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Abstract— Electrophysiological modeling of Magneto- and

Electro-encephalography (MEG and EEG) rely on accurate for-

ward solvers that relate source activities to sensor measure-

ments. In comparing a Boundary Element (BEM) and a Finite

Element Method (FEM) for forward electroencephalography, in

our early numerical experiments, we found the FEM to have a

better accuracy than the BEM. This triggered a quest to im-

prove the accuracy of Boundary Element Methods and led us to

study the extended Green representation theorem.

A fundamental result in potential theory shows that, up to

an additive constant, a harmonic function is determined within

a domain from its value on the boundary (Dirichlet condition),

or the value of its normal derivative (Neumann condition). The

Green Representation Theorem has been used in forward EEG

and MEG modeling, in deriving the Geselowitz BEM formula-

tion, and the Isolated Problem Approach. The extended Green

Representation Theorem provides a representation for the di-

rectional derivatives of a piecewise-harmonic function.

By introducing the normal current as an additional variable

in the forward problem, we derive a new Boundary Element

Method, which leads to a symmetric matrix structure: we hence

call it the Symmetric BEM. Accuracy comparisons demonstrate

the superiority of the Symmetric BEM to the FEM and to the

classical BEM.

Keywords— Boundary Element Method, Electroencephalog-

raphy, Magnetoencephalography, Forward Problem.

I. INTRODUCTION

Electrophysiological modeling of MEG and EEG rely on

forward solvers that relate the source activity to the sensor

measurements. In comparing a Boundary Element Method

(BEM) and a Finite Element Method (FEM) for forward elec-

troencephalography, in our early numerical experiments, we

found a superior accuracy to the FEM [1]. This triggered a

quest to improve the accuracy of Boundary Element Methods

and led us to study the extended Green representation theo-

rem [2]. We proposed a common formalism for the integral

formulations of the forward EEG problem, and we derived

three different Boundary Element Methods within the same

framework [3]. In this paper we recall the mathematical back-

ground of Boundary Element Methods, and we present both

the double-layer BEM, which is the most widespread method,

and the Symmetric BEM, which is a new formulation. Nu-

merical comparisons on a three-layer spherical model show

the superiority of the Symmetric BEM in terms of accuracy,

compared to the double-layer BEM.
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Fig. 1: Boundary Elements are well-suited for piecewise constant isotropic
conductivity models. The head, denoted Ω, is here modeled as a set of

nested domains Ωi, i = 1 . . .N, each with a constant conductivity σi. The
outer domain ΩN+1, representing the air, is non-conductive (σN+1 = 0).

II. GREEN REPRESENTATION

A fundamental result in potential theory shows that, up

to an additive constant, a harmonic function (i.e., such that

∆u = 0) is uniquely determined within a domain Ω from its

value on the boundary ∂Ω (Dirichlet condition), or the value

of its normal derivative (Neumann condition). The Green

Representation Theorem gives an explicit representation of

a piecewise-harmonic function as a combination of boundary

integrals of its jumps and the jumps of its normal derivative

across interfaces. Before stating this theorem, some notation

must be defined:

• The restriction of a function f to a surface S j is indicated

by fS j
.

• The functions f−S j
and f +

S j
represent the interior and exte-

rior limits of f on S j:

for r ∈ S j, f±S j
(r) = lim

α→0±
f (r+αn).

• The jump of a function f across S j is denoted by:

[ f ]S j
= f−S j

− f +
S j

,



• ∂nV = n ·∇V denotes the partial derivative of V in the

direction of a unit vector n,

• The function G(r) = 1
4π‖r‖ is the fundamental solution of

the Laplacian in R
3, such that −∆G = δ0.

Consider an open region Ω and a function u such that ∆u =
0 in Ω and in R

3\Ω (but not necessarily continuous across

∂Ω). The Green Representation Theorem states that, for a

point r belonging to ∂Ω,

u−(r)+u+(r)
2

= −
∫

∂Ω
[u]∂n′G(r− r′)ds(r′)

+
∫

∂Ω
[∂n′u]G(r− r′)ds(r′) . (1)

This representation also holds for the head model in Figure 1,

when Ω is the union of disjoint open sets: Ω = Ω1 ∪Ω2 ∪
. . .ΩN , with ∂Ω = S1 ∪ S2 ∪ . . .SN . If u is harmonic in each

Ωi, for r ∈ Si,

u−(r)+u+(r)
2

= −
N

∑
j=1

∫

S j

[u]S j
∂n′G(r− r′)ds(r′)

+
∫

S j

[∂n′u]S j
G(r− r′)ds(r′) (2)

The notation is simplified by introducing two integral

operators, which map a scalar function f on ∂Ω to an-

other scalar function on ∂Ω: the “double-layer” operator
(

D f
)

(r) =
∫

∂Ω

∂n′ f (r′)G(r−r′)ds(r′), and the “single-layer”

operators
(

S f
)

(r) =
∫

∂Ω

f (r′)G(r− r′)ds(r′). The restriction

Di j of an operator D maps a function of S j to a function of

Si.

An extension of the Green Representation Theorem rep-

resents the directional derivative of a harmonic function as

a combination of boundary integrals of higher order. This

requires two more integral operators: the adjoint D∗ of the

double-layer operator, such that
∫

S
D

∗ f (r)g(r)ds(r) =
∫

f (r)Dg(r)ds(r) ,

and a hyper-singular operator N defined by
(

N f
)

(r) =
∫

∂Ω

f (r′)∂ 2
n,n′

G(r− r′)ds(r′). For a point r belonging to ∂Ω,

−
∂nu−(r)+∂nu+(r)

2
= +N[u]−D

∗[∂nu]

and for a nested head model, if r is a point of Si,

−
∂nu−(r)+∂nu+(r)

2
=

N

∑
j=1

Ni j[u]S j
−

N

∑
j=1

D
∗
ji[∂nu]S j

(3)

As we shall see in the next section, the Geselowitz formula

exploits only the first boundary integral representation equa-

tion (2), while it is possible to exploit both (2) and (3). Thus,

three Boundary Element Methods can be derived within a

unified setting: a BEM involving only single-layer potentials,

a BEM involving only double-layer potentials, and a BEM

combining single- and double-layer potentials [3]. We con-

centrate hereforth on the latter two BEMs.

III. FORWARD EEG AND MEG

To apply the representation theorem to the forward prob-

lem of EEG, a harmonic function must be produced, which

relates the potential and the sources.

A. The double-layer BEM

Decomposing the source term as f = ∑i fi where the sup-

port of each fi lies inside Ωi, consider vΩi
such that ∆vΩi

= fi

holds in all R
3. The function vd = ∑

N
i=1 vΩi

satisfies ∆vd = f

and is continuous across each surface Si, as well as its nor-

mal derivative ∂nvd . The function u = σ V − vd is a har-

monic function in Ω, to which (2) can be applied. Since

[u]Si
= (σi −σi+1)Vj and [∂nu] = 0, we obtain, on each sur-

face Si,

σi +σi+1

2
Vj +

N

∑
j=1

(σ j −σ j+1)Di j Vj = vd . (4)

The above formula was established by Geselowitz [4], and

was the only one used to model electroencephalography or

electrocardiography, until recently, when [3] showed the di-

versity of BEMs that can be derived. This classical BEM

is called a double-layer BEM because it only involves the

double-layer operator D.

As such, the double-layer BEM shows poor accuracy

when there are large variations in conductivity between

neighboring regions (such as the skull and the scalp). For

this, a modified formulation, called the Isolated Problem

Approach (or alternatively, Isolated Skull Approach), has

been proposed [5]. This formulation is the most widespread

in the forward BEM, and will be used in Numerical Results

Section IV.

B. The Symmetric BEM

The originality of the Symmetric Boundary Element

Method is to consider a different piecewise harmonic func-

tion for each domain Ωi: a function uΩi
equal to V −

vΩi
σi



within Ωi and to −
vΩi
σi

outside of Ωi. This uΩi
is indeed har-

monic in R
3\∂Ωi, and the representation equations (2) and

(3) can be applied, leading to a system of integral equations

involving two types of unknowns: the potential VSi
and the

normal current pSi
= (σ∂nV )i on each interface.

Evaluating the internal limit of uΩi
on Si and the external

limit of Ωi+1
on Si via the extended Representation Theorem,

and subtracting the two representations gives, for i = 1, . . . ,N:

σ−1
i+1(vΩi+1

)Si
−σ−1

i (vΩi
)Si

=

Di,i−1VSi−1
−2DiiVSi

+Di,i+1VSi+1
−σ−1

i Si,i−1 pSi−1

+(σ−1
i +σ−1

i+1)Sii pSi
−σ−1

i+1Si,i+1 pSi+1
. (5)

Using the same approach, the quantities
(

σi∂nuΩi

)−

Si
=

(

p− ∂nvΩi

)−

Si
and

(

σi+1∂nuΩi+1

)+

Si
=

(

p− ∂nvΩi+1

)+

Si
can be

evaluated using the extended Representation Theorem. Sub-

tracting the two representations yields

(∂nvΩi+1
)Si

− (∂nvΩi
)Si

=

σiNi,i−1VSi−1
− (σi +σi+1)NiiVSi

+σi+1Ni,i+1VSi+1
−

D
∗
i,i−1 pSi−1

+2D
∗
ii pSi

−D
∗
i,i+1 pSi+1

, (6)

C. Discretization

The surfaces are represented by triangular meshes. To fix

ideas, consider a three-layer model for the head. Conductiv-

ities of each domain are respectively denoted σ1, σ2 and σ3.

The surfaces enclosing these homogeneous conductivity re-

gions are denoted S1 (inner skull boundary), S2 (skull-scalp

interface) and S3 (scalp-air interface).

The Symmetric BEM is discretized with with mixed P1-

P0 boundary elements. Surfacic P1 functions are continuous

over their support and piecewise linear: they are linear on

each triangle. Surfacic P0 functions are discontinuous over

their support and piecewise constant: they are constant on

each triangle. We denote ψ
(k)
i the P0 boundary element as-

sociated to triangle i on surface Sk (equal to 1 on triangle i

and to 0 elsewhere), and φ
(l)
j the P1 boundary element as-

sociated to node j on surface Sl (equal to 1 at node j, lin-

ear on all triangles that touch node j and equal to zero else-

where). The potential V on surface Sk is approximated by

VSk
(r) = ∑i x

(k)
i φ

(k)
i (r), while p = σ∂nV on surface Sk is ap-

proximated by pSk
(r) = ∑i y

(k)
i ψ

(k)
i (r). The reason for dis-

cretizing σ∂nV with P0 elements while V is discretized with

P1 elements is that the gradient of a piecewise-linear function

is piecewise constant.

As an illustration, consider the source term to reside in the

brain compartment Ω1. After discretizing the equations (6)

and (5), the variables
(

xk

)

i
= x

(k)
i and

(

yk

)

i
= y

(k)
i satisfy the

linear system:





(σ1+σ2)N11 −2D∗
11

−σ2N12 D∗
12

0

−2D11 (σ−1
1

+σ−1
2

)S11 D12 −σ−1
2

S12 0

−σ2N21 D∗
21

(σ2+σ3)N22 −2D∗
22

−σ3N23

D21 −σ−1
2

S21 −2D22 (σ−1
2

+σ−1
3

)S22 D23
0 0 −σ3N32 D∗

32
σ3N33





[

x1
y1
x2
y2
x3

]

=







b1

c1

0

0

0







where b1 and c1 are the coefficients of the P0 (resp. P1)

boundary element decomposition of the source term ∂nvΩ1

(resp. −σ−1
1 vΩ1

).

Blocks Ni j and Di j map a potential Vj on S j to a func-

tion defined on Si. Block Si j maps a normal current p j

on S j to a function defined on Si. The resulting matrix is

block-diagonal, and symmetric, whence the name “Symmet-

ric BEM”.

The Symmetric BEM introduces an additional unknown

into the problem: the normal current, and uses an additional

set of representation equations linking the normal current and

the potential. The Symmetric BEM departs from the double-

layer BEM in several ways:

• the normal current to each surface is explicitely modeled;

• only the surfaces which bound a common compartment

have an interaction (whence the blocks of zeros in the

matrix);

• only the surfaces which bound a compartment containing

sources have a source term (whence the zeros in the right-

hand side vector);

• the design matrix is symmetric;

• the design matrix is larger than that of the double-layer

BEM for a given head model, because there are more un-

knowns.

The magnetic field is computed from the electric field and

the primary source distribution using the Biot and Savart

equation, as proposed by Ferguson, Zhang and Stroink [6].

Two extensions of the Symmetric BEM have been proposed:

the Symmetric BEM has been extended to non-nested geome-

tries [8], and Fast Multipoles have been introduced in order

to accelerate matrix-vector products for the inversion of the

design matrix [7].

IV. NUMERICAL RESULTS

The accuracy of a numerical method is measured by com-

parison with analytical solution, by means of the Relative



Fig. 2: Relative Difference Measure (RDM)

Difference Measure (RDM), defined by

RDM(gnumeric,ganalytic)=

∥

∥

∥

∥

gnumeric

‖gnumeric‖
−

ganalytic

‖ganalytic‖

∥

∥

∥

∥

∈ [0 , 2] .

The analytical solution was computed, for a classical, three-

shell spherical head model [9]. The spheres had radii 0.87,

0.92 and 1 and were each triangulated with 642 points. The

conductivities of the three domains was set to 1, 1/80 and 1.

The volumes within the spheres were meshed with tetrahe-

dra, which were designed to share the same vertices on the

spheres as the ones used for the triangulations.

Figure 2 compares the accuracy of the Symmetric BEM (in

blue) to a P1 tetrahedric Finite Element method (in red),

and to a double-layer, IPA-corrected double-layer BEM (in

black). The accuracy is here displayed for 5 dipoles on the z-

axis with eccentricities 0.425, 0.68, 0.765, 0.8075 and 0.8415

and moment (1,0,1). Though the accuracy of the Finite Ele-

ment method is higher than that of the IPA-corrected double-

layer BEM, as initially shown in [1], the Symmetric BEM

outperforms both methods.

V. DISSEMINATION

The Symmetric BEM is made available through the open-

source code OpenMEEG (http://openmeeg.gforge.inria.fr).

This C++ code can used either standalone, through a

command-line interface or via Python, and its integration into

standard EEG and MEG packages is under way (e.g., Field-

trip).

VI. CONCLUSION

By studying the extended Green Representation Theorem,

several Boundary Element Methods for the forward EEG

and MEG problems have been proposed. The most accu-

rate among these is the Symmetric BEM. This increased

accuracy for a given head model comes with the price

of having more boundary integral operators to compute,

and a larger design matrix to assemble. Interested readers

may refer to [3] for more details on the method, and to

http://openmeeg.gforge.inria.fr where an opensource imple-

mentation is available for download.
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