✶✶❪ ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r✮✱ ♦♥❡
❝❛♥ ❡♥❢♦r❝❡ t❤r♦✉❣❤ t❤❡ ❡❧❡♠❡♥ts ❤✐❣❤✲♦r❞❡r tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ❛r❡
❛❞❛♣t❡❞ t♦ t❤❡ ❤✐❣❤ ♦r❞❡r ♦♣❡r❛t♦rs t♦ ❜❡ ❞✐s❝r❡t✐③❡❞✳ ❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤✐s ♣❛♣❡r
✐s ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✶✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❝❧❛ss✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▼❊❚ t♦
t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ ✇❛✈❡ ❡q✉❛t✐♦♥ ❛♥❞ ✇❡ r❡❝❛❧❧ ✐ts ♣r♦♣❡rt✐❡s✳ ■♥ s❡❝t✐♦♥ ✷✱
✇❡ ♦❜t❛✐♥ ❤✐❣❤✲♦r❞❡r s❝❤❡♠❡s ❜② ❛♣♣❧②✐♥❣ t❤✐s t❡❝❤♥✐q✉❡ ❞✐r❡❝t❧② t♦ t❤❡ ❝♦♥t✐♥✲
✉♦✉s ✇❛✈❡ ❡q✉❛t✐♦♥ ❛♥❞ ✇❡ ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ❢♦r
t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❤✐❣❤ ♦r❞❡r ♦♣❡r❛t♦rs✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡ ♣r❡s❡♥t
♥✉♠❡r✐❝❛❧ r❡s✉❧ts t♦ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♥❡✇ t❡❝❤♥✐q✉❡ ✇✐t❤ t❤❡
♦♥❡s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ▼❊❚✳

✷ ❚❤❡ ▼♦❞✐✜❡❞ ❊q✉❛t✐♦♥ ❚❡❝❤♥✐q✉❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ♠♦❞✐✜❡❞ ❡q✉❛t✐♦♥ t❡❝❤♥✐q✉❡ ✇❤✐❝❤
❛❧❧♦✇ ✉s t♦ ♦❜t❛✐♥ ❡✈❡♥ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t✐♠❡ ❛♥❞ ✇❡ r❡❢❡r t♦ ❬✻✱ ✶✸✱ ✽❪
❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤✐s ❛♣♣r♦❛❝❤✳
❲❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❛♥ ❤❡t❡r♦❣❡♥❡♦✉s ❜♦✉♥❞❡❞ ♠❡❞✐❛
Ω ⊂ R

d, d = 1, 2, 3✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✐♠♣♦s❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❇♦✉♥❞❛r② Γ := ∂Ω ❜✉t t❤✐s st✉❞② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✹

t♦ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐t❤♦✉t ♠❛❥♦r ❞✐✣❝✉❧t✐❡s✳





❋✐♥❞ u : Ω × [0, T ] 7→ R s✉❝❤ t❤❛t ✿

1

µ (x)

∂2u

∂t2
− ❞✐✈

(
1

ρ (x)
∇u

)
= f ✐♥ Ω × ]0, T ] ,

u (x, 0) = u0,
∂u

∂t
(x, 0) = u1 ✐♥ Ω,

u = 0 ♦♥ ∂Ω.

✭✶✮

✇❤❡r❡ u st❛♥❞s ❢♦r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t✱ µ ✐s t❤❡ ❝♦♠♣r❡ss✐❜✐❧✐t② ♠♦❞✉❧✉s✱ ρ ✐s t❤❡
❞❡♥s✐t② ❛♥❞ f ✐s t❤❡ s♦✉r❝❡ t❡r♠✳ ❲❡ ❛ss✉♠❡ t❤❛t µ ❛♥❞ ρ s❛t✐s❢② r❡❣✉❧❛r✐t②
❝♦♥❞✐t✐♦♥s t❤❛t ✇❡ ❞❡s❝r✐❜❡ ❧❛t❡r ✐♥ t❤❡ r❡♣♦rt✳ T ❞❡♥♦t❡s t❤❡ ✜♥❛❧ t✐♠❡✱ u0 ❛♥❞
u1 ❛r❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛♥❞ n ✐s t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r t♦ Ω✳
❆♣♣❧②✐♥❣ t♦ ✭✶✮ ❛ ❝❧❛ss✐❝❛❧ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞ s✉❝❤ ❛s ✜♥✐t❡ ❞✐✛❡r❡♥❝❡✱
✜♥✐t❡ ❡❧❡♠❡♥t ♦r ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r
s②st❡♠✱

M
∂2U

∂t2
+ KU = F, ✭✷✮

✇❤❡r❡ M ✐s t❤❡ ♠❛ss ♠❛tr✐① ✱ K ✐s t❤❡ st✐✛♥❡ss ♠❛tr✐①✱ U ✐s t❤❡ ✈❡❝t♦r ♦❢ ✉♥✲
❦♥♦✇♥ ❛♥❞ F t❤❡ s♦✉r❝❡ ✈❡❝t♦r✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s♣❛❝❡ ❞✐s✲
❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞ ✐s s✉❝❤ t❤❛t M ✐s ❡❛s✐❧② ✐♥✈❡rt✐❜❧❡ ✭s♣❛rs❡ ♦r ❜❧♦❝❦✲❞✐❛❣♦♥❛❧✮✳
❚❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ ✇❡ ❝♦♥s✐❞❡r ✜♥✐t❡ ❞✐✛❡r❡♥❝❡✱ s♣❡❝tr❛❧ ❡❧❡♠❡♥t ♠❡t❤♦❞s ♦r ❞✐s✲
❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞s✳
❊q✳ ✭✷✮ ❝❛♥ ❜❡ ❡❛s✐❧② ❞✐s❝r❡t✐③❡❞ ❜② ❛ 2pt❤✲♦r❞❡r s❝❤❡♠❡✱ ✉s✐♥❣ ❛ 2pt❤✲♦r❞❡r
❚❛②❧♦r ❡①♣❛♥s✐♦♥✿

U (t + ∆t) − 2U (t) + U (t − ∆t)

∆t2
=

p∑

i=1

ci
∂2iU

∂t2i
(t) ✭✸✮

✇❤❡r❡ ci =
2∆t2(i−1)

(2i)!
❛♥❞ ∆t ✐s t❤❡ t✐♠❡ st❡♣✳

◆♦✇✱ ✉s✐♥❣ ✭✷✮ t♦ r❡✇r✐t❡ ❛❧❧ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ U ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
t✐♠❡ ✐♥ ✭✸✮✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❛r❜✐tr❛r② 2pt❤✲♦r❞❡r ♠♦❞✐✜❡❞ ❡q✉❛t✐♦♥ s❝❤❡♠❡
✭▼❊❙✲✷♣✮ ✭❛ss✉♠✐♥❣ t❤❛t U ✐s ❛t ❧❡❛st C2(p+1) ✐♥ t✐♠❡✮✱

Un+1 − 2Un + Un−1

∆t2
=

p∑

i=1

ci (−1)
i (

M−1K
)i

+ F2p ✭✹✮

✇✐t❤ F2p ❛ ♠♦❞✐✜❡❞ s♦✉r❝❡ t❡r♠ s✉❝❤ t❤❛t✿






F2 = M−1F (tn)

F2p = F2(p−1) + M−1

p∑

i=1

(
KM−1

)p−i ∂2(i−1)F

∂t2(i−1)
(tn) , p ≥ 2.

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❥✉st ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡
1 ≤ p ≤ 3 t❤❛t ✐s t♦ s❛② t❤❡ s♦✲❝❛❧❧❡❞ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ ✭p = 1✮✱ t❤❡ ▼❊❙✲✹ ❛♥❞
t❤❡ ▼❊❙✲✻ ❜✉t ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ st✉❞② t♦ ❤✐❣❤❡r ♦r❞❡rs ✇✐t❤♦✉t ❛♥② ❞✐✣❝✉❧t②✳
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✺

❘❡♠❛r❦ ✷✳✶✳ ▼❊❙✲✹ r❡q✉✐r❡s t✇♦ ♠❛tr✐❝✐❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❜② M−1K ✇❤❡r❡❛s
t❤❡r❡ ❛r❡ t❤r❡❡ ♠❛tr✐❝✐❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❜② M−1K ❢♦r t❤❡ ▼❊❙✲✻ s♦ t❤❛t t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ♦❢ ♦♥❡ ✐t❡r❛t✐♦♥ ✐s r❡s♣❡❝t✐✈❡❧② ♠✉❧t✐♣❧✐❡❞ ❜② t✇♦ ❛♥❞ t❤r❡❡
❝♦♠♣❛r❡❞ t♦ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡✳

❋♦r t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ t❤❡ t✐♠❡ st❡♣ ❤❛s t♦ s❛t✐s❢② ❛ ❈❋▲ ✭❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲
▲❡✇②✮ ❝♦♥❞✐t✐♦♥ t♦ ❡♥s✉r❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡✱

∆t ≤ ∆tLF := αh,

✇❤❡r❡ h ✐s t❤❡ ❝❛r❛❝t❡r✐st✐❝ s♣❛❝❡ st❡♣ ♦❢ t❤❡ ♠❡s❤ ❛♥❞ α ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣
♦♥❧② ♦♥ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ♦♥ t❤❡ ♣❤②s✐❝❛❧ ❝♦❡✣❝✐❡♥ts✳
❋♦r t❤❡ ▼❊❙✲✹✱ t❤✐s ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐s ♠✉❧t✐♣❧✐❡❞ ❜②

√
3 ✭❝❢✳ ❬✽❪✮✱

∆t ≤ ∆tMES−4 :=
√

3αh,

✇❤❡r❡❛s t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ ▼❊❙✲✻ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ✶✳✸✽✱

∆t ≤ ∆tMES−6 := 1.38αh.

❙✐♥❝❡ t❤❡ ▼❊❙✲✹ ❛♥❞ t❤❡ ▼❊❙✲✻ r❡q✉✐r❡ r❡s♣❡❝t✐✈❡❧② t✇♦ ❛♥❞ t❤r❡❡ ♠❛tr✐❝✐❛❧
♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ✐s r❡s♣❡❝t✐✈❡❧② ♠✉❧t✐✲
♣❧✐❡❞ ❜② 2/

√
3 = 1.15 ❛♥❞ ✸✴✶✳✸✽❂✷✳✶✼✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝♦st ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣

s❝❤❡♠❡✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ♦❢ t❤❡ ▼❊❙✲✹ ✐s r❛t❤❡r s♠❛❧❧ ✐♥
❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♣r♦❤✐❜✐t✐✈❡ ▼❊❙✲✻ ❝♦sts✳ ❘❡❝❡♥t❧②✱ ●✐❧❜❡rt ❛♥❞ ❏♦❧② ✐♥ ❬✽❪
❤❛✈❡ s❤♦✇♥ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡s❡ s❝❤❡♠❡s✱
❜✉t t❤❡✐r t❡❝❤♥✐q✉❡ r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❜② t❤❡ ♠❛tr✐① M−1K ❛t
❡❛❝❤ t✐♠❡✲st❡♣✳

■♥st❡❛❞ ♦❢ tr②✐♥❣ t♦ ✐♥❝r❡❛s❡ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✱ t❤❡ ♦❜❥❡❝t ♦❢ ♦✉r ✇♦r❦ ✐s t♦
❞❡❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛tr✐❝✐❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❜② ❛❞❛♣t✐♥❣ t❤✐s t❡❝❤♥✐q✉❡ ✐♥
❛♥ ♦r✐❣✐♥❛❧ ✇❛② t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✸ ❙❝❤❡♠❡s ✇✐t❤ ♣✲❤❛r♠♦♥✐❝ ♦♣❡r❛t♦rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡t❛✐❧ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢♦✉rt❤✲♦r❞❡r s❝❤❡♠❡ ❛♥❞ ✇❡
❜r✐❡✢② ♣r❡s❡♥t t❤❡ s✐①t❤✲♦r❞❡r s❝❤❡♠❡✳ ❆ s✐♠✐❧❛r t❡❝❤♥✐q✉❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦
♦❜t❛✐♥ ❤✐❣❤❡r ♦r❞❡r s❝❤❡♠❡s✳

✸✳✶ ❚❤❡ s❝❤❡♠❡ ✇✐t❤ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s t♦ ✐♥✈❡rt t❤❡ ❝❧❛ss✐❝❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♣r♦❝❡ss ❜② ❛♣♣❧②✲
✐♥❣ ✜rst t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ ✉s✐♥❣ t❤❡ ♠♦❞✐✜❡❞ ❡q✉❛t✐♦♥ t❡❝❤♥✐q✉❡✱ ❜❡❢♦r❡
❛❞❞r❡ss✐♥❣ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ■♥ ➓ ✸✳✶✳✶✱ ✇❡ s❤♦✇ t❤❛t
t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❝❛✉s❡s t❤❡ ❛♣♣❛r✐t✐♦♥ ♦❢ ❛ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ✇❤✐❝❤
❝❛♥ ❜❡ ❞✐s❝r❡t✐③❡❞ ✇✐t❤ ❛ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ▼❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ ➓ ✸✳✶✳✷✳
❚❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♥❡✇ s❝❤❡♠❡ ✐s ❞✐s❝✉ss❡❞ ✐♥ ➓ ✸✳✶✳✸ ❛♥❞ ✐ts ❝♦st ✐s st✉❞✐❡❞ ✐♥
➓ ✸✳✶✳✹✳
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✻

✸✳✶✳✶ ❚❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥

❚♦ ♣❡r❢♦r♠ t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✶✮✱ ✇❡ ❝♦♥s✐❞❡r ♥♦✇ ❛ ❢♦✉rt❤✲♦r❞❡r ❚❛②❧♦r
❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s q✉❛♥t✐t②

u (t + ∆t) − 2u (t) + u (t − ∆t)

∆t2
=

∂2u (t)

∂t2
+

∆t2

12

∂4u (t)

∂t4
+ O

(
∆t4

)
.

❙✐♥❝❡ u ✐s s♦❧✉t✐♦♥ t♦ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✭✶✮✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❢♦✉rt❤ ♦r❞❡r
♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ u ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡

∂4u

∂t4
= µ❞✐✈

(
1

ρ
∇
[
µ❞✐✈

(
1

ρ
∇u

)])
+ µ

∂2f

∂t2
+ µ❞✐✈

(
1

ρ
∇ (µf)

)
.

❋✐♥❛❧❧②✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❡♠✐✲❞✐s❝r❡t✐③❡❞ s❝❤❡♠❡

1

µ

un+1 − 2un + un−1

∆t2
= ❞✐✈

(
1

ρ
∇un

)
+

∆t2

12
❞✐✈

(
1

ρ
∇
[
µ❞✐✈

(
1

ρ
∇un

)])
+ f4,

✭✺✮

✇✐t❤ f4 = f +
∆t2

12

(
∂2f

∂t2
+ ❞✐✈

(
1

ρ
∇ (µf)

))
.

❘❡♠❛r❦ ✸✳✶✳ ■♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ ✭c2 = µ/ρ✮✱ t❤❡ s❝❤❡♠❡ r❡❛❞s ❛s✿

un+1 − 2un + un−1

∆t2
= c2∆un +

∆t2

12
c4∆2un + µ

(
f +

∆t2

12

(
∂2f

∂t2
+ c2∆f

))
.

✭✻✮
❚❤✐s s❝❤❡♠❡ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ s❝❤❡♠❡ ✇✐t❤ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛
2pt❤✲♦r❞❡r s❝❤❡♠❡✱ t❤✐s ❧❛tt❡r ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ s❝❤❡♠❡ ✇✐t❤ ♣✲❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r✳

❘❡♠❛r❦ ✸✳✷✳ ❙②st❡♠s ✭✺✮ ❛♥❞ ✭✻✮ ❛r❡ ❛❝t✉❛❧❧② ✐❧❧✲♣♦s❡❞✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② ∆t
✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t |un| ≥ Ceαn∆t ✇✐t❤ ❛ ❝♦♥st❛♥t
C > 0 ❛♥❞ α > 0✳ ❍♦✇❡✈❡r✱ ❛♥ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐❧❧ ❧❡❛❞ t♦ ❛
st❛❜❧❡ s❝❤❡♠❡ ✉♥❞❡r ❛ ❈❋▲ ❝♦♥❞✐t✐♦♥✳

✸✳✶✳✷ ❚❤❡ ❙♣❛❝❡ ❉✐s❝r❡t✐③❛t✐♦♥

❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠❡t❤♦❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ❢♦✉rt❤
♦r❞❡r ♦♣❡r❛t♦r✳ ■♥ ❬✷❪✱ ❆♥♥é✱ ❏♦❧② ❛♥❞ ❚r❛♥ ❝♦♥s✐❞❡r❡❞ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ❜② ❋✐♥✐t❡
❉✐✛❡r❡♥❝❡ ▼❡t❤♦❞s✳ ❍❡r❡✱ ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡ ❛ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞✱ ✇❤✐❝❤
✐s ♠♦r❡ ✢❡①✐❜❧❡ t♦ ❤❛♥❞❧❡ ❝♦♠♣❧❡① ❣❡♦♠❡tr②✳

■❢ ρ ❛♥❞ µ ✭❛♥❞ t❤❡ s♦✉r❝❡ t❡r♠ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✮ ❛r❡ r❡❣✉❧❛r ❡♥♦✉❣❤✱
✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞s ✇❤✐❝❤ ❝❛♥ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t H2

q✉❛♥t✐t✐❡s✱ s✉❝❤ ❛s ❢♦r ✐♥st❛♥❝❡ t❤❡ ❍❡r♠✐t❡✬s ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❍❋❊▼✮✳
■❢ ρ ♦r µ ❛r❡ ❞✐s❝♦♥t✐♥✉♦✉s✱ t❤❡ s♦❧✉t✐♦♥ ✐s ♥♦ ❧♦♥❣❡r H2 ❛♥❞ t❤✐s ♠❡t❤♦❞ ✐s
♥♦t ❛♣♣r♦♣r✐❛t❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❍❋❊▼ ✐s ♥♦t ❛❞❛♣t❡❞ t♦ t❤❡ ♠❛ss ❧✉♠♣✐♥❣
t❡❝❤♥✐q✉❡ ❛♥❞ ✐s q✉✐t❡ ❝♦♠♣❧✐❝❛t❡ t♦ ❤❛♥❞❧❡ ♥✉♠❡r✐❝❛❧❧②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♣r♦♣♦s❡
t♦ ✉s❡ ❛♥ ■♥t❡r✐♦r P❡♥❛❧t② ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✭■P❉●✮ ♠❡t❤♦❞ ❬✸✱ ✶✱ ✾❪ ✇❤✐❝❤
✐s s✉✐t❛❜❧❡ t♦ ❝♦♥s✐❞❡r str♦♥❣❧② ❤❡t❡r♦❣❡♥❡♦✉s ♠❡❞✐❛✱ ❞✉❡ t♦ t❤❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s
♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ❝♦♥tr❛r② t♦ ❍❋❊▼ t❤✐s t❡❝❤♥✐q✉❡ ❝❛♥ ❜❡
❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ ❞✐s❝r❡t✐③❡ ❤✐❣❤❡r✲♦r❞❡r ♦♣❡r❛t♦rs✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ✉s❡ ♦❢ t❤✐s
♠❡t❤♦❞ r❡q✉✐r❡s ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ❜❡t✇❡❡♥
❡❛❝❤ ❡❧❡♠❡♥t ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❲❡ ✇✐❧❧
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✼

❞❡t❛✐❧ t❤❡s❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ❢✉rt❤❡r ✐♥ t❤✐s s❡❝t✐♦♥✳

▲❡t ✉s ✜rst ♦❢ ❛❧❧ ✐♥tr♦❞✉❝❡ ❛ tr✐❛♥❣✉❧❛t✐♦♥ Th ♦❢ Ω ❜② s❡❣♠❡♥ts ✭✐♥ ✶❉✮❀ tr✐❛♥❣❧❡s
✭✐♥ ✷❉✮❀ ♦r t❡tr❛❤❡❞r❛ ✭✐♥ ✸❉✮✳ ❲❡ ❞❡♥♦t❡ ❜② hK t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❡❧❡♠❡♥t
K ∈ Th✳ ❚❤❡ s❡t ♦❢ t❤❡ ♠❡s❤ ❢❛❝❡s ✐s ❞❡♥♦t❡❞ ❜② Fh ✇❤✐❝❤ ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦
t✇♦ s✉❜s❡ts F i

h ❛♥❞ Fb
h ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♣❡❝t✐✈❡❧② t♦ t❤❡ ✐♥t❡r✐♦r ❢❛❝❡s ❛♥❞ t❤♦s❡

❧♦❝❛t❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❋♦r F ∈ F i
h✱ ✇❡ ❞❡♥♦t❡ ❛r❜✐tr❛r✐❧② ❜② K+ ❛♥❞ K− t❤❡

t✇♦ ❡❧❡♠❡♥ts s❤❛r✐♥❣ F ❛♥❞ ν t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r ♣♦✐♥t✐♥❣ ❢r♦♠
K+ t♦ K−✳
▼♦r❡♦✈❡r✱ ❞❡♥♦t✐♥❣ v+ ✭r❡s♣✳ v−✮ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ v t♦ t❤❡ ❡❧❡♠❡♥t
K+ ✭r❡s♣✳ K−✮✱ ✇❡ ❞❡✜♥❡ t❤❡ ❥✉♠♣ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♦❢ v ♦♥ ❛ ❢❛❝❡ F ∈ F i

h ❜②

[[v]] = v+ − v−, {{v}} =
v+ + v−

2
. ✭✼✮

❋♦r ❛♥ ❡①t❡r✐♦r ❢❛❝❡ F ∈ Fb
h✱ ✇❡ ❞❡✜♥❡ [[v]] = v ❛♥❞ {{v}} = v ❛♥❞ ν ❞❡♥♦t❡s t❤❡

✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r ❢r♦♠ t❤❡ ❡❧❡♠❡♥t K t♦ ✇❤✐❝❤ F ❜❡❧♦♥❣s✳
▲❡t ✉s ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥

Vh :=
{
v ∈ L2 (Ω) : v|K ∈ Pp (K) ,∀K ∈ Th, p ≥ 3

}
.

❘❡♠❛r❦ ✸✳✸✳ ◆♦✇✱ ✇❡ ❛ss✉♠❡ t❤❛t ρ ❛♥❞ µ ❜❡❧♦♥❣ t♦ C4 ♦♥ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡
tr✐❛♥❣✉❧❛t✐♦♥ Th ❛♥❞ ✇❡ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s

∀F ∈ F i
h,






[[u]] = 0 ♦♥ F,
[[

1
ρ∇u · ν

]]
= 0 ♦♥ F,

✭✽✮

✇❤✐❝❤ ❛r❡ s❛t✐s✜❡❞ ♣r♦✈✐❞❡❞ t❤❛t u ∈ H1
0 (Ω) ❛♥❞ ❞✐✈

(
1
ρ∇u

)
∈ L2(Ω)✳

❍❡r❡✐♥✱ ✇❡ ❞♦ ♥♦t ❞❡t❛✐❧ t❤❡ ✉s❡ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞ t♦ ♦❜t❛✐♥ t❤❡ ❜✐❧✐♥❡❛r
❢♦r♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ 2♥❞✲♦r❞❡r ♦♣❡r❛t♦r✱ ✇❡ ❥✉st r❡❢❡r t♦ ❬✸✱ ✶✱ ✾❪ ❢♦r ♠♦r❡
❞❡t❛✐❧s ♦♥ ✐ts ♣r♦♣❡rt✐❡s✱ ❜✉t ✇❡ ♣r❡s❡♥t ✐♥ ❛ s❡❝♦♥❞ ♣❛rt t❤❡ t❡❝❤♥✐q✉❡ t♦ ❞✐s✲
❝r❡t✐③❡ t❤❡ 4t❤✲♦r❞❡r ♦♣❡r❛t♦r✳
❋✐rst✱ ❛♣♣❧②✐♥❣ ❛♥ ■P❉● ❞✐s❝r❡t✐③❛t✐♦♥ t♦ ✭✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❤❡♠❡





❋✐♥❞ un+1
h ∈ Vh s✉❝❤ t❤❛t✱ ∀v ∈ Vh,

∑

K∈Th

∫

K

1

µ

un+1
h − 2un

h + un−1
h

∆t2
v = −a1h (un

h, v) +
∆t2

12
a2h (un

h, v) +
∑

K∈Th

∫

K

f4(., n∆t)v.

✇❤❡r❡ a1h ✐s ❛ s②♠♠❡tr✐❝ ❛♥❞ ❝♦❡r❝✐✈❡ ❜✐❧✐♥❡❛r ❢♦r♠ ❞❡✜♥❡❞ ❜②

a1h (un
h, v) = BTh1

(un
h, v) − I1 (un

h, v) − I1 (v, un
h) + BS1 (un

h, v) ,

✇✐t❤

BTh1
(un

h, v) =
∑

K∈Th

∫

K

1

ρ
∇un

h · ∇v, I1 (un
h, v) =

∑

F∈Fh

∫

F

[[un
h]]

{{
1

ρ
∇v · ν

}}
,

❛♥❞

BS1
(un

h, v) =
∑

F∈Fh

∫

F

α1 [[un
h]] [[v]] .

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✽

❚❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ α1 ✐s ✐♥tr♦❞✉❝❡❞ t♦ ❡♥s✉r❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r
❢♦r♠ a1h✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛ ❜✐❧✐♥❡❛r ❢♦r♠ ✐s st❛❜❧❡ ✐❢ ✐t s❛t✐s✜❡s t❤❡ st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥ ✭❝❢✳ ❬✸❪✮ a1h (v, v) ≥ C‖v‖2✱ ∀v ∈ Vh ✇✐t❤ C > 0✳ α1 ✐s ❞❡✜♥❡❞ ♦♥
❡❛❝❤ ✐♥t❡r✐♦r ❢❛❝❡ F ❜②

α1 =
γ1

min(hK+ , hK−) min(ρK+ , ρK−)
,

✇❤❡r❡ γ1 ✐s ❛ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❛s✐s
❢✉♥❝t✐♦♥s ♦❢ Vh ❛♥❞ ♦♥ ❡❛❝❤ ❡①t❡r✐♦r ❢❛❝❡ ❜②

α1 =
γ1

hKρK
.

■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss✐❝❛❧ ▲❛❣r❛♥❣❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ p✱ ✐t ❤❛s ❜❡❡♥
s❤♦✇♥ ✐♥ ❬✶❪ t❤❛t ✐t ✐s s✉✣❝✐❡♥t t♦ ❝❤♦♦s❡ γ1 > γ0

1 = p(p + 1)/2.

◆♦✇✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ 4t❤ ♦r❞❡r ♦♣❡r❛t♦r✱ ✇❡ ♣❡r❢♦r♠ ❛ ❞♦✉❜❧❡ ✐♥t❡❣r❛t✐♦♥ ❜②
♣❛rt ♦♥ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✺✮ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ a2h✿

a2h (u, v) =
∑

K∈Th

∫

K

µ❞✐✈

(
1

ρ
∇u

)
❞✐✈

(
1

ρ
∇v

)
−
∑

K∈Th

∫

∂K

µ❞✐✈

(
1

ρ
∇u

)(
1

ρ
∇v · ν

)

+
∑

K∈Th

∫

∂K

1

ρ

(
∇
(

µ❞✐✈

(
1

ρ
∇u

))
· ν
)

v

❲❡ ❞❡♥♦t❡ ❜② Q2 t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ ❛♥❞ ❜② Q3 t❤❡ t❤✐r❞ ♦♥❡✳
Q2 r❡❛❞s ❛s

Q2 = −
∑

F∈Fh

∫

F

[[
µ❞✐✈

(
1

ρ
∇u

)(
1

ρ
∇v · ν

)]]
.

❯s✐♥❣ t❤❡ ❡q✉❛❧✐t② [[u v]] = {{u}} [[v]] + {{v}} [[u]] ♦♥ t❤❡ ✐♥t❡r✐♦r ❢❛❝❡s ❛♥❞ t❤❡ ❢❛❝t
t❤❛t [[u]] = {{u}} = u ♦♥ t❤❡ ❡①t❡r✐♦r ❢❛❝❡s ✐t ❤♦❧❞s

Q2 = −
∑

F∈Fi
h

∫

F

({{
µ❞✐✈

(
1

ρ
∇u

)}}[[
1

ρ
∇v · ν

]]
−
{{

1

ρ
∇v · ν

}}[[
µ❞✐✈

(
1

ρ
∇u

)]])

−
∑

F∈Fb
h

∫

F

{{
µ❞✐✈

(
1

ρ
∇u

)}}[[
1

ρ
∇v · ν

]]
.

❚♦ r❡✇r✐t❡ t❤✐s ❡①♣r❡ss✐♦♥✱ ✇❡ ♥❡❡❞ ❛❞❞✐t✐♦♥❛❧ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ♦♥ u✳ ▲❡t
✉s r❡♠❛r❦ t❤❛t✱ ✐❢ u ✐s r❡❣✉❧❛r ❡♥♦✉❣❤ ✐♥ t✐♠❡✱ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥s ✭✽✮
✐♠♣❧②

∀F ∈ F i
h,






[[
∂2u

∂t2

]]
= 0 ♦♥ F,

[[
1

ρ
∇∂2u

∂t2
· ν
]]

= 0 ♦♥ F.

✭✾✮

❯s✐♥❣ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✭✶✮ ✇❡ ♦❜t❛✐♥

∀F ∈ F i
h,






[[
µ❞✐✈

(
1
ρ∇u

)]]
= 0 ♦♥ F,

[[
1
ρ∇
(
µ❞✐✈

(
1
ρ∇u

))
· ν
]]

= 0 ♦♥ F.
✭✶✵✮

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✾

▲❡t ✉s ♥♦✇ r❡♠❛r❦ t❤❛t ✐❢ ✇❡ ❞❡r✐✈❡ t✇♦ t✐♠❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ t❤❡
❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛♥❞ ✇❡ ✉s❡ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✭✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡
❛❞❞✐t✐♦♥❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

µ❞✐✈

(
1

ρ
∇u

)
= 0 ♦♥ F ∈ Fb

h, ✭✶✶✮

s♦ t❤❛t✱ t❤❛♥❦s t♦ t❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ♦❢ ✭✶✵✮✱ t❤❛t✿

Q2 = −
∑

F∈Fi
h

∫

F

{{
µ❞✐✈

(
1

ρ
∇u

)}}[[
1

ρ
∇v · ν

]]
.

■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇✐t❤ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ♦❢ ✭✶✵✮✱ ✇❡ ❤❛✈❡✿

Q3 =
∑

F∈Fh

∫

F

{{
1

ρ
∇
(

µ❞✐✈

(
1

ρ
∇u

))
· ν
}}

[[v]] .

❋✐♥❛❧❧②✱ ✇❡ ♦❜t❛✐♥✿

a2h (u, v) = BTh2
(u, v) + I2 (u, v)

✇❤❡r❡✿





BTh2
(u, v) =

∑

K∈Th

∫

K

µ❞✐✈

(
1

ρ
∇u

)
❞✐✈

(
1

ρ
∇v

)
,

I2 (u, v) = −I2,1 (u, v) + I2,2 (u, v) ,

I2,1 (u, v) =
∑

F∈Fi
h

∫

F

{{
µ❞✐✈

(
1

ρ
∇u

)}}[[
1

ρ
∇v · ν

]]
,

I2,2 (u, v) =
∑

F∈Fh

∫

F

{{
1

ρ
∇
(

µ❞✐✈

(
1

ρ
∇u

))
· ν
}}

[[v]] .

❚❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ a2h : (uh, v) ∈ V 2
h 7→ BTh2

(uh, v) + I2 (uh, v) ✐s ❝❧❡❛r❧② ♥♦t
s②♠♠❡tr✐❝✱ s♦ ✇❡ ❛❞❞ t❤❡ t❡r♠ I2 (v, uh) ✇❤✐❝❤ ❞♦❡s ♥♦t ❤❛♠♣❡r t❤❡ ❝♦♥s✐st❡♥❝②
♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s✐♥❝❡ I2 (v, u) = 0 ❜② t❤❡ s❡❝♦♥❞ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥
♦❢ ✭✶✵✮✳ ❚♦ ❡♥❢♦r❝❡ t❤❡ st❛❜✐❧✐t② ✇❡ ❤❛✈❡ t♦ ❛❞❞ t❤❡ t✇♦ ❢♦r♠s BS,2,1 (uh, v) ❛♥❞
BS,2,2 (uh, v) ❞❡✜♥❡❞ ❜②






BS,2,1 (uh, v) =
∑

F∈Fi
h

∫

F

α2,1

[[
1

ρ
∇uh · ν

]] [[
1

ρ
∇v · ν

]]
,

BS,2,2 (uh, v) =
∑

F∈Fh

∫

F

α2,2 [[uh]] [[v]] .

❚❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥s α2,1 ❛♥❞ α2,2 ❛r❡ ❞❡✜♥❡❞ ♦♥ ❡❛❝❤ ✐♥t❡r✐♦r ❢❛❝❡ F ❜②

α2,1 = γ2,1
max(µK+ , µK−)

min(hK+ , hK−)
❛♥❞ α2,2 =

γ2,2

min(h3
K+ , h3

K−
)

max

(
µK+

ρ2
K+

,
µK−

ρ2
K−

)
.

❛♥❞ α2,2 ✐s ❞❡✜♥❡❞ ♦♥ ❛♥ ❡①t❡r✐♦r ❢❛❝❡ ❋ ❜② α2,2 =
γ2,2

h3
K

µK

ρ2
K

✱ ✇❤❡r❡ K ✐s t❤❡
❡❧❡♠❡♥t t♦ ✇❤✐❝❤ F ❜❡❧♦♥❣s✳ ❚❤❡ ♣❛r❛♠❡t❡rs γ2,1 ❛♥❞ γ2,2 ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✵

❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ♦❢ Vh✳ ■t ❝❛♥ ❜❡ ♣r♦✈❡❞✱ ❜②
✉s✐♥❣ ✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t✐❡s t❤❛t γ2,1 > γ0

2,1 ≈ c1p
2 ❛♥❞ γ2,2 > γ0

2,2 ≈ c2p
6✱ ✇❤❡r❡

p ❞❡♥♦t❡s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❲❡ r❡❢❡r t♦ ❬✶✶❪ ❢♦r t❤❡ ♣r♦♦❢ ♦❢
t❤❡s❡ r❡❧❛t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠✳
❋✐♥❛❧❧②✱ a2h ✐s ❛❧s♦ ❛ s②♠♠❡tr✐❝ ❛♥❞ st❛❜❧❡ ❢♦r♠ ❞❡✜♥❡❞ ❜②

a2h (u, v) = BTh2
(u, v)+I2 (u, v)+I2 (v, u)+BS,2,1 (u, v)+BS,2,2 (u, v) . ✭✶✷✮

■♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠ ✭✐✳❡✳ ρ ❛♥❞ µ ❝♦♥st❛♥t✮✱ a2h ✐s s✐♠✐❧❛r t♦ t❤❡ ❢♦r♠
♣r♦♣♦s❡❞ ❜② ❬✶✶❪ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜✐❤❛r♠♦♥✐❝ ❡q✉❛t✐♦♥✳

❘❡♠❛r❦ ✸✳✹✳ ■♥ ❛❧❧ t❤❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t✱ ✇❡ ❤❛✈❡
s❡t γ2,2 = 0 ❛♥❞ ✇❡ ❞✐❞ ♥♦t ♦❜s❡r✈❡❞ ❛♥② ✐♥st❛❜✐❧✐t②✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t
t❤❡ ❢♦r♠ BS,2,2 ✐s s✐♠✐❧❛r t♦ BS,1✱ s♦ t❤❛t t❤❡ t❡r♠ BS,1 ✐s s✉✣❝✐❡♥t t♦ ❡♥s✉r❡
t❤❡ st❛❜✐❧✐t② ♦❢ ❜♦t❤ a1h ❛♥❞ a2h✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t γ2,2 = 0✱ γ2,1 > γ0

2,1

❛♥❞ γ1,1 > γ0
1,1 t❤❡♥✱ ∀γ > γ0

2,2

a1h (u, v) − ∆t2

12
a2h (u, v) = a1h (u, v) +

∆t2

12

γ

h3

∑

F∈Fh

∫

F

[[u]] [[v]]

− ∆t2

12

(
a2h (u, v) +

γ

h3

∑

F∈Fh

∫

F

[[u]] [[v]]

)

= +
∼
a1h (u, v) − ∆t2

12

∼
a2h (u, v)

✇❤❡r❡
∼
a1h ✭r❡s♣✳

∼
a2h✮ ✐s ❛ ❜✐❧✐♥❡❛r ❢♦r♠ ✇❤♦s❡ ❝♦❡✣❝✐❡♥t ♦❢ ♣❡♥❛❧✐③❛t✐♦♥ ✐s

✭r❡s♣✳ ❛r❡✮
∼
γ1,1 = γ1,1 + ∆t2

12 hγ0
2,2 > γ0

1,1 ✭r❡s♣✳
∼
γ2,1 = γ2,1 > γ0

2,1 ❛♥❞
∼
γ2,2 =

γ > γ0
2,2✮✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ st❛❜✐❧✐t② ♦❢

∼
a1h ❛♥❞

∼
a2h ✐s ❡♥s✉r❡❞ ❡✈❡♥ ✐❢ γ2,2 = 0✳

❘❡♠❛r❦ ✸✳✺✳ ❚❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ a1h ✐s ✇❡❧❧ ❦♥♦✇♥ ❬✸❪ ❛♥❞
t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ a2h ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡r✐✈❡❞ ✉s✐♥❣ ●r❡❡♥✬s ❢♦r♠✉❧❛ t❤❡♥ ✐t ✐s ❝❧❡❛r

t❤❛t t❤❡ ❢♦r♠ a1h − ∆t2

12 a2h ✐s ❝♦♥s✐st❡♥t✳

◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r {ϕi}i=1,...,m✱ t❤❡ ❝❧❛ss✐❝❛❧ ❞✐s❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ❜❛s✐s
❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ p ♦❢ Vh✱ ✇❤❡r❡ m ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❧✐♥❡❛r s②st❡♠

Un+1 − 2Un + Un−1

∆t2
+ M−1

(
K1 −

∆t2

12
K2

)
Un = M−1Fn, ✭✶✸✮

✇❤❡r❡

(M)i,j =
∑

K∈Th

∫

K

ϕiϕj , (K1)i,j = a1h (ϕi, ϕj) , (K2)i,j = a2h (ϕi, ϕj) ,

(Fn)i =
∑

K∈Th

∫

K

f4 (·, n∆t) ϕi.

❚❤❡ ♠❛ss ♠❛tr✐① M ✐s ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ❜② ❝♦♥str✉❝t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ❡❛s✐❧② ✐♥✲
✈❡rt✐❜❧❡✳
❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s U0✱ U1 ∈ Vh ❛r❡ ❣✐✈❡♥ ❜②






U0 = Ph (u0) , V 0 = Ph (v0) ,

U1 = U0 + ∆tV0 + ∆t2

2

∼

U0 + ∆t3

6

∼

V 0 + ∆t4

24 Û0
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✶

✇❤❡r❡ Ph (u) ✐s t❤❡ L2 ♣r♦❥❡❝t✐♦♥ ♦❢ u ∈ H4 (Ω) ♦♥ Vh✳
∼

U0,
∼

V 0, Û0 ∈ Vh ❛r❡
s✉❝❤ t❤❛t ∀v ∈ Vh✿

(
∼

U0, v

)
=

(
d2u

dt2
(·, 0) , v

)
= a1h (u0, v) +

(
f0, v

)
,

(
∼

V 0, v

)
=

(
d3u

dt3
(·, 0) , v

)
= a1h (v0, v) +

(
∂tf

0, v
)
,

(
Û0, v

)
=

(
d4u

dt4
(·, 0) , v

)
= a2h (u0, v) +

(
∂2

t f0, v
)

+
(
∆f0, v

)
.

✭✶✹✮

❘❡♠❛r❦ ✸✳✻✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❞❡♥♦t❡ ∂k
t u (·, tn) ❜② ∂k

t un✳

✸✳✶✳✸ ❙t❛❜✐❧✐t②

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❛♥❞ ✐ts ❝♦r♦❧❧❛r② ❣✉❛r❛♥t❡❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡
✉♥❞❡r ❛ ❈❋▲ ❝♦♥❞✐t✐♦♥✳

❚❤❡♦r❡♠ ✸✳✼✳ ❚❤❡ s❝❤❡♠❡ ✇✐t❤ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ✐s st❛❜❧❡ ✐❢ t❤❡ ♠❛tr✐❝❡s

A = M − ∆t2

4 K1 ❛♥❞ K∗ = K1 − ∆t2

12 K2 ❛r❡ ♣♦s✐t✐✈❡ ♠❛tr✐❝❡s✳

Pr♦♦❢✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✶✸✮ ✇✐t❤♦✉t
s♦✉r❝❡ t❡r♠ t❤❛t ✐s t♦ s❛②

M
Un+1 − 2Un + Un−1

∆t2
+ K∗Un = 0, ✭✶✺✮

✇✐t❤ K∗ = K1 − ∆t2

12 K2✳ ❯s✐♥❣ ❝❧❛ss✐❝❛❧ t❡❝❤♥✐q✉❡s✱ ✇❡ ♣r♦✈❡ t❤❡ ❝♦♥s❡r✈❛t✐♦♥
♦❢ t❤❡ q✉❛♥t✐t②

En+ 1
2 =

((
M − ∆t2

4
K∗

)
Un+1 − Un

∆t
,
Un+1 − Un

∆t

)
+

(
K∗Un+1 + Un

2
,
Un+1 + Un

2

)

✇❤✐❝❤ ❞❡✜♥❡s ❛ ❞✐s❝r❡t❡ ❡♥❡r❣② ✐❢ M − ∆t2

4 K∗ ❛♥❞ K∗ ❛r❡ t✇♦ ♣♦s✐t✐✈❡ ♠❛tr✐❝❡s✳
■❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✱ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡ ✇✐❧❧ ❜❡ ❣✉❛r❛♥t❡❡❞✳
❙✐♥❝❡ K∗ = K1 − ∆t2

12 K2✱ ✇❡ ❤❛✈❡ t♦ ❡♥s✉r❡ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ♠❛tr✐❝❡s

A + ∆t4

48 K2 ❛♥❞ K∗✳ ▼♦r❡♦✈❡r✱ ❛s K2 ✐s ♣♦s✐t✐✈❡✱ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ A ✐♠♣❧✐❡s t❤❡

♣♦s✐t✐✈✐t② ♦❢ A + ∆t4

48 K2✳

❈♦r♦❧❧❛r② ✸✳✽✳ ❚❤❡ s❝❤❡♠❡ ✇✐t❤ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ✐s st❛❜❧❡ ✉♥❞❡r ❛ ❈❋▲
❝♦♥❞✐t✐♦♥✳

Pr♦♦❢✳ ❙✐♥❝❡ M ✱ K1 ❛♥❞ K2 ❛r❡ ♣♦s✐t✐✈❡ ♠❛tr✐❝❡s✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡r❡ ❡①✐st
(∆t1, ∆t2) ∈ R

+ × R
+ s✉❝❤ t❤❛t A1 ✐s ♣♦s✐t✐✈❡ ∀∆t < ∆t1 ❛♥❞ A2 ✐s ♣♦s✐t✐✈❡

∀∆t < ∆t2✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❝❤❡♠❡ ✇✐t❤ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ✐s st❛❜❧❡ ❢♦r ❛❧❧
∆t < ♠✐♥ (∆t1,∆t2)✳

❘❡♠❛r❦ ✸✳✾✳ ❚❤❡ ♣❛r❛♠❡t❡r ∆t1 ✐s ❛❧s♦ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣
s❝❤❡♠❡✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐t ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ γ1 ✭s❡❡ ❢♦r ✐♥st❛♥❝❡
❬✶✵❪✮✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ♥♦ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤✐s ♣❛r❛♠❡t❡r ❛♥❞ ✇❡ ❤❛✈❡
t♦ ❡✈❛❧✉❛t❡ ✐t ♥✉♠❡r✐❝❛❧❧②✳ ❲❡ ♦❜s❡r✈❡❞ ♥✉♠❡r✐❝❛❧❧② t❤❛t t❤❡ ♣❛r❛♠❡t❡r ∆t2
✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ γ2,1 ❛♥❞ γ2,2✳ ■♥ ❛❧❧ t❤❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇❡
♣❡r❢♦r♠❡❞✱ ∆t2 ✇❛s ❧❛r❣❡r t❤❛♥ ∆t1 t❤❛t ✐s t♦ s❛② t❤❛t t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ▲❡❛♣✲
❋r♦❣ s❝❤❡♠❡ s❡❡♠s t♦ ❜❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡♠❡ ✇✐t❤
❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r✳

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✷

✸✳✶✳✹ ◆✉♠❡r✐❝❛❧ ❝♦st ♦❢ t❤❡ s❝❤❡♠❡

▲❡t ✉s ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ❝♦st ♦❢ t❤✐s s❝❤❡♠❡ ✭t❤❛t ✇❡ ❞❡♥♦t❡ ❜② ∆2✲s❝❤❡♠❡✮ t♦
t❤❡ ❝♦st ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ ❛♥❞ ♦❢ t❤❡ ▼❊❙✲✹✳ ❲❡ s✉♣♣♦s❡ ❤❡r❡ t❤❛t t❤❡
♠❛tr✐① K ✐♥ ✭✷✮ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ❛♥ ■P❉● ♠❡t❤♦❞ ♦❢ ♦r❞❡r p✱ s♦
t❤❛t (K)ij = a1h (ϕi, ϕj) = (K1)ij ✳

■♥ ♣r❛❝t✐❝❡ ✇❡ ❝♦♠♣✉t❡ K∗ := K1 − ∆t2

12 K2✱ s♦ t❤❛t ✇❡ ❤❛✈❡ ♦♥❧② ♦♥❡ ♠❛✲
tr✐❝✐❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② M−1K∗ t♦ ♣❡r❢♦r♠ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✐t ✐s
❝❧❡❛r t❤❛t a1h (ϕi, ϕj) = a2h (ϕi, ϕj) = 0✱ ❛s s♦♦♥ ❛s t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ i
❛♥❞ j ❛r❡ r❡s♣❡❝t✐✈❡❧② ❛ss♦❝✐❛t❡❞ t♦ t✇♦ ❡❧❡♠❡♥ts ✇❤✐❝❤ ❞♦ ♥♦t s❤❛r❡ ❛ ❝♦♠♠♦♥
❡❞❣❡✳ ❚❤✐s ♠❡❛♥s t❤❛t M−1K1 ❛♥❞ M−1K2 ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦
❡❧❡♠❡♥ts ❛♥❞ t❤❛t t❤❡ ❝♦st ♦❢ ♦♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② M−1K∗ ✐s t❤❡ s❛♠❡ ❛s t❤❡
❝♦st ♦❢ ♦♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② M−1K = M−1K1✳ ■t ✐s t❤❡r❡❢♦r❡ ❝❧❡❛r t❤❛t t❤❡
❝♦st ♦❢ ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ∆2✲s❝❤❡♠❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❝♦st ♦❢ ♦♥❡ ✐t❡r❛t✐♦♥
♦❢ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ ❛♥❞ ✐s t❤❡ ❤❛❧❢ ♦❢ t❤❡ ❝♦st ♦❢ ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ ▼❊❙✲✹✳

❚❤❡ ❣❧♦❜❛❧ ❝♦st ♦❢ t❤❡s❡ s❝❤❡♠❡s ✐s t❤❡ ❝♦st ♦❢ ♦♥❡ ✐t❡r❛t✐♦♥ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡
♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ✐♠♣♦s❡❞ ❜② t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✳ ❲❡ ❞✐❞ ♥♦t ♦❜t❛✐♥
❛♥ ❡①♣❧✐❝✐t ❈❋▲ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ∆2✲s❝❤❡♠❡✱ ❜✉t t❤❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇❡
❤❛✈❡ ❝❛rr✐❡❞ ♦✉t ✭s❡❡ s❡❝t✐♦♥ ✺✮ s❤♦✇ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛ ❧✐tt❧❡ ❜✐t ❤✐❣❤❡r
t❤❛♥ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡✱ s♦ t❤❛t t❤❡ ❣❧♦❜❛❧ ❝♦st ♦❢ t❤❡ ∆2✲
s❝❤❡♠❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡
❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ ▼❊❙✲✹ ✐s ❛❜♦✉t ✶✳✼✸ t✐♠❡s t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣
s❝❤❡♠❡✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ❣❧♦❜❛❧ ❝♦st ♦❢ t❤❡ ∆2✲s❝❤❡♠❡ ✐s s♠❛❧❧❡r t❤❛♥
t❤❡ ♦♥❡ ♦❢ ▼❊❙✲✹✳

✸✳✷ ❙❝❤❡♠❡ ✇✐t❤ tr✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r

❲❡ ❞♦ ♥♦t ❞❡t❛✐❧ ❤❡r❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡ ✇✐t❤ tr✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r
❛♥❞ ♦♥❧② ❣✐✈❡ ✐ts ❡①♣r❡ss✐♦♥✳ ❚❤❡ ♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞ ✐s





❋✐♥❞ un+1
h ∈ Vh s✉❝❤ t❤❛t✱ ∀v ∈ Vh :

∑

K∈Th

∫

K

1

µ

un+1
h − 2un

h + un−1
h

∆t2
v = −a1h (un

h, v) +
∆t2

12
a2h (un

h, v)

−∆t4

360
a3h (un

h, v) +
∑

K∈Th

∫

K

f6(., n∆t)v,

✇❤❡r❡

f6 = f4 +
∆t4

360

(
∂4f

∂t4
+ ❞✐✈

(
1

ρ
∇
(

µ
∂2f

∂t2

))
+ ❞✐✈

(
1

ρ
∇
(

µ❞✐✈

(
1

ρ
∇ (µf)

))))

❛♥❞

a3h (uh, vh) = BTh3
(uh, vh)+I3 (uh, vh)+I3 (vh, uh)+BS3,1

(uh, vh)+BS3,2
(uh, vh)+BS3,3

(uh, vh) ,

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✸

✇✐t❤





BTh3
(u, v) =

∑

K∈Th

∫

K

1

ρ
∇
(

µ❞✐✈

(
1

ρ
∇u

))
∇
(

µ❞✐✈

(
1

ρ
∇v

))
,

I3 (u, v) = I3,1 (u, v) − I3,2 (u, v) + I3,3 (u, v) ,

I3,1 (u, v) =
∑

F∈Fi
h

∫

F

{{
1

ρ
∇
(

µ❞✐✈

(
1

ρ
∇
(

µ❞✐✈

(
1

ρ
∇u

))))}}
[[v]] ,

I3,2 (u, v) =
∑

F∈Fh

∫

F

{{
µ❞✐✈

(
1

ρ
∇
(

µ❞✐✈

(
1

ρ
∇u

)))}}[[
1

ρ
∇v · ν

]]
,

I3,3 (u, v) =
∑

F∈Fi
h

∫

F

{{
1

ρ
∇
(

µ❞✐✈

(
1

ρ
∇u

))}}[[
µ❞✐✈

(
1

ρ
∇v

)]]
,

BS3,1
(u, v) =

∑

F∈Fi
h

∫

F

α3,1

[[
µ❞✐✈

(
1

ρ
∇u

)]] [[
µ❞✐✈

(
1

ρ
∇v

)]]
.

BS3,2
(u, v) =

∑

F∈Fh

∫

F

α3,2

[[
1

ρ
∇u · ν

]] [[
1

ρ
∇v · ν

]]
,

BS3,3
(u, v) =

∑

F∈Fi
h

∫

F

α3,3 [[u]] [[v]] ,

❚❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥s α3,1✱ α3,2 ❛♥❞ α3,3 ❛r❡ ❞❡✜♥❡❞ ♦♥ ❡❛❝❤ ✐♥t❡r✐♦r ❢❛❝❡
F ❜②

α3,1 =
γ3,1

min(ρK+ , ρK−) min(hK+ , hK−)
, α3,2 =

γ3,2

min(h3
K+ , h3

K−
)

max

(
µ2

K+

ρK+

,
µ2

K−

ρK−

)
,

❛♥❞ α3,3 =
γ3,3

min(h5
K+ , h5

K−
)

max

(
µ2

K+

ρ3
K+

,
µ2

K−

ρ3
K−

)
,

❛♥❞ α3,2 ✐s r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ♦♥ ❛♥ ❡①t❡r✐♦r ❢❛❝❡ ❋ ❜②

α3,2 =
γ3,2

h3
K

µ2
K

ρK
,

✇❤❡r❡ K ✐s t❤❡ ❡❧❡♠❡♥t t♦ ✇❤✐❝❤ F ❜❡❧♦♥❣s✳ ❚❤❡ ♣❛r❛♠❡t❡rs γ3,1✱ γ3,2 ❛♥❞ γ3,3

❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ♦❢ Vh✳ ■t ❝❛♥ ❜❡
♣r♦✈❡❞✱ ❜② ✉s✐♥❣ ✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t✐❡s t❤❛t γ3,1 ≥ γ0

3,1 ≈ c1p
2✱ γ3,2 ≥ γ0

3,2 ≈ c2p
6

❛♥❞ γ3,3 ≥ γ0
3,3 ≈ c3p

10✱ ✇❤❡r❡ p ❞❡♥♦t❡s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ■♥
♣r❛❝t✐❝❡✱ ❛s ❢♦r t❤❡ ∆2✲s❝❤❡♠❡✱ t❤❡ ♣❛r❛♠❡t❡rs γ3,2 ❛♥❞ γ3,3 ❝❛♥ ❜❡ s❡t t♦ ③❡r♦✳
■♥❞❡❡❞✱ t❤❡ ❢♦r♠s BS,3,3 ❛♥❞ BS,3,2 ❛r❡ r❡s♣❡❝t✐✈❡❧② s✐♠✐❧❛r t♦ BS,1 ❛♥❞ BS,2,2✱
s♦ t❤❛t BS,1 ❛♥❞ BS,2,2 ❛r❡ s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❡ st❛❜✐❧✐t② ♦❢ a1h✱ a2h ❛♥❞ a3h✳

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ❢♦r t❤❡ ∆2✲s❝❤❡♠❡✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡
❝♦st ♦❢ ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ∆3✲s❝❤❡♠❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣
s❝❤❡♠❡ ❛♥❞ ✐s t❤r❡❡ t✐♠❡s s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ t❤❡ ▼❊❙✲✻✳ ❚❤❡ ♥✉♠❡r✐❝❛❧
❡①♣❡r✐♠❡♥ts ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ s❤♦✇ t❤❛t t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ∆3✲s❝❤❡♠❡
✐s s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡✱ s♦ t❤❛t t❤❡ ❣❧♦❜❛❧ ❝♦st ♦❢
❜♦t❤ s❝❤❡♠❡s ✐s ❡q✉✐✈❛❧❡♥t✳ ▼♦r❡♦✈❡r t❤❡ ❣❧♦❜❛❧ ❝♦st ♦❢ t❤❡ ∆3✲s❝❤❡♠❡ ✐s ♠✉❝❤
s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ▼❊❙✲✻✳

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✹

✹ ❆ ❈♦♥✈❡r❣❡♥❝❡ ❘❡s✉❧t ❢♦r t❤❡ s❝❤❡♠❡ ✇✐t❤ ❜✐✲

❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r

■♥ t❤✐s ♣❛rt✱ ✇❡ ♣r♦♣♦s❡ ❛ r❡s✉❧t ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜❡t✇❡❡♥ t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ t♦t❛❧❧② ❞✐s❝r❡t✐③❡❞ s②st❡♠ ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥ ❛t t❤❡
✐♥st❛♥t tn✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇♦r❦ ♦❢ ●r♦t❡ ❛♥❞ ❛❧✳ ✐♥ ❬✶✵❪ ✐♥
t❤❡ ❝❛s❡ ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t✐♠❡ ❢♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❲❡
❛ss✉♠❡ ❤❡r❡ t❤❛t ρ ❛♥❞ µ ❛r❡ ❝♦♥st❛♥t✳

❚❤❡♦r❡♠ ✹✳✶✳ ▲❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✭✶✮ s❛t✐s❢②✐♥❣ t❤❡
r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s

u ∈ C2
(
J ;Hp+1 (Ω)

)
, ∂5

t u ∈ C
(
J ;L2 (Ω)

)
, ∂6

t u ∈ L1
(
J ;L2 (Ω)

)
✭✶✻✮

✇✐t❤ J = (0, T )✳ ▲❡t (Un)
N
n=0 t❤❡ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥ ❞❡✜♥❡❞ ❜② ✭✶✸✮✲✭✶✹✮✳ ■❢ ∆t

s❛t✐s✜❡s
∆t ≤ βh ✭✶✼✮

✇✐t❤ β ∈ R
+ s♠❛❧❧ ❡♥♦✉❣❤✱ ❛♥❞ ✐❢ 12/∆t2 ✐s ♥♦t ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ♦♣❡r❛t♦r

−∆ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h ❛♥❞ ∆t s✉❝❤ t❤❛t✿

N
♠❛①
n=0

‖un − Un‖0 ≤ C
(
hp+1 + ∆t4

)
.

❚❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s ♣r❡s❡♥t t❤❡ ♠❛✐♥ st❡♣s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡
t❤❡♦r❡♠✳ ❋✐rst✱ ✇❡ ❤❛✈❡ t♦ ❧♦♦❦ ❛t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ah✳

✹✳✶ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ah

❋✐rst✱ ✇❡ ♣r❡s❡♥t t❤❡ t❤r❡❡ ♥♦r♠s ❞❡✜♥❡❞ ♦♥ t❤❡ s♣❛❝❡s Vh + H4 (Ω)

‖u‖2
❉●2

= |u|21,h +
∑
K

h2
K |u|22,K + |α1/2

1 u|2∗

‖u‖2
❉●4

= |u|22,h + |α1/2

2,2u|2∗ + |α1/2

2,1∇u|2∗ + ‖α−1/2

2,2 {{∇ (∆u) · ν}} ‖2
L2(Γ) + ‖α−1/2

2,1 {{∆u}} ‖2
L2(Γ)

|‖u|‖2 = ‖u‖2
❉●2

+ ∆t2

12 ‖u‖2
❉●4

✇❤❡r❡ |u|21,h =
∑

K∈Th

(∇u,∇u)L2(K)✱ |u|22,h =
∑

K∈Th

(∆u, ∆u)L2(K) ❛♥❞ |u|2∗ =
∫

Γ

[[u]]
2
ds✳

▲❡♠♠❛ ✹✳✷✳ ■❢ γ1 > 0✱ γ2,1 > 0 ❛♥❞ γ2,2 > 0 t❤❡♥ |‖ · |‖DG2
✱ |‖ · |‖DG4

❛♥❞ |‖ · |‖
❛r❡ ♥♦r♠s ♦♥ H4 (Ω) + Vh✳

◆♦✇✱ ❧❡t ✉s ❧♦♦❦ ❛t s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ah ✐♥t♦ t❤❡ s♣❛❝❡s Vh ❛♥❞ Vh+H4 (Ω)✳
❲❡ r❡❝❛♣ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✾❪✿

▲❡♠♠❛ ✹✳✸✳ ❚❤❡r❡ ❡①✐sts t✇♦ ❝♦♥st❛♥ts Ccoer1, Ccont1 > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
♠❡s❤ s✐③❡ s✉❝❤ t❤❛t✿

a1h (u, u) ≥ Ccoer1‖u‖2
DG2

, ∀u ∈ Vh

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✺

❛♥❞
|a1h (u, v) | ≤ Ccont1‖u‖DG2

‖v‖DG2
, ∀u, v ∈ Vh + H4 (Ω)

▼♦r❡♦✈❡r✱ ❢♦r q✉❛s✐✲✉♥✐❢♦r♠ ♠❡s❤✿

a1h (u, u) ≤ CSc2
♠❛①

h−2‖u‖2
0, u ∈ Vh + H4 (Ω) .

✇✐t❤ CS ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❡s❤✲s✐③❡✱ ♦❢ c2 ❛♥❞ ♦❢ σα1
✳

❚❤❛♥❦s t♦ ❬✶✶❪✱ ✇❡ ❤❛✈❡ ❛ ❝♦♥t✐♥✉✐t② r❡s✉❧t ❢♦r t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ a2h✿

▲❡♠♠❛ ✹✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Ccont2 > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h s✉❝❤ t❤❛t✿

a2h (u, v) ≤ Ccont2‖u‖DG4
‖v‖DG4

, ∀u, v ∈ Vh + H4 (Ω) .

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠

ah (u, v) = a1h (u, v) − ∆t2

12
a2h (u, v) .

❋✐♥❛❧❧②✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡✲
♦r❡♠✿

❚❤❡♦r❡♠ ✹✳✺✳ ❚❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ah s❛t✐s✜❡s ❛ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦♥ Vh ✐✳❡✳
∃C > 0 s✉❝❤ t❤❛t ✿

ah (u, u) ≥ C‖u‖2
DG2

, ∀u ∈ Vh

❛♥❞ ah ✐s ❝♦♥t✐♥✉♦✉s ♦♥ Vh ✐✳❡✳ ∃C > 0 s✉❝❤ t❤❛t ✿

|ah (u, v) | ≤ C‖u‖DG2
‖v‖DG2

, ∀u, v ∈ Vh.

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✐s ♣r❡s❡♥t❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ❆✳✶✳

✹✳✷ ❊rr♦r ❜♦✉♥❞

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✹✳✻✳ ▲❡t u ∈ H4 (Ω)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥ ph : u →
ph (u) = uh (·, t) t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ u ♦♥ Vh s✉❝❤ t❤❛t✿

ah (ph (u (·, t)) , v) = ah (u (·, t) , v) , ∀v ∈ Vh.

❘❡♠❛r❦ ✹✳✼✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ph (u) ❛r❡ ❣✉❛r❛♥t❡❡❞ ❜② t❤❡
st❛❜✐❧✐t② ♦❢ ah ✐♥ Vh✳

❚❤❡ ●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s

▲❡♠♠❛ ✹✳✽✳ ■❢ u ∈ Hp+1 (Ω) ✇✐t❤ p ≥ 1✱ t❤❡♥ t❤❡r❡ ❡①✐sts C > 0 ✐♥❞❡♣❡♥❞❡♥t
♦❢ h s✉❝❤ t❤❛t✿

‖u − ph (u) ‖DG2
≤ Chp‖u‖p+1,

‖u − ph (u) ‖DG4
≤ Chp−1‖u‖p+1,

‖u − ph (u) ‖0 ≤ Chp+1‖u‖p+1.
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✻

❲❡ r❡❢❡r t♦ s❡❝t✐♦♥ ❆✳✸ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❧❡♠♠❛✳
◆♦✇✱ ✇❡ ✇❛♥t t♦ ♦❜t❛✐♥ ❛ ❜♦✉♥❞ ♦❢ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥

❛t t❤❡ ✐♥st❛♥t tn ❛♥❞ t❤❡ t♦t❛❧❧② ❞✐s❝r❡t✐③❡❞ s♦❧✉t✐♦♥ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❲❡ s❡t✱
❛t t✐♠❡ tn✱ en = un − Un ✇❤✐❝❤ ✇❡ r❡✇r✐t❡ ❛s✿

en = ηn + φn, n = 0, . . . , N

✇❤❡r❡ 




ηn = un − wn

φn = wn − Un

wn = ph (un)

❚❤❛♥❦s t♦ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿

N
♠❛①
n=0

‖en‖0 ≤ N
♠❛①
n=0

‖φn‖0 +
N

♠❛①
n=0

‖ηn‖0. ✭✶✽✮

❲❡ ✐♥tr♦❞✉❝❡✿

rn =






δ2wn − ∂2
t un − ∆t4

12 ∂4
t un, n = 1, . . . , N − 1,

φ1 − φ0

∆t2
, n = 0

✇✐t❤ δ2wn = wn+1−2wn+wn−1

∆t2 ❛♥❞ ✇❡ ❞❡♥♦t❡ Rn = ∆t
n∑

m=0
rm✳

Pr♦♣♦s✐t✐♦♥ ✹✳✾✳ ❯♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✼✮✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0
s✉❝❤ t❤❛t✿

N
♠❛①
n=0

‖φn‖0 ≤ C
(
‖e0‖0 + ‖η0‖0

)
+ C2∆t

N−1∑

n=0

‖Rn‖0.

✇❤❡r❡ N ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ❛♥❞ C > 0 ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱
∆t ❛♥❞ T ✳

❲❡ r❡❢❡r t♦ t❤❡ s✉❜s❡❝t✐♦♥ ❆✳✹ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥✳
❈♦♠❜✐♥✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✹✳✾ ✇✐t❤ ✭✶✽✮✱ ✇❡ ❤❛✈❡✿

N
♠❛①
n=0

‖en‖0 ≤ C

(
‖e0‖0 +

N
♠❛①
n=0

‖ηn‖0 + ∆t

N−1∑

n=0

‖Rn‖0

)
✭✶✾✮

▼♦r❡♦✈❡r✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t

∆t

N−1∑

n=1

‖Rn‖0 ≤ T
N−1
♠❛①
n=1

‖Rn‖0,

s♦ t❤❛t ✭✶✾✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

N
♠❛①
n=0

‖en‖0 ≤ C
(
‖e0‖0 +

N
♠❛①
n=0

‖ηn‖0 + T
N−1
♠❛①
n=1

‖Rn‖0

)
.
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✼

❘❡❝❛❧❧✐♥❣ t❤❛t✿
N

♠❛①
n=0

‖ηn‖0 =
N

♠❛①
n=0

‖un − ph (un) ‖0 ❛♥❞ ✉s✐♥❣ ❧❡♠♠❛ ✹✳✽ ✿

N
♠❛①
n=0

‖ηn‖0 ≤ Chp+1‖u‖C(J;Hp+1(Ω)).

▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ L2 ♣r♦❥❡❝t✐♦♥ ❛♥❞ t♦ ❧❡♠♠❛ ✹✳✽✱ ✇❡
❤❛✈❡✿

‖e0‖0 = ‖u0 − Ph

(
u0
)
‖0 ≤ Chp+1‖u0‖p+1 ≤ Chp+1‖u‖C(J;Hp+1(Ω)).

◆♦✇ ✇❡ ❤❛✈❡ t❤✐s r❡s✉❧t✱ ✇❡ ❤❛✈❡ t♦ ❜♦✉♥❞ ‖Rn‖0✳ ❲❡ ♠✉st ❞✐st✐♥❣✉✐s❤ t✇♦
❝❛s❡s✿ t❤❡ ❝❛s❡ n = 0 ❛♥❞ t❤❡ ❝❛s❡ t❤❡ ❝❛s❡ n ≥ 1✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✹✳✶✵✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ ∆t ❛♥❞ T s✉❝❤
t❤❛t✿

‖r0‖0 ≤ C
(
∆t−1hp+1‖∂tu‖C(J,Hp+1(Ω)) + ∆t3‖∂5

t u‖C(J,L2(Ω))

)

◆♦✇✱ ❧❡t ✉s ❧♦♦❦ ❛t ‖rn‖0 ❢♦r 1 ≤ n ≤ N − 1✳

▲❡♠♠❛ ✹✳✶✶✳ ❋♦r 1 ≤ n ≤ N − 1✱ t❤❡r❡ ❡①✐sts C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ ∆t
❛♥❞ T s✉❝❤ t❤❛t ✿

‖rn‖0 ≤ C

(
hp+1

∆t

∫ tn+1

tn−1

‖∂2
t u (·, s) ‖p+1ds + ∆t3

∫ tn+1

tn−1

‖∂6
t u (·, s) ‖0ds

)

❚❤❡s❡ t✇♦ ❧❡♠♠❛ ❛r❡ ♣r♦✈❡❞ ✐♥ t❤❡ s✉❜s❡❝t✐♦♥s ❆✳✺ ❛♥❞ ❆✳✻✳
❇② ❞❡✜♥✐t✐♦♥ ♦❢ Rn ❛♥❞ ❜② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿

‖Rn‖0 ≤ ∆t‖r0‖0 + ∆t
N−1∑

m=1

‖rm‖0.

❚❤❛♥❦s t♦ ❧❡♠♠❛s ✹✳✶✵ ❛♥❞ ✹✳✶✶✱ ∀n ∈ {1 . . . N − 1}✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✱ ∆t ❛♥❞ T s✉❝❤ t❤❛t✿

‖Rn‖0 ≤ C∆t4
(
‖∂5

t u‖C(J,L2(Ω)) + ‖∂6
t u‖L1(J,L2(Ω))

)

+Chp+1
(
‖∂tu‖C(J,Hp+1(Ω)) + ‖∂2

t u‖C(J,Hp+1(Ω))

) ✭✷✵✮

❈♦♠❜✐♥✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✹✳✾ ❛♥❞ ✭✷✵✮✱ ✇❡ ♦❜t❛✐♥✿

N
♠❛①
n=0

‖en‖0 ≤ Chp+1‖u‖C2(J;Hp+1(Ω))+C∆t4
(
‖∂5

t u‖C(J;L2(Ω)) + ‖∂6
t u‖L1(J;L2(Ω))

)
.

❚❤✐s ♣r♦✈❡s t❤❛t✿
N

♠❛①
n=0

‖un − Un‖ ≤ C
(
hp+1 + ∆t4

)

✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ ✐♥ t❤❡
t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡s ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ∆2− ❛♥❞
∆3✲s❝❤❡♠❡s t♦ t❤❡ ♦♥❡s ♦❢ ▼❊❙✲✹ ❛♥❞ ▼❊❙✲✻✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♠♣❛r❡ t❤❡
❛❝❝✉r❛❝② ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ♦❢ ❜♦t❤ t❡❝❤♥✐q✉❡s✳
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✽

✺✳✶ ❖♥❡✲❞✐♠❡♥s✐♦♥❛❧ r❡s✉❧ts

■♥ ❛❧❧ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥ ❤♦✲
♠♦❣❡♥❡♦✉s ✶❉ ❞♦♠❛✐♥ Ω = [0, 10] ✇✐t❤ ❛ ✈❡❧♦❝✐t② c = (µ/ρ)

1/2
= 1 ♠s−1✳ ❲❡

✐♠♣♦s❡ ❛❧s♦ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ❜♦t❤ ❡♥❞s ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❚❤❡
s♦✉r❝❡ t❡r♠ ❛r❡ s❡t t♦ 0 ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡

u0 (x) =





(x − x0) e

−
(

2π (x − x0)

r0

)2

✐❢ |x − x0| ≤ r0

0 ❡❧s❡✱

❛♥❞

u1 (x) =






(
8
(

(x−x0)π
r0

)2

− 1

)
e
−
(

2π (x − x0)

r0

)2

✐❢ |x − x0| ≤ r0

0 ❡❧s❡✳

s✉❝❤ t❤❛t t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ u❡① ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡
s❡t x0 = 3 ❛♥❞ r0 = 4✳
❚♦ ❞✐s❝r❡t✐③❡ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✭✶✮✱ ✇❡ ❝♦♥s✐❞❡r❡❞

✶✳ ▼❊❙✲✹✱ ❜❛s❡❞ ♦♥ ❛ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ P 3✲▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞
❛ ♣❡♥❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ♦❢ γ1 = 8✳ ❲✐t❤ t❤❡s❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ t❤✐s
♣❛r❛♠❡t❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ ✐s ✭❡①♣❡r✐♠❡♥t❛❧❧②✮
∆tLF4

= 0.1533h s♦ t❤❛t t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ ▼❊❙✲✹ ✐s ∆tMES−4 =
0.1533

√
3h = 0.2655h.

✷✳ ▼❊❙✲✻✱ ❜❛s❡❞ ♦♥ ❛ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ P 5✲▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞
❛ ♣❡♥❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ♦❢ γ1 = 20✳ ❲✐t❤ t❤❡s❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ t❤✐s
♣❛r❛♠❡t❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ ✐s ✭❡①♣❡r✐♠❡♥t❛❧❧②✮
∆tLF6

= 0.073h s♦ t❤❛t t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ ▼❊❙✲✻ ✐s ∆tMES6
= 1.38×

0.073h = 0.101h.

✸✳ ❚❤❡ ∆2✲s❝❤❡♠❡✱ ✇✐t❤ P 3✲▲❛❣r❛♥❣❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ ✇✐t❤ t❤❡ ♣❡♥❛❧✐③❛✲
t✐♦♥ ♣❛r❛♠❡t❡rs γ1 = 8✱ γ2,1 = 10 ❛♥❞ γ2,2 = 0✳ ❚❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢
t❤✐s s❝❤❡♠❡ ✐s ✭❡①♣❡r✐♠❡♥t❛❧❧②✮ ∆t∆2 = 0.1821h.

✹✳ ❚❤❡ ∆3✲s❝❤❡♠❡✱ ✇✐t❤ P 5✲▲❛❣r❛♥❣❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ ✇✐t❤ t❤❡ ♣❡♥❛❧✐③❛✲
t✐♦♥ ♣❛r❛♠❡t❡rs γ1 = 20✱ γ2,1 = 20✱ γ2,2 = 0✱ γ3,1 = 20✱ γ3,2 = 0 ❛♥❞
γ3,3 = 0✳ ❲✐t❤ t❤❡s❡ ♣❛r❛♠❡t❡rs✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✐s ✭❡①♣❡r✐♠❡♥t❛❧❧②✮
∆t∆3 = 0.077h✳

❘❡♠❛r❦ ✺✳✶✳ ❋♦❧❧♦✇✐♥❣ ❬✶❪✱ ✇❡ ❝❤♦s❡ α1 > α0
1 = p (p + 1) /2✳ ❙✐♥❝❡ ✇❡ ❞♦ ♥♦t

❤❛✈❡ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♦t❤❡r ♣❡♥❛❧✐③❛t✐♦♥ ❝♦❡✣❝✐❡♥ts✱ ✇❡ ❡✈❛❧✉❛t❡❞
t❤❡♠ ♥✉♠❡r✐❝❛❧❧② ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ st❛❜❧❡ s♦❧✉t✐♦♥✳

▲❡t ✉s r❡♠❛r❦ t❤❛t t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ∆2✲s❝❤❡♠❡ ❛♥❞ t❤❡ ∆3✲s❝❤❡♠❡
❛r❡ r❡s♣❡❝t✐✈❡❧② s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ▲❡❛♣✲❋r♦❣
s❝❤❡♠❡ ∆tLF4

❛♥❞ ∆tLF6
✳ ❙✐♥❝❡ t❤❡ ∆p✲s❝❤❡♠❡s ♦♥❧② r❡q✉✐r❡ ♦♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥

❜② ✐t❡r❛t✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡✐r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ✐s ❡✈❡♥ s♠❛❧❧❡r t❤❛♥ t❤❡
❝❧❛ss✐❝❛❧ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ ✭❛t ❧❡❛st ❢♦r p❂✷ ❛♥❞ ✸✮✳
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✶✾

❲❡ ❝♦♠♣✉t❡ t❤❡ r❡❧❛t✐✈❡ L2 ([0, T ] ,Ω) ❡rr♦r✱ ❣✐✈❡♥ ❜②
(∫ T

0

(∫
Ω

(u − uh)
2
dx
)

dt
)1/2

✇❤❡r❡ u ❛♥❞ uh r❡♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✱
❢♦r T = 100 ❛♥❞ ❢♦r ✈❛r✐♦✉s s♣❛❝❡ st❡♣s✿ h = 0.25, 0.125, 0.0625, 0.03125 ❢♦r t❤❡
❢♦✉rt❤ ♦r❞❡r s❝❤❡♠❡s ❛♥❞ h = 1, 0.5, 0.25, 0.125 ❢♦r t❤❡ s✐①t❤ ♦r❞❡r s❝❤❡♠❡s✳ ■♥
❚❛❜✳ ✶ ✭r❡s♣✳ ❚❛❜✳ ✷✮✱ ✇❡ ♣r❡s❡♥t t❤❡ L2 ([0, T ] ,Ω) ❡rr♦r ♦❢ ❡❛❝❤ s❝❤❡♠❡ ❛♥❞
✐♥ ❋✐❣✳ ✶ ✭r❡s♣✳ ✐♥ ❋✐❣✳ ✷✮ ✇❡ r❡♣r❡s❡♥t t❤❡ r❡❧❛t✐✈❡ L2 ❡rr♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ♠❡s❤ s✐③❡ ❢♦r t❤❡ ▼❊❙✲✹ ✭r❡s♣✳ ▼❊❙✲✻✮ ✭❝②❛♥ ❧✐♥❡ ✇✐t❤ ❞✐❛♠♦♥❞s✮ ❛♥❞ t❤❡
∆2✲s❝❤❡♠❡ ✭r❡s♣✳ ∆2✲s❝❤❡♠❡✮ ✭❣r❡❡♥ ❧✐♥❡ ✇✐t❤ sq✉❛r❡s✮ ✐♥ ❧♦❣✲❧♦❣ s❝❛❧❡✳ ❆❧❧
t❤❡ s❝❤❡♠❡s ❝♦♥✈❡r❣❡s ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ ♦r❞❡r ❛♥❞ t❤❡ ∆p✲s❝❤❡♠❡s ♣❡r❢♦r♠ ❛s
✇❡❧❧ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▼❊❙✲♣✳ ❙✐♥❝❡ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ∆p✲s❝❤❡♠❡s
✐s s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡s ❛♥❞ ♦♥❧②
r❡q✉✐r❡ ♦♥❡ ♠❛tr✐❝✐❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✱ t❤❛t ♠❡❛♥s t❤❛t t❤❡② ❛❧✲
❧♦✇ ❢♦r ❤✐❣❤✲♦r❞❡r ❛❝❝✉r❛❝② ✇✐t❤ ❛ s♠❛❧❧❡r ❝♦st t❤❛♥ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡✳
■♥ ❝♦♠♣❛r✐s♦♥✱ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts ♦❢ t❤❡ ▼❊❙✲✹ ❛♥❞ ♦❢ t❤❡
▼❊❙✲✻ ❛r❡ r❡s♣❡❝t✐✈❡❧② ✶✳✶✺ ❛♥❞ ✷✳✶✼ t✐♠❡s ❤✐❣❤❡r t❤❛♥ t❤❡ ❝♦st ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣
s❝❤❡♠❡s✳

h ▼❊❙✲✹ ∆2 s❝❤❡♠❡

0.25 1.1e − 3 2.0e − 3

0.125 7.4e − 5 4.5e − 5

0.0625 5.6e − 6 2.1e − 6

0.03125 3.7e − 7 1.2e − 7

❚❛❜❧❡ ✶✿ ❘❡❧❛t✐✈❡ L2 ([0, T ] ,Ω) ❡r✲
r♦r ❛t t✐♠❡ T = 100s ❢♦r t❤❡ ❢♦✉rt❤
♦r❞❡r s❝❤❡♠❡s

h ▼❊❙✲✻ ∆3 s❝❤❡♠❡

1 2.4e − 1 2.8e − 1

0.5 2.3e − 4 4.1e − 4

0.25 2.1e − 6 2.5e − 6

0.125 4.6e − 8 4.2e − 8

❚❛❜❧❡ ✷✿ ❘❡❧❛t✐✈❡ L2 ([0, T ] ,Ω) ❡r✲
r♦r ❛t t✐♠❡ T = 100s ❢♦r t❤❡ s✐①t❤
♦r❞❡r s❝❤❡♠❡s✳

❋✐❣✉r❡ ✶✿ ❈♦♥✈❡r❣❡♥❝❡ ❝✉r✈❡s ❢♦r t❤❡
4t❤✲♦r❞❡r s❝❤❡♠❡s ✐♥ ✶❉

❋✐❣✉r❡ ✷✿ ❈♦♥✈❡r❣❡♥❝❡ ❝✉r✈❡s ❢♦r t❤❡
6t❤✲♦r❞❡r s❝❤❡♠❡s ✐♥ ✶❉

✺✳✷ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛ ✷❉ t✇♦✲
❧❛②❡r❡❞ ♠❡❞✐❛ Ω = [−1, 1]

2
= Ωt ∩ Ωb ✇❤❡r❡ Ωt = [−1, 1] × [0, 1] ❛♥❞ Ωb =

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✵

[−1, 1]× [−1, 0] ❛r❡ t✇♦ ❤♦♠♦❣❡♥❡♦✉s ❧❛②❡rs r❡s♣❡❝t✐✈❡❧② ❝❤❛r❛t❡r✐③❡❞ ❜② µ = 2✱
ρ = 2 ❛♥❞ µ = 8 ✱ ρ = 4✳ ❲❡ ❝♦♥s✐❞❡r ③❡r♦✲✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❛ s♦✉r❝❡ ✇❤✐❝❤
✐s ❛ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ●❛✉ss✐❛♥ ✐♥ t✐♠❡ ❛♥❞ ❛ ♣♦✐♥t s♦✉r❝❡ ✐♥ s♣❛❝❡✿

f = δx0
2λ
(
λ (t − t0)

2 − 1
)

e−λ(t−t0)
2

,

✇✐t❤ x0 = (0, 0.5)✱ λ = π2f2
0 ✱ f0 = 5 ❛♥❞ t0 = 1/f0✳

❚♦ ❞✐s❝r❡t✐③❡ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✭✶✮ ✇❡ ✉s❡❞ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞s✿

✶✳ ▼❊❙✲✹✱ ❜❛s❡❞ ♦♥ ❛ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ P 3✲▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞
❛ ♣❡♥❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ♦❢ γ1 = 10✳ ❲✐t❤ t❤❡s❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ t❤✐s
♣❛r❛♠❡t❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ ✐s ✭❡①♣❡r✐♠❡♥t❛❧❧②✮
∆tLF4

= 0.058h s♦ t❤❛t t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ ▼❊❙✲✹ ✐s ∆tMES−4 =
0.058

√
3h = 0.100h.

✷✳ ❚❤❡ ∆2✲s❝❤❡♠❡✱ ✇✐t❤ P 3✲▲❛❣r❛♥❣❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ ✇✐t❤ t❤❡ ♣❡♥❛❧✐③❛✲
t✐♦♥ ♣❛r❛♠❡t❡rs γ1 = 10✱ γ2,1 = 10 ❛♥❞ γ2,2 = 0✳ ❚❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢
t❤✐s s❝❤❡♠❡ ✐s ✭❡①♣❡r✐♠❡♥t❛❧❧②✮ ∆t∆2 = 0.061h.

❆s ❢♦r t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ∆2✲s❝❤❡♠❡ ✐s s❧✐❣❤t❧②
❤✐❣❤❡r t❤❛♥ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ ∆tLF4

✳
❚♦ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ s♦✲
❧✉t✐♦♥ ♦♥ ❛ r❡❝❡✐✈❡r ❛t ♣♦✐♥t x1 = (0.25, 0.25) ❛♥❞ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ r❡❧❛t✐✈❡
L2 ([0, T ] , x1) ❡rr♦r ❢♦r ❞✐✛❡r❡♥t ♠❡❛♥ s♣❛❝❡ st❡♣s h = 3e − 3, 1.5e − 3, 7.5e − 4
❛♥❞ ❛ ✜♥❛❧ t✐♠❡ ❛♣♣r♦①✐♠❛t✐✈❡❧② ❡q✉❛❧ t♦ ✷✳ ❚❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐s ❝♦♠♣✉t❡❞
t❤❛♥❦s t♦ ❛ ❈❛❣♥❛r❞✲❉❡ ❍♦♦♣ s♦❧✉t✐♦♥✳ ❚❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜✳ ✸ ❛♥❞
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝✉r✈❡s ✐♥ ❧♦❣✲❧♦❣ s❝❛❧❡ ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✸✳

h ▼❊❙✲✹ ∆2✲s❝❤❡♠❡

3.0e − 3 2.5e − 2 2.3e − 2

1.5e − 3 1.2e − 3 1.1e − 3

7.5e − 4 6.6e − 5 6.5e − 5

❚❛❜❧❡ ✸✿ ❘❡❧❛t✐✈❡ L2 ❡rr♦r ✐♥ t✐♠❡ ❛t t❤❡ r❡❝❡✐✈❡r✳

❋✐❣✉r❡ ✸✿ ❈♦♥✈❡r❣❡♥❝❡ ❝✉r✈❡s ❢♦r t❤❡ 4t❤✲♦r❞❡r s❝❤❡♠❡s ✐♥ ✷❉
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✶

❆s ❢♦r t❤❡ ✶❉ ❝❛s❡✱ t❤❡ t✇♦ ♠❡t❤♦❞s ❛r❡ ❢♦✉rt❤ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❣✐✈❡
s✐♠✐❧❛r r❡s✉❧ts✳ ❖♥❝❡ ❛❣❛✐♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝♦st ♦❢ t❤❡ ∆2✲s❝❤❡♠❡ ✐s
s♠❛❧❧❡r t❤❛♥ t❤❡ ▼❊❙✲✹✳

✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ♥❡✇ ❤✐❣❤✲♦r❞❡r s❝❤❡♠❡s ❜♦t❤ ✐♥ t✐♠❡ ❛♥❞
s♣❛❝❡ t♦ s♦❧✈❡ t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ❛♥❞ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ♠❡t❤♦❞✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐❧❧✉str❛t❡ t❤❡ ❢❛❝t t❤❛t
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ t❤❡s❡ s❝❤❡♠❡s ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ♦❢ t❤❡ ▲❡❛♣✲
❋r♦❣ s❝❤❡♠❡ ❛♥❞ ✐s t❤❡r❡❢♦r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡s ♦❢ t❤❡ ▼❊❙✲✹ ❛♥❞ ▼❊❙✲✻✳
❍♦✇❡✈❡r✱ t❤❡ ❈❋▲ ♦❢ t❤❡ ♥❡✇ s❝❤❡♠❡s ❛r❡ ♦♥❧② ❝♦♠♣✉t❡❞ ♥✉♠❡r✐❝❛❧❧② ❛♥❞ ✇❡
❛r❡ ♥♦✇ tr②✐♥❣ t♦ ❞❡t❡r♠✐♥❡ t❤❡♠ ❛♥❛❧②t✐❝❛❧❧②✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ❈❋▲
❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ▲❡❛♣✲❋r♦❣ s❝❤❡♠❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ ■P❉● ♠❡t❤♦❞ ✐s
♥❡✐t❤❡r ❦♥♦✇♥ ❛♥❛❧②t✐❝❛❧❧②✳ ❚❤❡ ✜rst st❡♣ ✐s t❤❡♥ t♦ ❝♦♠♣✉t❡ t❤✐s ❈❋▲ ❝♦♥❞✐t✐♦♥
❜❡❢♦r❡ ❛❞❞r❡ss✐♥❣ t❤❡ ✐ss✉❡ ♦❢ t❤❡ ∆2 ❛♥❞ ∆3✲s❝❤❡♠❡s✳

❆♥♦t❤❡r ✈❡r② ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡s❡ s❝❤❡♠❡s ✐s t❤❡ ❢❛❝t t❤❛t t❤❡② s❡❡♠
t♦ ❜❡ ✈❡r② ✇❡❧❧✲❛❞❛♣t❡❞ t♦ p✲❛❞❛♣t✐✈✐t②✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝♦♠❜✐♥❡ ❢♦r ✐♥st❛♥❝❡ t❤❡
∆2✲s❝❤❡♠❡ ✇✐t❤ ❛ ♠❡s❤ ❝♦♠♣♦s❡❞ ♦❢ P 1 ❛♥❞ P 3 ❝❡❧❧s✱ ✐t ✐s ❝❧❡❛r t❤❛t a2h(φi, φj)
✈❛♥✐s❤ ✐❢ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ i ❛♥❞ j ❜❡❧♦♥❣ t♦ ❛ P 1✲❝❡❧❧s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥❢❡r
t❤❛t t❤❡ s❝❤❡♠❡ ✇✐❧❧ ❜❡ ♦❢ s❡❝♦♥❞ ♦r❞❡r ♦♥ t❤❡ P 1✲❝❡❧❧s ❛♥❞ ♦❢ ❢♦✉rt❤ ♦r❞❡r ♦♥
t❤❡ P 3✲❝❡❧❧s✳ ❚❤✐s ✇✐❧❧ ❜❡ t❤❡ ♦❜❥❡❝t ♦❢ ❛ ❢♦rt❤❝♦♠✐♥❣ ✇♦r❦✳

❆ Pr♦♦❢s ♦❢ ❛✉①✐❧✐❛r② t❤❡♦r❡♠s ❛♥❞ ❧❡♠♠❛

❆✳✶ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✺

Pr♦♦❢✳ ❋r♦♠ ❧❡♠♠❛ ✹✳✸ ❛♥❞ ✹✳✹✱✇❡ ❤❛✈❡✱ ∀u ∈ Vh✱

ah (u, u) ≥ Ccoer1‖u‖2
DG2

− ∆t2

12
Ccont2‖u‖2

DG4
.

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ♥❡①t r❡s✉❧t ✇❤✐❝❤ ✐s ♣r♦✈❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ❆✳✷✿

▲❡♠♠❛ ❆✳✶✳ ❚❤❡r❡ ❡①✐sts γ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ u ∈ Vh✿

‖u‖2
DG4

≤ γh−2‖u‖2
DG2

❈♦♥s❡q✉❡♥t❧②✱

ah (u, u) ≥ Ccoer1‖u‖2
DG2

−∆t2

12
Ccont2‖u‖2

DG4
≥
(

Ccoer1 − γ
∆t2

12
h−2Ccont2

)
‖u‖2

DG2
.

❯s✐♥❣ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✼✮✱ ✐t ✐♠♣❧✐❡s✿
(

Ccoer1 − γ
∆t2

12
h−2Ccont2

)
‖u‖2

DG2
≥
(

Ccoer1 − γCcont2
β2

12

)
‖u‖2

DG2
.

❚❤❡♥✱ ❢♦r β >
√

12
CγCcont2

✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

ah (u, u) ≥ C‖u‖2
DG2

, ∀u ∈ Vh,

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✷

✇❤✐❝❤ ✐s t❤❡ ✇❛♥t❡❞ r❡s✉❧t✳
❈♦♥❝❡r♥✐♥❣ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠✱ ❧❡♠♠❛ ✹✳✸ ❛♥❞ ✹✳✹ ✐♠♣❧② t❤❛t✱
∀u, v ∈ Vh✱

|ah (u, v) | ≤ C❝♦♥t✶‖u‖DG2
‖v‖DG2

+
∆t2

12
C❝♦♥t✷‖u‖DG4

‖v‖DG4
.

❯s✐♥❣ ❧❡♠♠❛ ❆✳✶✱ ✇❡ ❤❛✈❡

|ah (u, v) | ≤
(

C❝♦♥t✶ + γ
∆t2

12h2
C❝♦♥t✷

)
‖u‖DG2

‖v‖DG2
.

❚❤❡♥ t❤❛♥❦s t♦ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✼✮✱

|ah (u, v) | ≤ C‖u‖DG2
‖v‖DG2

✇✐t❤ C = C❝♦♥t✶ + γ
β2

12
C❝♦♥t✷✳

❆✳✷ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ❆✳✶

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ❧❡t ✉s r❡❝❛♣ s♦♠❡ tr❛❝❡ ✐♥❡q✉❛❧✐t✐❡s ✭❝❢✳ ❬✶✺❪✱ ❬✶✷❪✮ ✿ ∀v ∈
P p (K) ,

‖v‖2
L2(∂K) ≤

(p + 1) (p + 2)

2h
‖v‖2

L2(K), ‖∇v‖2
L2(∂K) ≤

λ (p)

h3
‖v‖2

L2(K)

✇✐t❤ λ (p) ∼ p6 ❛♥❞ ❛♥ ✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t② ✭❝❢✳ ❬✹❪✮✱ ❢♦r n ∈ N ❛♥❞ j ≥ 1✿

|v|n+j,K ≤ αh−n|v|j,K ∀v ∈ Vh

❲❡ ♥♦✇ ❤❛✈❡ t♦ ❜♦✉♥❞ ❡❛❝❤ t❡r♠ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♥♦r♠ ‖ · ‖DG4
❜② t❡r♠s

❝♦♥t❛✐♥❡❞ ✐♥ ‖ · ‖DG2
✳ ▲❡t ✉s st✉❞② t❤❡ t❡r♠ |u|2,h ❢♦r ❛❧❧ u ∈ Vh✳

▲❡t u ∈ Vh✱ t❤❛♥❦s t♦ t❤❡ ✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❤❛✈❡✿

|u|22,h =
∑

K∈Th

|u|22,K ≤ α2
∑

K∈Th

h−2
K |u|21,K ≤ α2h−2|u|21,h

◆♦✇✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ t❡r♠ ‖α−1/2

2,1 {{∇ (∆u) · ν}} ‖2
L2(Γ) ❛♥❞ ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r

t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♥♦r♠ t♦ ❛♥ ✉♥✐q✉❡ ❡❞❣❡ F ∈ Fh✳
▲❡t F ∈ Fh✱ ✉s✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥❡q✉❛❧✐t② (a + b)

2 ≤ 2
(
a2 + b2

)
❛♥❞ t❤❡ tr❛❝❡

✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❤❛✈❡✿

‖α−1/2

2,2 {{∇ (∆u) · ν}} ‖2
L2(F ) ≤ h3

p6γ2,2

(∥∥ 1
2 (∇ (∆u+) · ν + ∇ (∆u−) · ν)

∥∥2

L2(F )

)

≤ h3

2p6γ2,2

(
‖∇ (∆u+) · ν‖2

L2(F ) + ‖∇ (∆u−) · ν‖2
L2(F )

)

≤ λ(p)
2p6γ2,2

(
‖∆u‖2

L2(K+) + ‖∆u‖2
L2(K−)

)
.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♦❜t❛✐♥

‖α−1/2

2,2 {{∇ (∆u) · ν}} ‖2
L2(Γ) ≤

λ (p)

p6γ2,2
|u|22,h.

❇② t❤❡ ✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❤❛✈❡

‖α−1/2

2,2 {{∇ (∆u) · ν}} ‖2
L2(Γ) ≤

α2λ (p) h−2

p6γ2,2
|u|21,h.

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✸

❲✐t❤ ❛ s❛♠❡ r❡❛s♦♥✐♥❣ ♦♥ t❤❡ ♦t❤❡r t❡r♠ ✐♥✈♦❧✈✐♥❣ ❛ ♠❡❛♥ t❡r♠✿

‖α−1/2

2,1 {{∆u}} ‖2
L2(Γ) ≤

α2 (p + 1) (p + 2)h−2

2p2γ2,1
|u|21,h.

◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r ‖α1/2

2,1 [[∇u · ν]] ‖2
L2(Γ)✳

▲❡t F ∈ Fh✱

‖α1/2

2,1 [[∇u · ν]] ‖2
L2(F ) = α2,1‖∇u+ · ν −∇u− · ν‖2

L2(Γ)

= α2,1

∫

F

(
∇v+ · ν

)2
+
(
∇v− · ν

)2 − 2
(
∇v+ · ν

) (
∇v− · ν

)
ds

≤ α2,1

(
‖∇v+‖2

L2(F ) + ‖∇v−‖2
L2(F ) + 2

∫

F

|
(
∇v+ · ν

) (
∇v− · ν

)
|ds

)
.

❯s✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

‖α1/2

2,1 [[∇u · ν]] ‖2
L2(F ) ≤ α2,1

(
‖∇v+‖2

L2(F ) + ‖∇v−‖2
L2(F ) + 2‖∇v+‖L2(F )‖∇v−‖L2(F )

)

t❤❡♥✱ ❜② t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥❡q✉❛❧✐t② 2ab ≤ a2 + b2✱ ✇❡ ❤❛✈❡

‖α1/2

2,1 [[∇u · ν]] ‖2
L2(F ) ≤ α2,1

(
‖∇v+‖2

L2(F ) + ‖∇v−‖2
L2(F ) + ‖∇v+‖2

L2(F ) + ‖∇v−‖2
L2(F )

)

✇❤✐❝❤ ❧❡❛❞s t♦

‖α1/2

2,1 [[∇u · ν]] ‖2
L2(F ) ≤ 2α2,1

(
‖∇v+‖2

L2(F ) + ‖∇v−‖2
L2(F )

)
.

▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ tr❛❝❡ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❤❛✈❡

‖α1/2

2,1 [[∇u · ν]] ‖2
L2(Γ) ≤

∑

F∈Fh

2γ2,1p
2

h

(p + 1) (p + 2)

2h

(
‖∇v+‖2

L2(K+) + ‖∇v−‖2
L2(K−)

)
.

s♦ t❤❛t✱

‖α1/2

2,1 [[∇u · ν]] ‖2
L2(Γ) ≤ 2h−2γ2,1p

2 (p + 1) (p + 2) |u|21,h.

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t❡r♠ |α1/2

2,2u|2∗ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② r❡✇r✐tt❡♥ ❛s

|α1/2

2,2u|2∗ =
γ1p

2

h

(
γ2,2p

4

γ1h2

)
|u|2∗ =

γ2,2p
4

γ1h2
|α1/2

1 u|2∗

s♦ t❤❛t
‖u‖2

DG4
≤ γh−2

(
|u|21,h + |α1/2

1 u|2∗
)
≤ γh−2‖u‖2

∼,

✇❤❡r❡ ‖ · ‖∼ ❞❡♥♦t❡s t❤❡ ♥♦r♠✿

‖v‖2
∼ := |v|21,h + |α1/2

1 v|2∗.

■♥ ❬✸❪✱ ✇❡ ❤❛✈❡ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ Vh ❜❡t✇❡❡♥ t❤❡ ♥♦r♠ ‖·‖DG2
❛♥❞ t❤❡ ♥♦r♠ ‖·‖∼✳

❈♦♥s❡q✉❡♥t❧②✱
‖u‖2

DG4
≤ γh−2‖u‖2

DG2
.

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✹

❆✳✸ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✹✳✽

❆✳✸✳✶ Pr♦♦❢ ♦❢ t❤❡ ✜rst ❡st✐♠❛t❡

Pr♦♦❢✳ ❲❡ ❛r❡ s❡❡❦✐♥❣ ❛ ❜♦✉♥❞ ♦❢ t❤❡ q✉❛♥t✐t② ‖u− ph (u) ‖DG2
✳ ■♥tr♦❞✉❝✐♥❣ ❛

s✉✐t❛❜❧❡ ♣r♦❥❡❝t♦r πh
p u ∈ Vh ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ u✱ ✇❡ ❤❛✈❡

‖u − ph (u) ‖DG2
≤ ‖u − πh

p u‖DG2
+ ‖πh

p u − ph (u) ‖DG2
. ✭✷✶✮

❚♦ ❞❡✜♥❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♣r♦❥❡❝t♦r✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✭❝❢✳ ❬✶✹❪✮✳

❚❤❡♦r❡♠ ❆✳✷✳ ❙✉♣♣♦s❡ t❤❛t ❛ ♣❛rt✐t✐♦♥ Th ♦❢ Ω ❝♦♥s✐sts ♦❢ d✲❞✐♠❡♥s✐♦♥❛❧
s✐♠♣❧❡①❡s ♦r ♣❛r❛❧❧❡❧❡♣✐♣❡❞s✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② u ∈ Ht (Ω)✱ t ❛♥❞ r ∈ N ✱ t❤❡r❡
❡①✐sts ❛ ♣r♦❥❡❝t♦r

πh
r : Ht (Ω) −→ Vh,

(
πh

r u
)
|K

= πh
r

(
u|K

)

s✉❝❤ t❤❛t✱ ❢♦r 0 ≤ q ≤ t,

‖u − πh
r u‖q,K ≤ C

hs−q

rt−q
‖u‖t,K ∀K ∈ Th,

❛♥❞ ❢♦r 0 ≤ q ≤ tK − 1

‖Dα
(
u − πh

r u
)
‖0,∂K ≤ C

hs−q− 1
2

rt−q− 1
2

‖u‖t,K , |α| = q, ∀K ∈ Th,

✇❤❡r❡ s = ♠✐♥ (r + 1, t) ❛♥❞ C ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❛♥t ♦❢ u✱ h ❛♥❞ r✱ ❜✉t
❞❡♣❡♥❞❡♥t ♦♥ t✳

❋r♦♠ t❤✐s t❤❡♦r❡♠✱ ❝❤♦♦s✐♥❣ r = p✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❬✸❪

{ ‖u − πh
p u‖DG2

≤ Chp‖u‖p+1

‖u − πh
p u‖DG4

≤ Chp−1‖u‖p+1

✭✷✷✮

◆♦✇✱ ✇❡ ❤❛✈❡ t♦ ✜♥❞ ❛ s✐♠✐❧❛r ❜♦✉♥❞ ♦♥ t❤❡ q✉❛♥t✐t② ‖πh
p u − ph (u) ‖DG2

✳
❚❤❛♥❦s t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ●❛❧❡r❦✐♥ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ah✱
✇❡ ❤❛✈❡

ah

(
πh

p u − ph (u) , πh
p u − ph (u)

)
= ah

(
πh

p u, πh
p u − ph (u)

)
− ah

(
ph (u) , πh

p u − ph (u)
)

= ah

(
πh

p u − u, πh
p u − ph (u)

)
.

✭✷✸✮
❙✐♥❝❡✱ πh

p u−ph (u) ∈ Vh✱ ✉s✐♥❣ t❤❡♦r❡♠ ✹✳✺✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

ah

(
πh

p u − ph (u) , πh
p u − ph (u)

)
≥ C‖πh

p u − ph (u) ‖2
DG2

. ✭✷✹✮

❋✉rt❤❡r♠♦r❡✱ ✇❡ ✇❛♥t ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦✈❡r t❤❡ t❡r♠ ah

(
πh

p u − u, πh
p u − ph (u)

)

❜✉t s✐♥❝❡ πh
p u − u ∈ Vh + Hp+1 (Ω) ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ah ✐♥ Vh✳

▲❡t u✱ v ∈ Vh + Hp+1 (Ω)✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t

|ah (u, v) | ≤ |a1h (u, v) | + ∆t2

12
|a2h (u, v) |. ✭✷✺✮
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❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✺

❆❝❝♦r❞✐♥❣ t♦ ❧❡♠♠❛ ✹✳✸✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

|a1h (u, v) | ≤ C‖u‖DG2
‖v‖DG2

, ∀u, v ∈ Vh + Hp+1 (Ω) .

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠ |‖ · |‖✱ ✐t ✐s ❝❧❡❛r t❤❛t

|a1h (u, v) | ≤ C|‖u|‖|‖v|‖, ∀u, v ∈ Vh + Hp+1 (Ω) . ✭✷✻✮

❙✐♠✐❧❛r❧②✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✶✶❪ t❤❛t ∀u, v ∈ Hp+1 (Ω)✱ ∃C > 0 :

|a2h (u, v) | ≤ C‖u‖DG4
‖v‖DG4

✇❤✐❝❤ ✐♠♣❧✐❡s

∆t2

12
|a2h (u, v) | ≤ C|‖u|‖|‖v|‖, ∀u, v ∈ Vh + Hp+1 (Ω) . ✭✷✼✮

❯s✐♥❣ ✭✷✻✮ ❛♥❞ ✭✷✼✮✱ ✇❡ ♦❜t❛✐♥

ah

(
πh

p u − u, πh
p u − ph (u)

)
≤ C|‖πh

p u − u|‖|‖πh
p u − ph (u) |‖.

❚❤❡♥✱ ❝♦♠❜✐♥✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② ✇✐t❤ ✭✷✹✮ ❛♥❞ ✭✷✸✮✱ ✇❡ ❤❛✈❡

‖πh
p u − ph (u) ‖2

DG2
≤ C|‖πh

p u − u|‖|‖πh
p u − ph (u) |‖. ✭✷✽✮

❍♦✇❡✈❡r✱ πh
p u−ph (u) ∈ Vh ❛♥❞ ✇❡ ❦♥♦✇ ✭❝❢✳ ❧❡♠♠❛ ❆✳✶✮ t❤❛t ∀v ∈ Vh✱ ∃C > 0

s✉❝❤ t❤❛t ‖v‖2
DG4

≤ Ch−2‖v‖2
DG2

✳
❈♦♥s❡q✉❡♥t❧②✱ ∀v ∈ Vh✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✼✮ ✐♠♣❧✐❡s

|‖v|‖2 ≤ ‖v‖2
DG2

+ C
∆t2

12h2
‖v‖2

DG2
≤

∼

C‖v‖2
DG2

✇✐t❤
∼

C = 1 + C
β2

12
✱ s♦ t❤❛t

‖πh
p u − ph (u) ‖2

DG2
≤ C|‖πh

p u − u|‖‖πh
p u − ph (u) ‖DG2

, ✭✷✾✮

✇❤✐❝❤ ♦❜✈✐♦✉s❧② r❡❛❞s ❛s

‖πh
p u − ph (u) ‖DG2

≤ C|‖πh
p u − u|‖. ✭✸✵✮

▼♦r❡♦✈❡r✱ ✉s✐♥❣ ✭✷✷✮✱ ✇❡ ❤❛✈❡✱ ∀u ∈ Hp+1 (Ω)

|‖πh
p u − u|‖2 ≤ C

(
h2p +

∆t2

12
h2(p−1)

)
‖u‖2

p+1,Ω

s♦ t❤❛t✱ ✉♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✼✮✱

|‖πh
p u − u|‖2 ≤ C1h

2p‖u‖2
p+1,Ω + β2 C2

12
h2p‖u‖2

p+1,Ω

✇❤✐❝❤ ❧❡❛❞s t♦
|‖πh

p u − u|‖ ≤ Chp‖u‖p+1,Ω. ✭✸✶✮

❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r✐♥❣ ✭✷✷✮ ❛♥❞ ✭✸✶✮✱ ✇❡ ♦❜t❛✐♥

‖u − ph (u) ‖DG2
≤ Chp‖u‖p+1,Ω ✭✸✷✮

✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✜rst ❡st✐♠❛t❡✳

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✻

❆✳✸✳✷ Pr♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡

Pr♦♦❢✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ❡st✐♠❛t❡✱ ✇❡ ❤❛✈❡

‖u − ph (u) ‖DG4
≤ ‖u − πh

p u‖DG4
+ ‖πh

p u − ph (u) ‖DG4
. ✭✸✸✮

❛♥❞ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❛t

‖u − πh
p u‖DG4

≤ Chp−1‖u‖p+1 ✭✸✹✮

❚♦ ❜♦✉♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ✭✸✸✮✱ ✇❡ ❝❛♥ r❡♠❛r❦ t❤❛t πh
p u − ph (u) ∈ Vh t❤❡♥

❛♣♣❧②✐♥❣ t❤❡ ❧❡♠♠❛ ❆✳✶✱ ✐t ❢♦❧❧♦✇s

‖πh
p u − ph (u) ‖DG4

≤ γh−1‖πh
p u − ph (u) ‖DG2

.

❚❤❡♥✱ ✉s✐♥❣ t❤❡ ✜rst ❡st✐♠❛t❡ ♦❢ ❧❡♠♠❛ ✹✳✽✱ ✇❡ ❤❛✈❡

‖πh
p u − ph (u) ‖DG4

≤ γhp−1‖u‖p+1. ✭✸✺✮

❈♦♠❜✐♥✐♥❣ ✭✸✸✮✱ ✭✸✹✮ ❛♥❞ ✭✸✺✮ ✇❡ ❤❛✈❡✱

‖u − ph (u) ‖DG4
≤ Chp−1‖u‖p+1.

❆✳✸✳✸ Pr♦♦❢ ♦❢ t❤❡ t❤✐r❞ ❡st✐♠❛t❡

Pr♦♦❢✳ ▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠ t♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞
❡st✐♠❛t❡✳ 





∆z +
∆t2

12
∆2z = u − ph (u) ✐♥ Ω,

z = 0 ♦♥ ∂Ω,
∆z = 0 ♦♥ ∂Ω.

✭✸✻✮

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✉♥✐q✉❡ s♦❧✉t✐♦♥ z ∈ H4 (Ω) t♦
t❤✐s ♣r♦❜❧❡♠ ❛♥❞ t♦ ♦❜t❛✐♥ ❛ ❜♦✉♥❞ ♦❢ t❤❡ q✉❛♥t✐t✐❡s ‖z‖2 ❛♥❞ ‖z‖4✳
❚❤❡ ♣r♦❜❧❡♠ ✭✸✻✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s t✇♦ ❝♦✉♣❧❡❞ ♣r♦❜❧❡♠s✿

{
∆z1 = u − ph (u) ✐♥ Ω,

z1 = 0 ♦♥ ∂Ω.
✭✸✼✮

❛♥❞ 



z +

∆t2

12
∆z = z1 ✐♥ Ω,

z = 0 ♦♥ ∂Ω,
✭✸✽✮

❚❤❡ ❞♦♠❛✐♥ Ω ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥✈❡① s♦ t❤❡ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② ❣✐✈❡s t❤❛t t❤❡
s♦❧✉t✐♦♥ z1 ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✸✼✮ ❜❡❧♦♥❣s t♦ H2 (Ω) ∩ H1

0 (Ω) ❛♥❞ t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t C1 s✉❝❤ t❤❛t

‖z1‖2 ≤ C1‖u − ph (u) ‖0. ✭✸✾✮

◆♦✇✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠ ✭✸✽✮ ✇❤✐❝❤ ✐s ❛♥ ❍❡❧♠❤♦❧t③ ♣r♦❜❧❡♠✳
❲❡ ❦♥♦✇ t❤❛t✱ t❤❛♥❦s t♦ t❤❡ ❋r❡❞❤♦❧♠ ❛❧t❡r♥❛t✐✈❡✱ t❤❡ ♣r♦❜❧❡♠

{
Lu = λu + f ✐♥ Ω,

u = 0 ♦♥ ∂Ω,
✭✹✵✮

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✼

❤❛s ❛♥ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ H1
0 (Ω) ✐❢ f ∈ L2 (Ω) ❛♥❞ λ 6∈ Sp (L)✳

❍❡r❡✱ L = −∆✱ λ = 12/∆t2 ❛♥❞ f = (12/∆t2) z1 ∈ H2 (Ω) t❤❡♥✱ ✐❢ λ 6∈ Sp (−∆)
t❤❡r❡ ❡①✐sts ❛♥ ✉♥✐q✉❡ z ∈ H1

0 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✹✵✮✳
◆♦✇✱ ❛♣♣❧②✐♥❣ t❤❡ ❇♦✉♥❞❛r② Hm✲❘❡❣✉❧❛r✐t② t❤❡♦r❡♠ ✭❝❢✳ ❝❤❛♣✳ ✻ ✐♥ ❬✼❪✮ ✐t
❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✉♥✐q✉❡ z ∈ H4 (Ω) s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✸✻✮ s✉❝❤
t❤❛t✿

‖z‖2 ≤ C2‖z1‖0 ❛♥❞ ‖z‖4 ≤ C2‖z1‖2. ✭✹✶✮

❈♦♥s❡q✉❡♥t❧②✱ ❝♦♠❜✐♥✐♥❣ ✭✸✾✮ ❛♥❞ ✭✹✶✮✱ ✐t ❤♦❧❞s t❤❛t

‖z‖2 ≤ C‖u − ph (u) ‖0 ✭✹✷✮

✇✐t❤ ❛ ❝♦♥st❛♥t C > 0✳
◆♦✇✱ ♠✉❧t✐♣❧②✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✸✻✮ ❜② u − ph (u) ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐t

♦✈❡r Ω ✐t ❢♦❧❧♦✇s✱ ✉s✐♥❣ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ah✱

‖u − ph (u) ‖2
0 = ah (z, u − ph (u)) . ✭✹✸✮

▼♦r❡♦✈❡r✱ ∀zh ∈ Vh ✇❡ ❤❛✈❡✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ph (u)

ah (z, u − ph (u)) = ah (z − zh, u − ph (u))

❛♥❞✱ t❤❛♥❦s t♦ t❤❡ ❝♦♥t✐♥✉✐t✐❡s ♦❢ a1h ❛♥❞ a2h ✐♥ Hp+1 (Ω) + Vh✱ t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t C s✉❝❤ t❤❛t

ah (z, u − ph (u)) ≤ C

(
‖z − zh‖DG2

‖u − ph (u) ‖DG2
+

∆t2

12
‖z − zh‖DG4

‖u − ph (u) ‖DG4

)
.

✭✹✹✮
❈❤♦♦s✐♥❣ zh = πh

1 z✱ ✇❡ ❤❛✈❡✱ t❤❛♥❦s t♦ t❤❡♦r❡♠ ❆✳✷✱

‖z − zh‖DG2
≤ Ch‖z‖2

❛♥❞✱ t❤❛♥❦s t♦ t❤❡ ❡st✐♠❛t❡ ✭✹✷✮✱ ✇❡ ♦❜t❛✐♥

‖z − zh‖DG2
≤ Ch‖u − ph (u) ‖0. ✭✹✺✮

◆♦✇✱ ✐♥ t❤❡ s❛♠❡ ✇❛②
‖z − zh‖DG4

≤ C‖z‖4.

❯s✐♥❣ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ♦❢ ✭✹✶✮ ❛♥❞ ✭✸✾✮✱ ✐t ❤♦❧❞s

‖z − zh‖DG4
≤ C‖u − ph (u) ‖0. ✭✹✻✮

❈♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ✭✹✸✮✱ ✭✹✹✮✱ ✭✹✺✮ ❛♥❞ ✭✹✻✮✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

‖u − ph (u) ‖0 ≤ C

(
h‖u − ph (u) ‖DG2

+
∆t2

12
‖u − ph (u) ‖DG4

)
.

❚❤❛♥❦s t♦ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✼✮✱

‖u − ph (u) ‖0 ≤ Ch

(
‖u − ph (u) ‖DG2

+
β2h

12
‖u − ph (u) ‖DG4

)
.

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ✉s✐♥❣ t❤❡ t✇♦ ✜rst ❡st✐♠❛t❡ ♦❢ t❤❡ ❧❡♠♠❛ ✹✳✽✳

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✽

❆✳✹ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✹✳✾

Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡

N
♠❛①
n=0

‖en‖0 ≤ N
♠❛①
n=0

‖φn‖0 +
N

♠❛①
n=0

‖ηn‖0.

❲❡ ❛❧r❡❛❞② ❤❛✈❡ ❛ ❜♦✉♥❞ ♦♥ t❤❡ s❡❝♦♥❞ t❡r♠ ✭❝❢✳ ❧❡♠♠❛ ✹✳✽✮ s♦ ✇❡ ❥✉st ❤❛✈❡
t♦ ✜♥❞ ❛ ❜♦✉♥❞ ♦♥ t❤❡ ✜rst ♦♥❡✳
❚❤❛♥❦s t♦ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ✇❡ ❤❛✈❡✿

∂2
t un +

∆t2

12
∆2un − ∆t2

12
∆2un − ∆un = fn.

❙✐♥❝❡ ah ✐s ❝♦♥s✐st❡♥t✱ ✇❡ ❤❛✈❡✱ ∀v ∈ Vh✿
(

∂2
t un +

∆t2

12
∆2un, v

)
+ ah (un, v) = (fn, v) . ✭✹✼✮

▼♦r❡♦✈❡r✱ ✭✶✸✮ r❡❛❞s ❛s

(δUn, v) + ah (Un, v) =

(
fn +

∆t2

12

∂2fn

∂t2
+ ∆fn, v

)

❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s ❡q✉❛t✐♦♥ ❛♥❞ ✭✹✼✮ ❣✐✈❡s✿
(

∂2
t un +

∆t2

12
∆2un − δ2Un, v

)
+ ah (un − Un, v) = −∆t2

12

(
∂2fn

∂t2
+ ∆fn, v

)

t❤❛t ✐s t♦ s❛②✱ ∀v ∈ Vh✱ n = 1, . . . , N − 1✿
(

∂2
t un − δ2wn + δ2wn − δ2Un +

∆t2

12
∆2un, v

)
+ah (un − wn + wn − Un, v) = −∆t2

12

(
∂2fn

∂t2
+ ∆fn, v

)
.

❙✐♥❝❡ ah (un − wn, v) = 0 ∀v ∈ Vh✱ ✇❡ ❤❛✈❡✿

(
δ2φn, v

)
+ ah (φn, v) =

(
δ2wn − ∂2

t un − ∆t2

12

(
∆2un +

∂2fn

∂t2
+ ∆fn

)
, v

)
.

❆♣♣❧②✐♥❣ ❛ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ t♦ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✱
✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②✿

∆2un +
∂2fn

∂t2
+ ∆fn = ∂4

t un

✐✳❡✳ ∀v ∈ Vh✱ n = 1, . . . , N − 1✿
(
δ2φn, v

)
+ ah (φn, v) = (rn, v) .

■❢ ✇❡ s✉♠ t❤✐s ❡q✉❛❧✐t② ❢r♦♠ n = 1 t♦ n = m✱ 1 ≤ m ≤ N − 1✱ ✇❡ ❤❛✈❡✿
(

φm+1 − φm

∆t2
, v

)
+

(
φ0 − φ1

∆t2
, v

)
+

m∑

n=1

ah (φn, v) =

m∑

n=1

(rn, v)

♦r✿
(

φm+1 − φm

∆t
, v

)
+ ∆t

m∑

n=1

ah (φn, v) = ∆t

m∑

n=1

(rn, v) + ∆t
(
r0, v

)
.

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✷✾

❲❡ ❞❡♥♦t❡ ξn = ∆t
m∑

n=1
φn ✇✐t❤ ξ0 = 0✳

❚❤❡♥✱ ∀v ∈ Vh✱ 0 ≤ m ≤ N − 1 ✿
(

φm+1 − φm

∆t
, v

)
+ ah (ξm, v) = (Rm, v)

✇❤❡r❡ (Rm, v) = ∆t
m∑

n=0
(rn, v)✳

❲❡ ❝❤♦♦s❡ v = φm+1 + φm ∈ Vh s♦ t❤❛t✱ ∀m ∈ {0 . . . n − 1}

‖φm+1‖2
0 − ‖φm‖2

0 + ∆tah

(
ξm, φm+1 + φm

)
= ∆t

(
Rm, φm+1 + φm

)
.

❛♥❞ ✇❡ s✉♠ ❢r♦♠ m = 0 t♦ n − 1✱ ∀n ∈ {1 . . . N} t♦ ♦❜t❛✐♥

‖φn‖2
0 − ‖φ0‖2

0 + ∆t

n−1∑

m=0

ah

(
ξm, φm+1 + φm

)
= ∆t

n−1∑

m=0

(
Rm, φm+1 + φm

)
.

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ξm✱ ✇❡ ❤❛✈❡✱ ∀m ∈ {1 . . . N − 1} ✿ ξm+1 − ξm−1 =
∆t
(
φm+1 + φm

)
✱ s♦ t❤❛t

∆t
n−1∑
m=0

ah

(
ξm, φm+1 + φm

)
=

n−1∑
m=1

ah

(
ξm, ξm+1 − ξm−1

)

=
n−1∑
m=1

ah

(
ξm, ξm+1

)
−

n−2∑
m=0

ah

(
ξm+1, ξm

)

= ah

(
ξn−1, ξn

)
− ah

(
ξ1, ξ0

)
.

▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ ❜✐❧✐♥❡❛r✐t② ♦❢ ah✱ ✇❡ ❤❛✈❡

ah

(
ξn−1, ξn

)
= ah

(
ξn−1 + ξn

2
,
ξn−1 + ξn

2

)
− ah

(
ξn − ξn−1

2
,
ξn − ξn−1

2

)
.

❘❡❝❛❧❧✐♥❣ t❤❛t ξ0 = 0✱ ✉s✐♥❣ t❤❡♦r❡♠ ✹✳✺ ❛♥❞ t❤❛t ξn+1 − ξn = ∆tφn+1✱ ∀n ∈
{0, . . . , N − 1} ✐t ❢♦❧❧♦✇s✿

ah

(
ξn−1, ξn

)
≥ −∆t2

4
ah (φn, φn) .

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♦❜t❛✐♥

‖φn‖2
0 −

∆t2

4
ah (φn, φn) ≤ ‖φ0‖2

0 + ∆t

n−1∑

m=0

(
Rm, φm+1 + φm

)
. ✭✹✽✮

❚❤❛♥❦s t♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ a1h ❛♥❞ a2h ❛♥❞ ❛❧s♦ ❧❡♠♠❛ ❆✳✶
ah (φn, φn) ≤ |a1h (φn, φn) | + ∆t2

12 |a2h (φn, φn) |

≤ Ccont1‖φn‖2
DG2

+ ∆t2

12 Ccont2‖φn‖2
DG4

≤
(
Ccont1 + ∆t2

12 Ccont2γh−2
)
‖φn‖2

DG2

❚❤❡♥✱ t❤❛♥❦s t♦ t❤❡ ❧❡♠♠❛ ✹✳✸ ✿

Ccoer1‖φn‖2
DG2

≤ CSc2
♠❛①h

−2‖φn‖2
0,

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✸✵

s♦ t❤❛t

ah (u, u) ≤
(

Ccont1 +
∆t2

12
Ccont2γh−2

)
CS

Ccoer1
c2
♠❛①h

−2‖u‖2
0

❯♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✶✼✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✹✽✮ t❤❛t

C∗‖φn‖ ≤ ‖φ0‖2
0 + ∆t

n−1∑
m=0

(
Rm, φm+1 + φm

)
, 0 ≤ n ≤ N,

✇✐t❤✿

C∗ := 1 − β2

4

(
Ccont1 +

β2

12
Ccont2γ

)
CS

Ccoer1
c2
♠❛①. ✭✹✾✮

C∗ ✐s ♦❜✈✐♦✉s❧② ♣♦s✐t✐✈❡ ❢♦r β s♠❛❧❧ ❡♥♦✉❣❤✳
❲❡ ❛♣♣❧② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ■♥❡q✉❛❧✐t②✿

C∗‖φn‖2
0 ≤ ‖φ0‖2

0 + ∆t

n−1∑

m=0

‖Rm‖0‖φm+1 + φm‖0.

❚❤❡♥✱ ‖φm + φm+1‖0 ≤ 2
N

♠❛①
m=0

‖φm‖0 ✐♠♣❧✐❡s✿

C∗‖φn‖2
0 ≤ ‖φ0‖2

0 + 2

(
∆t

N−1∑

m=0

‖Rm‖0

)(
N

♠❛①
m=0

‖φm‖0

)

❯s✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥❡q✉❛❧✐t② 2ab ≤ ε−1a2 + εb2✱ ∀ǫ > 0✱ ✇❡ ♦❜t❛✐♥

C∗‖φn‖2
0 ≤ ‖φ0‖2

0 +
C∗

2

N
♠❛①
m=0

‖φm‖2
0 +

2

C∗

(
∆t

N−1∑

m=0

‖Rm‖0

)2

.

❙✐♥❝❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s ♥♦t ❞❡♣❡♥❞❡♥t ♦❢ n✱

C∗ N
♠❛①
n=0

‖φn‖2
0 ≤ ‖φ0‖2

0 +
C∗

2

N
♠❛①
m=0

‖φm‖2
0 +

2

C∗

(
∆t

N−1∑

m=0

‖Rm‖0

)2

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

C∗ N
♠❛①
n=0

‖φn‖2
0 ≤ 2‖φ0‖2

0 +
4

C∗

(
∆t

N−1∑

m=0

‖Rm‖0

)2

.

❇✉t✱ ❢♦r a, b ≥ 0✱ (a + b)
2 ≥ a2 + b2 t❤❡♥✿

C∗ N
♠❛①
n=0

‖φn‖2
0 ≤

(
√

2‖φ0‖0 +
2∆t√
C∗

N−1∑

m=0

‖Rm‖0

)2

.

❈♦♥s❡q✉❡♥t❧②✱

N
♠❛①
n=0

‖φn‖0 ≤
√

2

C∗
‖φ0‖0 +

2∆t

C∗

N−1∑

m=0

‖Rm‖0.

▼♦r❡♦✈❡r✱ ‖φ0‖0 ≤ ‖e0‖0 + ‖η0‖0 ❜❡❝❛✉s❡ e0 = φ0 + η0✱ s♦✿

N
♠❛①
n=0

‖φn‖0 ≤
√

2

C∗

(
‖e0‖0 + ‖η0‖0

)
+

2∆t

C∗

N−1∑

m=0

‖Rm‖0.

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✸✶

❆✳✺ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✹✳✶✵

Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ t❤❛t ∆t2r0 = φ1 − φ0✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇❛♥t t♦ ❜♦✉♥❞
‖φ1 − φ0‖0✳ ▲❡t v ∈ Vh✱ s✐♥❝❡

(
u0 − U0, v

)
= 0✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ U0✱ ✇❡ ❤❛✈❡✿

(
φ1 − φ0, v

)
=
(
w1 − U1, v

)
−
(
w0 − U0, v

)

=
(
w1 − u1, v

)
+
(
u1 − U1, v

)
−
(
w0 − u0, v

)
−
(
u0 − U0, v

)

=
(
(ph − I)

(
u1 − u0

)
, v
)

+
(
u1 − U1, v

)

✭✺✵✮
❯s✐♥❣ ❧❡♠♠❛ ✹✳✽✱ ❛ ❚❛②❧♦r✬s ❡①♣❛♥s✐♦♥ ✇✐t❤ ✐♥t❡❣r❛❧ r❡♠❛✐♥❞❡r ❛♥❞ t❤❡ ❢❛❝t t❤❛t
∂i

t (ph (u)) = ph

(
∂i

tu
)
✇✐t❤ i = 0, . . . , 2✱ ✇❡ ♦❜t❛✐♥✱ ✇✐t❤ t1 = ∆t✿

|
(
(ph − I)

(
u1 − u0

)
, v
)
| ≤

∫ t1

0

| (∂t (ph − I) u, v) |dt

≤
∫ t1

0

| ((ph − I) ut, v) |dt

≤ C∆thp+1‖ut‖C(J;Hp+1(Ω))‖v‖0

◆♦✇✱ ✇❡ ❤❛✈❡ t♦ st✉❞② t❤❡ s❡❝♦♥❞ t❡r♠✳ ❚❤❛♥❦s t♦ ❚❛②❧♦r✬s ❡①♣❛♥s✐♦♥ ✇✐t❤
✐♥t❡❣r❛❧ r❡♠❛✐♥❞❡r✱ ✇❡ ❤❛✈❡✿

u1 = u0+∆tv0+
∆t2

2
∂2

t u0+
∆t3

6
∂3

t u0+
∆t4

24
∂4

t u0+
1

24

∫ t1

0

(∆t − s)
4
∂5

t u (·, s) ds.

❚❤❡♥✱

(
u1 − U1, v

)
= (u0 − Phu0, v) + ∆t (v0 − Phv0, v) + ∆t2

2

(
∂2

t u0 −
∼

U0, v

)
+ ∆t3

6

(
∂3

t u0 −
∼

V0, v

)

+∆t4

24

(
∂4

t u0 − Û0, v
)

+ 1
24

∫ t1

0

(∆t − s)
4
∂5

t u (·, s) ds

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ Ph✱ ∀v ∈ Vh✿

(u0 − Ph (u0) , v) = 0 (v0 − Ph (v0) , v) = 0

❚❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢
∼

U0✱
∼

V0 ❛♥❞ Û0 ✐♥ ✶✹ ❣✐✈❡
✐♠♠❡❞✐❛t❡❧② 





(
∂2

t u0 −
∼

U0, v

)
= 0,

(
∂3

t u0 −
∼

V0, v

)
= 0,

(
∂4

t u0 − Û0, v
)

= 0.

❙♦✱

|
(
u1 − U1, v

)
| ≤ 1

24

∫ t1

0

(∆t − s)
4 |
(
∂5

t u (·, s) , v
)
|ds

≤ C∆t5‖∂5
t u‖C(J;L2(Ω))‖v‖0.

❘❘ ♥➦ ✼✸✸✶



❈♦♥✈❡r❣❡♥❝❡ ❙t✉❞② ♦❢ t❤❡ ❇✐❤❛r♠♦♥✐❝ s❝❤❡♠❡ ✸✷

❙✐♥❝❡ φ1 − φ0 ∈ Vh ✇❡ ❝❛♥ ❝❤♦♦s❡ v = φ1 − φ0 ❛s t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✺✵✮✿

‖φ1 − φ0‖0 ≤ C
(
∆thp+1‖ut‖C(J;Hp+1(Ω)) + ∆t5‖∂5

t u‖C(J;L2(Ω))

)
.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♦❜t❛✐♥✿

‖r0‖0 ≤ C
(
∆t−1hp+1‖ut‖C(J;Hp+1(Ω)) + ∆t3‖∂5

t u‖C(J;L2(Ω))

)
.

❆✳✻ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✹✳✶✶

Pr♦♦❢✳ ❇② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡✿
‖rn‖0 = ‖δ2wn − ∂2

t un − ∆t2

12 ∂4
t un‖0

≤ ‖δ2 (ph − I) un‖0 + ‖δ2un − ∂2
t un − ∆t2

12 ∂4
t un‖0

■♥ ♦r❞❡r t♦ ❜♦✉♥❞ t❤❡ ✜rst t❡r♠✱ ✇❡ ✉s❡✿

v (·, tn+1) − 2v (·, tn) + v (·, tn−1) = ∆t

∫ tn+1

tn−1

(
1 − |s − t|

∆t

)
∂2

t v (·, s) ds.

❚❤❛♥❦s t♦ ❧❡♠♠❛ ✹✳✽ ❛♥❞ t❤❛t ∂i
t (uh) = πh

(
∂i

tu
)
✇✐t❤ i = 0, . . . , 2✱ ✇❡ ♦❜t❛✐♥✿

‖δ2 (ph − I) un‖0 ≤ 1
∆t

∫ tn+1

tn−1

(
1 − |s − tn|

∆t

)
‖∂2

t (ph − I) u‖0ds

≤ C hp+1

∆t

∫ tn+1

tn−1

‖∂2
t u (·, s) ‖p+1ds.

❋♦r t❤❡ s❡❝♦♥❞ t❡r♠✱ ✉s✐♥❣ ❛ ❚❛②❧♦r✬s ❡①♣❛♥s✐♦♥ ✇✐t❤ ✐♥t❡❣r❛❧ r❡♠❛✐♥❞❡r✱ ✇❡
❤❛✈❡✿

δ2un−∂2
t un−∆t2

12
∂4

t un =
∆t−2

120

(∫ tn+1

tn

(tn+1 − s)
5
∂6

t u (·, s) ds +

∫ tn−1

tn

(tn−1 − s)
5
∂6

t u (·, s) ds

)
.

❆♥❞✱ ∀s ∈ [tn, tn+1]✱ tn+1 − s ≤ ∆t t❤❡♥ ✿
∫ tn+1

tn

(tn+1 − s)
5
∂6

t u (·, s) ds ≤ ∆t5
∫ tn+1

tn

∂6
t u (·, s) ds.

■♥ t❤❡ s❛♠❡ ✇❛②✱ ∀s ∈ [tn−1, tn]✱ s− tn−1 ≤ ∆t ❛♥❞ (tn−1 − s)
5

= − (s − tn−1)
5

s♦✿ ∫ tn−1

tn

(tn−1 − s)
5
∂6

t u (·, s) ds ≤ ∆t5
∫ tn

tn−1

∂6
t u (·, s) ds.

❈♦♥s❡q✉❡♥t❧②✱

‖δ2un − ∂2
t un − ∆t2

12
∂4

t un‖0 ≤ ∆t3

120

∫ tn+1

tn−1

‖∂6
t u (·, s) ‖0ds.

❚❤❡♥ ✐t ❤♦❧❞s✿

‖rn‖0 ≤ C

(
hp+1

∆t

∫ tn+1

tn−1

‖∂2
t u (·, s) ‖p+1ds + ∆t3

∫ tn+1

tn−1

‖∂6
t u (·, s) ‖0ds

)
.
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