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Abstract—Nowadays energy saving and reduction of electro-
magnetic pollution become important issues. One approach to
these problems is the introduction of taxes on the energy dissi-
pation. In this paper we investigate a taxation game between a
user or a provider or a group of users and the taxation authority.
This is a Stackelberg game where the taxation authority acts as a
leader and users or service providers act as followers. Clearly too
big taxes will strongly discourage the user of wireless technology
and hinder the progress and too small taxes will lead to a wasteful
use of the energy resources and may also lead to reckless use of
the radio resources. We study several important particular cases
with complete and partial information. We focus on the problem
of finding taxation strategy in closed form and investigating how
incomplete information of authorities about users impacts the
equilibrium strategy.

I. INTRODUCTION

Nowadays energy saving and reduction of electromagnetic
pollution become important issues. One approach to these
problems is the introduction of taxes on the energy dissipation.
In the present paper we consider the problem of taxation on
energy as a Stackelberg game. The taxation authority acts as a
leader and users or service providers act as followers. Clearly
too big taxes will strongly discourage the user of wireless
technology and hinder the progress and too small taxes will
lead to a wasteful use of the energy resources and may also
lead to reckless use of the radio resources. In this work we
consider two important cases: In the first case we consider one
user or a service provider (it depends if we consider uplink
or downlink transmission) and one taxation authority. In the
second case we consider several users (uplink transmission)
and again one single taxation authority. The first case then
has several important sub-cases. Specifically, we consider the
sub-case of complete information and sub-cases of partial
information on the amount of resources and on the type of
users. In most cases we provide explicit expressions for the
optimal values of taxation. On one hand, this optimal value
allows users to transmit with the best possible rate and on
the other hand, this optimal taxation value allows the taxation
authority to accumulate the maximal taxation and to ensure the
reasonable level of the resource spending. Finally we notice
that in [2] a problem how energy taxation can impact on the
quality of signal transmission under jamming was investigated,
but the taxation there was fixed a priori. The following papers
[1], [3] have analyzed the Stackelberg game approach for

power control in wireless network. However, the problem for-
mulations of [1], [3] are different from ours, namely, we focus
on the problem of finding taxation politics in closed form and
investigating how incomplete information of authorities about
users impacts equilibrium strategies. Also, note that in [4]
influence of different tax systems on competitive homogeneous
production was investigated.

II. A TAXATION AUTHORITY AND A USER OR PROVIDER

In this section we consider the following Taxation Game.
A User (which can also be a service provider; it depends if
we consider uplink or downlink) intents to use a resource
(energy, radio bandwidth) for signal transmission. The user
or the provider has to pay to the taxation authority some taxes
for using common resources like energy or radio bandwidth.
Of course the amount of taxation impacts the user’s behaviour.
If taxation level is zero then user tends to exploit the resources
as much as possible and this can lead to strong electromagnetic
pollution which can represent health hazard. On the other
hand, big taxation can completely discourage the user from
network utilization. A natural question arises for the taxation
authority: which taxation level the authority has to assign
to get the maximal profit and at the same time encourage
sensible user behaviour. This problem can be modelled by a
Stackelberg game with the taxation authority as a leader and
a user or provider as a follower. At the first step the taxation
level is fixed. It is natural to consider as a strategy for user
the power of transmitted signal, and as the user’s payoff the
Shannon capacity minus taxes, i.e.

v(T ) = ln
(

1 +
hT

N0

)
− CT, (1)

where h is the fading channel gains, N0 is the background
noise, C is the taxation rate per power unit and T ∈ [0, T ]
is the user’s strategy, namely, it is the power of transmitted
signal and T is the maximal power which user can apply.

A. Complete information case

First let us consider the case of complete information.
Namely, we assume that the maximal power T , fading channel
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gains h and background noise are known to both players. To
solve this problem first note that since

T =
1
C
− N0

h

is the root of the equation

dv

dT
=

h

N0 + hT
− C = 0

we obtain that the optimal user strategy is

T (C) = min

{[
1
C
− N0

h

]
+

, T

}
which is equivalent to

T (C) =


[

1
C −

N0
h

]
+
, 1

T +N0/h
≤ C

T̄ , 1
T +N0/h

> C.
(2)

Now we can find the optimal taxation rate C from the taxation
authority point of view. The payoff to the taxation authority
is vP (C) = CT (C). Then, by (2), we have

vP (C) =


T̄C, C < 1

T +N0/h
,

max{1− C
h
, 0}, C ≥ 1

T +N0/h
.

(3)

It is clear that vP (C) is increasing for C ∈
(

0, 1
T +N0/h

)
and it is decreasing for C ∈

(
1

T +N0/h
, h

)
. Thus, vP (C)

achieves its maximum at C = 1
T +N0/h

which implies the

following result on optimal taxation rate.

Theorem 1: The optimal taxation rate is

C =
1

T +N0/h

which brings to the taxation authority the total profit

vP =
hT

hT +N0

.

This taxation rate allows user to transmit with the best possible
rate, so his optimal strategy is T = T̄ . Of course, in reality the
taxation office might choose the taxation rate slightly bigger
than the optimal value to decrease the use of energy. In such
a case the optimal taxation values serves as a reference point.
The optimal taxation for the taxation authority is the one which
allows the user to transmit all he wants but for the maximal
price he agrees to pay. Thus, the authority’s strategy tells him
to be maximally greedy without overdoing it so that do not
discourage the user.

B. Unknown Fading Channel Gains

In this subsection we consider a modification of the game
from the previous subsection for the case when only distri-
bution of fading channel gains known to the user but not its
exact value. Thus, the payoff to the user is given as follows:

v(T ) =
∫ ∞

0

ln (1 + hT )σ(h) dh− CT, (4)

where σ(h) is the distribution of the fading channel gain.

To find the optimal user strategy we have to look at the root
of the equation

dv

dT
=
∫ ∞

0

h

1 + hT
σ(h) dh− C = 0. (5)

Since f(T ) :=
∫∞
0

h
1+hT σ(h) dh is decreasing in T , the

equation (5) has the unique root T = τ(C) for any C ∈
(f(T ), f(0)). Thus the optimal user strategy is

T = T (C) :=


T C < f(T ),
τ(C), C ∈ [f(T ), f(0)],
0 C > f(0).

Now we can turn our attention to finding the optimal taxation

level C. Note that by (4) the function τ(C) is decreasing for
C ∈ (f(0),∞). Since, by (4), we have∫ ∞

0

h

C + τ(C)Ch
σ(h) dh = 1, C ∈ [f(T ), f(0)]

the function τ(C)C is also decreasing for C ∈ [f(T ), f(0)].
Meanwhile for C ∈ (0, f(T ), τ(C) = T , and τ(C)C = TC
is increasing. Then, since the optimal taxation rate C is the
one which gets the maximum gain for the taxation authority
vP (C) = CT (C) we have obtained the following result.

Theorem 2: The optimal taxation C is given as follows

C = C∗ :=
∫ ∞

0

h

1 + hT
σ(h) dh.

C. Discrete Model of Incomplete Information on Total User
Power

In this subsection we consider a scenario when the taxation
authority does not know the total power which user intents to
use for signal transmition but just knows its distribution. We
study discrete distribution case as well as continuous one.

First we investigate the case of discrete distribution, namely,
the authority knows that with probability qr the total user
power is T̄ r where r ∈ [1,M ]. Of course, the user knows
what power is available to him. To deal with this situation we
introduce M types of user, i.e. user has type r if the total power
available for transmission is T̄ r, r ∈ [1,M ]. The notation T r
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implies the user of type r. Thus, the payoff to the taxation
authority is

vP (C) = C

M∑
r=1

qrT r

meanwhile the payoff to the user of type r is given as follows:

vr(T r) = ln (1 + hT r/N0)− CT r.

Thus, we have

T r(C) =


1
C −

N0
h
, 1

T̄ r +N0/h
≤ C,

T̄ r, 1
T̄ r +N0/h

> C.
(6)

Without loss of generality we can assume that

T̄ 1 ≤ T̄ 2 ≤ . . . ≤ T̄M .

Then

vP (C) = C

M∑
r=1

qrT r(C)

=



C
∑M

r=1 q
rT̄ r, C < 1

T̄M +N0/h
,

C
∑k−1

r=1 q
rT̄ r

+
(

1−
∑k−1

r=1 q
r
)(

1− CN0
h

)
, 1

T̄ k +N0/h
< C

< 1
T̄ k−1 + 1/h

with k ∈ [2,M ],

1− CN0
h
, 1

T̄ 1 +N0/h
< C.

(7)

Introduce the following auxiliary sequence:

ϕk =
k−1∑
r=1

qrT̄ k − N0

h

M∑
r=k

qk for k ∈ [1,M + 1].

Then ϕk is increasing from −1/h for k = 1 to
∑M

r=1 q
rT̄ k

for k = M + 1. Thus, we can summarize the obtained result
in the following theorem supplying the optimal taxation rate.

Theorem 3: The optimal taxation rate is given as follows:

C =
1

T̄ k∗ +N0/h
,

where k∗ is such that

ϕk∗+1 ≤ 0 < ϕk∗ .

In particular in two mass case, i.e. M = 2, we have the
following result.

Theorem 4: The optimal taxation rate for two mass distri-
bution case is given by

C =


1

T̄ 2 +N0/h
, q1T̄ 1 > q2N0

h
,

1
T̄ 1 +N0/h

, q1T̄ 1 < q2N0
h
.

D. Continuous Model of Incomplete Information on Total
User Power

Of course we can also consider a continuous version of
the game, namely, the taxation authority knows that with
probability q(t) the total user’s power is t where t ∈ [0,∞).

To deal with this situation we introduce a continuous
spectrum of types of the user, i.e. user has type t if his total
power to transmit is t. Denote by T (t) the strategy implied by
user of type t. Then the payoff to the taxation authority is

vP (C) = C

∫ ∞
0

T (t)q(t) dt

meanwhile the payoff to a user of type t is given by

vt(T (t)) = ln (1 + hT (t))− CT (t).

Thus,

T (t) = T (t, C) :=


1
C −

1
h
, 1

t+ 1/h ≤ C

t, 1
t+ 1/h > C.

(8)

Then the payoff to the taxation authority is

vP (C) =
(

1− C

h

)∫ ∞
1/C−1/h

q(t) dt

+ C

∫ ∞
1/C−1/h

tq(t) dt
(9)

and its derivative can be found as follows:

dvP (C)
dC

= ϕ(C) :=
1
h

(∫ 1/C−1/h

0

tq(t) dt

−
∫ ∞

1/C−1/h

q(t) dt
)
.

(10)

Obviously, ϕ(C) is decreasing function from
(∫∞

0
tq(t) dt

)
/h

for C = 0 to −1/h for C = ∞. So, the equation
dvP (C)/dC = 0 has the unique root. This implies the
following result supplying the optimal taxation level.

Theorem 5: The optimal taxation rate is given by

C = C∗,

where C∗ is the unique positive root of the equation:∫ 1/C−1/h

0

tq(t) dt−
∫ ∞

1/C−1/h

q(t) dt = 0.

In particular if q(t) is uniform on an interval [0, T̄ ] then the
optimal taxation rate is given by

C∗ = max

{
h− 1 + h

√
1 + 2T

2Th2 + 2h− 1
h,
h− 1− h

√
1 + 2T

2Th2 + 2h− 1
h

}
.
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III. A TAXATION AUTHORITY AND TWO USERS

In this section we consider a generalization of the Taxation
Game for the case when two users present in the network and
user k would like to transmit signal of total power T̄k through
the interference channel. The payoff to a user is the Shannon
capacity minus taxes, i.e.

v1 = ln
(

1 +
h1T1

N0 + h21T2

)
− CT1,

v2 = ln
(

1 +
h2T2

N0 + h12T1

)
− CT2,

(11)

where h1, h2, h21, h12 are fading channel gains (h1 ≥
h21, h2 ≥ h12) and N0 is the background noise which are
all known to each player as well as the total powers T̄1 and
T̄2.

The payoff to the taxation authority is given as follows:

vP = C(T1 + T2). (12)

It is clear that the taxation level impacts on user’s behaviour
essentially. Namely, too big taxation stops just any trans-
mission and too small taxation leads to wasteful behaviour.
Therefore, there is a question which taxation rate C the
taxation authority has to assign to maximize its profit while
users employ the network selfishly trying maximize own profit
under the assigned taxation rate. So, we have here again a
Stackelberg game with the taxation authority as a leader and
two users as followers. Thus, at the first step the taxation rate
is fixed and the users find their equilibrium strategies. At the
second step the taxation authority knowing the choice made
by the users assigns final taxation level to maximize its gain.

First let the taxation rate be fixed and let find the equilibrium
strategies for selfish users. We can find derivatives of the
payoffs as follows:

∂v1
∂T1

=
h1

N0 + h21T2 + h1T1
− C,

∂v2
∂T2

=
h2

N0 + h12T1 + h2T2
− C.

(13)

Thus, the best response strategies are given by relations:

T1 = min

{[
1
C
− N0 + h21T2

h1

]
+

, T 1

}
,

T2 = min

{[
1
C
− N0 + h12T1

h2

]
+

, T 2

}
.

(14)

It is useful to rewrite the relations (14) in the following
extended form:

T1 =



0, 1
C ≤

N0 + h21T2
h1

,

1
C −

N0 + h21T2
h1

, N0 + h21T2
h1

< 1
C

< N0 + h21T2 + h1T 1
h1

,

T 1,
N0 + h21T2 + h1T 1

h1
≤ 1
C ,

(15)

T2 =



0, 1
C ≤

N0 + h12T1
h2

,

1
C −

N0 + h12T1
h2

, N0 + h12T1
h2

< 1
C

< N0 + h12T1 + h2T 2
h2

,

T 2,
N0 + h12T1 + h2T 2

h2
≤ 1
C .

(16)

Applying (15) and (16) allows us to obtain which form as
functions on taxation rate C the user equilibrium strategies
have to be.

Theorem 6: For a given taxation rate C the users equilib-
rium strategies (T1, T2) = (T1(C), T2(C)) have to have the
following form:

(00) if 1/C ∈ I00 where

I00 =
(

0,min
{
N0

h1
,
N0

h2

}]
then

T1(C) := 0 and T2(C) := 0,

(i0) if 1/C ∈ Ii0 where

Ii0 =
[
0,min

{
N0 + h1T 1

h1
,
N0

h1

h1 − h12

h2 − h12

}]
then

T1(C) :=
1
C
− N0

h1
and T2(C) := 0,

(10) if 1/C ∈ I10 where

I10 =
[
N0 + h1T 1

h1
,
N0 + h12T 1

h2

]
then

T1(C) := T 1 and T2(C) := 0,

(0i) if 1/C ∈ I0i where

I0i =
(
N0

h2
,min

{
N0 + h2T 2

h2
,

(h2 − h21)N0

(h1 − h21)h2

})
then

T1(C) := 0 and T2(C) :=
1
C
− N0

h2
,

(ii) if 1/C ∈ Iii where

Iii =
(

max
{

(h2 − h21)N0

(h1 − h21)h2
,

(h1 − h12)N0

(h2 − h12)h1

}
,

min
{ (h2 − h21)N0 + (h1h2 − h12h21)T 1

h2(h1 − h21)
,

(h1 − h12)N0 + (h1h2 − h12h21)T 2

h1(h2 − h12)

})
then

T1(C) :=
1
C

h2(h1 − h21)
h1h2 − h12h21

− N0(h2 − h21)
h1h2 − h12h21

,

T2(C) :=
1
C

h1(h2 − h12)
h1h2 − h12h21

− N0(h1 − h12)
h1h2 − h12h21

.

(17)
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(1i) if 1/C ∈ I1i where

I1i =
(

max
{N0 + h12T 1

h2
,

(h2 − h21)N0 + (h1h2 − h12h21)T 1

h2(h1 − h21)

}
,

N0 + h12T 1 + h2T 2

h2

)
then

T1(C) := T 1 and T2(C) :=
1
C
− N0 + h12T 1

h2
,

(01) if 1/C ∈ I01 where

I01 =
[
N0 + h2T 2

h2
,
N0 + h12T 2

h1

]
then

T1(C) := 0 and T2(C) := T 2,

(i1) if 1/C ∈ Ii1 where

Ii1 =
(

max
{N0 + h21T 2

h1
,

(h1 − h12)N0 + (h1h2 − h12h21)T 2

h1(h2 − h12)

}
,

N0 + h21T 2 + h1T 1

h1

)
then

T1(C) :=
1
C
− N0 + h21T 2

h1
and T2(C) := T 2,

(11) if 1/C ∈ I11 where

I11 =
[
max

{N0 + h21T 2 + h1T 1

h1
,

N0 + h12T 1 + h2T 2

h2

}
,∞
)

then
T1(C) := T 1 and T2(C) := T 2.

Sketch of proof. We just prove the case (ii). The other cases
can be proven analogously.

Let (T1, T2) be an equilibrium where T1 ∈ (0, T 1) and T2 ∈
(0, T 2). Then by (15) and (16),

T1 =
1
C
− N0 + h21T2

h1
, (18)

T2 =
1
C
− N0 + h12T1

h2
, (19)

N0 + h21T2

h1
<

1
C
<
N0 + h21T2 + h1T 1

h1
, (20)

and
N0 + h12T1

h2
<

1
C
<
N0 + h12T1 + h2T 2

h2
. (21)

Then (18) and (19) yield (17). Substituting (17) into (20) and
(21) implies that 1/C has to belong to Iii and (ii) follows.

The optimal taxation level supplies the maximal point for
the taxation authority payoff vP (C) = (T1(C) + T2(C))C.
By Theorem 6 vP (C) is increasing only in I11, since it is
decreasing in Iii by the fact that h1 + h2 > h21 + h12. Thus,
we have the following result.

Theorem 7: The optimal taxation rate is given by

C = min
{

h1

N0 + h21T 2 + h1T 1

,
h2

N0 + h12T 1 + h2T 2

}
.

This taxation rate allows both the users to transmit all the
information they intend to with the best rate, so their optimal
strategies are T1 = T 1 and T2 = T 2. The optimal taxation rate
for the taxation authority is the one which allows the users to
transmit with the best possible rates but for the maximal price
both of them agree to pay. We would like to mention again
that in reality the taxation authority might choose the taxation
level slightly larger than the optimal value so that to encourage
the economical use of the energy resource.
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